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- THE COMBINING OF CLASSES CONDITION IN LEARNING'THEORYL/
by

Julian H. Blau; Antioch College

The objective of this report is to extend the Bush-Mosteller
Combining of Classes Condition to the case of a continuum of responses
and also to a new context in stimulus sampling theory, where it has
not been considered before. In the first case we obtain the Suppes
linear model. In the second, our result yields a generalization of
the BEstes-Suppes conditioning transformation. While the first investi-
gation corcerns probabilities, and the second is entirely non-
numerical, they have interesting similarities.

I. Intrcduction.

Mathematicai learning theory is concerned with the following
gituation. A subject must m&ke'pne of a prescribed set R of
regponses. This done, an outcome arranged by the experimenter occurs,
followed by a nonobservable event called reinforcement, and this
causes a change in the probabilities of the various responses on the

next trial. There are two major views as to how this happens.

(1) One regards the response probabilities as basic, and sees

learning as a change in these probasbilities. [4,6].
(2) The other looks deeper, and situdies the psychological concepts

of stimulus and of conditioning of stimulus to response. These

are thought to underly the response probabilities. Learning is

regarded as & change in conditioning. [7,13, etc.]

é/ Thié research was supported in part by the Group Psychology Branch
of the Office of Naval Research (Stanford University) and in part by
a National Science Foundation Research Grant to Antioch College.
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Mych of the theory is concerned'with esymptotic phenomena-after

many trials. In this report we shall study the form of the learnlng

transformatlon which occurse on = srngle trlal as & result of a
.partlcular response, a partlculerooutoome~and a partlculer reinforcement.
We now present brieflr-thefceSe'fersrhe‘cembinihg of Classes
Condition, In both the response probabllity approach and 1n the"y
oond:tlonlng approach the followrng problem occurso The classrfl-
cation of actual physical responses into classes, each of Wthh ig then
ereferred to as "a response,i is. an artlfaot 1ntroduced by the observer,.
and does eot affect the learning process° (Recall-that response, out-
come and reinforcement are flxed throughout the dlSCHSSlOHo) ‘Hence
predictions should not depend upon thls class:rfrca‘uon° For example,_--
if two of =r dlstlngulshable responses‘ere now regarded ag forming g -
single class, the learnlng transformatlon in the (methodOIOglcally) new.
.sltuetlon should yield results‘cons1stent wrth those of the older f

clasgification, and moreover should be 1ndepeodent;of the.dlstrlbution

of probsbilities within the newly combined class. [4] This invarisnce

-assumption is called the Combieingrofoclesses_Cohdifion, —If‘itS'power '
15 not evident at once, its.far:reeehing-eonseQuenees.demonstrate it.
.The Combiniog of-Clesses Condifion:wes'infrOduced-eed studied by
Bush and Mosteller [4] . They denote the 1n1t1al ‘state of response
probabilities by the vector. P m.(pl,ooo,p ), and the transformed
state by TP . They assume that T _1salineer‘(r;e, a linear-tranSe

formation in r-dimensional sPaoe),.and show_tha%‘the-combining of




Classes Condition implies that T Thas the special form TP = oP + {1-Q)A ,
where O 1s a real number and A 1is a constant probability vector.
Bush, Mosteller and Thompson [5] prove this without assuming linearity,
or even continuity.
The two prinﬁipal results of this report cen be summarized as

follows,

(l) The Combining of Classes Condition is defined for a response
Probability learning model for a continuum of responses. As in
the finite case, this single condition implies linearity and
indeed a very specific form for the learning transformation. This
form is precisely that postulated by Suppes in his continuum model.
[11] We find little advantage in using the fact that the
responses lie on a line, and so we assume an ébstract set of
responses.

(2)‘ Conditioning is defined for arbitrary sets R and S of
responses and stimuli. The Combining of Classes Condition is
applied in this context, and the conditioning transformation is
proved to be of a certaln type. When specialized to finite R ,
this fype containe the learning transformation of Estes and
Suppes [7] as a special case, the prineipal difference being
that the former permits what Suppes [11] calls "smearing" of the

effect of reinforcement.




Large portions of the two proofs have a formal similarity. By

pPlacing them in a sufficiently general setting, we can mske these
portions corollaries. This is achieved at fhe cost of rather severe
abstraction, namely consideration of functions on a Borel field of

sets of responses, with values in a partially ordered sbelian
semigroup, the iatter later being specialized to the real numbers or to
e Borel field of subsets of another set (of stimuli.) We shall not

do this. Where such economy can be achieved without excessive

abstraction, we shall take advantage of it.

This report 18 written to be read indeﬁendently‘of the Bush-
Mosteller book and of the Bush-Mosteller-Thompson paper, but we have
used as much notation from these sources as possible, to assist

persons familiar with them.

II. Statement of the Response Probabiliity Theorem.

R =. abstract set of "responses.”

dE = Borel field { = o-algebra) of subsets of R {i.e. Jg is non-

empty, closed under complementation and countable union. Hence

R ¢ 55) .

The field ¢ will be Fixed throughout. All seis mentioned are

assumed to be members of & .




A set fumection P is a probability measure if

(PL) P(E) is defined for cach E &,

(P2) P(E) >0

(P3) (Complete additivity): If B Epyeev, E ,.00 15 2 sequence of sets

12 n
disjoint in pairs, and if B is their union, then

&3]

P(E) = > P(En)
n=1
(Ph)__ B(R) = 1 .

A set function satisfying (P1),{P2) and (P3) is called a measure.

g

= the class of all probability measures P .

Definition: Let ceoce £ . o and ¢ deternine a

transformation C of jD into itself:
CP(E) = P(E-o) + E{c) Plo)

‘E(x) 1is the characteristic function of E , i.e. EB(x) =1 if xe &,
and is zero otherwise. CP 1is easily seen to be a probability measure.
C 1is called a combination (of classes). The combination operator may
be thought of as combining the probabilities of all responses in the
class o , and concentrating them st the point ¢ . {The cholce of ¢

is of no importance. We shall make this precise in the next Sectionﬁ)




For example, if R = (1,2 3} 3 q... [ZL,2] ;e 1 > and P= (Pl’PE’PS) s

then CP = (pl + Dy O, P3)

Definition: A transformation T of Jp into itself satisfies the

Combining of Classes Condition ( 3 ) lf CTCP = CTP for a.ll P and all

combinations C . .We follow [5] h.ere.. ‘.‘-.-: :

Response Probability Theoremy' -

It [ A # 4 and if T satlsfies (03), then
(1-e)P + oK |

where K is a probability measure,and. g>0. 7

The converse 1is tr_u'_e Wl_t_h :;}Q,_ rgst_rict:.on on & .

