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Chapter.1 e e

Introduction and Statement of Contributions

Research: Motivation:s . = o' 00 00 e s

2eet The original- goal 'of this-research was to investigate.ways

-ﬁbxfStimulétewaéfeaﬁivity using‘thefcomputer as a.medium; One of.
"fﬁeacriticisi5¢of existing uses of computers. in- education has been.
 thatrePprogramméd' instruction' is an unimaginative application of
éonventionaiyvgteaching practices to a - computer ‘learning
énvironmentsza,Thus;;my hope was to understand the basis of this
iéxificism aﬁdéto.suggest_a remedy. -

,;Igsponﬁiearned;that- there . are..actually three  distinct.

;éreas;wofacomputefjeducation.activity.c-One entire approach, which
fiycali;the:?environméntal" approach, is based on the assumption
tﬁaﬁ};theulearner must- discover nearly everything himself, without

-éhﬁﬁvefaridiné-struc;ure to determine hpw new concepts are to- be
-préséntedf;ﬁ;intapractice, this . may: mean. that - the - student: is
:ipﬁ?odﬁced.to;égcohpufétional environment -and - told that he. may
éX§idrex ihf anyﬁ;direction he'chooses;T,However;:some.ﬁeasure of:
iﬁdividual guidance is desirableé particularly if the student:
becomes . confused :or.-bored. . In the environmental area. this
guidance has élways;come_ from -a.- human .teacher: excépt..in. the
trivial case of providing programming '"diagnostics'. Seymour
Papert's work with computing environments for children is the most

interesting example of the environmental: approach.
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The remaining‘two'areas of activity embrace conventional
computer assisted instruction (éAI). These areas have been called
"frame oriented CAI" “and "information structured CAI". Frame

oriented MCAI ~is -based : on prestored, units  (frames) of subject.
- matter;}rangiﬁgriﬁ size from individual-sentences'?ﬁp" to : several

paragraphs. of text: with associated drills. The interesting

research problems ‘have focused on finding strategies - for

presénting the frames to the student in some desirable way. " These

strategies usually:ihvolve a student learning model -that predicts

what “~‘will happen to -the student upon exposure to the.frame, and a

dYﬁamic-programmingfschéﬁe to find future sequences of ~ frames  to

shéw‘ﬁthensfudént;fﬁAIthough the .student is restricted compared to.-
the éhvirénmenta1:appfoagh, the predictability of both  the  frame
contént;énd thesstudenﬁ-responses'allows the computer to deal with

a'largefqumain.of student-zaberratidns. ~For ‘instance, " if : the'
studentigfails to - understand a frame, he can be shown an eagier
frame;é;Mﬁéh of thé:ground work for frame oriented CAI was laid'in
a dissertétion by Smgllwood.»;'

. Information Structured CAI is the newest of  the three
areas,  and és the. name suggests, is a collection of techniques
drawn mostly from. -artificial  intelligence that exploit - the
structﬁre— of the subject being taught. These programs are often 
characterized by considerable student control of the dialogue " as
well as a major effort to give the learning episode a human,

rather than computer, flavor. One well known example 1is Jaime
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- Carbonell's seméntiq .information. net that .allows students td
ihterview. the comﬁuter ‘about - South American;igeography.- His
pfogram has a. large data base constructed in such a way that
 arbitrary questions can be answered and deductions .can be drawn
i:frqm aispgraté fact#;

| My d;igiﬁél interest in stimulating creativity gradually
é;éi%gd‘ inéoﬁTa desire to isolate the moments of learning in the

,ﬁdrmai‘educatioﬁA1 process, and if possible, to recreate these

moments in a computer system. Since I had had ekpefieﬁée‘tééching-
'mathematlcs, 1t occurred to me that many students have . vaiu&ble

Ve ¥ .. oty .y

.

'_to the teauher for answers to questlonb arlslng from an 1n1t1al

'attempt to understand the subject.

At this time I read two dissertations in artificial

A «(r.u o ool

'_inﬁé}iigence jen. the subject jdfi ﬁgéhgés of 1ntegratlon:“’The
;cénclusion of the dissertations was that':cdmputers could solve
intégfals as well. as an expert human -integrator, ..I iﬁmediately
iﬁondered whether a tutor could be .constructed for methods of
integration -that_in_the same-sense'wag_as good ag_an_ekpgrt human .
tutor. This idea gradually developed into the  subject of my

:thesisﬁ‘n,.

Descfiﬁtiﬁe'Mﬁdelfgg_the EducationalrExpefience'
An informal model of the educational experience shows the

intended role of the tutor:
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2. - The Teacher Explains (Lecture) %'
'“T3. " The Student:Thinks (Problem)fi WL e i

TR, ‘Thé-DialdguéffTuforial)-"5 R R PR RS R e

: H;n the.fbgyfh phase, the student has élready had géme
expdsurg;_tq-;the  gubjéc? from the Lecture phase and has pondered
Some;kiﬂd of synthgsis process in the Problem phase. Thus Lthe
somewhgﬁ knéwledgéabie. student returns to fhe more'knowledgégblg

.feachérh_for._;n:;égpg?active -&ialogué. _Ther purpose. of:wﬁﬁhi§
éegé%isﬁiqn ”is _ﬁ§_ eﬁphasgze rthat the mtﬁtér_“is:noféusgd.a§;g
érimé:y-inétrué;iona;:mgdium, an& thé£“fhé.-gene¥éi-dirg;éiqn-qf

the episode is up to the student,

DesiredVCharacteristics anthe,Tutor

 f-EA good "human  tutor ~

ey frangmi£§7ﬁroblem7solving héufiéticé

”f*g;; chdésés"apprOPriate examples

1 9"3§“ dea1s‘ﬁith'arbitrary student examples
4, handles ‘a wide range of student backgrounds

and 5. learns student heuristics if they are superior.

