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A MODEL OF RISKLESS CHOICEi/

by

- Ernest W. Adams
University of Califormnia

Robert F. Fagot
Stanford University

l. Introduction

The purpose of this paper is to present a model for the explanation and
prediction of individual decision making in situations of riskless'choice. The
model provides a method of measuring 'subjective value' or ‘utility' which under
some conditions leads to an ordered metric scale, and under still more restric-
tive conditions to an interval scale of utility (cardinal utility function).

The model is concerned with subjecfs' choices in pair-wise comparisons
between alternatives which involve just two ’components’.g/ Such alternatives
might be political candidates who are deseribed as varying in two character-
istics, liberality and foreign policy, for example. In such a case liberality
would be one component and foreign policy would be a second .component, and a
political candidate would be characterized by a specified degree of liberality,
and a specified foreign policy. In a typical experiment to which the model |
would apply, conmnstructed hypothetical alternatives -- political candidates, for

example -~ would be presented pair-wise to the subjects, and they would be
‘ required to state a preference for one of the alternatives of each presented
pair. v v

This model deals with a certain class of two-component choice situations.
This class ean be characterized.intuitively as one in which the individual
behaves as though he assigns subjective values to each of the componenfs EEQET
pendeﬁtly, and then adds the values together to get the value of the composite
alternative. He then chooses that alternstive of every presented pair which
has the higher value, or ubility. When an individual evaluates a composite
alternative by adding the separate utilitiegs of each component, he is said to
have an additiye utility functiono |

}/ We wish to express our appreciation to Dr. Patriek Suppes for his
sustained interest, encouragement, and criticism throughout the progress of this
research.

g/ We shall discuss briefly the n-component case in Section 8, but other-
wise this paper will be devoted to the two-component case.




The theory based on this hypothesis 1s, as we shall show, stronger in pre-
dictive power than the purely ordiﬁal theory of preference, even where the theory
itself must be used to determine the utility values with which its predictions
are made. The theory thus gives more information about the utility function than
can be derived from the ordinal theory and its assumptions alone, and the infor-
mation which the model'gives is in some cases sufficient to determine the utility
values of the alternatives uniquely once a unit and zero point of utility measure-
ment are arbitrarily chosen (i.e., generates an interval scale of utility).

To give a clearer idea of the model and its intended application it is worth-
while to describe briefly an experiment which has been performed to test it in
a particular case, which will be reported on in detail in a forthcoming paper.

The subjects in the experiment were asked to imasgine themselves in the role of
prospective employers who are confronted with the problem of choosing among
possible applicants for executive positions who vary in two significant respects:
'intelligence' and 'ability to handle people'. In the experiment each job appli-
cant was described in terms of just these two characteristics, and within each
characteristic four levels of ability were distinguished: high (above the 75th
percentile), above average (50th to 75th percentile), below average (25th to

50th percentile) and low (below the 25th percentile), where the percentile ratings
refer to the population of all persons holding positions similar to the one for
which the candidates are applying. There are 16 possible combinations of these
characteristics, ranging from 'high intelligence and high ability to handle
people' to 'low intelligence and low ability to handle people'. If the subject
is presented with these candidates in pairs, and for each pair is asked to state
which of the candidates he prefers, there are 120 possible comparisons. Some of
the subject's choices can be predicted a priori (for example, a subject can be
expected to choose one candidate over another where the first candidate is higher
than the second in both of the basic abilities), and some of his choices can be
predicted once others are known simply from the assumption that his preferences
are transitive. A residue of the subject's choices which cannot be predicted

a priori or by the assumption of transitivity can be predicted if it is assumed
that eacﬁ subject hasra utility for each degree of intelligence and a utility for
each degree of ability to handle people, and that the utility of each candidate
is the sum of the utilities of the candidate's intelligence and the candidate's
ability to handle people. The model can fhen be tested by its success in pre-

‘dicting these choices which do not follow elther from simple transitivity or




from a priori considerations. v

This 'additive' hypothesls of the combination of utilities is not new. The
assumption was common, for example, in the classical theory of consumer's behavior,
in which it was often assumed that the utility of a commodity bundle is the sum
of the utilities of the separate items composing the bundle (see for example,
Samuelson ['18])° More recently Irving Fisher [10] has made an analogous assumption
the basis of a method for obtaining a measure of marginal utility which couid be
used in theories of welfare economics. Additivity hypotheses underlie certain
modern theories of the scaling of multi-dimensional stimuli. Factor analysis is
concerned with the problem of isolating factors or dimensions in stimuli to which
the subject responds as though he has an additive weighting function. Ward Edwards
[9] has assumed a kind of additivity in a very limited form in his "N-bets" method
of determining & measure of the utility of certain choices involving risk inde-
pendent of sﬁbjective probability. Coombs and Kao [5] have made a very general
study of alternative models of the preference behavior of subjects confronted with
alternatives with two or more coﬁpbnents. Finally, Harold Gulliksen [12] tested
several possible lawsvof utility combination, including an additive one, for a
special class of two-component alternatives (what we have called "commutative”
'alternativesj see Section 8) to determine which of them gives the ‘best fit' for
utilities previously‘determined by the method of paired-comparisons for groups of
subjects.

The object of this paper will be to make a more detailed logical analysis of
the additivity hypothesis and its consequences than has heretofore beén made.
‘Except in the case of Gulliksen's study; in which an independently determined
utility function was tested for additivity, theories of additive utility functions
serve both to define 'utility' and to predict preferences, and it is important to
fsepafate out iﬁ such a theory the parts of it which are merely 'conventional',
because they are consequences of definitions, and the non—logical,'empirical con-
sequences. The very fact that the assumptions of the theory are used in determin-
ing the utility values which are to be used in masking predictions and testing the
theory may cause some doubt as to what constitutes a valid test of the theory,
and this can only be resolved by a careful analysis to determine just what the
empirical consequences of the théory are. Once we have specified exactly what
obserﬁable consequences follow from a set of observed preferences on the assumption

that the theory holds, we are in a position to make a clear cut test of the theory.




The description of the model and the analysis of its implications will cover
the following points. We first state the assumptions of the theory formally in
Section 2, and discuss briefly possible interpretations of these assumptions.

In Section 3 we derive the most important of the directly observable consequences
of the model - some necessary conditions for the existence of an additive utility
function. In Section 4 we consider the problem of sufficient conditions for the
existence of an additive utility function. In Section 5 we describe a procedure
for &étefmining whether any finite set of observed preferences among two-com-
ponent alternatives is compatible with the model. Section 6 discusses the use

of the theory for the purpose of predicting unobserved preferences, and compares
the model in predictive strength with the weaker ordinal theory which assumes
only that preferences are transitiveo The uniqueness of the utility values which
can be determined from various sets of observed choices among two-component
alternatives is discussed in Section 7, and situations in which this determina-
tion is unique up to a linear transformation (i.e., the determination is unique
once a unit and zero of utility are arbitrarily selected) are described. The
connection between additive utility functions and ordered metric scales is also
indicated. Section 8 is devoted to possible extensions of the model to larger
numbers of components and to situations involving risk. Finally, in Section 9
brief consideration is given to the problem of the treatment of data representing
preferences which do not conform exactly to the additive hypothesis.

As can be geen, this paper covers a wide range of topice in connection with
the additive utility assumption, and our aim is to give an easily intelligible
survey of our results without going into the mathematical detall necessary to
make the discussion rigorcus. We shall omit all proofs which are either obvious,
or long, or rely on a field of mathematics beyond elementary set theoxry.

The literature of scaling, or measurement, has in recent years seen the
advent of several theories of the measurement of subjective values, and it is
perhaps in order to say a word in justification of proposing yet another theory
in this field. Each of these thecories of measurement is from a behavicristic
point Of viewkan hypothesis about relations between certain kinds of cbserved
behavior (usually choices) and preferences or decisions of different kinds. The
best known and most elaborately déveloped of thege decizion theories, the theory
of choices involving risks, postulates certain relationships to hold between

choices among alternatives which involve elements of chance. A theory of Coombs




and Beardslee [4] uses a subject's answers to questions about the difficulty of
choosing between alternatives to deduce an ordering on utility differences in
order to obtain a utility scale. Our own theory aims to predict cholices among
certain two-component alternatives from other choices among different two-com-
ponent alternatives. Viewed behavioristically, each of these theories, although
they deal with the same general kind of phenomenon, is logically independent
since each bases its predictions on different kinds of data. Each can there-
fore be tested independently of the others.l/

Beyond the fact that each of these theories of decision making deals with
the same kind of observations, namely decisions, each also appears to deal with
"utility", which is not directly observable. The fact that each theory calls
the scale it obtains for strength of preference by the same name should not
obscure the fact that each of these scales is logically distinct (though related
in that all of the theories involve certain fundamental assumptions in common),
and there is no a priori reason for supposing that the preference scale which is
obtained, say, from reactions of risk, should be the same as the Coombs-Beardslee
scale, or that either of them should be the same as our scale. That these measures
are the same is an interesting empirical hypothesis which is not inherent in any
of the theories taken individually. Hence it.is clear that each theory, including
our own, can be evaluated independently, and it is not necessary to walt on a
complete evaluation of the other theories of subjective value before testing a
particular theory. '

In spite of the fact that our theory of utility is logically independent of
‘other theories, it can serve a useful purpose in connection with those other
theories, particularly the theory of choices under risk. 1In this theory a problem
usually arises in separating the two factors of utility and subjective probability
in determining a subject's reaction to the alternatives involving risk. Since
the theory involves two variables, utility and subjective probability, it is often

not possible -to obtain an independent measure of either within the framework of

1/

= For a discussion of various methods of obtaining measures of utility, and
a general survey of the theory of decision making under risk, see Adams [1].




the theory,i/ and it is necessary to go outside the theory or make additional
assumptions in order to obtain a measure of utility independent of subjective
probability. Our model then could be used to furnish a measure of utility inde-
pendent of subjective probability which could be introduced into the model of

decisions under risk in order to obtain a measure of subjective probability.

2. Formal Structure of the Additive Utility Model.

As was pointed out in ‘Section 1, our model 1s a specialization of the clas-
sical ordinal utility model, with which we shall assume the reader familiar. Let

K be a set or field of alternatives any two of which a subject can compare in

order of preference. In general utility theory, K 1is permitted to be a set of
any sort of objects or acts :among which the subject can express preferences, where-
a8 in our model the alternatives composing K are required to be of a special

kind, i.e.; two-component alternatives. The subject's preference relation among

the members of K is denoted "P", and his indifference relation is denoted "I".

" For reasons of formal simplicity it is customary to base the theory of preference

on the preference-or-indifference relation R, rather than immediately on the

. preference :and indifference relations, and we shall follow this approach. Rela-

tions P and I are defined in terms of relation R in the usual way.

(1) Definition of P. For all x and y in K, xPy if and only if xRy
but not yRx.

(2) ‘Definition of T. For 811 x and y in K, xIy 1if and only if xRy
and yRx.

The utility function U is assumed to represent the strengths of the sub-

Jject's preferences for the alternatives in K. Formaelly, U is simply a function
defined on the set K, taking as values real numbers. The fundamentsal assumption

of classical utility theory is that utility magnitudes determine preferences.

i/ Davidson; éiegel, and Suppes [6] give an extensive discussion of this
problem and present a theory of individual decision making under conditions of
risk which leads to the separate measurement of utility and subjective probability.
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This ordinal assumption is formally stated as follows:

Ordinal Assumption. For all x and y in K, xRy if and only if U(x) > U(y).

As is well known, the ordinal assumption taken by itself is rather weak in
terms of the observable consequences which can be derived from it. If X is
either finite or denumerably infinite the ordinal assumption is equivalent to the
assumption that R 1is a weak ordering, and the consequences which can be derived
beyond weak ordering in case K 1is larger than denumerably infinite are of formal
rather than empirical interest (some of these are examined in Debreu [8]), The
ordinal assumption also has some highly doubtful consequences, particularly the
consequence that the indifference relation is transitive (that is, if xIy and
vIz +then xIz), which is very unlikely to be true in situations in which many of
the alternatives are very close together in subjective value.

" Our model, in being a speclalization of the classical ordinal model, incor-
porates'all of the doubtful elements of that model. The ordinal assumption is
incorporated in our model, and hence all of its consequences are also included.
However, we introduce one further assumption relating the utility function to
the set of alternatives, and this assumption greatly strengthens the model in
terms of its cbservable consequences. As we have indicated, the alternatives
in our model are supposed to be describable in terms of two components, such as
"intelligence', and 'abilify to handle people', among candidates for a certain
executive position. The possible first components constitute a set Kl (here =
set of possible ratings on an intelligence test), and the second components are
the members of another set K.. A complete alternative x is represented by an

2

ordered palr of components (Xl,X2), in this case x, Dbeing candidate x's score

1

on a given intelligence test, and x, being his score on some test of his ability

2
to handle people. For our purposes nothing is lost by assuming that the alter-

natives are these ordered palirs of components (Xl’xg) themselves, and hence K

is a set of ordered pairs which have members of Kl for their first members and

members of K2 for thelr second members.

The set of ‘all possible ordered pairs,(xl,xz) where X is a member of Kl

: 1
and X, is a member of K2 is called the "cartesian product" of the sets K,
and K., and is denoted "leKe"o We shall always assume that K contains all

these possible ordered pairs: i.e., K =‘lexé. To illustrate, suppose that Kl
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has only two members E and L representing 'high intelligence' and ‘low
intelligence’ respe0u1vely, and K has just two members H and L repre-
senting high and low sbilities %o handhe people, respectlvely Then K KixKé
contains four members: (H,,E_), (HyL e )s (L 8 ) and (L;,L ), representing all
of the posqible ‘combinations (y ,X ) where xl is in Ki and Xa is in K s
Notice that our assumption that X contains all these possible ordered pairs
implies that it cannot be interpreted as a set of actually possible alternatives.
It may well be'that an employer has bnly two candidates to choose from, one with
high intelligenéeyand iow ability to handle people} and the other with low intel-
ligence and high ébility to handle people. | In this case alternatives '(H ,H )
and (L 3L ) are not actually possibilities (If the first were, there would be
no problem for the employer)g although our assumptlon requires that they be
ineluded among the alternatives.

Given the assumption that the set of altermatives X 1s a set of ordered
pairs, we can now formuiate the fundamental assumption of our model. Intuitively
this Additive Assumption states that the utility of an ordered pair (xl,x ) is
equ4l to the utlllty of Xy added to the utility of Xy . Slnce the wtility
function U was orlglﬂale defined only for a1ternat1Ves as a whole, not for
their individual components, it is necessary‘to introduce twe new utility fumctions
Ui and.lUé' 5 repmesénting the utility values of the first arnd second components
of the alternatives respectively. Formally, Ui is simply & function defined
over Ki taking as values real numbers, and U, is a‘function defined over K2

taking as values real numbers.

Aﬁditive'Assumptiono For all X in .Ki .and X, in Ké

‘{p o
Ulxp,xp) = Uy () + Up(xy)

At this point we shall consider the empirical interpretations of the funme~

tions U, Ui,.an& Ué, which are often confused. Both the Ordinal and Additive

assumptions assert something about the wtility fumctions and their relations to

the other basic elements of our thecry; the set X, and the relations P, I, and
R. The latter comcepts can be interpreted empirically in a more or less straight-
forward way: P, for exsmple, being interpreted so that =Py holds if and only
if the subject chooses x in preference to y when he is presented with a choice
between Jjust those two alternmatives. The ubtility functions U, Ui, and U, have

2
no such simple empirical interpretations since there is no way at present available




fbr somehow looking into a subject's brain and directly measuring the strengths
of his desires. The question is: what empirical meaning, if any, can be assigned
to the functions U, Ui, and U2? If there is no way of empirically determining
utility values, then a theory which involves these cannot be empirically tested,
and must be judged scientifically meaningless.

