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CHAPTER 1

1.1 Introduction.

This dissertation proposes a new theory of how pecple answer.
questions on the basis of information available in memory. This is an
important but currently unsolved puzzle for cognitive psychology. A
"question-answering system” is normally understood to mean a computer
program capable of (i) accepting and interpreting propositional informa-
tion and questions, (ii) storing the.information according to scme internal
representation scheme, and (iii) answering questions by retrieving the
relevant information and employing deductive reaéon:i’.ng° The underlying
goal in question-answering research is to develop a computaticnal theory
which simulates some aspects of the way humans answer questions. However,
in artificial intelligence work of this type, the aétual psychological
processes which underlie human performance are usually considered in only
a.casual, intuitive fashion. Instead, emphasis has typically been placed
on achieving efficient programs and data structures which ensble computa-
tions to proceed within the limitations of present-day serial compuiers.

The goals of this paper, however, are te be distinguished from
these traditional goals of artificial intelligence work. We try to model
(at least roughly) the actual psychological mechanisms involved in
question-answering, as well as the representational design of human
semantic memory. Thus, these efforts would more properly fall under the
domain of theoretical psychology. Indeed? the criteria used for testing
the validity of the question-answering model are drawn from the growing
literature in experimental psychology dealing with human reaction times

in question-answering. At the same time, computational efficiency is
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given no weight at all in the construction of our model. In fact, the
parallel-processing search algorithm which is used lends itself very poorly
to realization on a serisl computer. But then, there are no necessary
reasons to suppose that memory-searching methods of the brain are analogous
to serial rather than parallel processes.

Nevertheless, there are important similzrities between this m&del
and previcus question-—answering systems, in fterms of  the problematics of
language representation; memory crganization, and inference. Simmons
(1969) provides an excellent review of the progress in thé field of
guestion—answering. The principal obstacles te a workable system seem
to have been (i) correctly analyzing the semantics of a question and (ii)
developing effiéient-tecbniques or heuristics for searching through a large
data base (memory).. Following the example of most others, we assume that
ﬁhe first problem (i) is solwvable in principle, and that questions (and
statements) are to be transformed (by some unanalyzed semantic processor)
into an unambiguous formal ianguagee Coles (1968) has already dealt with
this problem with some measure of success.

One of the more successful question-answering systems was created by
Green and Raphael (1968), who émployed formal mathematical theoremnproving.-
methods (so—called "Robinson resolution“ methods} tc deduce .the answer to
a question. Another well-known system was developed by Winograd (1972),
whe conversed with a hypothetical "zobot" operating in a small world of
colored blocks on a table. Both thesérsyétems are unconcerned with provid- a.
ing an accurate psychological description of question-answering. Of more
direct relevance to our work are the gfaphnstructure belief systems of

Colby (1968), and the semantic networks of Quillian (1966), which necessarily




sacrifice efficient realizability in order to suggest a plausible structure
for semantic memory. 3By formalizing the notion of a network of automata
with parallel search techniques, this paper builds upon the foundations

provided by these latter papers.

1.2 The Question—-Answering System.

The general cumpbnents and information flow of a proposed question-
angwering system are diagrammed in Figure 1. A question formulated in
natural language is inpﬁt to the semantic processor, which encodes it
into a precise formal language. The control terminal accepts this formal
language query, and initiates a search in the memory stbre for the required
_ information. When the control terminal receives a reply from ﬁemory, it
outputs the information in the formal language. Fiﬁaliy the sémantic

processor transforms this output into an answer in natural language.

QUESTIONS : :
NATURAL SEMANTIC FORMAL _;>'CONTRDL;
LANGUAGE < 1 PROCESSOR __ | TERMINAL
_ ANSTERS : LANGUAGE
SEARCH
| RESPONSE COMMAND
MEMORY
STORE

Figure 1
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The scope of this paper includes only the control terminal and the
memory, not the semantic processor. Hence, we will not be concerned with
all the thorny issues of synonymity, syntactic ambiguity, and other
aspects of natural language which hinder mehcnaical translation. The
focus is rather on the organization of the memory store and the search
techniques employed to extract informaticon. in Chapter II we assume that
the gquestions received by the terminal have already been rephrased in terms
of the network structure of memory. Then, in Chapters 3:1l énd 3.4, we: con-
sider questions thaft are stated in a fqrmal language. The elements of
the network represent formal semantic concepts, not words, and several
words (e.g., rabbit, bunny, hare) may ail map inic a single concept.

In simplest terms, information may be roughly divided into items
(ecgo, any concept which can act as the sﬁbject of g proposition}‘and
relations between these:items., Each item corresponds tc a node of the
network, and to every relatlon between two igems there corresponds a
divected arc joining the appropriate nodes. The set of arcs (relations)
in the network is partitioned into a finite set c¢f %iypes, each type
repfesented by a label on its arcs. For example, the phrsse "Rabbits have
stomachs" could be represented aé twc.nodeé, RABBIT -and STOMACH, with an
arc labelled "HAS~AS—PARTS” directed from RABBIT to STOMACH, as illustrated
in Figure 2{3). It is assumed that a certain finite set of concepts and
reiations .is used as "primizives", from which complex meanings can be
constructed. Schank (1972} is developing a system of semantic primitives
along with a parser (semantic processor) which will enccde natural-
language phrases into this system.-

Our theory supposes that each ncde of the netwsrk contains a

i




finitevstate\automatonuwhosevinputwis.the:state.of‘eachnof=it5'"neighbors"
1 E in the mnetwork, and whose state-changes are a functibn of these Inputs.
Thus we postulate a netwo:k‘of identical éutomata, each interacting only
i ; locally with its neighbors as it undergoes state,transitiqns from moment
to moment. “

We also postulate a.controel mechanism, external to the network,
called the terminal, which may-transmit-and receive simple pulses to and
from the network automata. An automaton can be "excited" by the terminal
and can netify the terminal if it achieves a particular, designated state.
Otherwise, however, the operation .of the automata proceeds witheut any.
global ‘control.

@1L In generai, the.state—transition.rules for the automata could be

""" - probabilistic, as exemplified by simple word-association norms. However,

? j we will assume that question-answering is basically a deterministic seafch
procedure. For example, suppose that the -terminal receives the question

L "Does a rabbit have a stomach?" The query causes the terminal to excite the
twoe node-autcmata RABBIT and STOMACH, Since it is seeking a path in the
network of the form éhown in Figure 2(z) or (b), the state-transition
function is specified roughly as follows: RABBIT sends a signal along ail
outward—-directed arcs that are labelled HAS or SUBSET OF; similarly,
STOMACH sends a signal along all inward-directed.arcs that are lsbelled
HAS. (The exact manner in which these signals propagate through the net-
work is explained in Section 2,2). When gome intermediate node receives

;%_ the proper signals from two directions, it notifies the terminal that an
"answer" path has besn found, and the terminal composes an.appropriate

» answer.




If a notification is‘received, the answer returned is YES. If no
notification is veceived after a certain time, the answer is NO, indicating
the absence of a path -in the network of the desired type. Later we shall

discuss -the return of factual answers rather than simply YES or NO.

HAS

(2) RABBIT ) @

SUBSET OF HAs

.. Figure 2




CHAPTER II

2.1 Mathematical Formulation.

A directed network may be formally defined as a doublet (7? ,éf ),

where\;? is a (possibly infinite) set of.ggggg} and & C 72 x 77

is a set of ordered pairs cqrresponding to arcs of the network. Thus, if
(x,v) € gﬁ? there is a directed arc running from node X to unode v,
where x,v € 7? » and x and >y are said to be adjacent.

A labeled directed network may be defined as a triplet(7?,cﬁf,'3()

where 7? is a finite set of nodes, :7/is a finite set of relational
types, and «/7 C::722 x <7/. That is, if (x,y: u) € u/? , then there is
an arc ffom x to vy, with the are iabeled as type u. Now, the degree
.of a node is the number of arcs incident to that node, either incoming or
outgoing. Let the maximum degree of (77,¢;{,'37) be d.

The type of automata used in this paper are quite simple mathemati-
cally, and may be imagined as little demons with exactly d "limbs" or
tentacléé radiating from a central cell. TFor example, d = 5 'in the figure
below. Let [d] ='{l,2,3enod}; then an arbitrary nuﬁbering of the limbs
can be establisﬁed by associating each limb with an element of [d]. We
will embed these automata.in the network by placing one at each node. All
the automata in the netwofk are assunmed to be identical. Heﬁceforth, we

shall refer .to the automaton at node x as "automaton x".




px,3) = (y,5) and 0o(y,3) = (y,3)

The limbs of each automaton are connected to the limbs of other
automata in sqgh a way that every arc (x,y; u) € a{? corresponds to a
counection between one limb of x and one limb of vy. More precisely,
we define a mapping p ¢ 7? ® [d] —> 7? % [d], which maps every limb
into itself or some other limb. p(x,r) = {y,8) lmeans thét the rth
1imp of automaton =x 1is connected to the sth 1imb éf automaton vy,
implying an are between x and v. Note that p composed with itself
is the identity mapping, since plpix,r))= ply,s) = (x,r))5

Unless node =x has degree 4, some of the limbs of x will
_ :emain qncqnnected. If p(x,r) = (x,v), we say that limb (x,r) is not
used, or 'dead". In effect, it is connected to itself; by this device,

p 1is defined over the entire set of limbs in the network. The purpose

of the dead limbs .is to make .all the automata identical, regardless of the

effective degree of their nodes.
Let J be a set with the property that for every u € :7J,

there exists an inverse relation of type u_l e 7 s that is, for every



. . } -1

x and y the arc (x,y; u) is equivalent to the arc (y,%x; u ~). Thus
-1

the dirvection of .an arc may be arbitrarily chosen. If u=u ", the

relation u  is symmetric, and the arc may be considered undirected.

Let g_ = (gl,.,r, gd) be the relational vector assoceiated with aute-
x X x _ :

¥ . . ' ;
maton X. 8y € 7 1is the relation on the arc. corresponding to the limb

(x,r), assuming this arc is directed away from =x. This means that if

y -1

o(x,v) = {y,8) and gz = u, then g, =u . -0f course, dead limbs are

assigned the null relation, @ € JJ°. That is, p(x,r) = (x,x) @'gi =‘9, 

. We now have completely described the structure of a network‘of
automata from a topological point of view. Next we must discuss the
dyanmics of this network under the éondition that an automaton may under-
go a ''change of state" at successiﬁéediscrete instants of time,
t=20,1,2,3,.... Formally, an automaten is defined as.a_triple (gd:é(i ¢§},
Where-gj. is the set of possible states of the automaton at any instant o
of time, éizis the set of possible inputs, and. ¢ 1is a state transition
function
which determines the state of the automatdn at the next-inétant af time,
given its current state and input.

The state of automaton == at time t will be writtep e

2 d
veog € where
- x,t) -

x,t’

. . 1
and will consist of a d-component vector (e s €
x,t° x,t

d is the number of limbs of the automaton. Thus a state e, . c
. . H
will actually be a composite of d elementary states, one corrasponding
. C e o ' . ged.
to each limb. In this dissertation, we shall have kji = ég - where

is a finite set of elenemtary limb states. The input to automaton

X at instant t will be written A .

=, For each automaton x, the
X, £ - i

time~invariant relational vector g, will form ome part.of the input

=9 -



1 coas fd ), the

vector. The other part will be the vector f = {f <.t
8

X, t %X, t
limb states of all 1limbs connected to those of . x%. In particular, if

plx,r) = (v,s) thén £ = g5

X, t _ Verbally, the time-varying input to x

will consist of a portion .of the states .of .all node-automata adjacent:

to x. Hence X = (f

o e - A _ @ed. “d . .
X,t x,t° gx), and é{f o X Qf <. Using the above

notation we have exitii} = ¢(ex,t; Ax,t)n These network automata differ
from classical automats in three respects: the inputs of a classical automaton
are usually symbols from an alphabat, and are distinct from the internal states
of the automaton; here the states are equivalent to inputs. Also, a classical
automaton is treated as an isolated entity, while here many automata are
connected together. Finally, the classical automaton may have rudimentary
steorage such as a push-down stack, whereas the network automata, being much
simpler, have no storage capébilities whatsoever,

Note that the sequence of states of each automaton in the network is

determined solely by the states of .its immediate neighbours. This is what

is meant by the phrase "local interaction'. If you think again in terms of
the little demons, none of them realize that they are part of a network.
All they know is that their tentacles are gripping those of -a number of
identical demons, If a demon's neighbours are in a happy state, he may be.
happy too. On the other hand, if he were just in a sad state, and his
neighbours were happy, this may send him intc a deeper depression.

Abandoning the metaphor, and returning to the mathematical formulation,
such networks of finite automata have a remarkable property. If the set )éﬁf
and the function ¢ are appropriately chosen; the automata can perform

complex tasks involving properties of the network as a whole, in the absence

of any global guidance. Rosenstiehl, Fiksel, and Holliger [1972] deal ex-

tensively with the problem-solving capabilities of automata in.non-labeled
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graphs. Below we demonstrate that.autOmatg are capable of performing
question-answering in the special case Qf‘a labeled directed‘networkn The
node-automata’s only éommunications with thé-terminal are at time 0, and.
.at the .end ¢f their operation. This .is tantamount to switching the metwork
on and allowing it to .change state .until it switches itself off. The set

of automata compute locally and in parallel, until they reach s stationary.

terminating state.

2.2 The Fundamental ‘Algorithm.

The parallel processing operation of the network of automata requires
communication ﬁith the control terminal at the initial and final stages.
'Only the input and output of the coﬁtrél terminal will be specified at
present; nothing will be said about its internal computatioﬁal procedures
until Section 3. Let .us postulate a (d+l)st 1limb joining each automaton
to the terminal, with possible limb states and inputs I, 0, 1, and: 2.
Ordinérily, the state of this limb.and its input from the ferminsl are I

(meaning "idle"). We shall say that the terminal sends a type-1 (type-2)

' excitatidn to automatan x if the input to the (d+l)st limb of =x
becomes 1(2) for a single instant'af-time,.and then returns to state I.
The purpose .of these excitations will be made clear in Tﬁe@rem 1, which is
our fundamental thecrem.

