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STIMULUS SAMPLING TEEORY FOR A CONTINUUM OF RESPONSES}-_/

Patrick Suppes

1. Introduction.

The aim of the fresent‘investigation is to extend stimulus sampling
theory to situations involving a continuum of possible responses. The
theory for a finite number of responses stems.from the basic paper Estes [2];
the present formulation will resemble most closely that given for the finite
case in Suppes and Atkinson [hju In a'previOus study (Suppes [3]) I was
concernéd with a corresponding extension of linear learning models, and
‘several results of that study sre, as we shall see, closely related to the
present one.

The experimental situation consists of a seguence of.trialé. On
‘each trial the subject (of the experimenﬁ) makes a response from a continuvum
of possible responses; his response is followed by a reinforcing event in-
dicating the correct response for that trial. In situatlions of simple learning,
which are characterized by a constant stimulating situation, responses and
reinforcements constitute the only observable data, but stimulus sampling
theory postulates a considerably more complicated process which involves the
conditioning and sampling of stimuli. In the finite case the usual assumption
is that on any trial each stimulus is conditioned to exactly one response.
Such a highly discontinuous assumption seems inappropriate for a continuum
of responses, and T have replaced it with the postulate that the condi-

tioning of each stimulus is smeared over a certain interval of responses,

27- Thig research was supported by the Rockefeller Foundation and the

Group Psycholegy Branch of the Office of Naval Research. This paper will

be included in the Reprint Series of the Stanford Institute for Mathemat-
ical Studies in the Scecial Seiences. *
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possibly the whole continuum. In these terms, the éonditioning of any

stimulus may be represented uniquely by a smearing distribution. These

distributions, one for each stimwlus, will play the same role as did the
gingle smearing distribution introduced in my earlier paper on linear
models [3].

. The theoretically assumed sequence of events on any trial may

then be deseribed as follows:

~trial begins with certain response  reinforcement possible

each stimulus in — stimuli — occurs = ocecurs "— change in
a certain state of are conditioning
conditioning sampled oCeurs.

The sequence of events Jjust described is, in broad terms, postulated to
be the same for Tinite and infinite sets of possible'responses.
-Differences of detail will become clear. - The main-point of the axioms
in the next section is to state specific hypotheses about this sequence
éf events. As hasg already been more or less indicated, three kindé of
axioms are needed, namely, those concerning cogditioning, those concern-
ing sampling, and those concerning responées, |

The third section contains some general theorems of the theory.
.The fourth section considers in some detail the classical case of non-
contingent reinforcement. The fifth section treatls of'other cases more
superficially.

Although no experimental data will be described in this paper,

it will perhaps help in intuitively understanding the theory to describe



schematically one piece of spparatus which has been used to test the theory
extensively. The subject is seated facing & large circular vertical disc.

He is told that his task on each trial is to predict by means of a pointer
"where a spot of light will appear on the rim df the disc. The subject's
pointer predictions are his responses in the sense of the theory. At the
end of each trial the "correct™ position of the spot is shown to the subject,
which is the reinforcing event for_that trial. The most important variable
controlled by the experimenter is choice of a particular probability distri-

bution of reinforcement.

2. Axiomé.

The axioms are formulated verbally but with some effort to convey a.
sense of formal precision. It is not d@ifficult, although.not wholly routine,
to convert them into a mathematically exact form. - As already indicated, they
fall naturally into three groups. In the stétement‘of the axioms we use X
for the response variable and =z for the parameter of the smearing distrig
bgtion KS(X;Z) of any stimulus s . Moreover, z. is the mode of the
distribution; for the circular disc apparatus it is also assumed to be the

mean, but not all apparatus to which the theory applies is so completely

symmetric.

CONDITIONING .AXTIOMS

ClL. For each stimulus s there is on every trial & unigue smearing

distribution _Ks(x;z) on the interval [a,b] of possible responses such

that




(2) the distribution 'Ks(x;z) is determined by its mode =z and

its variance;

(b) the varisnce is constant over trials for a fixed stimulating

situation;

(c) the distribution . Ké(x;z) is continuous and plecewise

differentiable in both variables.

C2. If a stimulus is sampled on a trial the mode of its smearing

~distribution becomeg, with probability & , the pdint_9£ the response

(if any) which is reinforced on that trial; with probability 1 - 6 the

mode remains unchanged.

— . ———— . — i — e —T | —

the smearing distributions of sampled stimuli.

Ch. .8timuli which are not sampled orn a given trial do not change

thelr smearing distributions on that trial.

C5. The probability & of the mode of the smearing distribu-

tion of a sampled stimulus becoming the point of the reiniorced response

is independent of the trial number and the preceding pattern of occurrence

of events.

SAMPLING AXTOMS

8l.  Exactly one stimulus is sampled on each trial.

82, Given the sel of stimuli available for sampling on a given

trial, the probability‘gg sampling a given element is independent of the



trial number and the preceding pattern of occurrence of events.

