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APPLICATION OF THE ALL-OR-NONE CONDITIONING MODEL
TO THE LEARNING OF COMPOUND RESPONSES
by

Gordon H. Bowerl

Over the pas£ year, Estes (1961), Suppes and Ginsbergz (196C) and the
writer (1960) have been developing and experimentally testing an elementary
fheory of associative learning. To the present the theory hag been applied
to simplified experiments én-pairedaassociates learning and it.has provided
an adeguate, detailed‘acéount of the data obtained in several such exper-
iments. In the customéry paired-associate situation, the subject is
‘reqﬁired to learn the relevant responses (frequently nonsense syllables)
and also to learn to associate each response with ifé appropriate stiﬁulus
- member in the list of items. However, in experimental tests of the.model,
éonditions have been arrénged to circumvent the regponse-learning aspect
of the typical experiments; instead, the major effort was devoted to
studying the formatich of asscociations between sbimulus patterns and
response alternatives that the subject-already_knew and had available for
use throﬁghout the experiment. Responge learning was précluded in some:
bf thése experiments by using responses that were highly integrated units
in the subject's repertoire (e.g., the integers 1,2,3,4) and informing
him in sdvance of the experiment of what weré the rélevant responses; in
other experiments, the relevant response alternatives weré immediately

available to the subject by virtue of the construction of the testing

lSome of the support for this work was provided to the writer by a
research grant, M-3849, from the National Institutes of Mental Health,
and other support from Group Psychology Branch of ONR under Contract
NR 171~03%4.




situation (é;g;,'%ﬁ%ﬁﬁuéhmbﬁtﬁoﬁs; dne.cf'which was'pressed for each
stimulus pattern)}'if .

In applying the theory toc these simplified experiments, it has beén
assumed that each stimulus patterh-is elther fully conditioned to its
~correct (reinforced) responge or else it is not conditione& at all. If
the pattern i1s conditioned, then the subject gives the correct responge
to that pattern w;th probability 1 ; if the pattern is not conditioned,
-then the subject emits responses with some distribution having probabil—
. ity 81 of the i-th response alternative. .The "guessing” distribution,
gi ; can be controiled in part by experimental factors {e.g., the Propor-
tion of items in the list having alternative 1 as their correct resQonse),
Vﬁpwever,_in most cases, the aésignment of responses teo stimuli in. the
-iist has "been so0 halanced that it is plausible o assume-that:the
Mguessing” distribution is uniform over the ¥ response alternatives.
Uhder,these conditions, the probabiiity of a correct guess is l/N _for
every item in the -list.

.The conditioning axiom of the theory states that each time we rein-
force the correct response to a stimulus péttern3 there is some fixed
probability ¢ +that the correct association is learned {if not already
learned); with probability-lwc,thé.reinforcement is ineffective and the
item remains unconditicned. It is assumed that the item begins in the
unconditioned state and that the effect of successive trials is to
pnovide:repeated opportunities for the all-or-none association to be

aequired.




A model. of this theory is an absorbing two-state Markov chain. The
_tﬁo states correspond to the stimulus pattern being conditioned or not
lqonditioned to-its correct response, and c¢ represents the probability
- .of a transition from the unconditioned to the conditioned state as the
resuit of 2 single reinforcement. This model is mathematically tract-
able, so a.large body of theorems have been derived referring to
VQuantitative predictioﬁs about the sequences of responses to.a gilven
: stimulus during the courserof learning (Bower, 1960).

The success of this model in experimental applications indicates
that the process.of.éssociating.available responses to distinet stimulus
patterns is effectively an all-or-nothing process. The next major
ropjective is to formulate extensions end modifications of the. theory
that will permit an accurate descriptioﬁ of how the felevant resﬁonses
;.themselves are learned and bécome available for the assoclative hook-up
with stimulus patterns. Available evidence (eag,,,McGeogh_and.Irionﬂr
19525 Underwood and Schultz, 1960) indicates that response. learning
1B a:compiex process that is influenced greatly by prior learning and
~which; in turn, .produces a number of interaciive phenomena when combined

with the agsociative process involved in ordinary paired-associate
learning.

‘In the face of this complexity, the appropriate strategy would
.appear to be that of initially extending the_theory_fo experimental
_situations.which'approach in some miid degree the complete response-
léérning situations. .The purpose of this report is to describe such a
situation.and show how the theory applies to it and thereby, hopefully;

. bring us one step closer to an understanding of response learning as it
operates in typical paired~associate learning experiments.
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‘This sltuation to be considered was studied initially in experiments
by E. J. Crothers at Indiana University and some subsequent experiments
‘have been earried cut by the writer at Stanford University. Crothers!
idea was.simply to require his subjects to learn concurrently two
component responses td each stimulus pattern. For example, the first

responge might be red or blue and the second response circle or square;

“to the stimulus DAX the correct response might be "blue cirecle™. -We
will refer-to . such an ensemble of components ag a response compound: It
may be noted that the subject's task in such experiments is analogous to
that involved in certain concept identification froblems studied by
Bourne and Restle (1960); in their four-response problems, subjects
-were required to respond to stimulus patierns according to a two-way
classification Qf relevant binary dimensions.

For general discussion, we may characterize a response éompound as
consisting of r components with the i-th componenet sélectéé from
among a set of -Ni known alternatives which are homogeneocus in some
sense. ‘We may distinguish procedures in which the subject is or is not,

“.respectively, required to emit the r components in a fixed serial order.