If & 1is infinite, then 6 <L i

Remarks Concerning | A [ The sym'bol | £] denotes the number

of elements in the set ﬁ . Ifrdz s:-‘ .f:mlte,.- fhen. [ JE:I = 28' 3 where‘.
a 1s the number of atoms mJi;. ('A:- s'et'.ir:a ﬂj is called atomic if

it has no proper subsets, i e su'b‘sets other than itself and the nul}.

" set O. )a@ is then 1somorphic to the Borel tield of all subsets of
{1,2,...,a} , and there are essentially only a dlstinguishable

responses. -




Bush, Mosteller, and Thompson [5] have proved the theorem for 4Q;
finite. In this case, 6 can be larger than 1, but Bush and Mosteller
[4] showed that 6 S'EET . This upper bound is attained. The idea
that an arbitrarily fine subdivision would imply 6 < 1 was foreseen
by L.J. Savage [4, page %h]n

If a = 0, there are no probability measures, and the theorem
says nothing. For a=1 the conclusion of the theorem is true

trivially with any 6 . Henceforth we may assume that &l > 2,

. and therefore [df[‘z L . On exactly two occasions we shall use the

hypothesis [£] # & .
It will be comvenient to denote by £ the class of all sets of &
‘other than 0 and R . Evidently [Jf[;z 4 is equivalent to £ not

being empty.

ITT. The Combination Operator.

Before beginning the proof, we shall elucidate the nature of a
combination operator. It is emphasized that a cowmbination depends
upon both the class o being combined and the point e in o . When
a combination is mentioned, it is understood that there 1s associated

with 1t a yparticular set ¢ and a particular ¢ in o .
Hereafter we shall use the symbol =~A to denéﬁe the complementary
set R~ A.

Réferring'torthe definition of C , we observe that




Vmau .

(o) - CP = P on:‘_aa
{ee)  Blo)=P'o) > CP = CP' on o

(The three bars signify identify;_”Thﬁs.(Ci) means that CP(E) = P(E)_
for each subsét E of ~-o.) :Qf:l_iyﬁf:igr:o.}_)ertiés (C1) and (C2) of &
‘combination will be used in proyiﬁg]fﬁé'théorenb aﬁd.no further
reference need be made to_the'defigifidn;' This bears out the statement
‘made earlier that the choice 0f théf§0iﬁt .c in ¢ . ig of no importance.
‘We remark that our defiﬁiﬁibn,of'cqmbinatidn dbes nof exhaust the
set of operators (fransformatioﬁg)'saxisfyingj(Gl)'and_(CQjo This set
is described in Section X . - |
Later (Section X) we éoﬁgidéf‘whether the idea of & combination
can be effected mofe simply ﬁﬁ_m@pping the'set R of responses onto
a new set econsisting of -¢ _andlg;ginéierﬁEW point, the latter
replacing o'. This approééh:hﬁsiﬁeeﬁ-aduﬁbrated in [5].

From (C1) and (C2) we infer .

(c3) " (P=(CP'e» P=P on -0.

Given a set A , we shall’dccaéidnﬁlly-saya Let C be a
combination With og=4, or more'briefly,_let C conbine A . The
meaning is clear, slthough C iS'not'uniquez"c. being an arbitrary

point in ‘A . We shall extend this.loqutiOn to the case where ¢ 1is




~ the null set, in which case we shall mean merely CP = P . The three

properties. of combinations proved here extend to this case.

IV. Proof of the Theorem.

It will be instructive not to assume the hypotheseé of the theorem
at the outset, but rather to invoke them zs needed. This procedure is
also téchnically more efficient in connection with the proof of the
converse. Some of the ideas in the proof were suggested by thé Bush-
‘Mosteller-Thompson paper [5]. W begin with a trensformation T , which
femgins fixed throughout the proof.
| Buppose that P = P' on a set A, where A ¢ &. Let C bea
combination with o = -A . Then CP = CP' by (C3) . Assuming the

hypothesis (03) for this C , we have
CTP = CTCP = CTCP' = CTP' .

Again usi ¢3), we conclude that TP = TP' on A .
ng 3 :

We now formulaie this reéult precisely. Denote by 03(A) the

3

statement (actuslly a propositional Ffunction to be read € of A)

3

that C° holds for each combination € with o = -A . Then C3(A)

implies the statement I(A):




w3 0m

T(A) P =2 P' on A = TP w« TP' on A

This means that values of the set function TP on A are entifely
determined by the values of P on A, and are independent of the
responses in ~A. The result is somewhat reminiscent bf Arrow's
ﬁbiquitous condition of Independence of Irrelievant Alternatives.
This condition avers, in its original context [1}, that a social
organism's preference ranking of a subset A cf alternatives depends
only upon individual preference rankings of A, and iIs Independent of
indi#idual preferences concerning the "irrelevant' alternatives.
(See also Section IXo)

We digress ncew from the main line of the proof to consider the
converse, I(A) =%>03(A) .

Given a set A, let C combinse ~A . Then P 4 CF on A,
By TI(A) , TP = TCP on A . Using (03), we have CTP . (H0F. This

establishes

For each Ae £, 03(A) G2 T{A)
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A glance at the transformation TR(E) = (1-6)P(E) + 6K(E) shows
that it satisfies I(A) for every A, and therefore satisfies 03(A)
for every A, i.e. the Combining of Classes Condition. This proves
the converse part of the theorem.
We return to the main line of reasoning, and prove a result much
( s 3 3
stronger then I{A). For this we need both C-(A} and C-°(-A). We

shall conclude that

P(A) = P*'(A) = TP(A) = TP'(A) .

Let P(A) = P'(A) , and let C combine A . Then CP = CP' on A
by (C2). Then I(A) implies TCP = TCP' on .A . In particular,
TCP(A) = TCP'(A) .