RESPONSE AXTOMS

Rl. If the sampled gtimulus s and the mode 2z of its smearing

distribution are given, then the prdbability_g{_g response in the interval

[al’a‘g] i_S Ks(azsz) - Ks(al.;z)' o

R2. This probability of response is independent of the trial

number and the preceding pattern of occurrence of events.

Because of the siﬁilarity of these axioms to those in Buppes and
Atkinson [4], I shall here mainly comment on those aspects peculiar to
the continuum case. In the finlte case the complicated form of Axiom Cl
reduces simply to the assertion that on any trial each stimﬁlus is
conditioned to exactly cone response. As already remarked, the assumption
(Cl(a)} that the smearing distribution of any stimulus is determined by
its mode and variance, rather than its mean and wvariance, 1s used in order
1o permit application of the theory to unsymmetrical apparatus. .For
instance, suppose the experiméntal set=-up consists of a bar a meter or so
in length on which the subject is to set a pointer to predict the occurrence
of a spot of light. It seems unreasonable that the conditioning effect of .
a reinforcement near the end points of the bar will be smeared symmetrically
to the left énd to the right. For such a situation the mean of the smearing
distribution (of a sampled stimulus) may not be at the point of reinforcement
even though conditioning is effective. On the other hangd, it seems psycho-

logically sound that the mode of the smearing distribution will be st fhe



point of reinforcement--granted the effectiveness of conditioning. In the
' present formulation of the theory it is essential to have the one free
parameter of the smearing distribution closely tied to the points of.
reinforcement, for.when conditioning is effective, which occurs with
protbability 6 , this parameter agsumes the value -of the point of rein-
forcement (Axiom C2). This éorresponds to the assumption in the finite
responege case that with probability 6 sampled stimuli.necome conditioned
or connected to the reinforced response.

The remaining corditioning axioms (C3, c4, C5) have almost exactly
the form which is also appropriate for the finite case. The same is true
© of the two sampling axicms. In contrast, the fiist response axicm, Rl,
has a much simpler fofm in the finite case: with prcbability one that
response ié made to which the sampled stimulus is conditioned. Axiom Rl
generalizes this assumption in the .obvious manner in terms of the smearing
distribution of the éampled stimulus.

The three axioms C5, 52 and R2 are what have been terned in the

literature independence of path assumpbions. Only.RQ is new here; the

other two are also needed in the finite case.- These three axioms are
crucial in the proof that for simple reinforcement schedules the seguence
of random variables which take as values the nodes of the smearing
distributions of the stimuii.constitute a continuous state Markov process.
For mathematical analysis in thé remainder of this paper it will be
useful to introduce some notation. In particular, we need notation for

five random variables, their values and their distributions, as well as a



notation for their Joint distribution. Three of these random variables
take values in the interval [a,b], the continuum of possible responses

and reinforcements fixed throughout the paper. Thus we have for trial n:

(i) the response random variable §£ with values x, or

simply x, distribution .Rn and density T3

(ii) the reinforcement random variable Xh with values Y, Or ¥,

distribution Fn and density fn;

(iii} the smearing parameter random variable ES n of stimdus s
3

with values =z or z_, distribution G
5,0 s s

, and density gs,n . As
indicated already z is the mode of the smearipg distribution of
stimilus s. The random varilable Zn’ without the subscript s, shall
take as values finite vectors =z = (le,,.,,zSN) relative to the ordering
'(sl,ﬂna,sN) of the set 8§ of stimuli.

. We algo need for occasional use:

(iv) the sampling random variable §n with values Sy or 8
for the sampled stimulus, and discrete density o3 (it is always assumed

that the set S of stimuli is finite.)

(v) the effectiveness of conditioning random variable D with
value 1 for effective and O for non-effective, and probability € of

value 1, following Axiom C2. I use Bi 0 for wvalues of Dn . Thus
2

always B, =1 or Q.
| i.n .

2

I use Jn for the joint distribution of any finite seguence of

these random variables .the last of which occurs on trial n, and jn for




8-

the corresponding density. For'occasional_reference.to points in the
underlying sample space, £ is used. Finally, the notation Ké(xh5zn)
for the smearing distribution of stimulus s was introduced earlier,
in terms of the five random variables introduced the postulated
seguence of events on any trial, which was déscribed,informally before,

may be symbolized:

Zn =" —*§£~—’§£ 2D, _>§n+l'°
Note that the value of the random fariable -Zn' represents the conditioning
of each stimulus at the beginning of trial n, for in the present continu-
-ous . theory donditioning is in terms of a ome-parameter-family,of smearing
distributions.