In the former case, the response compound msy be conceived to be a minia-

ture rote serial list of length r and we may expect the typical sé;iéi—
position phenomena to appear. -Evidence from experiments by Arthur Jensen
indicates that the all-or-nothing law of conditioning holds for such
serial components and that the serial position diffieculty is reflected
mainly in the conditioning parsmeter, ci » for the i-th component of

. the; serigl list. Later we shall consider in detell the case for two-

components and the dlscussion is sufficiently general so that the cases




qu ordered and unordered components are included. -The-differenceé in
pfoqedure presumably will affect the parameter values of the model.

In addition to their intrinsic empirical interest, experiments on
regponse compounding are of interest because of the questions they raise
concerning the identification of the “"response alternatives™ to which
.the theory applies. These identifications affect markedly the way-in
-which the basic theory‘is applied to a given éxperiment and the result-
“ing predictions vary considerably with the nature of the response identi-
Ficaticns.

JI. The Compound as the Response Unit.

According to one set of identificaticns, we may consider the entire
compound as the response unit to which the theory applies. If compound
.Q. has at least one component different from compound R , then we con-
sider them to be completely distinct alternati;vfes° The number of distinet

alternatives s N = N, - N, ¢« N_ 3 in our example with r =& and

172 r’

ml = Né = 2 , the four alternatives would be red circle, red square,
‘blue circle, and blue square. The subject is considered to give the
Mecorreet response” only when the entire compound is given éorrectly;
.all other compounds are lumped together indiscriminately and called
Ferrors®.

In applying the theory with such identifications,_the conditicnal
assceciation is presumed to form between the stimulus pattern and the
response compound as a unit. Prior to conditioning the subject is pre-
sumed to guess at random among the N alternative compounds. With these

identifications, .the model developed previously (Bower, 1960). will apply

and the expected properties of the learning sequences are well known.




There are no sure rules for deciding when.such identifications are
i.éppropriate (i.e., will make the model empirically correct}. These
identifications would seem to be appropriate when the r components.are
.. clustered in."meaniﬁgful" ways, or, alternatively, when the. sequential
‘dependencies between adjacent components of the correct compounds have
'Eeen learned already by the subject. Three-letter words are an cbvious
example of meaningful clustering of the component-units (letters).for

. familiar speakers or readers of the language; in this case, the natural
ldentification of the response alternatives would be the word-units.
But such identifcations would probably not be appropriate when the subject
ds.familiar only with the characters of the language but not with words
or spelling rules.

There are various border-line cases for which prior evidence and
intuition are of little help .in identifying the alternatives the subject
uses (and which, presumably, would be the appropriate identifications
for the theory to be correct). Such cases arise particularly when all

components are seéletted from a common set of alternatives. Suppose,

for example, r =2 and the sets Nl and NE both contain the integers
‘1,2 . Then the compound (1,2} may be learned as the unit "twelve"
rather than as a sequence of two-choice decisions {a 1, then &22). It is
likely that in such cases the subject's response-zet can be controlied
to a large extent by the experimental instructions.

-The procedure. of identifying the compound as the response unit has
- .disadvantages in a number of cases. For example, when the component-
clustering (or within-component dependency) is weak or absent, these

identifications will probably lead to empirically false predictions;




moreover, -important date regarding serial learniné within, the compounds
would be ignored by the data analysis dictated by such identifications.
It is clear also that identifying the compounds aS‘the:responsé units
will be .of no help in accounting for phencmena of respénse generalization.
‘To illu_sltrate this iast point, suppose a group of subjects have learned
- to call DAX a large red circle. .Some of the subjects then learn to call
__.%t a large red square while others learn to call it a small blue square.
-Tﬁere is little doubt that the former subjects would learn their task
more quickly because of the common response components. But the "compound
,Vas.the-unit" identifications. would not permit such analyses since,uaccor;
~‘ding to those identificationsg, all compounds are vigwed as equally
‘distincf responses.
II. Individuél Components as the Response Units.
Alternatively, .we may consider each component of a compound as a
meaningful unit to which,the;theo:y may be applied. Over‘a.sgries-of
~1earning trials, -there will be some sequence -of correct and incorrect
ocecurrences of the i-th response component and the theory is applied
~directly to such sequences.
With two component responses {call them A and B),the;observation
-each trial. for a given stimulus pattern is a pair-(xn 3 yﬂ).wﬁere_-xn
is O or -1 -according as the A-component is correct or incorreet, .and
Yy is 0 or 1 according as the B-component is correct or incorrect.
In the analysis of sequences.of response pairs, we-can'distihguish_four
~cases: X and ¥, - are mutually dependent, mutually independent, X,
is independentjof ¥, but not vice versa, Ty, 1s independent of *

-but not vice versa. Within the model, the independence -of the A-component
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dearning from the Becomponent-learning means that the probability of
conditioning the A-component is the .same whether or not the B-component
is conditicned. If the A-component is independent of the B-compenent,
;then the X, - sequence may be analyzed accor@ing to the model .developed
- previously (Bower, 1960). If conditioning of the A {or B) component
" .depends uporn the conditioning of the B (or A) component, then special
derivations are required and these are illustrated in the section below.
In this report all theorems referring to the (Xn ,-yn),sequences‘are
derived for the general case where the learning processes are mutually
dependent. The other three cases follow from this general treatment by
special restrictions on the conditioning parameters. We will analyze in
.detail only the two component situation; the extension of the theory to
the general case of r-components is both obvious and cumbersome.
-IIT. -Meodel for Learning Two Mufually Dependent Response Coﬁponentsn
‘Bach stimulus pattern in the experiment is conceived to be either
fully. conditioned to its correet di-th response component or else it 1s
not conditiéned to its i~th component. For each stimulus requiring two
-response .components we can identify four states of conditioning of this
Bystem: .néither response is conditioned (state O, or  sO);‘onLy the
A-response is conditioned {state 1, or sl}, only the Be~response is
conditioned (state 2, or 32)9 and both components are conditioned
{state 3, or 55)ﬂ In our experiments, 1t has been reasonsble to assume
. that each stimulus pattern begins in stzte So for each subject. -We
willl gssume that a correction training procedure is used ensuring that
both coﬁponents:are reinforced every trial to the appropriate stimulus

