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CHAPTER I

IETRODUCTION

One obvious aim of educatlional psychology is to seek optimal teach-
ing strategies for certain recurring instructional situations, based on
knowledge of the learning process involved, Undoubtédly, this aim is
implicit in most of the experimental work in this area. It is only
recently, however, that there have been serious efforts at formal deri-
vation of teaching strategies from desecriptive models_of learning
processes. There are a number of good reesons why formalkstudy of this
problem has been neglected. PBefore formal derivation of a strategy can
begin, an explicit, descriptively adequate model of the learning ?rpcess
under consideration must exist. Such models have been deve;oped Dnly_in
the last twenty years for even the simplest learning situations. Given
an adequate deseriptive framework, it is still necessary to formulate
the-optimization problem in terms amenable to mathematical analysis.
The developments in sequential decision theory and mathematical program-
ming (which now meke such analyses feagible) have all ocecurred since_
1945, Finally, formal optimization questions were completely'academic
-prior to the development of modefn computer technology. The large_émount
of record keeping and simple calculation which must be accomplished in
brief time periods in order %to ilmplement optimal procedures effectively
dimits the use of these procedures to computer-assisted instruction
settings. Now that computer-assisted instruction is becomingfmore wide~

spread, optimization questions assume practical imporxtance. This paper
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is intended as a ceontribution to the study of an interegting optimization
-problem in a learning task which commonly occurs in instruction.

If appropriate mathematical tools are to be brought to bear con an
oﬁtimization problem, it is necessary to place some rather severe re-
‘strictions on the nature of the leéarning situation to be considered.

The present study is limited to situations in which the task is to teach
the correct responses to a number of stimulus items, using a palred-
assoclate teaching procedure. It is assumed that the items are learned
independently, in the sense that the difficulty of learning an unknown
item does not depend on whether or not other items are known. Oniy one
item can be presented on a given trial and the total number of trials

is limited. The optimization problem to be considered is ‘to find the
“best strategy for deciding which item to present a subject on a.given -
trial, based on his performence on previous trials.

" There are two principal reasons for concentrating on the item-
selection problem for paired-associate learning instead of considering
other learning paradigms which can be described reasonably well by exist-
- ing models; e€.g., simple cue learning., First, the optimization problem
for the paired-associate case hasg received a falr amount of both
theoretical and empirical attention and the direction in which more
study 1s needed is® fairly clear. Secornd, this paradigm is directly rele-
vant to some practical learning tagks, such as drill activities used in
‘the ledrning of vocabulary items in second»language learning, the acgui-
sition of a sight vocabulary and a knowledge of phonics in initial reading,

ang, the mastery of spelling.




Two Strategies from Two Models

In subsequent chapters, three different stfategies for choosing
items to present will be examined.in some detailé The fifé% tﬁo straf-
egles are based directly on correspénding gimple models of the learning
process., The third strategy is also motivated by model considerations,
but the connection Eetween model and strategy is not as di:ect in this
case, |

The first strategy may be described as follows. On a given trial,
present the item which has received the fewest presentations up to that
point. If more than one item satisfies this criterion, seleptrfhe item

~at random from the_set satisfyinglthe criterion. Upon examination, this
strategy 1s seen to be ¢quivalent to the standard cyclic presentation
procedure commonly employed_in experiments on paired-assoclate learning.
It amounts to presenting all items once, randomly reordering them, pre-
senting them again and repeating the procedure until the number of tfials
allocated to instruction have been exhausted, This procedure will be.
referred to hereafter as the RC (for random eyclic) procedure or strategy.

A rationale for the RC prpcedure can be provided by a simple linear

- model of the learning process. In this model, the state of the learner
with respect to each item in a list depends only on the number of times
each- item has been presented. The state of the learner is represented
by his momentary probabiiity of error for each item. At the start of
instruction, all items have some initial prgbability of error, say 4
each time an item is presented, its error probablility is redqueed - by a

factor o, which iIs less than one, That is,.
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or alternatively
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When an item is presented for‘the'mtn time, the reduction in error proba~
bility is given by

q -9, =d"H

Hn n+l l—a)ql ’

The fact that the decrement in error probability for an item becomes
smaller eaéh:time it is presented leads naturally to the RC procedure.
The second strategy is more complicéted to describe, but the essen-
tial idéa“is:very éimplé: ignore'responsés prior to the last error on &n
1tem; presemf.the item which has received the fewest correct responses
sinéé its last error. If more than one item is 2ligible according o
this.rule,‘select the item toc be presented at random from the set of
eligible items. Karush and Deax (1966) proved that this strategy is
“'bptimal'if the éssumption that 1earniﬁg proceeds according to the so-

- called ohe-element model is velid. The strétegy is optimal in the sense

fhat if maximizes the expeeted‘number bf items learned in a fixed number
of presentafibns; Foxr this reaéon} this strategy will be referred to
hereafter as the OEM strategy.

| According tc the 6ne-eiemént model a student is in oné of twe states
with respect to each item at any given point in time: the learned state
or the unlearned state. When an unlearned item is presented, it moves

into the learned state with probability c. That is,




g_ , with probability l-c
Q , with probability c .

Once an item.is learned, it remains in the learned state throughout the
course of Instruction, so there is no reason to present the item again.
A subject may reépond correctly to an.itém even though the item is in
the unlearned state and the subject is guessing. In effect, the OEM
étrategy selects items for presentation that are most likely to be in
the unlearned state,

The linear modél, which provides a basis for the RC procedure, and
the one-element model, which provides a basis for the OEM procedure, are
the simplest models for paired-associate learning having any empirical
supporf, On the whble, the one-element model gives a betier account of
déta from experiments using the RC progedure, than the linear model; see,
for example, Bower (1961)° The data which lead to +this conclusion would
also lead one to believe that a given number of presentations allocated
to a list of items using the OBEM procedure would produce significantly
better results than the same number of presentations allocated according
to the RC procedure. The predicted advantage for the OIM strategy often
fails to materialize, unless special modifications are made in the OEM
procedﬁre, This anomaly provides the motivation for the develcpments
to be réported'in subsequent chapters.,

Atkinson and Crothers {1964) reported data comparing performance
of several models'of learning and retention which suggests consideraticn
should be given to procedures bhased on models teking forgetting phenomena

into account. However, it turns out that the performance of procedures
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based directly on forgetting models is difficult to characterize in a
generzl way. The two strategies described aBove are special in two re-
spects, which make the felationship between model and strategy simpler
for them than it is in general. One special feature both the OEM and
RC procedure possess is that they maximize both immediate gain in proﬁa-
bility of correct response and global gain over the course of.the
experiment considered as & whole. It is the exception_rather than‘the
rule for a procedure to be . capable of maximizing both of these guantities.
Another rather rare property which these procedures havg_in commen 18
that implementation of neither one depends on.the paramefer Values of
the model on which it is based.

The approach to be teken.in this paper is to use a general theory.
of . learning and forgetting to describe performance of three strategies,
the two already mentioned and & third hypothetiqal strategy. This hypow
_thetical strategy is & modification of the OEM strategy which would be
optimal under the assumption of the general forgetting model.if it could
be carried out. For reasons which will be clear when the strategy is.
_described in detail later; the strategy would be impossible tp implement,
Nevertheless, the strategy serves as a useful bound against which im-
plementable strategies can be compared.

The rest of this paper is devoted tp consideration of the relative
performance of the three strategles discussed above, using the general
forgetting theory as a model framewquo_‘The fofgetting theo:y and the
reasons for adopting it for this study are described in Chapter II; this
chapter also contalns several counterexamples which demonstrate the

infeasibility of dealing with globally optimal strategies in the context
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of the forgetting theory framework. RBecause 1t is not feasible to deal
with globally optimal strateglies, it is necessary to take a descriptive
approach to the evaluation of presentation strategies. Chapter IIT is
devoted to the definition and derivaticn of formulas for operating charac-
teristics of the three strategies described zbove. These formulas are
then used in Chapter IV to meke mumerical comparisons of the strategies
Tor selected special cases within the general framework of forgetting
theory. In Chapter V the ceonclusions of the study are summarized and
implications for future research are considered. The results presented
in this paper are new, at least to the author's knowledge, unless other-

wise noted.






CHAPTER IT
A GENERAL FORGETTING THEORY AND ITS IMPLICATIONS

FOR PRESENTATION STRATEGIES

The Géneral Forgetting Theory proposed by Rumelhart (hereafter to
he calied the GFT) is a synthesis of several models which represent @if-
ferent weays to generalize the Q0EM. These models retain much of the
_ gimple ail-or~none character of the OEM while introducing the Ffactor of
forgetting, which the OEM does not tske into account. The theory is
relevant to the problem being treated here fecause the phenomena of for-
getting could work in a variety of ways to undermine the OEM strateg&,

There is considerable evidence now that forgetting works in such a
way'that the OEM strategy is not as effective as it theoretically should
be, In an experiment designed to test the advantage of the OEM procedure
over the standard RC procedure reported by Dear, Silberman, Estaven and
Atkinson (1967), the advantage predicted for the OEM was not observed.
Experimental findings of Hellyer (1962) and Greeno (196k), among others,
suggest that when items are presented repeatedly within a short periocd
of time {as they often are under the OEM procedﬁre), many are responded
te correctly on the massed presentations, but are then rapidly forgotten.
This interpretation is consistent with that of Dear and his associates.
Experiments which have shown the predicted advantage for the OEM pro-.
cedure, such as cne by Lorton reported in Atkinson and Paulson (1972),
have modified the procedure to minimize the number of massed presentations.

The General Forgetting Theory

The GFT can be described as follows. At any given time, a subject

is in one of three possible states of learning with respect to each item:

8




the unlearned state, the short-term retention state, or the long-term
retention state. When an item is presented, transzitions between states

occur according to the following stochastic matrix.

State on trial t+l1 Probability of correct
L 8 U response, given the state
L 11 0 0y 1
State on ‘
trial t i-c 0 1
U |a v l-a-b g

That is to say, if an unlearned item 1is presented, théﬁ with prObaé
bility a it is learned in such a way that it will be retained for 'a
relatively long time, with probability b it is learned in such & way that
it is likely to be forgotien soon, snd with probability l-a-b it remains
unlearned. If.an item in the short-term retention state is predented,
then with probability ¢ it will shift to the long-term retention state,
and.ﬁifh ?fobability imc it will remain in the shbrtwterm state. When-
ever -an ifem reachés.the learned state, it remains there Ffor the duration
of the éxperimenta

..When an item in either the long~ cr short-term state is presented;
the correct résponse is given with probability 1. If an unlearned item
is presented, the correct respohse is given with the guessing probabllity g.

.In this extended model it is necessary to consider what héppens to

items which are not presented on a trial.’ Transitions between states

occur -according to the matrix




State on trisl 4+l

L s U
L {1. 0 0

State on
trial t 510 1-f t
U lo 0 1

That is, items in the short-term retention state are forgotten, with
probability f, while items in the long-term retention state or the un-
learned state are unéffecteda

SIf it is stipulated tﬁat the parameter b in the learning matrix is
0, then an item can néver enter the short-term state so the model reduces
to the OEM in this case. |

Perhaps the quickest way to follow the character of the GFT frame-
work is to consider briefly some of the other models which it encompasses
as special cases. Table 2.1 is intended to give the reader aﬁ'aﬁbréviated
natural history of the formuiation just given. The variocus special cases
all assume a forgetting matrix of the form given ebove, They differ
‘with respect to the Ferm of the learning matrix. The differences reflect
differences in assumptions regarding two separate issues.

