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PROPERTIES OF THE ONE-ELEMENT MODEL AS APFLIED
TO PATRED ASSOCIATE LEARNING

by

Gordon H. Bower

This paper presents the results of exploring the consequences
of an elementary theory of learning. Recently the model hasg been
- successfully employed in the analyéis of the data from several experiments
carried out by fhe writer on paired asscciste lesrning of humsn subjects.
Because of.the simplicity'of the model, a large number of consequences
{theorems) can be eassily derived and compared with the data. To date
thege predictions have.fared very well in éccountiné for daté from the
writer's expefiments on paired associateé learning. In addition, it
has been found that the structure of the model. is such,that.reasdnably
natural hypotheses may be stated relating parameters of the model to
experimental wvariables.

The'adequa¢y of the model in accounting for the data of a
number of preliminary experiments is sufficient justification for exploring
in detzil the consecuences of tﬁe-model, In purpose, then, this‘report
seeks to do for the one-element learning model what the Bush and Stermnberg
paper.[l] did fof the single Qperatéf lineér modei; fiz., derifé an
extensive number.of predictions from the axioms. The derivations of
results from the cne-element model are generally easier than analogous
derivations from the linear model and the resulting expreqsiqné are usually

gimpler in form.
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The learning model. to be discussed here is one special case of
a large class of small element stimuius sampling models originslly explored

extensively by Suppes and Atkinson {2] and Estes [3]. For this class of

models, it is assuvmed that the stimulus situaticn for the learning subject

may be represented by a sméll nmumber of separate aspects cr eiements and
that each element is conditioned to one or another mutually exclusive
responses available to the subject. The subject is assumed to semple at
random one of the stimulus elements on each trial and makes the response
to which that sampled element is conditioned. At the termination of the
trizl one or another response}is reinforced and with probability & the
sampled element becomes conditioned to the reinforced.response, if it
was not already conditioned to that response. One general conseguence
of these small element models is that response probability can change
only by diécrete steps, the number of steps determined by the number of
stimulus elements. In the early chapters of their book, Suppes and
Aﬁkinsdn:show general methods of derivations for models constructed on
the assumption of one element, bf_two elements, and, in general,

N elements; fhey further show applications of these models to the results
of experiments on multi-person interaction situations. The writer in
carrying ou£ his analysis of the present model has borrowed freely from
the general_derivational techniques displsyed in the Suppes and Atkinson

book.
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The basic notion of the present model is that each stimulus item
in the list of paired associates_may be represented by exactly one stimulus
element within the model and that the correct response to .that item
becomes . associated in all-or-none fashion. Considering only a single item
it can be in either of two "states" on each trial:.conditioned %o the
correct response or not conditioned to the correct resppnse. The
effect of a reinforced trisl (i.e., evoking the correct response in the
presence of the stimulus item) is to provide an opportunity fof the item
to become conditioned. The single parameter of the model is '8, the |
probability that an unconditioned item will .becéqme conditioned as the
result of a reinforced trial. Ail items begin in the.uﬁconditioned state
.and the effect of cohtinued_reinforced trginihg,is to increase the
probability that the iteﬁ has become conditioned.

If the item has bécome conditioned, thén.continued'reinforce-
mehfs of the same correct resﬁonse Will-enéure that the item:remains
conditioned. The prdbabilit& of tﬁe correct.reépénse when thé_item is
conditioned is.gnity. The prdbability of the correct restnSe:when the
item ié not conditioned depends upon the exact experimentél yfécedure used.
In experimehﬁs by the write:,.the subjécts wereltold the N .fesponses
(integers i, 2y ven g N) available to ﬁhem and were told to respond on
every trial regardless of whetﬁer they knew the correct numbér, If the
N numbers occur egually often as the to-be-léarned responses ﬁo the
items, then the probability that the subjeet will guess correctly on an
unlearned item is 1/N; correspondingly, his probability of &uessing
incorrectly is. 1-1/N. oOur discﬁssion of the one-element_model is

oriented specifically towards such an experimental procedurei
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A frequently used alternative procedure irn paired-associate
learning experiments requires the subject to learn the response alternatives
(e.g. words or nonsense syllables) as well as the S-R associations. In
addition, the exposure-time to each ifem is usually controclled by the
experimenter and the trisl-terminating event (i.e., correct responise in

. paired assoclate, next item in the list in rote serial learning) follows
iﬁexorably regardless of whether the subject makes a relevant respdnse,
The result of this procedure is that early in training the subject's
protocollincludes a mumber of fallures to respond and irrelevant responses
which are not members of the set of available alternative responses.
Detailed theoretical analysis of this type of data will probably prove
guite difficult and no such attempt is made here.