There are two possible ways of answering the question raised ih the previous
paragraph. First, the utility functions or utility values of the alternatives
and their components may be those determined in a different theory of utility.
For example, the theory of Bernoullian utility, or utility under risk, furnishes
a method for measuring the utilities of certain types of alternatives, and U,
Ul’ and U2 can be assumed to be the functions determined by this theory. With
this definition of the utility functions, the two basic assumptions of our model
become perfectly definite, and it becomes possible to test the model empirically.

Another method of defining the utility functions is to make use of the
Ordinal and Additive hypotheses themselves in measuring utility values. In this
case, the utility values are measured assuming that the basic hypotheses are
correct, and the values thus determined are used in turn in making'predictions
by which the theory can be tested. In this procedure nothing is assumed about
the utility functions in advance except that they satisfy the two hypotheses,
and testing the model by this method really only tests whether or not there exist
functions U, Ul’ and U2 which satisfy the fundamental hypotheses. This test

of the model clearly would not reveal whether utility functions determined by

other methods outside the model satisfy the two hypotheses or not.

Obviously it makes a great deal of difference which of the two possible
kinds of interpretations are given to the utility functions. If the utility
values ars obtainéd outside the model by independent methods of measurement, the
fundamental assumptions are much stronger in predictive consequences than they
are 1f these assumptions are used simultaneously to determine the utility values
with which predictions are to be made. In the former case the theory asserts
that utility values are such-and-such, and these values satisfy the two hypoth-
eses; in the latter case the theory makes only the much weaker assertion that
there are some functions U, Ul’ and Ué which satisfy these hypotheses. 1In
our opinion the failure to make clear the distinction between these two kinds
of interpretations of the utility functions has confused many discussions of

the fundamentél concepts of utility and its measurement.
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Although ideally it might seem that the definition of the utility values out-
side the model would be preferable to the determination of them within i1t, in
many cases i1t turns out that these values are extremely difficult to obtain since
the methods of determining them cannot be easily applied. Thus, although it might
be desirable to determine the Bernoullian utilities of a certain set of two-com-
ponent alternatives by measuring a subject's reactions to risk combinastions of
them, in practice this procedure is difficult and tedious to carry out. In this
case we may still fall back on the weak interpretation of the two utility hypoth-
eses, and use these hypotheses themselves in determining the utility values. In
this case these hypotheses assert only that there exists a utility function with

the additive property, which we may call an additive utility function:

(3) Definition. Let U be a real-valued function defined over KlXK2 H

then U is an additive utility function if it satisfies the following

conditions.

in K, and x in X, (Xl,xg)R(yl,yz) if and

1/
(¢)= For all X5 ¥y " 52 T

only if

U(Xlﬁxg) __>_ U(yl’y2) °

(b) There exist functions Uy

such that for all x in Kl and X

and U2 defined over Kl and K2 respectively

1 in Ké,

2
U(Xl’XE) = Ui(xl) + U2(x2) .
The weaker foram of the utility hypothesis then is simply:

Additive hypothesis. There exists an additive utility function for the set KlXI(2

and the preference-or-indifference relation R.
Some equivalent forms of the Additive hypothesis are given below.

Theorem 1. Each of the following conditions is equivalent to the Additive

hypothesis.

1/

=/ Condition (a) defines a utility function {as contrasted tb an additive
utility function which requires also condition (b)) which we define to be any
function which satisfies the Ordinal hypothesis.
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(1.1) There exist real-valued functions U, and U2 defined over leK2

1
such that for all x in K| end x,,y, in K, (Xl,xg)R(yl,yz) if and
only if

10 Y1

(1.2) There exists a utility function U such that for all ay and Xy in

Kl and ,a2 and x2 in KQ’

U(xl,xz) + U(al,a2) = U(xl,ag) + U(al,xe) .

(1.3) There exists a utility function U and there exists a; in K and

a2 in K2 such that for all Xl in K1 and x2 in K2,

U(xl,x2) + U(al,az) = U(xl,az) + U(al,xz) .

Each of the above formulations of the Additive hypothesis is useful under
different circumstances. Tn attempting to construct an additive utility function,
it is easiest to work directly with the utilities of the components, hence one uses
the formulation of (1.1). The formulations of (1.2) and (1.3) do not mention the
utilities of the components at all, and hence in testing whether any given utility

function is an additive utility function, one would test these conditions.

3. Some Empirical Conseguences of the Additive Hypothesis.

The observable consequences of the Additive hypothesis are probably not obvious,
and it is our aim in this section to derive some of the more important ones. By
an "observable consequence" we mean any consequence implied by the Additive hypoth-
esis about the P, I, and R relations themselves. These consequences are important
because they can be tegted by direct observation without the necessity of first
computing the utility values of the aslternatives. Unfortunately there is no simple
consequence or set of consequences which completely exhausts the empirical signif-
icance of the Additive hypothesis even for finite sets such as there is for the
Ordinal hypothesis. If the sets Kl and K2 are both finite and of fixed size,
then it is possible to exhaustively describe all the possible different prefer-
ence patterns which a subject may have for these alternatives compatible with

the assumption that he satisfies the Additive hypothesis. But if the sets Kl
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and K2 can be of any finite size it is not possible to characterize in any
simple Way.thelproperties which the relations P, I, and R must have in order
to satisfy the Addifive hypbthesisn Therefore, in this section we shall give
only & few of the more important empirical consequences which follow from this
hypothesis. These "theorems" which follow from the Additive "axiom" are entirely
trivial mathematically, their importance lying in their empirical significance,
and hence we shall only prove one or two of them to illustrate the method ordi-
narly employed in deriving empirical consequences from hypotheses about unobserv-
able quantities (utility Values in ouf assumption).

Since the Additive hypothesis includes the Ordinal hypothesis, gll conse-
guences of the Ordinal hypothesis alone are also consequences of the Additive

hypothesis. The principal observable consequence of the Ordinal hypothesis is

that R 1is a weak ordering.’

~Consequence 1. R is a weak ordering of K ='leI£ : T.e., R satisfies

2
the conditions:

‘(a) for all x and 'y in X, either xRy or yRx;
(b) for all x, y, and z in K, if xRy and yRz, then xRz.

The fact that R 1is a weak ordering together with the definition given for
the relations P and I 1in terms of R 1in the previous section yield other
consequences for these three relations, which are more or less 'corollaries' of
Consequence 1. All of these consequences are well known, and we shall not restate
. them here. Consequence 1, following as it does from the Ordinal hypothesis alone,
is common to all utility theories which include that hypothesis, and does not
reveal the distinctive features of our model.

The following Consequence 2 1s perhaps the most important of the empirical

consequences peculiar to our model.

d
5 an

and vy in Kl and X

' Consequence 2. (independence) For all X,

vp Am Kpr oo | . |
(8) if Gepxp)ROxp,yp)  then (y)%)R(ypov,) 5
(8) 1r ey R(ry,) then (x),x)R(y x) -

This consequence implies immediately the modifications obtained by replacing

R with P and with I,
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Consequence 2 follows immedistely from the corresponding inequalities
between the utility values of X15 Y15 %ps and Yoo Part a for example is a

consequence of the fact that if

U () + U5(x,) > U (%)) + UL(y,)
then
U (vp) + Uy(x,) 20, (5) + U,(y,) -

The intuitive significance of Consequence 2 is that the preference ordering of
two-component alternatives in which either the first or the second components of
the two alternatives are the same, is independent of the components which are the
same. Thus, Consequence 2 asserts that if (xl,xz) is preferred to (Xl’yg)’

the two first components being the same here, then this order of preference should

remain unchanged if x is replaced by yl in both alternatives.

1
The intuitive significance of Consequence 2 suggests a priori that our model
will probably not be satisfied in certain kinds of choice situations involving

two-component alternatives. We would not expect the Additive hypothesis to hold

in situations in which the values of the components were not 'independent', but
varied depending on what the other components of the alternative were. To take
a specific example, suppose Xy and x2 were the right and left shoes respective-
ly of a pair of shoes, and Iy and Yo were the right and left gloves of a
pair of gloves. Here one would normally expect that (xl,xe) (a right shoe and
a left shoe together) would be preferred to the combination (xl,yg) (a right
shoe and a left glove), but on the other hand (yl,xg) (a right glove and a left
shoe) would not be preferred to (yl,yg) (a right and left glove), and hence
Part a of Consequence 2 would be shown to be false. The trouble here is of course
that the value of, say, a right shoe is not 'independent', but depends on what
other things go with it. Therefore, in applying the model, one must look for
situations in which the components are independent. However, as will be shown,
the independence condition is ‘a necessary but not sufficient condition of addi-
tivity.

If Conseguence 2 is satisfied, then it is possible to assign a preference
ordering to the individual components, derived from the ordering of the total

alternatives. Thus, we can say that x, is preferred to ¥y if (xl,xz)P(yl,xe)°

1
Consequence 2 guarantees that the order of preference between Xy and ¥y obtained




1

by comparing  (xl,x2) with (yl,xg), will not be changed if x. is replaced by

2

any-other,e‘lemevntpy2 _of Kgo
We may speak of comparisons to which the independence condition applies as

cases of partial dominance, since both alternatives have one component in common,

and one alternative is "at least as good" as the other alternative on both com-

ponents. Also of interest is the case of complete dominance, in which a partic-

ular alternative is preferred to another alternative on both components. It is
easy to show that Consequences 1 and 2 imply that where one alternative couwpletely

dpminatés aﬁother,_the alternative which dominates will be preferred.

Corollary of Consequences 1 and 2. Let KlXK2 and preference-or-indifference

relation R satisfy Consequences 1 and 2. Then for all X5 Yo %y in Kl and

all Kor Jgs 2, 10 KE’ if (xl:ZQ)R(ylzzg) and (Zl’XE)R(Zl’yQ)’ then

Thus, by virtue of the independence condition;, (Xl,xg)R(yl,Xg)” follows from
(xl,22>3(yl,22), and (yl,xg)R(yl,yg) follows frog (Zl’XE)R(Zl’y2); and by
virtue of transitivity, the conclusion (xl,xg)R(yl,yg) follows from (xl,XE)R(yl,x

)

2
and (yl;xe)R(yl,ye)° As with the structural conditions, this corollary implies

immediately the modifications obtained by replacing R with P or with I.

As we have already indicated,Consequences 1 and 2 are not the sole empirical
consequences which follow from the Additive hypothesis. This is proved by the
fact that it is possible for a subject's system of preferences to satisfy both
of these consequences, but not the Additive hypothésis° Corisider the following
situation in which Kl and K2 each have three elements: Kl = {a,b,c} s and
K, = {x,y,z} . In this system there are nine alternatives: (a,x), (a,y), (a2;z),
(b,x), (v,v), (b,z), (c,x), (c,y), and (c,z). Suppose that the order of the
subject’s preferences for these alternatives is indicated by the following list,

in which the alternatives higher on the list are preferred to those lower down:

(a,x)
(25¥)
(b,x)
(e,x)
(b,¥)
(a,2)

(byz)
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(c,¥)

(c,z) .

The ordering thus defined can easily be shown to satisfy Consequences 1 and 2,
however it does not satisfy the Additive hypothesis. To show this, it is only
necessary to observe that (a,y)P(b,x), (b,z)P(c,y), and (c,x)P(a,z). These

three preference relations imply:

Ul(a) + Ue(y) > Ul(b) + Ug(x) s
Ui(b) + U2(z) > Ui(c) + Uz(y) ,
Ul(c) +'U2(x) > Ui(a) + Uz(z) ,

which are easily shown to be inconsistent. Since the three preférences
(a,y)P(v,x), (b,z)P(c,y), and (c,x)P(a,z) are inconsistent with the Additive
hypbthesis, this means that one of the conseguences of this hypothesis is that
if any two of these three relations hold, then the remaining one must not hold.
This conclusion is not implied by Consequences 1 and 2,l

The example above of a system of preferences which satisfies Consequences 1
and 2 but does not satisfy the Additive hypothesis leads immediately to the third
consequence of this hypothesis. It is Consequence 3 which is not satisfied by

this example.

Consequence 3. For all L ERAE and z; 1in Ki and xe, Yor and Z, in

Kz) lf (Xl’xe)R(yl)yz) a’nd’ (yl’ZE)R(Zl’x2) thel’l (Xl)ZE)R(Zl,yg)‘

As with the independence condition, this condition implies immediately the
modifications obtained by replacing R with P and with I.

The intuitive significance of Consequence 3 is not nearly so obvious as that
of Consequence 1 or Consequence 2, but its meaning becomes somewhat clearer if we
express it in terms of the corresponding inequalities among utility values, with

the relation R replaced by the relation P of strict preference.

1/

~' The fact that Consequence 2, the 'independence condition' is not sufficient
to guarantee that a subject's preferences satisfy the Additive hypothesis shows
that this independence condition is not the same as the requirement imposed for
'independent sets' of commodities to be used to obtain a measure of marginal
utility (see, for example I. Fisher [10], and Frisch [11]). The stipulation that
sets of commodities be independent for these writers actually is equivalent to our
Additive hypothesis.
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According to Consequence 3, if (Xl’XE)P(yl’ye) and <yl’Z2)P(Zl’X2) then
(Xl’ZE)P(Zl’y°)° These statements are equivalent to the following inequalities

among utility values, according to the Additive hypothesis:

@ 0 (x,) + Uylxy) > U, (3;) + Uy(,)
2 U (ry) + Uy(z,) > Uy (2;) + U(x,)
(3) Uy + Uy(z) > Uy (=) + Uy(y,)

respectively. These three inequalities are equivalent to:

(1) Uy (x) - 0 (3) > U (y,) - Uy(x,)
(2) U () - 0.(2) > U,(x,) - U,(z,)
(3) Uy (%)) - Uy(2y) > U,(3,) - Uy(z,) -

(1) states that the difference in utility between x, and 'y, is greater than

that between y2 and X3 and (2) states that the difference in utility between

2
y, and =z, 1is greater than that between x, and z,. Hence from (1) and (2)
it should follow that (3) the difference in utility between x, and =z, 1is greater

. 1 1
than the difference between y, and z,, since the interval Ul(xl) - Ui(zl) is

the sum of the two intervals Ui(xl) - Ul(yl) and Ul(yl) - Ul(zl), and the
ipterval Uz(yg) - U2(z2) is the sum of the two intervals U2(y2) - Ug(xg) and
U2(x2) - Ue(zg)o Note that all utility differences are between elements of the
same component. Hence we may think of the individual as comparing utility inter-
vals, where each interval represents the difference in utility between elements
of the same component. Then Consequence 3 may be interpreted as requiring that

such utility intervals be additive.

