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LCHAFTER. 1. INTRODUCTION

Stimulus sampling models have enjoyed increasingly wide appli-
cation in learning theory. Although the representation of a stimulus
gituation as a set of elements is a familiar aspect, at a verbal

level, of the classical identical-element conception of transfer,

-this notion was apparently first formalized in a theory developed

to account for the effects of repetition in the acquisition process.i/
Natufal extensions of this theory have led to interpretations of
discrimination, generalization, temporal processés, snd even
motivational phencmena.

.The development of stimulus sampling theory has proceeded on
a plecemeal basis, Instigabed and directed largely by empirical
considerations. Consequently it is not surprising that the litera-
ture includes many variations even in the treatment of simple learning.
Always it is assumed that the subject in a learning experiment
samples a population of stimuli, or "cues,"” on each trisl, that his
rrobasbility of making a given response depends on the proportion of
sampled stimuli that are "conditioned," or "connected,” to the

regponse, and that the connections between stimuli and response

i/ For an introduction to the ;iterature, psychological and
mathematical, respectively, on stimulus sampling theory, and
for extensive bibliographies, the reader is referred to
{31 and [17. o '




change a3 a3 result of reinforcement'and nonreinforcement during
-learning. However, some investigators have assumed independent
._sampiing of stimulus element on the part of the subject; some have.
assumed that the sample size is fixzed; some have used a "fluid modél"
iﬁ which the distinction does not.appear° For the most part, in
earlier work 1t was always assumed that both population and sample
are large; consequently differences among the varying treatments
were glossed over by "large numbers" approximations. More recently,
the advantage of dealing with sampling models ss finite Markov
processes has been recognized and the different consequences of
different assumptions sbout the sampiing process have begun to
come to view,

A recent article ([4]) Qrganizing_maﬁy of the results obtained
in the mathematical aspects of stimulus saﬁpling theory to date
has clarified the differences among the particuLar variants and
lat_the same time has brought out the need for a systematic treatment
~of’ the subject. Independent_sampling models and fixed sesmple size
models yield the same predictions in many instances; bub sometimes
quite different_qgeso It is desir&ble both to see just what kinds
of predictions are independent of particuiar sampling assumptions
and to develop means for conducting diffevential tests of different
assunptions under appropriate conditiocuns. Two aspects of stimulus

gampling, random variation in the availability of particular




stimulus scources, on the one hand, and variation due to the sampling
of available stimuii by the subject, on the other, have been confused
more ofteﬁ than distinguished in the literature. Very recent;y,
theorems and techniques from the literature on Markov chaing have
made their appearance in this area, but no investigations have been
reported concerning the general rules of correspondence betﬁeen
states of a Markov chain and events in a stimulus sampling model.
In this report we glive some of the principal results of our
analysis of the foundations of stimulus sampling models. The inves-
tigation has been conducted in the same spirit as our treatment
of linear models [5]. It has proved to be a much more extensive
enterprise, however, and more of the results are new from the
psychological , or experimental viewpoint. The novelty arises
primarily from the generality of our methods, not from any inten-
tional introduction of novel poncepts or hypotheses. Where we
define new concepts it is only for the purpose of meking explicit
distinctions which have not been so in previous work. We will havg
occasion to state assumptions that have not appeared hitherto in
the literature. One of our objectives has been to discover just
what assumptions are necessgary to Jjustify the various results,
learning functions, asymptotic predictions, ete., that are generally
accepted as belonging to stimulug sampling theory. In many instances,

a detailed analysis reveals that these results cannot actually be
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" derived without the use of assumptions which either have been

made only tacitly or have not been recognized-at all by previous
investigators. (We are not pointing the finger at anyone here;
‘the "previous investigators™ are in some instances 6urselves,).
The axioms for shtimulus sampling présented in this report
rmake.explicit the independence of path properties and the trial
invariance that have been tacitly assumed in nearly all contem-

porary theories. Concerning the nature of the sampling process,

these axioms are less restrictive than those of any cne extant
theory; they suffice to generate as special cases both the
indevendent sampling model and the fixed sample-size model. One
of the by-preducts of our analysis is the demonstration of a
number of empirically testable predictions that hold independently
of - particular sampling cases.

The two principal sources of variation in stimulation are
'Sﬁarply distinguished in our analysis} Az in the various published
formulations of statistical learning theory, the totsl population
of stimuli ever available during a given experiment is represented

' The subset of cues

by a set S of shimulus elements, or 'cues.'
that are available for sampling on a particular trial will be

designated the presentation get, denoted by the letter T (with :

- guperscripts if needed to distinguish among two or more different

presentation sets)o Ordinarily the different presentabion sehs



defined for & given experiment correspond to stimuli whose proba-
bilities are under the control of the experimenter, as under a
classical discrimination procedure. However, the probabilities
of presentation seté may alsc vary with time, as in fluctuation
models for retention, spacing effects, and cother time dependent
phenomena. The subset of cues thét affect the subject's behavior
on a particular trial will be designated the sample, denoted s
The probability of a particular sample given the presentation set
is assumed to be fixed for a given subject and experimental
situation, and, in particular, does not vary during the course of
Jearning. Owing to this property, it might be expected that changes
in the conditioned status of conditioned elements from trial to
trial might be represented as transitions among states of a Markov
chain. This is indeed the case, fortunately for calculational
purposes, under certain circumstancés. Not always, however, for
the probabilities of presentation sets and reinforecing events may,
.in general, depend -upon .cutcomes éf any number of preceding trials.
One of our general results is a theorem prescribing the way in
which for any given experimentsal routine states may be defined so
.as o permit interpretation of the process as a finite Markov chain.
The basic differences between stimulus sampling models and
linear models can be explicated in terms of the sample space under-

lying each. To .characterize a single trial in .a stimulus sampling
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model, we require six items of inforﬁation: the way in which the
stimulus population (S) is partitioned into subsets of elements
conditioned to the various possible responses; the presentation

set (T) ; the sample . (s} ; the response made by the subject (A) ;
the experimenter-defined outcome, reward, punishment, etc. (O)_;

aﬁd the reinforcing event (E) . An experiment comprises a
.sequence of such trials; therefore the sample. space must contain

a point correspconding to each possible sequence. In the linear
model of Bush and Mosteller [E]y a trial is characterized by only
two of these items, A and O , both of which ars observable; a
~ third class of events is provided for, but does not sctuslly enter
into any applications of the Bﬁsh and Mosteller model thét have
appeared to date. The linear model investigated by Estes and .
Suppes [5] requires three itemsg of informetion té,specify a trial:
A, O, and B , The firet twoc are, again, observable responzes and
~experimenter-defined oubcomes, but the third, F , is a purely
hypothetical "reinforcing event" which represents. the conditioning
effect of the trial outcome.  Event Ei is said to have occurred
when the outcome of a trial is such as to increase the probability
--of the response Ai in the presence of the given stimuius (provided,
of courge; that this probability 1s not already at its maximum
'-value)o Btrictly speaking, an item corresponding to the presentation
get T should appear in the linear models, but it has been possible

conveniently to suppress it since the linear models have been developed




primarily for the case of simple learning, in which the same
presentation set cccurs on all trials. The learning axioms of
linear models prescribe linear transformations in response proba-
bilities; the parameters of the "linear operators® applied on any
trial depend, in genersl, on the response and the outcome of the
trial but otherwise have no interpretation in terms of more
primitive notions. The learning axioms of stimulus sampling
models prescribe how the conditoned status of stimuli in the trial
sample changes. Given the reinforéing event of a trial, the changes
prescribed by these axioms are strictly deterministic in character.
Linear tranmsformetions of response probability occur in certain
cases of stimulus sampling models, but they are theorems rather
than axioms; also; they differ from those of the linear models in
that they do not describe changes in response probability for
individuzl subjects.

Other differences between linear and stimulus sampling models
are derivative Trom the fundamental ones stated above. From a
mathematical standpoint it 1s important to note that since in-
linear mcdels the response probability associated With g particular
.subject undergoes linear transformations as a result of reinforcing
events; this probsbility is free to vary continuously over the
entire interval from O 'to 1 ; consequently if one wishes to

interpret changes in response probability as transitions among




states of a Markov precess, one must deal with & continuocus state-

spéce,_and thus the Markcvian interpretation 1s of little practical
vajue for calculasticnal purposes. In giimulus sampling models,
-responge probability is defined in terms of the proportion of
sbimndi connected te the responsea  Since the set of stimuli is
finite, s0 also is the set of values taken cn by the responsze

probability of any individual subject. It is this finite character

- of stimulus sampling models that makes possible the extremely
fruitful interpretation of these mcodels as finite Markov chains
(see, e.g., t41).
It has commonly been assumed by investigators in this area -
that a linear model may be regarded as the limiting form to which
a stimulus sampling model converges as the number of stimnli goes
to infinity. .The main basgsis for this assumpbion ies the fact that

in some cases recursive expressions for response probasbilities

derived from stimulus sampling models reduce o linesr functions

in the limit as N -—> @ (N being the number of elements in the
stimuius populatioﬁ S),l Aleo, Kemeny znd Snell [7] have shown that,
for the noncontingent case of simple learning, the asymptotic
distribution of response probabilities for an independent-gampling
rodel agrees In the limit with that of the linear.modela However,

no procf has been given that for large N stimulus sampling models

converge uniforaly over trisls to linear models. In the present




investigation we undertake to state and prove a theorem stating
- precisely how and under what conditions stimulius sampling models
do converge in the 1imit to linesr models.

In the present report we limit outselves to the statement
. ofF the principal axioms and general theorems of stimulus sampling
theory. A few resulbty for particular experimental cases are given
for illustrative purposes, but the systematic working out of
special cases, especlally these invelving various typesof rein-
forcement and discrimination schedules is deferred for iater

Ppresentation.




CHAPTER 2. FORMAL STATEMENT OF THEORY

£2.1. Primitive and Defined Notions.

The theory is based on five primitive notions, each of which has
a simple peychological interpretation. The first one is the set 8 of
stimuli. It is to be emphasized from the beginning that in general the
set S is not directly cbservable. The second and third primitive
notions are respectively the number r of responses available and the
number t of possible‘trial outcomes. In most experiments r and t
are completely determined by the experimenter.

The fourth primitive notion is the sample space X . Each element
x of the sample space represents a possible experiment, that is, an
infinite sequence of trials. In the present theory each trial may be

described by an ordered sextuple < C,T,s,1,j,k > , where

the conditioning function,

(@]
t

T = the subset of stimuli presented to the subject
on that trial,

& = the sgampled subset of T ,

i = the reasponse made on that trial by the subject,
(L<i<r)

J = the outcome of the trial, (0< j < t)

k = the reinforcing eveni occurring on that trial;
(0 <k< r) .
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We want to make a‘number of remarks about this sextuple description
of a trial. Neither the conditioning function C nor the sampled set s
iz ordinarily observable; on the other hand, the regsponze 1  and the
outcome Jj are observable directly by the egperimentern The situation
is more complicated for the presentation set T of stimwli. For the
analysis of simple learning we identify T and S (i,e,, T =8) .
In the case of discrimination learning, the set T will vary from
trial to trisl; its complete observability on a given trial depends cn
the exact character of the discrimination experiment. -We return to
this point later. The =r responseé associated with a sample space X
are mutually exclusive and exhaustive. The component J on any trial
is to be interpreted as the opérationally defined outcome of & trial,
e.g. the reward, omission of reward, unccenditioned stimulus, knowledge
bf results, or the like. Ordinarily, as already remarked, the outcome
ig wnder the control of the experimenter, and always the outcome is

observable by the experimenter. The component k , customarily

N

referred to as a "reinforcing event,” will determine which one of the
three learning axioms (see below) is +o be applied on the trial. We

" shall follow the usual notaticnal convention that the kth reiﬁforcing
event (1 <k< r) corresponds to the learning axiom which prescribes
reinforcement of (an increase in probability of) the kth response,
and that the interpretation of k = ¢ is that no responée was rein-

forced on the trial. -Fréquently, bubt not always, there is a one-to-one

correspondence between outcomes and reinforcing events; when this is




the case, it 1s customary in the literature to ignore the distinction
between experimentally defined outcomes and reinforcing events and
to speak of thellatter as though they were experimental operations
(see, e.g. (21, [31, !5]), In general, however, the number +t of
observable outcomes may be either smaller or larger than the number
of reinforcing events. It is a consequence of our axioms that the
probability of & reinforcing event depends only on the response and
the outcome of the given trial.

The conditioning function C Iis defined over the set of first
T positive integers, and Ci {i.e., the value of the function C
for the argument i) is the subset of § <c¢onditioned, gz_connected,
- to response i on the given trial,f/ A conditioning function
partitions the set S of stimulil, assigning thereby each element of

*x%/ .
8 to exactly one response. Thus if r =2 and

5 = {a,b,c} ,

*/  We use 'conditioned' and 'connected' as synonyms.

*¥*/ More formally, we may define: C is a conditioning function

if', and only if,

(1) C is a function whose domain is the set of first =

positive integérs,
(11) e, =8,
i

(111) if 1 #4i' then cllc,, =0 .
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& possible C is:

(9]
|

{a,b}
C., = {c}
To summarize, the sample space X consiskis of all possible

sequences of trials consisting of sextuples < C,T,s,i,j,k > . We

call X +{he sample space relative to S, r and t . It should also

be mentioned that the order of events in the sextuple representation
< C,T,8,1,),k > reflects the assumption that this is the temporal
order of events on each trial. In other words, the temporal order

on any trial is:

State of presentation sampling

conditioning - of stimuli - of — respongse — outcome —
at beginning stimuli

of trial

reinforcing state of
event = conditioning
at beginning
of new trial.

It is-also convenient to define the notion of a sampling function

'Sy - The domain of s, is the set of responses, i.e., the first =
positive integers; then s is the subset of S sampled and

conditioned to response 'i on the trial which has sampling function s

*

2




i

*/
and of course s = (_) Si is the total sample on that trial. For
i

example, if

r=2
'8 = {a,b,c]}
c, = (v}
C, = {égc}
s = {a,b)
then
s, = (b}
5, = {a} .

And the function s, is the set of ordered couples {(1,b),(2,a)} .
Given a sextuple < C,T;s5,1,j,k > then s, 1s uniquely determined
by € and s , for each 5, = Ci(\s .

Our fifth primitive notion is a probability measure P on the

*x/
Borel field aa(x) of cylinder sets of X . A1l probabilities must

be defined in terms of the measure P .

f/ From a mathematical standpoint it would perhaps be simpler and
. more natural to.let & Ybe the zampling funciion and let
be the sampled subset, but two arguments weigh against
this notation. First, the notation for the sampled subset is
used more frequently than that for the sampling function.
Second, *usage in the literature is strongly on the side of
the notation s for the sampled subset.

Sy

ﬁf/ For a discussion of the meaning and intuitive significance of
cylinder seis and the Borel field ‘Q%(X) ; see Estes snd SBuppes [5].
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We turn now to a number of defined notions. Additional defined
notions will be introduced in later sections. The first definitions
are of certain important subsets, i.e., events, of the sample space X .

First, Ai 0 is the event: response i on trial n (i.e., the set
5

of all possible experimental realizmations (elements of X) having 1

as the response component on the nth' trial). Similarly, Oj n
b

is the event: outcome J on trial n ; and Ek n is the event:
2

reinforcement k on trial n .

By attaching a subscript n to a presentation set T , condi-

tioning function C , conditioned subset ,Ci 5 sampling function s, ,

77777777777777777 or sampled subset & or Si s we define the set of experimental
realizations which have this set as the presentation set T , ete.,
‘on trial n . Thus; for insbtance, Sign is the seﬁ of all elements of
X having Si ~as the subset of & sampled and cornected to responge 1
on trial n .  Or, as another example, suppose that in a simple
discrimination experiment with r =2 and 8 = {a,D,c} , the experi-
menter makes the subset T = [a,;b} availlable for sampling on trials
‘when seguence Al is to be reinforced and T' = {b,c} available when
AE is to be reinforced. Then Tn would be the event thaﬁ subset

{a,b} is available.for gsampling on trial n and Tﬂ the event that

subset {b,c] 4is available for sampling on trial n . Ordinarily

the two conditions are equiprobable, sc we would have

1

(L) = B(I)) = %
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It is also necessary to have a notation for the number of
elements conditioned to & given response on trial n , the number
of elements sémpled, etc., In general, if A is any set, we
designate the cardinality of A by N(A) . Following,usage in
learning theory, we let N = N(S) . Moreover, N(sn) is the set
.of all sequences x in X which on the o™ trial have exactly
N(s) sampled stimulus elements. In like fashion we use the

notation N(T),'N(T.n); N(Ci), N(Ci?n), N(si), N(s, ) . The

i,n
distinction bebtween WN(s) and N(sn) , and so forth, needs explicit
emphasis. N(s) is an integer standing for the finite number of
elements in s , a subset of S . In contrast, N(Sn) is an

infinite set of sample space points.

Finally, we note that we continually use:

T, ™', T", ... for presentation sets of stimuli,
c, C', C",... for conditioning functions,
8y, 8'5; 8 5040 for sampled sets of stimuli.

§2.2, General Axioms.

Our general axiome for stimulus sampling theory of learning
divide naturally into twe classes. First there are deterministic
axioms which are concerned wholly with the sample space X 1itself
independent of any probability considera%tions. They may be regarded
as learning axioms since they deal with deterministic changes from

one ﬁrial to the next.
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The second class consists of the probabilistic axioms, involving
the probability measure P . This class is naturally partitioned

into three sampling axioms, three response axioms, two reinforcement

axioms, and one presentation axiom.

Putting the two classes together_yields five groups of axioms.
‘Pricr to a formal statement, it should be helpful to outline briefly
the intuitive content of.each group.

The three learning axioms describe how the conditioning of
stimuli to responses changes from trial to trial as.a function of
reinforcement and sampling. The first axiom asserts thét the
occurrence of a given corditioning function C ; a given reinforcement;
and a given sample on trial n Imply occurrence of a unique
conditioning function €' on trial n+1 . The second and third
axioms then describe how € and C' are rela?ed, namely, all
stimull sampled on trial n Dbecome connected to the reinforced
response, and if no reinforcemeni occurs, there is no change in
conditioning.

The three sampling axioms embody the following three assumptions:'
(i) the probabiliity of a given sample is independent of the trial
number; {1i} samples of egual size are sampled equally often;

(iii) the propbability of a sample on trial n»n given the presenta-
tion set on that trial iz independent of the past, In cther words,

(iii) formulates an independence of path assumption for sampling.
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In a later section we shall consider certain special axioms that are
needed to characterize independent sampling of elements or the drawing
of samples of a fixed size.