Thé earlier models all assume that some learning takes place when-
ever an item in the unlearned state is presenfed, Hence, the probability
of staying in the unlearned state is 0. The models differ regarding the
relative size cof the probability of transition to the long-term state
from the unlearned and short-term states, respectively. 'The model of
Atkinson and Crothers (i96h) assumes that these transition probabilities

are equal. The model of Greeno (1964) assumes that transitions to the
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Table 2.1

Transition Matrices of the Learning Process for

Special Cases of the General TForgetiing Theory

al N+1

State on tri
L g
L [z 0T
S a l-2
U K l-2
. v ¢
0 1
U |a 1-a
L a2 0
S a 1l-z
U 0 1
L [1 0
s b i-b
U i a 1-a
L |1 0
S5 b’)f l-_b?’
U lay  (3-a)y
L 1 0
3 c l-c
u | a b

¥

Comments

One of the original
versions of the long-
short medel due to-
Atkinson & Crothers (1964)

A coding model due to
Greenc (1964)

A partial learning
model due to Bernbach
(1965)

A general model encdm—
passing the three above

&

A further extension
introducing an attention
parameter ¥, due to
Rumelhart (1967)

The formulation given
in this paper
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long-term state can cnly take place from the unlearned state, and -the
- model of Bernbach (1965) assumes that these transitions can only occcur
from the short-term state. These three medels all have learning.matriées
depending on a single parameter.  If cne wishes to leave the dissue of the
relative size of these transiiion parameters open, he c¢an do so at thé.
price of introducing a second learning parameter, as indicated in the
fourth'/transition matrix in Table 2.1. |

“In formulating his GFT; Rumelhart leaves the issue of the relative
size of the transition probabilities open, and introduces & third param-
-eter y, which he regards as an attention parameter. If y is 1¢ss than i,
- there is positive probability that an item in the unlearned state will.
gtay there following a presenﬁationo The final matrix, which corresponds
.. to the one given above, is a very slight generalization of Rumelhart‘é :
formulation. Combinations ﬁf 2, b, and c:in the final foxmulatlion for -
which é > atb do not cerrespond to any possible comﬁination of a, b, éﬁd
vy in the £ifth matrix. The cases of most concern.in this paper satisfy
the constraint ¢ < a, so the difference is essentially one of notational
convenience., According to Rumelhart, the introduction of y results in
a marked improvement in the fit of the model to his data.

Now ‘let us consider the implications of the GFT framework for pre-
sentation strategies, It is well-known that the strategy which maximizes
immediate gain.in probability of correct response can differ from the
strategy which maximizes the global gain over the course of the experi-

ment as a whole. The latter type of strategy is called glcbally optimal.

The rest of this chepter presents findings which together demonstrate

the need to leave the search for globally cptimal strategies in favor of
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a detailed description of operating characteristics of certain selected
strategiss, The crux of the argument is that the globally optimal
“strategy requires looking more than one trial ahead in all cases of in-
terest; in the context of the general forgetting theory this fact alone
makes the glcbally optimal strategy very difficult to characterize in
a useful way.

It is unfortunate that the strategy thét locks just one trial ahéad
is not globally optimal, because this strategy  is mathematically simple
and intuitively reassonable. There are wvery clear interpretaticns of this
-strategy in each qf the special cases of the GFT framework described. .
above. FEach of these is a plausible-generalization of or-alternative to
‘the optimal strategy corresponding to the one-element model. But counter-
exaﬁples will be provided to show that none of these are globally optimal.

Strategies Maximizing Immediate Gain

Let £, s S 4 WY, be the respective probabilities that item i
i,n "1i,n’ "i;n

s

is in fhe:longwterm} short-term, or unlearned siate on trial n. Let -

'Si h be an indicator variable which is. 1 if item i is presented on trial
2

n; 0 if it is not. The probability that item i is in the long-term. re~

“tenticn state on trial n+l is given by

The expected gain in number of items in the long-term state on trial
n+l is given by
L

B S 1
| "i_g'l R ilzl fin = 2 B (08 L)
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Clearly, the expected gain is maximized if we present the items with
largest velues of c¢s, +au, .
i,n i,n

‘In the speecial case a = ¢ this amounts to presenting the items- with

the largest values of s, + u, _, or the semallest value of £, . Hence,
i,n i,n i,n

in this case the strategy maximizing the immediate gain is a generaliza-
tion of the one-element model strategy.

"In the special case ¢ = O the expected gain is maximized by present-
ing the items mocst likely to be in the unlearned state, which is a dif-
Terent genefalization of the CEM strategy. In the case a = 0 immediate
T gain is maximized by presenting the items most likely to be in the short-
term state. These comments are summarized as a theorsmfor future reference.
Thecrem 2.1l. Iet Ei’ 8., and ﬁi_be the state probabilities for item 1
on a given trial, and let a and ¢ be the transition probabilities for
moving to the state L from state U and 8, respectively. Then the expected
immediate gain is maximized by presenting the items with-largest values
of

G, = au, + cs8. .
L 1 1

In the case g = ¢, this is egquivalent to presenting the items EEEEE
- likely to be in L. In the case a = @, it means presenting the items
most likely to be ian, In the case ¢ = O, 1t means preéenting the
items most likely to be in U, |

Counterexamples o Demonstrate Non-optimality of Maximizing Immediate

Gain

Wher Karush and Dear (1966) established the global cptimality of

the CEM strategy, they did so by first deriving the strategy maximizing

14




the immediate gain and then showing by an induction argument that this
strategy is, in fact, globally optimal. Thelr approach to the character-
ization of optimal sirategies will nct carry over into the GFT framework,

~as the counterexsmples to be presented will show. A counterexample will

be described for each of the special cases mentioned in Theorem 2.1, In
each of these cases, the strategy maximizing immediafe gain focuses all
attention on a single state probability, ignoring the other two. The
thrust of the counterexample in éach case 1s to show that the other two
state probabilities carry lmportant information.

Case 1: a = 0. It is perhaps easiest to see the necegsity for:look-

"~ ing ahead more than one stage by examining the speclsal gase in which eéch
-1tem must pass through the short-term state before it can reach the long-
term state.  That is, the probability a of making a direct traﬁsition
from the uniearned state to the long-term state equals 0. In this
special case, the policy maximizing immediate gain is to present the

item most likely to be in 5. If all items start out in the uniearmed
state, all have probability zerc of being in 8. After the first item

is presented, it has positive probability of being in S5 and wili continue
to have. for the duration of the experiment. Since the other items would
gtiil have probability zero of being in S, the policy maximizing immed-
iate gain weould be te continue to present the first item indefinitely.
There 1s no immediate gain to be had from presenting a new item once,
because it will just go to the short-term state, but there may be con-
siderable advantage in presenting it twice. The strategy maximizing

immediate gain ignores this possibility.
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Suppose A and B are two unknown items and four trials are available
for:teaching both of them. Suppose the parameter values are a = O,
b=1,c=f=.5for both items. The strategy meximizing immediate
gain would devote all four trials to one item. It is easy to verify
“‘that a better strategy would be to ﬁresent each item twice in succession.
This example is-logleally sufficient to prove that the stretegy maximizing
immediate gain is not in general the globally coptimal policy in the GFT
framework. It is still possible that such strategies are globally op-
timal for some other special casgses. Two more examples will be given to
show that this is not the case in the instances of most interest in the

present study.

Cage 2: a = c. It was shown earlier that when a equals ¢, the
strategy maximiziné the immediate gain. is to fresent.the-items least
likely to be. in L. Suppose two items, A and B, are not in L. Suppose
A 1s in state U and B is in state S. Which item should be presented on
the next trial? From the point of view of immediate gain. it makes no
difference, because.the probability of either item meking the transition
to state L is the same; that is, a = ¢. However, from a longer texrm
point of view it does make a difference. If item B is presented,. it will
be responded to correctly; if item A is presented, it will likely be re-
sponded tc incorrectly. The incorrect response would be lnformative,
letting the experimenter know that the item was certainly not in L before
its presentation. Thus, it would be preferable to present item A,

The preceding argument is not completely satisfactcory because it is
assumed that both A and B are not in L, so presenting A is not as infor-

mative as it seems. But the argument would apply to a case where A and

16



B have the same positive probability of being in I :but A is mere likely
to be in U than is B, This situation i1s likely to arise in practice.

For example, consider the case where a % t=c=f=g= .5 The se-
guence of events given in Figure 2.1 consists of an initial phase and

two alternative strategies for a second phase. At the end of the initial
‘phase both items have probebility about .79 of being in L, item B has
probability O of being in U, while item A has probability .10 of belng

in U. The strategy maximizing immediate gain would be indifferent with
regard to which of the two alternatives to follow. Direct numerical
talculations demonstrate that it would be preferable. to present A first.

. Cage 3: ¢ = 0. Table 2.2 gives & sequence of events to show the

need for looking more than one trial ahead in the case ¢ = 0, a = b = ;25,

f=g=.,50, (Itis still a two-item list under consideration.) When

N

¢ = 0, the strategy maximizing immediate gain is to present the items
most likely to be in U,.-The idea behind this example is a simple cne:
it can be advantageous to refrain from presenting an item, even if it is
the one most likely to be in U, if waiting will significantly increase
the probability of being in U. It is necessary that there be another
item avallable to present whose prospect for lmmediste gain is neariy
as good.

This example also consists of twe phases, the first phase showing
" how two items could come to have certain critical state probabilities
under the policy of maximizing immediate gain, the second phase showing
the advantage of loocking two stages ahead instead of one, given these
gtate probabilities. At the end of the initial phase the state proba-

bility vectors for items A and B are.(%,-%,-%) and ({%, 5%3 é% s
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Figure 2.1. Sequence of events showing policy of maximilzing
immediate galn is suboptimal when asb=c=f=g=.5.
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Table 2.2

Sequences of Events Showing PdliCy of Maximizing Tmmediate

Gain is Suboptimal When a = b= .25, ¢ =0, f =g = %.
Initial phase under
policy maximizing
immediate gain: At/ B/ b+/B-/ Bt/ A~/ continuation

Continuation under

MIG policy: A +/B
Bétﬁér continuation: B +/A

Note: Letter indicates item presented; the sign following
. the letter indicates the correctness of the response,
where + means that the correctness does not influence
the deelsion regarding which item to present next.
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respectively. Since % >-£%, the policy maximizing immediate gain would
be to present A next. If A is presented, the state probabilities on the
next trial will be such that item B will be presented on the Tipal txial,
whether the response to A is correct or not, BSimilarly, if item B i=s
presented first, item A should be presented on the final trial. Direct
caleulations show that the latter policy is slightly preferable.

These examples show that glcobally optimal strategies in the GFT
framework generally require more than maximization of immediate gain.
They do ESE gshow that the strategy maximizing immediste gain is never
optimal. It obvioﬁsly is in the special case where the model reduces
to the CEM, when b = O. Evén if b is positive, if it is sufficiently
small, it will have no bearing on the optimal strategy. The implications
of the counterexamples given above concern what can be sald in general
about globally optimal strategies without specifying the exact values
of the parameters. The fact that we can say very little suggests that
a descriptive approach permitting comparison of strategies with one

another, but not with the globally optimal strategy, would be eppropriate,
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CHAPTER TIZI
OPERATING-CHARACTERISTICS.OF THREE

PRESENTATTION STRATEGIES

A ressonable model of learning should enable one.to make a variety
of predictions about the coverall state of a list of items, provided‘the
items are presented in a certain way. The presenﬁation proéedure uszed
meet often in the evaluation of learning models is the RC pro&edure dis-
cussed earlier, When this procedure is used, sample statistlcs corres-
ponding to expressions for the trial of last error, the probabllity of
error given the last response to the item was an error, and. other
descriptive statistics of interest can be calculated and comba?ed Wifh

theoretical predictionsp..