On the other hand, P 5.CP on -A by (Cl}, aﬁd therefore ‘
TP = TCP on =-A by I{-A). Similarly TP' = TCP' oﬁ -4 . In
particular, these equalities are true for -4, and therefore, by

taking complements, for A . Thus
TP(A) = TCP(A) = TCP'{A) = TP'(A) .
Buried in the foregoing considerations, and at bottom whaf

made them possible, are the following facts. We defer their proofs

to Section X since the reasoning sbove is self contained.
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'(l) Let 'Cl and 02 combine Ty aha 'U2 respectively, and
let 010, = 0. (We shall normally use juxtaposition,fof'

set product.) Then _Glcé'zfdéﬁl”»
(2) let T satisfy {03), and let ‘Uioé =0 . Then T satisfies
(03) for € =CiC, , i,e. CTCP = CTP . (C. is in general

not a combination. )

We remark here, for future referenée, fhat up to this point in
the proof, everything will apply equaliy well to the Conditioning
Function Theorem of Sectioh VI,

in connection with the next stétement, we recall that‘gi is
the class of all sets of £ other than O and R .

The last result (in the hox) can be expressed in the following

way. For each E ¢ Jf ; there is & function 7 mapping the closed

E
interval [0,1] into itself, and

TEE}) = 7E[P(E)] )

Remark 1 : -Each of the "functionsﬁ 75 and TR is defined

)

for only one value of x . We have 7 (0) =0 and 74(1)=1.

Remark 2 : 7 may be thought of also as a numerical valued

! .
function T(E,x)' of Ltwo variables, with E a set and x .a number.
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No further reference will be made to the Combining of'Classes

Conditicn (03)° The remainder of the proof is a discussion of the

functions 7E . Our first result in this direction is

Lemma 1: Let EF = 0; E,F,E+F € £ ; x,y,%x+y € [0,1] . Then

Tgeplety) = vplx) + 7p(y)

Proof: As begun here, we shall congistently use + and X
for disjoint unions. Using all the hypotheses, it is easy to show
that there exists s probability measure P such that P(E) = x and

P(F).='y . For example, let e ¢ E , f e F, g¢ R-E-F , and define
P(a) = Ale)x + Al£)y + Alg)(l-x-y)

where A(e) =1 or 0 according as e e A or not, etc. Then

(xty) = TP(E+F) = TP(E) + TP{F) = yE(x) + 7F(y) .

TEeF

Qur aim now is to prove

(3) TE(X) - TE(O) is independent of EB, as ‘E variles in jz




T

To this end, we write E ~ A& 4if and only if

7E(x) - VE(O) = 7A(x) - VA(O) for all x . It must be proved

that the relation ~/on & 1is universal. We begin with the case

ECA.

Let EC A , where ¢ denotes proper inclusion. Using Lemma 1

with F=A- E, and y = 0, we have
VA(X) = 7E(X) + 7F(O) *

Now let also x = O . Then '7A(O) = 7E(O) + TF(O) . Subtracting,
Wwe have E ~A . '

The lemma which follows is formulated in such a fashion that it

can be used again in a different context.

Lemma 2: If (& o~ is an equivalence relation on &

i.e. reflexive: E~E for all E

symmetric: E~F=F~E
transitive: E~AF, FrG =DE ~C
® |&] # b

©® ECA=E~A, then

E~F  for all E,Fe £
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Proof: (i) Let EF = O with E,F,E+F ¢ & . Then

E~E:F~F by (© , and therefore E ~F .

{(i1) Let Ae f . Then | K] > &, and .". >k
It foligws that either A or -A contains a
proper subset. Let us say A DE ¢ ;6?, . Then

A ~E ~-A, and therefore A ~/ -4 .

(i4) Finally, let E 'and ¥ Ye any two sets of ;f_i; ;
17 identica_l, use reflexivity of ~ . If one
contains the other properly, use ® . ILf EF =0  °~
and E+F ¢ £ , use (i). If the sets are

complementary, use (ii). In the remaining case
2 19 b

E ~EF ~F ,

Remark: The lemma is false for | & ] =& . For then @ is
rue vacuously, and .N can be taken to be the empiy relation. Also
its consequence {3} is false, as easily constructed examples show.
Lemma 2 and the result preceding it prove {3), =nd

. 80 ')’E(X) - ?E(O) is now known to be independent of E . In (L) we

use, for the first time, the assumption, Justified in remasrks following

the statement of the theorem, that ﬁ is not empty.
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We now define

() | ) = rg(x) - 7g(0)

(5) : - u(E)

In view of the definition of iE s We have
TR(E) = 7[P(E)] + u(E)

Next we obtain some properties of the set function

(A) w(E) is defined for all E ¢ & except &
(B) 0 < wE)<S1l for R#Eedk
(c) u is completely additive on its domain of

(D .
For let R#£E = > E, » with the E  disjoint.
n=1 '

& P with P(E) = 0, and therefore with P(E,)

It

n=1,2,... . Then

WE) = 75(0) = TB(E) = _i?: TP(E,) = j%t 7g (0) =
n=1 n=1 . "n

VE(O)- for B ed .

u .

= R .

definition.

There exists

=zl




(D)

(2)

(F)
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Tet E,'F € 2@- » We have

u(E) = uw(EF) + w(E~-F) and

W(~E)= u{F-E) + u(R-E-F) Dy additivity. Thus

W(E) + u(-E) = [u(EF) + w(F-E)] + [W(E-F) + o(R-E-F)] =

= u{F) + u(-F) .

Eence u(E) + u{-E) is independent of E .

In view of (D) , we can define w(R) =

wE) + u(-E) . Here we

" have again used the assumption that £ is not empty.

1 1s completely additive. The only case remaining from (C)

®
is R = E ‘En , with the En disjoint. If.some En =R,

n=1 -
then the statement is trivially true.

F = EK be the first non-vacuous En

k

wWE) = > u(En) trivially , and
=1 :

€3]

w-E) = > u{En) by (C) . Hence

n=k+1

o

WR) = u(B) + u(-B) = > _ u(E ) .

= n
n=1

If no E =R, let

Then
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We have proved

u is & measure .

Now we determine precisely the form of the function }'(x)v
We find that 7 1is additive. More precisely, let x, y and x+y
lie in the interval [0,1]. Then »{x+y) = ¥(x) + 7(y).

To prove this, choose E and F so that EF = O, and

E, F, B+F ¢ 4 . Here ve have used |4 | > L4 for the second
and last time. Lemma 1 now implies 7E+F(x+y) = 7E(x)-+ 7p(y) -

Using the definitions (4) and (5) of 7 and wu , we have
y(xey) + w(BF) = 7(x) + u(E) + 2(y) + w(F) .