Because of the way the model is formulated, there . is a partial
determinism between the response sequence and the SEquenée of condition-
ing states. Specifiecally, if the subject responds incorrectly to a
given item on trial n, then we know that that item was not in the
Yeonditioned" state on triél n. This feature is very helpful in
geriving a humber of the theorems about errors. If the subject responds
correctly, however, then we cannot uniquely specify.his state of
conditioning since he may have guessed correctly. Thus, it is not a
consequence of the model that the subject's first correct response will

be followed with probability 1 by correct responses on subsequent trials.
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With these preliminary remarks, we now turn to the statement
of -the axioms and derivations of results. The first sectlion is concerned
with the analysis of the sequence of correct and incorrect responses to
a given item over successive trials of the experiment. The concluding
section is concerned with the derivation of statistical features within

the total list of items considering any single trial of the experiment.

II. Axioms and theorems &bout Total errors.

Axioms

1. Bach item may be represented by a single stimulus element which is

sampled on every trial.

2, This element_ig_ig_either‘gg two conditioning states: Cl (conditioned

to correct responses) or C,. (not conditioned).

0

3. On each reinforced trial, the probability of a itransition from C

0

to 01 EE.E constant{ €; the probability g£.g transition from Cl
fo € is 1
k. If the element is in state C, then the probability of a correct

= = el 2B 1

response is 1; if the element is in state C

0’ then the probability

of a correct response is 1/W, where N is the number of response

alternatives.

5. The probability o is independentlgi the trial number and the out-

comes gi_preceding trials.
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The trial sequence of states of conditioning forms s Markov
chain, with .Cl being an abscorbing state. 'The transition provabillities

are given 1n the following matrix:

1 0
{ .
1 1 o
(1) P =
0 e 1-0

It is easy to show that the nﬁh power of the transition matrix is

1 0
(2) P = o °
o] 1-(1-0)" {1-0)"

Wé.explicitly‘assume that all items start out in state 0 (i.e., are not
conditioned initiaLLy).. Thus, starting out in state 'Q, the probability
of still being in state O after n reinforced trial is {1-6)", which
-approaches zero ag n .becomes large. Thus, for 0 <8 <1, with
frobability 1 the process will eventually end up in conditioning state
c, (1.e., will become conditioned).

What is the average number of trials the process will be in
state 0 before -conditioning occurs? To_answer this question, define a
random variable f, tobel if the process is In state CO at the

-beginning of trial n, and fn is 0 otherwise. :Then the average

number of times, ﬁo, the process is in state 0 is




(3) hg =B} _£1-= i E(f ) =:_,(l_9)n-l - %
n=i n n=J. . n=l,

The variance of the number of times in state 0 is

o n ) L2 _ 171 _18
W) Var(r_lo) =3 [5-11. 272

For each item we define a sequence of response random variables,
X which take on the value 1 .if an error occurs on trisl n and which

take on the value '0 if a success occurs on hn. From the axioms, we have

(5) Prix = 1[ql)n} =0 and Pr{x =1]C

To obtain the probability of an error .on trial n, Q. we have

[l

(6) q =Prix =1) Pr{xn = 1!cl’n} Pr[cl,n}-+_Pr{xn = l|CO,n} Pr[qo,n}

n~1l

04 (1 -3) (1-0)"F = (L - 3) (1-0)

The expected total number of errors, Uy, before perfect learning is given

by

1. &

(Ta) w =B x1=3 Prlx =1} =3 (1-F) (1-6)7 - 8
. n=l n=1 1 \ |




-8 -

An alternative way to derive this result is to find the average number
of trials in étate CO, which is given by 1/6 as in (3), and multiply
by 1 - l/N since this i1s the probasbllity of an error for every trial
that the process is in CO.
In the expression for ul, all errors are weighted equally.
It is also possible to derive expressions for various weighted sums of
errors, as Bush and Sternberg have shown for the linear model. The

results here are exactly the same as their resulis. Three examples of

the expectation of weighted error sums are given below:

i
L -= u
(70} E[: nx ] = E n(l - 8 (1-0)""" = 92N o
1 -1 1
— *n O -§ (-6 L
(70) E[g?]=n= ” =~ logg