It will also be useful to giﬁe a more precise formulation of the
response axloms, RI and R2, in terms of the ﬁotation Just introduced. It

is intended that Rl simply asserts:

1 28 S %lPy ‘S:ZS,n' =z) = fa Jn(x|s,z)dx = Ks(agiz)‘KS(alEZ) .
1

Axiom RZ2 states an independence of path assumption. Let LAY

sequence of outcomes of the random varisbles defined up to trial n-~l .

be any

Then R2 asserts:

&2 &2
I3, (xlsy,mg oy g )ax = Ia In(xley ey Jax = K (ay52)-K (a)52) .
1 1




‘Indication of somce obvious relations for the resjonse density T, will

also be helpful later. First, we have that

I‘n(X) = 'Jn(x) »
i.e., T, is just the marginal density obtained from the joint'distribﬁtion
J, - -Second, we have "expansiong” like

b
r (x) = fa Jn(X;ZS,n).dz ;

5,0

b b b :
rn(x) - fa'fa Ia Jn(x’zs,n’yn-lxn-l)dzs,ndyh—l’dxn-l :

3. General Theorems.

This section contains a few general theorems which mostly correspond
to ones which have proved useful in experimental work with the finite case.
It 1s assumed that the reinforcement distribution Fn’ which ieg selected by
the experimenter, is always continuous and piecewise differentiable in all
variables. Under these assumptions and those of Axiom Cl on the smearing
distributions, no queétions of integrability arise. Proofs of the first

theorems are rather explicit in order to indicate the role of the axioms.

‘Theorem 1. {General Response Theorem)

b
(1) 1 (x) =S o (s) [k (xz)e, (s )z,
' ses a : 4 ‘
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Proof: Mainly by virtue of Axiom 51, which asserts that exactly

one stimulus is sampled on each trial,

b
(2) ROEDuERCR AL

b
ST 1 (xles s (sl2,)8, (5 )z, -
S a

In view of Axiom Cl and Axiom R1
(3) i (xls,2) =k (x52.) ;
from Axiom 52, the independence of path assumption on sampling,

() i(s]z ) = o (s) 3

n

and on the basls of the notation introduced in the last section
(5) iflz) =g, (z_).

The theorem follows immediately from (2)-(5) . Q.E.D.

The next theorem.asserté the Markov property which is essential
for further deductive developments of the theory. It is a straight-
forward matter to generalize this theorem to more complicated reinforcement

distributions which depend on the actual responses or reinforcements on
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-geveral preceding trials; the generality of the present theorem is

sufficient for our purposes here.

Theorem 2. (Markov Theorem). If the reinforcement distribution

F(y) on trial n 1is independent of n and depends only on the immediately

preceding response on trial n, then the sequence of random variables

< Zl,Z ,.,.,gn,... > 1s a continuous state Markov process.

Proof: By direct probabllity considerations for % ,...,tm >1,

1

(6) ‘jn.(znlz'n-l’ tl;“UZ Z.f f Z Jdy nl 1nl’y -1’

a a seb

Xh~l’§n~l’zn—l’zn~tl""’Zn~tm)'3nal(ai,n—l|y -1°*n-17%n-17

Zp12%ng. 2 Py ) (0 1] 1750177021 Pt 2 0%y ) -
A m i3 m

Z

G LR n-l’zn-tl""’Zn~tm)'Jn—l(sn-llzn-lfzn-tl’"°’

)dy ldxn 1
Wow by Axiom C2 if 6i,n—l =1 then
jn(anai;n-l’y -17%n- l’snfl’zn—l’zn-tl""’Zn-tm) =1
?rovided the vectorh zn = ¥,.1 in its coordinate for stimulus s s
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otherwise it is equal to O3 and if B, .9 =0 then if
-

Z,0= %, 15 jn(znl oss) =1 , otherwise O. TFor any of these cases,

the value of jﬁ(zn| .o.) 18 not affected by =z . Secondly,

g geresZ_
n tl n tm

by virtue of Axiom C5

Jn«l(ai,n-llyn-l’xn—l’sn-l’Zn—l’zn-tl""’Zn-tm) =:Jn—l(ai,n-l)

Thirdly, on the basis of the hypothesis of the theorem

Jnel(yﬁ-l|Xn-l’sn-l’zn-l’zn-tl’"°’antm) = f(yn-llxn-l) y

_Fourthly, in view of Axioms R1 and R2

Y

Jn—l(xn-l|Sn-l’zn-l’zn-tl"”"Zn-tm) = Jnal(xn-llsnal’zn-l)

 Finally in view of Axiom 82

Jn—l(sn—llzn-l’zn-tl"g"Znatm) = Un-l(snal) 4

. When all these results of applying the "independence of path" assumptions
are substituted in (6), and the summations and integrations are performed

on the result, we have that

Jn(znlzn-l’zn~tl"'°’zn—tm) = jn(znlzn-l) 4
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the desired result. Q.F.D. BSome readers may feel that the sbove theorem
could have been assumed as an axiom, but this is to misunderstand the
character of the theorem in the context of the general stimulus sampling
theory formulated by the axioms. The axioms on which this theorem is based
are of a general nature and are concerned with fundamental aspects of the
postulated psychological process of learning. In contrast, the theorem is
relatively restricted, dealing as it does with only a small class of the
possible schedules of reinforcement.