.pattern. It may be noted that . the reinfcorcement can be provided either




serially (reinforcé choﬁponent aftér it's emitted,‘then:the B-gomponent
after itis emitted) or at thé end of the compound respoﬁse {reinforce
AiBj after the subject emits a compound.résponse). 4These—twé-reine
‘forcement procedures may differ in thelr effectiveness,-but we ﬁill not
Anquire here into the possible reasons for this.

With the correction trainiﬁg procedure, the theory implies that
the trial-gequence of conditioning states is a Markov chéin.whére states
_ub, i, 2 ;are transient and state 3 is absorbing; .that is, after suffi-
cient training,'both.cbmponents will be learned. -To relate statemeqts
-gbbut-conditioning states to .the response sequences, we héve-the

" following response rules:

P(x, = OI_SO) =g P(y, = ofs ) ='_g_é
P(x_ = 0ls)) =1 P(y, = Ols;) = &,
P(x = Ols) =8 Bly, = Olsy) =1
P(x, = O-IIS'B‘) =1 1§(an= o 53) =1

These rules are a straight-forward generalization of the previoug response

rules for single components. If component A isn't conditioned, then the

'probability that X, is -a correct response is gl:;;if-component‘B
isn't conditioned, then the probability that In Is a correct response
is g, . The error probabllities, Qf_course, are l-g, and _1*52 s
-respectively. In our experiments, the component responses were random-
ized and balanced across stimulus items so that we could assume that

8y = 1/1\1i where Ri is the number of available responses for the.izth

component.




The conditioning rules of the theory are displayed in the following
transition matrix where the ij-th entry gives the conditional probability
of .a transition from 85 {row state) to Sj (column state) as the result

of & single reinforcement.

3 2 1
? 1 0 0
2 c l=c
; o 0 l—c2 0
0 a b d l-r

where r =a + b + d.2 For example, c, 1is the probability that the first
H(A).component will become conditioned when the second component is already
conditionedn-‘Siﬁilarly,rg_is the probability that both components are
learned in a single trial.

Various cases discussed previcusly can be represented in terms of
réstrictions on the transition probabilities. Thus, 1f b =4 = 0 we have
the model treating the compound as a unit where both components are elther

jointly conditioned or unconditioned. If a + 4 =c then the first

l)
component is learned independently of the second, and if a + b = ¢, the
second component is learned independently of the first. If both these
latter conditions hold, then the two léarning processes are ﬁutﬁally inde-

‘pendent and the constants in the lower row become a = ¢ b= 02(1-91).and

1%
d = cl(l-cz)u In this case, we reduce to a two-paraméter model, one
learning parameter ci for each response component.

"To hegin our analysis, we require a few fesults from the Markov

chain. First, we derive the guantities n, 5.0y and 0y which, are

2In the interests of conserving space and reducing certain equations to
manageable compactness, I have freely defined new guantities as certain
functions of the basic parameters of the model. Each definition. is noted as
it ds first used; for readers who begin to get lost in the notation, I have

~pravided a reference table (at the end, pgs. 35 and 36). which summarizes

the various guantities used throughout the text.
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the mean number of trials the system will be in transient states 0, 1 and

2-(starting out in state 0) before absorption in state s The stan-

3
dard result here (see Kemeny and Snell, 1960} is

2 1
2 ]_/cl 0
-1
- 2) N=(I-Q) =1 0 /e, 0
0 b/rcl d/re, i/r

For our purposes, the entries of interest are those in the bottom row
which are, respectively, Ny 5 Ty and 'no . From these three guantities,
we can predict mean total errors.and the number of occurrences over the
experiment of various response-pairs. For the fdllowing, we let E(X)
 be the expectation of the random variable X . The results on mean total

errors are

=
—~
=
b

I
=
™

il

(1-g) (o, +n5)

3)

=

=)

1l

e

- ¥ I

e i

|......J
e
1l

(1 - &) (a +n)

These results are obtained easily. Errors for the A-compeonent can occur
only in states 84 and o ; -when that component is not yet conditioned.
The mean trials in these states is n +n, and (1 - gl) is the

probability of an error on the A-component for every trial that that

component is not conditioned. From the basic. random variables X, and
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. B > . = . + - > 3
¥, We may form a new random variable =z = x (1. xn)yn which is 1
Af an error occurs.on either the A or B component and it is 0 if both

components are correct. From these considerations we have the result
N .
L) B(1,) = E %;; 2o |= (- gny * (1= gp)ny + (1 - gy,

If g, and g, are known, then relations (3) and (L4) provide estimates

of Ry B and o, from empirical data. The natural esitimates of the

1

parameters are then

5) U S SN il
7 i . T n Y e, ol ? ¢

=nn
2

o 2 1 ©

 An alternative (though not independent) way to estimate the n, is to

consider the average number of accurrences of the response pairs (error,

error), (success, error) and {error, success). The results for these

are

-

oo

E E;: R (1- gl)'(l - Sg)no

6) E E:: (l_-‘xn)y

a|= &l - gng (- gp)m

B> x(2-y)|=gy(l-gln +(L-gn

-If the response compounds are learned as units, then.we expect that
n, =n, =0 since b=4ds= 0 . Hence, deviations from such a model
would appear in the average cccurrences of the response pairs given in

“Equation 6.
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‘For more detai;ed analyses of the response sequences we must know

the probability that the system is in some state i at the beginning of

1

trial n , given that we start off the process in S, -+ We let W
e . 5

be these probabilities. The Vin would be the entries in the bottom
2

row of the (n —-l)s?‘ power of the transition matrix, P:.. '~ The results

are

n=J,

=
It
—
=
f
R
S

n o wo o= (1 - )™ - (L)

-

-
= b . (}_ - cl)n‘l - (l » r)l’l"l
1 L .