Matters become more complicated when presentation procgdures other
_lthan the RC procedure are emplcyed. For one thing, the meaning of the
descriptive statistics which are of interest may change when othér
procedures, such as the CEM strategy, are used. For example, under the
QLM strategy the numbter of presentations varies widely from orne item to
another, so the "trial of last error” means something different than it
does under the RC gtrategy. Another difficuity Which.arises concerns
the derivation of theoretical expressions for statistics of interest.
Indeed, it is only in exceptional ceses that it is possible to derive
explicit expressions for quantities of interest. .Usuélly, the number
of times each item is presented, and when, is subject to such a variety
of contingenecies that explicit calculations are not feasible, As an

illustration, consider the case of the strategy maximizing inmediate
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gain within the GFT framework. The item to be presented on a given trial
ié the item having the highest value on an index_which is a function of
the parameter values, the number of correct responses since the last
errcr, and the number of itemg intervening between each of these correct
regponses, Direct calculation of exact theoretical formulas of interest
in this situation appears to be hopeless. |

The situation is not as blesk as this in the case of the OEM strat-
egy because thefe is a pattern to presentatiocns under this procedure
which serves as a naturai basis for summarizing the overall state of the
items. This paftern will be described in some detail, because it serves
as a basis for most of the theoretical derivations in this éhapteru"

Preaéntation'cycies'and "almost"! sufficient histories. Under the

CEM procedure items are presented in a series of cycles'which are similar
iﬁ marny réépeéts to trials under the RC procedure,' Each item receives a
specified treatment on eagh cycle. The difference between the RC and the
OEM proéedures lies in the fact that under the OEM'procedure the treat-
menf of an item may involve several presentations, whereas under the RC
pfocedure treatment consists of & single presentation per item per trial.
‘The cyelic structure of item presentations under the OEM strategy
arises in the folléwing manher° The strategy éays to preseént an item
whenever the string of consecutive correct responses to it is shorter
“than thé corresponding strings for the other items. If seversl items
are -tied at a given point, the choicé is made on a random basis. At the
beginning of a cycle this index is the same for all items. If an item

is presented and receives a ccrrect response, its index 1s incremented
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by 1 and is therefore greater than the indices for the othexr items. It
will not be eligible for presentation again until all the other items
reach the same level, i.e., until the cycle has been completed for all
the other items.  If, on the other hand, the item is responded to in-
correctly, its index is reset to O, sc it 1s lower than all other items
and will contimue to be lower until repeated presentafions bring it back
to their level.

Denote by cycle n those presentations required to move the list
from the place where all items have been responded to corﬁectly n-1
timeg in a row to the place where they have all heen respcnded to cor-
rectly n times in a row. Most of the operating charsdcteristics of
interest in describing performance under the OEM procedure, such as
cycle of last error, prcobability of error, and cumulative number of
presentationg, are functions of the c¢ycle number.

When the OEM is an accurate description of the learning process,
the cycle‘number-is a*sufficient,history for describing the staté of a
‘list of items because for every item in the list the cyele number is
equal to the number of correct responses since the last errbrn The lag
between successive presentaticns of a given item: is irrelevant. If for-
getting is teken into account, as it is in the GFT framework being
congidered here, then the lags become an important factor. - Strictly
speaking, given a GFT model a sufficient history for each item involves
the number of correct responses since the last errcor and the number of
intervening items presented between each of these correct responses.
Fortunately, it is possible to simplify this sufficient histcry in the -

cage ©f the OEM procedure with negligible loss of information.
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The following observations sre the justification for the simplifica-
tion of the sufficient history of an item which will be referred to as

an almost sufficient history:

l. . When an . item is presented on a cycle and the response is cor-
rept on the first try, the item is not presented again on that
eycle, so-it is safe to assume that many iﬁtervening items will
be presented before that item is presented again.

2s When an item is presented on a given cyelé and the response is

- an exror, there follows a string of presentations of the item
without any intervening items, culminating in a string of pre-
sentations with correct responses whose length is 1 less than
the cycle number. The last correct response- is made after s
number of intervening items have been presented.

As a conseqguence of these features of the OEM procedure, the state

of an item at a given point in the instructional process is essentizally

determined by its cycle number and the cycle of last error. The string

of correct responses on the cycle of last error has lag 0 between each.
presentation except for the last presentaticn. It and the correct re-
sponses on subsequent cyecles have what may, for practical purposes, be
regarded as infinite lag. Therefore, s = 0 for these presentations,
where s 1s the probabiiity of the item being in the shortnterQ state.
Thus, the cycle number indicates The number of consecutive responses to
an. item and the cyele of last error indicates the lengths of an initial

block of presentations with no intervening items and & final block of

presentations with many items intervening between them.
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By conditioning on thé cycle number and the cycle of last error,
it is posgible to calculate approximate theoretical expressions for a
number of statistics of interest When.this nresentation procedure is
employed. These calculations will be carried out in the next section.
Subsequent sections will discuss corresponding expressions for other
procedures. The other procedures to be treated include the RC procedure
and the hypothetical procedure that serves as a bhaseline for comparisons

to be made in the next chapter. This hypothetical strategy will be re-

ferred to as the meodified OEM procedure. This is the procedure that
would resuli if one were scmehow ablé to introduce very long lags
hetween the several presentations of an item which has been responded

to incorrectly on a given cyele. This hypothetical procedure is better
than any procedure that can really be carried out, so it serves as a
useful bound in detemmining how clese a suboptimal prqcedure is to being
optimal. It serves this purpose in the place of the optimal strategy,
whose operating characteristics cannot be determined in practice because

the sirategy itself is unknown.

Operating Characteristics of the OEM Strategy

The basic gtatigtic for describing performance under the CEM sitrat-
egy 1s the expected number of presentations per item required for each
gycle. Every item receives exactly one presentatien on the first cycle,
but on subsequent cycles the number of presentations is & random variable.
Define three random varlables fox each ¢cycle k > 2 as follows, Let

P = number of presentations required for an item to complete

k
cycle k4,
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' Wk = number of presentations fellowing an error-reguired to
“obtain a sequence of k consecutlive correct responses, and,
Ty g = the probability of at least one error on cycle k for a given
3

item (the reason for the double subscript will become clear

later),
Now
. 1, with probability l_ﬂk,k
=
l+Wk, with probability ﬁk,K o
Therefore, we have
(xy - - L BB, = 1o+ (B .
The key task of this section is to find x, , and EW . The nain ideas
. : 2

.%b be used in accompliéhing this task apply to a broader class of models
than the GPT framework, so they will be set forth in some generality.
Then specific approximations will be obtained for the GEFT fremework.

. General Formulas

The distribution of Wkn The crueial fact to note about Wk is that

it is the waiting time in a terminating renewal process, in the sense

that Feller (1959, p. 186) defines the term. A renewal process is a
stochastic process whose characteristic feature is that there is an .
event which sets the process back to its starting point whenever it
occurs. Such an event is called a recurrent event. We may regard Wk
as the waiting time for the first occurrence of a sequence of k con-
secutive correct responses following an error. The cecurrence of an

-error ig the recurrent event which resets the probabilistic structure
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of the process. Renewal thecry provides a Tundsmental relationship be-

tween the distribution of Wk and the distribution of Ek’ the walting

time for the next error. Actvally, the distribution of E_ is defective
because there is positive probability that the cycle will terminate before
there is another error on the cycle {hence, the term terminating renewal
process). For this reason, we also consider the conditional distribution
of Ek’ given that there is ancther errcr on the cycle;

Tet

P(Wk = n) e wk?n.g

and let

=v) =e for v = L.0u,K

and

P(process terminates wlthout an error) = kL °

The conditicnal distribution of E , given that another error occurs on

k)
the cycle, is given by

e
P(E, = v|E, = v', for some v = 1,e00,k) = .i.;_e.léﬂ__ .
‘ C k4L
Iet the conditional random variable be denoted by Eio The generating
function for the dlstribution of_E; is then
“egr(s) = g > ey
By Okl el 5o

Let &y (s8) = E: W nsn be the generating function of WRa
k
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Theorem 3.1l. Consider any medel for which the occurrence of an error on
cycle k is a terminating recurrent event. Then conciusicns A, B, and C
below follow,

-A. . The distribution of Wk is given by

A
b

0 ' " for n-

(2) . W, - for n=%

B. The generating function of Wk is given by

e Sk
K k1

(3) gwk(s) = 1—(l~ek;k+l)gE§(s) )

C. The expected value of W is given by

gl:j*(l)
. k
My BT =k 4 (lee, . ) —5— |
k k,k+l ek3k+l

Before ﬁroc&eding with the procf of the theorémj it would be good
to interpret the terms on the right-hand side of Equation 4. FEquation
L states that the average number of presentations required following an
error on cycle k is the sum of the number of consecutive correct responses
required, k, and the number of extra responses made necessary by further

errors. The latter term 1s the product of l-¢ the probability cof

k k1’

; the expected number of errors on

further errors on the c¢yele; an
kK k41

the cyecle; and gly(l}, the average number of presentaticns per error.

>
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i These quantities depend, of course, on the exact nature of the particular
iearning model being congidered.
Proof of the theorem. It is obvicus that wk n = ¢ for n < k. 'The
. : s

waiting time -for k congecutive correct responses is equal to k with

probability e I Wk >k, there must have been an error on some

®, kel

presentation v = l,s..,k. The probability that'Wk = n,.given an error

on presentation v, is w o The expression for w. when n > k in
kgn"‘-‘v k’n

Egquation 2 is the weighted awverage of the Wk 0 v's, Tsken together,
0
these comments Jjustify Bgquation 2,
If both sides of Eguation 2 are multiplied by Sn and the results

for all values of n added together, the result is

. o k
k n
(5) (s) = e s+ > e W 8
gwk k?k+l. n=k+l v=1 kv k,n-v
k K vl & -y
= e s 4 7 e 8 7w s
k,ktl v=1 kv n=k+1. k,n-v

k
= ke T (1”ek3k+1) gEz(S) gwk(s)

which 1s Equation 3.
Differentiating BEquaticn 3 yields

k-1

, x
[l"(l“ek$k+l)g3§(s)lkek,k+15 % k1 ® (1-e

k,k+1)gﬁ§(s)
1{_ [l“'(l“’ek’k’*‘l)g]‘:}t(s) ]-—

Letting s = 1 and noting that'gE*(l) = 1, we obtain
K
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l-e . - :

Ikl

gy (1) =k + — gpx(1)
X | Kkl Ok

which justifies Bquation 4 and completes the proof,

The gerneral formulas for

Recursicn fornulas Tor computing'ﬁk e

to be given are valid for any model of learning for which

computing ﬁk,k
the initial probability of a correct response is a guessing probability.
However, they are really useful only i1f the model is cne for which con-
ditioning on the cycle of last ervor leads to a simplification or =a
reasonable approximation, as is the case with the GFT,
et q be defined as follows:
kyn

P{Error on cycle nieycle n-1 just completed,
no errors on item yet), for k

1
O
“

qkjn : .
P(Error on cycle nlcyele n-1 just completed,
last errcr on cycle k), fork = l,...,0n-1 .

Similarly, let =, be defined as

Ly
P(No errors on item|cyele n just completed), for k = O ,

kyn
P(Last error was on cycle k|ecyele n just completed),
fOI‘ k = l',.oojl’l o

Note that according to this definition x iz the probability that

k,k
the last errcr was cn cyele k, given that cycle k has just been completed.
" But this is Just the pfobability that there was an erpror on cycle k, which
accords with the definition of ﬂk’k given earlier. Also, note that qk,n
is not defined for n = 1. Tt is not needed and the definition makes no

sense in that instance,
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Theorem 3.2. _ can be computed in terms of q, ‘s with j,v <k using

T,k i,V

the following relationships.