The three response axioms formalize the;following three
assumptions. (i) If the sample drawn is not -empty the probability
of response Ai ié the ratio of sampled elements connected to Ai
to the %otal number of sampled elements. (ii) If the sample drawn
is empty, the probability of response Ai is a number pi,n .
Although in the formal statement of the axiom only two subscripts
are appended to p dIndicaiing it depends only on the response and
the trial number, further possibilities of dependence are tacitly
understood. For example, it would be consistent with the axiom %o
set pi,n equal to the probability of an Ai reéponse on the.
previous trial given the sample on the previous trial. Finally (1ii)
formulates another independence of path asgumption: given the
sanple on trial n no additional information sbout whal happened
on the previous n -1 +trials will affect the conditional probability
of response Ai .

The first reinforcement axiom formulates a restriction on the
possible conditional probabilities of ocutcomes. Because the proba-
bilities of outcomes are set by the experimenter; they may depend
only on previous observables, namely, preceding presentation sets of
© stimuli, preceding responses and preceding ovtcomes. The notion of an

experimenter's partition, already introduced in Estes and Suppes [5],
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is the appropriate device for formalizing this idea. Here we ghall
give only a verbal, somewhat loose definition of such a partition.

An experimenter's partition H(n) for trial n , with elements

N, ' M ye-0s 12 a partition of the sample space X asuch that

each element T of H(n) ig defined orly in termes of events

ooy gus O jwis with 1<n'yn"<n and 1< a"'<n . In
those of the sxioms given below which are concerned with "independence
of path" assumptions, there is continual feference to n or n-1
dimensiongl cylinder sets, which are simply sets defined in terms of
poséible trial outcomes through trial n or n -1 ; respectively.
And it should be clear that the elements of an experimenter's
partition H(n) are simply special sorts of n dimensional c¢ylinder
‘Bets.

The gecond reinforcement axiom Iimposes a restriction on the
conditional probabilities of reinforecing events Ekgn - Namely,
their probabilities are limited to dependence on the response Aisn
and outcome O.SL which coccur on the same trial. Dependence on
preceding outcomes as well makes psychological sense in some experi-
ments; but this additional possibility will not be pursued here.
(For éome discussion of this point. see Estes and Suppes [5],
pp. 152-53.)

The presentation axiom formulates a restriction on the possible

conditional probabilities of presentation sets upon preceding events,

similarly to the first reinforcement axiom in the case of outcomes.
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Formally, we say that a guintuple Y, = < S,r,t,X,P> is a

STIMULUS SAMPLING MODEL if the following five groups of axioms are

satisfied.

Learning Axioms

For every conditioning function C , every sampled subset s

and every integer k ;, for O <k < r ; there is g unigue conditioning

function. C' such that for evexry n the following three axioms are

satisfied:

1. ¢ O Ns cc:
- n i n

ks ntl °

L2. If k# 0 then
| —
Cp = CKL)S 5
'and
' =C.A~s.  for 34k ;
J J 73 IFE;
L3, If k=20 then

C'=20C .,

Sampling Axioms

1. If P(T ) >0 and P(T ) >0 then

P(s T ) =P(s lT) .
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82, If slUs'ST and N(s) = N{s') and P(Tvl)>o then
and and . then

(s, ITn') = P(s} [T )

83. If W , isan n-1 cylinder set and Y is a subset of
W .Nc  apd P(YNT ) >0 then
n-1 o — n _—

P(s_ !Tnﬂy) = P(s T )

Response Axioms

R1. If 5#0 and P(sy ) >0 then

R2. If s =0 and P(sp).> O then there is a number o,
LA ) ~ _ _.3

such that
P(%i,n [Sn) - pi,n
R 3. If wp-il. is an n-1 cylinder get and ¥ 1is a subset
of W Ng AT and P(Yﬂs* ) > 0 +then
— n-1 noon —= n ——
P(Aign ]smﬂz) = P(Ai_‘gn ]s%n)
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Reinforcement Axioms

E 1. There is an experimenter's partition H(n) such that if

Wn-l is any n-1 cylinder set, Y is a subset of Wn-ln c_nﬂ Sn B

n is in H(n) and P(Y(1) > O then

n [X00) =20, n)
BE2. If Wn-l is an n -1 c¢ylinder set and Y is a subset of
q e DN
Wt Os  and P(YﬂA OOJ,n) 0 , then
P(Ek,n]YnAi,nm 0 o) = B(B, . ﬂo o

Presentation Axiom

P 1. There is an experimenter's partition H(n-1) such that if

. - . ‘ , s .
Wn-l is any n-1 cylinder set, ¥ 1is a subset of wn-l .Cn » N 1s

in H(n=-1) and P(YNn) > 0 , then

P(T [ YNn) = B(T, |n)
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§2.3. Ceneral Sampling Theorems.

In this section we prove some sampling theorems which follow
from Axioms Sl - 53 and which do not depend on the more specialized
‘sampling restrictions considered later. We begin by establishing
an expression; useful in later derivatiocns, for the probability that
" a particular subset of elements from the presentation set will
- constitute the trial sample, given the number of elements in the
trial sample. This theorem and the next four state combinatorial
regults which will be femiliar, except for changes in notation, to
readers of such standard sources as Feller [6]0 However, it is
important to note that they follow from cur axicms. We include proofs
Tor completeness and aiso as a means of introducing in s simple

context some techniques that are useful in working with the theory.

Theorem 2.3.1. If s=T and P(N(sn)tcn) > 0 , ‘then

(s, ]N(sn)fﬂn) = (wl\],](“_ﬂ‘— .

n(s))

1t may be helpful if;, before proceeding Wifh the proof, we
review the intérpretation of our notation. By s we denote a
particular subset of T , which, in turn, is the set of stimulus
elements available for sampling by the subject on a given trial. A
subject in the experimental situation corrssponds to a seguence of

trial-outcomes in the model. It is frequently ingtructive to think of




-2l

pfobabilities such as the one on the left side of the equation above
.28 though they referred to a povulation of 1ldentical subjects who have
been run through the first n-1 +trials of an experiment. Then sn
would represent the set of all subjects sampling the particular subset
g on trial n. , and N(sn) would represent the set of all subjects
whose stimulus samples on Trial n contain the same number of elements
as the subset s . The denominator of the right side of the equation
is of course the usual combinatorial expression for the number of ways
'in vhich samples of N(s) elements can be drawn from a set of N(T)
elements. In this theoreﬁ and subsequently, we omit set intersection
-gymbols (Writing, e.g., N(sn)Tn for N(sn)rlTn when no confusion

will result)..

Proof: We note, to begin with, that as an immediate consequence

of the definition of N(sn)

(1) si = N(gn) .

leT

N(si) = N(s)

Here, and eisewhere, we let the superscript i run over all subsets

that can be drawn from T subject to the indicated restriction {(in

this case, N(si) = N{(s)) - Once an expression of this type has been

introduced in a given conbtext, we use the abbreviated forms ) amna
i

% ; as is done below.
i
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By substituting in terms of the identity (l), we can write

P(Snrwtfj Si Tn)
P(Sn !N(Sn)Tn) : : i
P(J sy 1)
i

P(s |T,)
s T

since the sets of sequences S; are mutually exclusive (any given
subject draws only one particular sample on trial n )3 the dencminator
can be distributed as indicazted; and the simplification of the

numerator follows from the observation that the intersection of the

n

i . ,
gets 5, and L_) s, 1s gimply = o
i

Now by Axiom 52, the probabilities of all the samples appearing.
in the numerator and denominator are egual, and by the hypothesis
of the theorem they are non-zero. Let this probability of any sample
" of size N(s)} be ¥ . The number of terms in the sum of the
denominator ig clearly the number of distinet samples of szize N(S)

that can be drawn from a set of size N(T) , i.e.,

(N(T)] | O

N(e)
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Thug we héve:

P(s_ |N(s )T ) =

HE)

. 1
= —ﬁrﬁj— | Q.E.D.
N(s)

We turn.next to a theorem about the probability of a particular
conditioned subset Si given the conditioning function Ci and the

number of elements in the total sample.

- 3.2 = P U
Theorem 2.3.2. If s, Tﬂci and (N(sn)Tnclsﬂ) c,

then

N(T) -N(Tﬂci}

N(s)- N(si)
P(s, IN(S )T C. ).= RIGDE .

i,n n’"nin

N{s}

Proof: Using again the set-theoretical identity labelled (1)
in the preceding proof, we can expand the expression for the desired

conditional probabiliity as follows

P(s. ﬂUsJT c. )

isn ni,n
'P(Si,n IN(Sn)TnCi,n) -
. . P(““)Sn n 1,n)
J
P(Sl n°n T T 1§m)
= E
zp(sd |7 C. )
n 't ni;n

J
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-where the unions and summations are over all samples of size N(s)
which can be drawn from T . .Now the term Ci L cau be eliminated
5

from both numerator and denominator by virtue of Axiom 853. Making

this simplification, the right hand expression can be put in the form

;; P(Slil lTn)
z; P(Si e )

where the summation in the denominator is as before and that in the
numerator runs over sll samples of size N(s) that can be drawn
from T subject toc the restriction sjyf]Ci = 8y = By Axiom 52,
the probabilities of all samples of size ¥{e) are egual. Letting

this common probability be ¥ and enumerating the numbers of terms

in the summations ss done in the preceding theorem, we have finally

B(T) - N(T ﬂci)‘z

N@)-N@i)/
P(Si,n IN(Sn)TnCi,n) = [T

e .
L\N(S) r,

N(T) _m'(T(“ici}\

N(s) - N(s, ) /
. N(T):)
W(s) |

. Q:E.D.
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Similarly, we may cbtain a combinatorial expression for the
probabiiity of drawing a particular conditioned subset; given the

number of elements in the subset rather than the number in the sample.

< .
Theorem 2.3.3. If si,,TrWCi and P(N(si’n)TnCi,n) >0,

then
P(s, |N(s, )T C. ) =- = -
1,0 178 0)%0% 0) = e A
N(si)
Proof': First we note the identity
(l) : Ci,nr)gggjsg,n = Ciynr}N(si,n) ?
where
edec, Nt

and

n(sd) = 0(s, )

Substituting in terms of (1) and ueing the obvious relation

g. (\N(s. ) = s, , we can again transform the desired condi-
i,n i,n im

tional probability into a ratio of sumsg of equal-sized samples:
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P(s, | )
P(s, Mz, )T C. = i,n a
i,n 1,n° n i;n 5 P(SJ IT C )
. i,n n i;l’l
= 4 . L
- N(Ci{}T) - N(cif\T)- Q.E.D.
v
N(s;) (s, )

Next we establish the hypergeometric distribution of the number
of sampled elements conditioned to response 1 , gi#en Ci and the

-sample size.

03 otk P ; > ”
Theorem 2.3.4. If (N(Sn)Tnoiyn) O, then

m(c, N [w(T) -n(T e, )

(s;)

H
—_—
=
—_—
v;]
St
=
—_
m
St
15
p—
!
i

= 2’-””%

—

w

— ~._/

—_—

Proof: Using Theorem 2.3.2 and the identity (1) of the preceding

theorem, this proof is easily accomplished, for we then have

P(N(s )INs)c )E'Z B(s? D)Tc Y by (1)

n'ni,n - 1,n n’"n’imn
sdeg. N
1 1
M(sd)=W(s,)
3 1

W{T) -N(Tﬂci) /s’N(T) \

W(s)=W(s,) |/ N(s) by 2.3.2;

T
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now the summation is over a1l subsets sg that can be drawn subject

;'N(ciﬂ T)
to the restriction indicated above, and there are ! N(s. ) ) of these.
| i

-Bince the term inside the last summation is independent of j , the
theorem follows immediately.

As a direct generalizatiqn of the theorem Just proved, we can
give a combinatorial expression for the probability of drawing a

sample of a given size, N(s) , containing exactly N(Sl) elements

conditioned to response 1 N(se) conditioned to response 2 ,
and so on up Lo response 1r , where the N(si) are any set of non-

negative integers that sum $o the total sample size N(s) .

Theorem 2.3.5. If P(N(sn)TnCn) > 0O , then

. rome, 0T )
P(Q N(s; o) IM(s )T C ) = T /N(s)) '

=1 | N(sy)

A general result concerning independence of path ensures that
the sampling probabilities for which combinatorial expressions were
derived'in the preceding theorems hold on any trial n of a learning

experiment regardless of what events have occurred on previous trials.

Theorem 2.3.6. The conditional sampling probabilibies given in

Theorems 2.3.1-2:3.5 are not affected by the addition of any n-1

cylinder get W
n

-1

to the given event, provided that the addition -

.of anl does not make the probability of the new event zero. '
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Progf: The proof of all parts of this theorem depehds upon use
of Axiom 53. Since the argument is identical in all cases, we restrict
ourselves to a typical instance, Theorem 2.3.%. This means we want to

show that

(1) P(N(s, ) IW(z )T c, W )=

provided that P(N(Sn)TnCi,an—l) > 0 . The argument uses previously

egtablished set-theoretical identities and Axiom S3. Thus

b
| ? P(s; T, 5 nim-1
P(W(s, ) IN(s )rC, W )=
i,n n’ n'in n-1 5 P(sk Il W
k n noin n-1

where the sutmmation in the denominator is over all samples cf sige
N{s)} that can be drawn from T and the summsticn in the numerator
ig over all samples &9 such that N(si) = N(si) and N(s9) = N(s) .

.How the. Wﬂ may be eliminated from each Lerm cu the right, by

-1
virtue of Axiom 53, esbablishing the thecrem.

We lizt without proof acme other independence of path theorems.

Theorem 2.3.7. If W is an n-1 cylinder set,

 YswW .C. o, and P(T Y) >0 then




and

i

P(u(s) I7,¥) = B((s) |7}

Theorem 2.3.8. If P(N(sﬂ)TnCn) > 0 then

P .
(Si;n 1N(Sn)Tn.ci,n

P(Sisn IN(sn)TnCn)

and
P(N(siﬁn} ]N(sn)Tncn) = P(Nl(sijn) IN(sn)TnCisn) .
Theorem 2.3.9. .If wn—l is an n-1 cylinder get and
P(TnCﬁwﬁ—l) > 0 then
P(S*n | n'n n-l) ? P(S*n I*ncn) °

Bpecial sampling restrictions. Ail of the results giﬁen in this

report, including response theorems, learning theorems, Markov
properties, and the derivation of the linear models-depend only

on the sampling axioms S1- 83, without special restrictions. By
impesing appropriate restrictions on the sampling procé555 we ¢an

- derive the various stimulus gampling models hitherto publisghed as
gpecial cases of the general model studied here. The two principal
cases.to be considered in this respect are; of cburse, the fixed

sample size model and the independent sampling model.
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The restriction needed to generate the fixed sample size model

ie simply that thers be some number & guch that, for all n and
for all =S8 , P(sn),z 0 if N(s) # o .

The independent sampling restryiction can be stated as follows:

IF s,8',8"ST , 5= stle™ | 515" =0, s° is the empty
sample and P{s") # 0 , then
'p ] S”
P(s:)P(s)

(l) P(S)“————a—'—- o
| P(s_)

It is easy to show that the condition stated suffices to
generate the usual formula for the probability of a particular

sample in the independent, sampling model. To do this, we denote

by e and €, any two elements of T ; then, letting s' = {el} s
i
bl - 5 L H s e a -
g" = {egj and 8§ = elL!e2 , and defining @ and 6, in terms
of the relations
P{s')
9. =
1 P O+
P(Sn,' i P(ﬁn)
and
Pgn
- (s7)
2 piam 4+ (%)
\ 1 - \‘*n)
we can apply (1)} to obtain
P(s'}P(s)
n n
P(sT) &8 ———o— .

n’ o
.P(Un) . | |
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Now substituting in terms of the relations

@l o
f = el
B{sy) = 75 FBls,)
1
and
4
Wy _ 2 o]
2
we have
8] 8]
2 1 2 o
P(e),) = (1-6,) (1-6,) B(s,) -

Similarly, if we add a third element, e3 s to the sample,

e B @
3 L % 5
Bsy) = e,y sy ey Flea)

and, in general, for a sample of K elements,

K
@
2 P SK) = P SO 7T i °
(2) () = 7)) Ty

L

(That 6, does not depend on n follows from Axicom Si.)

- Bince the probabilities of all possible samples must add to

unity, we can eliminate P(sz) from (2):

G,
P(S;)El‘i"% 7—( ztg—jl w1
: i

iek
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where the summation runs over ail non-empty sets K of integers
that can be drawn from the first N(T) positive integers;

therefore by straightforward algebra

, N(T)
() = 70 (1-6,)
fe1
and
K N{T)
(3) P(si) - T 8y 7T',(1-@j) .

i=1 T j=K+l

It should be noted that the derivation of (3) has nct used
Axiom 52, which specifies that samples of equal size have equal
probgbilities. If we apply 22, then the probability of drawing
- a sample consisting of element e only equals the probability

of drawing only €5 s and so on, so that @l =0, ® .., 0

2 N’

and we can Genote this common value of @, Ty @ without a
subseript. Then (3) reduces to

(%) P(si) - (1)) K

2

and the probability of drawing a sample of size K is

N(T)

p )QK(l_e)N(T)-K ]

(5) R -
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§2.4, Ceneral Response Theorems.

Because our aim is so far as possible to prove each thecrem
in its most general setting, we include here some general response
theorems which do not depend on particular sampling assumptions
and are valid for both simple and discrimination learning.

The first theorem extends Axiom Rl to mske explicit the
intuitively obvious congequence of Rl that the probability of a
response depends only on the nuxber of sampled elements connected
to it and the total number in the sample, not on the particular

sample drawi.
Theorem 2.4.1. If N(s) # 0 and P(N(s, (s )) >0 then
2

N(si)

P(Ai’n \ N(si,n)N(sn)) = )

Proof: .We note first the identity

(1) L,)si = N(s, n)r]N(sn) s

. n
d

where the union includes all sampling functions having exactly
N(si) elements conditioned to response 1. and exactly N(s)

. total sampled elements, i.e., all si in 48 where

‘<8 = {si: N(sg) = N(si) % N(sj)_z N{s)} .
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(Notice that the set 45; may also be defined:

A= (e B(s] ) =m(sy ) am(s)) = W(s )]

s

It should be emphasized alsc that the left-hand side of (1) is the

. . 2.
union of & family of subsets of sample space gequehces: sitﬁsn{J,os,
not the union of a family of subsets of S .)