= % 1-6
(7d) E.[g;; w7 | (1 - _9 }:: (1 e) - - %ﬂ -

We next consider the variance of the total errors. However
before broceeding to the variance problem we should state a theorem about

the "autocorrelation”, Cr between errors on trial n and errors on
2

trial n+ k = N i o . i
k, 1, 2, 3, We define _ck,n as X Xn+k and this

will have a value of 1 only if errors occur on both trials n and n+k.




The expectation of ¢ is
: . k,n

(8) E(c. )

E(erl'lxx:ﬁk) = Blx

) - E(x)

n+klxn

Pr{xn+k = l[xn =1} Pr{xn =13} .

To ind the conditional probability above, we merely note that for an
error to occur on trial n+k it must be the case that conditioning has
failed to occur during the intervening k trials, and moreover that the

subject guesses incorrectly on trial n+k. The probability of this

joint event is

(©) Prix_, = 1lx, =1} = (1-9)F (1 - D)

Therefore, we have
_ 1 k 1 n-1
(10) E(e, ) =@ - P (1-6)° 1 - 5 (1-8)

A convenient statistic for comparison with data is obtained by taking
the asutocorrelation of Xn and Xn+k over all trisls n of the experiment.
We define ck t0o be the mean value of this random variable and we

have the following relation:

oo

(11) e, = E[E;; X Xn+k} = %;; Cyn = ul(l - %) (1..9)k

for k=1, 2, 35, sas
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We are now in a position to prove a theorem about the variance

of the total errors.

Theorem:
= Y101
(12) Var[) xn] = 5% [ 5 * (1-8) (1 + 2ul)]

n=1

where ug is the expected total errors as given in Equation Ta.

Proof:
o] oQ .
(13) Var[é=l xn] = é_l Var(xn) + 2 E Cov(xi,xj)
g 1<i<

To get the first term, we note

1 n-1 1 n-1
(14) Var(x ) =q (1-a ) = (1 - £)(1-6) [1- (- §(-6)777]
and asguming this over trials, n, we obtain

2

1

( o0 ( 1~ ]ﬁ_ (1 - %’) (ﬁ"‘ 1-8)
15) 2 Var(x ) = - . =y, —————
: n=1 " o 1- (12 1 29

To get the second term, the covariance sum, we first note

(16) Cov(xi,xj) = E(Xi’xj) - E(xi) E(Xj)




- 1] =~

The first term of (16) we have already calculated in (10), viz., for

jg>1i

- : 2 .
A7) Bxpx) = - @6 P et - - (el

So the covariance term is seen to be

(18) cov(x,x,) = (1 - %})2 (o)™ -1 -9 et - (1-0)*"L

2 . .
(1 -3 @)™ 1 - (@6

The final task is to perform the summation over all trials 1 and

with 1< j. : '

2 1,2 3-1 i-1
(19) > Cov(x;,x,) —Z Z 1-5 (3-8)Y7 [1 - (1-6)

1<

2 w . 2 « ; .
=(@-3 Y-t 3T el s eyt
J=2 J=2 i=1

Performing these summstions yields

1)2 (1-9)2

1,2 .3
(20) Z Cov(x ,x )= (1 - = o) . (1 - i)g (1-8) . (L I\I) (1-6)

<3 o N o o[1-(1-6)%]

With algebraic manipulations, this can be simplified to

(21) Z Cov(x X, ) = (1-6)

u2
<3 2-6 1
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Pyutting together our results in (15) and (21), we obtain

>
u, 2u. . ' u
(22) Var(zx) = 2—_% [1 -0+ %] + 5:3— (1-6) = 5:%- [% + (1-6) (1420, )]

This concludes the proof.