.The result for Von follews from the ‘fact that there is a constant
M

probability, 1 - r , that we stay in =&  every trial. The result for
o :

Wy -1s the sum over all k of the probability of staying in s, k -1

2

trials, moving to 8, with probability b and then staying in Sp

The sum is

for n -1 -k +trials, each with probabllity 1 - ¢y -
" on=1 ) )
Wy =2 (1 r)E L p(r - e )k
S0 T 1

which results in the expression in (7} gbove. Similar reasoning is

 dnvolved in obtaining w

in Tt will be noted that the sum over all
5

n of the probabilities of being in 84 is Jjust n. s In case c, =71,

.the expression for W a modifies to
2,

o= B 1

Y,
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Similarly, if .¢, = .r , then "w is as above except b is replaced

2 L,n
byd e
Given the Wy n,,the-average error probabilities on trial n are
s ‘
-ql’n.z P(xn = l).= (1 -'gl),(WO,n + Wé,n)
8) g =By, =1) = (1-g) (Wt )

g, = Plz =1) = (1 - glgg) vo,n'+ (1 - gl)wé,n'+ (1 - 82)Wl,n

Bumming these expressions for mean error;jrqbability over all trials
results in the expressions for expected total errors given in Equations
3 and 4.

. From the Wi,n .1t is easy to compute various conditional probabil-
'ities obtaining between the values of xn and yn « For example,
.suppose on trial n we. observe an error on the A-component; what is the
conditional- probability that the B-response will alsc be wreng? To -
compute this, we use the standard formula

Plx =1,y =1)
llxn = 1) == L2

P(y,

1l

and substitute

Py = Loy =) = (- g) (- g)v

and

=
b
i

= 1) = (1 - g‘l‘) (%)n + v,

1hh




Substitution of these quantities yields

Now if r >'cl ;&8 it is expected to be,

zero as n becomes large; .that is, after
iz almost certain that the B~component ig
~oceur on it. We may reverse the order of
-given an error on the second component .on

. that the first component was also wrong?

P(x = 1ly =1) =

then this expression apprcaches

& large amount of training, it
learned and hence no errors
conditionalization and ask,

trial n , how iikely is it -

The result obtained-here is

1 - gl

n n
d

-7
2

In similar manner, if we

results are

(1—82) [ngb,n o

. _d 1-c,
r—c2 1-r

conditionalize upon a success, the two

1

P(y, = 1lx_ = 0) = L0
L- (l_gl)’[wb,n * Wé,n]
(1-g.) [g.w + w., -]
P(xn = llyn = 0) = 1 % o;1 2,n
1 - (l’gE)’[Wo,n + Wi,n]

15




For large n , the limit of both of these expfessions is zero ‘since both
numeratcers go to zero as the denominators approach one.
2IV. Analyses for a single component.

In the following, We.seek further_theoremé about thé response
sequences. Here we concéntrate-bnly upon cne of the component responses
(say, the X sequence) and ignore for the moment the oiher components.
We derive a“number of'propertiés of ther Xn._sequence;-by.éymmeffy,_these
same rééults hold for the Yy, ‘sequeﬂée-when we replace g, by:'gé ,.

b by 4, by oy - | | |
In concéntrating our analysis upon the 'xn seéuenceg it ié of-cbnw

ceptual benefiﬁ.to Yump tdgether sbates 3 and i since thése both

represent “component A is conditioned". The resulting three-state chain

has the transition matrix given below.

(1,3} (2) {0)

(1,3) 1 -0 (e

P = (2) ey 1-cy 0
{0} | a +4d b l-rT

.States 0 and 2 are transient. A nice feature for analytical purposes ig
that the probability of an error, P(xn,z 1) , is the same regardless of
which transient state, 0 or 2, the item is in on trial n . The states
are distinguished, however, by the probability of conditioning the A-
component .

‘We begin by deriving some sequential properties of the X Sequence;

specifically, we seek the expectation of rj , the number of error runs

of length j in an infinitely long sequence of trials. For these purposes,

16




it is convenien®t to first work with the numbers uj 0 which count
2

j=tuples of errors beginning with an error on trial n . .Thus,

u, =X X S S
J,n n n+l n+j=1

In obtaining the expectation of uj n * Ve note that an error .can occur
B

on trial n in either state © or state 2 . Suppose first that the

Subject is in 85 at -the beginning,éf trial n ; then the probability

: . p J J-1 _ -1 .
of 5 consecutive errors is (l—gl) (lmcl) , wWhere (l-cl) gives
fhe probability that the.subject‘does not move from Sp into the con-
ditioned state (55) in j-1 reinforcements. Suppose, on the other
hand, that we begin in 8, on trial n . In order to have J consecu-
tive errors, . we& mustonot have the response conditioned during the j-1

reinforcements. During these Jj~1 reinforcements, the system may stay

in s_ , with probability v,

. .or move at some time to s with
o} g’ 27’

3.