The reﬁaining'statE, 0, ié used by the terminal to control the
activity of the network as a whole. Tﬁé tefminal.cén.freeze the network by
gsending an input of 0 to the (d+l)st: limb of every automaton. When
an_automaton receives -an input of 0, it ceases to perform state transitions,

leaving its remaining d 1imbs in their current states. It remains frozen

- 11 -




until the O . input changes to an I, whereupon it places all its limbs
in state T, . Thus, after freezing, the terminal can initializelthe network
into the idle state.

. We shall ﬁow show in detail how the network of autcmata deals with a
simple class of questions. Given a .sequence ¢ of relations and two nodes
x and vy, .the network is to - -investigate the existence of a path between
x and: y whose labeled arcs match that sequence of relations. When an
arc labeled A 1s traversed in the backward direction, it appears In the
sequence ¢ .as Aulc Let Q(u,f}r) be the set of all relational sequences
of the form AlAZ”"Aﬁ’ where Ai € :7/, i=1,...,n and n < &. Note
that the',Ai need not be distinct from one another. TFor convenience, let
the upper bound o be an even numbexr. -Because the length n of a sequence
is bounded by «, 1t is sufficient to take )éf = ﬂg d where the set of
elementary limb states ;5 has only (3/2)N*‘2 members. This sufficiency
will be shown in the proof of Theorem 1.

.- A .question is presented to .the network of automata in the following
- ways The terminal is presented with a triple (x,q,y) where x, ¥y € \7?
and q € (0, 7). The terminal then "excites", or activates, the two auto-
mata X and y; . causing them to initiate an algorithmic search procedure.
After a finite time intexval, either a path matching gq has been found, or
no such path has been found. : If several such paths exist, they are all found
lsimultaneouslye. Theorem 1 demonstrates. an algorithm whereby the network is
capable of answering any question (x,q,y), for q € Q(e, V). We will
later consider more complex questions involving Iinference.

The .algorithm presented below is an obvious one, and given the

finiteness of the sets 7?,¢,{, and 77, it a simple combinatorial task to

=12 -




enumerate all paths emanating from x and y until a soluticn is found.
However, this type of enumeration would ordinarily-require a global
intglligence with the capacity to store information in tree-like lists.
The significance of Thecrem 1 is that .it showg how.this algorithm can be
executed using far more limited computaticnal ﬁowers; namely, by a network
of finite automaia in which only local interactions are permitted.

Before mzking a formal statement of Theorem 1, we shzall give a
discussioﬁ of the theorem's ﬁeaning and of the algorithm develeoped in
the proof. Essentially, the theorem asserts that to any ¢ belonging
to Q(a,7), there corresponds a transition function (dependént on q)
whereby a network of automata will be able to asnswer the question
(x5;9,¥). We assume the existence Qf a labeled directed network which
is a_repreSentaﬁion for a corpus of conceptual information - in other
words, a semantic memory. For any such network, we can embed at each
node an automaton having a fixed set ﬁf? of possible states, as explained
in Section 2.1. In order to make these gutomata complete, z transition
fundtion must be defined. The network will have question—answering
cépability if that transition.funétioﬁ is the one specified in the
thedrema However, it is imporitant ©o note that for e#ery new question
asked, the,ﬁransition function must change.

The set of siates used for'question;answering remains ﬁn@hanged, ahd
depends only upon the parameter &, the upper bound dn‘the length of a
relational sequence. 4. Let us &efine the set of limb states
o=, T, 1, 1, 1, 25, 2, 212,;”,@/2)1, (@/2),, (@/2),),
and . let $‘£0 = ié;go The significance of each of these states is

defined below; -~ At any time t,

- 13 -




e = w means that the limb (z,r) is dead. The state of a dead

limb can never change.

ez c = 1. means that limb (z,r) 4is idle, i.e., it has not yet
, :
received any signals for the .question being processed.
er =k, means that a path'ofrlimbs labeled A.,...,A  has been
zZ,t 1 1 k
found starting from node =, where Al,...,Ak are the
first k relations in q, The limb (z,r) - correspeonds
to A
oL _ 1. -1
z,t m-k2 means that..a path of limbs labeled Ak ’°"’An—k+l
has been found starting from node 'y, where
An4k+l’°°"An are the last k relations in gq. The
o . -1
limb {z,x) cprresponds to An-k+l'
ez L = k12 means that (z,r) 4s the kth. limb on two paths,
>

one starting from x .and one from y. This event

. _ A1
can occur only -if Ak = An—k+l°

Given . yéro, the\set:of ﬁossible inputs for the automata is éxfo = gf% b :73’
We shall say that "z transmits a signal k" if some idle limb

of 2z enters the state ki" Accordingly;-we,shall:séy that "z receives

a signal ki” if some limb of z . receives as input the state k..

Receiving or transmitting a k signal is equivalent to receiving or

1Z

transmitting both a kl and a ,kz"signaln

Now let gq = Al,..An be a specific sequénce of Qa, 7). We
shall describe the algorithm performed by .the state transition function
¢q’ postponing a formal definition of ¢q until the ﬁroof of Theorem 1.

Suppose that the terminal is asked the question (x%,q,y), where

%, v & fﬂ?u, Before this question can be processed, .the terminal must

=14 -




relay to every automaton the sequence of relations A ,..,;An, so

L

that ¢q is uniquely determined. - In gffect, the -automata must be told
what specific path they are to search for. The search strategy
employed, however, is always the same.

First the network of automata -is initialized so that all limbs
are .in the idle state, 1. At tiﬁé t =.O, the terminal starts off
the search process by sending a type-1 excitation to =x and a type-2
excitation.fo v. : Then == places .all outgoing arcs labeled An in state

ll,. while y places .all dincoming arcs -labeled An in state 120
Any node receiving a ll signal places all outgoing arcs labeled

A2 in state 21, and so forth. The path-searching signais fan out

from .the two endpoints, k., signals emanating from ¥ and k

1 gignals

2

emanating from vy. Whenever an automaton receives a kl signal it

places all limbs labeled A

k+l.,1nrstate (kfl)lg in other words, it

searches for .the next relation .in the sequence ¢q. A-.solution path is

. found when a ,kl.‘signal intersects an . (n«k)z. gignal. Any automaton
that simultaneously receives two such signals immediately places its
(d+l)$t 1imb 4in state.l. This is an.indication to the terminal that a
solution path exists, .and will be referred to as event $. At this point
the terminglifreezes.the.network,ﬂcausing“the search procedure to halt.
Event $.is.interpfeted as a YES answer .to, the question ''Does there exist
a path of the form. q between x and v?" On the other hand, if

event S does not .occur within -% + 1 time units (where n is the
length of the sequence ), then.thenterminal freezes the network, and
interprets this as a NO answer. . However, In an actual semantic network,

the absence of event $ doeg not necessarily mean that the correct answer

is NO; it may be that the network lacks sufficient information to yield

. =15 -



a YES answer to .the question.

Next we give .a precise statement .of the fundamental theorem and
a rigorous mathematical preoofs - This portion may be omitted without loss
- of continuity. Recall that :the sets kdfo and 5{{0. were ‘defined

.earlier, with o as .an arbitrary ewven .positive integer.

Theorem 1: Let '(bq),u4’,:73 be any labeled directed network. Then to
each question . (x,q,y) with. x, ﬁ 6.7? and g & Q(a,f}“), there corres-
ponds a transition function ¢q. having the following property. if the
‘automaton (‘5fo’CZfo’¢q) is émbédded at each node of %ﬁ?, Vith limbs
connected according to Q,f s, then after =z and y are excited by the
terminal the network .of automata will,ascgrtain the existence of a path

of the form ¢ between =x and--y. within 'E.+'l' time units.

Proof: The proof is comstructive, .in that we défine. the required function
¢ﬁ and then show that it satisfies the -theorem. One way to define ¢q

would be to present a table showing e for each possible combination

%, b+l
of state et and input KX £ A more efficient alternative is to give
- -] 3 .

~a set of verbal transition rules that treat .2ll the state-input configura-

tions .for which .a :change of -state must .occur. .:We .shall use ‘the latter

method, since only four basic rules are necessary. - Unless automaton z

‘satisfies .one .of the transition rule .conditions .below-at time t, its
= .- Suppose that

z,t+l ez,t uppos

q = A, ,A n.,..,An,:-where Ai € "7, 4=1,...,n0. The following are the

state remains unchanged, that is e

transition rules for ¢q:
1. (a) 1If automaton x receives a type .l excitation, it places

all limbs ‘labeled A, in state 1

1 1

- 16 -




(b) If autcmaton y receives a type 2.excitation, it places all
linbs labeled A" in state L,.
{In other words, starting from either end of the desired path, the endpoint
autematon finds all 1imbs which bear the first label in the sequence q.)
2. (a) If node = rgceives a kl signal, it places all limbs

labeled Ak+l in state (k+l)1u

(b) Tf =z 'receives a k2 signal, it places all limbs lsbeled

-1
Annk in state (k+1)2,

{In cther words, when informed tha£ it lies on a possible path k arecs
from either end, the automaton finds all limbs bearing the next label
in the sequence q.)

(ﬁ) In the -special case where =z simultaneously receives a
kl and a kz signal, and if Ak+1 = A;Ek, then 2z places all limbs-
with that lazbel in the state (k+l)129
(Transition rule. 2 is illustrated im Figure 3.)

r

3, If e = k, where i€ {1,2,12}, then e.

z,t 1 z b+l I. (After

transmitting a signal, the limb (z,r) lapses into the idie state.)
Rule 2 may suﬁersede this rule; in the event that automaton z must.
tranemit. two signals aleng limb, (z,r) at two ceonsecutive Instants of
time.

4, (Conditions for event $)} 1If either

{a) =z ‘simultaneouély.receives a k, and a (nvk)2 signal, or

1

(b) z simultanecusly receives a k signal and transmits a

1
.(njkfl)QH}Sigﬁa; along,the;same limb.

then 2z places its (d+l)st limb in state.l.

- 17 -




Figure 3

Transition rule 2(a). Each sector of a circle represents a limb with the : P

state written ingide.

Condition 4(a) will occur if the path-length of q, namely n,
is even, meaning that the tyﬁe 1 and type 2 signals intersect at a single
automaton. Condition 4(b) covers tﬁe case.where n is odd and tw§ auto-
'ma;a simultaneously receive intersecting signals.

If x and y are excited by the terminal at time t.= 0, then
t#ansitiou rules 1, 2, and 3 imply that fhe network will have a:special
property: After k .state transitions, the only signals that an automaton
can receive are of the form kiﬂ Because this result is crucial to the

rest of the proof, we state it as a lemmaz, to be referred ts as Lemma (L).

Lemmas - At any time t, where t=1,...,(0/2), the only limb states

presenft in the network are w, i, tl, t2’ and t12°

Proof: The proof is by induction em t. It is clear by transition rule

1 that at t = 1 the only signals present are 1l and 120 Assume

- 18 -




the statement is true for t. Then the only signals received by an auto-
maton which will affect its {t+1)st .transition are tl and té
signals. By transition rule 2, the only possible consequent change of
state is for some limb to enter staté (t+1)i .at time t© + 1, where
i=1, 2, or 12, Furthermore, by transition ru1e13, those-1imbs which
were in state ti wi;l change to state. I at time € + 1. This completes
the proof of the lemma.

We now show that '¢q as defined above satisfies the theorem. To
do this, we must show that event 8§ occurs if and enly if a path g
exists between x and .y. Because . of .the way the signals were defined,
the "only if" part is trivial: condition .4 can only be satisfied if there
is a sequence of relations A 4, running from x to z and a

1*°°°9%k

sequence Ak%l,nca,An running from =z to y. 1t remains tc show that

if a path exists, event $ will always occur. In fact, we can show that

every path g beitween x and y will be found, and that each such
path will trigger event $ at precisely the same instant.
Consider the set Z(gq) of paths ZosenesZ such that

(1) z; €7, i=0,000,0

[

ii 2 =X, 2
()O’ny

(111) (z,_;» 2,5 &) €A for 1=1,...,n

Given q = Aiyﬂ?Aﬁg_ Z{q) dis the set of all seguences of nodes between

x and y along which the sequence Al,onnsAn of relations appears.

Let .6 and &, be paths in Z(q). We say that &8, and 62 have a

1 2 1
node intersection if 51 T2 sesesZos 62 = WO,.nn,wn and for some 1,

j€{1,...,n-1} zy = wjo This means that the two paths have at least

one node in common cther than x and y. (See Figure 4.) We say that
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61 and 62 have an arc intersection if there exist 1, j é{0,1,000',11}
such that z_i = w, and either

or

i

(@) 2449 = Vs
(®) Zi1 = ¥yore
Case (a) means that paths 61 and 52 traverse a common arc in the same

direction, while case (b) means that they traverse it in opposite

directions. It is clear that if 81 and 62 have an arc intersection

they have at least two node intersections.

Figure 4

Figure 4a: - n = 5% 61 and 62_ have a node_intersectlgn gt Zy = Wyo
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Figure 4b: n = 7 61 and 62 have an arc intersection of type (a)
at (w4, ws) = (ZS’ 26)_ and an arc intersection gf

type (b) at (22, 23) = (WB’ WZ)?

Now we shall show that event § oécurs upon every path in rhe set of
. solution paths Z(q). There are four cases to consider:

1. Paths with no node or arc intersections.

2. Paths with a node intersection.

3. Paths with an arc intersection of type (a).

4. Paths with an arc intersection of type (b).
In each case we must zhow that signals can traverse these paths without

interference.