But u 1is additive, and the result foliows.

Lemma 3: If f(x) is a bounded additive function defined

on [0,1], then f(x) = ox .

Proof: This is an eésentially well known result. Let
£(1) =@ . We refer to [5] for an excellent proof that
f(x) = ax for every rational number x in [0,1]. If f were
known to be continuous, the lemma would be proved. We adapt a

proof of continuity from Hille-Phillips [8].
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Iet 0 <x<1. Let r be rational, and x<r <1 . Then

[£(x)] = r]f(fl;‘)] < rM , where M is the bound of [f(x)] . Hence

(=) ] < Mx.

fl

If X < X , then [f(x)wf(XO)] ]f(x—xo)f < M(X-XO) .

1

If x<x_ , then If(x)wf(xo)f‘ 'ff(xomx)] S_M(xowx) .

This proves continuity for 0 < x < 1°, and the lemma follows.
Our function 7(x) is additive. Alsc 1t is bounded, since
-1 < 7(x) €1 . It is therefore of the form ' Ox .

S0 far we have
(6) R(E) = oP(B) + u(E)

for E e é% . But {(6) is obviously true also for R = 0. Now we prove

it 2lso for E =R . Let A ¢ JE (Again we have used 2@ not empty. )
TP(R) = TP{A). + TP(-A)} = aP{A) + u(A) + aP{-A)eu{-4) = aP(R) + u(R)
Thus we have

(7) o + uR) =1 ,

and therefore

A
'_..l

® o
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If =1, then u= 0, and the conclusion of the theorem

holds with &

0 and X any probability measure.
If a<l, let 8=1-a, and let K_(E):ll-gf—) . Then KX

is a probability measure, &> 0 , and
T(E) = (1-6)P(E) + ek(E) .

This completes the proof of the maln statement of the theorem.

Pinally we establish

A infinite=3» 6 < 1

The proof is based almost entirely on a discussion of the Borel

field & .

Lemma 4t If & is infinite, then & contains a properly

ascending sequence.

 Proof: If & contains infinitely meny atoms Ay Ay veey A, oo,
n -
then En = E Ai is properity ascending. If df contains only a
i=1

finite number of atoms, their uniom A is not R , for otherwise JE
would be finite. Thus -A and 1ts non-empty subsets are non-atonmic.

Hence -A contains a properly descending sequence. Taking complements,
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we have a properly ascending seguence.

- As a conseguence, R 1tself is the union Um.En of an ascending
IR

sequence of sets En , none of which is R . For let . {Fn} be properly

, R 0 ..
cascending, with F = U]_ 'Fn .+ The sequence {En} with _En = (-F) URn
is properly ascending, and U OOEn =R .
1
From the foregoing, and from the complete additiviiy of u , we

conclude that

uw(R) = 1lim u(En) .
n —=co

‘For each n , E_ £ R, and therefore u_(En) <1 from (B) on Page 16 .

‘Hence u(R) <1 . Since @ = u(R) , the result follows.

V. Application to a Continuum of Responses.

If the set R of responses is a linear interval (open, closed,
semiclosed, infinite, etc.) of real numbers, each probsbility
distribution P induces a cumulative dilstribution function ¥ as

follows. To be definite, let R = [a,b] .

(9) Fla) = 0. If x#£ea, PFx) = BE),

vwhere E 1is the closed interval {a,x] .

For this we must stipulate that £ contains all intervals of the form

occurring above, and therefore all Borel sets.
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Conversely, each cumulative diéﬁributiqn,function F  induces a

probability measure P via a reversal of (9) . Moreover the induced

P in turn induces the original F . From this correspondence we see
that any transformation of the set Zn-of:disﬁribution funetions induces
a transformation of the set dgaof probability measures. In particulsar,

-7 : . . : ;
a combination is defined for # . The Combining of (lasses Condition

reads
G CTCF = CTF forall F and C ,

Corollary of Response Pfobébility_Théoremz et B be.a linear

interval.t/ 1¢ @ contains all subintervals of R , smd if T satisfies
(C3) , then
TF = (1-8)F 4+ 6K |,

where K 1is a distribution function, and 0 <P < 1.

Eence the Suppes linear model_{ll}.is essentially {aside from
unimportant smoothing assumptions masde for convenience) the most general
-(single trial) learning model,satisfying the Combining of Classes.

Condition. The one additional assgumption in the Suppes medel is the

v o :

The corollary applies also 1o continuva of higher dimension. For
example, R can be a plane rectangle if the response is determined by
two qualities. Here F 1is the joint distribution function. - Bimilariy

R can be a rectangle in n~space.
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"egual 6" condition that the learning paraméﬁer be independent of
the reinforcement° Since this_reﬁdrt is éOncérned solely with the
_transformation T _reéultingnfrom.a parﬁicular reinforcement, this
question lies outside the scope of bur'diSCussionu

The effect of a combinatib_ﬁ -opérator is dispiayed in:Figu:t'e.lo
- Here R is the interval [a,b], .d.-iS'tﬂe”iﬁtefvai‘[d,b}., and

ce . . F is solid, and CF is hquen (gxcépt where they are equal).

Figure 1

| We might ask whether the hypéthesis:of the corollary could be
weakened to state that (03) ‘hélds nof ﬁecessarily for ali caMbinations,
but merely for those which combiﬁe intervaels. - Surprisingly, the
answver 1s no. On the other hgnd;_consider the situation when R dis the

semiclosed interval a < x <b , where  a 15 ldentified with b, and
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R 1is regarded as a circle, i.e. the real numbers module b-a . This

is in fact the only continuum response set upon which experimental work

has been done. For this R , the answer to the guestion shove is yes.