Applying (1) we have:

PlAy iN(si,n'

(s, )

(Jd
P(Ai,n I j S*n)

I

= Pla, | sin)P(sin)/P( Usin)
J

. i.n
J 2
N{s.) .
1 dJd
7—)—213(8)
- His J - jn by use of (1)
P(ngsn) and Axiom Rl
N(s.)

1

= () Q.k.D.

In similar fashion we may prove:

Theorem 2.4%.2.

(i) If s # 0 and P(si)nsn)>0 then

'P(Ai,n Isi,nsn)': N(s) ’
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{(ii) _ggr W(s) # 0 and P( Il1\1(511)) > 0 then

s,
15

N(s.)

l -

'P(Ai,n !Si;nN(Sn)) = _ﬁrgj ?

(1i1) If s # 0 and P(N(si n)sn) > then

N(si)

Si,n yal N(s) °

=
@
i

(iv) If = #0 ‘and P(ani 1ﬂ) >0 then

N(sﬂci)

i,m " nin N{s

The substance of these last twe theorems, taken together, is
that once we are given gufficient information to fix the size of
. the sampie and the size of the subset conditioned to a given
regponse, the probabllity of the response iz unaffected by the
addition of any cther information about the nature of the sample.

We also have an independence of path result.

ggeorem‘2,493u The conditional probabilities of response given

. in Theorems 2.%.1 and 2.4.2 are not affected by the addition of any

event Y Eg_thé given event, where Y

iz a subset of W cT for
— = ——— — n~lnn =/

Wn-l an n-1 cylinder set, provided that the addition of Y does

not make the pronability of the new event gzero.
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Proof: .We restrict ourselves to establishing this theorem

only for the conditional probability of Theorem 2.4.1. Using the

identity (1) of the proof of 2.4k.1, we have:

P(Aj_ n IN(S. n)N(s )Y)_; J ( i.n° -xn ) ( *1 )
4 :1-97 n P( usinnY)
J

_ J J
2 P(Ai;n |s*n)P(s*nY)
=4 - . by Axiom R3
P(LJJ ngY)

N{s.) ? P(sinY)

103 .
L= : by Axiom Rl
RQENUER)
iy :

N(si)

ey

|1}

P(Ai’n |N(si’n)N(sn)) by Theorem 2.4.1.
Q.E.D.

We now prove an independence of path resulbt for conditional

‘probability of a response. The gist of it is that if we are given

the presentation set T and the set of conditioned stimuii Ci 5

then no further knowledge about conditioning of stimuli to other

responses or aboub events on past.trials will affect the probability

of response 1 .
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Theorem 2.4.4, If Wn-l ig an n-1 cylinder set,
YEW_ .C_, and P(T C, Y) >0 then
n-ln ° —— n L,mn —
P, |Tc. ¥)=Pa _|TcCc, ) .
i,n "nimn i,n ""ni,n

Procf: Let the union L,)N(si )N(si) include all possible

j -

sampled sets with siECi and 89ST . Then

P, Un(ed med g
( in i (Slyn) (Sn)LnCignY)

P(Ai,n-l TnCi,nY) = P(Tncian)

L J J .
= ? P(Ai’n lN(si’n)N(sn)TnCi’nY)

‘P(l\s(sg Ny N(sfl)Tnci ¥

J
P(N(s) ! .TnCisnY) .

Now by Theorem 2.4.2 the event Y may be eliminated in the first

.conditional probability on the right; by Theorems 2.3.6 and 2.3.8

¥ may be eliminated from the second conditional probasbility; and
by Theorem 2.3.7 from the third. The resulting expression is then

equivalent to P(Ai,n-ITnCi,n) - Q.E.D.
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It may be noted that as a special case of the theorem just

‘proved we have:

P(Aipn ITnCn) = P(Ai}n iTnciBn) ,

. i P > -
provided (TnCn) C

The conditional response prcobability for which independence of
path was demonstrated in the preceding theorem can he exp:essed in
terme of the expected proportion of conditioned elements per sample.
This result will provide the basis for predicting the.response on

any trial, given the conditioming function.
Theorem 2.%.5. If P(T C, ) >0 , then
———— e ni.n —_—

o N(Ciﬂ T) o
R L ETncisn).-aa (1-r(s ] 7)) S (O R P(s | TPy

Proof:

N(T) I\I(Ciﬂ-’f)

(1) 2, 7o, )= T
i,n " "mign (g )N Si) N 8y =) B P(Tnci,n

H(T) N(ciﬂ T) _

= > > P(Ai ni N(si n)N(sn))P(N(Si n)IN(S e
.N(S)EN(si) N(si)zo s Ly : 9

n'nin

)e

P(N(s ) lTnCi,n) by 2.4.3.
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‘We may now apply various earlier results to the right-hand side of (1).

By virtue of Theorem 2.%.1 if N(s) # O

, N(s )
(2) 'P(Ai,n | & N(s, )N(S )) = 7—)- ;
and if N(s) = 0 , by Axiom R2

(3) p(a, I NGs, IW(e)) =0y

N(C A7)

(N(T N(Tnc )

N(Si) N(s) - N( s )

N(cim ™)\ [H(T)-K(T ﬂci)

N(s)—N(si)

.P(N(sn)lTn)

+ p. P(sz tTn)
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(The lower limit of the inside summation in (l)-can be changed

from O +to 1 since the term for N(si)‘é 0 vanishes.)
Tow for fixed N(s)

N(Ci \T) N(T)-N(Tﬂci)

. n(c, NT) . N(s, ) N(s)-N(s, ) n(s)N(c,NT)
7 N(s, ' =
.N%ﬂ * N(T) N
N(s))

- which is simply the expected value of the given hypergeometric

distribution (see, e.g., [6],.p. 183). Applying (7) to (6) we then

have
N(T) wN(C, ﬂT) o
(8) B(ay lrc, )= P o8 P(N(sn)lmn> +py Plaplr )
N(c ()
= (1-2(sp 1 2)) —grpr—+ 0y Plsp IT)

.becauge -

N(T)
_P(sfl,l T )= P(u(s ) T ) - Q.E.D.
N{s =1

b

It should be noted that the first conditionalization in the
statément of the theorem could just as well involve the whole
conditioning function since, by Theorem 2.4.%, the probability

of A, n.’ given the presentation set and the subset conditioned
s .
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to response 1 ; is independent of the way in which the conditioning
of stimuli outside Ci is distributed over the other response

alternatives. Viz:
Corollary I. If P(Tncn) >0 , then

N(C, r\T) '
' P(Aipn ITnCn) (1 - P(s ]T ) __ﬁvf7~_ + P(s IT )p .

In the important special case of the theory when the proba-

bility of empty samples is assumed to be zero (of, equivalently,
trials én which empty samples occur are omitied Trom consideration
so thaet n runs over the rémaining trials only), the conditional
probability of responge i ig simply equal to the proportion of

elements in the presentation set conditioned to response 1 .

Corollary II. If P(sgl T ) =0, then

N(cif\T)
P(Ai’nl_TnCn)‘: —FET

When an experiment involves but a single presentation set, so
that T =8 , the conditional response probability reduces tc the

Tamiliar expression

N(C )
Lle) =




-

that has been used in virtually all applications of statisticsal
learning theory to experiments on simple learning. This last
relation has been previdusly derived under special restrictions
(eﬂgo, Tized sample size, fixed and equal sampling probabilities
for all elements of .5 [4]), but it is now seen to hold under
weaker agsumptions - and therefore ovefra broadér-class of sampling
Pprocesses - than heretofore recognized. .The key assumption in the
' present derivation is of course our Axiom 52, the assumption that
samples of equal sizes have equal probabilities.

‘The method of proof of Theorem 2¢ﬁu5 also establishes the
Tollowing general independence of path result of which Corollary I

is a specisl casze.

Theorem 2.4.6. If W . isan n-1 cylinder set,

iy =
Y) >0 then
_,Il T

YEW _C_ , and P(T C
~p-ln = n

1" n i

P(Aisn I'Tnclij,nj{) = P(Ai,n l'Tnci‘,n)

In applications bf the theory, particularly when the presenta-
+ion sets are large, it is often preferable %o work with the number
.of conditioned elements in the presentation set and not have to
-specify the conditioned subset precisely. The following theorem
expresses response probability in terms of the presentation set
and the number of its elements that are conditioned to the given

response.
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‘Theorem 2.4.7. If P(Tnm([fmci]n)) > 0 , then

o I\_T(Tﬂci) 5
P(Ai,n [z w(lrNc,1)) = (1-2(s) |T,)) —FEy P(s> I.Tn)pi,n :

Proof: The proof proceeds exactly like that of Theoren 2.4.5.

The meaning of the notation N([Tf\Ci]n) should be clear. It denotes
the set of sample space points which on trial n have N(TNc,) as
the number of elements which are both in the presentation set and

conditioned to response i .

‘We also have an independence of path result in connection with

this Ltheorem.

Theorem 2.4.8. If Wp_1 is an n-1 cylinder set,

C-: .
=W, G 2l 'P(THN([Tr\Cijn)Y)«> 0. then

P(A; o It n([xnc,] )Y) = P(A; o |z n(leNe 1))
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.-|§2°5D Genéral Learning Theorems. We begin by stating three set-

theoretical identities which are useful in establishing subsequent

theorems. The proofs depend on Axicms L1 - L3.
Thgorem 2.5.1.

c! =E | Jsc

B, C, .
i,pk1 i,ndisn 1,2 77 ni;n

where the union is over all samples = such that Ci =-CiL)s e

Proof: From Axioms Ll and L2, for every 8 in (‘)Sn

E, 8 C, <cC! . C.
i,nni,n i,p+l i im

whence

L_}é C, S}

. : . C,
i,n S o i,n 1,ntl1 i;n i,n

-We now want to show the inclusion relation holds the other way,

-in order to establish the theorem. Let

xeC; -E, _C,
i,ptl i,n i,n

°

Then by virtue of Axiom L2

- xeC! E, s C,
; i,ntl i,nn in




~48-

for some Sn in L,) . Whence

@

x el E, s _C,
i,n+1 i,n ngan in ’

and thus x ig a member of the larger set Ei n{“)snci s whieh
2 g 5

shows that

[y

1 @
Ci,n+lEi;nci,n -'Ei,n S “nci,n - Q.E.D.

Proofs of the next two theorems usge Axioms L1l - L3 in an

'identical fashion, and therefore they are omitted.
Theorem 2.5.2. For k# i and k # 0

¢ E ¢, =8 Usc,

i+l k,n ign’ ®,n L B i,n

where the union is over all samples & such that C, = CiLJsi .

Theorem 2.5.3. If Ci = Ci then

! = V 2 a
Ci,n+lEO,nCi5n EO,nCiBu

The identities Jjust established enable us now to give expres-

sions for the probability of arriving at any given conditioned

subset .Ci given the reinforcing event, presentation set, and ~
~ conditioning function (or merely the conditioned subset 'Ci) on

the preceding trial. The first of these expressions refers to the ¢
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change in the subset of elements connected to & given response on

a trial when that response is reinforced.

Theorem 2.5.4. Tf P(E, T C, } >0, then
—— = “Yinnim ===

P(Ei n ]snT ¢, )

(0 - s n i,n
(ci,m-l IEi,nTnci,n) P(E, T C, ) P(Sn |Tn)
8 i,n ""ni;n
where the summation rums over ail s such thab s(JCi =-Ci
and s8=T .
P : (P(C!
froof (ci §n+lEi ,nTnCi ,n)
= P(C! :
(Ci_sm—lEign (-S/ SnTnCipn)
= P e Dol
f (Ei,nsninpisn) 7 by 2.5.1
Then, making the appropriate conditionalizations,
P(Ei n -SnTnci n)
1 — . g 2
ECH) IEi,nTnci,n S TE(E, _IT.C, P(s | 1)

i,n ""nin

where C, is again eliminated. from P(s IT c. ) by means of
i,n . n'"nign

2.3.7>
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One might have expected that this basic expression for the
change in the conditioning function on a reinforced trial would
involve only the factor representing probability of a particular
type of sample and not also those representing probabilities of the
reinfereing event. However, it 1s possible for the reinforeing
event to depend on the response made by the subject on.the given
trial, and this in turn depends on the nature of the sampled subset
of stimuli. Thus information about the reinforcing event of trial n
may convey information aboub the stimulus sample. Under some
particular reinforcement schedules, e.g., the classical discrimina-
tion paradigm or simple noncontingent reinforcement, the factors
involving Ei n cancel out. Both of these cases are subsumed under

s

the following obvious corollary.

Corollary I. If P(Eijn |TnY) = P(Eijn [rrn) , Where
yelJ ann , bhen
)

|E

P(C!

. T C,
i,ntl i,n ni,n n n

For some purposes it is convenient to have the general shtatement
.0f the theorem formulated with reference to responses and observable

trisl-outcomes rather than in terms of reinforcing events.
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Corollary II.

P{C* E
-(Qi,n+l 1:i,n$n¢i,n

)

t r
EE: ZE: ckmiP(Om njAk ﬁrnci ﬁ) EZ P(Ak nlsﬁrnCi n)P(Sann)
,,’_ ..9- ._? 8 b . '_5 _

m=0 k=l

t r

E:: EE: ckmiP(Om,nI-Ak,n,TnCi,n')P(Ak,-nITnCi,n) |

m=0 k=1

where

“kmi =‘P(Ei,n I'()111.,11fé\}_£,1'1) ’

‘This relation is obtained by expanding the conditiomnsal

probabilities of ‘B in the statement of the theorem by the

i,n
usual technique and simplifying the result by application of
Axioms E1 andHEE? |

By virtue of 2.%.4 and Corollary II of the present theorem,
thevconditionaliiation in the statement of 2.5.k can be given in

terms.of the whole conditioning function rather than of the

subset Ci only. .That is,.

Corollaxry IIT.

p(C :
(Ci5n+l l-Ei,JICL_Tnc:i.,m

)= B(c] |E, Tc)

ptl i, nn

Finally, .we have an independence—of-path_resultq
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Lorollary IVv. If 'Wn-l is any n-1 cylinder set and

|E.

IE. TC.)

)= P(Cl 1l in nn

P(E, TCW_ _)>0 , then P(C'

i,n’nn n-] i,n+l 1,nTnann 1

To establish this corollary we need only expand the left-hand

expression as in Corollary II, obtaining

_P(Ci n+l Ei,n¢n¢i,ﬁwn—l)
: P
Bz “iemi (Om,nlﬂk,n$nci,nwn—l) z P(Ak,nlsnTn 1,n n- l)P(S | -1)
m k , s
Lz ckmiP(Om,nIAk,nTnCi,an—l)P(Ak,n TnCi,an—l)
mk
and then eliminate W from the conditionalizations by application

n-1
of Axioms P1,.Fl, E2, and 83.

The next two theorems deal similarly with the change in the
subset of elements connected to a given response on trials when
gsome alternative responge is relnforced or when the neutral event

EO ceceurs, respectively. The proofs follow that of 2,5.4 50 closely

that they can be omitted.

Theorem 2.5.5. If k# 0 and k# i and P(Ek’n'I'nCi’n)_>O s

then,

) P(Ek,n lsn.TnCi,n)P(Sn [Tn)
) )

P(Ek,n lTncj.,n

' !
(C i,n+l 'Ek nrncl n
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where the summation now runs ¢over all samples 8 such i‘._hat s€T
and s.UC! =C. .
—— 1 i L

: - = " <
Corollary I. If P(Ek’Il Iz ¥). P(Ek’ann) where YEUs C_,

. 8
_i;hen_

(-C:L Sl [Ek,nn i,n iP(SnITn)
Corollary IT.

'P(Ci,n+l1 Ek,n)L

. r '
Z ; ck'mkP(Om,n lA_l‘:’,nTnci,n)Z P(Ak<,11 SnTnci (Sn ITn)
L =0 k=] _ 8 _ T

T
g:ﬂﬂk'm’k IAknn:L,n

LCorollary III.

T C.)

— ! .
PCC',n+.‘L IEk,nTnCi ,n) - P(Ci,n+l | Ek,n n’n

C_orollarl v. If 'Wn-l is any n -1 cylinder gset and

,P(Ek,ntﬁncnwn ;) >0, then

T C )

C W i,nt+l IEk,n nn

t
1,nt+l IEk,,n_Tn n n-l)- (C

P(C!
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Theorem 2.5.6. If P(Eo,n:nci’n) >0 , then

1 if C! =C,
1 A

i

1
P(Ci,z:rl,-l EO,nTnCi,n

).

0 otherwise,
‘Cprollary I..

‘ _ .
-P(Ci,n+ll'EO,nTnC1,n)’

S+l lEO,nTncn) ’

1
p(C;
— n-1

> .
P(EO,nTnCan-l) 0 , then

Corollary II. If W is any n-1 cylindér set and

P{C! I E

= 1 .
i,ndl O,nTnCan-l)‘_ P(C; )

i,ntl EO,nTn n

.Ih Vcrking_with,stimulus sampling models, by virtue of the theorems
“proved in the next section, it is often possible 4o use techniques and
.theorems drawn.from the literature on finite Markov chains. .(See, e.g.,
- [6], [8]) .When this is the case, it ig often‘convenient‘to have the
effects of reinforcing,events expressed simply in terms of numbers of

stimuius elements comnected Lo particular responses rather than in

terms of specific sets of elements.  The next three theorems parallel

the preceding three except for this shift of reference from sets to
nugibers. For simplicity we limit ourselves to the case in which the
presentation set is the same on trials n and n+l1 . If the

presentation sets on these two trials were disjoint, then abviously
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the conditioned portion of T' , the presentation set of trisl n+1 ,
would be unaffected by events occurring on trial n . But if the

two presentation sets overlap to some intermediate degree, learning
theoremsexpressed in terms of numbers rather than sets require

more extensive notational apparatus than we have utilized in this

report.

Theorem 2.5.7. If P(T . E. T N([PNC])) >0 , then
)

p([roc,] ) LT T n([rnc,] )

E,
n+li,n T n

N(TnC,) sy On(s )T w([TNC, ] )

n+l i, .
N(; 'I' +lIE T N({Tnc )

B NGy IN(s )T N([TNC, ] )

i,n

E ,n]TnI\T([Tﬂ ci]n))

N(Tnci) N(T) - N(fnci)

N(Si) | T(s) uN(si)

'

) |T)

and . .
Here/ln later theorems, the subscrlpts n  are dropped from

the factor P(N(s ) |T ). to emphasize that (by Axiom S1) the
Probability of draw1ng‘a sarple of a given size 1s independent of

the trial number when the presentation set is given. The term
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N([T(]Gi]n) denotes, it will be recalled, the event consisting of
all seqﬁénces having a particular number, ‘N(Tfﬁci) s of elements
of the presentation set on trial n connected. to response 1

It does not give the number -of elements in the intersection of the
two specific sets T rand Ci con trial n . The set-theoretical
product TnN([T(]Ci]n)Ci,n would denote the eveﬁt_consisting of

. all sequences having T as the. presentation set, .Ci as the subset
‘coﬁnected to response .i , .and N(Tf\Ci) elements in the inter-

section of these two sets on trial =n .