" Case 1l: Suppose that § = Z 5ol is a path of Z(g) with nc node or
arc intersections. By transition rules 1 and 2, for each k such that

i‘j!k j_%— we shall have, at t = k
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e, k = kl for some limb (zk—l’ )
k-1, .
and
8
e k =%k, for some limb (=z s 5)
Zn—k+1, 2 n-k+1
Thus, if n dis odd, then automaton z . at time mtl will satisfy
(n+l) 2
condition 4(a); whereas if n is even, then automaton =z n at time
G+1)
§-+ 1 will satisfy condition 4(b). Notice that every other z, on the

path ¢ transmits only cne path-searching signal, so that there is never
a conflict between transition rules. In this simplest case, nothing can

interfere with the path-searching algorithm.

Case 2: In the case of intersecting paths 61 and 62, we must show

that the path-searching signals can pass along each path without affecting
these on the other path. First, suppese that 51 = Z secesZy has a node

{(but no arc dntersection) at some node 2, - This

intersection with 62

means that there are two limbs (zk, rl) and V(Zk, Sl) associated with
the path 61, and two other limbs (Zk’ rz) and (zk, sz) associated
with 620 By (L) the only situation in which 7, can receive simul-

tanecus signals is to receive a kl and a k2 -gignal, for if both

signals were k (or k2) there would be an arc intersection. This

1
siuvtation is dealt with by transition rule 2 without any interferences;

the two sets of limbs are‘effectively independent of each other. Thus,

- node intersections present no real difficulty.

Case 3: Now suppose 61 and 62 have an arc intersection of type (a).

Interference might bccur when Z, Or Z,.y receives simultaneous
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signals. But by (L) this is possible only if i = j in the definition

of an arc intersection: that is, if the arc between zg and Zigq is

,th \ .
the 4 arc in both paths. Hence zi {or ) receives two

2341

sinultaneous il {or (n—i—l)z) signals, and transmits a single

(i+l)1 (or (nni)z) signal along the common arc. Again, there is no

interference between ihs 61 and 62 gignals.

Case 43 Finally consider the case where 61 and 62 have an arc inter-

section of type (b): that is, (zk—l’ Zy 3 u) is the kth arc of 61,

and (z is the jth arc of & There are two possible

_l'
K Zp-pf ¥ ) 2°

gituations here (See Figure 5):
(1) j = K. The definition of Z(q) implies that u = A = A;ln

zk and z,k__l will transmit kl {or kz) signals to each

other simultanecusly. This situatiocn is handled without

difficulty by transition rule 2,

(ii) j # k. This implies that Ak = Agi, and by (L} ths only

k-1 °F % can receive simultanecus signals

is when j = n-k+l.

case in which =z

2,_1 Freceives the (k—l)l signal along

path 61 and the (k—1)2 signal along path 62,,provided

k-1 5 %D (The case where k > = is similar, z

2 being the

k

node to receive simultanecus signals.) Transitien rule 2(c)
prevents interference by sending a kl2 signal from

te 2z, i this signal acts like the conjunction of k

Byt K’ 1

and k2 signals,
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Z)s2q3 A3)' is the third arc of 51 and (23,22; A3) is

Case 4(i): (
| ~ the third arc of 62.' Zy and z, transmit Bi signals

to each other.

Case 4{(ii): (z3,24; Aé) is the 4th arc of §1 and (24,23; AB) is

the 3rd arc of 63; n==6 and 3 = n-4+1, therefore z,
transmits a 312 signal to Zge Notice that 63 has a
type -(a) arc intersection with both Gl and 62.
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So far we have restricted our attention to solution paths. We
are not entirely done with ‘the iproof since signals may intersect even
though they are traversing incomplete paths that do not belong to Z{(a).
However, it is easy to extend :the :above .argument #o all possible-inter-

sections as follows. Let Y = ZgaereaZy and y2'='w15.,u,w5 be in-

complete portions of paths in Z{(g) or Z(q—l), where q—l = A;luunAll.
This means that Wy = x or ¥, 23 = X 0T ¥, and j,k f_%u Let

2, = wj,. so that Yy and Y, intersect -at that node, and possibly on

the arc (zk—l’zk)' The only case in whlgh zk or zk__1 can receive
simultaneous signals is j = k. Then the arguments given for 51 and
62 apply directly to Yy and Yoo ‘In particular, if either Yy or

Yo € Z{(q), event $ will occur along that path. This completes:the proof

of the theorem.

Retrieving the solution :paths.

< It is Very,simplettoistrengthén:the above result, since the
algorithm not only determines whether  Z(q) = @, but alse traces all
the paths in Z(q). By merely marking each automaton which transmits
a signal, a record of :all these paths 1s preserved, so that after event $
the terminal can read off a sequeﬁce of nodes ZgsecesZ along which the
relations Al,uo.,An held. - To permit such a marking, a secondary auto-

maton is "stacked" upon the primary automaton defined. in Theorem L.

Definition: Let ¢ be an automaton with :transition function

(BC‘: éi x (é i X 7d) > gi and let £~ be an automaton with

. We

transition function GD and elementary limb states éiD

say that /(9 is stacked upon . & if
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¢D8 Eg X (g_ﬁ xt.gfd) % gf—»— Eg

so that for € the state vector at node X is

= whereas for < the state vector at
x, t+1 ¢ x,t’ hxgt) greas “ ¢

(e ).

node x 1is

2 = X e
ex,t—i—l ¢D x,8° "x,t’ Tx,t+l

In other words, for its (t+1)st trsnsition, . takes ints account the

state of £ at time t+l, as well as its own state snd input at time t.

Notice that « is dependent upon & , bdbut £ is independent of B~

The stacked autcmats may be considered as a single sutomaton, written as

the compesition of £ and &, (E4). Stacking is useful when each

node-automaton is called upon to perform several clearly separable functions.
Let é} = (»fo,cxbg ¢q) be the autcmaton defined in Theorem 1. We

aefine the mafking gutomaton, 77 , having eiementary.limb states

{I, ®

Ras R.,} and the fellowing twansition function (dependent upon 58):

1* 728 12

Transition rules for 7 (stacked on gq)

1. If 2z transmits a k, signal along limb (z,r) and if

T W T
=1 .= R, .
ez,t then ez,t+l 5

2. 1f = transmits a ki signal along limb (z,f) and if

o T T
= i il he - . o= R,
€re - Ny F 11, then Sz,e+1 L2
3. If 2z transmits a k12 signal siong limb {z,r) then
. T
= R ..
Co Ll T 12

The Ri states are passive states which serxrve only to mark the limbs along
which k, signals were transmitted. The manner in which these markers

i
are employed to retrace a path is described in the following corollary to

Theorem 1:

lSee Rosenstiehl, Fiksel and Holliger {1972) for examples of stacked automata
used in network problem solving. .
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Corollary 1l: Given the network (‘7?,¢4f, 77y and the question (%,q,¥),

with q = AloseA €Q and x, v & 7?, let the automaton (& q°77?)

be embedded at each node of 7? ~ When =x and y are excited by the

terminal, if Z(q) 4is non-empty then event $ will occur within %—+ 1

time wnits. -Furthermore, -after event $ the entire set of paths Z(g)

. . . . . 2] n
may be retrieved within m  .iterations, where 3 1 <m f_a-.

Proof: The first part .of the corollary follows directly from Theorem 1

since the presence of 77? does not hinder the,operatioﬁ of £;qa The

only difference is that when the network is frozen after event $, certain

limbs are left with markers on them. Now, it is known that event $

occurred as a result of condition 4 being satisfied at automaton w,
where 8= x.,.w...y € Z(q). Although the answer paths §& are distinct,
the corresponding w need not be‘distinctu However, since éfq finds
all paths simultaneously, there exists such a w for each. § € Z(q).
Let W be the set of such w. Again the.proof.of the second part of
the corollary is constructive, in the sense that an m-step procedure is
given whereby every path in Z{q)} can be retrieved.

The essential principle employed is not difficult. Starting from the
noﬂe w where type 1l and type 2 signals intersected, we trace back along
the paths marked by Ri states. . (See Figuré 6) Since there were many
stray signals transmitted that did not find a successful path, we must make
sure that .the arc labels are correct during retracing. As we fan out in
the network toward = and .y, . we build two trees recording the'nodes that
we have traversed. After a certain number of stebs, the endpoints x and
yA should‘be.ampng_the tips of these .trees. Now the procedure will be

described rigorously. Assume that event $ occurred at time t =T 5. 80
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* that the frozen state vector is e for ﬁ; and & for ?72.
Z,T q Z,T

> 3

The retracing procedure is defined recursively as follows:

1.

minated after my steps, 1 = 1,2. If vE T

For each w € W, twc arborescences al(w) and az(w) will

be constructed, with roots 51 ~and Tps and sets of tips
2 o e . :

Tl and T2. Initially, Tl = 0y and T2 = 0y- Set

7= W, jl = T -1, and j2 = T. The subsequent steps

are to be performed for each w & W at every iteration.

(First iteration) Let ¥ v € ::]r s with £° =R, or
»

1 Z,T 1

s
R12’ p(z,r) = {v,s) and g, = Aj } and

cr 1
v, = {v €71 :Hr,s with f = R, or
2 Z,T 2
— r —
R129 p(z,r) = (V’S) and gZ = Ajz}

For i € {1,2}, V. is just the set of nodes from which =z

received significant type 4. 'signals. Now augment ai(w) 30

that T, becomes (Ti - {z}) U V.; this is done by drawing new
arcs from =z terminating in the nodes of Vi,
{(General iteration)  Increase .j2 by 1 and decrease j1

by 1. Take the set of Ti of tips from the previous iteration,

and perform step 2 for each v € Ti’ setting =z = v. If, for a

particular v, Vi = @, then v is no longer considered in

future iterations, and is called closed.

. _n o .
If n 1is odd, then m, = 5, m, 5 1. If n is even, then
my o= m, = E%lw The procedure for constructing ai(w) is ter-

v v + x or

In graph theory, an arborescence is defined as a rooted, directed tree
(a graph without cycles). The root has only cutward-directed arcs.
Every other node has only one inward-divected and any number of outward-
directed arcs. The tips of the arborescence are those nodes which have
no outward-directed arcs. '
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Figure 6
(a) | TERMINAL

(b)

{Closed)

and 3 at w,.

There are 4 solution paths meeting at Vo s 1
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v € T2, v $# y, then v is closed.
Notice that each node of the aﬁborescence.corresponds te a node of
72 » and there may be many nodes of the arborescence cérresponding to a
single node of v?i. After termination, there will be at least one non-closed

tip of the completed ai(w),- corresponding to x if i =1, or to y 1if

i = 2. This is due to the fact that T = ml+1; in other words, there is

a type 1 path of m, arcs terminating in w .and matching <« which

7
originated at x. The same .argument holds for az(w). The closed tips
éorrespondrtO'signals which did not -lie on an .answexr path; these will crop

up if the Ai are not aistinct.

it remains to show that every & € Z(g) is represented in the set
of arborescences {al(w), az(w): w € Wl.

The transition rules for 77? ensure that if a typé 1 signal was
received at any time:by the limb (z,r), tﬁen the state of limb (y,s) = p(z,r)
will be Ri or R12' at t =1 , no matter what sgbsgquent state changes
were undergone by (y,s). . This is easily proved by examining all possible
cases. Since each & € Z(g) .corresponds to an intersection of type-1 and
type~2 signals at some w S W, there exist paths from the root to some tip
of al(w) and az(w) which match the two segments of 4&. More SPecifi-‘ﬁ
cally, the set . Z(g) <can be generated from -the set of arborescences as
follows:

Let i#i(w) be the set of sequences v A such that

i
A, V,...V is a directed path in. a,(w) and v is a non-closed tip.
il m, i m,
i -1 i
If vie..v :cxel_i(w), let @ =V ...v,. Then

. m, 1
i : i

1

1

Z(g) = {ul_lw 4yt 0oy Gl—l(w){ oy Ei—z(w), wE W}

This completes the proof of the ceorollary.
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The above =zorollary has an important interpretation in the context
of question-answering by a semantic network. Given a questien (x,q,7),
q € Q(e,7), not only can the network find a path q between x and
P ys but also the terminal can read off the concept-name st any inter-
- mediate point azlong the path. Although the retrvacing procedure seems com-—
plex, in the case of a single answer path & the set W has only one
member W, and the arborescences al(w) and az(w) are just sub-paths

of &. The case of non-intersecting paths is also relatively trivial,

Applications and Extensions.

In order tc facilitate the symbolic representation of gquestions
which require informative {(as opposed to YES or NO) suswers, the notation
(x,9,y) can be extended. Suppose that the network is asked to find a
node v such that there is a path .of the form q; = Ai”““AR Hbetweén.a
x and v, and a path of the form 4, = Ak+l?””Ani between- v and.'y,
where 1,9, € Q. This question shall be written as (x, SERADP y). The
procadure for answering it consisis of three stepsz3 the network emplcys the
usual algorithm to answer (x, qlqz; ¥). Then the retracing procedure is
applied, yielding the set af.soluﬁion paths Z(g). The answer is obtained
by selecting a node v which is the kth member of any path & € Z(q).
Some examples of this type of question-—answering are given in Section 2.4.

Another class of guestions which lends itself readily tc a network-

o cf-automata solution has the following form:

3The question (%, qyvqy,y) could be answered using a modified transition
function which marks every node that receives a signal along an Ay

{ox Aiil) arc, and then retraces all solution paths after event $§ to

. determine Which.of these nodes 1s a solution for v. The methods given
in this paper are less efficient but more easily generalized.
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"Is there any node v such that a path exists from b to ¥

i
Lok ?