(6a) . o«

0,0 785 Ty = 18
‘ : n-% _
(61) T T & i_L (l“qo,k+1) , for n>2;
n
(6c} w, =%, . ] ] (l-g. ), for §>1,n>j;
J;n Jdsd sz'l"l JdsV . - o
. " k-1
(éay . e e = 12£ i1 93 5 0 for k >2 .,
The justification. for Equation 6a is that =« and x are the
e - 0,1 “1,1

respective proportions of items having and not having correct responses
.on the first presentation. Since items are assumed to be unknoyn &t the
outset, the values are g and l-g. The relationship expressed in Egquation
6b says simply that the probability of nc-errors on an item through cycle
n is the product of the probability of guessing correctly on the flrst
cycle and the appropriate conditional probabilities of not making an
_érror on succeeding cycles, |

On completion of cyele n, where n > Jj, the proportion of items
whose last error was on cycle J ls the proportion of items with an error
on eyecle j and no'further‘érrors through the nth cycle, This is the
relationship expressed in Equation 6ec.

The formula given in Equation 64 expresses ﬂk’k as the sum of the
conditional probabilities of error on cycle k, given the c¢ycle of last

error, each weighted by the probability that it was the last error,

This completes the proof.
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In ordexr to use Theorems 1 and 2 to find the expected number of

presentations on cycls k for a specific model of the learning process,.
it is ususlly necessary to have explicit expressions in tems of model
parameters for the following quantities:
A, The qkﬁn’sj the conditional probabllitlies of eerr on cyele n,
given the last errcr was on cycle k.
B, The prpbabili‘ty of no further errors on the k.th cycle. following
an error on that cycle, ek9k+l°
Co The conditionsl distribution of the walting time for the next
error following an error on cycle k, glven that there will be
another errer on the c¢ycle, and its mean,
" Before deriving expressions for these quantities in the general
GPT Case; it should be noted that the ealculations can be simplified
considerably in the impoxtant‘SPeeial case where Greenc?s model applies.
The caleulation of the qkan”s can be avoided because a formula giving
the approximation for ﬁkgk can be derived directly. The other quantities

of interest are simple functions of x_ , and the cyele number.

kK

Theorem 3,2a8. When Greeno®s model applies, can be approximated by

ok
the following formula,

l-g , when k = 1

1-a k-2
(lug)(lua) _;%éTET%T s for K>2.

Proof. The formula is obvious for k¥ = 1 and 2. It needs to be

' leg _
Wbl kel T akg(loa) gk’

. Y B
Tk ok

demonstrated thet x for k > 2, It suffices

l-z

to show that P- (In state U on cycle k+liIn state U on cycle k) = areiia)
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An item must be responded to cerrectly in order to complete a c¢ycle. If
an item is in U at the start of a c¢ycle, one of three things will happen:
8 correct response by guessing and no transition to the long-term state
(with probability g{l-a)); & response, correct or incorrect, followed by
trensition to the long-term state (with probability a); or an incorrect
response and no transition to the long-term state (with probebility (l-g)
(1-a)). In the latter case, there follows a make-up sequence of presen-
tatiens, which are useless if Greenc's model holds because the item is
trepped in the short-term state. Then intervening items are presented,
-and finally the item 1g tried once again., By this time the item is back
in U (according to the approximation assumption), the proceés starts cver
and 1s repeated until one of the first two situations obtaing. Thus

(010, = s(3-2) 2: [(1-8)(1-2) 1" = FE=2)

as required.

Approximations Under the GFT

Theorem 3.3: A formula for Qe n° ITn terms of the parameters cf the GFT
” 7

presented in Chapterfaj the conditional probability of an error on cycle

h, given that the last error was on cycle k, is approximately given by

the following formula.

(-2)(3-e) [g(1-2))" , fork =0, n>2
[g(l~a)]ﬁ“ -_ETE_ET (1-[g(1-a) 17" ) -
(1) a0 %
L) [g(1-a) 1" (1)

T fork >1, n>k

llk_—ng_—_T L};ijgc-%aj [g{1~2)]
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“where Lk = P (In state L[makemup sequence of-length-k just completed)

“and Lﬁ = lmLkn

Proof. The expression foxr % will be developed first.
;3

P(no errors through cycle n-1, error on cycle n)
qO,n P{no errors through cycle n-l)

(1-g)[g(1-a)1""*
Ne?

alg(1-a)1"2 4+ 5 agle(1-a)1V"t
e L

i{e

(1-g)(1-a) [g(1-a)]""°

l6(1-8) 1" + iy (3-[e(1-0)179)

as asserted.
In order to develop the expression for qk n'when k>1, let the
)

events A-and B be defined as Follows.

A = {error on eycle n)
B = {last error through cycle n~l1 was on cycle kl.
Then

_ P(ANB)

qk}n = P(AIB) = W o

- The event B will occur if there is an error on cycle k, unless the item
is still not in state I at the end of the make-up sequence in cyele k

and there is another -error before cycle n. Hence

n=k=2

th’k(l - Li(1-g) 2, [g(l—a)]v_)

v=0

lie

P(B)

n=k-1

leg - 1 1
= T[].{,k-(l = T %57 Lk + ita‘%:gy [g(1=a)] Lk) .
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The event A B will occur if there is an error on cyecle k, and a series
of correct guesses and failures to go to state L on subseguent cycles,
ended by an incorrect guess on cycle n. The probabllity of this event
is given by

P(ANB) = x, . L[g(i-a)]"" 5"

K,k Tk (1-g) -

Dividing this expression by the expression just derived for P(B) yields
the formula for qk,n given in Equation 7.

E As one might expect, the guantities remaining to be calculated are
closely interrelgted, It is necessary tQ know Lﬁ in order to use Egqua-~
tion 7 to compute qk,n“ It will soon be seen that it is necesgary to
know ek,k+l‘in b?der to fihd Lﬁo  Calculating ek,k+l involves the deter-
mination of the distribution of the walting time for the next error. It
will help keep fepefition to a minimun if we can refer to some basic
quahtities involved in the several separste calculaticns. The breakdown
of W, given in Figufe 3.1 suggests what these quanfities might be. Define

k

Tive new random variables as follows.

. KU = the number of presentations in criterion run cn cyecle k in
state U.
. KS’KL = the corresponding rendom variables for states S and L.

i

the number of presentaticns in state U following an error,

%
%,u

given that there will be ancther error on cyclie k.

if

Eﬁ g = the corresponding random variable for state S.
2

It turns out that the remaining calculations in this section will be

expedited by considering the Jjoint distributions of (KU’KS’KL) and

35




9¢

Presentations
on cyele k
following an
error '

l-ek!k+l = presentations

ek,k+l k,U in state U
l-e - ' tati "
k,k+1 E;: . presen ations

ek-,k+l k,5 1in state B

' K, presentations in sf?ate U

KS presentations in state S

KL presenfations in state L

———————————————————————— - e e v

Presentations after initial
error, before the criterion
run,

l-e
—JL ¥ gp ann,
K, k+1

k presentations
in eriterion run

Figure 3.1. Breakdown of presentations on cycle k after initial error.:




e K P +
(Ek,U’Ek,S)’ respectively. Note that

- ¥ L TF - E¥
KU + KS + KL k  and EK,U + Ek,S Ek

The joint dlstribution of (E; U,EE g) s a conditional distribution
3 2
given that another error is going to occur. For this reason the proba-

bility of-fhé-simple sequence of events that results . in the event

- =4 = .g il mt 1% = i
{Ek,U . ’E;,S m) for some £ and m must be leldeq by 1 ek,k+l in
order to find P{EX 2, = p). TFigure 3.2 shows a classification

K, U~ 77,5

of points (4,m) having poéitive prdbabiiity into three types such that
the probabllity expressions are similar for-points within a type. The
figure applies to the special case k = 4. The reader can easily verify
the following assertion if he beaxrs in mind that.presentations in a meke-
up sequence on cycle k are contigucous until there are k-1 presentations
receiving correct respons=g, in which case:a number of items iﬁtervene

before the next presentation. Iet y = g(l-a-b). Then
- (e - g, B =
(1-ey wa) BB = 45 By g =m)

4= o
¥ l(l-a_b)(i—g) , Tor A=l;..,,%=1; m=0;

(8) 2 N e (1) , for fek; me0;

£-1 [
¥ b(lwc)ﬁ (1-g) , for #=1l,...,k-1; m=k~§ ,

Figure 3.3 gives a classification of points (£,m,n) having similar

expressions for e (K LKy = mK =n). A sultable approxima-

U=

tion for thie quantity is given by

K4l T
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Case I: No passage to S, finally guess
correctly.

Case II: Whether or not passage to S takes
place after (k-1)st correct guess
does not have any bearing, since
many other items will intervene

before next presentation.
Case III: Passage to S means that error
1 : will occur on last presentation,
b . _ if at all.
K =}
3 ®
2 ®
E:l =
m= 0
Figure 3.2. Classification of points {(£,m) having similar

i - - = ,6 % =
expressions for (1 e],]+l)P(Er,U ’E],S m),

* : :
Where‘E]&U, E%,S are thﬁ‘numbers of presentations

in the respective states in a run culminating in

an error on cycle k.
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Tmpossible case {according to the approximation
assumption) because item cannct be in S on last
presentation in critericn run due to intervening
ltems.

k = b

N \\q \\
. $\' \\ N
nN=

r=l N3 N=g2 n=1 =0

Figure 3.3. Classification of points (£,m,n) having similar
g kan, Py = £oKg = myKy = n)

where KU’KS"KL ars the numbers of presentations

in the respective states during the critericn run

expressions for e

on cyecle 4.
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7'~ 1g(1-a) , for A=k; m=n=0;
£ ' :
ay .y Tor £=0,...,k-1; m=0; n=k-£;
(9) =y, , -
gy 'lb(l-c)k" , for A=1,...,k-1; m=k-£; n=0;
7k-m_nb(l~c)mc , Tfor Z£=sk-m-n; m=l,.}7,krn; nzl,;.;,kgl.
The value of e can be calculated either by adding the_resuits

K ktl esut
‘of Equation 9 for all allowable values of (£,m,n) or by adding the re-

sults for Equation 8 over all a possible values of (£,m) and subtracting
the outcome from 1. The latter course is simpler because it avoids a

messy double summation.

_ k-1 ' _ k-1 L o
R A e CE R CRO R I e RO
(10)
k-1 '
= 1-(2-g) ((1-2)7" " & (1-a-b) T + —Bm [(1-0)TH Ty
. . [ A
i

This expression can be simplified significantly in some important special

cages.
r ' -
1- b(l—g)(l—c)k 1 s when a+b = 1, ¢ > 0;
. 1- l-a k '
2! q o L2e)(ime) o
(11) ® k1 1 T (1~") , when a+b <1, ¢ = 0;
| 1 - b(1l-g) , when atb =1, ¢ =0 .