-We turn now to some recursion theorems for various guantities; of
particular interest is that for responge probabilities. It is possible to
gtate and prove these theorems under the general assumption of N stimuli
in the set 8. However, both computations and notation become rather
cumberéome, so that at this stage of development of the theory it is.a

reasonable simplification to impose the following.

Restrictive Hypothesis: There is exactly one stimulus element in S.

Probabilities enter the theory for a continuum of responses in 80 many
different ways that it is certainly not now possible to distingui?ﬁ
empirically between models with different numbers of stimuli when the
stimulation is constant. And in the case of discrimination experiments,
each stimulating situation may be trezated as a single stimhlus, ﬁhich
~entails that on aﬁy trial there is exactly one stimulus available for
sampling, although the set S may contain more than one -element. As a

matter of fact, this restrictive hypothesis of a single stimulus is
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already a practical necessity for complicated reinforcement situations
in the finite case (see, for instance, Atkinson and Suppes [1]).

We begin with a recursion for the distribution &, of the smearing
pareameter =z of the single stimulus. (On the assumptionAof a .single

stimulus we drop the subseript s.)

Theorem 3.

(7 g8,.1(2) = (1-8)g (z) + of (z)
Proof: By Axiom C2 if conditioning is effective then 2o = Ty
and thus the distribution of =z is that of y_, whichk is £_ . Omn
n+l n n
the .other hamd, if eonditioning 1s not effective, then Zha] = Zn and

 thus the distribution of Zn+l. is simply gn. By Axiom C2 the probability
of the first alternative is 6, and that of the second 1-8, which yields
the theorem. Q.E.D.

In the familiar notation of the finite case, where A, is

i,n

response 1 on trial n and 'Ej n 1g reinforcing event j on trial n,
2

(7) corresponds to:

} =,(1-9)P(Ai,n) + GP(Ei Il) .

X

(8) - P(A

,ndl

~.For the response density r. we have:
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‘Theorem 4,

: b
(9) g1 (X) = (1-0)5,(x) + 0 [ Klxy)ey(v)ay
Proof: We have at once from Theorem 1,
b
Ty (3 = [ K(x2)gy,y (2)as
Applying Theorem 3 to the right-hand side, we have:
b .
rn+l(x) = .fa .k(x;z)[(l.-.e)gn(z) + 6fn(z)]dz

b b '
(1-8) [ k(x;z)gn(z) +0 ] k(x;z)fn(z)dz
a a,

b

(1-8)r (2) + 6 [ k(x;3)f, (¥)dy ,
a

H

whefé the variable of integration is changed in the second integral on
the right. Q.E.D.

-Robert R. Bush suggested that it 1s of interest to see what
happens when the interval [a,b].is cut into a finite number‘of parts
-and the resulting finite response case is studied. For simplicity, we
mey divide the interval into exactly 4wo parts. Let a <c <b , and
call Xi,n a response on trial n in the interval [a,c], and X a

2,n.

response on. trial n in [é,b]. Clearly
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P(X, ) = Ry(e)Ry(a) = R (c)

P(X

2,n) =R (b)-R (e) = 1-Rn(c)

And by integrating (9) of Theorem L, we have at once

Theorem 5.

¢ b
P(X) 1) = (1-0)R(Xy ) + 0 fa fa k(x3y)f_(y)axdy
(10) .
b |
P(Xy o) = (1-0)P(X, ) +@ fc fa k(x;y)f, (v)axay .

Ll

_The recursions for Xl and Xé n may be regarded as a gereralization
A .

_ ,hn
of {8) for the finite case when a continuous smearing of the effects of
reinforcemenﬁ is postulated. By further specialization, it is possible
to get an exact analogue of (8). ILet us suppose that there are only two
points of reinforcement, one the'midpoint y, ©of the interval [a,c], and
.the-other.the.midpoint ¥ of the interval [c,h]. Suppose moreover that
the smearing densitles around these two points of reinforcement are

strictly positive only in the subintervael [a,c] or [e,v] as the case may be.

Define then

c

T n =_fa k(x3y, Jax
b

Yo =) Klmyylax,

c
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and under these suppositions (10) becomes:

P(X

i,n+l) ='(l"6)P(Xi,n) + BP(Yi,n) 4

an exact analogue of (8), (Naturally weaker-suﬁpositions will also
yield such an analogue; but the present example is illustrative of one
method Tor obtaining the finite case from the continuous one.)

The suppositions Jjust made to yield (8) ﬁay also be used to
yield the standard theory of the finite case at a deeper level, for
(8) is only a recursion in the mean probabiiities of responses and in
itself does not justify derivation of any sequential statistics like the
probabllity of two .successive Al responses.  However, these matters
will not be pursued further here.