We have discussed situations of dominance in connection with Consequence 2,
but in speaking of the comparison of utility intervals, we are thinking of situa-
tions of conflict. A comparison between two alternatives A and B 1is a case
of conflict if A 1is preferred to B on one component, but B 1is preferred to

A on the other component. For example, a comparison between (xl,xg) and

(yl,yg) is a case of confliect if x. 'is preferred to yl but y2 is preferred

1

to x2o The subject resolves the conflict, and hence makes a choice, by evaluat-

. 3 s 2 . L 2 ; L ¢ y o
ing the two utility intervals. Thus if Ui(xl) Ui(yi) > Uy (y,) _U2(x2), then
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(Xl)xg)P(yl)yz): and if Ul(yl) - Ul(xl) > U2(X2) - UQ(Y2)3 then (yIJYE)P(Xl’XEV\)'
In the discussion of Consequences 1 and 2, it was shown that if one alterna-
tive completely dominates another, then the choice for such a comparison is implied
by Conseguences 1 and 2. This result was presented as a .corollary of Consequences
1 and 2. Referring back to this corollary (see p. 14), it is eagy to see that the
conclusion follows from the antecedent conditions from Comsequence 3, as well. In
other words, if (xl,zz)R(yl,zz) and (Zl’XE)R(Zl’yé)’ then (Xl’XE)R(yi’yé)
follows from Consequence 3. However, Consequence 3 can, and usually will, have
implications which Consequences 1 and 2 will not,é- as was demoﬁstrated by the
example discussed above which satisfied Consequences 1 and 2 but not Consequence 3.
A final empirical consequence states a further condition on the relations
among utility differences. Like Conseguence 3, this consequence has implications

for comparisons in conflict situations.

Consequence 4. TFor all w 1% and =z, in K , and all w and

1 p2¥p19p

z, in X, , if (Wl’Xa)R(Xl’W ) and (zl,w )R(yi,xg) and (yl,z )R(zl,yé) , then
(Wl’ZZ)R(Xl’yQ) .

As with the other consequences, this conseguence implied immediately the
- modifications obtained by replacing R with P -and I

The intuitive significance of this consequence is more readily seen if we trans-
form to the corresponding inequalities among utility differences (substituting the
relation' P for the relation R in Conseguence h). According to this Consequence,

Af

(1) Uy (w)) + Uy(xp) > U (x)) + Uy(y)

(2) U () + Uy(wy) > Uy (y) + Uy(x,)
and

(3) U () + Uy(z,) > Up(2) + Up(y,) 5

l/ This is not meant to imply that Congequence 3 implies Consequences 1
and 2, which is not true. .
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then ‘
) - U )+ Uy(z,) > U () + UL(y,)

_ These iﬁequalities can be transformed tos
RS A U () - Uy (x) > U, 00,) - U(x,) s
@) un) - Uy > U () - U (s,
®» UGy - 0(e) > U0y - Uy(sy)
and | :
(W U () - 0 () > U (y,) - Uy(2,) -

As with Consequence 3, the above utility differences arebetween elements of the
same components. _ ‘ »

Substituting A, B, C, and D for the four ﬁtility intervals in the above
inequalities,'and rearranging, we have:

(2) D>4, (L) A>3B, (3) B>C, and (4) D>C-.

Consequence 3 states that if (2) and (1) and (3), then (4). Therefore, Conse-

"'_Quence 4 can be interpréted as'requiring transifivity of the relations among

nutility intervals, when the intervals répresent differences between elements of
V éame components . ' ’

In empirical situations, it is usually easier to use the Consequences rather
than attempt to use the existence of an additive utility function directly in
deducing the consequences of any system of observed preferences. Thus, if we
observe that alternative (xl,xa) is preferred to (yl,xa), then we can use the
independence condition (Consequence 2) directly to infer that (xl,zz) will be
preferred to (yl,ze)o The same conclugion can, of course, be derived directly

from the existence of an additive utility function, but usually the derivation

is more tedious. It is obvious that the other consequences can be used analogously

in making predictions.

Another reason for giving the empirical consequences of the existence of an
additive utility function is that in many instances in which the model is not
perfectly satisfied by a subject, it is of interest to attempt to discover which

of the Consequences he does satisfy and which he does not; 1.e., to discover
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precisely in what way additivity fails to hold.

It is clear that the empirical consequences must be satisfied in any additive
preference field, since we have seen that they are deducible from the existence of
an additive utility function. But they are not sufficient to guarantee the exist-
ence of art additive ufility‘function, and therefore it is not sufficient in determin-
ing whether or not a given preference system satisfies the model, to determine whether |
it satisfies the empiricel conseguences given in this section, since there will be
systems which satisfy these consequences but for which there is not an additive
utility function. In Section 5 we shall give a method for determining unequivocally
whether or not any finite system of preferences satisfies the additive model.

One interesting but so far unsolved problem in connection with the empirical
consequences just derived is their logical independence. It has been shown that
Consequence 1 does not imply Comsequence 2; that Consequences 1 and 2 do not imply
Consequence 3; and that Consequences 1-4 together are not sufficient to imply the
additive hypothesis. We do not know, however, whether all of these consequences
are independent in the usual logical sense; i.e., no one of them is implied by the
remaining ones. Aside from being an interesting mathematical problem, a solution
would be important i1f one wished to investigate successively weaker assumptions
about preferences among two-component alternatives which might be satisfied by
subjects not satisfying the full additive hypothesis. But in order to determine
the empirical significance of a subject's conforming to certain ones of the
empirical conseguences but not to others, it would be necessary to investigate
the logical interrelatiors among these consequences - i.e., their independence.l
In the following section we shall state a few results showing that for certain
finite systems of two-component alternatives, various combinations of the empirical
consequences given in this section are in fact sufficient to guarantee that the
Additive hypothesis is satisfied, and therefore under these conditions the Additive

hypothesis has no more empirical significance than the empirical consequences.

k., sufficient Conditions-for the Existence-of an Additive Utility Function.

Tt has been pointed out that no set of empirical consequences of the Additive
hypothesis of the types we have been considering (i.e., open conditions, not

postulating the existence of any alternatives) exhausts the empirical content of

i/ Results obtained too late for inclusicn in the main body of this report
shed some light on the question of independence. These are included in the
Appendix.
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the Additive hypothesis, even for finite sets of alternatives.i/ Therefore, it
is not possible to give conditions like those of the previous section which are

- necessary and sufficient for the existence of an additive utility function. In

- . case the set K.xX is of fixed finite size it is theoretiéally possible to give

12
necessary. and sufficient conditions for the existence of an additive utility

function by simply listing all the possible preference-or-indifference relations
over this set satisfying the Additive hypothesis, of which there are only a
finite number. Practically, however, this listing would not be feasible, even
for sets with very few alternatives, since the number of different preference-
or-indifference relations over these sets which are compatible with the Additive
hypothesis becomes prohibitively large. For example, the number of possible
preference-or-indifference relations over the set of aglternatives in the experi-
ment to be described in a subsequent report‘is of the order of one miliion,
although. Kl and K2 each have only four members. It is possible, however,

to show that for sets of small enough size, certain of the empirical consegquences
listed in the previous section are both necessary and sufficient for

the existence of an additive utility fumction. Some of these are listed in the
theorem below. This theorem is stated without proof, since the'pfoofs of its
different parts are very tedious, and of little mathematical interest. These
results are of some interest in showing the progressive complexity of the con=-
sequences of the Additive hypothesis with increase in the size of the set leK2 .

Theorem 2. The set leK2 and the preference-or-indifference relation R

satisfy the Additive hypothesis if both K. and K

1 5 are finite, and any one of

the following conditions holds:

(2.1) one or both of Kl and K2 has just one member, and R satisfies

Consequence 1. (i.e., R is a weak ordering of leKg);

(2.2) one or both of Ki or Ké has exactly two members, and R satisfies

Consequences 1 and 23

(2°3) both Ki and K2 have exactly three members, and R satisfies

Consequences 1, 2, and 3.

The proofs of (2.1) and (2.2) are fairly easy, though the proof of (2.3) is

;/ This result is due to D. Scott and P. Suppes (personal.communication),




D1~

difficult. The authors have not determined whether Consequences 1-3 are sufficient
for the case in Which.onevpf the sets Ki and Ké has three members and the

other has four, nor whether  Consequences l-4 together are sufficient in case both
Ki and .K2 have‘four members. The pfoblem of sufficiency in these cases is

now being investigated.

Besides sets of sufficlent conditions such as stated in the above'thebrenb
which place restrictions on the number of-elemehts in the set KiXKE’ it is pos-
sible to give sufficient conditions for sets of arbitrary finite, or even infinite
order. The authors have investigated some sets of conditions of this type, and it
is also possible to derive these sufficiency conditions by 'translating' the axioms
which have been given for formally similar systems into the formalism of the
present system.é/ All of the sets of conditions of this latter type Wﬁich Wé have
so far encountered suffer from the defect that they place highly restrictive condi=~
tions on the structures of the allowed preference~or-indifference relations by
requiring the existence of alternatives in the set KixKé with very special rela-
- tions to the other alternatives. These kinds of sufficiency conditions therefore
will not be satisfied by a great many préference systems for two-component alter-
natives which actually satisfy the Additive hypothesis.
| It is possible to avoid altogether the necessity for deriving sets of neces-
sary and/or sufficient conditions for preference—or-indifferenée relations for

finite sets of two-component alternatives by giving a decision procedure which

provides a mechanical means of testing any finite set of observed preferences
to determine whether or not it satisfies the Additive hypothesis. Such a pro-~

cedure is described in the following section.

5. The Decision Procedure: A method for determining whether any finite set of
observations is compatible with the additive utility hypothesis.

In this section we shall describe a method which can be applied to any finite

}/ Suppes and Winet [20], give a set of axioms (which requires the set of
alternatives to be infinite) which are sufficient to guarantee the existence of
a utility function for "difference structures,"™ and due to the close formal
similarity between their theory and the present one, it is possible to translate
their axioms into a set of sufficient conditions for the existence of an additive
utility funetion for sets of two~component alternatives.
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set of‘two—compenent alternatives and observed preferences and indifferences over
them to determine whether the system has an additive utility function. This

method is constructive in that it can be used to construct an additive utility

functiqn in ease there is one for the given system. Let X = KﬁlXK2 be any
finite set of two-component alternatives, and let P and I Ybe respectively
preference and indifference relations over X (1t is also possible to begin with
'the preference-or- 1nd1fference relation R, but the method is most ea51ly applied
dto relations P and I 1instead). This system has an additive utlllty function

if and only if there exist real- vélued functions U and U over K and K

2
respectlvely Dueh that for all Xl’ yl in Kl and XE; y2 nn K (Xl,X )P(yl,yg)
‘if and only if
(1) PR U () + U (x,) > Up(yp) + U,(5,) s

'and (Xl,X )I(yl,y2) 1f and only if

@ | U(x)+U(x)-U(yl>+U(y2)

Since there are only a finite number of alternatives and consequently only a finite
number of preferences and indiffefences, there will be a finite number of inequal-
ities of the type (1), and a finite number of eguations of type (2). Furthermore,
each of the numbers (x ) and U (x ) is an unknown in this finite system of
1nequallt1es ‘and equatlons, The problem,of detérmining whether or not the given
system of preferences and indifferences therefore reduces to the problem of deter-
mining whether the finite system of equations and inequalities (1) and (2) in &
finite number of unknowns has a solution. There is a well-known procedure for
determining whethef such a system has a solution and for constructing a solution
if it has one, whien we shall outline‘briefly below.

_ »lThe_system_of’inequalities,and equations (1) and (2) can be more simply
represented as follows. We sunpose that K has m elements ‘Xi,ooo,xm, and

X has n elements Yy oo,y The unknowns of the system then are U'l(xi)y

2.
i= l,oo.,m and U, (y ) = l,..,,n. ‘We define:

(3) _ L Ui(xi) ;.Xi"i = 1,...,m,

and

= Llyecoe,no

(4) U0y )

1 I
('._1-;_4
v
Tl
i
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The system of preferences and indifferences is now represented such that

(xi,yj)P(xp,yq) 4if 'and only if -
(1) X, +Y.>X +Y
v i J D q
and (Xi’yj)I(Xp’yq) if and only if
(2") ‘ X, +Y¥. =X +7Y .
1 J P q

It is clear now that the system of preferences and indifferences is represented
by a finite system of equations and inequalities in m#n unknowns. Let us denote
this system of inequalities and equations (1') and (2') by "s".

The method of determining whether the system §, representing the original
preferences and indifferences, has a solution (in which case the system of alter-
natives has an additive utility function) is in some respects analogous to the
method of determining whether a system of linear equations has a solution. The
procedure is to reduce the problem of determining whether the full system of
equations and inequalities has a solution to the problem of determining whether
a system with fewer variables has a solution by successively 'eliminating' un-
knowns from the system. In the case of systems of equations, the method of

‘eliminating the unknowns is-by substitution. If, for example, the equation

X, +Y¥, =X +Y
i dJ b q

should occur in the.system S, then in can be eliminated from the system by
substituting (Xp + Yq - Yj) for it wherever it occurs (provided, that is, that
p #£ 1i). Sinee the system S includes both equations and inequalities, it is in
general not possible to 'solve' the system by eliminating all the variables by
successive substitutions, and it is therefore necessary to give a different method
for eliminating variables in systems of linear inequslities.

Returning to the full system S of inequalities (1') and equations (2'),
the overall method of determining whether it has a solutibn is roughly as follows.
If the system includes any equations (2), then the system is reduced by substi-
tutions as outlined above, until it is no longer possible to eliminate any more
variables by substitutions. The reducedksystem which results, which we will
denote "Sl" can contain inequalities only, since if it contained any equations
it would still be possible to eliminate variables by substitutions (the exception

is admitted that 'Sl could include equations which do not include variables, such
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as 0 = 0). To eliminate variables from the reduced system 'Sl we proceed as
follows. Suppose that the variable Xi occurs in Sl’ and we wish to eliminate
it. Sl is a system of linear inequalities (actually it is also homogeneous, as
we shall show later), since the original system S included only linear equa-
tions and inequalities. Each inequality which involves Xi in Sl can be

'solved' for Xi in the following way. Suppose that Si contains the inequality:

2X, + 3Y; + 2Y, > 3X, + 2X, (i £2) ;

~then this is solved for Xi by transforming it to an inequality with Xi alone
on one side:

3Yl + 2Y2 - 2X_ > Xi .

2

Suppose that every inequality in Sl which contains Xi is solved for Xi; Si

will then contain three kinds of inequalities:
(5) | £, > X,
O X > &y s

in which f ‘and g are expressions involving the other variables which occur
in Sl’ but do not include Xi' Subscripts are written with the f's and g's to
indicate that in general there will be many inequalities of each type. We obtain
a new system 82 of inequalities which is eqﬁiValent to the system Sl’ but not

involving X, by replacing the inequalities (5), (6), and (7) by the set:
(8) £, > &

for all combinations f_  and g oceurring in (5) and (6), and
(9) £,> 8

simply repeating inequalities (7). In the case in which no inequalities of type

°

(5) occur, or none of type (6) occur, then there will be no inequalities (8) in S,

To 1llustrate the methed given above for reducing a system of linear ine-

qualities, consider the following example. Here, we let Xi = X, and Sl con-

1
tains the following five inequalities.
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2Y, > X, 5
%, '>Xl,‘
(10) X, >X, + 2,
X >, + Y,
X, +Y >Y, .

2
Here there are two inequalities of form (5), two of form (6) and one of form (7).
The system '52 then becomes:
2Yl > X2 + 2Y2 B

2Yl > 2X2 + Yl ’

(11) x2 > X, +2Y, ,

X2 > 2X2 + Yl 5
X2 + Yl > Yé .