A formula for Lﬁ; It was noted above that the formula for %Y n
) 2

1= a,. and

= 1 - a because items are Just presented once on the first cycle,

given in Equation 7 présumes knowledge of Lﬁ. For k = 1, L
I
L
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regardless of the correctness of the responses. In order to derive an

estimate of Ly for k > 2, define events A, B, and. C as follows,

A = {Error on cycle k}
B = {BError bn eyele k, cyele k completed with no further errors}
C = {Error on cycle k, cycle k ccmpleted with no further errors,

put item fails to make transition to state L.
The fact that CCBCA and P{(4) > 0 implies that

B(
P

I = P(ClB) =

The quantity-P(B|A) is e ; which was Jjust derived. The guantity

Koktl ‘ _ ‘ DA
P(CIA) can be obtained by multiplying Equaticn 9 by l-a and adding over

‘thoge possibilities for which,KL = Q. That is,
£, X, =mXK_ = 0 and no transition to L tekes place

K,k By = 4Kg L

after correct guess on last response)

K k1

il

= k-4,K_ = 0)

(lwa).e L

P(KU = 1K,

7ﬂﬂlg(1~a)2 for 4=k

1

gyﬂ"lb(lnc)k"‘e(lﬂa) for 4 = lyee.,k-13
and
.
. = = = ﬂ = - T =
gl (1-8) ey 1 g By = LKy = k=LK = 0)

p(cla)

il

k-1
k-1 o £-1 K8
¥ Tg(1l-a) +£Z gy b(l-e)" (1-a)
=1

k’”l ﬁpl
k-1 2 k-1
7" g(1-8)" + bg(l-a)(1-c) (5=)
4= +C

il

Ll



Lg(1-0)° + 2R (1 o)b Rl

l_,.._._—

1-c
S ) k=1 - b k-1
= g(1ea) [(1oa ~ —2)y T 4 —2em (1)
NI = A 1l- ' .
-I~c l-c

This formula.also simplifies in luportant special cases:

C)k—l

P(cla) =| g(1-a)p(2- , when a+b =1, ¢ > 0;

9 (l_—-a)')fk +_b§£;-a when .a+b < 1, ¢ = 0O;

;

bg( L-a)} s When atb =1, ¢=0 .

Finally, the formula for L£ for k > 2 is

1 - p(cla
i, kbl
(12)
b k-1 b
g(1-a)[(1-a- )T+ (2~ C)
_ Tl 1'53
o k-1 1751 b k 1 k-l
1-(1-g) ((1-a)y + (l-a-b) 127 + [(l e) 11
- l-c
In the special caseg mentioned above, Eguation 12 beéomes
( k-1
(13) Lﬁ = g(1-a)bl1-c) T ; When atb =1, ¢ > 0;
1-b(1l-g)(1-c})
_(1-3) [{2-7)7"4vg]
9 - when atb <1, ¢ = 0;

1-7-(l-g)(l-a)(l-7k)

gll-a)b
1-b(1~g J

Lo

when a+b = L, c=6.



it might be noted that the formula for 9 n given in Equation 7
2
reduces to the formula for-qO 1 when l-a. is substituted for Li, Equa-
) 3
tion 13 can be used with Theorems 3.2 and 3.3 to compute estimates of

Theorem 3.1 tells us how to compute EWk (and hence EP

k) glven

e,k
ﬁk,k"ekyk+l’ and, p(Ei),‘the mean waiting conditional waiting time for

another -error following an error on. cycle k, given that there is going
to be another error. Approximations for all but the last of these

guantities have been given above.

The distribution and expected value of E;, Since E; = E;,U + E;,S’

we can use Bquation 8 to write

*
(1h} (l_ek,k-ﬂ) P(Ek = V)
. * : .
hd (l“ek,k+l) P(EK)U—'VﬁE;,S'_O)’ for v = l,ee.,k=1;
& '
k-1

: % _eom B aom) e s
u(lnek,kﬁl) ngo P(EksU =k m,Ek’S m), for v = k;

~

: -1
2 7" H(1-a-b)(1-g), For v = L,...,k-1;

k-1
7k_l(lma)(lfg) + 2 7k‘l”mb(l=c)m(l—g), for v = k;
L m=1

[

:—' 7v=l( l"a"'b)(l"’g)y fOI’ Vo= l’oao’k"l;

k-1 b b{l-g) k-1 .
l-ge ——)(1-g) + ——2L (1. for v =k .
71 =) (1) + S (1ee) T, o

l-c l-c

L

In the special cases, Equation 14 becomes
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(15) '(1"ek,k+1) P(E; = v)

-~
—~

)kwl

B{1-g)(l-c , for v = k;

0 s, ©Otherwise, when atb = L,.¢c>0;
v=1 _ P
7 T (l-a-b}(1-g) , for v = lys..,k-l;

k-1 D Chl - .
¥ A ij;)(l~g) +1§%T:%% ;0 forwv =k when
' ath < 1, ¢ = 03

I

b(l-g) , for Vo= k;

i

i- 0 , otherwise, when a+b = 1 and ¢ = 0. .

L

Straight forward summation of series, omitted here for the sake of

brevity, results in the following expression for (l-e Yu(E).
_ . ), kel M

(6) | '(l”ek,k%l)“(Ei)
= (1-a~b)(1-g) [}“k?kfl+(K"l>V%]
(1-7)°
b 61—y (1) + 2B (1o)sy
ie e A
i-c l-c

The restriction that ¢ = 0 does not in Itself produce any signifi-
 cant simplification in Equation 16. The restriction that a + b = 1 does,
however. In this cage

c)k_l , when a+b = 1;

(1) (e D) = (kb(1-6) (-

kb(1l-g) , when a+b =1 and c¢-=0 .

Summary of the calculation of EPko If the expression for EWR given

in Bguation 4 is substituted for EWk in Equation 1, the result is

L



(e o Yu(EY)
k, k+1 K

(& + . 3
k,k+1

EP.

g = LT

K,k

If the expressions derived above are substituted in the right-hand side

of this eguation, the result is é cunbersome expression for-EPk in terms
of the model parameters. In gerexal, this expression is unenlightening,
50 it will not be repﬁoduced herég Tt should be'noted,'howevér, that it
simplifies in the case a+b = 1 to the following:

ke x

1-b(1-g) (1-0)¥ L

P > 1+

Furthermoxre,

. LK '
EPk = 1+ To(1-g) ° when -afb =1 and ¢ =0 .

Other_@perating Characteristics Qf the OEM Procedure o

One of £he chief reasons for studying the operatingrcharééteristics
of the OEM procedure (under the assumption that some model in the.GET
applies) is to find ways of modifying the procedure to get betterjinm
structional resulis. -In & number of experiments.it has been found that
a > c. When this is the cage in an‘instructional setting, one should
maximize the cumulative mumber of presentatidns in state U. Thus, it is
useful to consider how many of the Pk presentations of an.item on cycle
k are in states U, 8, amd L, respectively; Thisrinformation may suggest
modifications which would increase the,proPortioﬁ cf presentations in
state U,

et B v Pi,s P, L

‘respective states on cycle k, Let u(KU), u(KS), and p(KL) be the means

, and be the number of presentaticns in the
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of KU"KS’ and K_, respectivelys and let W, Sy ﬂk be the respective

L

probabilities that an item is in U, S, or L on its first presentation on

cycle k.  Then

K]
EP, .. = u_ +x . [wK.) + ~——-i*—- p(EE )1,
0,0 7 T i U e ®Y

L |
(k) + kL e Sn,
k sE+L

BRe s = % T Mgox

1
o}

and

P L = A oy p HEL)

- . . : Z ) . i o
The taSk now '1s to flnd Uk’ Sk} k? rJ'(KU) 2. “(Ks)} “(KL)’ (l ek,k‘l‘l)“(Ek,U)’

and (1-e “k, we1) B ,8)°

Flndlng (1-e K, k+l)p(Ek U) and (1 ek k+l)u(E* )+ The procedure is

very dlrect first find (l-e

. k+1)”(Ek S) by addlng welghted terms using

Eguation 8, then flnd (l— )u(Ez U) by subtractlng the result from
J

_ k3k+l
(1-e) k_‘_l)u(Ei), which is given by Equation 16.
. . -4 . } ] )

Kol
. . o e - _ _ ’ * = .
(18) (1o ) ME g mg (- )P g =m)
k-1
2 Y (1) (1g)
m_=l )
kel o omel
k-l
= b(l-—g)( /A (
m=1
k-1
l-c ' l-c
e e 1-E(=22) (k1) (=22
Cydecy k-l
= b(1-g)(=57) 7 L -
: . Lm~c
‘ (1-+=8
7

L6




_-_b(1-g) 2{' LA N N E TSk I (k~l)(lmc)k-'l(l—'~i-zfg)}f-

Then subtracting Bguation 18 from Eguation 16, we have

(19) (3o IES ) = (Lo o IW(E) - (Beey , Ju(EE )

e (1-a-b)(1l-g) [l_kyk";+(kml)7k] -+ k(lfg)(l'a)Vk_l

(149)° .
+ b{1-g) > [(1ﬂc)k=1_7k} _ (kél)b(l=g2 ykwl N
(- ) IR

As was the case with (l-e these formulas can be simpli-

kL) M) s

fied significantly'only if a+b = 1. The regults for that case sre

f _ b(i4g)(l—c)kul , when a+b = 1,

(20)  (1-e J(ER ) = N |

Kyktl k,U b(1l-g) , when a+b = 1 and ¢ = 0;
and

k=1
" (k=1)b(1-g)(L~c)" " , when a+b = 1,
(1-e JES ) = | | |
Kokl k,S (k-1)b(1l-g) ; when at+h = 1 and ¢ = 0.

Finding u(KU), p(KS), and p(KL)° The approach to caleulating these

gquantities is zlso direct. Expressions for e (KS) and e

Kt 1P e e 1)
will be found: first because the probability eXpreséions for‘KS > 0 and
KL > 0 given in Equation G involve only two of the four types pictured
in Figure 3.3, vhile those for K involve all four types. Once u(KS)
and p(KL) heve been found, we know w(K;) = kwy(KS)-p(KL),

On the basls of Equation 9, we can write

by




k-1

. _k-n k- =M1}
_(21) °) 14l P(KL_n) Z ay + jz bey (l—c)
m=l
= (a - bcy ) 7k-n + -—-b-—(i;—- (l-c)k_n , for n=l,...,k .
-1 117 |
Therefore,
k k
' be = kK-n  bhc \ _ayEen
(22) k k+l”(K Y 2 {a = e ” ) L ooy o+ ” 2. n{l-c)
1~ 'i'?'é- n=1 1l "i*:— n=1

= [ ak , when atb =1, ¢ = 0;

. k
a l}f .21y % , When a+b <1, ¢ = 0;
7 (1)

e e g ak -
ak + (l-c)bk - b(?‘Ql[i‘(l“c) ] hen atb = 1, ¢ > 0;
(a - —2C—y (K. _ 1-7_)_1 be [% i} (l-C)[i~(l-C)k]],
] l""i_%’é'. -y (1*7’) l-?‘j_%a ° e

when a+b <1, ¢ > 0 .

The corresponding argument in the caée of e u(k.) is that
_ . K,k+177757

k~m-1 Ko k-1-n m
P(KS=m) = bgy (1-c)™ + 2 bey - {1-c¢)
n=1

(23) ), k+1
= bg(;l_.-c)m_ 7k-m— __c(_l_cl_ (l— m)’ for m=1,...,k~1;

therefore,
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) ,
(2k) ek,k+l“(Ks)

= | bg(k=-1), when a+b = 1, c = 0;

k-1
kel (-7 )

b
| T (1-7)®

s When a+b < 1, ¢ = O;

bg(1-c) (k-1) + 2% Bl1-(1-c)* - (k-1)(1-¢)* e,

when a+h = 1, ¢ > 0;

b(8 - =) (E [ -k (1-0)F T+ (k1) (1-0)"]

LA o A4
b 1-g k-1 k-1
I T [1-(1-¢)" 7 = (&-1){2-c)” Tel,

L when a+b < 1, ¢ >0 .

Approximations for y(KL), u(KS),,and p(KU) can now be computed using

Equations 22, 2L and the formulas for e 1 given-in Equations 10 and

ket

1l.. For example, in the simplest non-trivial case, where a+b = 1 and

¢ = 0, they are given by

oy
&

P-(KL) = l“b(lwg 3

L]
T
5
1
ft
i
o

0%

HEs) * TaTg) -

and
WEy) = Toprieg

The values cof Uy s By and ﬂk are needed in order to complete the
state-by~-state breakdown of the average number of presentations on cyele

X, These are easily determined by the relationships x, , = (lwg)uk,
B 4
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l—ﬂkjk = ﬂk + guy ; and s, = 0. The fact that 8 = 0 is a conseguence
of the approximation assumptions. These relationships imply that

-

. Tkk
1 [l Aelnt
(25 Sl
and
P 3
kT 1l-g

Formulas have been derived which provide for the calculaticn of the
main guantities of interest when the OEM strategy is employed. We turn
now to the calculation of analogous guantlties when other strategies are

‘used.