In .connection with this comparison of models it may also be
remarked that the response density recursion {(9) of Theorem L4 is exactly
the same as that obtained in [3] for the continuous respounse linear model.
Consequently, the results in [3] for various kinds of contingent reinforce-
ment (and a fortiori noncontingent reinforcement) follow at once in the

present theory.

L. . Honcontingent Reinforcement.

For noncontingent reinforcement schedules, that is, those for which
the distribution F(y) is independent of n and the past, we first use
. the response density recursion (9) to prove some simple useful results which

do not explicitly involve the smearing distribution of the single stimulus
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element and which also hold in the linear model but were not stated in [3].
-There is, however, one necesgsary preliminary concerning derivation of the

asymptotic response distribution in the stimulus sampling theory.

Theorem 6. In the noncontingent case

b

(11) r(x) = lm r (x) =) k(x;y)f(y)ay .
n — @ a .

Proof: Because in the noncontingent case fn(y) = f(y) , we have at

once from Theorem 3

(12) glz) = 1lim gn(z) = f{z) .
n -

The theorem immediately follows from (12) and Theorem 1. .Q.E.D.

We now use (11) to establish the following recursions. .In the
statement of the theorem g(gﬁ) is the expectation of the response
randon varisble X ; uf(gn) 15 its o> raw moment ; Uz(zﬁ) is ite

variance; and X dis the random variable with density r .

Theorem 7.

(13)  r . (x) = (1-6)r (x) + or(x) ,

W) A, = (1-0) &x) + 0 £x) ,
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+

(15) (X ) = (1-0u (X)) + & (X) ,

(16) o7 (X )

—n+1

1l

(1-6)07(X ) + 60°(X) + 6(1-6)(£ (X)) - 4(x))°

Proof: Because fn(y) = f(y) in the noncontingent case, equation
(13) follows at once from (9) and (11), i.e., from Theorems 4 and 6.
Multiplying both sides of (13) by x* and integrating over the interval
[a,b], we obtain (15), of which (14) is a special case. As for (16), we
infer 1t frqm.the following:

2
o

1l

Fpar) = H(Epy) - /g(}—(n-_l-l)e

I

(1-0)uy(X ) + 6u,(X) - (1-0)% %(gn) a"29(1-9)£(§n) é(?ﬁ))

AP

I

(1) [ng(X ) = &(X)%1 + 6Luy(x) - £(0)°]

+ (8-07) £(x,)% 2(8-6°) £ (2 ) £ (%) + (6-6%)  (x)°

il

(1-0)07(x,) + 66°(X) + 6(1-8)[ £(X) - £(x)1° . - Q.E.D,

.Because (13)~(15) are first~order difference equations with constant

coefficients we have as an immediate consequence of the theorem:
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an 2 () = 2(x2) - [x(x) - x ()1 (1-0)"
(18) b)) = Ho - 16 -Gt
(19) (K =y (®) - Da(E) - ()10

Although the linear and (one-element) stimulus sampling models
both yield (13)-(19), predictions in the two models are already different
for one of the simplest sequentlal statistics, namely, the probability of
two successive responses in the same or-different.subintérvals.

For two sublntervals [a,c] and [c,bl], ﬁe have the following
‘theorem for the stimulus sampling model. The result generalizes directly

to any finite number of subintervals.

Theorem 8. For noncontingent reinforcement

<c) = QR(c)2 +

(20)  1im Pla<X , <c,ax X <
n . — 0
c ¢ b :
(1-8) J [ | w{x;z)k(x';z)f(z)axdx'dz ;
a & a

(21) lim Pla < X g Se,e<X _.< b) = 8 R{c)(1-R(e)) +

--—n-—-

n —.oo :

¢c b b '
(1-6). [ f | k(x;z)k(x';z)f(z)dxdx'dz ,
a ¢ a
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where R(ec) = 1im R (c)

Proof: We first establish (20). To begin with,

c cC

P{as)jn_l_l:gc,aSX <ec) =

dx
£

fa fa J.n+_'l.(Xn-l—l’Xﬂ)dxn-!-l n*

Applying the axioms in the usual way to the right-hand side we obtain:

c ¢

fa fa J.n+l(Xn+]_’Xn)dxmld"xn =

Ia f :E: f f I Jn+l( n+l’ n+l’61 n’yn’ n’Zn)'

a

an+len+ldythndZn

Py Zg: 7 f f CI P S CHUN LI e L

lIl n’’n’ Il
a & a

J(ai,n)f(yﬁ)J(xn|Zn)j(Zn)dxn¥ldzn+ldyndxnd n

¢ b e b
T el 5y,)08(y, )x(x 52 g (2 ) +

a &a a a

dy dx dz

k(4157 (1-0)k(x 52, )8, (2 )]ax, | ay, ax az, .