.probability v,y i - Hence, ‘the final expression for the expectation of
=2

Uj’n is
+o E(ujpn)dz @ - gl)j Wésn(l_' Gl)jdl + Wb;n-[Wbyj *‘Wé,jJ
where
o,y = )3t
and

17




Now we define uj, to be the overall trial-sum of uJ n .- -Summing’ over
: . ,

Wé,n and 'Wb,n s .the expectation of uj is found to be

_ _wls VY a1
.};). .E(uj) - B g;; ST (1 gl) ng(l _ 91)_ +1n [W - V y

.where o, and n, are the mean number of trials the system 1s in states

Sr and B, and were derived before in Eguation 2.

The uJ bear a simple relationship to the rj . The relation is

‘We have derived E(uj);.the relations above show that -E(rj) is a
gimple linear combination of E(uj) values. Hence, we've also derived
ﬂE(rj) from the model.

A closely related random variable is =X which -counts

c, X
K,n n otk

Joint errors k trials apart. It has the same features as an auto-

correlation of lag k . By the same reasoning as above (except we omit

the necessity for intervening errors), the expectation of S n is
3

found to be

2 k
12) 'E(ckyn)_— E[xnxn+k] = (1wgl) %bjn(lmcl) '+'Wo,n[wb,k+l+ Wé,k+l]]

:We define Cy to be the sum of Cxon over all trials n . Its expecta-
5 .
tion, summing over Wé,n and ngn s 1s

18



1) Ble,) =E [E:i'xnxn+k] - (1-g))° [ngl“cl)k'+ 2oV, ke +W2,k+lq

To complete this section on sequential statistics, we compute the
mean number of alternations of successes and failures that will occur
during the course of learning. We define a random variable An =

1 - Xn)X_

41 Which will count an alternation (fail

succesgs or success fall) between trials n and n + 1 . Consider first
this measure conditional upon the process being in S, at the beginning
of trial n . The probabllity of a success-then-error is gl{(l~cl)fl—g1)]_

= g7 .and the probability of error then success is (l—gl)[cl+(l»cl)gl]

Il

(l-gl),(l - T} . Similarly consider the process to be in so_:at trial
n . The probability of success-error is gl[(l—a—d),(lsgl)] = g,0 , and
of error-success ig (l=g1)[a +d + gl(lma—d)] = (1-gl}(lmc) . Combining
these results, . taking qonsideration of the likelihood of being in =

or s, .o trial n , the expectsation of An is

W) BA) =, [eo 4 (1eg M1-0)] # Wy [T+ (Leg) )(1-7)]

- We then define A as the sum of An over .all trials n , having expec-

tation

19) B) =B34 |- n e ¢ (1) (1-0)] + npleyT + (1ogy) (1))
n=

where we have defined . a

(lra-d)(lwgl)

=
Il

(1-cy)(1-gy)
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We now consider variocus features of the total errors partitioned about
_ particular points in the learning sequence. The fifst item to congider is
the nmumber of errors that follow an error occurring on trial n . Call
this random variable e, - In an all-or-none learning model, if the con-
‘diﬁioning probability for an unlearned response 1s constant over trials,
~ then the expectation of e, is a constant independent of n . This aspect
of the model has been confirmed experimentally a number of times. In the
present model if the conditioning parameter for a given component depends
on the conditioning of the other compcnent, then E(en) depends on n
because the probability that the other component is conditioned wvaries
with n .

For the present case, we begin by. supposing that the error on frial
n came about with the process in Sy o tn trial n , the response is
conditioned with probability cy {so no more errors would occur) but
fails to be conditioned with probability 1-c; {so (lmgl)/cl more
errors are expected). Hence, we have

(1-g, )

16) E{en[.sagnﬁ} = ‘Zlfcl) "'==g;= =

X
c

1
.

Now suppose the process were in s, on trial n . The possible one~step

o}
‘transitions {from trial n ton + 1} are indicated below along with the

expected rumber of subsequent errors given that transition:

S

O!w

(sl or 55)
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Weighting each of these right-hand values by the probablility of the tran-

sition, the result is

17) E(enlso ,) = b ==+ (1 - r)E(T,)
d 1

We know that 1f a +d = ¢ then learning of the A-component is. inde-

l E

pendent of the B-component; therefore, with a + d = c, we expect and

1
find that Equations 16 and 17 are equal and we have for the A-component
the constancy result on E(en) referred to previously.

Without more specific knowledge of the parameter values, we know

only that E(en) will be bounded between the values given by Eguations

16 and 17. Specifically, the relation is

)

W Ele |s ) +w E(e |s
2
18) E(en) _ .o n'"o,n , n' 2,n

W + w,

and this will be monotone increasing or decreasing depending on the para-
meter-values.
V. Distributions of Error-Quantities.