The fundamental algorithm will find any such v using only type-1

having the sequence of relations gq = A

signals. The signals fan out from b in the usual way, and event §
occurs if some vy receives a ny signal. Extending the question nota-
ticn, we can write this type of question as (b,q,y) where y is a
wvariable. Again, the network provides more than just a YES or NO answer;
it supplies the concept-name corrésponding to every solution ¥.

Finally, the network can be employed to simulate word-association
ox semantic-relatedness tasks. Given any WO concepts-nodes a and b,
we may ask the network_to find any path joining them; this question
could be represented as {(a,?.b). A simple version of the fundamental
glgorithm will suffice here, in which arc labels are ignored and signals
fan out along all available ares. In fact, this is identical to the old
"Shortest Path through a Maze' probliem of Moore (1959),.one of “the first
ptoblems to be formulated for a ﬁetﬁork of automata. Event $ occurs
whenever an automaton receives intaréecting type—1l and type-2 signals, and
ﬁhe solution p;th can be retrieved by the procedure given in Goroliary 1.
Clearly, the shortest path between a and b is the first one disccvered;
if it has length n, then the solution requires approximately n/2 time
units., Since it may be that moré paths are &esireds the network need not
be frozen after event 5. In thercontext.of.sémantic memory, this type of
path-search iz a precise analoéue to the semantic disambiguation procedure

suggested by Quillian (1970) for a dictionary—liké_semantic netwbrkc
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2.3 ‘An Inferential Search Algorithm.. . .

To answer a question often requires more than simply a retrieval
of known relations between coniepts. Tt may require the .application of .certain
ruleé,of inference to create new facts from those stored in the memory.
For example: '"Does a robin have feathers?" asks whether the-following

configuration exists .in the semantic network:

HAS-AS~PARTS

However, the relevant information may be enceded in the network in a

different form, such as:

SUBSET-OF HAS-AS~PARTS

G > G D) > ()

What is necessary is a rule of inference which says: the sequence of

relations SUBSET-OF, HAS-AS-PARTS is equivalent to the single relation
HAS~AS~PARTS. Below we show how the search algorithm for the network of
automata can be extended to incorporate exactly this sort of inference-
méking.
Returning to the formal theory, we define a production as an opera-
* o
tor O on the set C7J of relational sequences such that for a given

% %
a, b € T a=b. If P=cac, e , then the production @

1
may be applied to the subsequence -a, replacing it by b; this operation
is denoted by ©&p = clbc2, Applying § to p thus results in a-single
replacement of a by b at some unspecified point in the sequence p.

Let © be a given set of "admissible" productions and let Q(a,7") be

defined as in Section 2.2, with o any positive integer. Then the
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*
path p € 7 1is called reducible to q € Q(x,77) with respect to ©

if there exists a sequence Slon.em in © such that Bleonemp = q.
This is abbreviated p—jL>q, or if it is understood that 7 is invariant,
p—>q. By conventlon, we say that .q”we>q.

The productions are to be interpreted as semantic rules of infer-
ence concerning relations in the network. ﬁ-—;>q means that ¢ may be

inferred from p through the application of a series of these rules of

inference. Thus, to ask a question (x,q,y) is to ask whether any path

p .exists between x and y such that p—>q. In the service of con-

sistency, we can think of -the question-answering algorithm presented in

Theorem 1 as dealing with the case where O is empty.

For present purposes, O can be restricted to contain only elementary
productions, defined as productions © of the form B(BlBZ) = Bi’ where
31,32 € "7, i=1 or 2. These can be written more cohcisely as
.Ble—“€>Bio 0f course, the symmetry of laﬁeled arcs in (77 ,¢4, T
requires that if B1B2——$>Bl is a pro&uction in © then BalBil——€>B11
also belongs to 0. © may be thought of as a set of.orde:e& triples
of relations in 7 . A set of productions © 55178 is called agsociative
if it satisfies the following conditions:

(1) Tf AB—3>A isin O and BC—>B is in O then AC—>A

is also in ©. |
(iiy If BA-—>A is in © aﬁd BC—>B ié in © then CA—>A
is also in én
The associative pfcperty implies that if p-£¥>A, A€ tj”, then for every ??
pair of consecutive relations. Al’AZ in p there is a production whose
left-hand side is A_A,. The proof of this statement can easily be demon-

12
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strated by induction on the length of p.
The set of paths (sequences of nodes) in the network which can be

interpreted as a YES answer to the quéstion (x,q,y) may now be written:
o 5 %
Pola) = {2(p) ¢ p—>q, p € T} .

In general, Pg(q) can be extremely large, since the ei satisfying
f@lbeogmfp =-q: need not be distinct. If cycling phenomena ohcur,
Pe(q) may even be infinite. However, provided that Py(g) is non-empty,
' the fundamental path—searcﬁing algorithm can be easily extended to find
the shortest path in Pg(q). This second major result is derived in the
theorem below,  Of course, if. P,(q) = @, the search process .could con-
Vtinue forevér; thus the terminal must fix some time limit after which, if
- no péth.has been ‘found, it returns a NO answer.

| The new ﬁinferential search" algorithm requires an expanded set of
limb states. Define G to be the set of.all combinations of distinct

elements from the set
o az} .

2,-:9:,9

G = 10,05, 155 1

In other words, G is the set of all unordered groups of signals.

(Sl Sz,u“, Su) where
(1) s, €6, 1= 1,...,u
.. . .
(i) 3 + i Sj + Si
(iii) 1 2w < 2(u + 1)

From combinatorial theory,
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I

& 2042 (

card G .?.0‘*2)_; - %2

u=1 s

one less than the sum of the binomial cgefficients of order 20+2.
In practice we have never found-the length of a question gq to exéeed 3.
Hence, o = 3 seems like a reasonable upper bound, in which case card
G = 255,

Let ;?l = {w, I} U ¢ be the set of limb states for the network.
Then eg,t =tslsz.,os ) € é means that at time ¢ fheAlimb (z,r)
_ simultaneously transmits the signals 81,82,...,Su. R;ception of a signal
ki is interxpreted exactly as in Section 2.2. Notice that fé’o - éfl,
.and that for 0 = 0’_P6(q) = Z(q)f Thus the following theorem is ip a
brecise sense a:generalization of Theorgm 1. However, the complexity of
the state transition function must increase encrmously, as evidenced by

the fact that card = 8, whereas card '}5 = 257, for o = 3,
: 0 1

As before, we define -Jl = gi and Ofl = Jl x 79,

Theorem 2: Let (7?’,04 ,:7/) be any labeled, directed network, and let
e 95:73 be an assoclative set of elementary productions. Then to each
question (x,q,y) With x, v € 72 and q € Q(¢,7)), there corresponds
a transition function ¢q having the following property: Suppose that
the automaton (%f'ch?ls wq) is:embedded at each node of jﬂz, with
1imbs.connected according to p. Assuming that Pe(q) + @, let & be
the shortest path .in Pe(q), witb length v. Then after x and y are
excited by -the terminal the network .of automata will verify the existence

of & within v/2 time units.

Proof: Again, the proof is constructive. The terminal initiates the

search procedure at time t = 0 by exciting x with a type-l and ¥y
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with a type-2 excitation. For any A € 277, define the two sets

Pre (A) = {BE€ 7 : BA +‘A is in 8} land.

Post (A) = {B€ 777 : AB - A is in 0O}. .

Let Q= %1n~uAné be a specific sequence of Q(u,fYﬁb The
function wq iz gimilar to ¢q except that it pe?mits the g sequence
to be interspersed with other relations according to the admissible
productions. In effect, it employs the preductions in reverse, ex-

panding Ak whenever possible into A for each production of the

)
® e . 3 o 3 n
form Asz - Ak in . This is accomplished by allowing a ki

signal to be propagated along B arcs without being increased to

g
(k + 1)1.

The following are the transition rules for wqo An alternative
reading of each rule is cobtained by suﬁstituting the phrases in paren-
theses.

1. If automaton =x(y) receives a type;l (type-2) exeitation,

thens ’
(a) it places all limbs labeled Al(A;l) in state 11(12)5
(b) for each B € Pre (Al) (C € Post (An)) '

x(v) places all limbs labeled B(C?l)f in-statef_Ol(Oz)n

2., This transition rule is illustrated in Figure 7.

If limb (z,r) receives a kl(kZ) gignal, thens

(A

(a) z places all limbs labeled A ek

- ? .1n state

(k+l)1(state (k+1)2)a

)]

) 4f (DTN E (A ) UPost (A) [gl € ATl ) UPre (A

then for each B € Pre (Ak+l) U Post (Ak)
=
[C € Pre (An~k+l
-1
B (C:7Y in state .kl(k2)

y U Post (Anwk)] z places all limbs labeled
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r.—1 r
5 c =
(c) if (gz) Pre (Ak+l) [gz Post (An_ )] then for each

k

B € Pre (A [C & Post (An_k)] z places all limbs

k+l)
labeled B(Cfl) in state ,kl(k2)°
~{(Parts (b) and (c) allow the ki- signal to propagate along any- arcs which
could vanish from the sequence .p through the application of productions.)
"(d) whenever - z 1s required by (a), (b), and (c) to place a

limb in the states Sl,me,,Su- where l<u j_2(a+1), it

o

places that limb in state (Sl"'su) €G.

3. If e _ €8&, then e

2t o 1. BRule 2 may supersede this

rule, as explained in Theorem 1.
4. (Conditions for event §) If either

(a) z simultaneously receives a k. . signal via limb (z,r)

1
and a- (n—k)z. signal via limb (z,s), r + s, and the
following condition is not satisfied:

r.-1

(gz) e Pre(Ak+l) - Pogt (Ak) and gz e Post(Ak) -~ Pre (Ak+l

oY

(b) z'simultaneously.receivesla k1 signal via limb (z,r)

and transmits a (n—k+l)2 signal via limb {z,r)

then é, places its . (d+1)st limb in state 1.
Although the level of generality is greater here than in Theorem 1,
it is much éimplgr to prove that .¢q,.satisfies Theorem 2. Lemma (L) no
longer restricts the possible types .of signal intersections; in fact
it is theoretically possible for an automaton .to receive up to- 2(a+l)
different signals simultaneously. Hoﬁever, the set of 1limb states égl
is constructed so that any combination of signals can be received or
transmitted simultaneously. Thus, no matter how often & € Pe(q) inter-

sects with -other paths or -fragments . of paths, the signals will travel
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aloﬁg § without interference by using rule 2(d).

Figure 7

Each sector ofa cirele repregents-an automaton

Post (Ak)

1imb, with the .state written inside.

(a)

Ak.or Post (Ak)

Pre (A ;)

(b)

Pre (A, . .)

k+1
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By transition rules:1 and 2, if automaton z recelves a kl signal_ Co

then there exists a path fragment from x to. z with the sequence of arc .

labels:
YoriYafoYor o Ve
where YO = bo
Yi=aibi :.L= 1,onc9k_l
Tk T %%
a8y is a sequence from Post (Ai) i=1l,.00,k

l‘) i

and any of the a;» bi can be empty. Reception of signal k2 signifies the -

bi is a sequence from Pre (Ai+ 0,1,...,k-1

existence of an analogous sequence running from y to z. Hence, if condi-

tion 4 is satisfied at automaton 2z, then =z lies along a sequence p such ¢

that p—>q.

Conversely, if & E'1':"e(q) and ¢ has length v, then the associative
property of © assures that the sequence of arc labels along ¢ will be of
the form:

p = yoAlylAzyzeﬂnann"lAnYn with the v, .deflned as above and k = n.

i
' Cv=l )
Therefore event $§ will occur on &  at time fEL if v dis odd, and at
u Voo .
time o if v 1is even.
It has beep'shown that condition 4 is satisfied if and only if
Pe(q) + §. Observe that the shoktest-pathiridor patthnminwﬁPéqun..tuiﬁjsf

is the first oné to:be discovered. « This:icompletesmthé:proofiof réoi vi,

Theorem 2.

Retrieving the Solution Path -

- Again, it may be desirable not only to know that a path 8
is in the solution set 'Pe(é), but also to recognize what node-sequence

SURRLMEIORGATY
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corresponds to &. The marking procedure presented in Section 2.3 can be

extended without difficulty to the inferential case. Again, let 7H be

the marking automaton, with the following amendment to rule 3:

T

3.

limb . (z,r), where i_+ j, then &

If =z gimultaneously - transmits a--ki and hj signal aleng

r =3
z, b+l - R12°

Let féQq = (gf,l,c{?l, wé) be the automaton defined in Theorem 2.

Nteice that -the transitibn rules for ??f depend upon éflic

Corollary 2: Given. the network (7? 90673271), an associative set of

" productions 9 55573, and a question (x,q,y) such that Pe(q) 10,

let
Qxﬁfq

°77Z)..be embedded at each node of‘?? . Suppose that v 1is the

length of the shortest path & € Pe(q)g Then event $ will occur within

7 time units after x and y  are excited. Furthermore, after event $

the path § can be rectieved in m-'itefations, where

v v
5y ~ l<m=< 5 °

- Proof: ‘The first ﬁart of the corollary fbllows directly from Theorém 2,

since 37? does not hinder the operation. of pé}QQ-ﬂLet. W bg'the set of

w for which condition 4 was satisfied, resulting in event $ at time

t =71, Typically, W will have only one member,.since the shortest

§ € Pe(q) is found, but there may be several shortest paths. The re-

tracing procedure is precisely the same as the one described in the proof

of Coreollary 1, except that the selection rules for eligible nodes are

- more complex.

S

For each w €W, let ai(w) be an arborescence with root

' o, and set of tips T, i=1,2, Initially T, = {o,}, Let

Z =W, j1 = k, and j2 =k + 1, where k., was the signal re-—

1

ceived by w at time T - 1, resulting in event $§ at time 7.
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The subsequent steps are to be performed for each wEW
at'every iteration.