It is clear that 82 is 'reduced' in the sense that it includes less unknowns

than Sl’ even though it does not contain fewer inequalities. It is generally

the case that the elimination of variables by the method given here does not

reduce the number of inequalities in the resulting system, and in fact frequently
inéfeases their number. i |

| Suppose now that the process outlined above for eliminating variables from

a system of inequalities is repeated until it is no longer possible to eliminate
variables from ‘Sl by this method. Call the resulting system "S3". It can only
be then that .S3 does not contain any variables at all, since if it included any,
these would be eliminated by the procedure of the previous paragraphs. There are
now two possibilities: either S3 contains no inequalities at all (it may happen
that in eliminating the last variable from the system Sl’ there are no inequalities
left), or it may contain an inequality. In the first case, in which no inequalities
remain, this means that the‘origi@al system Sl was consistent, and therefore that
S itself was consistent. In the(second case, we shall show that the only possible
inequalities which 83 could confain must be " O > 0", which is not consistent,

and therefore the original systems Sl and S were inconsistent.

To show that the only possible inequality S_. could contain is "O > 0", it

3

is necessary to return to the original system S. This contained only equations
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and inequalities without constant terms. If either of the methods of eliminating

variables (substitution or the method for elimination from inequalities) is applied
to equations or inequalities without constant terms, this can only result in a
system of linear equations and inequalities which are themselves without constant
terms, except possibly O. Hence it can only be that the end result of applying
these two methods of elimination is a system of inequalities without variables and
without constant terms other than O. Hence if S3 contains any inequalities at
all, it can only contain "0 > 0".

Let us illustrate by carrying out the prpcedure on the system of inequalities
(10), which has already been reduced one step by the elimination of Xl to the
system (11). Suppose the variable X is eliminated next: each of the inequal-

ities (11) which contain X2 must first be solved for X2:

2Yl‘- 2Y2 > X2 5
1
(12) o > 2Y2 s

Ch P

Tnequalities (12) include three of the form fa >'X2, one of the form X, > g,

is eliminated from the system, the result

and one of the for@' fc >‘gd. If X2 
is: '
¥y -2, > Y - s
(13) e g oty sy -y
' 2717 2 "1°
—Yl > Y2 "'. Yl ¥
0> 2Y2 .
If‘we'eliminaté Yl’ next, we first‘solve_the inéquélities for lev
'Yl > Y2 P
- : 2
(1%) Y, >‘—3- T,
 0 ‘>~Y2 ,
0>»2Y

5
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Here we have no inequalities of the form fa > Yl’ two inequalities of the form

Yi'>-gb, and two of the form fc > 84° If Yl is eliminated we get:

0>7,,

O'>‘2Y2 o

(15)

Finally, the last variable to be eliminated is Y2 (though it is clear at this

point that the system (15) is consistent). Solving each for Y, we get:
| 0> 7Y, ,
(16) . 2

Here we have two inequalities of the form fa > Yé, none of the form Y2 > gb, and
none of the form fc > 84 Therefore on eliminating Y2 from the system (16), no
inequalities are left, and therefore the original system was consistent.

If'ﬁhe'original system had reduced to the system

0> Yé s

2Y2 >0,

(157)

we should have been led to a contradictory system as follows. Solving each of

these for Y2 gives:

(167)
Y2 >0 .
This system includes one inequality of the form fa > Yg, one of the form Y2 > gb,
and none of form fc > 84° -Eliminating Y2 from (16') gives the single inequality:
0>0

which is inconsistent.

Let us summarize the above 'decigsion procedure' for determining whether a

system of inequalities and equations has a solution. Given the original system
S of equations and inequalities, which involves no constants other than O, we
first eliminate all the variables from S which can be eliminated by substitu-
tions based on equations. If any variables remain, call the resulting system

114 "

Sl . Sl

The procedure described above for eliminating variables from inequalities is then

contains only linear inequalities and no constants other than O,
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aPPlied‘to“~Si'funtil no variables remain. If the resulting system contains no
inequalities 'at all, then the original system S is consistent, and if the final
system contains an inequality, it must be "O > 0", and hence the original system
is inconsistent. _ '

In the case in which it has been shown that the system S is consistent by
using the decision procedure .outlined above, this same procedure can be used to
construct an additive utility function for the system. It is clear that 1if
values can be found for Xi’ i=1,...,m and Yj’ J=1l,...,n which satisfy
the inequalities (1') and equations (2') constituting S, then an additive
utility function can be immediately constructed by defining U over le1§2

such that for i =1,..,m and Jj=1,...,n,
) <17) s . y U(Xi}yj) =Xi + Yj :°

Therefore, the objéct is to use the decision procedure to find values of Xi and
Yj satisfying (1') and (2'). This can be done by simply retracing the steps in
the decision procedure backwards. Suppose that it is desired to find values for
Xl’ X2, Yl, and Y2
last steps in the decision procedure, the last variable to be eliminated was Y2,

in the system (16):

satisfying the relations (10). Working backwards from the

0>%
(16) 27

0> Y2 o

We choose a value for Yg which satisfies these two inequalities, and any value
- will do. Let us set

Y, = -3

Having given a definite value;, for Y2, this value is substituted in the
inequalities of the immediately preceeding inequalities from which Yl was

eliminated to give:

) | | Yl > -3
(1br) o I S
0> -3

0> -6 .

We now choose' as ‘a value for ¥, -any number which satisfies inequalities (14'),
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which resulted from the system (14) by substituting -3 for Y2 throughout. We
shall choose:
Y, =0.

The next step is to set ¥, = -3 and Y, = O in the inequalities (12) from

which X2 was ‘eliminated. This substitution gives:

O+6>%X_ ,
0>X. ,

(12") S 0> -6,
0> X, ,

X, > -3 -0 .

Any value may be chosen for X  satisfying the inequalities (12'). We shall set

2

X2 = -2 .

Finally, to determine a value for X , we substitute the values determined

for X, Y., and Y2 in the inequalities (10), from which Xl was originally

2’ 1
eliminated. This substitution yields:

0>X

1’
2>X
(10) X, > -2+ (-6) ,
Xi > -4 +0,
-2+ 0> -3 .

A value for X, which satisfies (10') is X, = -3.

We have determined above values for 'Xl, X2, Yl,and Y2 which satisfy the

original system (10) of inequalities in these variables. Clearly this procedure

could be carried out for any system of inequalities which is consistent to determine

a set of values for the unknowns which satisfy it. In case the original system S

contains both equations and inequalities, this procedure for constructing a solution

in case one exists can be extended to include the variables eliminated in substitu-

tions based on equations. Thus, if the original system (10) had been derived from

a system:




3 2 2
2Yl } Xl s
X2 > Xl s
X >Y¥_ +%¥_

X+ ¥ >Y. ,

(if Y3 is eliminated from this system by substituting -X2 + Y2 throughout, then
the system (10) results), Y3

by using the‘equation by which it was eliminated:

can be determined from the values already deterpined

for X., X Yl, and Y2

'YS = -2+ (-3) = -5 .

It is‘worthwhiie poiﬁﬁing out in connection with the construction of an
additive utility function for a set of two-component alternatives that in general
the utility function will have little significance owing to the large degree of
arbitfarinéés_iﬁ its determination. Thus we saw that éach step in the'éonstruc—
involved a choice which was arbitrary 4

tion of values of Xl’ X2, 11, and Y2

within rather wide limits. Only when it came to determining the value of ¥

3

was the value uniquely defined by the values previously determined for the other
variables. It will be shown in Section 7 that additive utility functions which
have a large degree of arbitrariness cannot be used for the prediction of unob-
served preferences. TIn the following secfion we shall show how it 1s possible
to use the decision process given here to predict preferences, even where the
additive utility functions are not useful for this purpose.

In Bection 3 it was pointed out. that one of the values of the empirical con-
sequences is in showing in precisely what way the hypothesis of.additivity fails
to hold in instances.iﬁ which the mbdel»is not perfectly satisfied by a subject.
To illustrate, we shall now consider a system of preferences which satisfies the
ordinal hypothesis, but for which an additive utility function does not exist.

- Let the preference field contain just the four alternatives (x,y), (x,w),

(z,y)s and (z,w), ordered as follows:
1. {x,w)P(z,w) : oo Iy, (z,w)P(z,y)

2. (x,w)P(z,y) 5.  {z,w)P(x,y)
3. (X'PW)P(X?y) 6. (Z,y)P(x,y) .
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Inspection of these preferences shows that transitivity is satisfied, and hence
they may be characterized completely by the three preferences 1, 4, and 6, since
the remaining three preferences are predictable from these three by transitivity.

These six preferences correspond to the following six inequalities:

1. Ul(x) + U2(W) > Ul(z) + Ue(w)
2. U (x) + U (w) > U, (2) + ()
3. Uy (x) + U, (w) > Uy (x) + Uy(y)
k. U (2) + Uy(w) > Uy (2) + Uy(y)
5. U, (2) + U (w) > U) () + UL(y)
6. Uy (2) + U, (y) > U (x) + U,(y) -

It is obvious that these inequalities are inconsistent, since preferences 1 and 6
lead to an immediate contradiction. We shall, however, apply the decision procedure
to the complete system of preferences.

Solving inequalities 1, 2, 5, and 6 for Ul(x), we get:

1. U, (x) > U, (2)

2. U, (x) > U (2) + U,(y) - U,(w)
5. Uy (x) < Uy (2) + U,(w) - U(y)
6. U, (x) < Uy (z) . |

Eliminating Ul(x) from the above four inequalities, we get:

1,5. U, (w) > U,(y)
2,5. | U, (w) > U, ()
1,6. 0>0

2,6. - Uy (w) > U, (y)

To these four inequalities we must add the remaining two inequalities:
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3. " o > 0G)
oo | U,(0) > Uy()

Omitting duplications, the remaining inegualities are
U, () > U,(y)
0>0 .

Therefore, the system_of*preferénces is incomsistent, and in particular the
subsystem containing the preferences 1 and 6 is inconsistent. Since these two
preferences do not satisfy additivity, the question immediately arises as to pre-
cisely in what way additivity fails to hold. It follows immediately from Theorem
2.2 (see p. 20) that it is the independence condition which must be violated since
we ‘are dealing with a 2x2 system. Thus,

‘1. (x,w)P(z,w)  dimplies (x,y)P(z,y) by virtue of Consequence 2 (independence),

- whereas .

6

o

(z,y)P(x,y) %belongs to the system of preferences.

We see from the~above‘analySis ﬁhat>aithough"£he syétem.éf preferences
satisfies the ordinal model (a strong ordering exists), it does not satisfy the
additive model. Furthermore, the single inconsistency involving two preferences
constitutes a violafibﬁ of ConéequenéevE (independence)e

Before concluding this section we wish to remark that the actual problem of
carrying out the decision procedure in ordér to determine whether or not an
additive utility function exists will usually be considerably simplified by using
the consequences to reduce the number of preference relations. Thus, for example,
we may observe the préferehces (x,y)P(ng)‘ and (z,y)P(z,w)o Clearly one of
these two 1s superfluous, since either one follows from the other according to
Consequence 2, and hence it is not necessary to include both in the system of
inequalities to which the decision proéedure‘is applied. Similarly, if we observe
(x,y)P(z,w) and (z,w)P(u,v) and (x,y)P(u,v), it is not necessary to include
the last of these preferences, since it follows from-the first two by transitivity.
In the example considered above which led to an inconsistency, we stated that the
three preferences 1, 4, and 6 characterized completely the system of six prefer-
ences, zince the remaining three preferences were predictable from these three

by transitivity. In other words, preferences 2, 3, and 5 contain superfluous
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information, and hence can be omitted from the system of preferences to which the
decision procedure must be applied. Hence in this example it would have been suf-
ficient to have applied the decision procedure to the three inequalities 1, 4,

and 6.

6. Prediction of Preferences.

Up to this point we have been principally with what might be called 'complete'

systems of preferences: i.e., sets of alternatives K xK and a preference-or-

indifference relation over them representing preferenies ir indifferences among

‘all possible pairs of alternatives from the set. The reason for this is that we

have focused our attention on the problem of testing whether or not a subject
satisfies the Additive hypothesis once we are given his entire preference pattern

for a given set of two-component alternatives. When we turn our attention to the
brediction of preferences, we are, of course, interested in incomplete systems of
preferences; 1.e., ones on which_we do not know all of the subject's preferences
for a certain set of alternatives. The extension of our concepts and methods to
include incompleté systems is probably intuitively obvious, yet it is worthwhile

to give a brief sketch of the formal relation between complete and incomplete systems.

Suppose that K. xK, 1is a set of two-component alternatives, and R is any

12
relation over KixKé . Mathematically, R is simply a set of ordered-pairs of
members of the set Kixﬁng R 1is a set of ordered-pairs of ordered-pairs, since
K;xK, 1is a set of ordered-pairs. An ordered-pair ((Xl’XQ)’(yl’y2)) is a member

of R if and only if (xl,xz)R(yl,y2). If R is interpreted as the subject's
preference-or-indifference relation, then ((Xl’XE)’ (yl,ye)) is a member of R
if and only if either the subject prefers (xl,xg) to (yl,yg) or is indifferent
between them. We should also include another relation R, the negation of R,
such that ((xl,xg),(yl,yg)) is a member of R if and only if it is not a member
of R. In the intuitive interpretation, (xl,xz)ﬁ(yl,yz) holds if and only if the
subject strictly prefers (yl,ye) to (xl,};a)°

The conditions of the Additive hypothesis, if strictly adhered to, require
that the preference-or-indifference relation R be complete in the following

sense: it must be that for all (xl,xg) and (yl,ye) in the set K X‘K2 either

_ _ 1
(xl,xg)R(yl,y2) or (xl,xz)R(yl,yg). But this condition is not satisfied by

systems in which we are not given the subject's preferences among -all possible
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pairs of alternatives. For example, if K, = ij?yi% and X, = ixz,yeg , and
" the only preference we know is that (Xl,xg)R(ylgye), this does not give us

enough information to determine which of (yl’yQ)R(Xl’Xg) or (yl,ye)ﬁ(xl,XQ)

holds (i.e., whether (Xl’Xg) is strictly preferred to (ylyyg) or whether the

two alternatives are indifferent). If we are to adhere strictly to the condi-

tions of the Additive hypothesis, we should have to say that the single observa-
ﬁion (xl,xg)R(yl,yg) does not satisfy this hypothesis, since this is an incomplete
"relation.

'  Whét'is needed then is a modification of the hypothesis to apply to incomplete
relations, Wé do this by specifying that an incomplete system of preferences
éatiSfies'the Additive hypothesis if and only if it is a subset of complete system
of preferences'satisfying this hypothesis. That 1s, suppose that we are given
two sets of observed preferences R and R which are not complete; then R and
R satisfy the Additive hypothesis if and only if fhere exists a complete system
‘R' and R'- which satisfy the Additive hypothesis (accordihg to the‘original
:définition) and R 1is a gubset of R' and R 1is a subset of R'. We give a
revised statement of the Addifivekhypothesié below, which is actually eguivalent
to the intuitive formulation of the Additive hypothesis just given for incom-

plete systems.