2.5.1. By virtue of the definition of N(C,)

, ; K
Tnm_({Tnci]n),= L:(kJT G

(-1)' Tn+lN( [Tﬁci ]n-i-l')Ei,n n+l i,nt+l i,nTnCi,n

2

m

, | e _
where gc_l}ml = N([T ”Ci]ml and ,%{)ci’n = N([T nci}n)

Applying 2.5.1 to the right-hand side of (1) we obtain:

B ! ES U J K
(2), —.Tn-i-lm('[T-nCi]n+l)Ei,nTnN(-[Tnciln)‘ k ng-i-lEi,nsnTnCi,n ?

where U is over a11 samples Y such that 8°ST and s = CiLJsJ',
J ) ' ‘ '
and this latter condition may be replaced by

MTney) = MTOC,) + (8(s?) - N(s))
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to‘infer:‘

n+l 1,n 1 n n 1,n

(3) T ﬂN([Tﬂc' e1)By I N(ITAC, D) L}ﬁ JT_ E, In(sd)

Now taking the union over Lk , we obtain the desired result:

(k) .Tn+lN([TﬂC{lnﬂ_)Ei?nTnN([TﬂC_i]n) = L.j;.Tn+lEi’nN(gi)N(sq)THN([TﬂCi]n)-a

Then a substitubion in terms of (%) leads directly to the desired

expression.

FImaCil, (1,08 2 KT 0e,1)

P(N([Tﬂcl]m_l)Tm_lEl Ja(zne,l )

= -.P(Tn+lEl T N([Tnc 1)

P(T . .E, l\T(j N j)T Jlrne. 1))
nt+l i,n ([Tnc ] )) 11 | by (l)

= X
i P(Tn+l i,

N(T ﬁ_ci)

P(T,,, B N(s; IN(s )z m([TNcC 1))

P@milinxﬁuTmcI))

‘N(si_go

( s):N(si )+_N(TnCi )—I\I(Tnci)

P(E, o ¢ 8 ’n.)N( s )T N([TNC. 1))
P(E;, T WITNC, 1))

P(s; ) [w(s Jr m(lznc, 1 ))e(m(s )t m(lrne 1)) .
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Now application of 2.3.4 and 2.3.7 to the last two factors yields

the theorem. Note that :the superscripts Jj can be dropped when

- we rewrite the summation in the last step since the terms ‘N(SJ)
. etc. are simply numbers.

If the probability of reinforcement and the probability of
the: presentation set are independent of the sampling function (the
only experimental case excluded by this provision being the one in

‘which these events are comtingent upon the response of the given

 trial), then the factors involving T . ond B, in the right

b

1

'side.pf the last equality cancel, and we have the important special

result:

Corollary I. If _P(Ei,n lm(si}n)m(sn)TnN(_[T ne,1)) =

P(E, lTnN([TﬂCiln)) and BT .| Ei,nN(si}ﬂ)N(sﬁ,)TI‘lN([T ne.1)) =

2

P(T_.¢ | Ei’nTnN([TmCilﬂ)) » then

p(u(lTne,1 ) |;Ei’nTnl\T([Tf\ ¢, 1.0
N(TnCi) N(T) « N(TN ci)
nene,) Ms,) | | N(s)-n(s,)
- .N%I:o “ N(T) P(n(e) | 2)
N(s)éi\l'( 5, )+1\T(TnCi' )-N(Tnci) N(s)
| n(Tne,) n(T)-N(Tnc,)

I\I(Tﬂci)

N(s) -N(Ci')+. N(Ci) ,N(C{)-,N(ci)

= . . \ P(n(s)|T) .
N(s)=N TnCi‘)—N(‘I‘nCi) : (N(T)) o

N(s)
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' When the stimuius sampling process is fully specified, this
lagh expression specializes to formulas that have been derived
previously'for particular cases (See, e.8., L4}). In the cage of

Tiyed sample gize; l.e.,

i
}_l

P(N(s) |T). for N{s) =

0 otherwise,

we. have:

Corollary II. In the case of fixed sample size o and granted

the hypothesis of Corcllary I,
' ' N(Tf‘aci) [N{T) = N(T nci)

N(si) \ a‘—N(si)

(N(fencert g L T 1 N =
p(e(lencyl ) |E 2a(ITnce.l )

= N(T)
N(T NG, ) (m(T) n(rne,)
T - m(c‘)+w m(e) - I\I(C )
- -~ .
a

In the case of independent sampling of stimulus elements with
rrobabllity € +that any element is in the sample, the factor

P(N(s) | T) can be written
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N(T)} () (4 gy N(T)N(s)

(s 1) = [ 3o

_ (N_(T)) '@Ncsj.)

| ,N(Tr\Ci)aN(si) N(s)—N(Si)
N(s) «

(1-8) 2]

N(T)-N(TNC,)-N(s)}+N(s, )
(l—@) i 1

and we obtain

Corollary ITT. In the case of independent sampling and granted

the hypothesis of Corollary-I

N{(T)-N(TN¢C, )

N(TnC})-N(TnC, )
BHLENC L, ) IB; ENUZ0C 1)) = ne op)n(znc,)/® ’

N(T)-N(TAC!)
(1-0) *

Proof: ¥From Corollary I and the assumption of independent sampling

we have at once that

M(ITAC) yrae,)

p(v(lT eyl , ) IE, rN(ITne,] )=

N(T)-N(Tmci)
( N(s)-N(si) )

N(si,=0 _N(Si)

N(s):N(si)+N(TnCi)-N(TnCi)
N(s.) N(TnC, )-N(s.) N(s)-N{s. ) N{T)-N(TnC. )-N(s )+N(s. )
e T.(1-8) * g *(2-9) * *

N(TnCi)nN(TnCi) .N(T)—N(Tnci)

(1-6)

N(T)-N(Tnci)
| @

N(TAC, )-N(TnC, )
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- Proofs of the next two theorems are gnslogous to that of 2.5.7 and

can be omitted.

Theorem 2.5.8, If k# 0 and k # i and

P‘(Tn+lEk3nTnN([TﬂCi]n)) >0 , then

P(w(frncy]

i n+l) ITn+lEk,nTnN([T(WCi]n))

N(T)-N(Tnci)

'P(Tn+l iEk,nN(si,n)N(Sn)TnN([Tnci]n)) .

()R (s, )=0 (T, 1B 2 a(droe;] )

N(s, )=N(TNC, )-N(TNC})

P(Ekgn I N(sign)N(sn)TnN([T(‘\Ci]n)) e

(g, T n(lrnc,]))

2

_N(si)

N(T)—N(Tnci) N(Tﬂci)
.N(s)-N(si) )( )
N(T)
o

| N(s N(e )T w(lTne, 1) =

s

B(u(s) | T)

Coroilary I. If P(Ek,n

P(Ek,n ]TnN([T ne. 1)) eand B(T_ EEk}nN(sijn)N(sﬂ)TnN([Tﬂciln)) =

| E ynTnl\I'( [Tnc.1)) , then

n+l i



S

|E

p(n(lrncyl ., 1B o

o nN(zTﬂCi]n))
N(T)~N(Tnci) N(TnCi)
N(T)—N(Tnci) ‘ )( )
~ N(s)-N(TnCi)+N(TnCi)

=.N(s)=ﬁE;ﬂCi)-ﬂ(TnCi)

N(Tnci)—N(TnCi)

] P(N(s)|T)

N(S))

In the case of fixed sample size, K(s) = o ; the right-hand

expression specializes to

/ N(T)~N(Tnci) i( N(TnCi)

U—N(Tnci)+N(TﬂC£))\N(Tnci)—N(TnCi)J

(N(T)E

Lo

and in the ecase of independent sampling to

[ m(nc;) H N(TnC, )-N(TnC; ) N(TNC})
\ i B t . (1-8) *
n(Tne, )-8(Tacy )/

Theorem 2.5.9, If P(T T N([ThC;) )) > 0, then

+l 0,n

CR(n([Tncr] )T

N([Tnc, 1))

1]

1 if N(TnCé):N(TnCi)

i“ndl n+l O n
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One of the most important applications of the last three
theorems is to the case of éimple.learning with noncontingent
reinforcement. This case falls under Corollaries I of Theorems
2.5.7 and 2.5.8; and since the transition probabilities given in
ﬁhose corollaries are independent of n and of preceding events,
it is apparent that when r = 2 the process can be interpreted
as a finite Markov chain with the N 4+ 1 states of the chain
correspondirg to the N + 1 possible values of N(Ci)_u The
transition probabilities of the Markov chain are readily obtainable

from Theorems 2.5.7 and 2.5.8. Consider, for example, the transition

g 1 L o
from m(clﬁn) to N(Glyn+1) :
P
o ? (N(Cljnﬂ)N(Glgn))
2(N{C Jin(e, )Y =
1,0+l i,n P(C )
~71,n
\
1 g ; +P{N(C. .
- P(N(Clsn+l)ﬁl,nm(clsn)) (N(Ll,n+l)E25nN(chn})
_P(Cljn)
o T l T ) T 1t ] N
RE(C] ) e (e D) (LemEa(ey (B, WGy D)
where = is the {(noncontingent) probability of E, . If now the
stimulue set consisted of exactly twe elements, al and a5 i.e.y
T eg = (51.952) , then by direct application of 2.5.7 Corollary I

we have
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. ¢ — -
for N(Cl) =2 and N(Cl).

it

2,

o+ P((e°) )} (1-n) ;

i

P(N(C! y (e

1,n+l l,n))

. ] ime
for N(Cl) =2 and N(Cl)

o,

x P(N(s2)) ;

il

P(w{C. )y | m(e

1,n+l l,n))'

and, by application of 2.5.8 Corollary I,

for N(Ci),z 1 and N(Cl) 2,

P(N(C; ) (G ) = Q1) pin(st))
and g0 on,
where the notation P(N(sj)) denotes the probability of a sample
containing exactly ] elements.
Letting o = P(N(so)j , 8= PN(s)) , and b = P(1(s>)) , we can .

write the transition matrix for the chain in this example

7 +{l-n)o (1-x)a | (1-n)p

= (2 a A
G 3 + b} o+ 3 (1 n)(z + D) 5

*h % a l-=sm+m0

where the rows from top to bottom correspond to N(Cl),w 2,
N(Cl) =1 ;, and N(Cl) = 0 , respectively. -Solving for the limit

matriz of the processg, l.e., the matrix

L L
T = b, bt
£ & %
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such that TQ = QT = T , we find for the asymptotic probability of the

state with exactly one element connected to response 1 ,

a x 2
ﬂ[b(l— §+ n'ca) + 5 a ]

[(1-0)(1-m) + @1[1 - 0~ 2+ 7a] + %3'5(231'-1)

tl =

and for the state with both elements connected to résponse 1,

a( l-?;:rz)tl + ma

t2 =

a
l=0=-=+ma
2

How the expected proportion of elements comnected to response 1

Lt. + tl s and by straight-

22

asymptoticaelly is obviously equal to

forward algebra we arrive at the appealingly simple resuit

Thus, 1if the probability of drawing an empty sample is zero; the
asymptotic probability of response 1 1s egual to its probability
of reinforcement.

The treatment of the simple, noncontingent case as a Markov chain
has been given previously for particular specifications of the sampling
process ([4]1), but it is of interest to see that such familiar results
as the one Jjust presented for the asymptotic proportion of conditional

sbimnii hold for the more general case covered by our three sampling
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ax¥ioms. A still more general, and also more rigorous, treatment of
stimulus sampling models as finite Markov chains will be given in
the next section.

An independence of path property attaching to the last three

theorems will be,heeded in later derivatlions.

Theorem 2.5.10. In the statements of Theorems 2.5.75 2.5.8;

and 2.5.9, any n-1 cylirder set Wn_ may be added to the

1

éonditionalizations without altering the resulis, provided only

that the addition .of Wn does not make the probability of the

-1

new event zero.

That is, if P(Tm-_lEi’nTnN([T(\Ciln)wn_l) >0 , then

1 ; .
P(N([Tmci]?n+l> |T nN([Tﬂ Ci]n')wn—l) has the same expression

n+lEi,n?

as that given for 'P(N([Tf\0£] Eisn¢nu([Trwci]n)) in 2.5.7;

n+l)ETn+l
and similarly for the other two theorems. .The proofs follow that
of Theorem 2.5.%, Corollary IV.

The remaining clags of general learning theorems o be given in
this section prevides recursive expressions for prebapility of a givén
response, conditional upon the presentation set and upon events of the
preceding trial. The first three of these theorems correspond to
the threé axioms of the lipear model [5]. As will be seen, under

certain restrictions they take the same foym as the "linear operators”

familiar in contemporary stochastic models ([1}, [2]). Taking these
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theorems in conjunction with particular schedules of stimulation
and reinforcement,; we will also be able to exhibit some empirically
testable predictions that follow from the general stimulus sampling
model without specification of the particular sampling process

(independent sawmpling, fixed sample size, or the like).

i o dedlo P(T?
Theorem 2.5.11. If (Tn+lEi,nTnCi,n) > 0 , then

T
P(Ai,n+lE Tn+l i,nTnCi,n)
nrac)) o | o
=S — {(1-PT) + p, P(g" | T)]
. () i,n+l (
i
d
P(T" cI P
(Tn+l l i,n+1 i,n?ncign) (Eisn ISnan;ln P(sjl T)
' m . ?
P(Ty lEi,n‘nCi,n) 3 P dme; )

7 2

where the summations are over all Ci and all SJEET such that

SJUC. = C! for some C!'2C. .
i i == Ti77i
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Proof:

t — T 1
P(A:i__,n+ll Tn+lEi,n$nCi,n)'— gz P<Ai,n+l Tn-i-lci,n—i-lEi,nTnci,n)
i

t
P(Tﬁ+l ICi n+lEilanciin P(C! IE TG
P(T IE . ) i,n+l i,nmni,n
i,nnim
.
E: Tt ot ) n+l IC ,n+lE1 nTncl n P(C! IE T C )
C 1 n+tl ' Un+lTintl P(T’. |5, TG ) i+l i,nm ni,n
n+l " Ti,mninn
by 2.4.4
N(T')  N{s) N{s,) )l )
= { %3 > (N(s N (s T! Q!
Ci N s‘=l,N(s =0 H(sy n+l ntl’ Tnd+lTigntl
. ,
o] B(T, n+l !Ci n+lEi ninci,n
+ p, P(s T )]
i,ndl o+l o+l P(T' IE T C )
i,nni,n
P(E i l i n i n) 3 '
> 28 P(s? |T.) by 2.4.5, 2.5.%, and 2.3.7.
5 P(E, |TcC, )
i,n " "nim
N(T'(\C') .
- P t 1
cf[WT_‘)_—(l (SlT)+ol g E(s” TTn)] |
P( g :
P(Tn+lI i, n+lE1 nTncl n) 5 1)11l n n i, n) P(SJ | )
P(T’ IE TC., ) . P(E, T C, )

ntl i,nni,n J i,n ni;n
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when the summations over N(s) and N(si) have been carried out
and, by virtue of Axiom 51, the subscripts have been dropped from

the sample probabilities. Q.E.D.

The expression of the theorem 1s somewhat cumbergome in
appearance, but this is only to bhe expected'in view of its generality.
By appropriste specialization, it yields the "reinforcement
operator" for any desired reinforcement schedule, however complex,
and for any discriminative situation, regardless of such considera-
tions as overlap between T and T' or contingencies of the
presentation sets upon preceding events. Before proceeding with
corollaries, it may be well to illustrate the specialization of

the general expression in terms of a particular example.

et r =2
8 = {a,b}
T = {a,b] ,
T*' = {a} ,
¢, =0,
P(s°) = 0 , ’
P(EllT) = T, , independent of n and preceding events,

P(Rr ) =0 if A occurs on trial n

1 if A

5 occurs on trial n ,

independent of other events.
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N(T*(\Ci)
Vo= ' = = : .
Now for Cl ¢ and Cl b}, —R(E) 0 , and these terms

vanish from the summation over C.!

1 In the other two cases, the

ratios involving probabilities of T£+ are both simply % since,

L

given C:L =0 , an AE' must occur on trial n ; and the ratios

involving probabilities of E

are both equal to — =1 .
1,n T

For C! =(a}end Cf = {ab}, ? P(si an) = P(s® |T) ana P(s*P|1)

respectively. Therefore, in this example,

a ab
P ' = .
(Al,n+l Tn+lEl,nTnCl,n) P(s7[T) + P(s77|T).

In many of the commonly studied experimental routines, the
sequence of presentation sets and reinforcing events is independent
of the subjects' responses. These cases, which may be subsumed under

the heading noncontingent discrimination schedules, permit a

drastic simplificétion in the statement of the thecrem.

y=pT _ |¢c! E, TC., )

. I, P(T .
Corollary I. If B(T], a1l 1,1, i

l] i,ﬁrnci,n

and P(E, |TcC. )=PE |sdTcC. ), then
—_— i,n ni,n i,n '"mn"i,n —_—

lT: B, TC, )

P
(1) (A, il i,nni,n

i,n+l

n(T'nc)

=> I ~—ﬁ(577%— (1-P(s|7)) +'pi,n+1P(So LT,)]E; os | 1)

1
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As in the statement of the theorem, the inside summation
is over all samples sYST such that Cl = st)Ci for some
CiEECi . In order to obtain closed expressions which do not
involve the summation over Ci s 1t is necessary to make specific
‘asSumptions about the relabtionship between T and T' . The
two principal cases to be considered are TNT' =0 , and

T =T' . Since for every O{EQCi 5
(2) N(T'NCl) = N(TNC,) + NN s9) - N(T'n s;?L) ,

it is obvious that in the former case N(T'rWCi)_= N(T‘f§0i) 5

and_(l) reduces to the form given in the following corollary.