VI. Conditioning Functions.

The toplec to which we now turn is usually called stimulus
sampling theory. There is given a set S of stimuli and a set R

of responses. The subject is assumed to be in such a state that each

stimulus element—s
alement of R . On a given triail, he samples a set of stimuli. EHe
then responds, 1s reinforced, and then his conditieniug changes, i.e.
certain stimuli become connected with rnew responses. As before, we
study this phenomenon on a single trial, a;sg;umiﬂg, not oniy a particular
sequence of response, outcome, and reinforzement, bul aiso a
particular sample of stimuli. We therefore suppress the term stimulus
sampling, and emphasize the change in conditicning. Just as in
Sections II~V , where We.regarded the transformaticon T of é;)aﬁ
being learning, in this section we %take the view that learning iz a
change in conditioning. O course the state of conditioning is not

directly observable, and therefore information concerning it must be

2/ It might be supposed that this correspondence is the conditioning
funetion, but the latter term is reserved for what is essentially the
inverse function. See reference {7}, Estes and Suppes, "Foundaticns
of Statistical Learning Theory, IZ. The Stinulus Ssmpling Mcdel" |
hkereafter referred to as ES II . ‘ :
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deduced from observatlion of actual responses and outcomes. This does not
alter the central position of conditioning.in the theory.

We begin by describing the conditioning funcﬁion as introduced by
-Estes and Suppes [ES II] for the :case of arbitrary -8 and finite R .
Because of formal analogies with probability, and also to suggest that

it.is a partition, we find it usefulfto denote 1% by the letter F .

Let R = {1,2,...,7} . A conditioning'function is a functicn P defined

on R, Witﬂ velues in 2S (the class of all subsets of 8 iz denoted

by 28) having the properties

(1) 1 # 3 =P ()Y = 0

" :
(11} > P{i) = §.

i=1
It can be represented as an ordered r-tuple (Xi,aou,Xf) of subsets

of 8, with ¥ =P (i) .

‘We now propose the problem of formulating and finding the
consequences of the Combining of Classes Condition in this context.
The formulation is fairly obvious. The consequence is énalogous to
the Bush-~-Mosteller-Thompson theorem, but th§ye are-great differenées
due to the purely gualltative nature of the new context. The result
is stated in the next section, following the‘statement of the
Conditioning Function Theorem. Instead of proving this resuli, we

shall first gensralize the idea of conditioning function to the case
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wvhere R 1is a continuum, or more generally, an abstract set. Then
wWe prove a general theorem for unrestficted R and 8 .

A direct generalization of the ES IT definition to the case of
infinite R would yield a function P on R, with values in 2° ,

. and satisfying
(ii1) Ue c R Ple) = 8.

In analogy with the property of probability measures (for
nondenumerable R) that most single points have measure zero, We

may expect that often Ple) = 0 (i.e. the null set in §) for many

or all e, possibiy violating (iii)u Hence, returning to finite R ,
we proceed as follows. The point funetion P on .R with values in
28 extends to a set function P on éR with values in 28 s by

means of the definition
P(E.) =U1€E_ P(i), for E ¢ R.

It is this mapping which generslizes most fruitfully to the case of

arbitrary R . It has the property

EF = 0 < P(E)/) P(F) =0 and P(E+F) = P(E) + P(F)

v S e 1



DT

In the light of what conditioning means, and of the formal
gimilarity of P with a probsbility measufe, we may wish to impose

also complete additivity:

€3]

= :E: P(En} :

G
(B} disjoint =5 P( 21 E, J

It tuwrns cut that this question plays an insignificant role in the
theorem to follow.
‘With this discussion as background, we begin the formal

development in the next section.

Note: There is an alternative notion as tc what a conditioning
function should be when R 1is infinite. It is based upon the ides
that a stimulus element should be connected not. to a single response,
but to a probability distribution of responses. {8ee [12}.) Whatever
the relative merits of the two definitions as models for learning,
we find that, so far as determining the effects of the Combining
Classes Condition is concerned, the one suggested in this note can
be dealt with as an immediate corollary of the Response Probability
Theorem (see Section VIII for discussion of this), while the definition

which we adopt and follow leads to an interesting c¢hain of arguments.
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VII. The Conditioning Function Theorem.

= set of "stimuli"

= field (= algebra) of subsets of 8§ . {(i.e. Qf7is non-empty,

closed under complementation and finite union. Ience
scdf.)

= set of "responses" , ngz field of subsetbs of R .

As before, we use + for disjoint union. We use the symbol O

for both the null set in,ffand the null set in Jz&

(cr1)
(CFe)
(cF3)

(CTh)

A conditioning function P 1is a mapping of fﬁrinto Qf, satisfyling

For esck E ¢, P(E) is defined and in of .

If EF ~ 0, then ©PE) /)PBF} = 0 ..
If EF =0, then PE+ F) = PE) -+ PF)
P(_R) = B

A mapping satisfying (CFl), (CF2), and (CF3} is called a

homomorphism. A homomorphism preserves, in addition to disjointness

(CF2) and disjoint union {CF3), also intersection, inclusion, and

union.

A conditicning function preserves also complements. A

homomorphism of any field of sets into any other is defined simillarly,

including the case where the fields are the same. (When j@ and Qf7are




regarded as Boolean rings., a homomorphism as here defined is & ring

homomorphism and conversely. )
gj = class of all conditioning functions.

Jet c e o ¢ @ . o and ¢ determine a transformstion € of ﬁ

Il

into §° CP{E) PE-o) + E(c) ] Plo) , where E{x) =0 or

8 according .as x g‘ E or xe€ BE. £ 1is called a combination.

A transformstion T of @ into itself satisfies (03) if CIC = CT

for all C .

Conditioning Function Theorem:

I |Gl £ b, and if T satisfies (C°) , then

TP(E) yIKE)T + wB) ,

i

where ¥ is

]

nomomorphism of d into J
u is a homomorphism of 5(2.‘ into ﬁ

7(8) =~ u(R) .

The converse ig true with no restriction on \@ o
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Note 1: TIf the definition of conditioning function is strengthened
s0 that gf and Jﬁrare Borel fields, and P dis completely additive,

the modified theorem is true. Its proof regquires only obvious alterations.

Note 2¢ If R 1is firite, with members {1,2,...,r} , each
conditioning function can be represented as an ordered r-tuple of subsets
of S . The theorem asserts that there iz a homomorphism ¥y of Qf into
itself, disjoint sets Upsens sty in Qf, where & 1s the union of the

Uy with 7(S8) = - 6, such that T +transforms (X Xr) into

12000
[7(Xl) + ul,nno,y(Xr) +u.] .
Example A : s . fixed subset of S, 7{X) =X - 5, all Uj = 0
except U = s . {This is the transformation
postulated in ES IT +t¢ follow the kth' reinforecing

event. )

Example B : s, ¥ as above, uj arbitrary except that their
union is s . Here u YEmears" s among
(possibly) all r responses.
In the Response Probability Theorem, when fﬁsis finite, & can be
larger than 1 . This phenomenon has no analogue in the context of

the Conditioning Function Theorem.