Operating Characteristics of Other Strategies

An Ideal Modification of the OEM Strategy

Most experiments to date concerned with the evaluation of the GFT
framework suggest that parameter a > c¢. If the number of items being
presented.isrlargeg say, greater than 20, then most of the items will
not be in the short-term state at a given time, If 1t could be guar-
anteed that all items to be presented would not be in 5, then the
question of the optimal item to present would be reduced to the guestion
of which item is most likely to still be in state U. The CEM would
describe the learning process and the OEM strategy wou;d be cptimal.

" Such a modification of the OEM strategy would be ideal if it could be
accomplished. |

Thers are a number of ways one might approach this ideal. All items
could be presented,on a given cycle before any item receiving an error

‘regsponse was presented again. Those iltems receliving error responses
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could then be presented in the standard cyclle fasﬁion for the required
number of make-up trials. Those items in the sublist recelving no errors
.in the remedial phase would be removed and the others would be presented
once again and checked against the criterion, and sc forth. The outcome
of such a procedure should be that only a few items toward the end of
the cyecle would receive repeated presentations without a fairly.large-
number of intervening items.

Tt is hard to say exactly how close an approach like the one Just
desecribed would come to the ideal. The matter will not be pursued
further here. But the opefating characteristics of the ideal modifica-
tion are easy to caiculate, because they are just the characteristicé
derived in the last secticn, computed under the assumption that the bﬁM
applies. . The results will be stéted here without proof, because they

are based on well-known results for the OEM.

The mean number of presentations on e¢ycle k. By Theorem 3.1 we

“know that

l-e
ko k4l
(k + = W(EY)) &

E(Pk) =1+
k,ks+l

X,k

Consider EJ, the probability that an ifem is in state L at the end of

the jth cycle. Suceessive values of ﬂj can be cemputed by the formula

£ (12
yH(1-£,)ae

Py 7 71T % where fo =0 .

Then we have

T kT (l-.ﬂk__l)(l—g,) , fpr k>1.
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By either letting b = O in Equation 16 or by straight forward argu-
ment from the properties of the 0FEM, it can be shown that

(26) (- \py)u(ER) = ([Jﬁ'z;_lj'%’“ (3-[g(1-2)1) - 1 228D [g(10)

Similarly, letting b = O in Equation 10 or proceeding by a direct argu-

ment.yields
_ oy _ (1-g)(1-a ‘ k=1
(e1) ey = L7 SRR (1 [a(1-0) )

It ie interesting to compare these results with well-known results
for the OEM. ILet k become indefinitely large in Equations 26 and 27,
Then we get

' a
kifm'ek k+l T Tog(i-a) ?

which corresponds to the standard result for the probability of no more

errors, following an error, wheh the OEM applies; and

(1-a)(1-g)
11 1- AR Rl
krjié ( ek k+1)M(E; {l—g(l=a)

If we let L be the trial of last errer in an infinite sequence cf

presentations, then the mean of L is given by

| 1- 1
m- 2 gy

Thus

(l_ek,k+l)”(E;) _ {1-a)(1-g)
~ a[l-g{l-a)]

Lim

= = (1-a)EL .
k-~ 00 Kkt
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{. The quantity EL is the mean trial of last error, starting from state U.

- With probablility a, an item moves to state L folloﬁing an error, in which
case there will certainly be no more errors. With prohability l-a, the
process starts again from U,

‘Other operating characteristics of the ideal modification. By

hypothesis, no items in the short-term state are ever presented under

the modified strategy. Hence,
(Loey B y) = ooy JulB)

P which has already been calculated. It is easy to show that

. xlg(1-a) Flg(1-a)-[a(1-a)1%8) | ali-(g(1-a)]")

(28) ek,k+l“(KU) 1-g(l~a) -[1—g(l_a)]2

The breakdown of EPk into the mean number of presentations in each state

is s follows.

=€ w1
= -f e ————— o .
BBy = Theg * M i [n(Ky) + —— wWED ],
okl
and
EP. _ = 4

oL = Pren T T MK

Thé asyﬁptotic distribution cof the cycle of last error. It méj
sometimes be of interest to consider what would happén if eithéf‘the
OEM procedure or its ideal modification were continued for a very large
number of cycles., It is clear that.sooner or later all items would be

learned end there would be no further errors. In.fact, the distribution

of the cycle of last error can be expressed simply in terms of the T k'so

Deflpe ﬂk,co and Bk as follows.

23



T T P(last error is on. cycle k)
and
By = P(no more errors|error on cycle k) .
= il = o t i
Then “k,oo 1im ﬂk,n’ and ﬂk,oo ﬁk}k Bye It follows from Equation lc
n-» o . .
that
n-k
B = 1im (l-q ) .
E oo v=1 Kkt

A more profitable way to look at Bk is to conditieon on whether an item
is in state L or not following the make-up sequence bn'Cycle k. Then we

get

(29) B,

Lk + Lﬁ P(no more errors|in state U following cycle k)

o0

L + L} Z [e(1-a) 1V 1ga

e

veRtl

i

: oo
Lk + Lﬁ l—gilmai

11

1-g
i- Lﬁ l-g(i-a) °

Therefore, the asymptotic probability that the last error is on cyele k

is given approximately by

, . - L-g |
(30) T, = Mgx (4 Tk Tglama))

Operating Characteristics of the RC Procedure

For purpoges cof comparison, 1t is desirable to know the opérating

Qharacteristics of the RC presentation procedure used in nmany experiments
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on paired-associate learning. The usual approach used to derive thecret-
ical predictions for this procedure when models like those in the GFT
are being considered, is to multiply the learning matrix by an "average“
forgetting matrix to get a single transition matrix summarizing the
effects of learning following presentation and forgetting between. pre-
sentations. Approximate theoretical predictions can then be made in

terms of this single transition matrix. -For the GFT, this matrix is

given by
(31) p=[1 0o 0 e o : 0]
|
c l-c 0 0 1-f £
é
B b l-s-b| |oO 0 1J
=[1 0 0
¢ (L-e)(1-f) O (l-e)f
La . b(1-f). bf+(1-a=b) |

Calculation of the n-stage transition matrix, Pn, is facilitated
by noting that the matrix P can be partiticned as follows, where B is a

2 X 2 matrix,

It follows by simple algebra, that

(32) S P:T_:l e 1 . -

5.




-In the general cése, there does not seem to be any particularly
simple way to express BE. Of course, 1t is very easy to carry out the
multiplications numerically, so the lack of 2 gimple expression causes
no speciél difficulty. However, in the case a+b = 1, B" does have a.
very simple form. If wve let A = (1-£)(1~c) + bf, it is easy to verify

that -

This is so because X is a characteristic root of B (and of P) and each
row of B ig a left characteristle vector corresponding to A. Therefore,

Pn can be written asg

(33) P = [1 0 0

1-(i-c)1n'l (1—;)(i-f)mn”1 (l;g)flp-i
1-(1-2)2% 7t (1) (et (1-a)e™ L |,

In the general case, two positive values of A are given by the
formula

(34)

e (leC)(l-f)+bf+(l-a-b)¢ J[(14c)(1-f)+bf+(1~a-b)]E-A(l-c)(laf)(l-a-b)_
. , ~ 2

Equation 34 shows why the case.a+b = 1 is speclal. A modification of
Equation 33 using both A's is useful in computing Pn.in the.general case,
even though the thecretical formulas would be very messy in temms of the
basic model parameters.

In the case a+b = 1, A can be interpréfed as the proportion of items
currently in state § or state U which will still be in S.or U following

' the next presentation.
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If the starting state vectow, [0, 0, 1], is postmultiplied by P°,

the result is the expected state vector after trial n. Thus

(35) 2 = 1-(L-a)
s, = (1-a)(1-£)x Wl, and
u = (l—a)fkp"l .

Egquation 35 can be used to derive all the operating characteristics
one desires. The details will be discussed in the next chapter, in which
the operating characteristics derived in this chapter will be used in

numerical comparison of procedures.
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CHAPTER IV

NUMERICAL CCOMPARTSCON OF PRESENTATION STRATEGIES

The purpose of this chapter is to compare the three'fresentation
strategles we have been considering, using the formulés which ﬁere'de-
rived in the iast chapter with speecific parameter values to make pfe—
digtions, .Two kinds of gquestions are of particular interest. One
concerns compérison of strategies given a certain set of parametef values,
Fér example, how big is the difference between the RC procedure and the
OEM procedure in terms of how many items are in the longmtefm retention
state after a given number of presentations? How big_is the differenée
between the OFEM procedure and ite ideal medification? Another kind cof
guestion of interest concerns how answers to the first kind of quéstion
vary as a function of parameter values. Do changes in the rate of trans
sition from the unlearned to the long-term state affect the size of the
differences between the OEM procedure.and the RC procedﬁre? In order
to address these guestions, operating characteristics of fhe thfee
strategies haﬁe been éomputed for three:different sets of parameter
values. It might be helpful at this point to say a few words about the
particular values that were chosen. |

From the boint of view of ease of calculation the bést paraneter
values to chooge satisfy the constraints of the model proposed by Greeno
(1966): ¢ = 0 and a + b = 1. That is, the probability of a presented
item making a direct transiticn from the shortwtermwto the long-term
state is O.and the probability is 1 that a presented item in the uncon-

dltioned state will make a transition either to the short-term or to the
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long-term state. Expressions for operating characteristics of the OEM
procedure are considerably simpler in thig case than they are in general.
It was noted in the previous chapter that the (0EM procedure leads
to cyelic presentation.of items, with repeated presentation of items
receiving.error responsés on a given cycle. If Gfeeno's model hdlds,
these massed presehtatiéns are ugeless. Immediately following the first
p;esgntatioﬁ of an item on a éiven cyele the item is éither in the long-
.term or short-term retention siate, ﬁecauée a % b =1, It 1s unnacessary
to present it again ifrit is in the long-term state énd:it is useléss to
pxesént it agsin imﬁediately if i1t is in the“shortwtefm stafe, because-
e % Q; We want to:examiﬁe thé predictioné of Greenc?s model inISOme
Qétail because we would e#fect them to differ shaiply from fhe pre&icm
tions.of the Oﬁmo
| . In cQﬂtraét to‘Greeno‘s nodel thé 1S-2 model propoéed by Atkiﬁson
angd Crothefs (1964) makes élmost_the saﬁé predictions for operating
"characteristigs_of the OEM procedure as the COEM itéelfp As in Greeﬁo“s
model & + b = 1, but in the LS-2 model ¢ = a. BSince the probability of
the presented item making a transiﬁion.to the long-term state fs the
same whether the item is in.the shoftwterm or unconditiqned state, the
fact that a + b = 1 does not diminish the wvalue of the masséd presenta-
tions which oceur under the OEM procedure. 'Greeno's.model and the LS-2
.model make the same predictlions for fhé ideal modification of the OEM
-procedure and forlthe RC procedure because these predictions depénd-only
on.a, the trensition probability between the unconditioned and the long-
term state. Fof thig reason it is unnecesséry to éélcuiate the coperating

characteristic for the LS-2 model directly uniess one is interested in
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the small, detailed differences between the LS-2 and OEM models undexr
the OEM procedure.