Coroilary IT. Granted the hypothesis of Corcllary I and

also TnT' =0 , then

. o N(T'ﬂci) o
T = - ' 3 L .
P(Ai,n+l[Tn+lEi,nTnci,n)'— (1-P(s”[T")) ey Els | )pi,n+l

It pi is constant, then the probability of response i to

- pregentation set T' is unchanged on such a trisl.

More interest attaches to the case T =T' , which obtains,
for examplie, over all trials in experiments on simple learning.

Under this condition, (1) reduces as follows.
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Corollary III. Granted the hypothesis of Corollary I, then

: o
(1) 'PMLHHJTmi%ﬂFﬁim)_?G lmgLMi

of oy WENC) 5 5.
+ (1-2(s” | TN N(T) (l-BN(T) o ﬁ?fjl P

where
—— _ N(T
o = N(s)P(N(s) |T)
N{s )=1

To establish this corolliary, we need only rewrite (1) of Corollary I

in the form

| T )

P(Ai,r&l n+lEi,nTnCi;n

N(TNC,)
N(T) i : N(TAC, )+ N(s)- N(s,) ( () )]
= : — (1 -P(s |T) 4o, P(s°fm)]-
N(s)zN(si).N(si)zo N(T) ©1 ,n41
N(Tnci)
N(T)-N(Tnci) N(s. )
v— P(n(e)} 1),
T(s)-N(s, ) (N((T)j)_
N(s

using the condition T' =T , the relation (2) of Corollary I, and
the fact that the conditions on the inside summation of (1) yield

the identity
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N(rne,)
. N(Trlci) -~ N(s.)
P(gd |T) = ~—— P(N(s) | .
%: | T) N%:O —W(T_g__ (W(s) | m)
Kis

The swmation on the right side of this last equality clearly runs
over all sample sizes that are consistent with the conditions sST

1
= 1 : :
and sl)Ci = Ci . By Theorem 2.3.1, the guantity TR(TYT is the

o)

probability of drawing a particular sample of size N(s) 3 and the
(l\I(TﬂCi)
N(si)

binomial coefficient in the numerstor gives the number

of times that this probability enters into the sum. The other
binomisl coefficient gives the number of'pérticular sets Ci with
N(Ci)_m-N(Ci) + N(s) - N(Si) . Now performing the summations, first
oover the hypergeometric distribution and then over N(s) , yields
the corcllary.

This corcollary can alsc be expressed as a recursion in the
. probabllity of response 1 given its conditioned subset. Sub-

stituting into (1) in terms of Theorem 2.4.5, we obtain

: o '
(2) ’P(Ai,m-l !Tn+lEi,nTnCi,n) = (1- W)P(Ai,n ITnCi,n)

9 o] E 192 ‘
* ey - B DI - oyl o+ Ty - Pa,an !




T

If the probabllity of an empty sample is zero,lthe recursion
becomes

(3) P<A n+l! n+l i,n n 1,n) =1- ﬁ(-T)P( i, nlzhci n) +'ﬁ%%7

When the whole stimulus population is ineluded 1n the

presentation set, i.e., T.=~S , wWe arrive.finally.at the form

() B(a ) = (1--9)PCA

i, nlC. 3+

n+-lI 1 n i,n i,n 2

‘=Hlgl

‘Which is identical in form to the familiar "linear operators”
([21, [5]), differing only in that conditionalization is upon the
condi tioned subgset rather than upon the preceding,seguence,
The next two  theorems are the pafallels-of 2.5.11 for the other
two types of reinforciﬁg_events; the proofs are analogous to that of

' 2.5.11 and can be omitted.

1 t
Theorem 2.5.12. _I_g k#1i and k#0 and P(T),.E e 1.0y n) >0,
=then _
P(A ! TC, )

1,04l """+l k,nmi,n

N7 c') o
C[hﬁﬁrquwﬂ+%mﬂswn
(T, 1c] ) _ B(E, |

i, n+lEk nTncl n s i n nTnci n) P(SJIT)
),

1
P(T +li K, nTncl n) J P(El, Ehcl n)
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where the summations are over all C{ and all sJE:T guch that

sl =L, for scme C!=C,
1 1 _— 1 1

. = P(T! ' :
Corollary I i P(Tn-}-l IEk n$n i, n) Tn+l Ici,n.-i-lEk,nTnci,n)

= - J
and (Ek’n| T C 1,n) P(E l SN ,) » then

1
P(Ai,n+l lTn+lEk,n:nci,n)
(TN Cy)

CZ [ —fy— (=% T) + oy R(s° 1)) ?P(SJIT)

i

Corollary II. Granted the hypothesis of Coroliary I and also

TAT" = 0 , then
' N(T‘ﬂc ) o
1 1
P(A ,n+llTn+lEk nTn i, n) (1- S [T )) NfT‘i B(s [T )Di,n+l

Corollary III. Granted the hypothesis of Corollary I, then

<
(1) P(Ai,n+l llIIn.—I—J_EKﬂlTncign)'"= | T)p“ sotl

- N{Tﬂci)

# (1= (s 1) (- )~y

(2) = (1~ 1\1(% )P(Ai’n _|TnCi’n) -p(s° ] T)[(2- ﬂ%)p" P ]

i,n "i,n+l
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I P(s°| T) = 0 , then

(3) Pla; 1y lTn+1Ek. i) = O "T"T)P(A I, € n) s | |

and if T =5 ,

(&) 'P(Ai,n+l [Ek,ﬁci,n) =(1- ﬁ%%T)P(Ai;ﬂ Ici;n)-

Theorem 2.5.13. If P(T il o nincl n)‘> 0 , then
N(T'f\c )
H — 1 1
P(Ai,n+l ]TnflEO,n$nci,n)”" (1-2(s7 1)) NZT!) 71T )pl o+l
Corollary I.
o]
(1) .P(Ai}n+l|T E TC, )=~PA, |rc, ) -2 lT)p, _-p ) .

ntl O,n ni,n i,n "ni,n i,n Ti,ntl
o]
If P(s” |T) =0, then

(2)  P(a | T

E P
i,n+l " "n+l Ojn¢nci,n ' Ai,n ni,n

snd if T =5 ,

_(3) ’P(Ai,n+l o,n"i,n’ i,n ' “i,n




The preceding three theorems with their corollaries permit
predictions of response probability on a particular trial gilven
the conditioning function and other specified information about
events bf the'preceding trial. Thus in an experimental inter-
pretation they would be appropriate for dealing with changes in
response probabiliiy for individual subjects. Additional resuits
of this sort will be found in Sections 3.2 and 3.3 below. Another

application of these thecrems arises in the derivation of recursive

.expressions for unconditicnal response probabilities, i.e.,
probabilities interpretable in terms of populations of subjecﬁs

in which all possgible preceding sequences of events are represented.
For illustrative purposes, we shall derive here a recursion only
for an important special case of the theory, the "determinate
reinforcement” case ([4], [5]) with noncontingent probabilities

for the presentaticn sets. This resuli will suffice to provide

some comparisons with the corresponding case of the linear model.
Also it will permit us to exhibit some empirically testable predic-
tions that can be generated from the model withoub the imposition

of the usual restrictions on the sitimulus sampling process.

m —
Theorem 2.5.1%. If P(Tn+lTn) >0 and P{;n+llw Y= BT ),

n n+l

where Wn ig any mn-cylinder set, aud P(EO n) = 0 , then
—_— ; '3 .
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P(A

ign+1‘Tn+lTn) = (s IT)D',

(1-p(° 1)) (> ( E)NCW:L) P(C, )+ = P(E, _|T )},
TEAE ( &~ L - §(T) N{(T) 1,0’ WO Ve b

i

where Ui denotes mean sample gize on trials on which Ei oceurs

and E.,mean_sample size on all trials.

Proof: By straightforward probability conéiderations,.together

with the hypothesis of the theorem,

‘P(Ai,n+l Tn+l n P{T T ) zi-ZL-P( i,ntl n+1EJ,nTn01 n)

n+l n
1

_ 1 : .
T P(T_ T ) EZ EZ P(Ai,n+l[Tn+lEJ,nTn i n)P(Tn+l)P(Ej,n!TnCijn)

o+l n’ J Ci

Br )P, ),

R(T_ ., )P(T)
and by the hypothesis, ) 2 =1 s 80 these factors cancel out.

P(Tnﬂ. n

The two cases to be considered relative to the reinforecing events are
j=1 and j =k , where k# i . For P(Ai,n+1lTn+1Ei,ﬁTnCi,n) we

can substitute in terms of 2.5.11 and for P(A

i,n+l[Tn+lEk,n¢npi,n) e

terms of 2.5.12, obtalning
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N(Tnc )
P i [Tpa T) = ? {,Ec{ —sry (LRI oy R(7[D)]

N(TNC;)

Z P(Ei,nlsr; i P(sJ IT) + % CZ [W {(1- P (s°]T))

3 =t¢,

+0; g P[] > e, ]fl'Tnci,n)P(sj"lT)}P(ci,n) ,

where J runs over all s T with sdUC, =€ ana J' over all

i
2t 2t
s9 €T with s9 L/Ci = Ci By virtue of the learning axioms, each

term involving C ;:_ can be decomposed ylelding

(T NC, )+N(Tns) N(Tns )

(1) P(a S T (1-P(s°[T))

i,nt+l n+l n

/—-_J\/—..\

H(TN ci)-N(Tm si)
N(T)

a pign+1?(so T)Ie(E; lerc; R(slT) —%‘ [

1-P(°7))+ pi,n_*_lP(so lT)Ig P(Ek)nlsnTnCijn)P(s [T)},P(Ci’n) ;

since all i)ossible sets C 1' are represented, the sumation Z now runs

s
over all possgible non-empty samples s&T .

There are thx)‘ee kinds of summations to be carrled_ out. The first
N(TnC o

involves W—— :




S0 -

N(enc,)

(2) Z"’ﬂ'ﬂ_ {Z P(E, |snTnCi’n)P(s_I_T)

> B lsrcs o ?(slT)}.P(Cl )
kFL s ? | o
__N(Tncg)
TE T G g T aledh IR, ,)
N(Tnci)
=> N(T P(Ci,n

.
i

- when Ej 0 and s have been summed out.
3

N(T"s)
The second summation involves —fﬁzaj— which, since s&T ,
N
- equals ﬁ%%%

H(s
(3) ;%m%)y P(E. |s.T C. )P(s ch yP(c, )

i,n" n"ni,n n'"'nin i,n

gz é; ﬁ(; P(snlEi,n.r'{ln)P('Ei,n[Tnci,n)P(Ci,n)

i
_l N
- %; N(T) (s lEl n n)P(Ei,n!Tn)
. SE
= P(E 11! n)N(Tj s
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where :Ei ig the corditional mean sample size referred to in the

statement of the,fheoremn In the first equality, the factor Ci
2

was dropped. from P(SnIEi,nTnci,n) by virtue of Axiom S3; however,

‘Ei 0 cannot be similarly eliminated unless we are given special
?

conditions on the. probability of reinforcement which make Ei n
2

independent of the trial sample. It is easy to show that E} =g
whenever reinforcement is noncontingent.

N(Tf\si)
The third summation involves
N(s. N(T

eguals fﬁvfj N
N

, which, since s<T ,

.

(%) > % wE (B8 plsres )+ % B(E, lsmCy JiR(splmc, JPC,
R () |

n

E S IO g,

wr) SO ) g

= > ~—P(N(s, [N T ¢, OP(M(s )T P(C. )
gg N(s)=N Si) N(%?j;o N{T} (m( 1,n)[ (Sn) n 1,n) (1 ( n)l nﬁ{ o

N(T) N(TnC,)

" g WA M) I )7(Cy )

- N{T r\ci)

- ﬁ%%j'gz N(T) P(Ci,n)
i
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‘With the summations evaluated in terms of (2), .(3), and (4),

equation (i) now reduces to

(5) Bla; olm T ) = 2 (s°1T)0; o4y + (1-B(s” D))
N(zAC, ) = E‘i
{gg N(T) (1 N(fj)P(Ciyn)*‘ﬁFfTP(Eisann)}

This last result can be expressed more instructively in the form of a

recursion in the response probability. By Theorem 2.%.5,

o N(Tﬂci) o
.P(Ai,annCi,n) = (1-P{c°|T)) —-ﬁ(T—rrJf,P(s l_T)pipn 5

| and in view of the hypothesis,

P(A, @ c. )R(c, )E(T)
Z By 110 0P ) = 2 —Btr e, TRy

i , i

P(A, T.C. )

=y —LEED o e T )
. 2
& P(Tn) i,n'n
i :
so that
N(TNC, )

(1-P(s°]T)) E: ‘“—ﬁvfj— )4'P IT)D ,n

i

> P(A ’nITnCi,n)P(C. )

& i,n
i

i

(1-p(s°]T) JR(A e, ) +P(s° 'IT)pi,n
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Substituting from (6) into {5), we obtain the recursion

— .
(1) Bay 1T 7)) = (e By T ) + (1-P(e° 1) )y B(8; )

- P(SO IT) (l - ﬂ%)pi,n* P(SO lT)Qi_’n_l_l

If p has an asymptote,'then given a series of trials with

i,n
the same presentation set, we can derive a useful expression for the

ratio of the long term proportion of Ai responses to the long termr

proportion of Ei events.

‘Corollary I. If lim p, =p, ,and P(T ) =1 forall n,
—_— oo Lon i? — n —_— =
1 n¥* 1 n*
1 - % . 1
and — > P(Ei?n) has 2 limit as n* »oco , then lim =% > P(Ai’n)
n=1 ¥ ® n=

exists and

* 3
lim ; P(A, ) = (1-P(s°)) 6—1 lim X < P(E, )+P(")p,
n* - o n¥ =1 1,00 o n¥ - @ n* ?:;I toh +

To establish this relation, we simply sum both sides of (7) over n ,
first eliminating Tn and Tn+l from the conditionalizations by virtue

of the hypothesis of the corcllary:




8l

n* — n* T

_ ovn T4 n*
2Py )= (e ) 2 By )+ (-R(T)) gy 2 E )

n=1

n*

+P(s%) > Ip

a
o i1 Ps n*Pi n WTY

'‘Eliminating terms which appear on both sides of The equality, and

dividing through by n* , we have

P(‘G‘i n*e1) P(Ai,l) o o
2 : -
n¥* T p* l\T(T) Z P(A ) +(1- P(S )) (‘I‘) Z P(E

1 2 G

0
P(s") n_*Zé; Loy w1 P10 *Pi n W(EY) -
HAinﬂi)
Now when we take limits as nﬁ'aaoo , Obviously lim ———~ﬁ¥—~m— =0
P(A, )

.———L—— ——- P, - -— )
and lim 0 and lim = E 1 nH1 piyn) £; -0y o,
s0 these terms can all be dropped from further consideration. The

remaining terms can be rearranged in the form

n¥

—_ — n¥
g oyy i Oy @
¥ 2 PlAy p) = (1-R(s7)) o5 2 P(E; o)+ B(s) an"l P4 n
or
1 & 6:1 1
e 2 Bl )= (1-p(s° —:7‘; P(E ) +P(s° ) = Eé Pin *
n=1 o n=1 n=1
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Finally, taking limitS; we have

n¥ o n*
. 1 0 i . 1 o}
_ iim e > P(Ai,n)‘— (1-P(s")) = 1lim e > P(Ei’n)AkP(s )p:.L .
n¥ - ® n=]. g n¥ - o n=1

Therefore, we can predict that in this case the long term proportion
of Ai responses will be a linear function of the long term proportion
of Ei reinforcing events. -Also, by conducting experiments with

different reinforcement schedules, can obtain convenient estimates of

the parameters P(so) s Py and . .To do this, we first choose

ai|.o! &

two reinforcement schedules for which = 1 ; any schedule having Ei

ai .ot

independent of the trial sample will suffice. The two observation

equations with two unknowns thus obtained can be solved for P(so)

and Py - Using these estimates, we can then in turn estimate the
o,

.remaining parameter —— for any other reinforcement schedule.
o

For a sequence of trials with a given presentation set and with
simple, noncontingent reinforcement, the recursion (T) takes a

particularly simple form.

Corollary IT. If P(T ) =1 and Pin = Py and

P(E, ) = n, for all n , then




give this recursion a simple appearance:

(9) P(A
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() 'P(Ai,n+1|Tn+1Tn) = (l"’ﬁ%%T)P(Ai,ann)

. [(1-2(e]T))x, + P(s°lT)p, ] ﬂ% n

As in the preceding corollary, we can drop the T's from the

. . . R . o
conditionalizations; using alsoc the notation © = EFET s We can

) = (18)R(A ) +6L(1-R(s%))m; +P(s)o, ]

with the obvicus solution

(':Lo).P(Ai )= (l—P(s"_),)fri.+P(s°)oi- [(1-P(s°))n, +P_(s°)pi- P(A_i,l)l(l-@)r“”l .

E

A comparison with the simple, noncontingent case of the linear

model is instructive. The formula corresponding to (10) in the linear

‘model is

P(A, )= +(x - B(ay ))(-0)"

where @ now denotes the learning parameter of the linear model.
The forms of the  "learning curves" are the same in both models, but
vhereas the only asymptotic result compatible with the linear model

is "probability matehing,” i.e., P(A; _ )= m , the prediction from

i,m.

the sampling model is simply that asymphbotic response probability will

be a linear function of the probability of reinforcement.
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(11) ‘P(Ai’m) = (l-P(so.))n:i+P-(so)pi .

Since asymptotic response probability is readily estimated from
data, and Ei can be varied at.the will of the experimenter, this
result provides a very simple means of estimating the parameters Py
and P(s°) . In an e?perimental context, P(so) , as evaluated
from equations (9), (10), or (11), or, move generally, P(s°|T) , is
to be interpreted as the probability that the subject samples no
stimuli from the experimenter-defined presentstion set on any given
trial. On . a trial when an empty sample is drawn from the presentation
set,; the subject must be influenced by some other stimuli that are
available in the experimental situation although not included in the
presentation set. These other stimuli might, for example, be
produced by overt or covert verballzations on the part of the subjects.
In a standard verbal conditioning experiment, te tske a familiar case,
the subject is instructed to respond to the signal presented by the
experimenter at the start of each trial. In this case, P(s°) might
be interpreted as the probability that the subject on a.given trial
actually ignores the signal and responds only to cues associated,
.say, with verbalizations about characteristics of the preceding
sequence of reinforcing events. The subject's probability of making
a glven response when he is influenced cnly by cues outside the
Presentation set might be.eiprected to depend on his learning history
in the experimental situation and also upon information gained else-

where prior to the experiment.
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§2.6. Markov Chain Propertya—/ With a substantial number of

independence of path theorems now established, we are in a position
to tﬁrn to the proof of what is probably the most important general
theorem of stimulus sampling theory, namely that under very broad
conditions an appropriately chogsen sequence of events is a Markov
chain. The significance of this theorem lies In the fact that the
mathematical theory of finite sgtate Markov chains is more complete
and simple than that of nearly any other class of stochastic
‘processes. The same remark applies to the statistical theory of
estimation and inference in Markev chains.