Now 1lim gn( z) = £{z), whence at asymptote, we have by rearranging the
n -+ 20 . '
right-hand side and re-lettering variables:
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. b
lim P(a <X, Se,agk < c) =6 [fc [ k(zs;y)f(y)dxdyl-
n.— ‘ a a
¢ b - ¢ e b
[[ ] k(x';z)f(z)ax'dzl+ (1-0)f [ [ k(x;z)k(x';z)f(z)dxdx'dz ,
a a a a a

but the first term on the right is just 6R(c)2, which when substituted in
yields (20).-

The argument est&blishing (21) proceeds along éxactly the same lines
with functions of X ~ now integrated over the interval [e,b]. Q.E.D.

.For comparative purposes the corresponding results for the linear
model are derived in the Appendix.

- The theorem Just proved may be used to develop a reasonabiy good
method of estimating the learning parameter 8.  The seguence of response

random variables <:§1’£2’°°"£h"" > where

1 if response on trial n
is in interval [a,c]

2 otherwise

is a chain of infinite order. . If it were a first-order Markov chain (20)
and {21) could be used to obtain a maximum likelihood estimate of 6. .The
ectimate 6 proposed here ig formelly identical With the latter, but of
course it is not the maximum likelihood estiméte. . For purposes of a label T

call it the pseuvdo-maximum likelihood estimate.
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Let 880y e a8 represent a finite sequence of values of the
response random variables ﬁl,§2,..,,§h from trial 1 +to irial =n .
Let s ©be the number of subjects. Then, granted siatistical independence

A
of the subjects, the maximum likelihood estimate of € 1is the number 6

(if it exists)} such that for all &'

A =
(22) T e 038) 2 T ey om0

(o)

' : A .
where f (al,ag,o..,an;e) is the probability of the sequence of

A
responses al,ag,...,an for subject ¢ when the learning parameter is & .

As should be clear from preceding remarks, the pseudo-maximum

. ¥
likelihood egtimate of 6 1is the number @ such that for =211 @'

(23) T 2 (e la, 560050360 2
;%; 7%/f(c)(am|am_1;9')f(g)(alge‘) .
o=1 m=2 ‘

o simplify notgtion, let pij(e)‘ be the probab;lity of going frﬁm state i
to state j, for 1,J ='1,2 , with parameter &, let 913 be the number of
actual transitions from state 1 to state_ J, summed over trials and sub-
jeets {the n 4 are tabulated from experimental data), let pi(e) be the
probability of being in state 1 on trial 1, and let hi be the number of
subjeects in state 1 .on trial 1. We then want to find the 6 which

maximizes




ol

n, nij
T v, (6)p, 50)
Lyd

It is usually easier to work with the log of this expression, so_ﬁe seek

1o maximize

(2k) L(e) = ZE: [2; log p,(8) + 25: n, 5 log pij(e)]
i , 3 :

* *
In most cases L (6} has a local maximum, so we can find @ as an

appropriate scolution .of

* .0 {(8) n, .p!,(8)
ar (e) _ S n, Py { S 15513 _
(25) de - i [ .pi( ej + J le(ej ]-'-‘ 0 3

where p' is the derivative with respect to € of p . Now.on the

basis of {20) and (21), at asymptote

1-6) ¢ ¢ b . :
,QB(C) + OB I T [ ®k(x;z)k(x';z)f(z)dxdx'dz

(26)  p,(6)

and

b b :

e
BR(c) + l%ﬁeg I T ] ®(x;z)k(x';z)f(z)dxdx'dz

3

(27) By (0)

and pi(B) is. independent of 6. Also, of course, plg(e) =‘l—pll(6) s

and p22(9) =1 g) . Moreover,
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(28) p'11(8) = R(e) - xray

and
(29) - p'p (6) = R(e) - 75y »
where
o 2
(30) a= [ Kle;z)™f(z)dz ,
gince
b c ¢ b .
i) ‘K(c;z)ef(z)dzl= [ | x(x;z)k(x';z)f(z)dxdx'dz ,
a a a a
and
¢ b b '
(31) =1/ [ [ x(x;z)k(x';z)f(z)axdx'dz
a ¢ a
b
= [ K(e3z)(1-K(c;z))f{(z)dz = R(e)-a .
a

Applying (26)-(31) to (25) and using the fact that pi(e) .is independent

of 8, we cbtain:




wDf-

arie) B gyl riplpley - RE)]

(32) =
.98 OR(c) + i%%%%z bl e - L%%g%z

ng; [R(e) - 1-§(c5] n22[l—§fcj - R(e}] _

oR(c) + %%ﬁ%%% 1 - oR(c) - %%%%%%

+

.Solving (32), we have

Theorem 9. If r

l(x) = r(x) for all x in [a,b], then the

estimate 9* 1is & solution of the guadratic eguation
2
N6~ + [(N-nll)A + (nll + 322)3 + (N-n22)0]9

+.-(r;22AB + (nl2 +ngl)AC+ nllBC)_ = 0,

where

A =a/(R(c)? - )
B = -(R(c) - a)/(R(c)” - @)
C=(1+a-2R(c))/(R(c)® - a) .