The Additive hypothesis for incomplete systems. Let leK2 be a set of two-

component alternatives, and let R be a preference~or-indifference relation and

vﬁ be its negation (i.e., <X1’X2)§(yl’y2) is interpreted as (yl,ye) is strictly
preferred to (xlpxg)). Then there exist real-valued functions U; U, and U, over
KlXICQ, Kl and K2 respectively su@h that:

- (a) for all x5 ¥, in K, and all x5y, in K, if (Xl’XE)R(yl’yg)
then ' '

and if (xlyxg)ﬁ(yl,yz) then
Ulyysv,) > Ulxysx,) 5

(v) for all x; in X, and x, in X, ,

, U(xl,xe) = Ui(xl) + U2(y2) .
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We shall call a function U satisfying the conditions of the Additive hypoth-

esis for incomplete systems an "additive utility function' for the given incomplete

system. It is almost immediately evident that any incomplete set of preferences
which satisfies the hypothesis is a subset of a complete system which satisfies
this hypothesis, since the values of the utility function satisfying condition (a)
in the definition above can be used in turn to define a preference-or-indifference
relation over the set le}(2 which is complete. The Additive hypothesis for
incomplete systems can be reformulated in a more intuitively clear way in terms of
the preference and indifference relations P and I instead of the relations R

and R as follows:

Theorem 3. Let KlXI{2 be a set of two-component alternatives and let P
and I be respectively a preference relation and indifference relation for KlXK

, and U

o
Then there exist real-valued functions U, U

1 defined over le K2 5 Kl’

2
and K2 respectively such that:

(a) for all x

;0¥ in K, and x,,y, in K, if (xl,xz)P(yl,yg) then

U(Xlixg) > U(yl)YE) 2
agq i,,fw (Xl?xg)l(ylﬁyz), then

(b) for all x, in K, and x, in K2 s

U(xl,xg) = Ui(xl) + Ué(xg) .

" Suppose we are given a set of alternatives leKE2 with a preference relation
P and indifference relation I over them. To say that a given preference
(xl,xg)P(yl,y2) or indifference (xl,xe)I(yl,yg) follows from the relations P
and . I means intuitively that the denial of these relations is inconsistent with
the given relations P and I. For example, to say that (Xl’XE)P(yl’yQ) follows
from, or can be predicted from relations P and I means that if the negation of
(xl,xg)P(yl,yg) (which is (yl’yQ)R(Xl’X2)’ or, equivalently either (yl,yg)P(xl,xe)
or (yl,yg)l(xl,xe)) is added to P and I, then the resulting system does not

satisfy the Additive hypothesis. This idea is more easily formulated in terms of
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" the relations R and R. R and R are sets of ordered pairs ((xl,x2),(yl,y2)):
the preference-or-indifference relation (Xl’XE)R(yl’yE) follows from the given
sets. R and R . if adding its denial to R and R - results in a system not sat-
isfying the Additive hypothesis. To add the denial of 1(xl,x2)R(yl,y2) is to

‘add the pair »((xl,x2),(ylyy2)) to the set R. Similarly, to add the denial of
~,(xl,x2)§(yl,y2),;to the system of R and R is to add the pair ((Xl’X2>’
(yl,yg)) to the set R.  Hence, adding the denial of an observed preference-or-
indifference -amounts to adding .an ordered pair to the set R, and adding the

denial of a non-preference-or-indifference is to add an ordered palr to the set R.

Definition 4. Let leﬂig be a set of two-component alternatives, let R

be a preference-or-indifference relation over leK Then the preference-or-

~ indifference (xl,xg)R(yl,ye) follows from R andfaﬁ if the system KlXIK2

and relations R and [ R + (<X1’X2)’(yl’y2))] satisfies the Additive hypothesis;
and the non-preference-or-indifference relation (xl,xz)ﬁ(yl,y2)~ follows from
R and R if the relations [R + ((Xl,x ) (yl,yg))] and R satisfy the Additive
hypothe31s

Although the above definition does not satisfy the standards of strict formal

accuracy, it gives the sense of the idea of one unobserved preference (or non-
preference) following from a set of observed preferences. Theorem 4 below gives
an equivalent formulation of the idea of one preference following from another

set of preferences, in terms of the set of utility functions for the given set

of observed preferences.

Theorem 4. Let P =< K;xK, R, R > be a system in which K XK, is a set
of two~component sglternatives, and R and R are respectively preference-or-
indifference and non-preference-or-indifference relations for lelig. Let
(Xl,xe) and (yl?yz) be members of K, xK..
(a) (Xl,x )R(yl,yz) follows from R and R if and only if for all additive

utility functions U of 1,
U(lexg)‘Z“U(yl,yz) 3
’ %, %, ) R{y, ¥ ollows from and R if and only if for a itive
D) L 2)P12)fll g R d R if and only if f 11 Addit
utility functions U of 7, '




_37_

(c) (xl,xg)I(yl,yg) follows from R and R if and only if for all additive

utility functions U of r,
U(lex2) = U(yl)y2)

The notion of an unobserved prefereﬁce or indifference following from a set
of observed preferences and indifferences (i.e., here one begins with the sets
P"and I rather than the sets R and ﬁ) is defined in an analogous way to the
corresponding formulation for R and R in Definition k.

The practical problem of attempting to predict a given unobserved preference
from a system of observed preferences can be attacked in tWo ways: eilther by using
the consequences of the Additive hypothesis derived in Section 3, or by using the
decision procedure of Section 5. We shall discuss both of these metﬁods informally
here. Suppose that the set Kl = ixl,ylg and K2 = ixg,ygg , and the only obsgrved
relation is (Xl’XE)R(yl’X2)° According to Consequence 2, this should imply that
(xl,yg)R(yl,yz), and we see that actually this follows from our definition of
'implication', since if we were to add the relation .(xl,yg)ﬁ(yl,yg) to the system,
it would no longer satisfy the Additive hypothesis. Although Consequences 1-4 of
the original hypothesis for complete systems do not hold for incomplete systems
(for example, the relation R need not be a weak ordering in order to satisfy the
hypothesis for incomplete systems), these consequences can be used for prediction

of unobserved preferences. Thus, we can assert as a theorem:

Theorem 5. Let KlXI( be a set of two-component alternatives, and let R be

2
a preference-or-indifference relation for erKé .

(a) 1If (xl,xz)R(yl,y2) and (yl,ye)R(zl,zg) then (xl,xz)R(zl?ze) follows
from R.

(xl,xg)R(xlyy2) then (yl,xg)R(yl,ye) follows from R.

)R(yl,y2) follows from R, and if

(c) 1If (Xl’XE)R(yl’yz) and (yl’ZQ)R(Zl’Xz) then (Xl’ZE)R(Zl’yQ) follows
from R. '

| (a) If (Wl’XE)R(Xl’WE) and (Zl’WE)R(yl’xe) and (yl,zg)R(zl,yg) then
(wl’ZE)R(Xl’yE) follows from R.

Theorem 5 does not exhaust the predictive consequences which follow from
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Consequences 1-4. In each of parts a-d of the theorem, the symbol "R" can be re-
placed by various combinations of "P" and "I". The possible corollaries are
sufficiently obvious that they need not be formulated here.

In practice, the predictions which are permitted in Theorem 5 may be more
useful than the predictions which are made on the basis of the utility values of
the alternatiVes; since it is much easier to apply this theorem than it is to go
through the‘prdcédure of Calculating all the possible utiiity functions in order
to apply Theorem 4. A second method of making predictions from observed prefer-
enceé is to useﬁthe deciéion process of the previous section Suitably modified
to apply to the situation of prediction. Suppose a set KlXKé and a set of
observed preferences and indifferences P and I {or R and R) is given, and
‘it is desired to predict if pdssible the preference relation between two alter-
vna‘ﬁtj;v.e.s (xl,xg) and (yl,yz)., It may be that this prediction follows immediately
from Theorem 5, in which case there is no need to use the decision procedure.
However,'as we know, these consequencés do not exhaust the'empirical content of
therAdditive hypothesis, and so there will in general be some preferences which
can be.predicted using the full strength of the'Additive hypbthesis, but which
do not folldw froquonsequences 1-4 alone. In this case, we modify the decision
procedure as follows. The get of observed preferences and indifferences is
represented in the decision procedure by a set S of‘equations and inequalities,

as defined in Section 5. We now form the set §' by adding to S the equation:

Then, we proceed as before to guccessively eliminate the unknowns from . 8', leav-

ing ® to the last. In this case, one of three things will happen: (1) the

system will involve an inequality O > O, and be inconsistent; (2) it will be
impossible to eliminate all the other variables without eliminating §; (3) one
of the inequalities 3 > O; o = O; or 0> 3 Wiil be the last element of the
system. In case (1), it is not difficult to show that if the system §' is
inconsistent, then S itself must have been inconsistent, and hence no predic-
tion can be made {or rather, any prediction follows from an inconsistent system).
In case (2), it is not possible to infer anything about & from the system S,
and hence no relation between (xl,xz) and (yl,yg) " is predictable from the
Observed. relations P and I.

In the final case, the relation between (Xl’xg) and (yl,yg) is predictable
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from S. If B < 0 is the last inequality to be eliminated, this means that

+

Uy (%)) + Uy(x,) < U (yp) + Uy(y,)

follows from S, hence (yl,y2)P(xl,x2)° If & =0 is the last to be eliminated,

then

+

Uy (%) + Uy(x,) = U (vy) + Uy(v,)

and therefore (xl,xe)I(yl,yg) follows from P and I. And finally, if & > O,

is the last to be eliminated, then
Uy (%)) + Uy(x,) > Uy (yy) + U0y,

and (xl,xe)P(yl,ye) follows from P and TI.
To illustrate, suppose again that the only relation observed is (xl,xz)P(yl,xg),

and hence § congists of the single inequality:
Ui(xl)'+ U2(X2) > Ui(yl) + Ué(x2) .

Following the convention of Section 5, we may set Ul(xl) = X5 Ué(xz) =X,;

Ui(yl) =Y, and Ué(ye) = Y,: hence § is transformed to:

'Xl + X, > Yl + X

.

2 2

Now, suppose that we wish to predict the relation between (xl,ye) and (yl,yg).
We then a8dd the equation:

,Xi + Y2 ='Yl + Y2 + B

to 8§ +to form the total set S8'. Clearly, this set can be immediately reducted to:
>0 .

Therefore, according to the criterion given above, (xl,yz)P(yl,yg) follows from
the original observed preference (Xl’XQ)P(yl’x2)° If, on the other hand, we had
tried to predict the relation between (xl,yz) and (yl,xé), we would have added
the equation:

Xl + Y2 = Yl + X2 + 3,

and this would reduce to:

X2 + 3> Y2 5

from which it i1s impossible to eliminate X2 and Y2 without eliminating &.
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Therefore, it is not possibdle to predict the relation between (xl,yg) and
(yl’X2> from the single observed preference (xl,XZ)P(yl,xz).

It 1s in general not feasible to use the values of an additive utility func-
tion for an incomplete system of preferences in order to predict the unobserved
preference relation between two alternatives. The reason is, as stated in Theorem
4, that in order that a given unobserved preference follow from a system of ob-
served preferences, it is necessary that the preferred alternative have a higher

utility value for all posSible additive utility functions for the given incomplete

system of observed preferences. Hence, to use the utility values from a single
additive utility function to predict uncbserved preference relations is in general
unreliable, since there may be other additive utility functions for the same set
of observed preferences which give a different relation between the two alterna-
tives in'queetione Consider again the case in which only the single preference
(lexg)P(ylyxg) is observed, and the attempt to predict from that the relation
between (xl,yg) and (yl,xg)o If we assume that the set of alternatives is
leIie, then one additive utility function for this system is defined by the
utilities for the components as: Uy (x Y=2, U (x )=0,U (yl = 1, and

Ug(yz) =1, It is not hard to see that the functlon U(a,b) = U, (a) + U, (v) is
an additive utility function for the system consisting of the 51ngle preference
(Xl’X2>P(yl’X2)° Using this function to determine the relation between (Xl,yg)

and (ylyx we find:

2)9
{ [ - =
Ul\xl) + U2(y2) =2+ 1> Ul(yl) + Ué(xg) =1+0,

henee it m1ght appear that (xl,yz)P(yl,x ). On the other hand, the functions
U (x Y =2, U {xg) =0, U (yl) =1, and Ug(ye) = -2 also define an additive

functlon for (xl,xz)P(yl,xg), and using these values we find that
T ’ 1 ' l - 1 :
Ul(xl) + Ué(ye) =2 -2< Ul(yl) + Ug(xg) =1-0,

and it would appear that (yl;XE)P(xl?yg).

The above example clearly illustrates the uselessness of the values of the
utility function for predicting unobserved preferences in this case. This obser-
vation ralses the question as to when if ever the utility functions can be used
for prediction. If they can't be used for prediction at all, there would seem

to be little reason to be concerned with them. However, it turns out that there
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is one important type of situation in which it is possible to predict the prefer-

ence relation between a pair of alternatives by using the utility functions derived

from observed preferences. This is the

are unique, once a zero point and unit of utility are determined.

situation in which the utility functions

In other words,

if the system of observed preferences define a cardinal utility function (i.e.,

an interval scale of utility), then the values of this function can be used to

predict unobserved preference relations.

We may make this point clearer by formally

defining the notion of a cardinal utility function.

Let leK2 be a set

I be preference and indifference relati

‘Definition 5.

of two-component alternatives, and P and

ons for this set. Then an additive utility

function U for this system is a cardinal utility function if for all other additive

utility function U’

of the system, there exists a positive real number a and a

real number b such that for all Xy in Kl and X, in K2,
t -
U (xl,xg) = aU(xl,xz) +Db .

‘Theorem 6. Let KlXKé‘be a set of two-component alternatives, and P and I
be preference and indifference relations for leI{Z, and let U be a cardinal
utility function for this system. Then, for all xl,yl in Kl and. xg, y2 in
K2:

(a) (Xl’XZ)P(yl’yz) follows from P and I if and only if

(v) (Xl’XQ)I(yl’yE) follows from P and I if and only if

U(Xl,XQ) = U(yl’yQ)

Theorem 6 follows immediately from

Theorem 5 and Definition 5, since if U

"is 'a cardinal utility function for a given system then any other additive utility

function for the system must assign the

same order of utility values to the pair

of alternatives (xl,xg) and (yl,yé) as U does, and therefore all additive

utility functions assign the same orderi

ng to these alternatives, and by Theorem 5

these utility values can be used to predict the preference relation between the

.alternatives.
functions.

be useful in predicting unobserved prefe

Theorem 6 ‘serves to underline the importance of cardinal utility

It shows that if utility functions are to be constructed which will

rences, then cardinal utility functions




“hoo

{or other functiomswhich have similar uniqueness properties) must be required.

' Closely relatéd to the concept of predictability is the concept of independ-
gggg, A given unobserved preference is independent of a set of observed prefer-
ences if it is neither inconsistent with them, nor does it follow from them. If
P and I  are the observedtpreference relations for a system of two-component
alternatives X xK., and (Xl’XE) and (yl,ye) are two members of K,xK,, then
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the relation between them is independent of P and T if none of (xl,x2)P(ylyy2),

(Xl,xg)I(yl,yg), (Xl’xg)R(yl’y2) or (yl,yg)P(xl,XE) follows from P and I
(actually, if '(xl,xg)R(yl)yE) follows from P and I, then one of (Xl’XQ)P(yl’yE)
or (x19x2)I(yl,y2) must follow from P ~and I). ~Still another way of defining
~ independence is in terms of the utility functions. The relation between (xl,xg)
and (yl,yé) is independent of P and I if and only if there exist additive
utility functions U and U' for P and I which give different orderings to
the utility values of these two alternatives. A set of preferences and indiffer-
ences, P and I 1is independent if every preference and indifference in the set
is independent of the remaining preferences and indifferences.