-31-

Note 3: One may obtain formal similarity of this theorem to
the Response Probability'Theorem, although without any gain in
substance, as follows. The homomorphisms 7 and u are determined
by T. Let u(R) =6 . Then ¢(8) =- 9 . Now let 7' be any
homomorphism of ¢f into itself satisfying 7'(8) = 6 , and let u!'
be any homomorphism of E@ﬂinto §j7satisfying ﬁ*(R) =- 8. Tlet
M=y oyt iee. YMX) = 7(X) + y{X) for each X , and let

uw''=u+ u' . It is easy to verify that u" is a conditioning :

function, and that 7" is a homomorphism of deinto itself with
7"(8) =8 . (This is as far as we can go toward making "

resemble the identity transformation.) Then
TP{E) = (5-98)N 7" [PE)] + 6Mu" (E) .

y" and u" are not unigue, but (S-0)/) »" and & ) u" are .
| Thé first portion of the proof of the Response Probability
Theorem made no use of algebraic properties peculiar to the real
numbers. The material immediately following the statement of that
theorem in Section II, and continuing through Section ITI and
approximately the first two pages of Section IV, apply to our
present case verbatim provided we read "conditioning function"

for "probability measure.' (The single non-trivial exception is

the upper bound for 6 in the finite é@—caSeo) In particular,
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this includes the proof of the converse of the present theorem.

This suggests that the indicated portions of the two proofs
might both be subsumed under a general abstract formulation. This
ig indéed the case, and is true also for mest of the remaining
portidns, but we feel that the organization we have chosen results
in a clearer exposiiion.

We take up the proof of the Conditioning Function Theorem
gt the following point.

For csach E ¢ jz , there is a funétion ?E mapping Qf into

itself, such that
TR(E) = 7y [BE)] .

) p——
Lemma 5 : Let EF =0 , E, F, E+F e & . Let X Ve of ,

and XY = 0 . Then

(4) 7l E) Y rp(Y) = 0
() T Xt ¥ = rp(X) v (Y]

Proof: In the manner of Lemma 1 (Section IV), it is easy to
show that there exists a conditioning function P such that

P(E) =X and P(F) =Y . Then




7E+F(X+Y) = TP{E+F) , ’,"E(X) = TE(E) , end :rF(Y) = TBE(F) .

The result now follows from properties (CF2) and (CF3) satisfied

by the conditioning function TP .

Lemms 6: Let EF =0 , E, F, B+F ¢ & . fLet Xe¢f . Then

75(0) @ 7u(X) .
- Proof: Using Lemma 5 twice,
(X + 7p(0) = yg JlX) = 7 (0} + yp{x) . Hence
7gl0) @ rpl(X) 4 9p(0) . But 7 (03 /17.(C) = O by Lemma 5A .

Hence 7E(O) Lt VE(X}

Lemma 7: If [ > L, them 7.{0) ¢ 7.{X) for all Xedd
et E = R

and all E_eéf°

Proof:  Let: Ee&@ﬂ, X e J Ir mEDFeEE’} where = denotes
-pro'per inclusion, then. the conclusion 1s true by Lemma 6. If no such
set F exists, then, since |F| >4, E 1is the disjoint sum of sets
G and H of ﬁ . Then ?G(O) < ‘)'G(Xj by Lemms 6. Hence, using

lemma 5 twice,




7g0) = 7,00) v 7 (0) & v (X} + 7 {0) = 7 {x) .

When ]g{{ = U4 {(essentially this means = = 2) <+he above

Bit

result is false. TFor example, let 71(X}. 72(X) 2 -~ X . However,
it is true for r finite but larger than 2, and this is an
interesting difference between ponditioning functions and numerical
probability. For the latter, the analogue is 7E(O) < VE{X) , which
is falsge since & can be larger than 1 .
The next step is to prove that 7E(X) 5.7E{O} is independent of
E . First, let Ec B, with E, B¢ é: By Lemma 5 with Y = O

and B = E 4 F » We have

Now let also X = O . Then ;vB(o) ,vE(‘o) T

HWE{O) . Subtracting,

we have
Y { k“ ~ ¥ !'< ) oa 4 i g‘ o ¥ E
; ’{‘. .'. “ L ) T"ElQ ‘.} E:{: }

We now appeal to Lemma 2, which served in the numerical proof
at the corresponding place. Defining the relation E ~F of Lemma 2
to mean in this instance that ?E{X) - ?E(O} = 7F(X} - YAO0) 5 ve

conclude that
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[ég[ # b §%>7E(X) - 7E(O) is independent of E .

This is false for [J] =% . Let R = {1,2) , 7,(0) = 7,{(0) = O .
‘For O#X#£8, let Vl(X)Ag:XO » a constant set. In this example,
79 and 7, ©ven preserve inclusion, and in particular satisfy the

conclusion of Lemma 7.

As in the case of numerical probabilities, we now define

(1)  uE)

4

}E( 0)

i

(2) 7{X) ?E(X)' - u(E)

In view of Lemma 7 , we may write
(3 7 (1) = %)+ u(m) .

1. maps ﬂ; into g{ s while 7 msps if into itself. This proves tha$
the transformation T has the form stated in the theorem. It
remains to show that ¥ and u have the stated properties.

As a technical point, we remark that Lemmas 6 and 7 , whose sole
function was to establish that u(E) c ‘yE(X) , can be postponed to
the last stage of the proof. - Without them, we would not have (3) ,

and we would have to exercise more care to justify various manipulations
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which are obvious with {3) known.

let BF =0, &, F, B+F ¢ § . By Lemma 5 with X =Y =0,

we have

(%) w(E) /) w(F) =0 and

(5) | W(E+F) = u(B) + u(F) .

We cannot yet infer that wu 1s a homomorphism, because u(R) is

undefined. We define wu{0) to be 70(0) . Hence u{0) =0 .

As in the response ﬁrobability proof i/, it is easlly shown that
u( &) L)u(—E) is independent of E as R varies in jﬁ? . Now
define u(R) to be u(E) {J u(-E) .