In principle, response probabilities can always be computed,
given the probabilities of the states of the chain.  Except when
the number of states is very small, it is usually impraet;cal.to
give explicit formulas for response probabilities as funetions of
n by virtue of this fact; but in many experimentally important
cases, asymptotic response probabilities turn out to have simple,
closed expressions in terms of the asymptotic state probabilities.

" Before turning to formal developments, we want to describe
intuitively in somewhsat mbre detail the character of the results in
this section and to give a sketch of some examples which show that

the results are in a certain sense the best possible. By this we

*
—/ We define a Markov chain to be a Markov process whose

transition probabilities are independent of n .
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mean that the definition of state in the Markov chain cannot be

-essentially simplified without destroying the Markovian character
‘0of the process.

A result much used in the experimental literature is that the
segquence < 91’92’°°°’9n’°“° > of conditioning rendom variables
which take possible conditioning functions as their values forms

a Markov chain for simple noncontingent and contingent relnforcement

schedules. - SBuperficially it might be thought that the sequence of

events (or random variables) which forms & Markov chain would be
guite different in discrimination and simple learning experiments.
However; as we shall see, this difference is not critical at all.
The crucial question is always: how many trials back do the
probability dependenciesg in the reinforcement and presentation
schedules extend?

I. Double contingent reinforcement with constant presentation

set. For example, let us first consider one of the most diresct
generalizations, within simple learning, of the simple contingent

case, namely the double contingent case for which the probability

of an outcome or reinforcement on trial n depends on the responses

of that. trial and the previous trial. For the double contingent

case the sequence of conditioning random variables < gl,ga,ooﬂ,gn,onf >

is not & Markov chain. DNow 1t might be thought that this is not

surprising; but that if we define the states as pairs Cn-lcn of
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conditioning functions, reflecting the fact that the contingency

extends over two trials; then the sequence < ngE,EQQB,.U?,gﬂ_lgn,Doo >
would be & Markov chain. However, this conclusion is not true

-except under very special restrictions.  Counslder, for example, the
following model. Thé set S8 of stimuli has exactly one element

.which is sampled with probability © , . 0< @ <1 , on every trial.

To show that we do not have a Markov chain we need to show that.for

some n ,.C, C*', C", C"'

nt " n T i " n ]
(l) P(Cn+20n+l Cn+lcncn—l) # P(Cn+20n+l cn+lcn) ‘

If we take: , . -

and

then it is tedious and lengthy, but not difficult to establish (1).
-Rather than give this computation, we believe it will be more
instructive to show what goes wrong when we attempt to.draw one of

the trees for a Markov chain in the pairs cn-lcn of conditioning

functions.
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Using the notation C; to indicate that the single stimulus

ig conditioned to response Ai on rial n , we can proceed to

diagram the paths leading from the pair Ci«lci. terminating on

trial n to the,possiblé new pairs terminating on trial n+l as
ghown in Fig. 2.6.1. With probsbility 1 -0 , the single stimulus
element is not sampled, and therefore the state of conditioning

must remain unchanged, so the lower branch of the tree leads to

CiCi*l regardless of the responses and reinforcing events. With
probability © , the stimulus element is sampled, and, since it is
conditioned to response 1 , response 1 necessarily occurs. The

response may be followed by elther of the cutcome-reinforcement

E or

pairs Ol,n- 1,n OE,n_E23n .

If the former, the state of
conditioning remains unchanged; if the latter, the stimulus element

becomes conditioned to response 2 , and this dbranch terminated

. . 1.2
in the pair CnCn+l -

1.1
Cncn+l

1 1
cn—l n

n o+l

Figure 2.6.1
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The difficulty with this tree is that we do not have as part

of it the responses on trial n-1 and thusg we are not able -to

indicate the probabilities x and 1 -x of outcomes Ol 0 and
2

02 n ih the appropriate branches. This problem suggests as the

2, :

-second possibility a tree which retains the same definition of

state but includes the responses on trial n=-1 among the branching

possibilities.

~~ "1l,n n n+l

laﬁll:oe,n 12
cC
\\\\ B n nt+l
2,n — 11
CnCn-l
1.1
E CcC
ﬂQl’Ol,n’//‘ i,n n n+l
l_REI:OE n
1.2
<\\\\\E Cncn+l
2,n
1-0
clot
n n+l

Figure 2.6.2
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In the case of this second tree the difficulty is that the
probability ¥ of an Al response on trial n-1 is disturbed
by the knowledge that the conditioning state on trial n is_ Cl .
Without this knowledge the probability of an Al response on

trial n-1 given Ci_ is eimply © + (1-0)p . With this

1
additional information we cannot compﬁte the probability of

Al,nwl without also considering the reinforcement on trial n-1 ,
'which immediately requires knowledge of the response on trial

n-2 snd thereby invalidates the Markovian character of the tree.
_An_appropriate definition of state for this double contingent case

of feinforcement is the response on frial n-1 and the conditioning
function on trial n . A typlcal tree is gifen in Figure 2.6.3.

Because the probabilities of the wvarioug branches are independent

of mn ; the trial number subscripts have been dropped.

Figure 2.6.3
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In the tree p 1s the fixed probability of an Al responge wWhen
no sample is drawn.

The critical thing in defining the stabes of the Markov chain
ig to inelude all those events on which the reinforcement proba-
‘bilities depend, as well as the conditioning function on the given
trial. ZBefore proceeding to the general theory, we give some
additional examples. In all these examples we assume the same
possible conditioning function and the same sampling condition

g8 in the double contingent instance just discussed.

IT. MNoncontingent, Markov reinforcement schedule with constant

presentation set. Let

lo, ) ==

P(Oi,n+l J,n’ Ji

-be the transition probébilities of é cne~stage Markov chain in the
trial outcomes. Then the appropriate definition of a state in the
Markov learning process is the reinforcement on trial n-1 and ﬁhe
-eonditioning function on trial n . A typical tree is given in

Figure 2.6.4.
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Figure 2.6.4

Note that the possible responses have been omitted in the lower half
of the tree for the actual response has no effect on the transition
probabilities from one state to another. The Markov chain has in

2

this case a tobal of Tour states: .Elcl,-ElCQ, .E2Cl, ECT . We

leave it as an exercise 4o show. that, for instance,

: 1 1 1 1.1
‘P(Cn+1| Cn)'% P(Cn+l Icncn-l)

and thus that the conditioning functions alone cannot serve as the

states of the Markov chain.
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ITI. . Noncontingent presentation and contingent reinforcement

with lag. Let T  ,m = 1,2 , be the two presentation sets of
stimuli, and let the reinforcement schedule be defined by

m
RACHIN ITn’Ai,n—l) = iy

The Markov chain then has eight states AiCij for i,j,m = 1,2 ;3
and it should be clear from the previous examples how.to construch
the tree with each state, and thereby the transition matrix of the
process, once we specify noncontingent probabllities for Tl and

'T2 » B8y Ty and Ty e

IV. Contingent presentation and contingent reinforcement. To

éhow that it is not sufficient Jjust to consider the past dependence
of the reinforcement schedule, a simple discrimination setup will
suffice, where the reinforcement is dependent on the presentabion
sets and the probability of a presentation set itself depends on

the response on the preceding trial. That is,

. "
P(Oj’n lTn)._ s
and
m
P(Tn JAi,n—l) = Tim -
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For this gituation, we may_take as the states of the Markov process:
-AiCJ ; for 1i,j = 1,2 . In this particular instance we may also take
as states the conditioning functions and the presentation sets;, i.e.,
Cij'u However, to simplify the sgtatement of general results we
.s8hall restrict ourselves Lo states which have the conditioning
function as the last event.

-‘We turn now to the general theory. -We shall mean by an

experimenter's schedule the set of conditional probabilities which

determine the schedule of reinforcing events and the schedule of
presentation sets. By virtue of Reinforcement Axiom El and
Presentation Axiom Pl this dependence is restricted to preceding
reinforcing events, responses and presentation sets. We say that
an experimenter’'s schedule has finite character ?Cj if there is &

ﬂM £

y4 :
collection of finite sequences W {(Xll,;.,,XM )} with each Xil

an Oj’ an Ai ora T and such that for each n

(l) 'P(Oj5n IAi,nTn n—lwn—l) = P(Oj,ﬂ lAi,nTn n—l)
and

| ' m'
(2) P(e) | K W) =BT |k )
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for any response Ai s presentation set i ;s sequence K in $<j

and W an n-1 cylinder set such that P(A, TK W .)>0
n . i,n"n n-ln-1

-1

for (1) and P(Knmlwn—l) > 0 for (2). The notation K _, denotes

a sequence belonging to ?C"which terminates on trial On For

-1 °
. 1,1 1,1 1,1 i1 A
example ; if ng = {(Ol’ Al)s (Ols AE)P (023 A'l)s (02} Al)} and

K = (ol, A;“) then K is the event 0

-1 l,n-lAgsn_l . The superscript

Ei indicates the lag behind trial n . Thus ﬁi = 2 refers to an
event on trial n-2 . A more elaborate and explicit definition and
notation could be used, but the sense of the present notation should
be clear and it is adequate for our purposes. We do need to édd the
rrovision that for_any n , the probabilities of the event sequences
Kn—l for all X in ?(j add to one, in order for the conditional
probabilities of preséntation and reinforcement Lo be completely fixed.
Moreover, it 1s also understocd from the definition of f£inite
character that the conditional probabilities (1) and (2] are
independent of n .

Unfortunately, the sets CnKn_l s when K iIs in ?<f and C is
a conditioning function cannot by themselves sexve as the states of the
Markov chain when the dependencies in the experimenter's ;chedule

extend back more than one trial, ss the fqllowing simple example

illustrates.

¥. Contingent reinforcement with lag 2 and constant presentation

set. Becauvse this ig a case of simple learning, that is, the full set




_99_

S of stimuli is presented on each trial, the experimenter’'s
schedule is defined by the conditional probabilities of reinforce-

ment, which here are:

If we take as étates the events ClA.

i oo 0 then the probabilities
,n-

of the typical tfee of Figure 2.6.5 are determined, but what is not
determined 1s the new state to which any branch leads, for the response

cn trial n-1 dis not known.

Cn+l

Figure 2.6.5

The method of remedying the situation in this special case is also the
one which works in general, namely, to add the responses on trial n- 1

and take as the states of the process the events C_A, A, :
. nin-1"1i',n-2
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For the general theory we need a notation for this extension of the

finite character %C_ of the experimenter's schedule. .Let

£ z
M
XK= (Xll,ooa,XM ) . Then K* ig the enlarged sequence which for
_ £, -1
each 4, > 1 adds the events X},,..,X.l . For example, if
i i i )

2 3 i1 2.1 2 .3
K = (Oj,Ai) then K¥* = (oj,,oj,Ai,,Ai,,,Ai) and the events
Cnoj',n-lAi",n~le,n-2Ai‘,n—eAi,n—3 form the states of the Markov
process. Or, in Example V just considered, K = (A?) and K¥* =(Ai,A§) .

Before stating and proving the general Markov theorem, it will
be convenient first to prove that the transition probabilities in the

.events -CHKE_ are independent of n ; for this result may then be

1
-used to show that the Markov process is indeed a Markov chain.
Moyeover, we shall. show independence of n by explicitly computing
the transition probabilities and thereby providing a’ general method
Ffor obtaining the transition matrix of the Markov chain. To avoi@

onerous notation we take a slightly restricted family %C‘ of events

in the statement and proof of the theorem (in particular ?<j = ?(f) o

Theorem 2.6.1, If

1,m 2,m V,m
(1) AC= (o ol o LR 4B 8,0 Y e V)
dJ 1 a i J i ‘
1 h 2 T2 Y
(11) B0, |4, T A 2l .o A ) -
' Jd,n' i,nn jl,n-l il,nwl n-1 J. sn=-v ivgn—v n-y

Y

“(jaismsjlnilsmly‘v . "’j_\)’i‘\)’m\))
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m

m
s 2 & m l v =
(1) B(T, lojl,n-lAil,n-lTn—l’"'“’Ojv,n-vAiv,n—JTn—v)"

T(m,jl’il’ml’ .o ,,jv,iv,mv) e

(iv) P(Ek,n loj,nAi,n)‘= ¢k ?

then

* t P - 1
(a) ,P(CnKn‘ll ! K%) =2 Z o B (O P(s | T
k s 11
ﬂ(Jl’ll’ml’JE’lE’mE"°°’JV’CV’mV’Jv+l’lV+l’mV+l) *

T(ml’J2’12’m25°°°’Jv+l’lv+l’mv+l)

" where I is over all samples s such that Cp = CkL}s snd for £ # k
' s

5 LJ*E = C, , provided

™ My Ton
K¥ NK'*_ = (Q, A, T ae o0, A, T " 0, A, T ;
n-1 n-1 Jl,n-l 1l,n-l n-1 Jv,n—v ;v,n—v n-vy Jv+l,n—v-l 1V+l,n-v~l -yl

* : %* ) = s =
(b)  B(C KX ]Cn_lKﬁ_g) =0  provided KX NK'*, =0 .

Proof: The proof of (b) is obvious, so we consider only (a).

We begin with the simple fact that

‘ * t L # t 1% * ! 1% .
(1) P(cnKn—l Cn—lKn—l P(Cn IKn-lCn—lKn—E)P(Kn-l] Cn—lKn—E)
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From the specification of Kg and. ,Kﬁf

1 given in the statement of

the theorem, and by making the usual expansion, we have Tfor the first
term on the right of (1):

L o= P(Cﬁi E

f
* ¢ % Y = | 1)
(2) p(c_ |kx_c: Kix) | k,0-1%n-1%n-1/

-1 n-1"n-2 .

P(By o1 | Ojl,n-lAil,n-l5P(Ojl,n—l il,n-sz%l“"TZY:{l)'
P(Ail,n—l lsn-icﬂ-l)°P(sn_1i Ti_l)P(T:%ll K% ///-
{P(Ojl’n'l]Ailfn"sz%l“'°TZY$%1)°P(Ai,n~1] Tzilcﬂ—l)'

m ]
*
P(Tn—~lI KA-E)J’

where X 1is over all reinforcing events and Z is that indicated in
’ k 5

the statement of the theorem. Note that the right-hand side of (2)°
has been simplified by using Theorems 2.5.1-2.5.3 to simplify the
conditional probability of Cn , by applying Axiom E2 to the

conditional probability of E 10 by applying Axiom R3 to the

k,n

conditional probability of L el ? and by applying Axiom 83 to
17

that of s . Moreover, for every s in the sumnation X we know

n-1.
s

by Theorems2.5.1-2.5.3 that P(C_ | E

o 1Sn-10£ l) = 1 . Cancelling
,n-1"n-1"n-

identical terms in the munerator and denominator on the right, using




with the observation that the term P(A T + ¢
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(iv) of the hypothesis of the theorem, and Theorem 2.4.2 that for s £ 0

'P(Ail,n-l - LA l) = N(sr\C )/N(s) , equation (2) then simplifies to:
N(sﬂC‘)
= P
SRR © ks
* 1% ) =
(3) 'P |K lcn 1Kn -2 ml
. : 1
‘ P(Ail,n-ll Tn-lcn-l)

We now turn to the second term on the right-hand side of (1).

| ol Byl
A4 P(K* ! t¥ P .
(&) (Kn-l Cn»lKn-E) (Ogl,n 1 ]A iys0- lTn lOJe,n-E —le)
m heed m
P(A, . Jrter )prt ]o L. V)

i,n-1 ""n-1 n-1 n-1 je,n—2 n-v-1

Applying (ii) and (iii) of the hypothesis of the theorem the right-hand

side of (4) simplifiesto yield:

(5) P(K I l n 2) = H(lell}mlﬁJga °’mv—l)°T{ml’32’°"°’mv+l)n

m

l 1
Ail,n—l[ Tn—lcn—l)

Combining then (1), (3) and (5) we obtain (a), the desired result,
m

1

l;n'l n-1%n- l) cancels out.

Q.E.D.
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For convenient statement of the genersl Markov theorem we may
define for each n the random variable K; which takes as its values

the events CK' with K in % end C @ possible conditioning

1

function.

Theorem 2.6.2. (General Markov Theorem). If a stimulus sampling

model has an experimenter's schedule of finite character ffﬁ, then

the sequence of random varisbles < g;,g;...E;,,.. > is a finite

state Markov chain.

Proof:- To simplify notation, we shall prove only a special case
of the theorem, but the method of proof required is exactly that
needed for the general case, and it will be perfectly apparent how

to extend the proof in a routine manner. Let
i .1,m .2
;LC = {(ijT ’_ ’Ai)} 3

that is, the experimenter'’s schedule is determined by the conditional

probabilities:

: m _ ..y .
(}-) P(Oj,n [Oj?,n-lTIl—lAi,n-Q = J{(J?J ’m}l)
and

i
',n-lTnmlAi,n-E

m' . .
(2) B(T, 1o, w{m', 3" ,m,1)
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for O.S Jg, "<t ,1<my,m <M, 1<i<r, where M is the
total number of presentation sets.
To establish the theorem for this speciasl case we need to
extend K to K* and prove that for every n , j,}j',mm',i,i',
"

and 1 every pair of conditicning functicns C =and C' , every

n-2 cylinder set Wn which is an intersection of C' K'¥

-2 n'n'-1l
5 T - ' P
sets with n' <n-1 such that P(Cn-lKn—lwn—2) > 0 , we have
P * ‘ 1 1% = % 1 ¥
(3) (CnKn-l CnflKn-EWn—E)' P(CnK:n-ll Cn-13n~2) ?
where
* o

(&) cnKn—l Cnoj,n—lAi,n—lTn-lAi',n-l
end

n-1 n-2 n—le',n—EAi',n—éTn-ZAi",n—S

Now by elementary probability theory

K'* ¢t W

(6)_ P(CnKz-lJ n-2 n-1 n—2) -

5 P(C.E 0 A ™ ¢ 0 I
K

nk,n-1"j,n-1"1,n-1 n-1"n-1 j',n~2Ai’,n—2 n—EAi”,n—3wn42

)

1 -t
"P(Cnthn—éwn—E)
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. In analyzing the various conditional.probabiliﬁies obtained from the
expression on the right, let us use ¥ for the set of remaining
events which are not needed on‘fhe basis of independence of path
results already established in the conditionalization and which
~ occur before the event whose conditional probability is being

considered. Thus in (7) below

m m'

T= Oj,n-lAi,n—lTn—le',n-EAi‘,n-ETn~2Ai",n-3wn—2

In the first place, by virtue of General Learning Theorems 2.5.4 -

2.5.6 we have:

m . o I .
(7) 'P(Cn lEk,n—lTn-lcn—lY) B P(CnI‘Ek,n-lTn-lcnnl) ’

Secondly, on the basis of Reinforcement Axiom E2

(8) P(Ek,n_l_loj’nﬁlAi)n_lY) = P(Ek,n-l! Oj,n—lAi,n-l)

Thirdly, because of the experimenter's schedule assumption (l)

ml
51, n-2Tn-2tn -3

| - Y) = P(0, | o

A
Oj',n~2Tn-2 i",n-3 Jsn-1

(9) P(O; n-1

Fourthly, in view of General Response Theorem 2.k .4

l bl 1] — m 1
(10) .P(Ai,n_l lTn_lCn_lY).m P(Ai,n_l| T Cl) -
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. Fifthly, because of the experimenter's schedule assumption (2)

(11) P(T™

n-1 [Oj',n-ETi—EAi”,n—3Y) = ®(1y |05,

None of the conditional probabilities (7) - (11) depend on LS
and thus we may.infer at once from (6) - (11) that (3) holds, the
desired result. Moreover, it follows at once from Theorem 2.6.1

that the probabilities (7) - (11) are indepeundent of n , which

egtablishes the chain character of the process. Q.E.D.