Both cages mentioned so far satisfy the constraint a+b = 1. One of
the interesting features of the data presented by Rumelhart (1967) was
that the accuracy of predictions within the GFT framework. could be signi-
flcantly enhanced by allowing a+b < 1. Thils suggests that operating
characteristics might be different for these two cases also., We will
compare the prediction of two models which differ only with respect to
whether a+b = 1 or a+b < 1. It will be seen that, contrary to ocur ex-
pectations, the differences in operating characteristics based on the
two sets of parameters are minimal.

The reason the differences are small has to.do with the most im-
portant variable. influencing the relative performance of the strategies:
the transition probability from the unlearned to the long-term state, a.
When.a is relatively large, as it is in Rumelhart's experiment, the dif-
Terences between the three strategies are moderate and relatively
‘insensitive to the values of the other parameters. When a is relatively
small, the differences are pronounced and dependent on the values of the
other parameters. These pocints will be expanded upon in an analysis of
the detailed predictions for the three sirategies using the three sets
of parameter values given in Table 4.1.

-Predictions of Greeno's Model When Learning is Slow

Atkinson and Crothers (1964) compared the fit of several mecdels,
including their LS5-2 model, on eight different sets of experimental data.
Of the elight experiments, the rate of learning was slowest in an experi-

ment conducted by Hanser (1963) with four and five-year old nursery
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Table L, 1

Three Sets of Parameter Values to be Used to Generate

' Theoretical Predictions of Operating Characteristics

Under the Three Presentation Strategies

. Cage

2a -

2b

Paraneter values

a b c bl

129  .87L 0 . ,auu

410 .50 0 .95k
.380 - .360 O .702

.250

-333
=333

 Experiment

Four and five
year old children.
Hansen (1963)

University under-

gradustes. Rumelhart
(1967). Both cases
fit data from same
experiment. . Case 2b
relaxes constraint
that a+b=1.
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school children. Atkinson and Crothers report parameterféstimates for
the LS-2 model for this data. We are mere interested in ?redictions for
Greeno's model, for reasons described above. In order té adapt the
parameter estimates for the LS-2 model to Greeno's model; we use the
fact that if &' and f are parameters of the LS-2 model and a is the
learning rate in Greeno's model, then Greeno's model with a = a'f and
the same value of T will yield exactly the same predictions for the RC
procedure'as the LS-2 model. The parameter values for Case 1 giﬁen,in
4.1 were obtained using this adjustment.

Before considering the operating characteristics prédicted from
these parameters, the reader may wish to review the breakdown of presen-
tations on a given cycle under the OEM procedure which is summarized in
Tables 4=2a‘and 4.2b, Table h.2a giﬁés general terms and their explicit
expression in the case of Greeno’s model. Table 4.2b identifies the
terms_used in the formulas in Table 4.2a.

it is worth noting that under the OEM procedure Greeno’s model pre-
dicts that the average number of presentations in the unlearned state on

a.given cycle, EPk u? is a constant multiple of x the probability of
F .

k,k’
error on the cyele. The number of presentations in the short-term state,

EP, .
PK,S K,k

expected number of presentations on cyele k is 1 plus a consgtant multiple

, on the other hand, depends on the product (k-1)x The overall

of o kk. These cbservations provide a basis for determining whether oxr
? : :

net the OEM procedure will be far from optimal under Greeno's model.

Massed presentations are a real problem only on.later cycles where the

eriterion run is long. If converges to 0 relatively fast with

ﬁk,kk
-increasing k, they are not a problem. TIf not, the OEM procedure will
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£9

General Formulas Giving a Breakdown of the Expected Humber of .Pr'e_sentations

Table 4.2a

of an Item on a Typical Cycle k, with Simplified Expressions
Which Apply When Greenc's Model Holds™

Part of cyele

First .presentation

Between first

presentation and

criterion run

Criterion run

Total

la

%

-
k zk—i‘l [J,(E* )

x :
Ok il k,U

k,k

, Bll-g)my o
Y

bgﬂk 1{ '

bﬁkk

LN e G Rl v pormy

State:
B
0

1

. _e‘ N
- I kbl
K kel

W(Eg g)

(=200 l—-g)nk,k
T T I-p(1-g)

“k,k“(Ks) '

. _(k—l)bg:tk X
= TH(Te

(k—l)'bn“k . '

Ti,s = THTG |

=
o
U

ey ()

'karrk "

5 TR )

Kaﬁk X

k,L = Yx-1 ¥ IT5(1g)

All states

EPy = T9(18)

*Note: See key in Table 4.2b for identification of terms.




Table 4.2b

Key to Terms Used in Table k.2a

uk_l,ﬂk_ir=_probability item is in state U (or L) following

7T

cycle k-1.
k,k = probability of an error on the first response in
cycle k. '
e = probability of no further errors on cycle k,
Kyktl 77 . : ;
following an error.

.g_ik__ = expected number of errors on cycle'k, given that -

Kkl at least one error occurs on the cycle.
(lfek’k+l)u(E§} = expecfed walting time for the next error

on cycle k, in temms of number of responses
following an error, given-that another

error is goling to occur.

(1 ek,k+l)“(Ek,U)’(l‘ek,k+1)“(Ek,S) = breakdown of .
(A-ey yyp)H(EY) by
state.
}J(KU’);M(KS),H(KL) = expected mumber of presentations in the

respective states on the criterion run

on cycle k.

EP, ,EP

" k,U’EPk,S’EPk,L = expected number of presentatiocns on

cycle k, with breskdown by states.
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be far from optimal. This can be seen in the present case, where learn-
ing is slow, by comparing the performance of the OEM procedure and its
ideal modification,

The ideal modification of the OEM strategy Serves two purposes in
the compariscns to be made now. Tt presents an upper bound on-how much
the OEM strategy can be improved by simply menipulating the number of
intervening items between presentations of an itém on a e¢yele. Tt alsgo
gives indication of the discrepancy between the predictions of the CEM
gnd of Greeno's mcdel for the OEM strategy, since its operating charac-
teristics are what the OEM would prédict, with or without the modification.
When learning is slow, this discrepancy is pronounéed,.as may be geen in
Table 4.3,

The effect of the twé procedures én Tt is fhe same for the first

- Tkk

two cycles, so = = .410 for both of them. But the OEM procedure re-

3,3 _
guires 5.77 presentations per item to reduce error preobabllity toc this
point, whereas the modified OEM procedure requires only L.0O7 presenta-
tions. The size of the discrefancy increases Tor the néxt:several
cycles. Two more cycles‘undér the modified procedure reduces ﬂksk to
.Ob, a point that requires five additional cycles to reach under the OEM
strategy. In terms of number of presentations per item, the ccomparison
is 22,67 versus 10.90 presentations, a difference of more than 100%.

It is also interesting to compare the'probability that an item 1is
in the long-term state after a given number of cycles under the modified
and unmodified OEM strategies with the corresponding probability for an

item receiving the same number of presentations under the RC procedure.

The difference between the modified OEM. procedure and the RC procedure
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Table 4.3

Predictions of Greeno's Model for Selected Operating
Characteristics of the OEM, Modified OEM, and RC

Procedures When Learning is Relatiwvely Slow*

Cycle  Probability
nunmber of error on

(a) OEM procedure

Expected cum-
ulative aumber
of presentations

Probability
item is in
long-term
state after k
gycles under

Probability item
is in long-temm

state after same. .

number of presen-
tations under RC

k cycle k through cycle kK  OEM procedure procedure
1 .750 1.00 .129 " .129
2 .653 5.77 453 e i
3 410 110.32 .656 .702
4 .258 14,29 .784 .812
5 162 17.62 .86k .872
6 .102 20.38 .915 .907
7 .06k 22.67 Lol . 928
8 040 2L .60 . 966 943
(v} Modified OEM procedure
1 .T50 1.00 .129 .129
2 .653 4,07 453 .390
-3 410 8.37 798 627
h L151 10.90 .98 .722
5 .039 12.34 . 988 .76k
6 .009 13.45 997 793
7 .003 1448 .999 816
8. . 000 15.49 1.000 .836

*Note: Parameter values: a = .129; g = .25,
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is dramatic in this respect, while the difference between the unmodified
OEM and RC pfocedures ig small and actwally in the wrong direction for

the first five cycles. See the last two columns of Teble 4.3 for these
comparisons.

Predictions of Greeno's Model When Iearning is Rapid

Parameter values used to obtain predictions of Greeno's model when
learning is rapid are given in Table 4k.l, Case 2a. They'are reported by
Rumelhart (1967) to be the minimum chi-square estimates, computed by a
grid search, for data from an experiment involving Stanford undergraduates.

- One property of Greeno's model which has already.bean noted is that
the probability of error on a cycle is the same for both the ﬁodified
and unmodified procedures for the first three cycles. After the first
three cycles, it drops more rapidly for the modified procedure. When
learning is slow, this results in notable differences between the two

procedures in terms of x for k > 3. In the present cése, learning

_ kyk’
is eo rapid that there is little room for the T k's for k¥ >3 to differ,
. 3
because they are all elose to 0. Even though the g k‘s are close for
' s

the two procedures, it is conceivable that the procedures giffer in terms
of the number of presentations required to complete cycles. They do in
this case, but only slightly. For example, it takes 3.30 presentations
on the average to finish two cycles under the OEM procedufe-and 3.1k
presentations under the medified procedure. |

By referring to Table LY.L, the reader can see that the small dif-
ferences between the modified and unmodified OEM procedures are typical
of the differences that can bg considered. A}l the differences favor

the meodified OEM procedure, as they must, but none of the differences
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Table b.L _

Predictions of Greeno's Model for Selected Operating
Characteristics of the OEM, Modified OEM, and RC

Procedures When Learning is Relatively Rapid¥

Cyele Probability
number of error onh

" {a) OEM procedure

Expected cum-
ulative numbe

" Probability
item is in
long-term

r state after k

of presentations cycles under

Probability-item
is in long-~temrm

state after same
number of presen-
tations under RC

k cycle k through cyele k¥ OEM procedure procedure
1 .667 - 1.00 410 b0
o .393 3.30 .809 - .807
3 .128 4.93 938 .915
b L0k 6.20 - - -» 980 - 955
3 .013 - 7.31 .992 SITh
6 .005 8.36 . 998 . 984
_ (E)‘ Modified OEM procedure
1 .667 1.00 410 410
> .393 3,14 .809 793
3 L128 - L.67 .957 .502
h .029 5.82 .991 .Gk5
5 .006 6.85 .998 « 967
6 .001 7.86 1.000 .980

*Note: Parameter values: a =:.hl, g = .33.
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are large. Examination of the last two columns of Table 4,4 also reveals
that when. learnlng is rapld Greeno! 5 model predWCts that the differences
between the OEM procedure, modified or. unmodlfled ana the RC procedure

will be slight.

-Predictions of a_Mbre General Model When Legrninghis‘Rapid_ _ _
The parameters of Case 2b in Table‘knl_are what Rumelhart obtéined
for the data just described when he relaxed the requirement that a+b = 1.
Predictions of oPeratiﬁg_gharécteristics of the COEM procedure made by
‘G;eenC's modél and the more general ﬁodelrare Cdﬁpared.in'Tablé 3053::
The differehées in the:pfe&ictions are very slight indeed., In:generai,
one would‘expect there tﬁ be a difference in the predictiqns the two
models maké“regarding thélexpected number.éf presentations‘in the short-
term state per cyecle. Ia the present case the model for-which a+b <1
.predictg ébout a third fewer presentations ip thewshortwtgfm state than
does Greeno;s model, but.the rate of learﬁing is go great.tﬁat the
number of these presentafioﬁs is ﬁredicted to be small by both medels.