III. Theorems about runs of errors.

| Predictions about sequential features of the data may be
obtained by considering runs of errors. To dafe only mean values of
the various run distributions have been derived and higher moments
will not be discussed. We let rj represent the number of errcor runs
of 1ength- J in an infinite number of trials and we seek the expectation
of rj. For these purposes, it is convenient to define snother random
variable, uj, which counts the number of j~tuples of errors that occur

in an infinite sequence of trials. Formally, we define uj as

fe ]
2 = e j = 2, cas
( 3) uj X X Xn+j-l for Jg=1 2,
a=]1
Th_ LY 3
e product, Xn Xn+1 xn+jml’ has the wvalue 1 only when

consecutive errors occur starting with the error on trial n., It may

be seen that wu, 1is just the total number of errors.

1
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To meke clear how the u, ‘are being counted and their relation

to the rj, consider the possible sequence

1111100110001101000 -+« (all the rest zeros)

For this sequence, we would have

and total number of error runs, R = E rj = 4. In his excellent article
3
on "Sequential Properties of Linear Models™ [4], Bush has shown that the

rj can be expressed as linear combinations of the uj ; in particular,

(?h) rj = uJ - 2uj+l + uj+2
and
(25) R = ‘ng x‘j‘\ = U_l - '[_12

The readef mey verify these relations from the example given above;
resders interested in the derivation of (24) and (25) should consult
Bush's paper.

Having expressed the rj in terms of thé uj, we now turn
to deriving from the model the expected value of uj. We proceed as

follows:
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(26) E(uj) E[éé% X Ko Xn+j-l]

Il

[ra]
Ezl Pr{xnzl} Pr{xn+l=l|xn=l] Pr{xn+2=l|xn-xn+l=l]

R C R L L S Xﬁ+j-2=L}
Because of the Markovian properties of our model; the lengthy conditional

probabilities on the right-hand side can be gimplified, viz.,

(27) Pr{xn+i=l[xn=l, X =1, ves

n+1 L

X .. = . o=
n+i -1 n+i =1

That is, if the subject made an error on the preceding trial, then
that's all the information there is to be extracted from the entire pre-
ceding sequence of responses. His error tells us that his conditioning
state on the preceding trial was CO ;3 the probability of an error on

the current trial is then

(28) Prix . =1llx = 1) =6 - 0+ (1-8) (1 - %) = {1-8) (1 - %) =g

.

and, moreover, this holds for any trial number n. Thus, using relstions

(27) and (28) we may rewrite our equation for u, s follows:




- 15 -

w0
(29) E(uj) = g;l P?{xn=l} Pr{xn+l=llxn=l} e Pr[xn+j-1=1 Xn+j—2=l}
o
= E Pr{xn: l} o v e e O
he=1 ————
(j-1) times

1l

» w ]
E(u,) ol E Pr{ix =1} = uy ot
3 =) n

With these values in hand we may now calculate R and rj

using relations (24) and (25). We obtain

(30) E(R) = E(u)) - E(u,) =u, (1-0)

1

(31) B(r,) = B(u;) - 2B(a,, ) + B(u,,5) = ul(m)"‘- ad”

R{1-t) ot

The average length of runs of errors is given by

L

u
1
(32) ave. run length = & = 7=

It 1s also possible to derive trisl-weighted k-tuples. One example

is shown here where doublets of errors are weighted by the trial number

of the leading errcr:

o . =) cu
1
(33) E[E=l nox Xn+l] = g;; n Pr{xnzl} Pr{xn+l=l|xn=l} =g
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Another useful statistic in summarizing sequential properties of the

data is obtained by taking the difference between the number of errors
-following errors and the number of errors following successes. Sternberg
(5] haé used this statistic in analyzing perseveration in response

tendencies. Following Sternberg, we define Bn as

(34) | B =

n Xn+1 xn - Xn+l(luxn)

Bn will have the value 1, 0 or -1. The expectation is
= - 3 = sl = =l P =
(35) E(Bn) Pr{xn+1 1|xn.l} Pr{xn 1} Pr[xn+l l|xn 0} r[xn 0)

where
Pr{xn+l=l|xn=l] = (1-8) (1 - %) =Q
.and
Prix .=l nx=0] £ (1-)"™ [(1-8) (1 - 3]