It remains to prove that u(E) /) uw(-E) = 0 . Iet E ¢ l%?c
By virtue of |g] > ﬁ, either E or -E has a proper subset,

say B . Thus F/ - E . Now use (4) twice:

“sE/}F = 0 and F#E imply u(-g) /Y u(F) = ©

-E ] (E-F) = 0 and E-F £ E imply w(-E) [} w(B-F) = 0.

Hence u(E) ) u(-E) , which is the union of the two intersections

(D) in Section IV




e

sbove, 18 0 . From the symmstry of the sotelusion, we ses thit
we have covered also the cage vhere 1t 18 only =8 that has &

proper submet. This completes the proof thab

u 18 & homomorphism of @J into lj b

Kote: In thé case of numérical probabllities and finite &,
we could have w(R) > 1 . This has no enslogue for conditioning
funections.

We proceed now to the px"oper'bieé of v. Let X, Ye J,
XY =0 . Choose E and F eo thet EF = 0, E, F, EF ef@",
(In order to do this, we require |G| > k4 égaina) By Lemma S5A ,
yE(X) () 7F(Y) =0 . Now 7(X)}) and 7(Y) ere subsets, respectively,

of 7E(x) cand 7,(Y) , by definition (2) of y . Hense 7(X)/7)?{%) =20.

Using (3) and Lemma 5, we have

7'(x+y) + u(E+e¥) = Yl FHL) = ym(x) p 7’F(Y) = %) + u(8)

4+ () + u(¥F) .

But u is additive, and therefore 80 i ¥ . -Hehes

y is & homomorphism of J 1nte Qf s
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Remark: Since ¥ 1is a homomorphism, it also preserves
inclusion. From eguation (3), it is seen that also 7E rreserves
inclusion, a much stronger property than that proved in Lemma 7.
| | o
Next we assert that 7(S)/MwR) =0 . Let Ee . From
the definition (2) of »{X)}, we see that ¥{X) /) uw(®) =0 .
Letting X = 8 , we have 7¥{(8) [} u(E) = 0. But also 7(8) Nul{-E) = 0 .

The result follows.

Finally 7{(8) + uw(R) = 8 . For
(6) 8 = TR{R) = TP{E) + TR(-E} = ¥[P(E)} + w(E) + 7[P(-E)] + u(-E) .
Now 7[P(E)] + y[P(-E)] = ¥[P(E) + P(-E)] = 7[P(R)] = »(8) , while
u(E) + ul~-E) = u(R) , and therefore the righi member of (6) is

7(8) + w{R) . Thus (S} = - u{R) s and the theorem is proved.

VIII. Applications of the Response Probability Theorem to other

Stimulus Sampling Models.

In Section VI , we mentioned the idea [12] that a stimulus
element might be comnneected not to a single response, but to a probability
distribution of responses. We develop this idea briefly now.

Ilet R and.ég be as before, and S be an arbitrary set. Let és
denote the class of all functions P(s,E) , s ¢ 8, Ee &, |

satisfying:
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For fixed s , P(s,E) is a probability measure
on {}5’, (i.e. for each fixed = , P(s,E) ¢ & )

- Let C be a combination on @ It induces a "combination" € on

D by mesas of : C P(s,E) = C P(s,E) .

Let T , a trensformstion of & into itself, satisfy (CB) .
For each s , T induces a transformation T, of @ obtained by
. holding s fixed. Each ‘I‘S satisfies (C3) . Hence, if I@’] j:{ L

the Response Probability Theorem implies

T P(s,E) = (1-6_) P(s,E) + 6, K(s,E) -

o~
where BS is a non-negative function on § , and K ¢ @ . If Q is

infinite, then Qs <1l.

It might be argued that for § infinite, it is more appropriate

J——

to consider sets X of stimuli. To this end, denote by @ the claBs

of all functions P(X,E) , X e¢¢f < 2°, E ¢ &, such that, for fixed X,
P(X,E) is a probability measure con @ As befc're, a combination £ of
Ep Induces a combination ? of 35- . Let T, a transformation of ug into

itself, satisfy (CB) . If !gf £ 4, we have
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T P(X,E) = (1~9X) P(X,E) + 6 K(X,E)

—
.

where QX is a non-negative function on Q}?, and K € é? . If .iz
ig infinite, GX < 1.
In these corollaries, 8 and_qf play no role except as the

domain of the parameter. The nature of the dependence of P(S,E)

on s can be made explicit in particular models. (See [12).)

IX. Comments on the Beta Model.

One has the fe&ling that the Tesults of ThIs report have some
“bearing upon Luce's aﬁiomatic derivation of the beta model in [10}.
The fact that his response strengths v, are all positive seems a
barrier to this. On the other hand, the derived ”al@ha model” in
[10] is subjected to the same unusuval positivity condition p, > O
as a result of vy >0 . It may be of interest to.examine the

situation with this condition wezkened to Vi >0
Denote by 7 the set of all "responss strength" vectors

v = (vl,uoo,vr) with non-negative components and Zv > 0 ,°

T
where Zv denotes § o Those members v of P which have
i=1

Lv = 1 constitute é@ , the set of probability vecteors. Note that
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Tt is pointed out in {10], in connection with the derivation of
the beta model, that the Combining of Classes condition implies the
"Independence - from - irrelevant - alternatives assumption” in the
context of probability vectors, as in [4,5] and in Sectioné I1 - IV

of this report (specialized to finite R .} This is:

(1) Let T transform & into itself. Then (T¥E), is

a function of p, alone (i.e. independent of D, for § # i)

However, for a transformetion T of 7" into itself, this implication

is not true, as the example Tv = é§~ shows. Thus the assumption {l)
must stand on its own merits, without support from the Combining
Classes Condition (Cg) .

It is interesting to see what indeed are the conseguences of {83)
in the context of response strength vectorso-'Wé state the results
wvithout proof.

First, the definition of a combination operator C 1s obvious.

As an example, if r = 3 , o= {1,2} , c = 1 , then 0¥ = (vi—%vg, 0; V4
(03) implies

(2) {Tv), 1is a function of v, sand Zv (i.e. is independent of

i

vj for J % i except as vj affects EV} .

(3) % Ty is a function of Fv .

3

i
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'(03) not only implies (2} and (3) , but is in fact equivalent to
them, i.e. (2), (3)=> (¢3) .

As a corollary of (3) , we have

(4)  Given x>0, T carries the class (v : Sv=x] into

{v: v = g{x)} , where g 1is the function in {3) .