Moreover, if R{c) = % , then
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A 4+ (n;,+n..)B

x  (ngptngy i1t o
i

Note'that the hypothesis of the theorem zimply requires that we stard
counting trials at asymptote. The statistical properties of the estimator
.9* need investigation; it can be shown that it is consistent.

| I conclude tkhe itreatment of noncontingent reinforcement with two
expreséions dealing with important sequential properties of stimulus
sampling models. The first gives the probability of a response in the
interval [al,ae] given that on the previous trial the reinforcing event

occurred in the interval [bl,bg]'.

- Theorem 10.
e ———

(33) Pley < X5 < 8plby £ ) < By) = (1-0)[R (ay) - R ()]
o @ Do
* $(5,)-F(5; fa fb k(x;y)£(y)dxdy .
' ' 171
Proof: By the usual expansion
a b

~ 1
Play < X7 < 8ylpy < X < be)‘Fb2 ~F(b; Ia 220 1

Jn+l(X az dyndzn. .

n+l’zn+l’ai,n’yh’zn)dxn+l n+1
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And the right-hand side is

1 2 2 b
om0 T T x(xsz)e (2)f(y)axdydz +
2 1 a, b a
1 71
% Py oy
o[ [ [ xxy)E(y)e,(z)dxdyaz | .
81 bl a
.Now in the Tirst term we can integrate
Py |
J o f(y)ay = F(by)-F(by) ,
'b .
L
b
‘and in the second term [ gn(z)dz =1 . Using these two results, we obtain
a,

the theorem at once. Q.E.D.
The second expression to which we now turn gives the probability of a
response in the interval [al ,az] given that on the previous trial the

reinforecing event occurred in the interval [bl,b

2] and the response in the

interval [aB’ah]"

Theorem 11.

(34) Plag <X 4 <aylb) <Y <b,, 8, <X <a)) =

1. 3 == —

(1-8) . Vo Ve (2)dxdx'de
Rn(al;)“Rn(%)-f I k(xsz)k(x'; }gn( )axdx'dz +




20

Proof: Tt is first useful to observe that for noncontingent

reinforcement
P(pls Eﬂf bgﬁ 3'35 .-}Sg_’ls alp) '
=B £ %, < plag < X < g)P(ag < X < gy

Pby < ¥ < bg)P(a3 < X < 8)

IF(vy)-F(v)) (R (2K (a)] -

. Applying the usual expansion to the left-hand quantity in. (34), we have

it .is

%y by 8y g

. |
S WA T, L3

Jn+l(Xh+l’zn+l’ai,n’yn’Xn’Zn)dxn+ldzn+ldyndxﬁdzn ’

which, using pafticularly Axioms C2 and €5, yields:

2y by 8y

2 .
-6y [ I I
al bl %3 a

- 1
{F(bg)”F(bl)][Rn(au)'Rn(ag)]
k(x;z)k(x‘;z)gn(z)f(y)dxdx‘dydﬁ

+ 6 fb FoT e(xs9)e(y)k(xsz)g (z)dxax'dydz | .
-a a a
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Now in the first term of this last expression we may intégrate out . the
function f(y) to obtain F(b2)—F(bl), which cancels the corresponding
quantity in the denominator. Similarly in the second term we may integrate

out k(x';z)gn(z) to obtain Rn(aﬁ)_Rn(a ) , which for this term cancels

3
the corresponding quantity in the denominator. Putting these results
together, we have exactly the theocrem. Q.E.D.

Tt may be noticed that by applying the Corollary of Theorem 7, more

explicit results are easily obtained from both Theorems 10 and 11.

5. -8imple Discrimination.

I% may be of some interest to sketch how the present theory may be
applied to simple discrimination situations where on.each trial exactly
one stimulus s is presented, and associated with each 5, is & reinforce-
ment distribution fi . (Readers who do not like the idea of exactly one
stimulus being presented may think of each si's being a particular pattern

of stimuli.) Let the probability of presentation of Si on any trial be

iy :
w; with E w, = 1, Wy #0 for i=.1,...,0, and Wy independent .of
i=1

trial number and any behavior on preceding trials.
.The tree of the Markov process in the states (21,22) for N.=:2

and  w; = 1/2 is given in Figure 1 .
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Figure.l .