As an immediate corollary of this theorem we have the result,
alreédy mentioned, which is much used, explicitiy or implicitly,
in the.experimental 1;‘Lterature° In the statement of the corollary
we use gﬁ for the conditioning randcm variable whose values are

possible conditioning functions.

Corollary. If the conditiomal probabilities om trial n of

the experimenter's schedule depend only on occurrences of events

on trial n , then the gequence of conditioning random variables

< gi,ge,oaa,gﬂ,,n, > 1ig a finite-state Markov chain.

" We may, by'similar methods, which rely on additional
"independence of path” theorems proved in earlier sections, prove
a general Markov theorem for the case when the .conditioning functions

Cn are simplified to the functions
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N(Cn) = :N(Cl,n)ﬂ N(ngn)ﬂ ...ﬂl\I(Cr,n) B

which simply indicate the number of stimuli conditioned to each
response, provided the preséntation get 1s constant over trials.
Let us define for each n the random variable Ez_ which takes
as its valuesthe events N(%QK:ml with K in A’ and C a

possible conditioning function. ‘We omit proof of the following

theorem.

Theorem 2.6.3. I a stimulus sampling model has an

experimenter's schedule of finite charactex ?kf;-and if 8 is

the presentation set on all trials, then the sequence of random

variables < L¥,I%,...,I1%,... > is a finite-gbate Markov chain.
Rlolad bt by [ s s B 22p? 1 4




CHAPTER 3. DERIVATION OF LINEAR MODELS

£3.1, Introduction.

in this chapter we defive various linesar models which have been
much discussed in the literature. Most applications of linear models
have been %o simple learning experiments, that is, experiments for
which the presentation set is constant over trials. In [5] we have
given a rather extensive snalysis of a certain class of such models
based on a single learning parameter @ . Let Xn be the gequence
of responses and reinforcements of a given subject through trial n .
The axioms given in [5] for iinear models postulate linear relation-
ships for the prcbhabilities of responses given the sequence Xn .

More exactly, a gquadruple 1: =<7r,X,P,0> is a {single parameter)

linear model for gimple learning if, and only if, X is the sample

space of sequences x , F 1s a probability measure on Cg (x) ,

@ is in the haif-open interval (o <o < 1) , and the following

three axioms are gatisfied; for every n , every x in X and

every i and k with 1 <i, i'<r and O0<k<r

Axiom 1. If P(E ) > 0 then

. AL X
i,ni1%,n n-1

P(a

IE ) = (1-0)P(A )+ 0

. . A, X . ¥
i,n+1 in i’ -l i,n ] n-1

+ = T ] ) > A ol
Axiom 2. IT P(Ek,nﬁi*,nxn—l) 0 ,k#41 and k# O , then

A _ \
F(A ¥, 1) = (L-0)P(A, | x .

. B A,
i,ntl Tk, it
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Axiom 3. If P(EO,nAi‘,an-l

P(A

)

1,4l \l EO,nAi*,nxn—l) = P(Ai,n an—l

In the first three sections of this chapter we shall establish
for linear models satisfying these three axioms a representation
theorem in terms of a sequence of stimulus sampling models with an
increasing number of stimuli,f/ As far as we know, the only
previous pubiished results in this direction are thoseof Kemeny
and Snell [7] which treat only the two-choice noncontingent setup
at asymptote (of course, the main Tocus of their paper 1s nob the
present topic but the limiting distribution of responsé probabilities).
The derivation of linear models given here holds for any reinforcement
schedule, for any finite nurber r of responses.and for every

trial =n , not simply at asymptote.

§3.2. FPreliminary Theorens.

In this sgection we establish a number of theorems and
corollaries which are preiiminary to the main theorem. Because
we are restricting ourselves to simple lesrning all theorems of the

section are based on the hypothesis

*/ . Only the first three sections of this chapter are contained in the
present report. Additional sections desling with the derivabion
of linear models for discrimination and other topics will be

issued as a separate report subsequently.
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of stimuli is the pregentation set on

every trial.

By virtue of (I) we may omit all consideration of preseﬁtation

sets T in the seguel. To cobtain results independent of n ,

we also assume that the probability of response 1 given the

empty sample so is
(11) Py n = O

n 1

Thirdly, as a matter

i)

(I1I) o= Nél.

The corollaries

than do the theorems

Py s i.e., forevery i and n

of notation, we define:

N(s)P(N(s)) .

of the first five theorems show more clearly

themselves how the theorems provide a stepping

stone for deriving the linear model. .The first two theorems

vary the responsge on

trial ﬁ . The second two change the rein-

forcing event on trial n . The fifth theorem deals with the case

of no réinforcement on trial n . .The close relationship between

these theorems and theorems in §2"5 wil}l become apparent, particularly

through the corollaries. For example, Corollary I of Theorem 3.2.1

is very close to equation (3) following Corollary III of Theorem

2.5.11.
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In the first theorem we need the faci that the second raw

moment of the hypergeometric distribution is the following:

A

A o
Efi ac 12 Ns—a

="

Theorem 3.2.1. If P(E, A, _N(C, )
————— — i,n 1,n i,n

N-A

_ 1 A(A-—i)s(s— 1)
=Fifs W-1 .

) » 0 then

P(Aiﬁn+liEi,nAi}nN(ci’n)) a2 piP(so) +
(1-B( o))[N( JF Bu(e,) w(e,) N(Ci)(N(Ci)-lj(E_l)%//[( ( o))N(Ci)
e 2 ¥ B —- 1-P(s
L L N2 (N-1) i

+ piP(SO)] .

Proof: By the usual methods of expansion we have:

. - _
(1) '?(Aiﬁn+l 'iﬁnAi,nN(Ci,n))
N Ci
E 5 P ' ) = P b ) .
g=s5, ©,=0 (Ai9n+l EisnAiﬁnqi:ﬂsncisn) (EisnlAisnSisnSnLi:nﬂ%Aiﬁn]Sisnsn)
i 1

lc, )

P{s. |s

Jso, R(e) /B(E; A, c )P(A

i,n " i,nin i,n""i,n

" where on the right-hand side of (1), for economy of notaticn we have

replaced N(C, ), N(si n) and N(sn) by C¢. , s, and s
E

i,n in® “i,m n ' 5

respectively, and simitarly for N(Ci), etec, This convention will be

followed throughout this section in proofs, but not in the statement of
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theorems, We may simplify (1) by noting first that in simple

learning, because of Axioms El and E2 +the conditicnal probabilities

for 'Ei o B8re the same in the numerator and denominator. -Secondly
2

from the general learning theorems of 2.5 we know that

C.+s8-8.
i i

P(A |E

) = P(A, lc!

. . A, s, 8 C, = =
intl " i,ni,n"i,nn"i,n i,n+l 1,n+1) K ?

where ! = CiL)(Sﬂ/si) . By virtue of Theorem 2.4.1 for s # 0O

S

i
P = — .
(Ai,nlsi,nsn) 8

In view of Theorem 2.3.4

Moreover, if the sample is empty; then

0
P = P(A
(Ai,n+llE2,nAi,nsnci,n) (

le, )

i,n i,n

and for the empty sample case the two terms cancel; also, of course,

P(Ai nls;) =p; - Combining these warious remarks and applying them
S

to (1), we infer:
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Oy .
(2) P(Ai n.+lIE ,nAl nC1 n) - piP(S )+

o Vu-c, !
il i
N (Ci+s-si) 54 ksi / s—si) ]
Zé: “_ujﬁ__-_ B P(S)_ P(Ai,nici,n)

Hﬁ[ 4HF)

. Bumming out si in (2) and using the expression for the second raw
moment of the hypergeometric digtribution mentioned before the
-theorem, and the fact that the expected vaiue of the distribution

gC.
. i .
is s we have:

o}
(3) P( i, n+l| i nAi,nCi,ﬁ) = piP(s ) +

C. sC, Ci(Ci-l)s(s—l)

N .

=~ | =+ - C. + )} P )//P(A e, )
z [ V8L, _ : S . .

=1 | 12 N2 sN2 i N-1 i,n’ i,n

4

Bumning now over s , we obbtain:

(%) P(A il E. 3BA1 n 1,n) = p; P(s°) +

2

( _ , EC. c, C; C -1 ¥o- l)////( )
1 P —_— = P(A, i
N2 N2 N2 Nz(N 1) :

C,
oyy i o
3 . ~ =] - —
Using Theorem 2.4.5, to replace *(Al n! 1 n) by (1-P(s ))N-+piP(s ),

~we obtain the desired result. Q.E.D.
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Obviously the theorem assumes a much simpler form if we

assume that the probability of the empty sample is zero.

Corollary I. If P(s°) = 0 then

— N(C.) —
i,nAi,nN(Cign)) = Eg:;g Nl * E:i

|E

P(A

1,n+l

Proof: On the basis of the hypothesis of the Corcllary, we

have at once from the theorem

P(A )

i
: E, A _C. - —=
il inmin i C, NE

i
.Olz
A

R R Q.E.D
D TSRS T S T

The second corollary states a limiting result as N - ® . The
limiting process we use will be discussed later in more detail, but

in essence for a Tixed experimenter’'s schedule we choose a seguence

N, )
of stimulus sampling models XN such that for each 1 1linm m——ﬁi;w
N—-w '
a(N) | 1S —\2
exists, lim exists, and the variance = (W(s)-o)°P(s)
N 2
N —co N~ N{(s)=0

has a limit which is zero. For purposes of making connections with ?

the linear model intuitively clear, we define -
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We then have:

- Corollary II.

C

N(C, )) = (1-8) lim 7% + e .

lim P(A, . A, .
i,mi,m i, ¥ = oo

+
N - 1ol

|z

.The next four theorems and their corocllaries are similar in
structure to the firght group, so routine details wiil be omitted
in proofs. In the second theorem we need the fact that a certain
cross moment of a multivariate.hypergeometric distribution is given

by the following expression.

A B N-A-B
_ Eé: ﬁ?: ab L2 bl \s-a-bl _ ABa(s-1)
5 =5 N N(N-1)
s
Theorem 3.2.2. If i # j and P(Ei’nAj’nN(Ci,n)N(Cj’n)) >0
then
o o} N(Ci) o)
o P(s°)L(1-7(s%)) —1= +p,P(s")]
P(A; w1 1By phy NGy ON(C, ) = RGN O *
. (1-P(57)) NJ 4—ij(S )

e e NQ(N—l)

N(c, )n(c,.) oti(c,) n(c,)n(c,¥o-1) N(c,)
(1-p()) 2ty e b AT (1 p(6®) g o B
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Proof: To begin with we have:

IE A, C, C. )=

(l) P(Al ntl i,n j,n i,n J,

c. c.
i 03

P(A, E, A, s, s, s0C, P(A, -
s=s>:s s>:O S>ZO ( 1,n+lI i,n J,ndi,n j,nn 1,n) ( J,nISJ,n n)
i 75 71 J

P(s |s.C. (s )// )
911 J,ma'n 3—:n J,n Jn Jﬁn

On the right-hand side of (1) we have cancelled the conditional
probability of Ei 0 from the numerator snd denominator. To

2
obtain P(s 1, n® i, anl " J,n) , we apply Theorem 2.3.5. Thus

by the same lines of argument as used for Theorem 3.2.1, we infer

from (1)

(2) P(Ai’n+l]El ity nCi,aC,0) = pJP )P(A plci,nl//;(Ajjnlcj,n) +

C,\ C.N-Cy c
¢, ¢ + JN
i i 3 (Ci+5-si) s, 18yl llss; -s
> = ] s - N )/// )
Ls—s +s. 8.=0 s.=1 \ 3’ J’
173 71 J s}

Summing out 8; and Sj ir (2) and using the cross moment of the

hypergeometric distribution stated prior to the theorem, we obtain:
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[e] .
(3) P(Ai’n+l|Ei,nAj,nCi,an,n)_— o,F(s )P(Ai,nlci:nl//gigj,n[Cj’n) +

N cicj scj c,C s(s 1) |

E [—< + - (ﬂ—“(——"j“—)]P (s)/ P(A, C. )

s=1 N2 N2 sl N(N-1 J,n J,n
Stmming now over s we obtain:

- /s
(&) P(Al n+llEi,nAj,nci,an,n) = Py P(s” )P(Al n] 1,nl/'P(Aj,n[C3,n ¥

ac. ¢.¢.(o-1)

1J 1./p
N (1-

c.C.
o i3
1-P{s ))I + (N

J
¥

32

Using then Theorem 2.%.5 to replace P(Ai,nlci,n) and P(Aj,nlcj,n)
n (4), we obtain the desired result. .Q.E.D. '

We state without proof the two corollaries.

Corollary I. If P(s®) = 0 then

| : :N—G.i i P
P(A 11+lIE ,nAJ,nN(Ci,n)N(cj,n)) S iN-1; N TN
Corollsry II.
N(C,)
lim P(A, E, A, MC, N(C, = {1-6) 1lim ——— + O
N - @ ( 1,n+lI i,nj,n ( 1,n) ( J,n)) ( )N - o N

We now congider the two cases which arise when the reinforce-

ment on triel n is different from E,




-119-

Theorem 3.2.3. If k#1i , k# 0 and P(E

k,n i,n N(Ci,n)) =0
then
-P(Ai,n+lIEk,nAi,nN(ci,n)) = piP(SO) *
N(c.)2 w(c.) N{(c,)(w(c.)-1){w-31) N(C
(1-P(" ) - = 1/ [1-p(s°)) +0,P(s%)]

e > NE(N-l)

Proof: Proceeding in the same manner as in the proof of
Thecrem 3.2.1, but accommodating in the first term after the summation

for the different reinforcement, we obtain:

e}
() ?(Ai,n+lIEk,nAi,nN(Ci,n))' pyP(s7) +
c,| {N-C,
c 1 1
Nod (C -5, ) 8y sy) \s-sy ﬂ//f I
S 20 A - e/ o, )
s=s, 8,.=1 s N 1,0 1,0
i71 s

Summing out 8, and then s , we have:

(2) .P(a

o
i,n+llE A, N(Ci,n))_--—%P(s ) +

k,nmi,n

)
c C, ¢, (c -l)(G—l)
-p ~ 1.7, e ,
(1-p(s° Ng > N2 _y ////( 1,01% o)

and the desired result is immediately obtained from (2) by substi-

tuting for P(Ai,nlci,n) . Q.E.D.
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Again we have two corollaries thse,obvious proofs are omitied.

Corollary I. If P(s°) = 0 then

P(Ai,n+l['Ek,nAi,nN(Ci,n)) Z(NE} N _N(lc\;-l)
"Corollary II.

N(c,)

lim P4, 1B A, m(C. )) = (1-0) lim =

i,ntl " kyn i,nt isn Fil)

N -0 N - o

The next theocrem is for different responses on trisls n and n+l .

Theorem 3.2.%. If x#£1i ,k#0, j#1i and

P(EksnAj’nN(Ci,n)N(Cj’n) > 0 then

n(c, )

0 .P(s®) (1-p(s°)) +0,P(s%)]
P(A w(e; (e, )= d T, = +

1,0+l EK,nAj,n
(1-p(s° )) +e; P(s”)

K(C, N(C.) N(C )N(C ) cr—l) )
1-p(s°) ) [(1-P(s P(s°)]
(1-B( 2 , N2(N-1 / (1-P( )) * e, (8

Proof: Proceeding as in the case of Theorem 3.2.2, but making
- changes for the different reinforcement, we have, corresponding to (&)

of the proof of 3.2.2,
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o ,
. P = P P / +
(1) (Ai,n+l Ei;nAjﬁncianj;n) Qj (s7) (Ai:n|ci3n)‘ P(Aj)n|cjﬁn)

(1-P( O))[CiCj Cicj(g—l)]//;(A le. )
- s - . =
¥ W(-1) Jon g

And by applying as usual 2.4.5, the desired result is easily obtained

from (1). Q.E.D.

Corollary I. If P(s®) = 0 then

' | N-o N(Ci)
P(Ai,n+l Ek,nAj,nN(Ci,n)N(cg,n)) SANL T W
Corollary II.
N(Ci)
lim P(A, E A _N(c, u(c, = (1-8) lim .
N — oo 1jn+lI k,n j,n ( i,n ( Jyn)) ( )N o N

Finally, we have the theorem for non-reinforcement on trial n .

The result, it will be noticed, is the same, whether j =1 or | # i

Theorem 3.2.5. If P(E N(c, JE(C, )) >0 then

A,
C,n J,n i, )

P(A IE

N(c, n)N(c. )} = P(&, |N(c, )) .