We say fhat one system of preferences and indifferences P and I follows
from another such system P' and I' if every member of P and every member
of i follows from the system P' and I'. It is often of interest to reduce
a given system of obgerved preferences P and I to a gystem P' and I' as
small as possible such that the system P and I follows ffom P' and I'.
The predictive power of a theory can be measured in terms of the amount that a
given system P and I can be reduced such that all of the observed preferences
in P and T can be predicted from the system P' and I' +to which P and I
are reducednia The smaller the number of observations necessary to predict all
of a given set of observed preferences, the greater the predictive power of the
thecry. It is not difficﬁlt to show that if P and I are any finite consistent
Systém of'preferenées and‘indiffereﬁCes; then these can always be reduced to an
independeﬁt’éystem P! ' and I', from which all the observations of P and I
can be predicﬁed, but'sﬁch that P' and I' cannot themselves be further reduced.
' The sﬁallness of this indép@ndent set P' and I' 1s then a measure of the pre-

dictive powér of the theory, and furnishes a means of comparing it with other

1/

= See, for example Kemeny and :Oppenheim [16].
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theories dealing with the same phenomena. _

It is of interest to compare our theory of additive utility.with the simple
ordinal theory in predictive power. Suppose that Kl has m elements and K2
has n elements. The total number of alternatives in this case is mn, and the
total number of pair-wise comparisons (excluding comparison of an alternative
with itself) is

m(ma - 1)
2

‘We may compare the power of the Ordinal hypothesis alone with the power of the
Additive hypothesis in terms of the number of observations which are necessary
‘and sufficient to predict the preferences among all pairs of alternatives. Using
the Ordinal hypothesis alone, the number of preferences (or indifferences) which
must be known in order to predict the relations among-all the cother alternatives
is nm - l:}/ hence using the Ordinal hypdthesis alone, it is possible to pre-
dict

mn (mn - l)
2

_(m - 1)(m - 2)
= 2

- (mn - 1)

preferences from mn - 1 preferehces. Estimating the number of independent
observatlons necessary to predict all of the possible preferences on the basis
of the Additive hypothesis is extremely difficult since the various consequences
of it are interrelated in a complicated way. For the systems of preferences in
the experiment to be described in the second report of this series (in which
m=n=»4), it was invariably found that the set of observed preferences could
be reduced to a minimum of from 6 to 8 independent preferences, or about half
the minimum number necessary to .predict all preferences on the basis of the
Ordinal hypothesis alone. Ceértain considerations lead to the conclusion that
for large n and m, the number of independent preferences should be of the
order n + m. If this conclusion is correct, the relative power of the two
theories should be given approximately by the ratio:

jisia)
m+n

1/ | ’

—  Since the observations will be in terms of P and I, nm - 1 will
be necessary and sufficient; but if observations were in terms of R this
minimum would not be sufficient.
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Lo

Uniqueness of Additive Utility Functions.

k‘In Section 6 we saw that in general the values of an additive utility func-

tion computed from a set of observed preference cannot be used to predict unob-

served preferences,’but that utility functions which have the propefty of

uniqueness once a zero poiht'and unit of utility measurement are fixed on- that

is, cardinal utility functions-can be used for prediction. In this section we

shall discuss briefly the uniquehesslof édditive utility functions for two-

component systems, and indicate some situations in which a two-component system

has a cafdinal'utility function. We shall discuss uniqueness only for Systems

which are 'complete' in the sense defined in the previous section, since the

characterization of uniqueness for incomplete systems is in general much more

difficult. We.shall, however, indicate how our discussion may be modified to

apply to incbmplete systems of certain special types.

or-

Let KiXKé be a set of two—éomponent alternatives, let R be a preference-

indifference relation over lelcg, and let U be an additive utility function

for this system. We wish to show that if V is any linear function of U, then

-
"be

numbér E.such thét for all x in X _and X

is also an additive utility function for the given system. V 1s defined to
a linear function of U 1f there exists a positive real number a and a real
in K

1 1 2

(1) V(Xl,XE) ='aU(xlgx2) +b .

The transformation from U to V in equation (1) actually represents a change

in

the unit of utility measurement by a factor a, and a change in the zero point

of utility such that the V value of an alternative is b when its U value is

zero.  With this interpretation of the transformation, it is almost intuitively

evident that if U. is an additive utility function then V 1is also. To prove

that V is an additive utility function we must show that for all X157y in

Ky

and x,,7, in K, (Xl’XQ)R(yl’yz) if and only if V(xl,xg) > V(yl,y2)°

This follows immediately from equation (1): U is an additive utility function,

hence U(Xl,xg) > U(yl,yg) if and only if (Xl’XE)R(yl’yz)’ and equation (1)

implies that U(xl,xz) > U(yl,yg) if and only if V(xl,xg) > V(yl,yg). To com-

plete the proof that V is an additive utility function, we must show that there

exist functions V and Vé such that

1
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V(xl,xa) =,Vi(xl) + V2(x2)

Since U is an additive utility function, there exist functions Ui and Ué
such that '
U(xl,xg) = Ui(xl) + U2(x2)

Now, if we define Vi “and V2 by the equations:

and
Volxy) = aly(x,)

then equation (1) implies:

and therefore V is an additive utility function.

We now wish to discover what felation must hold between any two additive
utility functions U»vand V of the system of alternatives Kixlcg and the pre-
ference-~or-indifference relation R. We have shown that the choice of zero point
for these utility functions is arbitrary, and hence we may choose to make them

both equal to zero for a fixed alternative (al,aa) of Kix K2:

(2) V(al,az) = U(al,ae) =0 .

Bquation (2) implies immediately (see Theorem 1, Section 2) that for all x, in

Kl and x2 in K2:

(3a)k | U(xl,xg)

and

(3b) V(xl,xz) = V(xl,az) + V(al,xa)

Since both U and V are additive utility functions, for all (xl,xg) and
(yl,y2 in X xK,, (xl,x )R(yl,yz) holds if and only if U(xl,x ),ZVU(yl,y2),
and if and only if V(xl,x ) > V(yl,y2 Hence U(xl,x ) > U(yl,ye) if and only
if V(xl,x ) > V(yl,ye), and therefore V is a function of U. There exists a

function ¢ such that for all Xy in Kl and X, in K2,

(%) : ) ) ‘V(xl,x23v= @LU(xl,xg)J .
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The function ¢ defines the relation between U and V, and therefore we must
investigate its nature.

According to equations (3a) and (3b), equation (4) is equivalent to:

(5) V(xl,ag) + V(al,xg),= Q[U(xl,a2) + U(al,xg)] .
Setting x, = a, in equation (5), and using the fact that 'U(al,ag) = V(al,ag)
= 0, we get:

(6a) T, r8,) = olU(x,,8)] ;
and similarly, setting X, = a; gives:

(6b) V(alfxz) = q)[U(al)X2)] -

Equations (5), (6a), and (6b) yleld:
(7 @[U(xl,a2)] + @[U(al,xz)] = m[U(xl,ag) + U(al,xe)]

lXKg,

for all (x,,x,) in K .

Equation (7) is a well known functional equation, and has been studied
'éxtensively in other connections (see, for example, Hamel [13], also Bellman
[2]).' Besides equation (7), the function ¢ also satisfies the monotonicity con-
dition:

olU(x,x,)1 > o[U(y,,7,)]

if and only if
U(Xl’Xg) _>_ U(yliy2) °®

Under certain conditions it can be shown that the function ¢ must be of
the form: there exists a positive real number a such that for all Xy in 'Kl

and x2 in K2,

(8) @[U(Xl,xz)] = aU(xl,Xg) .

In this case, V 1is clearly a linear function of U. One of the important cases
in whiéh"¢ must satisfy equation (8) for some constant a is that in which the
function U(xl,ag) assumes all real number values in some interval, and likewise
the function U(al,xz) assumes all real number values in some interval. This

is the case in which both of the sets Kl and K2, ordered according to increasing
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utility value, are continuous (for =a definition of 'continuous' see Kamke [15],

p. 73). Intuitively, this situation would probably arise where each of the sets
Kl ‘and K2 represented all possible amounts of a continuously variable commodity
within some range. Thus, if K

certain limits, and KX

1 were a set of all possible I.Q. values between

o contained all posgible ratings on a test of ability to
handle people, it is likely that these would correspond to continuous ranges of
utility values to the prospective employer, and hence, if he had an additive
utility function at all, any two with the same zero point would have to be related
by an equation of the form of equation (8), and hence he would have a cardinal
utility function.

There are other instances also in which ¢ must satisfy equation (8), and
hence the subject must have 'a cardinal utility function. One of these occurs in
the case in which for all Xy in Kl there exists x2 in K2 such that
(Xl’ae)I(al’X2) or

U(xl’aQ) = U(a'lJX2> ’
and conversely, for every X, in Ké there exists Xy in Kl such that
U(Xl’a2) = U(al,xg) .

The above two requirements are not sufficient, but if it is added that for every

pair =x, and vy in K. there exists a half-way or average value = in Ki:

1 1 1

U(zy,8,) = g0(x;,8,) + U(y,8)]

and similarly for all x

2

and Y5 in ‘K2 there exists z, in K2 such that

U(ay,2,) = 3 [0(ap,x,) + Ula ,w,)] 5

then it can be shown that ¢ must satisfy equation (8) and hence U is a cardinal
utility function.

One may remark that in general the systems of two-component alternatives for
which there exists a cardinal utility function will bé infinite. This might be
expected on heuristic grounds if the observed preference-or~-indifference relations
are regarded as providing partial information about the utility values of the alter-
natives. In the case in which only a small number of preferences are observed, one

has only a small amount of information about the utility function, and it is not




18-

likely that this will be enough to determine the utility values of the alternatives
uniquely. TIn some special cases, a few observations may be sufficient to give a
unigue determination of the utility values of some altermatives, and such a case
afises in ah'eQualAinterval system with a smell number of alternatives. In general,
however, no finite number of observations will be sufficient to give & unique
determination of the utility values of certain alternatives. If, for example,
U(xl,xé) -'U(yl,yé) =1, and U(zl,zg) h7U(yl,y2) = Y2 , no finite number of ob-
servations will be able to determine these facts (this is a consequence of the

fact that V2 is not a rational multiple of 1).

The decision procedure of Section 5 can be applied to finite systems (both
complete and incomplete) to determine whether or not they have cardinal utility
functions. In general a system leK2 with preference-or-indifference rela-
tion” R, or else relations P and I, has a cardinal utility function if the
utility value of any alternative can be uniquely determined in terms of the
utility of must one component (which serves to fix the unit of utility measure-
ment)e In the decision procedure once g zero point has been fixed by setting
Ui(al) =»Ué(a2) = 0 for some alternatiyes (al,az) we have seen that it is
always possible to work backwards from the final reduced system of equations and
inequalities to construct a utility function for the system. If this working
back can be done in only one way, once the utility of one component is determined
arbitrarily, then the system musﬁ have a cardinal wutility function. In order
that this Working back be uniqué, it is necesséry but not sufficient that in the
reduction of the initial system of equations and inequalities representing the
preferences and indifferences, all but one of the variables can be eliminated
by substitutions (i.e., all but one of the variables can be eliminated in the
process of eliminating the equations from the system). If K, has m elements

1

and Ké has =n elemeﬁts, then the number of variables in the system 8 of

~equations and inequalities representing :the preferences is m+n-2 (assuming
that all components are iavolved in some observed preference judgment)a In order
that all but one of these be determinable in terms of a single one, it is neces-
sary and sufficient :that there be m + n - 3. independent equations in the
system S . Hence, a necegsary condition that a finite system KiXKE have &
cardinal utility function is that at least m+ = - 3 indifferenée Judgnments be

obgerved, where m and n are the number of elements of K, and K2 respect-

1
ively. In the preference experiment to be deseribed in a subsequent report,
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Kl and 'Kg each have 4 elements, hence a necessary condition that this system
have a cardinal utility function is that at least 5 indifferences be observed.
There is a close connection both formally and empirically between additive
utility functions and "ordered metrics" and "higher ordered metricsl ". It is
clear from the discussion of Consequences 3 and 4 in Section 3, that the model
provides a partial ordering on certain utility intervals. Thus a comparison
between the alternatives (x,y) and (z,w) provides an ordering on the two
utility intervals Ul(x) - Ui(z) and Ug(w) - Uﬁe(y)° Then a system of observed
preferences gives a partial ordering on utility intervals, where all intervals
‘are in terms of elements of the same component. However, since we are only able
to infer g preference ordering within the sets Kl and K2 separately, and not
within the union of Kl and Ké,g/ then we can only get a partial ordering on
utility intervals, and not a complete ordering as 1s required for a higher ordered
metric. However, the additive model can generate a higher ordered metric (i.e.,

complete ordering on utility intervals) for commutative systems, in which the

elements of any alternative can be permuted without changing the utility of the
alternative; In such systems the sets Ki and K2 are the same, and the alter-
natives are all pairs of elements of a basic set of alternatives. The extension
of the additive wutility hypothesis to cummutative systems is considered in
Section 8.

We conclude this section with a few remarks about cardinal utility functions
for incomplete systems. The decision procedure, which can be applied to both
coﬁp;ete and incomplete systems, can also be used to determine whether these
systems have cardinal utility functions, as we have just seen. However, the
criteria given in the first part of this section as to when an infinite complete
system has 'a cardinal utility function do not apply in general to incomplete

systems. The reason for this is that for an incomplete system, if V ‘and U

1/

=~/ Coombs [3] suggested the term "ordered metric" to apply to those scales
which not only give an ordering on the alternatives (as in an ordinal model), but
give at least a partial ordering on the "distances" between alternatives. Siegel
[19] has used the term "higher ordered metric" to refer to scales which give a
complete ordering on utility intervals (i.e., distances between alternatives on
the utility scale). '

E/ The union of Kl and Ké is simply the set which contains all the members
of both K, and K,. Thus if K = $A,B1 and K, = {C,D} then the union of K

2 1
and K, is the set 14,B,C,D} .
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are any two additive utility functions for the sySfem, it is not necessarily the
case that V is a function of U (we showed that for any complete system any
two ‘additive utility functions U and V must satisfy equation (4) for some
function cp) In some cases, though, it can be shown that if a complete sub-

system of K. x K, has a cardinal utility function then this can be extended to

a cardinal u1l:i'lity function for the entire set le K2° : ' ‘
Let leK 5 be any set of two-component al?cernatives 5 anc} le:t Kl and I'{e

be subsets of Kl and K2 respectively. Each of the sets KlXK2 and -leK2

is a- subset of K. xK, . Suppose that the relation R is complete for these sub-

172
sets in the sense that between any two alternatives in one of the subsets, some

relation of preference has been observed. Then, the criteria already given can be
applied to determine ‘whether each of these subsets has a cardinal utility func-

~ tion. Suppose it is the case that each of the subsets has a cardinal utility
function, and furthermore that the entire set le ,KZ.2 has an additive utility

function, then the set K, x K2 can be shown to have a cardinal utility function.

To show this it is only necessary to show that the utility of any alternative

in- K‘lx"Ke “can be uniquely determined in terms of the utilities of the alterna-
, ,

. . ¥
tives in leK_2 and KlXKE',

(al,ag) b‘e‘ any element of KlXKE: '(a’l,ae) is thus a member of both leKE-

!
. ; _ .
is a member of X xK and (al,xe) is a member of K,xK,.