(First iteration) Define the following sets:

V. = {V€N:3r,s. wi iY =R, or =
Vi, {v € N:Jx,s Wlth_ ?z’T Ri or R12’ and p(z,r) (v,s)}
1 s : for i=1,2,
= = e &
Vl {v Vln g, Post (Ajl)}
.0 5 ~
= E Ve € P o
Vi {v €vs B, ?re (Aj1+1)} ;
V. = [vEV. : ¢° = |
i {v Vyi g Ajl},
0 LT
= = e &
V2 {v V2, 8, Post (Ajz"l)}
1 T -
= = s =
V2 {v V2° g, Pre (Aj2)}
V2 {v V2, . Ajz} . . B
Finally, let U, =V, VU V%:U Vq. U, consist of all nodes
i i i i i

. lying on possible paths threugh 2. Now augment ai(w) so that
o .1

: - I Uy, T Cti
T; becomes (Ti {z}) Ug. Let T., T/, T, be the new tips
correspondingfto the sets Vg, Vi, V&.

(General iteration) Take the set T, of tips from the previous

i

iteration, and perform step 2 .for each v € Ti’ setting z = v

and .applying the following rules:

(a) If w E,Tg then Vi, Vg, V; are all eligible descendants.ofvv.
by If v G.Ti then only Vl and ﬁ; .are—eligiBle descendants

" of w.
(e) If w Glf;, then ji. is replaced by ji + (—l)l, i=1,2,
for all membefs.of‘.Ui,.the.eligible.descéndanfé of w.

Whenever ‘jl =0 and =x €U_, the path leading from G, to x, i

omitting o., 1is placed -in the set rl(s).

1!

Whenever . j

j, =0 and ¥ € Uy, the path leading from ¢ to vy,

2
omitting Tos - is placed in the set |~2(w).

The ‘procedure -terminates .as soon .as .two sequences
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(o= oo oeX € = wasay €1 : :
Yy = vy % [_l(w) and Yy, =V ¥ imz(w) are found which

2
satisfy the condition: If B and C are the relations on

{6,y v,) and. (v., 0,) respectively, then we do nct have
2 2 i 1 —
B &€ ALY ~ P s & . -
B € Post (Ak) Pre (Ak+l) and C € Pre (Ak+1) Post (Ak)°

TUpon ﬁefmination, the desired path § ds given by

6§ = Yll WY,
JThis proéedure continueslﬁe‘generaté:paths.in each arEoresceﬁce
--until.eithef alllnodes are closed or  § has been found. The selectien
rules for eligible descendants guarantee that if p is the sequence
of relations along ¢, then p—>qg. By the:traﬁsition rules for‘?7z the
limbs-which.tfansmitted'signals.along § will be marked by Ri signals,
regardless of;their subsequent state changes. Hence, the procedure will

. calways terminate, yielding only those . ¢ GPe(q) with -length v. Since

v—1
2

steps .if v is eodd, and in > if v 1is even.. This ccmpletes the proof

w is at the center of the path &, termination will cceur in

of the.coroliary.

Since elementary productions seem to be adequatéﬂfor application of
the farégoing theory to an .actual .semantic network?.the-mathematical
detail will be ended here. However, it ié entirel§ poﬁéible to extend
the theory so that more complex productions are a&missibiéc Naturally, the
number ¢f limb states in g? would -have to-increase, and the ﬁechanics of
the .transition function would become difficuli to elasborate. Exploration

.0f the full capabilities of finite automata embeddéd in a labeled directed -

network .is still an open problem.
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" Limitations .of .the Network Model. -

The parallel,ﬂldcal computation in a network of automata has the
advantage -of .reducing :the complexity of the computational mechanismj ;é
however, -there is a corresponding-limitation in the range of problems which
can be solved. - An algorithmic procedure which is straighforward in the
context of .a global -.computing device may be impossible to implement in a
network of .autemata. TFor example, .consider the following problem:

Given two nodeg . x and: 'y - in a lsbeled, ordered network, and a
fixed integer n, -do there exist n-step paths 9y originating at =x,
randﬂqz,,originating at . y, such that 9 aqd 4y bear the same sequence
of relations?

...A simple global algorithm,rwhich!c@uid-ﬁe programmed on a-computer .
ﬁould-search:for-two solution -paths as -follows: uﬁuilg up arborescences
ay and a, starting at x and y which are‘idenfi;al with respect to
structure and arg labeling.  If no solution paths exist, the @roceduxe Will

terminate before = iterations. If qq and 9y - do exist, they may be

read off f?om a; and 3y after-tﬁe-nEE;iteratiogc
Nevertheless, it is-clear that this problem is not solvable by a

network .of .automata. The enly way.for data from two .different portions

of the network to be compared.is wia the control terminal, but the terminal

does not have the capability to store data or to make sequential ;o

comparisons.

- Variations in Assgoeciative Strength-

The semantie memory model described above is intended to provide %

an approximate simulation of human performance in gquestion-answering
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tasks. - In particular, the model :should make reaction-time predictions
- which are-consistent with experimental -findings in the psycheolinguistic
literature., - To -be more :realistic, however, the state transition mechanism
,of.eachqautomaton must ‘be modified :to :account for the associative
strengths .of the relations-on-all of its arcs. Wilkins (1971) argues that
the asscciative strength of ‘a relation between two concepts is proportional
- -to -the conjoint frequency of those concepts in everyqay usage; for instance,
the subset .relatien (C) between OSTRICH and BIRD wouid have a much lower
associative strength than the subset velation between CANARY and BIRD. It
ig -assumed that a divect consequence -of hipgh associative strengih is a
- rapid reaction time for .a traversal -of the relaticnal aré in question.
Wilkins'. data -are quite -congistent with this assumption -as are those of
Rips, Shoben, and Smith (1973).

- The modification that we propese will not. alter any of the previous
: results .concerning the -deductive power -of the automata; only the solution
times will be -affected. . Suppose that -the time required for an automaton X
to -transmit a -signal -along its rth,limbris an exponentially distributed
random:variable ,vx;fL'With mean ux;f.r:The-kEhvstate~transition of x
no longer .consists of a single discrete instant of time; instead, the kg—1
transitien is not ceonsidered to be complete until all the required-signals
have been -transmitted. - Hence, -the time interval for the kEh'transition
is given by -the maximum of‘all-thefvvx;r for those limbs r which are.
active. ..Furthermore, each automaton x . does not begin its kEE state
‘transition until all-of its neighbors have completed thelr (k-—l)st state:

‘transitions. Rosenstiehl, Fiksel, and Holliger (1972) have shown how to

~-.constyuct this type of :a network, -having arbitrary transitions times,
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without hampering -the -computational :abilities of the automata. Such a

A,netWGrk:ismselfﬂsynchronizing;:inzthe sense that the sequence of states

- of each :automaten ‘s unchanged from the discrete~-time case.

- In path-searching operations :of -the sort discussed in Theorems
l,and:Z,:the:solution:timesashould=averagelout.to be roughly proportional
. -to the number .of steps in the -selution paths. : Hoﬁever, in certain special-
ized -tasks .the .reaction-time GRi}.results will turn out to be quite differ-
ent from .the .discrete-time case. -For example, thg'experiments'of'Rosch
-(in -press)..indicate that :strong "typicality" for an exemplar S of a

-.class . P . will decrease -the RT for verification of the sentence "An S

- is-a P"...While.the original medel would predict no typicality effect,
'Athe:mgdel with -variable -transition :times accounts for the observed effect.

. ‘Another :example :is -an experiment by Anderson-Bower (1973), illustrated in
ingure.8,-~Subjects.were;taughtLaAsetuof interrelated proepositions, having
‘the :structure shown :in :the metwork diagram: "There is a hippie in the

. Park“,anhare iS~a;pcliCEman:in:thé park", .etec. . It was found that the RT

. te verify & true :sentence -of -the form "There is an § in the P" increased

- with the number of arcs .incident .te beth: S and P. Anderson and Bower |
‘hypothesize that this -effect :is:due to-.a rank .ordering of the stored relations
incident to any given node :x. :If there are. n such arcs, then on the

- gverage - (n+1)/2 . arcs will have ‘to be :searched before finding-any parti-
cular arc. 3But similar effects-depending on the degree of the S and P
nodes -are predicted by our :variable :transition-time model: Suppose that

the terminal asks .the .question: (x,N,v). The time for node =x to change

its state:is :the maximum of -the -times -associated with its- s dincident

arcs; the time for node .y ..to change its .state is the maximum of the times
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for its p dincident arcs. The time for an over-

all decision is thus determined:by the maximum of the s+p- arc-times
from the queried modes. For instance, if each arc~time is identically
exponentially distributed with mean 1y, then the expected wvalue of the

slowest - (maximum) .of s+p such :times -is given by .

E(T_ ) =u ]

This function, which :applies equally to true .or false test sentences,
has the .correct form:to fit :the observed RIs in the Anderson and Bower

experiment.

2.4 . Some Simple Illustrations.

Figure 9 presents a typical portion of a semantic network of auto-
mata. For illustration, only .a subset of the arcs incident to the selected.

nodes are shown. This subnetwork would be embedded in a more complex net-

work, which would incorporate all the semantic relatiqnsibetwéen concept

nodes. The domain .of information selected here is the eyer-discussed one
i

- of animal taxonomy.  There are three .types of relations shown: E (element -

of, member of),  .C (subclags of), and H (has-as-parts). For simplicity

Figure 9 .considers nodes labeled RABBIT, ROBIN, MOOSE, etc. to represent
individual instances rather than classes of individuals. Thus RABBIT is
a member .of the class .of mammals, whereas MAMMAL denotes a subclass of the
class of animals. In a more fine-grain semantic representation, RAEBIT-
- would also be a class-name, and the elements of that class would be specific
rabbits such as Bugs Bunny.

The H relation associates a class concept with the physical featUres 

possessed by members .of that .class. The locations at which H relations
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Figure 9
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occur are far from obvicus; Collins and Quillian (1969), among others,
§ ; have attempted to determine experimentally the actual structure of such

sub-networks. For the present we are concerned purely with illustration
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of ‘the network operation, and not with claims about the detailed strue-
ture of memory.

Before a question is processed the entire network is re-initialized
into the idle state I. A simple example of a question is "Is a bird an
animal?", coded as (BIRD, C, ANIMAL). The transition function V¢q would
from ANIMAL, and event $ Wouid occur

send signals 1. from BIRD and 1

1
at the BIRD .automaton due to crossing of signals (Rule 4b) after the

2

first step.
A slightly more :complex example .is the question '"Is there a mammal

with horns?" The :.corresponding triple would be (MAMMAL, E_l

H, HORNS),
which will searxch for a path E"lH between the nodes MAMMAL and HORNS.
More explicitly, the question is: '"Does there exist =z such that z is
an element of MAMMAL and z has-as-parts HORNS?"

Figure .10 .demonstrates the state .transitions of the automata involved
.in answering this question. At time t = 0, the terminal excites the two
nodes MAMMAL and HORNS3. The search signals then fan out along admissible
.pathS' (Efl out of MAMMAL and Hfl-out of HORNS) until_the node MOOSE
receives the two simultanecus, complementary signals 1l and 12. The
terminal iz immediately informed of the discovery of a solution path
{event $), :and it can return :a YES answer, and identify the node MOOSE as
a positive instance.

If BIRD were substituted for MAMMAL in the question, then ne path
gatisfying E_lH- would have been found, since no bird has true horns
{not even the owl). At time t = 2, the terminal would return a NO

answer, indicating a failure to retrieve a positive instance. In Chapter IILI

we shall deal with.stronger.typeé of negation.
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- Figure 10
?? (a)

- EXCITATION EXCITATION

» We .can also -introduce productions into the scheme, allowing elemen-
. tary inferences .in the :question-answering procedure. The sentence '"'p—>¢"

can :be interpreted -as ‘the :"string .of relations p implies the string of
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relations ¢ between any two nodes." Two intuitively legitimate elementary

productions weuld be:

. B, ¢t EC—>E - (¥ an:element of Y, Y a subclass of- Z -implies
1
.- X an -element :0of Z)
; 62 : EH—>H: -:(X:an:element of Y,: ¥ has-as-parts 2 dmplies

© X has-as~parts Z}
. .In order -for :the -set of admissible productions to be associative,
el and .az_mrequireaaAthirdxproduction

by 2 CH—>H - (X .asubclass of Y,.Y has-as-parts Z implies
.. X has-as-parts Z)

Fortunately, "93' also seemsg -intuitively correct.
.The-inferential.algorithm deseribed in Section 2.3 permits thé
application of.these:productions; ‘For example, consider the question: "Does

a robin have wings?'"  Symbolically, this can be represented as the triple
(ROBIN, i, WINGS}.a-ﬁsing.a productibn~sensitive transition fﬁnction mq
for :the path g =-H,fthe=network-of automata will display the path EH as a
salution usingvtheaprbductiqn_ 82 2 EH——%*H. The shortest path reducible
to::.q . is .always the first one .to be .discovered, dué to the parallel nature
. .of .the search. . Even in an -autbsynchronous network, the 1eﬁgth of time
.;require&.to find.a.path.ié.rﬁughly.proportional to the length of that path.
. Another .example of -applying a production is with the question, ''Does
a rabbit have.aistomach?“ which transforms to (RABBIT, H, STOMACH) , where
q = H. again.. In this case, the only .sclution path found in the ngtwork
- of gutomata is p = ECH. But p—3»q, since Slp = EH, and 62(01 p) = H,
Several other types of questions can be handled by such automata.
"What mammal has no horns?" requests an instance of a node x for which

there is a path (x, E, MAMMAL) but no path (%, H, BORNS). The terminal

would .symbolize this :question as a modified triple, with the variable
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node =x. inserted at that -point in the -string where node identification
. ig -required, viz;;tCMAMMAZ,tEfl ® W, HORNS). The slash through the H
indicates which portion -of -the path must be absent. The search algorithm
would be the same as .for :the :question g = E_lH, except that the rule
for .event -$ becomes: -any node . .x which .receives a type-1-signal from
MAMMAL:, but no type-2 signal from HOBNS after a finite time interval
. (say -t = 4) . notifies .the .terminal. For .the subnetwork illustrated in
Figur-'e 10, .x = RABBIT will be -the only node satisfying this condition.
Heﬁce,.the.answer will ‘be "rabbit", rather than YES or NO.

| The network :can also.haﬁdle.questions ipvolving several component
solution paths. For instance, -consider the question: "Ié there an animal
with both horns and ears?" The terminal would decompose ithis into two

. .gueriess: . .(ANIMAL, gt

x H,.EARS).and.(x, H, HORNS). Although the order
-offinquifyzis-érbitrary,atheﬂsecond-component depends on the nede identi-
. fied :as the .answer :-to the .first component. .The initial answer path is
CflE_lH‘—;>E_¥H, .80 that x = RABBIT and x = MOOSE are both possible
-'anéwefs» the.second:component.is.processed by exciting both -RABBIT and
MOOSE.with.typeel.signalé,.and.the:solution is found to be MOOSE. The
éequential mechanism .seems psycholegically plausible, since it is
difficult .to imagine :asking ourselves two questions simultaneously.