Pr{x_ . =1]x =0} = =
n+l " n Pr(x_=0) 1-(1-9) (1-0)21

S0

B(e) = a( - D0 - & 10" cae)™t (1 -}

which, for N >2 1s always positive; that is, errors are more likely
to follow errors than to follow successes. The sum of Bn over trials,

B, has expectation

(36) | 2(8) = B[} 3] -2 -3

n=1
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Similarly, we may define the number of alternations of successes and

failures asg

(l-xn) + (1-x

n = o+l ae1) *a

(37) A =
The expectation of An is

(38) Ba) =% (-0 ¢ (10) (- D) (1-0)°7

And the average of the sum of An over trials is

(39) B A1 =ulo+ 200
n=L

Iv. .Errors during various parts of learning.

In this section we derive the distribution of the number of
errors before the first and ﬁefore the second success and the distribution
of the trial number on which the last error occurs. We define F as a
random variable representing the number of errors before the first
success. The pﬁssible values of F are 0, 1, 2, ... . The probability
that F = 0 is just the likelihood of guessing correctly on the first
trial, which is 1/N. For F to be k > 0, we require an error on the
first trial, with probability 1 - 1/N, k-1 successive failures without
conditioning occurring, with probability (1 - 1/1\1))““l (1-9)k“l, and

following the kP error, & success with probability & + % (1-6).
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Thus, the distribution of F is given by

= if k=0
(40) Pr(F = k} =
(1 - %) (1) & ir x>1

where « = (1 - %ﬁ (1-8) as before. The mean and variance of the number

of errors before the first success are given by

(41) E(F) = iiij%éﬂ s Var(f) = E(F) [1 + (1-268) E(F)]

Now define S asg the number of errors before the second success,
The probability that S = 0 is the likelihood of a correct guess on

trial 1 and a correct response in trial 2, which is %'[9 + (l§9) ]

For general k > 0, the event of k errors before the second success

can happen in three ways: (a) all errors through the first k trials
with no conditioning, then the item becomes conditioned on the kth trial
and the second success occurs on trial k+2--the probability of this

event being (1 - %)k (l—Q)k_lG; (b) the item becomes conditioned at the
end of trial k+1 after having one success some place duriﬁg the first

K
k+l trials--the probability of this event is LE%ll (1 - %J (1-0)F o ;

or (ec) the second success occurs by guessing on trial k+2 and the first
success occurred somewhere during the first k+1 trials, no conditioning
occurring during these first k+l trials--the probability of this event ;.
L@ 1 K K+l : o
is (Eﬂ (k+1) (1 - ﬁ) (1-8) . Putting together these considerations and
simplifying, we arrive at the distribution of the number of errors before

the second success:




s =2 for k =0
(k2) Pr{S = k} =
(1 - %){9 + so(l-e)(k-!-l)] oF 1 for x > 1
The expected value of 8 1is
(43) B(s) = 12N, 2 )+ —E
N(1-x) N(1-ct)

Thus, we see that the average errors before the second success can be
expressed as the number of errors before the first success, E(F), plus

s term giving the expected number of errors intervening between the first
and second success. It should be noted that the average trial number

on which the first success occurs is E(F) + 1 and the trial number of
the second success is E(8)} + 2. The variance terms would be the same.
The variance of S, the number of errors before the second success, may
be obtained directly from the distribution in (42). After simplification,

#

the result is

() Ver(s) = ;% + —— [ + (1) (eon-1)]
N{1-<x)

Let us now consider the total number of errors following the
first success. 1If the first correct response came about through
conditioning on the preceding trial; then we expect no further errors
on that item; if, however, the first correct response came asbout by
guessing, then we expect a few more errors. let e represent the

average number of subseguent errors followling first successes which




- 20 -

came about by guessing. The value of e may be derived to be

(45) e=6-+0+ (1-6) i (1 - %) (1-1-9)11'3L = (1-6) uy

n=L

If we let g represent the proportion of first correct responses which
occur by guessing, then the mean number of errors following the first

correct response (call it w) will be
(46) w=g-*e+ (l-g) " 0=g" e

That is, a proportion l1l-g of the first correct responses occurred
because of conditioning on the preceding trial and for these items we
expect no subsequent errors. To complete our derivation we need to
know g, the pfobability that the first correct response comes about

by guessing. This result is easily derived as

I

(47) g flq*’r 1 - %)(1-9) i\r':"l' (1 - 1]_\})2 (1-8)° l%Jr

IR 1
N %E;cx - N(1-a)