Le't (xl,xg) be any element of K xK,, arlld let

and K xK,, (Xl’a2)

Now, if U is an additive utility function for Kl.x KE’ then

U(xl,xg) = U(xl,ag) + U(al,xg) - U(al,az) .

Hence we see that U(xl,_xg), the utility‘ofi an arbitrary element of le Kg’ is
determined by the utilities of (xl,ae), '(al,xg), and (al,az) which are all

k LI . g i

!
1%5, and KlXKg. | .
each of these subsets is unique once a zero point and unit of utility is chosen,

elements of the subsets K xK Since the utility functions for

it follows that the utility values of all alternatives in KlXK2 is uniquely

determined once a zero and unit have been chosen. Therefore, K xK2 has a

, 1
cardinal utility function.

The above method of determining a cardinal utility function for an entire
1% %o
certain subsystems is of more than theoretical interest. What the method amounts

set of two-componénf alterngtives K by finding cardinal utilities for

to is determining the utilityy values of the componehts in Kl and K2
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"independently', and then combining these independently determined values to get

‘a utility function for the set of composite alternatives KlXK2°

8. Extensions of the Theory.

In this section we discuss briefly two possible extensions of the present
theory of decisions in two-~component choice gsituations to wider classes of decision
situations. One of these extensions is the obvious one to alternatives of more
than two components, and the other is to situations involving both two or more com-
ponents ‘and elements of risk. Although these extensions are fairly obvious, it is
worthwhile at least to sketch their formal characteristics here.

In extending the theory of two-component choices to larger number of compon-
ents, one may either allow a fixed number of components, or an arbitrary finite
number of components. If the number of components is a fixed finite number n,
then each aiternative can be represented as an ordered n-tuple (analogous to the
ordered-pairs representing two-component alternatives), such as (xl,.,.,xn).

If Ki,ooo,Kh are the sets of first, second,...,n'th components, then the total
set of alternatives is leoo.XKno The additive utility hypothesis for n-component
alternatives is the analogue of the hypothesis for two-components. It is postulated
that there exists a utility function U for the set K x,,.xKil, and functions

1

Ups Upsooe,U  over the sets K, K,,...,K such that for all (xl,.,.,xn) in

"Kl’ové’Kn,

Ul eeox) = Uy ) +eeet Do) o

Clearly this extension differs little from the présent theory, although‘it can be
shown that the empirical consequences of the assumption of the existence of ‘an
additive utility function for n-component systems are somewhat stronger than the
consequences developed in Seetion 3 of the Additive hypothesis for two-component
systems.

An interesting modification of the general n—cémponent system is what we call

the commutative system, in which all of the sets. K ,u.c,Kn are the same, and the

, 1
set K X,...,xK  1is simply (Kl)n° The alternatives in the commutative case are

‘all n-tuples of elements of Kic In this case the hypothesis is that there exists
a utllity function U over (Kl)n, and a real-valued function Ul over Kl such
that for all (xl,oou,xn) in (Ki)n,
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'U(Xl"°”xn) = Ui(xl) Fyeoo + Ul(xn) .

This assumption is actually somewhat stricter than the assumption merely that the
set (Kl)n has an additive utility function, since it implies that if (Xl’°°"xn)
and (yl,,..,yn) are two elements of (Kl)n which differ only in the order of
their components, then (Xl"°"xn)1(yl"°°’yn)° Tt can easily be shown that the
vadditive utility hypothesis by itself does not imply that the elements of any
‘alternative can be permuted and the resulting alternative will be indifferent to
the original’élternative.

. The exténsibh of the additive utility hypothesis to arbitrary finite numbers
' of components is most easily given for commutative systems (i.e., for systems in
which the value of an alternative remains the same if theorder of its elements
are permuted). In this case it is assumed that each alternative is an ordered
n~tuple (xl;,oo,xn) (where n is no longer fixed) of elements of some basic
set Kl’ and K, the set of all alternatives, is the set of all finite ordered
sequen¢eS’of elements of Klf The additive utility hypothesis then assumes
that there is a utility function U for K, and a real-valued function Ul over

K, such that for all non-zero, finite' n,<and all (Xl;.,.,xn) in K,

U(xl,...,xn) = Ul(Xl)+°°°+Ui(Xn) .

The additive utility hypothesis for arbitrary finite, commutative systems
can easily be shown to lead to a cardinal utility function, and to a linear func-
tion relating utility and amounts of the elements of Kl° Thus, if x 1s an
element of Kl’ then one 'alternative' is the ordered n-tuple (x,x,...,x), all

of whose components are x. The additive utility hypothesis then asserts that

U(%,00.,%) = nUl(X) s

in other words, to the conclusion that n ‘'units of x' are n times as valuable
as one x. This conclusion is very unlikely to be true for large values of n,
and can be avoided if commutativity is not assumed. Thus, it may be assumed
instead that there exists an infinite sequence of. functions Ul’ U2’°" over

K, such that for all non-zero, finite n, and all (Xl’°°"xn) in K.

U(xl,uq.,xn) =-Ui(xl)+..,+Uh(xn) .

In a forthcoming report we shall give detailed discussions of these extensions
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to higher numbers of components, and of the relations between the utility functions
for two-component alternatives and utility functions for systems with larger numbers

x of components.

2. The present theory may be combined with a theory of utility under risk by extend-
ing the set of alternatives to include risk combinations of the original two-com-
ponent alternatives. Suppose that K = le1(2 is a set of two-component alterna-
tives. If (Xl’x2> and (yl,yg) are elements of K, then it is possible to form

a risk 'mixture' of them

p(x,5%,) + (1-p)(y;,7,)

representing the 'prospect' of getting alternative (xl,xe) if an event of proba-
bility p occurs and getting (yl,ye) if it does not occur. If we proceed to
form probability mixtures of K, mixtures of these mixtures, and so on, we form a
set K which is the mixture space generated by K (see Hausner [14]). If x

is an element of this mixture space, it represen@s a probability distribution ¢
over K, such that for all x in K, o(x)  is the probability with which x will

be received in the alternative x. For example, if x is the alternétive
p(x)5x,) + (1-p)(v5¥,) »

then @(Xl,X2> = D, m(yl,yg) = 1-p, and for all (Zl’ZE) in X different from
(x5x,) and (yy5¥,), o(zq,2,) = 0.

The central hypothesis of ordinary Bernoullian utility theory (the von Neumann-
Morgenstern theory) is that there exists a utility function U over K'(in the v
general cage, X need not, of course, be the mixture space generated by a set of
two-component alternatives) which has the following property. For all x in K,

if ¢ is the distribution function corresponding to x, then
(1) u(x) = 2 __ o(x)u(x) ,
o x€eK

where U(x) is simply the utility of the element x of K in a choice in which
it may occur with certaintly. In the particular case in which X =,p(xl,x2)
+~(lfp)(yl,y2), the hypothesis asserts that

U(x) = pu(x;,x,) + (l-pﬁU(yl,ye) .
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One obvious way of combining our theory with the Bernoullian theory is to
assume that there exists a function U which satisfies equation (l) and is an
additive utility function for X :.leKe. This hypothesis would be that there
exists a utility function for K such that for all x in X, if ¢ 1is the

distribution function corresponding to x, then

(2) o Ux) = 2 olx,x)ulx %)

(Xl,x2)€ K

and there exist functions Ui and U2 over Kl and K2 such that for all

(xl,x_2) in K;xK, ,

- (3) | | U(xp5x,) = Uy () + U3 ()

Since in the-case in which the elements of the mixture space K include all
possible probability mixtures of the basic set K, the Bernoullian utility func-
tion 1s unique once a zero and unit of utility are fixed, the hypothesis that
there is a function satisfying (2) and (3) is equivalent to the hypothesis that
all Bernoullian utility functions for the set X are additive utility functions
for the set K = KlXKQ° In case both the Bernoullian utility function and the
additive utility function for K are cardinal utility functions, and give unique
measures of .utility, then the hypothesis 1s that these two measures are the same,
or differ at most in choice of unit and zero point of utility. In the case in
which the set X does not contain all probability mixtures of elements of K
(as is the case in the theories of Davidson, Seigel, and Suppes, and Ward Edwards
[9]), the utility functions gatisfying equation (1) may not be unique up to linear
transformation, and then the hypothesis gimply asserts that there exists a

Bernoullian utility function for the set K which is also an additive utility

function for the set K.

9. Discussion and Summary:

1. In preceding sections we have been concerned primarily with the model as a
logical system, and have given little attention to the problem of testing the
model. A detailed discusslen of this problem will be presented in a. subsequent

report of this project, and will not be given here. However, we shall make some
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general remarks regarding the treatment of data which do not conform exactly to
the Additive hypothesis.

Two points of view are possible in any situations in which the data observed
do not fit a given theory: it may be assumed that these data prove the theory to
be incorrect at least in its application to the particular case, and that therefore
-its assumptions need to be abandoned or modified; or it may be assumed that the
déviations of the observed data from exact conformity to the theory represent errors
due either to imperfect accuracy of measuring devices or to 'mistakes'on the part of
the experimenter or his subject. In the case of data which deviate from exact con-
formity to the theory in some consistently predictable way, it is usual to assume
that this indicates 'a need for revision in the theory. In cases in which the
deviations are more or less random, these may be assumed due to fundamental limita-
tions in the apparatus used to test the theory, or. they may be assumed due to some
unexpected failure of the apparatus. In our case, the apparatus used to measure
utilities is the subject himself, and the utility measurements are based on his
choices 'among two-component alternatives. But our theory tacitly assumed that the
subject is able to discriminate between utilities no matter how small their dif-
ference, much in the same way that a crude theory of weights might assume that if
two weights are placed on an equal-arm balance, the heavier one will fall, no
matter how small the difference in weight between them. If it is found that the
results of an experiment in 'weighings' do not strictly conform to the theory, it
would probably be assumed that the deviations were due not to any inherent falsity
of the theoretical assumptions, but rather to limitations in the accuracy of the
measuring device. Likewise it can be assumed in testing the present theory that
deviations from the theory are due to limitations in the subject's ability to
discriminate between very small utility differences. Besides thege deviations
which can be explained as due to inaccuracy in the measuring devices, certain other
deviations can be explained as being causedvby 'gross errors'. One kind of gross
“error might occur due to occasional lapses in attention to the task.

We see no way of giving rigid criteria fér deciding, given any set of data
deviating from the theory, what the proper interp;etation of this deviation is. As
we have indicated, if the data is such as to deviate in a regular way, then this
may be taken to indicate a need for revision of the assumptions of the theory. If
the deviation is random, but can be explained as due to{a smell 'limit of discrimina-

tion', then the deviation can be treated as due to inaccuracies in measurement. A
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really adequate treatment of these errors in discrimination would probably involve
introduction of a statistical element into the theory, or else a modification

along the lines of Luce's theory of utility discrimination (see Luce [17]).

Davidson and Suppes [7] present a method for the experimental measurement of utility
by use of a linear programming model which can be adapted for use with the present
model. However, we shall defer further discussion of this problem to a subseguent
report of this project, wherein we report on a experiment designed to test the

model in a simple situation of riskless choice.

2.  Summary

This paper presents a model for the explanation and prediction of individual
decision making in situations of riskless choice. The model provides a method
of measuring 'subjective value' or 'utility' which under some conditions leads
to an ordered metric scale, and under still more restrictive conditions to an
interval scale. '

The model is concerned with subjects' choices in pair-wise comparisons between
alternatives which involve just two 'components'. The alternatives in choice situa-
tions in which the alternatives are valued completely on the basis of just two
components can be represented as ordered pairs. This model deals with a certain
class of such two-component choice situations. This class can be characterized
intuitively as one in which the individual behaves as though he assigns subjective

values to each of the components independently, and then adds the values together

to get the value of the composite alternative. He then chooses that alternative
of every presented pair which has the higher value, or utility. When an indivi-
dual evaluates a composite alternative by adding the separate utilities of each

component, he is said to have an additive utility function. The model was formally

charaéterized, and four necessary conditions for the existence of an additive
utility function were derived. Thesge necessary conditions are empirical conse-
quences implied by the assumption of additivity about the relations P, I, and R,
and hence can be tested directly by observation. Although these consequences are
necessary conditions for the existence of an additive utility function, they are
not sufficiént conditions. A theorem is presented which shows that for sets of
alternatives of certain fixed finite size, necessary and sufficient conditioms

can be formulated in terms of the derived empirical consequences.
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A method - the decision procedure - was presented for determining unequivocally
whether or not any finite system of preferences satisfies the additive model. It
was shown that by means of the decision procedure it is possible to predict unob-
served preferences without constructing a numerical additive utility function, which
is fortunate due to the high degree of arbitrariness of additive utility functions.

The uniqueness of additive utility functions was considered, and situations
were indicated in which a two-component system has a cardinal utility function
(interval scale of utility). It was pointed out that there is a close connection
both formally and empirically between additive utility functions and ordered metric
scales, and that the additive model generates a partial ordering on utility intervals,
but that for commutative systems (in which the elements of the alternative can be
permuted without changing the utility of the alternative) a complete ordering on
utility intervals results.

Two possible extensions of the prgsent theory of decision making in two-com-
ponent choice situations to wider clasées of decision situationswere considered.

One of these extensions is to alternatives of more than two components (including
.commutative systems), and the other is to situations involving both two or more
components and elements of risk.

Finally, brief consideration was given to the problem of the tréatment of data
representing preferences which do not conform exactly to the Additive hypothesis.

It was mentioned that a subsequent report will be devoted to testing the model.
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APPENDIX

'_é general cancellation law for two-component systems

Examingtion of the four obiservable consequences of the additive hypothesis
discussed in Section 3 reveals that they can all be regarded as special cases of
what might be called a "cancellation law." To illustrate, consider consequences
C3: if (x,y)R(z,W) and (z,u)R(v,y) hold, then (x,u)R(v,w) holds. Trans-

lating these preference-or-indifferences into inequalities between the utility

values of the alternatives, we have:

X+Y¥Y>Z+W
and |

Z+U>V+ Y
imply

X+U>V+W.

The conclusion X + U>V + W can be derived from the two original in-
equalities by simply adding them, and then cancelling out common terms on both
sides of the sum. It is easily verified also that consequences Cl (rather,

the condition of transitivity in Cl) and Ch have the same character: the

conclusion in both cases can be derived from the given preference-or-indifference
relétioﬁs by tadding' them, and then cancelling the common terms on both sides
of the final imequality. The Independence Condition (consequence C2) can also
be fitted into this scheme if It is stipulated that whenever all but one element
is cancé&llied out on both sides of an inequality, then the same quantity can be
added to both sides. )

The observation that all of the cobservable consequences of the Additive
hypothesis derived in Section 3 gre of the same type suggests that they might all
be combined into a single generalized ‘cancellation® law. This law can be
intuitively thought of as asserting that whenever a set of preference-or-indiffence
relations (Xi’yi)R(Zi’wi) 5 i=l,...,7 are observed, then the relation
(x,7)R(z,w) can be inferred if it is possible to 'cancel' pairs of common terms
on the left and right sides of the relations (Xi,yi)R(Zi,wi) in such a way that
only x and y are left on the left and only z and w are left on the right.