Multiple :queries are .treated more formally in the context of propositional

information by Fiksel -and Bower (in press).
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CHAPTER III

3.1 First-Order Language -Questions.

Referring again -to Figure 1 -of Section 1.2, we shall now consider
possible candidates :for -the -formal language used as input to the control
terminal. . So far, -questionsg put :to -the -terminal have been phrased in
terms of finding specified paths betwegp nodes. . However, in order to
interact,properly with -the semantic proﬁessor, the terminal must have
‘the ability to analyze questions that are represented in a precise formal
language, and to translate them into path-searching proqedures that are
. .executable by the network of automata. The computational strategy employed
by the node-automata has been .sufficfently developed in Chapter II; in
_.this chapter-the,superviéory :oleeof-the terminal will be expanded,

. .allowing -the .system:to -answer .a .broad, well-defined range of sophisticated
questions.

.. -A suitable beginning choice for -a formal language is the well-known
first—-order language :0of predicate calculus.  We shall use a simple version
in which .the .atomlc sentences all consist of é binary‘relatién between two
concept-names. -The non-logical :vocabulary .of this language will be a set
ofﬂnodesqu in a semantic network, :and a set of binary relations, coxrres-
peonding -to the setqi7e of arc-labels. A.possible.realization for this
language :is the real world wmodel implied by the semantics of the voca-
bulary. .The semantic metwork serves as a representation for this real
world model, so that the :truth .ef any flrst-order language sentence could be
tested by consulting the information stored in the network. Our purpose is

£o .determine what .classes :0f :gentences :can be successfully tested using




finite.cqmputational procg@ures,

' ---ﬁormally speaking, let £ = (77,4, ) be a labeled, directed
‘=m4.=..1:wc;r]=<,'fj as :defined in Section 2.1. Let & be a_first—or_der language
- with _gquali-ty y having . 72 :ag the -get .of :"Lndividuél .congtants. The set
Kﬂ of. binary :relations in ofls ‘igomorphic te the set 7/, and ‘we shall
use -the same .eymbol -to designate :corresponding members of both sets. 1In

general, if R € :,7': then the binary relation R Eﬁ{ holds (in the

. semantic model I} :.between .every pair a, b 672 such that (a, b; R) Ev?.

This would be written in % ‘as the atomic sentence a R b, or since
-1 i . -1

R denotes the inverse relation of R, as b R "a. Sentences of

.can be :constructed from .atomic sentences using the existential (EI) and
- universal (V‘)' quantifiers -and the usual logical connectives ~v{not)
/\(and) N V(or) —= (implication), and ={if and only if). A sentence
of & .can be .considered -a -question -to be answered in the sense that it
- ig either true :or false with respect -to :the semantic network model. We

now give -a.complete characterization of &

Def: A term of % is any variable (x,y,z,etc.) or any indivi-
dual constant from the set 72 {a,b,c,etec.) .,

- Def: An atomic formula is any expression Vi R v, where

R €& ﬁ U {=}, and v, sV, are terms.

Def: A formula .is any expression derived from:the -following rules:

-+l: s Every atomic formula -is :a-formula

I i ?-/and ,é are formulae, so are. m?—l ?_}é
néf’ ? U,&, F= ;gf

3. 1If ? is-a formula and =x a variable, then (3:{) ,,;

and . (/%) :? are formulae.

Def: A sgentence of 0‘{ is any formula which contains no free
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variables. A wvariable is free if it is not in the scope of

-.a quantifier.

:.A possible .realization -for the .first-order language CZf is any
pair 7)? ={D; W  where D = 7? U f and v is a function which maps
-everj element of the non-logical vocabulary D dinte a corresponding
object, preserving the binary relational structure. The most natural
possible realization for.cxf_is-given'by the real-woxld coﬁcepts and
relations which the elements of D ordinarily dencte. For example,
v(DOG) = "dog", and. w(C). = "subset of", where DOG € 7? and C € ﬁ
A more exact poseible realization for.5<? is the semantic network I, ..
which is interpreted as .a representation .of the real-world structure.
Because é{f was originally defined in terms of Ly v 1is trivially deter-
mined. |

- We .say that a,possibierrealization for d(f is a model for a
 sentence of.éafvif that .sentence is true in the possible realization.

We .zannot spesk -of the -absolute :truth of a .sentence, but only of its
lgéliéigz_with-respect to .a model or a.collection of models. Here we shall
censider realizations of d{f.which are models for a given set of non-
logicalmaxioménH.We.assume that .the settﬂf? contains é%é relation C.

Let [ be .a .collection .of models for GZf‘such éhat each ‘77z er
satisfies the folléwing axioms: o

1. (a) (=) (xCx). | L(C,is.reflekive)

() (Vx) (V) (¥2) (xCyAyCz.—> xCz)
(C is transitive)
(&) (VRN (V) (xCyAyCx =Sy = %)

{C is antisymmetric)
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2. (\x)(uxRx) for .every R + C
(each -R-+nC is irreflexive)
3. (VR W) (Wa) (xCy\ySz—>x82) s € A
(C is left-monotonic with respect to some §)
- Definition: Suppose that ?ﬁﬁ? €1 is represented by
(?(7,44f2:74).- Then a sentence of 5<f is Eélié.for_7©?

- if and only 1f It can be derived from the set of atomic
sentences -represented by cﬁf’together with the above axioms,
using ordinary logical rules of inference.

The task of a question+answering system in this context is clear:
given ‘any model 37??-€l7 -and .a sentence of_c?(i to determine whether

the sentence is valid for 7729' We seek to develop general procedures for

- deciding the wvalidity of sentences which do not depend on the particular

- model chosen., Because of the:limited computational power of the locally-

interacting ‘automata, there will -be many first-order sentences which are not

- .deecidable by our system. - We 'shall address the important issue of determin-

ing which classes of ‘sentences 'are ‘decidable and which are not. These

“matters ‘should - not be ‘confused with the classical results on decidability

‘in :the theories of automata and mathematical logiec. The definition of

decidabitity ‘given here 'is much more restricted than the classical ones;

for ‘example, even the :simple axioms stated above will be shown to be

undecidabie by a network -of finite automata. Furthermore, the first-order

- language :studied here 'is of :a highly specific type, and few of our results

[

can be generalized to any suchﬂlanguageuﬁ
Definition: A sentence of 5<f.isé I-decidable for the given col-
lection [ :of models iff. there exists a finite procedure,

dndependent of card \71?, whereby the network of automata
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L= (A sef T corresponding to any S €T can
confirm or deny the validity of the sentence.

Proposition 1: Let . . and 7 be I-decidable sentences. Then
F, FOL,FnY, Faf, ad Ff are

all ZI-decidable.

- Proof: By ordinary truth table methods of propositional calculus.

Simply perform the procedure for :;f, the procedure for >é%,

-and combine the .resulting truth-values.
-Theorem 3¢ -Any atomic.sentence of éZi and its negation are
i—decidable.
Proof: Let aRb be .an atomic .sentence, a,b & 71? and
REA Ud{=). If a=b, it is trivially decidable via
axioms l(a) and 2. If R .is .the equality relation, then the
- sentence-is also ‘trivially decidable, since if a = b nodes
a and b wmust coincide. Otherwise aRb is decidable by
. Theorem 2 of Section 2.4. The required procedure .consists of
asking .the .question . (a,R,b),  with the set of productions
@ = {CC=»C; CS-—>5}.. By axioms 1(b) and 3, aRb iff.
there exists a path . p from a to b sucﬁ that pi,E;>Ru
From Proposition 1, if aRb 1is decidable so is ~(aRb).
Corollary 3: Any sentence ofc5<i which contains no quantifiers
is I~decidable.
Proof: 1If a sentence .contains no quantifiers, it contains no
. wariables .(or else :the variables would be free). From the
definition of a formula, the sentence must consist of

atomic sentences joined by logical connectives. Hence, by
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Proposition 1 and Theorem 3, it is decidable,
In order to prove our first major result we require the following lemma.
. Lemma 1: (1) ( dx)(xRa) and (i1) ( Jx)(“xRa) are decidable,
where a € ffz , RE Jﬁ?a

Proof: The-inferential‘algorithm for deciding (bRa) is modified
as fellows: (i)  node a sends type-2 signals searching for
a path p. such that p~;e9R_lo Any node x that receives
a:lz.signal satisfies =x=Rag
(ii). Let X = {X.E.:72.S *Ral -be.theAéet'of nodes contacted

| in (i). Then (Eﬂ'x)(%xRa) iff, ;ﬁ? - X + 0.
Notice that axiom l(c) excludes -the possibility of cycling due to pro-—
duqtioﬁs; thus X is found .after a finite time;

Theorem 4: Let E?f(x) be‘a formula with x as the only free
variable, containing no .quanitifiers. Then the sentence
(Eﬂx).g;j(x) is _Z—decidableo

- Proof: :;f(x) can be expressed .in disjunctive normal form as
,ﬁlv’ﬁz \V/ _.D.\/ﬁm where \ﬁi = /?\:1L ;i/j(x)
i=1,0..,m, and thg 7%G(x) are igther atomic formulae. or their
negations, Involving only = &nd individual constants.
(35{) 9'{(}{). = \m/ (\3 x) ﬁi’ so that by Proposition 1
i=1 i

that sentence is decidable if (EH}Q %ﬁz_.is decidable

for each 1.
In what follows we shall suppress the subscript 1., Let
n
Vé& = /“\ 7§/j(x),- Ignoring negations, the 7?g(x) fall inte three
_ = . .

possible ‘types:
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1. =xRx

2. xRa or aRx

3. aRb
where a, b € 72 and R € ﬂ{ . Since the type 3 formulae do not de-
pend upon =x, they can be taken outside the scope of the quantifier.
Hence . ( 3x)3ﬁ = %73 ANt 3}{)(7271 /\ %72) where %}Jk conjoins
..all ‘ﬁ/j {(x) of type k, k=1,2,3. Again, by Propesition 1, the sentence
is decidi‘ile if both %73 and ﬁ = (3 x)( 771 VAN ;2,72) are decidable.
'Siﬁc:e %/3 . .contains no quantifiefs, it is decidable by Corollary 3.

- Consider the type 1 formula =xRx. If R=C or C-l, by axiom 1(a)

lt"lne formula is true for all x. On the other hand, if RE A{ - {C; C_l},
the formula ig false for all x, by axiom 2. Therefore, either %
is true, 1n which case the expreséion ﬁ becomes (3 x) 7’77, ot 77;
is faise,. in which case ﬂ is false.

It remains to show that . ( 3}:) %72 is .decidable, .We can rewrite
aBx .asr xR“la’ ‘'so that 7272 = ‘/P\]-Lﬁj/(x), where

. i=

%/j.(x) = (ijaj) or ’\z(ija.j)

aj€72 and Rjeﬁ, 3= 1,.0.,p.

AJ .
If p=1, (3:{) % is decidable by Lemma 1. As in the proof of that

lemma, let
= (= o 3
Xl {x 7?° %l(x), .

For any finite p > 2, ( HX) 7/2 is decidable by the following procedure:
A. Find Xl as defined above, and set j = 2.

B. (recursive) Find X, = {v € X, s NGB
( ) ; 51 71/3( )
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. This set is determined by asking the question ( Eﬂv) 7§g(v)
as in Lemma 1 'and-admlitting only those solution nodes which

are already .in Xj— (We assume that the terminal can "mark"

1

a specific set of ‘nodes -for .subsequent comparison; notice
H

. q0)
i-1 ~
C. (Exit rule) If Xj =@ for any j, then ( x) %/2 is

X, Cx
5 =

false.
On the other hand, if X, % @
(i) 4if j§ <p increase j by 1 and go to B.
(11) 4f § =p then ( =) /f, is valid.
It is clear that the above procedure terminates in at most »p

steps. . Also by construction

Xp = {x € 7?£ %/l(x)/\;z/z(x) AT /\77/P(x)}

.
g0 that (Ex)ﬁ/z iff. Xp%(ﬂ.
Finally we can conclude that any expression involving only one

guantifier is decidable.

. Corollary 4: Let ‘5? (x) be a formula with x as the only free
variable, containing no quantifiers. Then the sentencea
V0F (x) is I-decidable. |

Proof: (W F& = ~( 3004 (x)). By Theorem 4 with
F(x) = W‘,ﬁ (x), (3 X) (’\A,é (x)) is decidable. By Proposition

1, the negation of this sentence is also decidable.