We now turn to deriving the distributions of the trial number of the
last failure, total errors, and errors between the k-th and (ki+ l)St
success, all referred to the X, Véequencen -Before proceading with these,

it is helpful tec first obtain two other guantities: b which is the

2 »
probability that there are no more errors following & guess (correct or
~incorrect) in 555 end b, referring to the similar probability of no

more errors following a guess in so_n A recursion for b2 is
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- 19) : by = + (- g by

ar

¢y

P2 = TE (16,
2 lugl l-cl

“With the probability cy the response was conditioned by the current

reinforcement; with probability 1 - ¢ that reinforcement failed to

1
condition the response, the subject guessed correctly the next toiall
and then makes no more errors with probability b2 . In like manner, .a

recursion for bo -is found to be

-20) : ' b, =a+a+h glbg + (1 - r)glbo
or

. a + Db + bg,b,

o T l@gl(lm'r')

-Here with probability a + d the A-component was conditioned by the
-current reinforcement; with probability b the B-component was condi-
tioned and the probebility of a correct guess on the A-component on the

next trial and no more errcrs is glbg'; with probabiiity l-r the process

stays in B and the probability of no more errors is glbd‘n

Using these values of bo and b2 s 1t is easy to write the distri-
-bution of n' , the trial number on which the last error occurs during

learning. If no errors.oceur, then we set n®* = 0 . The distribution
is (
gl?o for k=20
21) Pr(n’ = k) =<

2 . . — 2.00“
{1 gl)[gowb,k + bEWQ,k] , for k= 1,2,

N
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We now consider the distribution of total errors, T . The probabil-
ity of zero errors is just gibo ; as given in 21 above. For k > O,
we consider the probability that the subject makes his k-th (and last)
error on trial j after having made k-1 errors someplace during the
previous j-l1 drials. Up until the trial of the last error, we are
observing a fixed Bernculli process with probability gy of a success-
gnd l-gl of an error. We write the probability of k-1 errors in

j=+ +trials as

22) B{k-1 , j-1} =

The probability of obtaining exactly k errors (for k > 0) is the
sum over all |J of the probabilities of making the last error on trial

J and making k-1 errors during the preceding j-1 *rials. That is,

23) P(T = k) = i B{k-~1, j=1) - P(n' = j)
J=k

By appropriate substitution from Equations 21 and 22 the result is

J=k

o0 jml .
_pyd=t
( gy (l-r)

2l,) P(T = k) = (1-,9;1.)k b, S k-1
- | 3=k

B(l-g Y5, o [3-1) .. T . .

2 -k - =1
b2 Tk g [(l-cl)’J to(1-r)? J
These sums on the right-hand side are all of the same form and reduce to

simpler expressions. For example, considering only the first sum, -it

reduces to
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g 2 el .
{3~y :E;; k=1 | [g) {1-r)]
l?,

which can be shown to equal

l.

:(lar)k”l o
: l-glilwri

Similar results obtain for the last two sums. If we employ the following

abbreviations

(1-g, }(1-r) (1-g;)(1-c )

~ww~—f-—w~ = ¥ and =0
lmgl l"I‘) ' l=’gl(}_=cl) .

then the distribution of T can be written compactly as

b x bbb k
253 P(T = k) = —ordem + 2 | of - L for k > 1

AT r-cy lmcl l-r

We now derive the distribution of JO o .the number of errors before
the first success. To have k errors before the first success, the pro-
cess can either stay in 8, k-1 reinforcements or can be 1in e at fhe
end of k-1 reinforcements. Given that the system was in s, on trial
k (when the k-th consecutive error occurred), the probability of a suc;
cess on the next trial is a+4d + gl(l ~a~=4) =1 - ¢ ; given that we
were in S5 on the k-th trial, the probability of a success on the next
trial dis cy + gl(l=cl) =1 =1 . From these considerations, we may

write the distribution of 'Jo as
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26) P = k) =<

(1-g )"

[wb}k(l-o)-+ Wé,k(l—T)] , for k> 1

“

We now derive expressions for Py s the probability of no errors

following the k-th success, and the distribution of J the number of

k}
st
)

errors between the k-th and (k + 1 success. To obtain these quan-

tities we first must derive the probability that the process is in s

o

on the trial of the k-th success (call this fo k) and the probability
S

that the process is in 8, on the trial of the k-th success (call thisg

f, k) . First, we derive “the probability that the k-th success
3

fo,k ?
occurs with the proecess in So . One way to reslize this event is for
‘the procegs to have k-1 successes in the first n-l trials, be in state
s, -on trial n and have the response on trial n be a correct guess

(with probability gl }.. If we then sum these probabilities over all

values of n > k we will obtain f :

o,k °
o n-1
g R . k__l . n..k_
21 Lo,k - g;% Yo, (k_l) g & = (1-g)
o : n=1
=3 (1) (k—l) g (1-g)" "
Cn=k ,
' ' o [kelti
K ) :
= gy (1) 3 ( k—l) [(1-r)(1-g))1"
_ =
koo k-l
_ g (1-r) | _ 'MF
[1-(1-7)(1-g )1 1-x




gl (._l“'IE)
T-(1-r)(i-g)
By the same reasoning;’ f2 - is given by
E

where we set u =

el (n“l & n~k
28) o 529k =_§;k.w2}n k-1 g (1-g)
k Tk
__b B _ _HK
T=Cy .lmql l-r
where
gl( 1HC1)

* T(T-g, )1 e))

‘Given these guantities, the probability of no errors following the k-th

success 1sg

2 = = - + + °
29) P =l -t et T P T kP ot P2
=1 El(lgbo)fogk -1 “'?é)f2,k
The quantity 1 = fo k" f2 K 1s the likelihood that the response was
3 2

in the conditioned state at the k-th success; so with probability 1 no
more errors would occur .in that case; - fogkbo is the;proﬁability‘that
the k-th success occurred in .So and with probability bo no subsequent
errors occurred; fE,k bg is the analogous expreésicn for the k-th suc-
cess occurring with the process in&.s2 . The limit of Py is A since
‘both fo,k and f2,k go to zero as k becomes,large., Thig’ ig reasonable:
aftér a large number of successes, it's 1likely that.the response. is con-

ditioned sc no more errors are going to occur.
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We now derive the distribution of J; , the number of errors occur-