Summary of the Relative Performance of +the Three Strategies

It might be helpful to review some properties of thé.special cases
of the GFT we have been considering hefore summarizing the results. Wo
‘cases have been examined for which ¢ > a.. There are two feasons for_this
omission: first, no experiments have been repoxrted for which ¢ >a, at
least to fhe author's kno#ledge; éecqnd,‘the case c‘§ a”fédi9§11y modif
fies what is desirable in a strategy, because it is.then aésifable éo
present items which are in the short-term state. The gquestion of good
_presentation strategies for this case would be interesting in 1tself if

situaticns arise where it applies. Among cases where ¢ < a, we have
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Table 4.5

Comparison of Predictions of Greeno's Model
and a Model that Permits a + b < 1

Probability that Expected number of

Cycle item is in state  cumulative presen- Expectea nuaber of
number L at start of, . tations through presentations of items
k cyele k cycle k in state S on cycle k
atb=1 a+b<i  at+b=1 Ca+b<l  atb=l _ a;b<1
1 .- - 1.00 .00 .00 .00
2 1 .8 3.3 3.37 .38 .27
3 .81 .81 k.93 4,99 .25 .18
Lo S 620 6.2k 12 o8
5 B .8 7.3 7.33 .05 | .03
6 .99 .99 8.36 8.37 .02 .01

¥Note: For Greeno's model parameters are a = .41, b = .59.

For the more general model a = .38, b = .36.
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consldered or can guess what would be predicted for medels having ex-

treme values of the three parameters. That 1s, we have some besgis for

seying what will happen for-a large and small, for b = 0 and b = 1-a,

for ¢ = 0 and ¢ = a. The predictions are as follows.

L.

26

30

s

When. a is large, differences on other parameters are not im-

portant. The operating characteristics of the three strategies

‘are. such that the modified CEM strategy has a slight advantage

over the OEM strategy and the CEM has a slight advantage over

" the RC strategy. If a = ¢, the modified and unmodified OEM

are.practically identical.

When.a is small and ¢ = 0, the modified OEM progedure is far

better than the other twe. . In this elrcumstance, the RC pro-

cedure may even be slighﬁiy superior to the CEM procedure.

When-a is small and-c = a, the modified OEM is much better than

the RC procedure, but not much better than the unmodified OEM

procédure°

Regarding the importance of parameter b, we may say:

a. It is not important whén:gJis.laige; ‘. |

b. . If 8 is small and.¢ = 0, b determines the relative perfor-
-mance of the OEM and modified OEM procedures. The worst
case for the OEM procedure is when b = l-a and the best
case when b = 0. (In the latter case, the UEM and modified
OEM opérating characteristics are identical.)

c. If.a is small and ¢ =.a, the size of b is of little

importance.
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Some of the gqualitative conclusions suggested here could be deduced
heuristically without calculating the operating characteristics in nu-
merical terms. The numerical calculations gerve to transform the vague
generalizations which could be made without them into assertions whose

meaning can be made as precise and detailed asg one wants.
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"CHAPTER V

CONCLUDING DISCUSSICN

Attempts te deduce Iinstructional implicatiens from psychological
theories or empirical generalizations may be crudely classified as be-

longing to cne of two types. One type of deduction is very informal,

-perhaps, but not necessarily because the relationship on which it is

based is enly loosely formulated. ‘Practically all deductions of-impli—
cations for-instructional‘practice were of this type until.fen:years ago.
At that {ime, the success of some very explicit mathematicai theoriés of
gsimple learning processes led a few investigatqrs td try more formal
Qerivation of Ingtructional strategies. Because thé explieit mathemétical
statemenf of the conseguences of instructional acts mskes it possible to

formulate the question of optimal instruction policy in completely . unam-

biguous terms, it is natural to seek the answer to this questicn. The

study ﬁndertaken in this paper is closer in épirit to this latter typg
of approach,.but it does.involve'what some might regaxd as.regreésive
elements of the first approach. |

Tt was argued in the second chepter with regard to the question of
item presentation strategy, that the glcbally optimal strategy corres-
ponding to.thﬁ GFT is too complicated to be of‘éentral interest, DBut
what is of interest if the optimal'sfrategy islnot? Surely, 1f a reason-
able model of the process of learning'itemé exists, it should be possible

to use it to meke Jjudgments about presentation strategies, even if it is

" not practical to work with the globally optimal strategy based on that

model. The problem is that the bases for the judgments mey come to
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depend scmewhat on the biases and preferences of the individunal investi-
gator. For example, investigator A may argue for the.strafegy‘maximizing
cimmediate gain while investigator B pushes a modification of the COIM
strategy, both justifying theilr choice on the basis of the GFT."Some
theorists would regard this as'an_unpleasantly awkward situation; othefs
would see nothing.wrong.wifh.it. Tukey (1962), forfexample, has stated
that the queétion‘of which statisticél procedure-ié optimal in a.given
sifuatioﬁ does ﬁot interest him until he knows of four sensible alter-
Vnativeé that have dembnstrably different properties, At that.point,
;lack of a criterion fbr'choosing between the alternatives becomes a
concern. It may happen thét none of the alternativés,is'giobally op-
 tima1, ﬁﬁt one of-more of them.is véry nearly optimal,. If a theorefiéal
.énalysis coﬁld identify such a situation when it §ccurs it wbuld be very
helpful, even if the‘analysis dées not yield an cptimal procedure.

| The.descripfive aﬁalysis of three presentation. . procedures under GIFT
assumptioﬁé given. in Chapfers ITT and IV provides some basis fdr.saying
when a sfrategy is nearly optimal, When learning is very rapi&, for
-example, both the RC and the OEM strategies are very nearly optimal,
independent of the exact parameter values. When learning is extremely
slow; the RC procedure is poor, and how bad the OEM procedure is depends
very much on ihe exact parameter vélues, These théoretical results are
.consistept with the results of the few.empirical studies that have been
done., Whethef or not they will hold up under more direct experimentsl
scrutiny is an open question.

There are a number of limitations imposed by the scopé of tﬁis

study which would need to be considered before applying the conelusions
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in a particular list learning situation. . Tt has heen assumed that the
GFT adequately describes the process governing learning and retention;
that the items have neutral transfer value with réspect to each other;
that all the items are unknown at the start of instruction; that corres-
ponding learning parameters are equal from one item to-the next; and

that the reward structure can be taken to be a simple function of the
overall. probability of correct response at the end of instruction. One
or more of these assumptions are very likely to be violated in practice.
Violaticns may or may not have damaging consequences for a giveh strategy.
There are some'reievant studies that relate to some of these consequences,
Let us review scme of them now.

The adequacy of the GFT framework. It is almost certain that the

OFT framework could be shown to be an oversimplified account of the
preecess of leafning and retention. The phenomena of humen information
processing are now being studied with particular intensity. At tinmes
it seems as though important new developments are sppearing monthly.

In a climate of such intense experimental and theoretical inguiry all
bets are off.concerning'the adeguacy of any simple model. ' One aspect
of the GFT which is suspect concerns “1ts representation of what happens
to an item,which is not presented cn a given trial. The GFT assumes
that nb-learning takes place in thls situation. -~ But suppose a subject
'surreptitiously rehearses an item for a few trials after it has been
presented. The QFT assumes that transitions to the long-term state
could not take place via such a'process; In fact, in a very successful
‘model of humen memory proposed by Atkinson and Shiffrin (1968), such a

‘rehearsal Process piays'a central role. It is beyond the scope of this
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‘paper to guess Whét the implications of other models of learning and
memory might be with regard to item presentation strategy. But it ig.
important to note that the GFT 1s not the only way that the memory pro-
cesses can be modeled. For purposes of this study It suffices. that it
is a reascnable way to model the process.

Heterogeneity of items.. The assumptions that items are all unknown

at the start of instruction and that their learning parameters are equal
from item to item are almost certain to be violated unless extraordinary
measures are taken to insure that they hold. The necessity for such
L measures notabiy reduces the general applicability of the procedures
requiring them. It mey be that a procedure will be reasonably robust_
with respect to minor violations of homogeneity. Calfee {1970), for
example , carried out some numerical calculations Whiéh.suggest that this
is the case for the OEM procedure, provided the other OEM assumptions
are satisfled. We might argue, by analogy, thet a suitably modified
OEM procedure would stand up pretty well under minor deviations from
-1ltem homogeneity, provided the other assumptions of the GFT hold. If
item heterogeneity is extensive, however, a couple of studles have

shown that parameter-dependent strategies which fake these item differ-
ences intc account will out-perform the OEM procedure. See Laubsch
(1969), and Atkinson end Paulson (1972).

The importance of item heterogenelty has been noted; it should zalso

be noted that in order to implement a parameter-dependent strategy the
key problem is to find suitable parameter estimates, These estimates
must separate subject and item differences, so0 we are led ladirectly to

& consideration of individual differences. The consideration of subject
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.differenges_requireq hgs an-interesting_twiStrto it: it is not encugh fq
estiﬁate the state of knowledge pf_a subject;rone mustJa;sp ﬁéasuréiig é
fairly “direct"‘sense the subject‘s;ability to learn. These measure - |
ments may havejsome important implications for the_concegt of intelligence
and its assessment. In a symposium.on the_nature_bf intelligence, Hﬁnt
(l97a)adescribed_someréxploratory stud;es of persong_of abqvg_average
intelligencg,whoucopld_be clags%fied into tvo groups onlthe basis of
being more gquantitatively thantvefbalLy oriented, and vice vérsa. Thése
subjects_ﬁere given_cqntinuous_memory tasks.like the one described by
Atkinson and Shiffrin (1968), and model parameters were estimated for .
thelr model. Consistent individual differences petweeﬁ_subjgcts'were
found; these differences:were_meaniqgfully_;elated to differences in
their independently determined_profiles:of ability; _Parameterfdependent
strategles should be of continuing practical and_tbep?eticai iﬁt¢rest.‘.

Other crucial assumptions. It is patently clear for some kinds of

curriculum material that some ways of_sequencing the @aterial make.sense
and others do not. When there is a hatgrél seéuenée or hierarchy iﬁ the
material to be_learned, good presenta£i§ﬁ‘strategies mugt_take_them into
accoupt._ Such strategies gre_beyond'the scopequ this stﬁdy. Alsorbe-
yond the scéPe of this study are situations where the items to be iearned
are differeptially weighted in terms watheif imporﬁance. Smallwood
(1970):has considered this kind of problem, using an OEM theoretical

framework which allows for item heterogeneity.

Final Remark
It should be apparent from the preceding discussion that the item

. selection problem is not a single problem with a single solution, but
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rather is a family of problems repreéenting & wide range of educational
situafions in which the questicn of optimél procedure is open. The study
described in this paper has addressed one of these problems. Other
studies examining some of the other‘problemsiwhich-remainfunresblved are -
in progress. It is the goal of all of these studiés to develop general
methods which méyrbe.uéed.to attack more complex optimization problems.
Three universal asPecﬁs of prcbliems of opfimizihg instructioh‘are empha~-
sized: (1) the development of an adequate description of the learning
process, (2) the assessment of costs and benefits associatéd with pos-
sible instructicnal actions and states of learning, and {3) the derivation
of optimal strategies based on'fhe goals set for the student.

Thé format of the list learniﬁg task is simpie'énough that all three
aspects of'bptimizatibn problems mentioned above can be subjected to de-
talled ekperimental and theoretical analysis. In addition to reséarch
described in this paper,'instructiénal strategies which explicitly take
individual differences into account are noi being studied. There should
be studies in the near future utilizing organizatiohél featureé of the
material to be learned in cﬁnétructing bptimal strategies. While £he
direct implications which can be drawn from such formal optimization
studies of list learning are necessarily limited, the fact that many
prototypical educational problems remaih'ﬁnresolved even within this
restricted context juétifies continued expenditure of effort at this

level.
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