3.2 Illustration.

- We shall digress from the theoretical development to show how the
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procedures in Section 3.1 can be .applied. Consider the semantic network
for animal taxonomy previously menticned. 72 consists of:

l. species names

2. c¢lass names of .animals

3. . property names

4. class names of properties

~(77-,a4/,17#) has a double hierarchical structure, as shown in Figure 11.

Figure 11

':7/= {C,C_l,H,H_l,ﬁ,ﬁ_l},.is the set of arc labels. There are two root
nodes, agnimal and property. H 4is dinterpreted as a strong negation of
H, as illustrated in Figure 1l. Let H play the role of S din axiom 3.
In addition to axioms 1-3 given earlier, the following axioms are necessary
ﬁo-fully characterize the network structure, and to account for true sen-
tences in C5<2=

b (V) (V) (Vz) (xHy f\yCz—%>tz) (i.e. HC—-—>H)

5. (Wx) (V) (V2z2)(xCy /N yHz /\ v(xHz) —>xHz) {(i.e. CH—>H in

the absence of H)

6. (Vx)(Vy)(zHy =. ~(xHy)) (H is the negation of H)
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10.

11.

(V%) (Vy) (zlly —> xCan/\yCpr)

(\fx)(€3 y) (zHy VyHx)
(V%) (xCan —> (Jy) (xiy))
Ovx) ((y) (EC AN (x=y)) =

{(every animal has a property and vice-versa)
(no animal has every property)
v(x=an\/x=pr)) (every node except
an and pr has a superset)

m(zix)(xCan/\xCpr) (no node belengs to both hierarchies)

(only an animal can have a property)

Axioms 4-6 are used for inferential purposes in the question-ans-

wering procedure; -they enlarge the set of valid sentences derivable from

afg. Axioms 7-11 merely provide a structural description of this hier-

-archical netwerk; they allow a sentence to be screened for meaningfulness

before it is ever tested for validity.

Definition: For atomic sentences,

1. a=Db or aCb is meaningful if (aCan/\bCan)\/(anr/\bCpr)
(i.e. if -a and b have a common superset).

2. ab or aHb -is meaningful if (aCan)/\(bCpr)

Proposition 2:

{(i.e. if .2 -is an animal and b a property).

Every valid atomic sentence is meaningful.

Proof:

1.

. Definition:

- Proposition

‘Suppose

Suppose a =b -or aCb. Then by axioms 2 and 10, either

bCan or bCpr. By axiom 1(b) bCx—>alCx, so that part 1

--of the above definition is satisfied.

alb or aHb. Then part 2 of the definition follows

- directly from axiom 11,

A sentence is meaningful iff. all the atomic sentences

that it contains are meaningful.

3t The meaningfulness of any sentence in<§tiis Z-décidable.
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Proef: Directly from Corollary 3 and the .above definitions.
Not every valid sentence of,éfi is meaningful; for example,
"No canaries are wings', which is represented formally as

Vv{CANARY C WINGS), is a valid, non-meaningful sentence. However,

meaningfulness can be used as a .convenient .check .to see whether a sen-

tence "makes sense'" - that is, conforms to the semantic rules of the net-
work — before it .is processed any .further. o

Now we must ensute that the theoretiecal results preceding the

illustration are still valid for the enlarged axiom set. In particular,

the inferential algovithm guoted in the proof of Theorém 3 'must be modified

to account for axioms 4-6. The following changes are required:
(a) - Axiom 4 can be accounted-for simply by adding the production
HC—=H to 0.
(b)  Axiom 5 is dealt with as follows: If the question is (a,H,b)
and node . x 1is :transmitting .01 along C arcs, then it
also sends .a spééialui.signal along # arcs. 1 is ignored
by everﬁ-node except. b. If b receives 1, the algorithm
terminates with a NO-answer.
(¢) Axiom 6 implies that allb can be inferred from a NO answer
“to (a,H,b), and vice versa. This is simply 2 truth-value
reversal performed by the terminal.
Lemma 1 is still wvalid, but it turng out that the additional axioms

reduce the decidability procedure to a trivial one.

“45ee Fiksel and Bower (in press) for a complete description of a negation-

sensitive .inferential algorithm.
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(1) Let F(x) = ( dx)(xRa).... Then
R=C or CT:—>F(x), va by axiom 1(a)
R=H or H'—>Fx),Va by axiom 7
R = H (this case does not simplify)

gt —>"TF(x), ¥a by axiom 8

(i1) F(x = (=) (vxRa)

¢—> F(x),Va by axioms 7, 10, 11

R

R

R C_¥——e>:?f(x),\fé by axiom 10

il

R=H .is equivalent .to .(i) with H

R = H"l is equivalent to (i) with 5L

R=H is equivalent to (i) with H
et . . . -1

R=H " ig equivalent to (i) with H

The proofs of all the zbove assertions are easy. Thus, Theorem &4 still
holds in the case of the animal taxonomy network. We shall give an ex-
ample.of.thé.question—answering procedure for a sentence with one
quantifier: |
«. ... Example:  "Here is a riddle: What warm-blooded animal has wings,
cannot fly, Eut can swim?"
The .corresponding sentence in.ch is:
( 3 %) (xC an /A xH warm—blood /\ xH wings AxH flight
AxH swimming)
The relevant portion of (7?,047,:76 is shown in Figure 12.
By Thm. -4, the procedure for deciding whether such a creature
exists is as .-follows:

A. Xl = {x ¢ x.C an}.
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c B.(1) - (E}v)(vH‘warm)- with v restricted to X, yields
- X, = {x : %C bird\/xC mammal}
(2) (9v)(vH wings) with v € X, vields
X3 =" {x s.xcibird\/x = bat}
(3 (Hv) (vH flight) with v & X3 vields
X, = {kiwi, ostxrich, penguin}
(4) (HXO(VH swimming) with v € X4 -vields
X5 = {penguinj.
L. Since X5 3+ GVthe sentence is valid. Furthermore, by choosing

any member of XS-_we find an answer to the riddle: penguin.

Figure 12
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3.3 Complex Expressions.

We ﬁave not"yet resolved the -issue of what sentences in the first-
order language dﬁiaré‘ I-decidable. In this.section'we invéstigate
: expressionélwith several quantifiers,-énd obtain results for a relatively
large class of sentences.
‘Theorém 5§  Suppose Q(x) is .any expression with x free. Then if

(E}X)Q(x) is I~decidable there is a finite procedure for

oo finding

X=1{x€ 7? : Q=) 1,
‘the set of x which satisfy Q(x).
Egggge The .decision proceduxre for (E}qu(x) must contact some
node x € X, Let- Xl C X be thé set of nodes contacted at

the first iteration of that procedure. Now suppress the

- response to the terminal from nodes in X and iterate the

l,

cx- Xl, such that

proCédure again, obtaining X2

X € Xié'Q(x)u Because .of the parallel search,'this algorithm
will terminate after  k iterations, where k. cannot exceed
the diameter (maximum path,length) of the network. ﬁore pre-
cisely, k 1is bounded.by.ﬁhe time reduired to decide
(EI x)Q(x) with the nodes X - Xk deleted from % .
Fin#lly, X=xU %, U... U X,

To generalize this-resuit s¢ that =x can be a vector, we require

the fdilowing lemma:
Lemma .23 If (3 ®)Q(x) is I-decidable, then Q(x) is

s-decidable with x held constant.
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Proof: Suppose. Q{a) is not decidable for some a € ﬁ Let
X={xE€ 72 ¢ X =rL a and Q(x)} ana delete X from 72 .
Then (=Jx)Q(x) ® Q(a). Henge (HX)Q(X) is not decidabl.e;
which is a contradiction. Therefore Q{a) is decidable |
Y a € 7? .

Corollary .4: If x is ‘replaced by an n-dimensional vector then

| Theorem 5 still helds. |

Proof: Defime Q(x) = ( A=, oo (dx)e@® k=00 -1
so that Q. (x) = ( dx,.,.)Q )

Define X = {xk € ‘7?: Qk(;{l,..”;ck_l, xk,...,xn) with
' :'Ei € Xi, i=1,...,k-1}
Lemma -2 guarantees fhat Qk(x} is decidable for each k, and
Theorem -5 shows that P can be found fof any choice of ;{i’
.'i-=l,... k=1, lThus X .can be oEtained from the sets
Xl,...,Xn-l in n diterations. |

Theorem 6: Let x be an n-vector. Then (Wx)Q(x) is decidable
if £, (E-x)q(x) is.

P_r__g_g_f_ﬁ (1) ‘Suppose - AN)QLx) . is decidable.

(Vmax) = (40ax)
MV * (J1) ()
“Lf.at X={x € 72“: mQ'(x}} _ (Corollary 2)
Then 77"“ - x4 (ﬁ'@'(EIX)Q.(x)-
(ii.) Comn_ars.ely, supp.ose (HX)Q(X) is decidable.
(=)0 = vV =) (), -
Thus (Vx)(WQ(x)) 1s decidable,

By (i) (Hx) (Q{x)) is decidable but
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(EHX)(WQ(X)) = (V%) (Q(x)) therefore (V¥x)(Q(x)
R | is decidable.

Theorems 5 and 6 will permit us to deal with sentences containing

more than one quantifier. lHowever, before becoming entangled in specific
cases; we can prove a general .theorem which characterizes a large class éf
sentences that are not decidable.
Theorem 7: Any sentence which is not a logical consequence'of the axioms
~or :the negation of a logical consequence of the axioms, and
P - -. - which contains no constants is not Z—decidable.
. L E£gg£% This thecrem -excludes sentences which could be decidable
| through logical derivation on the part.of the terminal, that
- is which are a conseduence.of the axioms., For all other sen-
. tences with no constants, we must show that there exists no
. decision procedure executable by the network of automata.
Suppose that \éi is a sentence satisfying the first
hypothesis, which centains no constants, but for which a de-
cision procedure exists. By Theorem 6, with xﬁ expressed
- An prenex normal form, it isusuffiéient to consider ¥5' of
. : the form (EX)%/(X) or ﬂx);{/(x) if ,ﬂ is valid or
| invaiid respectively. '
Let a be any node of 712, and append a subgraph
to a which satisfies j%/(a), Then the decision procedure
is mot correct unless it examines some node in that suggraph.
- Hence, the procedure depends on card 7??, contradicting.the
definition of ZI-decidability.
LL : It should be pointed out that Theorem 4, which is far less general

than the above .theorem, implies the ZI-decidability of certain sentences that
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contains no constants, for example (E}x)(xRx); However, these sentences
or their negations are logical .consequences of Axioms 1(a) and 2, and
thus are not covered by ‘Theorem 7.

- It is also interesting to note that, by Theorem 7, if any one of
Axioms-l'through 7 is removed from the set of axioms then it is not
. L-decidable. . Even though it 'is valid, it cannot be derived from the set
. of :atomic sentences stored -in .the -semantic network, Thus,'if the terminal
: éouldrnot make uée=of'these akiéms, the formal question-answering power of
the metwork would ‘be severely .reduced.

 We shall now turn to -a detailed examination of the decidability
of expressing with more than:onerduantifiér, beginning with the case of
‘two quantifiers:

.:Consider the expression

(Fx (T Fxy): = Qlx,y)

If i};‘is placed :in disjunctive normal form, this is separable into

-k
N/ (=) () 751(3193')
Lo d=1 '

- where each ;Z/i is a conjunct of atomic relations or their negations.

Consider any term

(T T CHLA HN o H

where each \?%én:falls into ‘one:of the types:

(a) xRx or 7yRy a, b € 72
(b) =xRa or yRa R E ijJ

(e) aRb
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(d) =Ry
Types (a) and: (&) can be'takenaautsi&e-the-scope of the quantifiers as
shown "in -the proof of Theorem 4. By Theorem 7, there must be at least
one >$/3 of type (b) if «Q(x,y) is decidable. Construct a graph with
- a node for x, ome for ¥y, -‘and one for each of the constants that appear
dn tybe (b),.as illustratedtin Figure 13. For each 773, i=1,...,m,
draw:a :labeled-are betWeen:the‘two nodes that appear in 7%/j' If 7§/j

- is negated, put a slash through ‘the .label.

e.g. (Ax) ( Ey)t(ley/\msz.a/\xRBy)

Figure 13

" Let: X be the set of nodes  x satisfying all type (b) atomic sentences
and: Y be the set of all y -similarly defined. By Theorem 5, these sets
can be found via a finite procedure.  This accounts for all ares in the
graph joining % 0or vy to .constants. Now for each fixed X € X,

gsearch for y €Y that satisfies ‘all type (d) atomic sentences. This
accountélfor the remaining arcs .in the graph. We have proved the
following:

Theorem 63 '(zax)(E}y)ﬁaﬁ(x,y) is I~decidable if 'E?:contains at

least omne -atomic sentence of the type =xRa or yRa.
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Corollary 6: (Vx)(Jy) F (x,3) and (V) (¥y) Flx,y) are
L-decidable if :}f contains at least one atomic sentence
of the type xRa or yRa.

Proof: Directly from Theoreﬁs 6 and 8.

There is one remaining case: _ o
(Ex)(Vy) ?(x,y) can be converted into ~(Wx) (5'-)37) (m"jr(x,y)),
which is covered by Corollary 6. This proves : _

© Corollary 7: (Eﬂx)(\/y)i}fix?y) is " Zfdecidable if i;ﬁ contains at
least one atomic sentence of the type =xRa or vRa.

Let us take the example: (Eﬂx)(\%y)(ny\/ yS8a), which is decidable by

the following procedure: o
Let X={x€7/: Ay (%:;cRy/\:fbySa)}

By Theoréms 8 and 5, X can be found.

Now (=x) (Vy) xRy VySa) iff, ?? -~ X % §.

The analysis ébove can be extended to the case of n quantifiers,

with the aid of the following definition.