Actually, it turns out to be somewhat more convenient to formulate the law in the
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following way: if the preferemce-or-indifference relations (xi,yi)R(z i’Wi) are such
that it is possible to cancel out all of the terms occuring on the left and right
sides of the relations, then imdifference must hold in all cases. Onece this informal
rile is formally stated it becomes easy to show that consequences (2, C3, and Ch,

as well as transitivity, are implied by it.

General Cancellation Law. Let R be a preference-or-indifference relation over the
set of two-component alternatives leK2 satisfying the Additive hypothesis, and
suppose that for RysevesX 5 l"‘”’ZneK,l and VyseeesTy » WiseoesW €

K

5 )
(Xi’yi)R(Z‘i’Wi) holds. If it is the case that the sequence <X ,...,x> is a
permutation of the sequence -<zl,- . "’Zn> » and the sequence <yl, . ..,yn> is a
permutation of the sequence <W,,...,W > , then (X.i"yi)I(Zi’Wi) for i=l,...,n.

The requirement that the sequence ‘<X_l"°°° ,Xn> be a permutation of <21, “‘”’Zn>
is simply a formal way of reguiring that the x's and 2z's be the same, except that
they may occur in a .different order. Similarly, reguiring -<yl,,n,yn> to be a
peromuation of <wl seee m’n,> simply means that for each of the y i’s there is a
corresponding ij equal to it, and vice versa, and therefore it is possible to
cancel out common terms—so that no y's or w's are left. To illustrate the
gpplication of this rute, suppose thai three preference~or-indifferences (x,y)R(z,wv) s
(z,u)R(v,y), and (v,w)R(x;u) hold. .In this case, n=3 , and we can define:

Xl=X yl-y Zl=Z Wl=W
X2=Z y2=>u Z2=V W2=y
X, =V =W 4, = X W, = W
3 I3 3 3

Then the sequence 1’X2’X3> <x,z,v> 1is a permutation of the sequence

<zl,22,z3> <z,v,x> , and the sequence <yl,y2,y3> <y,u,w> 1is a permuation
of the sequence <w 2,W‘3> = <W,y,w> . . According to the General Cancellation
Law, therefore, (X,y)I('Z,W') s (z,0)I(v,y) , and (v,w)I(x,u) must hold.
Contsequences (2 « C4 cam easily be derived from the General Cancellation
Law plus the definitioms of the relations P and I in terms of R .. Suppose
it is to be shown, for example, that (x,y)R(x,w) implies (z,y)R(z,w) (one
half of the Independence Condition).  Assume then that (x,y)R(x,w) holds, but

(2z,7)R(z,w) does not; then (assuming that we have a complete system of preferences),
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both (x,y)R{x,w) and (z,w)P(z,y) would hold. It is easily seen that the Can-
cellation Law with n=2 . applies to this case, and therefore, it must be that both
(%,y)I(x,w) and (z,w)I(z,y) hold, contradicting the assumption (z,w)P(z,y).

" The remairing empirical conseguences can be derived from the (General Cancellation
Taw in a similar way: 1i.e., by assuming the premises and adding to them the
negation of the conclusion in the empirical consequence, and using the Cancellation
Law to derive a contradiction. _

' The General Cancellation Law differs from the empirical consequences of the
Additive hypothesis'discussedsin Section 3 in that while those are general state-
ments which memtion only certzin fixed numbers of components (for example, the
Independence Condition mentions only four components), the General Law mentions
an arbitrarily large number of components, depending cn the particular case
B=1,2,3,.0. to which it is applied. This means that, in a sense, the General
Cancellation Léw has an.infinite number of special cases. It might therefore be
wondered whether or‘not the General Law is getually sufficient to guarantee the
existence of an Additive utility’functioﬁ_for all finite systems of alternatives
(it will be recalled thatvitfhéé been showﬁyfhat no finite number of consequences
like those of Cl - Ch are sufficiemt). In this event, the General Cancellation
Law, plus the definitions‘of P and I in terms of R ', and the assumption of
connectivityi would be necessaty and sufficient conditions for the existence
of an Additive utility functidn° The answer to the above question, as well as
other interesting facts about the Cancellation Law are obtained by comparing it
with another law of similar nature comnsidered by Dana Scott and Suppes relating

to the theory of difference structures [20]. It turns out that the cancella-

tion law, as applied to n observed preferences~or-indifferences is very similar
to the following assertion about utility differences: given two large utility
intervals, each one subdivided into n-l1 sub-intervals; if there is a one-to-
one correspondence between the sets of sub-intervals such that each sub-interval
in the first set is larger than the corresponding one in the second set, then
the first total interval is larger than the second total interval.
- Theorems proved about corresponding systems of utility differences (by

Robert McNaughton, Dana Scott; and Patrick Suppes, communicated privately to the

authors) imply the following important facts about the General Cancellation Law.

1/ A relation R satisfies 'comnectivity' if for all X and Y in K ,
either XRY or YRX ; together with transivity, connectivity defines a weak
ordering of B , i.e., R satisfies consequence 1.
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(1) The General Cancellation Law, plus the condition that R is connected, plus
the definitions of P and I 4in terms of R are not sufficient to guarantee
the existence of an additive uﬁility function. (2) For each n=5, 6, «.. ,
the special case of the General Cancellation Law applying to n observed preference-
or-indifference relaﬁions is independent of fhe special cases 1,2,...,n-1 . To
these facts may be added: (3) The Cancellation Law for the case n = 3 is
equivalent to Consequences Cl - C33 (4) The Céncellation Law for the case n =k
is equivalent to Consequences Cl - Ch. The first of these facts answers

in the negative the question raised in the previous paragraph. The second, third
and fourth insure that the General Cancellation Law is actually stronger than
Consequences Cl -vch, and hence cannot be derived from them.

The fact that the independence of the special cases of the General Cancella-
tion Law for a given n are independent of the cases from 1 to n-1 is not
asserted for n less than 5 leaves open the question of whether case b is
is independent of cases 1-3. As is easily seen, this question is equivalent to
the question of whether or not Consequence C4 is derivable from Consequences Cl -
C3 or not. In this case an interesting situwation arises: it can be shown that
Ct is derivable from €1 - C3 in case the system is commutstive (see Section 8).
In the case of non-commutative systems, several .considerations seem‘to indicate
that Consequence Ch4 is independent of Cl - C3 (and therefore the case n =4 of
the General Cancellation Law is independent of the cases 1,2, and 3), but no
rigorous proof has yet been found for this.




10.

ADAMS, E.,

_62-

REFERENCES

A survey of Bernmoullian utility theory and applications.

Technical report in prepafationa Behavioral Models Project,

Bureau of Applied Social Research, Columbia University.

BELLMAN, R., Some functional equations in the theory of dynamic

COOMBS, C.

COOMBS, C.

' COOMBS, C.

programming, Proc. Nat. Acad. Sci. USA. 39, 1953,
1077-1082.

H., Psychological scaling without & unit of measurement.
Psychol. Rev., 1950, 57, 145-158.,

H., and BEARDSLEE, D., On decision-making under uncertainty.
In R. M. Thrall, C. H. Coombs, and R. L. Davis (eds.),
Decision Processes. 1954, New York: Wiley, 255-285.

H., and KAO, R. C., Nommetric factor analysis. Engineering
Research Bulletin No. 38, August, 1955, Engineering
Reseafch Institute, University of Michigan, Ann Arbor,
Michigan. |

DAVIDSON, D;, SIEGEL, S., and SUPPES, P., Some experiments and

related theory on the measurement of utility and subjective
probability. Technical Report No. 1, August, 1955, Contract
Nonr-225(17), Stanford University.

DAVIDSON, D., and SUPPES, P., Experimental measurement of utility by

use of a linear programming model. Technical Report No. 3,
April 2, 1956, Contract Nonr-225(17) Stanford University.

DEBREU, G., Representation of a preference ordering by a numerical

EDWARDS, W., The prediction of decisions among bets. J.

function. In R. M. Thrall, C. H. Coombs, and R. L. Davis
(eds.), Decision Processes. 1954, New York: Wiley, 159-165.

Exper. Psychol.,

1955, 50, 201-21k,

FISHER, I., A statistical method for measuring 'marginal utility' and

testing the justice of a progregsive income tax. In Economic
Essays in Homor of John Bates Clark, New York, 1927.




1.

13.

1k

15.

16.

17.

18.

19.

20.

-63«

FRISCH, R., New methods of measuring marginal utility. Bei'&réige Zur
Okonomischen Theorie, 3 (Tibingen, 1932).

GULLIKSEN;VH;, Measurement of subjective values. Research Bulletin,
Educational Testing Service, Princeton, mewféérsey; July 10,
1955

HAMEL., GEORG., Eine Basis aller Zsghlen und die unstetigen Losungen der
Funktionalgleichung f(x +y) = £(x) + £(y) . Mathematische
Annalen, 1905, 60, 459-462,

HAUSNER, M., Multidimensional utilities. Im R. M. Thrall, C. Ha
Coombs, and R. L. Davis (eds.), Decision Processes. 195k,
New York: Wiley, 169-1Th.

KAMKE, E., Theory of Sets. Trans. by F. Bagemihl, Dover, New York,
1950. '

KEMENY, J., and OPPENHEIM, P., Systematic power., Philosophy of Science,
Vol. 22,No. 1, 1955, 27=33.

LUCE, R, D., A probabilistic theory of utility. Technical Report No.
1%, Behavioral Models Project, Bureau of Applied Social
Research, Columbia University, April, 1956.

SAMUELSON, P. A., Foundations of Economic Analysis. 1948, Cambridge.

SIEGEL, S., A method for obtaining an ordered metriec scale,
Psychometrika, Vol. 21, No. 2, 1956, 207-216.

SUPPES, P. and WINET, M., An axiomatization of utility based on
the notion of utility differences. Management Science,
Vol. 1, No. 3~4, 259-270.







STANFORD UNIVERSITY

Technical Reports

Distribution List

Contract Nonr 225(17)
(MR 171-034)

ASTIA Documents Service Center
Knott Building
Dayton 2, Chio

Commanding Officer

Office of Naval Research
Branch Office

Navy #100, Fleet Post Office

New York, New York

Director, Naval Research
Laboratory

Attn: Technical Information
Officer

Washington 25, D, C.

Office of Naval Research
Group Psychology Branch
Code 452

Department of the Navy
Washington 25, D, C.

Office of Naval Research
Branch Office

346 Broadway

New York 13, New York

Office of Naval Research
Branch Office

1000 Geary Street

San Francisco 9, California

Office of Naval Research
Branch Office

1030 Green Street

Pasadena 1, California

Office of Naval Research
Branch Office
Tenth Floor

The John Crerar Library Building

86 East Randolph Street
Chicago 1, Illinois

Office of Technical Services
Department of Commerce
Washington 25, D. C.

35

1

Office of Naval Research .
Mathematics Division, Code 430
Department of the Navy :
Washington 25, D, C,

Office of Naval Research
Logistics Branch, Code 436
Department of the Navy
Washington 25, D, C.

Operations Research Office
7100 Connecticut Avenue
Chevy Chase, Maryland
Attn: The lLibrary

The Rand Corporation
1900 Main Street

Santa Monica, California’
Attn: Dr. John Kennedy

The Logistics Research Project
The George Washington Univ,
707 ~ 22nd Street, N, W.
Washington 7, D. C,

Dr., R, F. Bales

Department of Social Relations
Harvard University

Cambridge, Massachusetts

Dr., Alex Bavelas

Massachusetts Institute of
Technology

-Cambridge, Massachusetts

Dr. Donald Campbell

~ Department of Psychology

Northwestern University
Evanston, Illinois

Dr., Clyde H, Coombs

Bureau of Psychological Services

University of Michigan
1027 E. Huron Street
Ann Arbor, Michigan




; . . s ' R i . . .




Dr. Mort Deutsch
Graduate School of Arts
& Sciences
New York University
Washington Square
New York 3, New York 1

Dr, Francis J, DiVesta
Department of Psychology
Syracuse University

123 College Place

Syracuse, New York 1l

Dr, Leon Festinger
Department of Psychology
Stanford University 1

Dr. Murray Gerstenhaber
University of Pennsylvania
Philadelphia, Pennsylvania 1

Dr. Leo A. Goodman

Statistical Research Center
University of Chicago

Chicago 37, Illinois 1

Dr. Harry Helson

Department of Psychology
University of Texas

Austin, Texas 1l

Dr. William E. Kappauf
Department of Psychology
University of Illinois

Urbana, Illinois 1

Dr. Leo Katz

Department of Mathematics
Michigan State College

East lLansing, Michigan 1

Dr. Duncan Luce

Bureau of Applied Social Research
Columbia  University

New York 27, New York 1

Dr. Nathan Maccoby
Boston University Graduate School

Boston 15, Massachusetts 1

- 3ii =

Dr. 0. K. Moore
Department of Sociology

Box 1965

Yale Station

New Haven, Conn. 1

Pr, Theodore M, Newcomb
Department of Psychology
University of Michigan

Ann Arbor, Michigan 1

Dr., Helen Peak
Department of Psychology
University of Michigan

Ann Arbor, Michigan 1

Dr, George Saslow

Department of Neuropsychiatry
Washington University

640 South  Kingshighway

St. Louis, Missouri 1l

Dr, C. P, Seitz

Special Devices Center

Office of Naval Research
Sands Point

Port Washington

Long Island, New York 1

Dr, Marvin Shaw

The Johns Hopkins University
Mergenthaler Hall

Baltimore, Maryland 1

Dr. Herbert Solomon
Teachers College
Columbia University

New York, New York | 1
Dr., F. F, Stephan

Box 337

Princeton University
Princeton, New Jersey 1

Dr, Dewey B. Stuit

108 Schaeffer Hall

State University of Iowa
Iowa City, Iowa 1l







Dr. Robert L. Thorndike
Teachers College
Columbia University
Wew York, New York

Dr. . E. Paul Torrance
Survival Research Field Unit
Crew Research Laboratory
AFP & TRC ,

Stead Air Force Base

Reno, Nevada

Dr. John T. Wilson
National Science Foundation
1520 H Street, N. W.
Washington 25, D. €.

Professor K. J. Arrow
Department of Eeconomics
Stanford University
Stanford, California

Professor M. Flood

Department of Industrial
Engineering

Columbia Tmiversity

New York 27, New York

Professor Jacob Marschak
Behavioral Science Center
Stanford University
Stanford, California

Professor Oskar Morgenstern
Department of Economics &
Social Institutions
Princeton University
Princeton, New Jersey

Profegsor Nicholos Rashevsky
University of Chicago
Chiecago 37, Illinois

Professor David Rosenblatt
American University
Washington 6, D. C.

Professor Tsunehiko Watanabe
Economics Department
Stanford University
Stanford, Califormia

- iii -~

Professor Alan J.. Rowe
Management Sciences Research

. Project
University of California
Los Angeles 2k, California 1

Professor L. J.. Savage

Committee on Statistics

University of Chicago
Chicago, Illinois 1

Professor Herbert Simon

Carnegie Institute of Technology
Schenley Park

Pittsburgh, Pennsylvania 1

Professor R. M. Thrall

University of Michigan
Engineering Research Institute
Ann Arbor, Michigan 1

Professor A. W. Tucker

Department of Mathematics
Princeton University, Fine Hall
Princeton, New Jersey 1

Professor J. Wolfowitz
Department of Mathematics
Cornell University

Tthaca, New York 1

Additional copies for project
leader and assistants and re-
serve for future requirements. 25