Combining this result with (45) we obtain for mean errors following the

first correct response,

(1-6) Yy o

(48) T S 7 617 M Y Gy
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This result may be checked by subtracting the average errors to the first
success from the average total errors, since we should get the same answer
for w, viz.,

(1-8) o
1771 - a  Tme(l-o)

(49) wozu - E(Fl) =1

The values of g and e derived above cannot be compared with the

data because we can't tell whether a given first correct response has come about
by conditioning or by guessing. One might think that l-g could be
estimated by the proporition of first correct responses which were
-followed by all correctron further trials. Aithough it is true that
this."no more errcors" property will hold for items whose first correct
response occurred via prior conditioning, it is also true that some

items whoge first correct response occurred by guessing will also exhibit
no further errors. In fact, it is possible to derive an expression for
the proportion of seguences exhibiting this property of no errors
following the first correct response. ILet b represent the probability
that an item will exhibit no further errors after its first correct

response came about by guessing. We may derive the relation

(50) b

i

' 2
8 + (1-8) 1%]-9 + (1-9)2 (JN—"—) 6 + oo

¢ f: [ (lr_;re) F - 91-9
j=o
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That is, with probability & +the item was conditioned on the trial on
which the first correet guess occurred; with probability 1-6 conditioning
did not occur on that trial, the 5 guessed correctly on the next trial
with probability l/N and the item became conditioned then with
probability 6, and so on.

Using this result, we can now write an expression for the
proportion, p, of items whose first éorrect résponse is followed by
all correct responses. This includes a proportion 1l-g whose first
‘correct response came about because of prior conditioning, and a
proportion g+'b whose first c@rrect response occurred by guessing but ne
| further errors occurred. |

(51) p=1-g+gb

(1-6) (N-1)
(1 + (n-1)6] [6 + N - 1]

Il

1-g(1-p) =1 -

This proportion, p, of sequences characterized by no errors following
the first success can be remarkably large. For example, if 6 = .20

and N = 8, we predict that 67.5% of the sequences will have no errors
following the first correct response. The probability that no errors

occur with a particular item is

=
"

(52) | Pr{u, = 0} =
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Thaf is, with probability 1/N the first guess is correct and with
probablility b no further errors ére made. Thus, with 8 = .20, we
expect the proportion of items displaying no errors to be about o%
when N =3 and about 3% when N = 8.

Another interesting and exacting test of the Markov model
arises when we ask the guestion: given that an error occurred on
trial n, what is the expected number of errors that will follow before
perfect learning? 7The rather surprising answer to this question
according to the model is that the expected number of errors following
an error is a constant independent of the trial numbef on which the
leading error occurred. That is, If we observe an error on trial 1,
the expected number of subsequent errors is predicted to be the same
as that following an error that occurs on, say, trial 25. This result
is counﬁer to intuition but nonetheless follows strictly from the
Markov model. The point of the matter is that if we observe an error
on trial n, then we know the item was not conditioned prior to that
trial; hence, we can assume our Markov process "starts" in state O on trial
n and the expected number of subsequent errors is (1-6) u;; 8s was
derived for e in Equation 45. When an error occurs we may, so to
speak, set the cloek back to trial 1 as far as the model is concerned
in predicting future behavior. Thus, the expected number of errors
following an error on trial n is a constant independent of n. It should
be noted that this prediction 1s markedly different from that delivered
by the linear model which would predict that errors following an error on

trial n is a monotone decreasing function of n,
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As a preliminary test of these predictions, data from one group
of 1k Ss learning a list of 10 paired associates were analyzed. For
these purposes trials 2, 3, 4 and 5 were selected, and the average number
of subsequent errors was determined for those item-subjects. showing
an error on trial 2, on trial 3, etc. The results, in terms of average
subsequent errors, are 2.08 following an error ocecurring on the second
trial, 2.03 following an error occurring on the third trisgl, and 2.05
following an error at the fourth or fifth trial (these were pooled to
get a larger sample}. Pooling the data for errors on trial 2 and trial 3,
the mean is 2.05 which is identical with the average errors following
errors that occur on the fourth or fifth trials. Thus, these limited
results give rather striking confirmstion to the "constency” prediction
from the one-element Markov model. However, more data analysis 1is
reguired before we can make a confident decision in favor of the Markov
model énd reject the linear model..