Ting between the k-th and (k-!-l)'st success . We can have Jk =0 in

case (a) the k-th success occurred by prior conditioning with probabil-
ity 1 - fo,k -'f2,k_’ or (b) the process is in 8, &t k-th success
and we have a2 guccess on the next trial with probability afd+gl(l-a-d)
= {1l-0), or (ec) the process isin.s, at the k-th success and we have a
success on the mext trial with probability .cl+gl(l-ql) = (1-7) . Thus,

P(J

=0

il
[l

1 -'f05k_~ fg,k + fg,k(l-r) + fo,k(l—c)

-l'—'bfo,k - Tf2,k

. For Jk = n> 0 : with probability 'f2,k

~there for n trials while making n errors, then get a success on the

we can start in s, , stay

-next trial with probability 1 - 7 ; with probability fO ~we start

Lk

in so_ and either stay there .or move to 52 during the n trials.

From these conslderations, we may Write the distribution as

r
1- Ufo,k'_ Tf2,k s for n=20
1) P(I, = n) =¢
n .
(l-gl) '{fo,kwo,n+l(l_a)'+ fo,kWE,n+l(l-T)
+ £, . (1l-c )n(lQT) for n>1
2 k\TCL =

‘Where, as before,
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Y2, n+l =:;§%I [(l-cl)n - (l-r)n]

As our final derivation here, we consider the distribution'of the
number of successes . intervening between adjacent_errors (provided there
‘is a next error). Call this random variable H . In the simple one-
element medel with a constant probability of conditioning, .the next:
error is an uncertain recurrent event and H has a simple geometfic dis-
tribution which is independent of the trial number n on which the
-ieading error occurred. Sﬁch simple results do not Obtain‘for the present

model since the distribution of Hn depends. uvpon the state (so or ‘se)

.giving rise to the error on trial 'n , .and the probabilities of being in
these states changes with n . This means.that we must first find the
distribution of 'Hn conditional upon the process being in Sy on trisl
n , and alsoc find the distribution of Hn conditional upon being in

5, on trial n . Before proceeding to this problem, however, we first
conéider the distribution of HO the number of successes before the

first error. -This problem is easy since by assumption1the-subject is in

3 at the outset of training. -The distribution of HO is

’

1-g
——=— for j =0
g%,
32)  P(H = 3) =<
' (1-g,) |
Tg b, &1 [To,5M1 RIS for Jz1

.

The division by l-glbo establishes the condition that at least one
error will occur. Given that at least one error is going to occur and

given that j reinforcements fail to condition the response, then the

probability of j successes then an error is glJ(l»g):,
28



We now consider the distribution of Hn conditional upon Sp
obtaining on trial n . Call this distribution --P(an_s2 n) . The prob-
b

-ability distribution here is

53)  P(H_ = JISB,n)‘= 1o, (g (1-c;)1° = [1-g (1-c;)]lg, (1-c;)]

for J=0, 1,2, w..

The division by 1-b, ensures at least one more error; the factor

2

[gl(lwcl)]J gives the probability of J -consecutive correct guesses

without conditloning ocecurring, -and then an error on the next trial

with probability _(lmcl)(l=gl) .
The similar density function conditional upon the process belng in

)

s, at the time -the error occurred on trial n . is called P(Hn[so d

2

-and is given by

(

(1-a~a)(1-g )

T for J=0
o
ll- PH:.S =
34) P, = 3ls, ) Y ()
B SO . o
T g, [W0§j+2 + w253+2] for j>1
s)

The reason for the (j + 2} subscripts on W, and W, 1s to express

2
the fact that there are j + 1 reinforcemenis that occur between the
error on trial n and the next error on trial n + j + 1 . The proba-

bility that the process remains in 5, during these 3 4+ 1 reinforce-

N S R
ments is (Ll-r) s which is vy 342

according tc the notation estab-
5 ‘

lished in Equation 7.
-From these conditional distributions; -we may obtain the unconditional
~distribution of Hn by the relation
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v P(H =gls Y4+ w,_ PH .=ils, )
) _ iy _ 9am I Qy 2.1 hal 2,1
35)  B{H = §) = == 2

W + W
L0,TL 2,1

These derivationé above have been carried out with reference -to
Hh given.an error occurring en trial n . We could also count off
‘errors and ask for the distribution of Hi ; the number of successes
‘between the k-th and (k + 1)St error (provided there is a (k + 1,)st
error). The conditional distributions - P(Hﬁ]sz at k-th error) and
P(Hﬁiso at k-th error).w would be the same as the expressions in
Equationsg 33 aﬁd 345 respectively. Combining these as in Eguation 35
to cobtain the unconditional distribution would require knowiné‘the
relative probabilities that the k=th error came about with the process

in 5, rether than s, . Let to be the probability that a k-th

2 ok

error cccurs and that the process is in 8, at the time. .The expres-

gion for £ is
o,k
o n=1
, _ o k n-k
36 . 2 Von &1 {i-g,} &
k-1 k
@ haee)t
[léglﬁlwr)}k LI-r

Similarly, the probability that a k-th error occurs and the subject is

in S5 _at the time..is
o0 nﬂl]
. - _ . 4k n-k
37) t2,.k = Z:: WQ_,.n k-1 (l"’gl) =
_ n=k :
_ b ak . Tk
rscl l--’c;L _1l-r




where & and 7y are as given before in Eguation 25. Since we are
assuming, in the conditicnalization of Hﬁ » that a k-th error occurs,

the relative probabliity that it came about in Sy is given by -to "
’

divided by to x plus t Hence, the unconditional distribution
bl

2,k °

of Hi , the number of successes between the k-th and (k + l)St errcr

" (provided there is one), .is
T 2 i
t, . P(EIfs) + to k P(E;[s,)