For each x> 0, T induces a transformation TX of QD into

itself:

Hence if Zv = x , we have Tv = g{x) Ty g .
(5) For all v, ¢, x, where x > 0, Cxv = xCv.
(6) (CS) for T implies (03) for each TX . (Proof:

use (5) repeatedly. )

If r> 2 , we conclude from the Response Probability Theorem:

N . .
TP = (1- )P + 6 A, where N ed and 0<06 < ¥

Hence, if v = x ,
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e ey
Ty = % (1 GX)V + Gxx XX .
The vector w in brackets has Zw=x . If 9X = 0 for some X ,

then Ty-: 5%§) v for Ey = X . - Thus (Tv)i is s multiple ﬁivi

of v, as in the beta model, but all the P, are equal. O0On the

other hand, their common value depends upon Zv .
)

(1) Conversely, such a T satisfies (C

-(8) These results extend to infinite R , in which case v

is a measure with v(R} > 0.

X.  Further Discussion of the Combination Operator.

In this section we characterize transformastions satisfying
(Cl) and (02) s, prove two statements about combinations made in
Bection IV , and effect combinations by éhripking the set o to a
point. The discussions are given in terms of nimerical probability
measures, but can easily be adapted to conditioning functions.
We begin by describing explicitly those transformations C Of-.

ép into itself satisfying

(c1) CP g P on -o and

(ca) - Plg) = P'(0) =CP = CP* on o ..
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Let C satisfy (Cl) and (C2) . Given P ; then C P is
completely determined on -~o , being equal to P there. It remains
to discuss CP on o .

First we note that CP(g) = P(¢) . It is convenient now to
define ﬂ?& as the class of sets E such that o 2 E ¢ é%ﬁ

(c2) implies that for E ¢ &

<,
a

CP(E) depends only upon E and
P{o) , and is independent of values of P "inside" o . _ Thus there

is & function Y(E,x) such that

(71) v(E,x) is defined for all Ee\_@; and 0< x < 1.
(72) For fixed =x= , V(E,x) is a measure on éa; .
(73) 7{o,%x) = x
(k) CR(E) = 7[E, P(o)]
)
If we let mx(E) - -ZLELEL for x > 0 , and m, bean
arvitrary probability measure on f?;.j then
(ML) m  is a probability measure on {3&\ for 0<x<1.

(There is no connection among the various measures. )

(M2) CP(E) = mP(O_)CE) o) .
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Conversely, any family m - of.pfobaﬁility measurss as'in (Ml)
defines a transformation of fp.into-itseif by means of .(Cl) and
(M2) , and this transformatiénféatisfiés (ce) , and of course (c1).

As & special case, if each m is_tﬁo-valued, then the measure
m  is determined by tﬁe ultréfilter [2,?]_df_supersets of sets E
for Which. mX(E) = 1 . BSpecializing further, if the m. &are all
egual, there is a single ultrafiitern ‘Finally, if o 1is Tinite,
each ultrafilter consists of the class of sets which contain a
particular point c¢ , and we are back to the original definition of
combination.

In the light of the above charééterization; we recall the remark
of Bush and Mosteller‘[h] that the distribution of P within o is
irrelevant, only P(o) being important. To this we cen nov add
that the distribution of CP_'Witﬁin g 1is irrelevant; 1t must, of
course, be independent of P , except that CP(c) = B(g) . For
example, with r =4 , o= (3,2}, P= (-pl',”..pg, Dy py) 5 the
transformstion | |

P tPy Py +Pp

=l » 77 - Pph

will sgerve as well as the older

CP = '(.Pl'l"p_'e ;_0)7_1?3: Pvli_ ) o
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Next we prove two statements about combinations made in

Section IV , using only properties (Cl)

and (C2) .
(1) Let Cl and C2 be combinations, and
o, 0y = 0 . Then Cl 02 = -02 Cl .
Proof: Repeated use of (Cl) vields Cl 02 P = 02 Cl P on
R-o0 -c,. From C, P(Gi) = P(Gl) and (C2) we conclude
Cl 02 P = Cl P on oy - But C, P

i

1 = 02 C, P on o .
Tpus 01_02 P = 02 Cl P on o, , and a similar proof works

Tor Ty e The result follows by additivity.

(2) Let T satisfy (03) . Let 01'62 =0 .
Then T satisfies 603) for €= C; Cp -
Proof: CTP = cl(c2 ™) = cl(cé TCQP) =
= 2 ¢ = & 12
cg[cl T(bgP)] Cg[bl Tcl(cgp)j
= CTCP

o

We remark that (Cl) and (C2) are independent of each other ,
even in the presence of their consequence {C3) , as easily constructed

examples show. Also (C1) and {C3) imply that C is a projection,
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i.e. € =C. (c2) and (C3) do not .

We turn now to consideration of the following idea sketched
in [5]. We effect the idea of a combination by replacing the set ¢
with a single new point o .
.x. ' A .
Denote by R ‘the set -o {J/{d} . The PBorel field\£@ induces
@ *

in an cobvious fashion a Borel field 52* cf subsets of R .« Denote

¥ e
by ép the class of all probability measures on é&f . Given

‘ "
P e E;), we define a corresponding SP ¢ ép thus:
(1) SP(E) = PlE-a) + Ea) Plo) .

. - N
Clearly SP ¢ éP . Moreover 8 1is a mapping cof é@ onto \QZF 5, L.e.
*
each member of LgD is 8P for at least one P ¢ (ﬂaa
Now let T be a transformation of é@ into itself. It is natural
to inguire whether T induces a transformation T of (' into
itself. Exactly how should T be defined T ITet P ¢ 4 . There

isa Pe D such that

(2) SP = P .

: N
Now transform P , and then return to {P via B . More

* _# :
precisely, we are led %o the definition T P = 5 TP . 3Bukb

L
T P is uniquely defined if and only if S5 T P is independent of the
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%
choice of P satisfying (2) for our fixed P , i.e. if and only if

(3) SP = SP'=» STP = 5TP' .

Now for any P, P’ e é@ , We observe that

SP = SP'@> P = P' on

Hence (3) will be satisfied if and only if

(4} | [P = P on =~c]l [ TP =z TP

on -~gj

But (4) is exactly what we called I(-o) in Section IV , and it

in turn ig equivalent to the Combining of Classes Condition (03) o

Thus we are led again to (CB) as the expression of invariance under

combining classes.
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