The results obtained so far are useful in helping us to derive
the distribution of-the trial number on which the last error occurs in
an infinite sequence of trials. ¥For these purposes, let us define a
rendom varisble, n', which represents the trial number on which the last
error occurs. Also we allow n' to be zero in case no errors occur at

all. The probability distribution of n' is given by
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b
ﬁ for k=0
(53) - Prin' =k} =
bl - I%f) (1-9)}‘“l for k>1
where
6
L )
TN

The first value for k = O has already been derived in (52).
To obtain an error on trial k, it must be that conditioning has failed to
occur on the preceding k-1 trials and the subject guesses incorrectly

on trial k, and then makes no more errors with probability b. The

mean and variance of n' are

1
b(l - =)

- PR Y
Var(n') = m[ %—— 1 - m]

We may use (5&) to derive numerous relations between mean errors at

different parts of learning. One example is the average number of trials

between the first success and last failure; this is

(-5
1- o

(55) E(n') - B(F + 1) =%ul - -1
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Similarly, the average number of trials between the second success and

the last error is

L G V) -

2] 1 - N(l41)2

(56) E(n') - E(S +2) = -
What we have accomplished in this section is s rather precise
partitioning of the response sequence around three nodes--the first
success, the second success, and the last failure. To illustrate this
partitioning, Table 1 shows the wvarious error quantities for the

iliystrative values of N =3 and 6 = .10.

TABLE 1

Expected Error Quantities For the Values N =3, 6 = ,10.

1. Total errors 6.67
2. Errors before flrst success | 1.67
3. Errors between first and second success 1.25
4, Errors before second success 2.92
5. Error following 1% success 5.00
6. Errors following 284 success 3.75
T. Trial of last error .9.53
8. Trials from first success to last error 6.86
9. Trials from second success to last error k.61
10, Proportion of items with zero errors 7 M.T6%
11. Proportion of items with no errors following

first success 28.58%
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V. Statistiés acrpss items within & particular trial.

The preceding analysis has been carried out for single items
across trisls. In applying this model to paired-associate learning,
experimental conditions can be arranged so that we may assume that each
of the K items in the list has the same learning rate constant, €.
"That is, the stimulus items may be so chosen that a1l K items may be
considered as homogenecus in difficulty. To the extent that these
homogeneous conditions are satisfied, we may consider a run through the
list (a trial) as providing a sample of size K from & binomlal
population. To make this notion explicit, let us arbitrarily denote

the response to the first item in the list on trial a by a random

variable Xy 0 the response to the second item of the list by X2 o
2 2
the response to the K" and last item by x_ . Because we usually
5

randomize the order of the items between trials, the first item on
trial n+l will not usually be the same as the first item on trial n.

Nonetheless, would still be defined as the response random

*1, 041
variable for the first item on trial n+l, whatever that item may be.
The reasoning here is that if we consider the response to each item

as being one sample from the same binomisl population, then it makes

no difference in which corder the samples are drawn or labelled.
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The response random varisble for the 1°° item in the list

is defined as

1 if error on ith item on trial n

G % =

0 if correct on ith item on trial n

and the parameter of the distributiocn is
| ‘ _ N 1 n-1
(58) Prixg , =1l =q =@ -3 -0

We define the total number of errors on trial n, Tn’ as

the sum of xi , over the list of K. items:
. b
K _
(59) II.n = E:: xi,n

=
It is clear that T = has the binomial distribution given by
' i Ky | K-35
(60) Br(T, = 31 = (}) ap (T-q))

with mean and variance

(61) E(Tn) = Ka_, Var(Tn) =K qn(l-qn)
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. Using (60) and Equation 58 for aQ, we can calculate the probability
that, say, exactly half the items are correct on trial n (for K even,
of course). This probability is

) (Klje) (@ -3 (1-)"1%2 11 - (1 - 2) (1-6)2"11/2

]