Definitieons A graph G is said to bg anchored 1if every connected
sub-graph of G contains a node corresponding to a constant.

. 1f a graph is ancheored, then every variable node is éomehow joined to a

constant node. More precisely,-every‘connected subgraph of G contains

an. arc .corresponding to an atomic senteﬁce of the form xRa, where X

is‘variable and a 1is constant.

Now, it is kpown that any first-order sentgnce.can be placed in

prenex normal form, where all the-quantifiers occur at the left of an

- expression zatlthat contains no quantifiers. Let G(??i) be the graph

corresponding to :}ﬁa constructed as above with one node- for each con-

stant or variable. Then a procedure analogous to the one given in
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Theorem 8§ yields the following: _
s Theorem 93 (Eﬂxl)(zﬂxz)oarc(E}xn)z?xxl,,..,Xn) is f-decidable
- if G(7F) is anchored.

L Corollary 8: 1If the existential gquantifiers for xi, i=1,...,k
o are all replaced by univérsal quantifiers . (1 < k < n) then
Theorem 9 still holds. |

- : Proof: Directly from Theorem 6, with
Q(xy e e es%)) = (3Xk+l)n.(-ﬂxn)gf(xl,“.,xn).

The only case not treated by the foregoing theory is that of mixed
quantifiers, where an existential quantifier is followed by a universal
quantifier.

Corollary 9: (Eﬂxl)p.a(zﬂxk)(\%xk+l),..(\/xn)EFKXl,D,,,xn) is

f~decidable if G(E?:) is anchored.

Proof: As in Corollary.Y, taking the negation of the given sentence

vields
(Vxp) s O ) (F gy ) e () VTG e ux )

The theory isrincomplete, since we have not resolved the case of
permuted quantifiers, as in (Eﬂxl)(\fxz)(E}XB)275(x1,x2,x3). However,
the semantic interpretation of such sentences is quite tortuous, making

them uninteresting for futher analysis.

3.4 Model-Theoretic Semantics in a Network Representation.

In the previous section we showed how a semantic network repre-
sentation could be a model for a logical first-order language; however,
the language was adapted to the binary relational structuxe of the net-

work. Here we take :the more mnatural approach of specifying a formal

- 73 -




language - namely the model-theoretic semantics of Suppes (1971) - and
then exhibiting a network representation which is compatible with this
language.

Our object is to show tﬁat given-a grammar and a set of models for
the terminal alphabet, one can -construct semantic networks corresponding
to each model such that there exists a finite automatic procedure for
determining the denotation of the root of'any semantic tree. (That
result will be restated more precisely at.the end of this section.)
Actually, this is a question-answering procedure, since the denotation
of the root is either T(true}.of ¥(false).

Let G = (V,N,P,8,%) be a potentially denoting grammar with

VT = V - N the terminal alphabet. Then the set of terminal strings is

L(G) = {x : x € V; and 8 = x}.

A simple model structure for G is 77? = (D,v) where .v : VT > ?%/(D).
' ;%/(D) is a hierarchy of sets which includes every possible denotation
of a node in a semantic tree. The terminal nodes, however, will have a
smaller range of denotations; we assume that if ,2%’ = v(VT) is the
range of V., under v,. then )%?’contains only relations of bounded

T .
order., Specifically, 1if a & VT.'then véa) can be
(i) an individual element of D, considered as a set with
one member
(ii) a subset of D, considered as a unary relation in D
(i1di)} an n-ary relation in D, i.e. a subset of Dn, where
n 1is bounded.

In order to construct a network representation for 7<%?’ we begin

with a finite set éf’ of binary‘felations in D, such that ﬁe —;%%ﬂ is
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non-empty. Let'f:7{be a set of .labels for these relations, -defined by
the labeling function  lab:s ﬁf*—':7i We define one node for each
element of ;&k—éﬁ?; that 1s any ‘relation not represented in &ip is
assigned to a particular node .of -the network. (717,041,:773.
Axiom 12:  There is .a mapping u : Vt ¥ j’? U :7/ such that

(1) 1f v(a) € jfy then . u(a)r=llab(v(a))

(11) 1f v(a) € # -/ then u(a) € 77
Loosely speaking, ‘every terminal word denotes either some node or some
relation "in the network.  Assuming that there is a word.for every indi-
vidual of D,  we have: u(D) € 7? The remaining properties of_(/%and
::rjare expressediintthe‘following axioms, which essentially describe
the structure of ‘the network: . _
Axiﬁm 13: Suppose a € VT;' v(a) E;Dn, v(a) & df?tJD. Then

(i) 4if n =1 <{a- denotes .a set) there exists T € :7’such that
% € va) = (ua), u@); T) €A .
(ii) 4f n > 1 (a denotes-a reiation)

there exist - TO,T W,Tn S 17# such that

170
(Xl’°'°’xn) G_v(a) F’Eﬂ c € 71? satisfying
(e, ula); Ty) € 4 and
(c, u(xi); Ti) € L/y.i S .k e e slle
Axiom l4: Suppose a € VT" v(a) € &f?. Then
(xl,xz) € v(a) ?’(u(xl), u(xz); 1ab(v(a))) Gcaﬁ?
These axioms simply guarantee that for any termina% wotrd a, the denota-
tion wv(a) -can be determined by referring to (;’?,u/f,ﬁjrs. If a
denotes an individual, then: v(a) € D. If a denotes a relation which is

represented by labeled arcs, then . v{a) consists of all pairs of nodes

- joined by that relation. If a denotes any other relatiom, there are
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special arcs :connecting a to all the members of v{a). Some examples

follow:

Examples:

1. a= "John", so v(a) €D and u(a) € 7?. ‘u(a) 1s a node repre-~
S 1

‘a = "red", so v(a)

senting "John".

H

Av(x):v(x) €D and x is red} CD. wu(a) is a

node representing 'red". Alsec, there is a relation T € i;r: inter-

'preted'as'"has—the—pfopérty"; such that if x € v(a) then there is

an arc labeled T joining u(x) to u(a), e.g. if x = tomato
TOMATO-—EQ?RED is ‘in the network. | |

a = "has-the-property”, ‘so that wv(a) € 4ﬁ?n u(a) = T, the label
corresponding‘to v(a). If. x has the property y, then the arc
x——E€>y is in the network.

a = "loves", so that

v(a) = {(v(x), v(¥)) : x loves v} EéDZ

Let G be the agent relation, B the gbject relation, and K the

token relation. K,G,B E‘:7J but lab_l{K,G,B} = 6%3'-)%¢1

e.g. -John loves Mary = (v(John), v(Mary)) € v(a)

K

is in the network.

The type of stored information described in Axiom 13(ii) and

illustrated in example 4 is known in semantic memory jargon as proposi-

tional information. It is interesting that the most natural structure
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for-encodingﬂmodel—theoretic:semantics is almost identical to the heuri-
stic structures that FikseliandﬂBower {in press) ﬁse fbr enco&ing episodic
information in semantic metworks. . This indicates thaf.model-theoretic
“gsemantics is-a.form'of‘languageaanalysis guited to network question-
answering, ‘due perhaps to'thgrset~theoretical character of the data
base. ‘Although the model-theoretic denotations of certain words go
.beyond the conventional boundaries of semantic network representations,
© they fit neatly into :the metwork structure. Fo? example,. v(the) =
{the set of objects 'in .the ‘surrounding area}l < D. Let L € f}( be a.
relation representing "located-at", and let .v(here) € D denote '"the
surrounding area”o-'Then::v(the) = {x €D : (u(x), uthere); L) E«ﬁg} i.e.
- "the" denotes all . x :forzwhicﬁ |

- x-—Lél-IERE is in the network.
At this point, we haveza'representation for every ﬁord in VTo

Let a€V then  v{(a) ' is represented by (u(a), 4;), where Z\ is

T3
a . finite -ordered set of :relational labels from f}r; If wv(a) € /f7U D
then‘ﬁh'is'emptyﬂ |

"It remains to show that the network (77,%,7) ~ can answer
questions ‘in the form of :the :denotation at the root of a\semantic tree.
" We are not conéerned with ‘the congruence of trees, but only with the pro-
position'denoted'by'the_root;tso that quesqions which are paraphrases .
_should‘be handled identically. 1In fact, tée procedure to be desecribed
will depend only on the root proposition, ;nd not on any of the.denota—
tions of dintermediate nodes in the derivation tree, except for.the terminal
nodes. ‘The proposition .in question will always be some set—theoretical

expression ‘involving both set-theoretic symbols and the denotations of

the terminal nodes. The symbols -correspond to functions and operations
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thch must ‘he evaluated-by.the questioﬁ—answering procedﬁre.

We shall consider e.welludefined class of root propasitions, whose
atomic sentences consist of -two eetwtheoretical terms jeined by the pre-
dicate C (inclusion) or (equallty) The terms are formed by the
compositlon of ‘semantic - functlons accordlng to the productlons represented
by the semantic tree. We restrlct the semantle fenctlons so that the
denotatlon of any term is a member of the famlly of sets C;f(D) defiﬁed
by the follow1ng closure propetties: | AR | |

e ln.'The empty set @, s 1n ‘E?:(D)

2. For each x = D {x} 6 :;rTD) B
3. If ABE 3—’(13) then AOBE 3—’(0) and
anBe Fo. |

4o If A€ ’_.,T(D) ‘then A € 95(]3)

'Prov1ded that D is a flnlte set, let R [ X-D be a Binary
reiation. 'For-any set'aA, let R"A denote the image Qf A uﬁeer R.
Then the foildwing.stétement is.e_simﬁie eensequence'ef the'closﬁfe
| propertiee:' _ o .
5. 12 RCp? and A€ TF(D), then R'AE F®). | |

: Oevigﬁsly,.fgzxﬁ) ie a proper:suteet ot the:hieratchy.ef sets -
7%/(D)- mentioned previQUSly; it_ineledes a.tange of deuotationse
adequate:fer representing-the simple fragments of mnatural ianguage_

‘that have been subjected to e modelntheoretic'anaiyéis_bf'SﬁppeS (1971).
Note that.if: R is a binary reiation in _DZ;‘ tﬁen so ie_ i, :the eoﬁ—
verse of R.

It is useful to inciude the.cerdiﬁality operation in the set.of

allowableesemanticnfunctions,.so that if A 6'19‘(9);'thé ropt ﬁro«n.”

position may contain |A| as an arithmetic term. This presents no
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difficulty in evaluation of the proposition, if we assume that the
terminal has the capability to count the nodes in any set.

In order to defermine whether a proposition is true or false, the
terminal employs a straightforward evaluation procédure. Starting with
the innermost symbols, each term_is evaluated, resulting in a set of
nodes o©of node-tuples. Then the téﬁms are compared in the obvious
way with respect to the setntheoregiéal'predicatesn If the proposition
is not atomic, then the propositionél-palculus apparatus explained in
the previous section can be applied.:'Of course, no logical quantifiers
can appear.

We must prove that a recursive évaluation of any term can be
performed by thé.network of,automata;rrit-is.assumed that the terminal
can attach markers to nodes or node—tuﬁles which belong to a particular
set. | |
1. The union, intersection, and compleméntation operations are easy.

-Suppose set A 1s marked, and We_wish to evaluate A N B. Perform
the procedure to find B, and fhén remove the mafkers from all
nodes of A not selected as membe:s.of "B,

2. To find the image of A wunder 'R; 'suppose-that A is marked.
Let R be defined by (x,/\) where x = u(R) and A= (TO,Tl,Tz).
Ask the question (X’TOE’Tl’a) -where a© A and =z is a variable.
The resulting set Q(a) dis thejseﬁ of all 'z which are tokens of
u(R) with the first compoments figed at a.. Then for each
z & U Q(a), ask the question

acA . )
The resulting set of .y is u(R"A). If RE 5432 the procedure

L(g;xﬁgy)ﬁwheréary is a‘variable. -

is much easier: simply ask - (a, lab{(R),z),. where 2z is a variable,

for each a € A.
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‘3, The procedure ‘for finding a set A .is implicit in the structural
description in Axiom 2; ask the question (u(A),T,z) where =z
is a variable.

&4, Since each of these procedures is finité, due to the finiteness of
'72, their composition is finite. The length of the procedures
does mot generally increase with- !jfZ!, because of the parallel

© search.

‘Finally, let G = (V;N,f,s,@) be a potentially denoting grammar such
that for every production p € P, the associated semantic function ¢(p)
does not violate the closure conditions for iE;ED) given above. Let
{7 be a collection of simple model structures ;ﬁ%?= (D,v), where
;%?ﬁ= V(VT)‘ containg only subsets of D and binary relations in D.
?or each 771‘6[_, let (:(7,¢§f,t;f3 be a éemantic network gsatisfying
 Axioms 12, 13, and 14. Then ‘the preceding arguments can be;formalized
te vield the following result:

Given the grammar G with V., = V - N, and the set [ of models

T
for Voo the network (7ﬁ7,a§¢,z7{) corresponding to any '7$?€5r has

the following property: There is a finite brocedure for computing the
denotation (T or F) -of the root of any semantic tree of G with
respect to 77z:

- Example: Considex the sentence "John loves Mary", whose semantic
Lree is shown below. To compute the denoctation of the root, the network
of ‘automata would proceed as follows:

First the sets L and m -are evaluated as explained in 3 above.

The next set to be evaluated is 1L'm. As described in 2 above, the

terminal asks (L,KzB,m), z variable,resulting in an answer set Q.
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For each 'z €Q, it then asks (z,G,y), y variable,resulting in an

answer set A(z). Then u(l"m) = U A(z). Finally the terminal checks
2&)

to see whether u(j) € u(l"m).

: v
NP:j VP:L'm
Nij Twv:L NP :m
j ' L ‘ Nim
(John) (loves)
m
(Mary)
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