38) . P(H!) = SFES J
Hy po,k ¥ tz,k

x




V. Conecluding Comments

Wnat has been accomplished in the preceeding pages is a detailed
statistical analysis. of response sequences for the general case of a
subject learning two mutually dependent response components, The
fundamental unit of analysis still femains_fhe.single response COmpo-
nent (the X~ sequence or Yy sequence) .rather than the composite. score
(zﬁ) _représenting Joint performance on the two components. -The main
feason for this emphasis.here-was that of mathematical conwvenience; .the
Zn sequence presents same special difficulties for extensive analyses,
.although it is clear that a few results could be easily derived (e.g.,
the trial of the last error).

A second reason for emphasizing the model's analysis of the single
compeonent 1s that the corresponding-results have application toc another
-class of problems having little to do with response compound learning,
.viz., thoge cases in which the learning parameter for a single response
.changes over trials. This latter situation is of more than academic
interest in view of the prevalence of "warm-up" effects obtained with
.naive subjects in_verbai learning experiments. In terms of the model,

a "warm-up" effect in the learning of a single response would be reflect-
- ed by a shift in the value of the conditioning parameter from the initial
trials to the later trials of the experiment. Some evidence for such

.2 shift with naive subjects has been obtained in experiments by the
Writér,.but the effect is absent when well-practiced subjects are uged..
In #pplying the model to the "warm-up" phenomenon, .we would identify two
transéent states which differ in the probability of conditioning the

response. -This scheme requires an additional parameter specifying the

%2




probability of a transition each trial from thé low-c state to the high-e
state (the b constant in the matrix of Equation 9).

. .An dssue not yet discussed here is that of the goodness of £it of

the alternative models to the data of response compounding experiments.
.The -alternatives mentioned before are (a) the AR compound is learned

-as a unitﬂ;(b)_the A and B components are learned indépendently, and

{c) some degree of dependence ohtains between the two learning processes.
These alternatives can be represented in terms of special values of the
conditioning parameters of the general model. This being the case, the-
direct method for determining which case obtains for a set of data

would involve estimating cl 3 Co s B, b, and d within the general
model; and then testing special hypotheses about these parameters (e.g.,

that b=d4d =0, orthat a+d.=c The difficulty with this dir-

1)
ect approach ig that it requires some knowledge of the sampling distri-
bution (at least the variance) of the several estimating statistics,

and this knowledge 1s simply not available at the present time. It
might be added that this situation is generally characteristic of the
stochastic learning models studied to date, with s few notable exceptions
(Restle, 1961). Failing in this direct approach, goodness of fit con-
siderations must settle on second-best, approximate tests. One candi-
date for an approximate test is the Suppes-Atkinson (1960) chi-square
test of how well a model reproduces the n-th order conditional probabil-
ities of the reeponse sequences. This ig an approximate test of the
present models because the chi-square preocedure is really appropriate

only when the model implies a finite Markov chain in the abservable

response sequence and none of the models considered here imply that
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x:esult; The second cbvious candidate 1s the "visual inspection” test:
a number of predictions of the alternative‘ﬁpdels are compared with
dats, and the model coming closer to the majority of the data statistics
is accepted. The method is. admittedly crude but for.all.that it has
enabled research on stochastic models for learning to thrive over the
past twelve years. -Analysis is currently under way to determine which

- (if any) of the alternative models best describes results.of an exten-

~8lve experiment just completed on response compound learning.
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1.0.
1.
2.
13,
1k,

15.

16.

17.

18.

19.

Notation Used.in,Texﬁ

gy = probability of a correct guess on the i-th component.
N = number of response alternatives.
cl,qg,a,b,d = conditioning parameters.
r=a+b+4d.
ni = the mean number of trials in transient state i before
apsorption, starting out in s  on the first trial.
o] > :
-TX = total errors .on response variable x = E—l x -
W, o F probability of being in state 1 after n-1 reinforcements
2
starting out in s, -
% = a#erage error probabiliﬁy for i-th component on trial n .
uj,n = xnxn+l .oo-xn+jil = a j-tuple of errors.
rj = number of runs of exactly J errors.
-Ck,n = EnFnex
7= (1-g.)(1-c )} .
o = (1-g,)(1-a-d) .
e, = number of errors following an error on trial n .
bo = probability that there are no more errors following a guess
with the subject in state O .
b2 = probability that there are no more errors following a guess
with the subject in state 2 .
n' = trial of the last error.
Y E
l"gl(l"'r—)
o _-(l"gl}(l‘cl)
1=g) (A-c,)
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.20, J_ = errors before the first success.

J
21. Jk = errors between the k-th and (k + l)St success.

= probability that there are no errors following the k-th .success.

22,
. P-k |

23, ‘fi'k = probability that the subject is in state i when the k-th
Buccess OcCurs.
gl(l—r)

-2k, “'z_l-(l—gl)(l—r)
g, (1-c.)
1M1

25. B

"~ 1-(1-g; ) (1-c;)
.26, Hn = number of successes between an error on trial n and the
next error (provided there is a next error).

27, Hé = number of successes between the k~th and (_k.+ l_)5t error.

28. t,

1T probability that the subject is in state i when the k-th
> . y _ o : _. -

_error oceurs.
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