(62) Pr(T =

PR

ft

() [0 - P - @ - P @.F2
K K
= (Kyz) P

If N is large, say 8, then this probability begins at a low value,

increases t0 a maximum with trials, then drops eventually to zero as n

becomes large. As n becomes large, sll items become learned and the

probability of getting exactly helf the items correctly decreases to zero.
One can also use (60) and the Equation 58 for a, to calculate

other statistics of interést such as the probability of getting at

least J correct ocut of the X items. Such probablilites are obviously

related to "criterion of learning' scores. Consider the criterion of

.éll items correét: What is the prébability of getting all K items

correct on trial n? Thisg probability is

K

1 n-1,K
(63) BT - K} =[1-Q-50-8)""1" =p
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This probability can be used to compute the distribution of the number
of trisls before a criterion of K correct is met. Iet C Dbe the
number of trials before meeting the criterion of one correet run

through the list. Then the distribution of € 1s

Pr(C =1} = p;
Pr{C=2)=(1- pf) pg
(64) .
n=1
Pr{C = n} = pi (1 - p?)
j=1

where
1 1] .
p, =1-(1 - =) (2 -8}

J N

The mean trigls to criterion would then be the expectation of the
random variable defined by (64). Unfortunstely, no analtyic solution
to the problem is available because of the product term on the right
side of {64). However, for reasonable values of 8, E(C) could be
approximated numerically from the first ten or so terms of the first
moment sum.

A final issue to be considered concerns run statisties within
a trial. Analogous to our definition of us in (23) for a single item

sequence, we may define

K-(3-1)
(65) y. =

i,n S 1,0 “141,n °77 Fitj-1,n
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The ¥, n count Jj-tuples of errors on the nth trial. Because we have
7

assumed that the % 4 and Xj o ore independent samples from the
b 211

binomial population, we may write the expectation of yj L 28
: 3

(66) E(y; ) = R R =(K +1 - j) qp
=
Jj times

Using the yj L Ve may define runs of j-errors within trial n--call
A

it m, --anslogously to (2h);

?

(67) 7 mj,n = yj,n B 2y3'+1,n yj+-2,n
The expectation of mj n is then
3
(68) Bm, ) =ad(1-a)? (K+1-3) +20%0 - a)
Jn n n n gn

Since g is a decreasing function of =n, the limit of E(mj n) as
: p 3

n increases is zero. The total number of runs of errors on trial n

is

A ' 2
(69) Ry =¥1,q = Yp,n = K - (K1) @

: A

The mj n and Rn 80 calculated are for a single trial. To get a
2

larger sample we may sum these terms over trials of an infinite

sequence. There ls no problem here with convergence of these sums

because eventually all items are answered correctly and rums of errors
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would cease cccurring. We may thus define mj as the sum over all

trials of mj n’ The expectation of mj is seen to be
3

(710)  Bln) =®L3_m; ] = ﬁi—: B(m, )
(K+1-3)[1- 1%-]3 2(K-3) [1- %]jﬂ (K-1-3)[1 - %}]3*’2
T o1-g-e) 1-(ee)t 1-(1-0)%

Also, we may derive the total within-trial runs of errors o be

oo 4] A u -
(73_.). E(ﬁ) = E[Z_I ’fan] = E ER) = 5_—%— [1 + K(1-08) + %

Discussion.

The previous sections have illustrated some of the large

number of theorems derivable from the one-element model, These theorems

are stated in a form equating some property of the data (e.g., number of

error runs) to a derived expression which, once N has been fixed by

the experimenter, is only a function 6. One of these equations would

be used to estimate 6 and the remainder may be used to obtain
numerical predictions about various measures of the data. The

statistic to be used in estimating 6 1s arbitrary; the writer has

usually used average errors per item since this statistic uses most of

the data and is probably a minimum variance estimator.
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As mentioned earlier, the one-element model developed here
has proved quite adequate in accounting for the data from several
experiments on paired-asscciate learning. . It is indeed a2 pleasant
colncidence in mathematical learning theory when we find a model
that comes close to the data and for vhich meny important predictiocns
are derivable in closed form. With the mathematical analysis of the
one-element model now in reasonably complete form, the machinery is
availlable for msking detailed comparisons of the linear model and the

one-element model in their prediections of experimental results.
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