. A,
1,0+l 0;n j,n i, Jsn isn isn

Proof: By virtue of Theorem 2.5.6 and its obvious extension

to the present case
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o, )-

= P
i,n+3_lEi,nAi,nxn—l) ZP(Ai,n—i-llEi,nAi,nci,n) (Ai,n i,m

P(A

P(Ci,nIXn-l)//P(Ai,nan-l)

i i;[(ﬁ"&) C—i%E‘Nl]P'CQ; “le. JB(cs |x. Vo
IR (R B DR PO RS A ¥ AR A
i g
'P(Ai,nJXnFl)
-0 <. ey S I
-1 ? (Al,n‘]ci,ia) ‘P(Ci',"nlx' 1)
i
R +N-lP(Al,n ]Xn-l)]/P(Al,Ille’l-l) .
N-a 2
N—l.‘CZ‘ -(fé‘_i,nlci,n) B i,nlxn-l) 3
= 5T
P(a, lx )

Note that in the first line the conditional’ probability of E, .

5

cancels in the numerator and dencminator on the right vecause of

Axioms E1 and E2 and the fact that the full sequence x “is given.

n-1
Proofs of the next four theorems are similar, with each'relying

on the correqunding-thébrem'dnd dorbllary Ofﬁthe preceding section

and so we omit most of them.
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: : ©y = 3.
Theorem 3.3.2. If P(s”) =0, 1 # j and P(Ei,ngj,n;;nﬂl) >0
then
e X N-N(Cj) |
'P(ﬁ_‘i ,n+1'|Ei,_nA3,an-1) = F1 "P(A.i,n lm(ci,n))'

N(C})=0 N(C )=0
g

Pa, N, PGy ey Dk )/ P kg )+

Proof: .We expand in terms of ].‘\T(Ci rl_)N(Cj n) .and use Theorem 3.2.2.
. 2 »

N ¥
. _ . 3. J
"P(Ai ,nt+l IEi;nA.j ,n).{n*l) o 4—6 é P(Ai s+l ]Ei :I]-Aj )nci )n)P(AJ »n ICJ ,Il) ‘
P(CJ_,n J,nl n-—l) P(Aj,nlxn l)

H
IZ
1j1
~la
=M
™M
]
o
(™
i_l-
=]
a
s
A"y
gj\—/
Fea
L)
5
Q
L
w\-/
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because

=gl

°3 .0
Cz CE: N 'P(Cl n J,nlxn—l)/P(_Aj,n]Xn--l) TN

173

Theorem 3.3.3. If P(s%) =0, k#41 ,kXx#0 and

>
P(Ek nAl X l) 0 then
- N
N-o 2 ;
, N-1 - P 1,11[ :|.,n) F i,n[ n-—l)
N(ci =0 R =
F ' =
(Ai,n+l Ek,nAi,an-l) B( lx ) TRE-D)
i,n"n-1
Theorem 3.3.%. If P(s°) =0 ,k#i,k#0,5#1i and
P(E >
(E - J,n X, l) 0 then
| i & N-x(e,)
P('Ai,n-%l IEk,nAj ,nxn—l) ~ N-1 N( =0 I\](; i yn))P(AJ pnIN(CJ;n) )

CE(N(e, n(e, l// P(A; L%, 1)
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Corresponding to Theorem 3.2.5, we now need two theorems

depending on whether J =1 or j#1

o] : .
Theorem 3.3.5. If P(s ) =0 and P(EO’nAi,nxn‘l) > 0 then

N.
> ///
= P
P(Ai,n+llEO,nAi,nxn—l)' N(EES;OP(Ai,n[Ci,n) (Ci,nlxn—l) P(Ai,n[xn-l)

i

8] . .
Theorem 3.3.6. If P(s ) =0, j#1 and P(EO v J,nxn_l) >0

then

X N-N(Ci)

P(A, E. A, x = P(Aa, lc. p{a, . )¢
( 1J,n+_ll O,nm J,n n—l) N(ggg;O.N(C -0 ( 1,nl 1,n) ( J,nl 1,n)
i J

B(n(c N(e) |x, ) /P(a 3,1 lx, 1) -

‘Ag the form of the six theorems Just stated suggests, the next

step is to prove that as N —-

= pa, | 2 lx. )
(l) u (Ai,n N(Ci,n)) P(N(Ci,n)lxn-l) = P(Ai,n Xn-l)
and
X N-N(C, )
P A P N(C X
(2) N;ON(;_ (a; LIvcey Dpa, In(ey )pice; (e, Dlx, )
= P( i, ]Xn_l)P( J,l’ll Il;_)
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for i % d .. For this purpose it 1s convenient to define certain

variances and covariances.

2 N 2
(3) o (W,m) = N(gég;ol<P<Ai,n‘N<Ci,n>xn-l> - Py b 1

B(N(C,

) lXIl-l) p)

Fyst

N N~N(Ci)

(&) o, (W,n) = > [p(a, In(c. J)x . )-P(a, Ix )1
() Uigx( ) N(%i;éo.N(C, =0 1,nl i,n""n- ( i,n n-1

[P(Aj’nlN(cg,n)xn_l)-_P(.Aj)nIxn_l)}P(N(ci,_n)N(cj)n)Ixn_l)n
It is easy to show that

= 2 2
() o mm) = %g P, oIy )TR(N(e; Dle ) - Ry ke )7
and

_ y  F-N(C.)

(6) oy, (W,n) = N(%=O N(C—;OP(Am|N(Ci,n)P(Aj,n‘N(%,n))°

pO(C, (e, Dl ) - By b R bk )
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From (5) and (6) it is clear that if

. 2
(7) lim GiX(N’n) =0
N - o
and,
(8) Nli?60 Gin{N,n) =0 ,

then (1) and (2) will be established, provided the limits exist of
tﬁe individual terms on the right-hand sides of (5) and (6). And
this existepce does follow from our other results. Before we
‘proceed to establish (7) and (8), we review our limit assumptions
as N-0o .

For a fixed experimenter's schedule, which since the presen-
~tation set is constant is just a Tfixed reinforcement schedule,

ard for fixed probabilities c, . of reinforcement E . given
ik k,n

0, and Ai L 2 Ve select a sequence < X(1),X(2),...,X(N),... >
2

doil

of stimulus sampling models with the Nth member of the sequence
having N stimulus elements and satisfying the following three

conditions.

() (@) _

I. For esch N there are numbers Y5 >0 with 2y =

()
1

on trial 1

such that for any conditioning function C

PN(CEN?) = 0

€
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el ()
unless 5 = 7i s and there are numbers 71 > 0 with
z 7 = 1 such that
1im ygN) =7,
i i
N—>w

IT. Let E(N) be the expected sample gize (o_n every trial)

for X(N) , then 1lim a(l) exists, and we define 6 as this limit.

N - co N
III. As N - o the variance of the distribution of Ngqs)
approaches zero, that 153
i
lim = (N(s)-0FR(s) =0 .

N-w N2N(s =0

Because these three stipulations place restrictions only on the
conditioning functions on trial 1 of the models and on the sampling
distributions, which are independent of = , it is clear that it is
possible to select such a sequence for any numbers 7i > 0 with
Ty, =1,and 6 ,with 0<89 < 1 . .The intuitive content of
(II) and (III) seems transparent? but (I) is somewhat surprising.
To.represent a given linesr model as the 1limit of a sequence of
.stimulus sampling models, it 1s necessary to fix the limiting
proportion of stimuli connected to each yesponse on trial 1. . In
making this last statement we have in mind the characterization of

linear models given by us in [5]. We shall return to this point
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later. It.should be clear that (I) may be weakened in several
unessential ways.

Tt is necessary to establish (7) and (8) together, for we
- proceed by induction and for certain cases the argument for n+1i
for either (7) or {8) depends on being able to assume the other
hélds for n . The desired representation theorem is én immediate

consequence of this theorem.

Theorem 303.?, If P(Xn) > O then

i) lim o (N,n) =0
11X
N -
and.
ii lim o.. (N,n) =0 .
(11) a0y (n)

Frcof: As already mentioned, we proceed by irnduction on both
parts of the theorem simultanecusly.

For n = 1 the results are immediate from Selection Rule (I).

N{c, .) :
. 1,17 (N) =
For example, if 5 —mzi s then P(N(Ci,n)) =1 and
. 2 2
P P = P(A
(Ai,llm(ci,l)) ((c; 1)) = B4, )

- Assuming now that the theorem holds for n , we must consider

several cases.
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Case 1. 'Xn = Ek,ngi,nxn—l .

For this case, the argument for (i) does not depend on (ii), but

this will not be true for Case 2. We first establish (i).

2,
(1) %Z (Al n+1lci,n+l) 1 n-i-llX ) =
i
|'
. 1 °
z it Sé SEOP(Al 21 %4 ner? P(ci,n+l]Ek,nAi,nSi,nSnci,n)

i i3
t
P(Ai,nlsi,nsn)P(Si,nIsnci,n)P(Sn)P(Ci,nIXn-lL/é(Ai,nIXn—l) ’

Now from results in Chapter 2 we know that the conditional probsbility

of C, is zero unless C, = (C! - s, , whence we make this
i,n+l i,n+l i i

simplification,; eliminating the summation over C:.L s and substitute
familiay expressions for the other terms on the right-hand side of

(1) to obtain:

2
P(Ai,n+l ci,n+l) P(C,

(2) Ix ) =

i,n+l

SR

C,~-s, 2 8, | .
TS SZ ( 11\1 NE) —Si P(sijn|sn0i,nl)P(sn)P(.Cj'_’n]xn_lVP-(Ai,nlxn_l) :

i i




-132-

S c —

liow as N — o , 2%'%'ﬁ£ and. %%-—99 s and the wvariance of the

*
sampling distributicn goes to zero.—/Thus in the limit (2) reduces to:.

. .C_ 3
m 2 - 1in S (1-0)2(=x) -
(3) Nlimoo £ P& 1105 a ) BCy %) = 1in £ (1-0)" ()
@ Gy i

P(Ci,nlxn—l;/%(Ai,nIxnwl)

i

1im (1-@)272 p(a, o, )3

c i1,n "i,n
i
P{Ci,nIXn—l)//g(Ai,n Xn-l)'

'~ We now make use of our inductive hypothesis. We first note that

the right-hand side of (3) is expressed in terms of the third raﬁ

moment (,, on trial n of P(A, IC, ) , which may be expressed in
: 3 S i,n i.n ‘ 3
terms of the third central moment u3 ; the second raw moment Ob

and the mean p by:.

3° u3+3062u—2u P

It may be noted that at this point we make crucial use of the
agsumption that the sampling variance 1 2 (N(s)-E)EP(S)

. _ _ N(s)=0
approaches zero as a limit, for if this limit were other than
zero it would be necegsary to calculate explicitly in the limit
various raw moments of the hypergeometric distribution of 8

and also of the sampling distribution of s .




_]_33 -

but by our inductive hypothesis all the central moments are zero,

thus @, =0 , and Q. = u2 , whence

3 o
(&) - a = WS = lim P(Ai?nlxh_l)s s
and combining (3) and {4}, we have:
(5)  lim > P(A, lc. )2p(c, Ix ) = (1-6)%1im P(a, |x )P
o i,ntl "i,n+l i,ntl " m i,n"n-1
5 .

We now apply the fact that by virtue of our inductive hypothesis
'Oé =  to Theorem 3.3.3 as N = oo and obtain:

(6) lim P(&,

k) = (1-0)1im P(A; e )

S0+l

Equation (i) follows for Case 1 immediately from (5) and (6).
‘We now turn to (ii), and use the same arguments which took us

from (1) to .(2).

. =S T . .
(7) (i, j,x,n+1) 6— & P(Ai s+l Ci ,n+l)P(Aj ,n+l[Cj,h+l)
i
P .
(Ci,n+lcj,n+llxn)
. e (Ci~ Si}(C.— s.) s
=> Z s r Iy . N ! = Pls; o5 nlsnp'nc'rli
C, C. s s, s, S n
i J- i d
s )
B(s )e(0; C e )2y e o)




Sj "Cj o
3 "S-——-)"ﬁ— and — — 6 , and

=N =

S,
1
s

=0

Now again as N - o

EE i; S—E)EP(S)-% 0 , whence in the limit (7) reduces to:
s

H

(8) lim a(i,j,x,n+l)

» ¢, 2 C,
0 1in ¥ S (=) (=2
(1-6) Lin g: () (5 )P(ci,ncj,n[xn_l;//

i3

P(Ai,nlxn-l)

p(a, fo. )Fe(a. o, )-

Jell o Lk

2
P(Qi,ncj,nlxh-lz///(Ai,nlxn-l)

We now use our inductive hypothesis to compute the raw cross-moment

(1~ @) lim E:
C

cf°P4
H
=
o
B

on trial n , which is denoted by the expression on the right-hand

side of (8), Thus, dropping notaticn for x and n , let

(9) oi?,3) = T 5 B, o, Pe(a; los e, oo Ik ),
C. C.

i,n Jsn’ Jj,n in j,n n-1
i J‘
2, ~ < Ly 12 ) .
e P ~ - .
(lO) Ll(l }J) 6__ é— [ (A l’llci,n) P-(l)] [P(Aj,nici,n) U-(J)}
i)

P(C

i,an,ann—l)

~where u(i) is the mean of P(A, _|C. )} , and similarly for
, i,n" "i;n
w(i) . And the definition of a(i,j) should be cbvious. Now by

explicit computation




_]_35..

.2 2, .2 . .. . N2 .
(11) w(i,3) = a(i®,3) - a(i%)u(3) - 2a(i,i)u(i) + 2u(i)"n(l)
A2 g, N2 .
+ p(i)7u(3) - u(d) uly)
Now it easily follows from our induction that the central cross-

moment u(iggé) =0 . Also by our inductive hypothesis

u(1%) = c? = 0 , whence

a(i®) = u(1)?
And also
w(i,g) = oy, = ali,3) - w(@2u(d)

but again by our inductive hypothesis Uij = 0 , whence

(12) | o(1,3) = u(1)u(3)

Substituting these results into (11), we conclude

(13) a(i®,3) = u()Pu(3)
Applying (13) to (8) we obtain at once that

(k) lim.a(i,j,x,ﬁ+l) = (1~e)2 lim P(Ai n]xn_l)P(A

E

j,nlxn—l)
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Now as in the argument for (i) by our inductive hypothesis

a(i) = Ll(i)2 and (6) holds. Moreover, by virtue of (12) and

Theorem 3.3.4 for Xn =-Ek,nAi,nxn-l

(15) lim P(Aj,n+l|xn) = (1-0)P(A Ixn_i)

d,n
Equation (ii) follows for Case 1 immediately from (6), (14) and (15).

We shall not consider all the other cases in detail, but we shall
sketch the main argument for several more. The interest of Case 2
is that it makes clear why the induction must be simultaneous on

2
both ¢, and o, .
- i 1j

Case 2., xn = Ek,nAj,an-l

As before, we first consider (i). By the methods used for

Case 1 but accommodated to J # 1 , we have:

lc )°B(C

e

i,ntl

.2 o~
(16) o(i,n+1) = é-___P(A §

i,n+l

. s,
>SN o ) - P(Sisj!SnCi,nGj,n)P(Sn)P(Ci,ncj,n,Xn—l)

P(A IXn—l) .

J,n
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Thus as N — o

[®]

. 2

L]

: 2 1 a2 e — iy g /
(17) lim @(i®,n+1) = (1-8) 11m%CZ () 5 P(Ci,,ncj,nlxn—l)
i3
P(Aj,nlxn—l)
2 ., =
= (1-8 lim > = P(A, P(A -
(1-e) - &= (1,11] ) ( ’nl J)n)
178

P
P(Ci,ncj,nlxn—l;// (Aj,nlxn-l)

Now the expression on the right of (17) is the same as that on the
right of (8) and we apply exactly the same methods, using in the

procesg the inductive nypothesig on gij , to obtain:

)2

. .2 2 .,
(18) lim (i ,n+l) = (l—@? 1im P(Aisnlxn_2

and equation (i) is easily obtained as before from (18) and

Theorem 3.3.k4.
Turning now to (ii), we have by the usual methods:

_ (c.-e ) (C.-8.) s,
(19) ali,imtl) = > > > 5 e —dd A p(s, s, [0, € )
]

N N i;m jnnrin gn

(]
V]
2]
Lo

i

(s, )P( ke VP, ke )

1 n J,n n-1 i,n
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but.the right-hand side of (19) is just like the right-hand side

of (7) with i and 3 interchanged, and the argument proceeds in

identical fashion.

Case 3. X = Ek,nAj',an—l

The proof of (i) is the same as for Case 2 with J' replacing

The situation is different with respect to the proof of (ii), for
a new kind of raw cross moment must be considered, namely

a(i,j,j') which however may pe treated in the same fashion as

.2,
Cﬁ(l :J) .

(Ci-asi) (Cj ~5.)

. - S.,
(20) oi,gm1) =3 T 55 TS i et o
‘ C, C, s s, 8, 8,,
R | i d J
P(s, _s. s., s C. C, C., Ye(s)P(c ¢, C,
1,0 g, J ;0 N 1,I 3,0 J ,N0

P(Aj',nlxn—l) .

Thus as R’~aso

(21) 1lim o(i,j,n+l) = (1—@)2 lim a(i,j,j‘,n)/u(j'_,n) .

_Now the central cross-moment {on trial n )

(22) w(i,3,3') = a(i,§,3") ~a(i,3)u(3) -a(isj’)u(a')—G(J;Jl’)u(i)

- 2u(L)nldimG) .

in gmJhn

1§h;ﬁ//
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By our inductive hypothesis u(i,j,j') =0 , and a(i,j) = w(i)ul(j) ,

etc., whence

(23) | (1,537 = w3

as would be expected from earlier results. From (21) and (23) we have
(2)4') Lim Od(lyr] :ﬂ“l"l) = (1'9) iim IJ.(l,Il)H(J;Il) P)

and the remainder of the argument moves along standard lines.
The other six cases are proved in a similar way and consequently
will be omitted. It should be clear that the argument always hinges

on establisghing a result like (12), (13) or (23). Q.E.D.
We now have as a consequence of the theorems in this section the

following representation theorem for linear models.

Theorem 3.3.8. (Representation Theoyxem). Given any single

Parameter linear model X =< r,X,P,0 > there exists a seguence

< X(1),...,%(N),... > of stimulus sampling models such that for

every x and n

P(xn) = lim PN(KH) 5
-

where P .is the probability measure of x(N) .
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Proof: We use selection rules (I}, {II) and(III), the
—preceding theecrems of this section and proceed by induction on--n .
For n = 1 , we use selection rule (I). Assuming the theorem
holde for n , we then use the fact that in the limit the axioms
-of X hold for the sequence of stimulus sampling models. The
remainder of the simple inductive proof is exactiy analogous to
that_of'TheQrem,hol in our paper [5] on linear models and will

not be repeated here.
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