Corresponding to Theorem 1, we have by the same sort of proof

for arbitrary N

‘ i) b . o
i i, 1
(35) r(x) =>_of k (xz)g,  (27)dz
i=1 a i i,n
Corresponding to Theorem 3 we have
i i iy
(36) gy (2 ) = (1-0)g (2|5, = s,) + o£'(2") ,

end by virtue of Axiom Cl for i #J end 8 = 5
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- N . s
(37) g1z ) = 8.(2) ,
whence it easily Tollows that

(38) 1im g (27) = £i(21) .
l’l.—)CO o

We then have also that

8 p

. i
(39) lin  Play < X < ayls, =s,) =7 [ Xk (uye(yay .

n.— o e, a i

. 1

The results (35)-(39) and some other related ones which are easily

obtained, although simple in character, permit application of the theory
developed in this papér to simple discrimination experiments with a
continuum of responses. On the other hand, it is obvious that the
present theory must be modified and extended .in fundamental ways to deal

with diserimination experiments which have a continuum of stimuli as well

as responses.
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APPENDIXE/

Our purpcose is to derive for the linear model of [3]-the analogues
~of (20) and (21). A brief description of the linear model will make the
present discussion nearly self-contained. An experiment may be represented
by a sequence (§l,zl,§2,zé,gnv,zi,zn,,,a) of response and reinforcement
random variables. "The theory is forﬁulated for the probability of a
response on trial n +1 given the entire preceding sequence of fesponses
and reinforcements. -TFor this sequeﬁce we use the notation 8. (not to be
confused with the notation for the value of the sampling random variable

in the main body of the paper). Aside from continuity and piecewise

differentiability assumptions, the single axiom of the linear model is:
(ko) I (xlyox s, 1) = (1-6)3 (xfs ;) + 6K(x;¥,) ,

where Jn is the joint distribution and K i1s the smearing distribution.

. We first need to define the cross-moments

a ah

(81)  W(a,ap,mgm,n) = [ [ g (xls )3 (x"]s, y)i(s,_)axdx'ds , ,

where the subscript 5.1 .on the third integration sign indicates integratiocn

over the 2(n-l)-Cartesian product of the interval [a,b] for the sequence

The cross-moments defined by (41) generalize the moments W2

Sn-1° 81,8550

of [3].

,2/ I am indebted to Raymond W.Frankmann for useful comments on the subject
of this Appendix.
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Aséuming henceforth noncontingent reinforcement, it follows by

simple extension of some results in [3] that

(42) 1lim P(al <X Sags 2y <X < ah) =(1-8) 1lim W(al,ag,a3,ah,n)

n—aow ‘n =
+ 0[R(s,)-R(a, ) [R(=)-R(=y)]
To obtain an explicit answer we must compute . the limit on the right, which

we now proceed to do.

By virtue of the definition of s the right-hand side of (41) may

n-i’

be rewritten and we have:
(43) W(al:a2:a3’a)_|_;n) = f f f f f jn(x'lyn—l’xn—l’sn—Q)

. ' . 1
Jn(x Iyﬁ-l’xn—l’sn-E)J(yh-l’xn~l’sn—2)dXdX ayn-ldxn—ldsﬂ-2

Applying the axiom (L0) to the right-hand side of (43) and simplifying, we

obtain:
, 2 .
-— j 3 f
(W) Wlay,an,ag,e,n) =:(1-0)" [ [ [ G (xlsy L)a, g (x s p)
a, a 8
1 3 n-2 :
j(sn_g)dxdx’dsn_2
o % p |
+28(1-0) [ [ [ [ o 3, q(xle) 5)als o)k(x'sy,_)f(y, ) -
a8 a a S .
1 3 n=2
, 2 %k op ,
dxdx'dy, qds, , + € Ia fa fa k(v g Je(xtyy )8y, Jaxdxtdy, , -

1 3
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‘Now the flrst-term -on the right .of {44) is simply {1~9)2W(gl,a2,a3,ah,

the second term is 26(1-6){Bn—l(a2)_Rn-l(al)][R(ah)'R(a3)]’ and the

n-1) ,

integral of the third term is a direct generalization of B as defined by

(31); moreover it is independent of n and we may define for ease of

notation:

8y 8y g

- {15) r(ay,8,,85,8,) = f FoJ -k(xsy)k(X‘;y)f(y)dde'dy :

In these terms, (44) becomes:

_ | . _
- (b6) W(al)a2;a3sahyn) = (1-6) W(al:a2;33;ah:n'l} *
26(1-9)[R_y(ay)-R,_, (&)1 [R(ay)-R(a;)]
6 (2y58,,8_,8)
LAY p3B3s8y/ -
It then easily follows from (46) that

(4¥7)  1lim W(315327333a4;n)'= W(al)agja33ak)
n —.o0

2(1-9)[R(a2)-R(al)][B(au)—R(a3)] +-97(31J32133:ah)
- 5.0

Combining (42) énd.(h7), we then have the following theorem.
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Theorem. In the linear model

(48) n;imcoP(al <X Sag, 8y < X S-a’lﬁ) = ,Q[R(ag)-R(a:l)]{B(au)-R(a:%)]

[ 2(1-6) [R(a,)-R(ay ) 1R(ay,)-R(ay) 1+ 87(ay,8,85,8,) }

+{1-8) 55

To obtain the direct analogue of (20),(48) specializes to:

1lim P(a S X _<- c, aS.)_{.nS C) = QR(C)2 +'(l-9

y 2(1-8)R(c)%+ 905]
e-anaa

where ¢ is defined by (30). The analogue of (21) may be obtained in like

fashion.
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