The goal of the research was to construct a tutor with
these desired characteristics and in the process to establish a

rationale for constructing tutors for subjects other than methods
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- of dintegration. L. e

- Contributions

‘This research.has produced six main.contributions; it has

1. extended and clarlfled the deflnltlon of a tutor
© in computer—based education.

2. established a logical and quantitative
. methodology for transferring problem solving
‘heuristics in a computer tutorial situation.

3. experimentally supported a model of how the
student heuristics change when a failure is
encountered. _ I o o ram

4, defined a methodology for measuring learning in
a tutorial situatiom and experimentally ..
supported the model by showing a p051t1ve rate
of learning on real students. . . .

S,Zdeflned and implemented a scheme for tutor.
' '1mprovement°.:‘__j S

o ;Sc'comblned the results of new research in symbollc
' - integration and algebraic 51mp11f1cat10n for use

. in computer based educatlon.-

The research descrlbed in ‘phis .thesis is of both a
theoretlcal and exper1menta1 nature° The. theoretical ideas can be
summarized by the following:

1. For a structured subject, a tutorial system

can be constructed that

a. causes convergence of the student's
heuristics to those of the tutor;

b. chooses optimum examples, recommends
" solution scheme choices, and shows how to
apply techniques; '
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¢, accepts arbitrary examples;

d. allows measurements of the student's
learning rate and expected number of o L
steps to solution; sl il

‘?“feﬁ”"mékééﬁreélmtime tutorial decisions on the-
_basis of problem length, unusualness of
5approach and overall problem solv1ng
trouble

£, _adjustsftq different student backgrounds;-

and g. learns student heuristics -if they are
superior.

A computer'based tutor for. methods of
integration was: constructed to- 111ustrate
the. theoretlcal clalms° -In addltlon, e

a.?algorlthms were-developed for substitution,
integration by parts, partial fraction -

. expansion, use of. trlgonometrlc 1dent1t1es

”f'and completlon of the square,

b. a prellmlnary experlment ‘was run with four
calculus students;
*. ¢, a main experiment was run with fifteen: :
calculus students, the results of Wthh are__r
- presented in Chapter 5. R SR

- The Student;Subjecf Model

| The ability of the tutor to understand the student's
actions depends on a model of the student interacting with the
subject. ‘The;pripciple components of this model are an exhaustive

~set of observable probiem solving states: and a set of
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transformation techniques to transform from one problem to
another, A sample student solution trajectory is shown in Figure
1.1 for the subJect of methods of 1ntegratlon. The-definitions of

the states and technlques 1nvolved are. dlscussed at length in

e _Ch_épter 200 T R
Integ:al solving is modeled here as a Markov process. We

_also' assﬁﬁe that when the student is confronted with a problem,
wﬁis probability of responding with one of the techniques is drawn
‘from a, 51mp1e mu1t1n0m1a1 d15tr1but1on. The parameters of this
__;multlnomlal dlstrlbutlon are never known exactly by the tutor, and
:icap_ only be ‘1nferred from the student's responses. The - tutor
':t;:eppiies.a simple Bayesian inference process to its prior estimate
.tof_gthe'_studentfsi'response probabilities each time the stodent
 teﬁits _e; response, This 1is called the information updating

_-proCess.

If the . tutor thlnks the student has just 1earned"a new

,,,\4__.

:,_ approach, 1t w111 1solate the response probabllltles it fEels have;

changed the most .and W111 apply what is called the studentf
learnlng model to pred1ct the effect of thls change on future'

'responses.

The Tutorial Strategy
The tutor allows the student great  latitude during the
problem solving episode. The student is free to suggest his.own

example, pursue his own solution, and ask for help. The tutor
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Failures

'Integrands

: substitution .
- “involving p— . associated |.
logarithms Wlth tog.
: _ integrands wri

integration
by parts

/ Solved. -
problems
.trapping .
state

" Xnown .identify

-integrals.

L

“as known

A

Figure- 1 1 A sample student solutlon tragectory The student began
w1th the 1ntegral U[;.log(x) dX trled the substltutlon U logfx)

,,u'_- R

whlch falled to yleld a 51mp1er 1ntegrand returnec to the orlglnal
1ntegral and successfully transformed it by 1ntegrat10n by parts to
. (1/2) X 10g{X) - U[;/2 dXx. ThlS “known" integral was then solved by

inspection. A complete student protocol involving this problem is

given in Chapter 4.

Figure 1.1 A sample student solution trajectory.
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always understands what the the.student is doing, however, . and .in.

- unusual . cases of trouble or misunderstanding.will.stepriqttqﬂask
thé student if'he_needs assistance.. The Studént can fequegtithree
. 1evels of help from the tutor. choosing a new problem; finding
}the rlght technlque to apply, and applying a glven -technique .. the
= best ‘way, In_the_flrst two cases the tutor relies completely on
its arcﬁive of e#ample problems. All recommendations are . made by
‘summarizing the-actions taken in similar situations in the archive
'-ﬁ;oblem Solutions@:_The third type of -pfoblem helﬁ depends ., on

"_spec1f1c algor1thms programmed inte the tutor, and thus is.known

PR RN 1 2 s e

"as "w1red in heurlstlus" | . S BTN .
After the student completes the problem, the tutor, -checks
"the student EE overall problem solving patterns agalnst_lts,qwnﬁ

If unuaual trouble areas -are apparant the tutor-scans a-_ special

' _"archlve of problems for an example to show the studentging&

'"forced.response”-modea_ Finally, if the student has produced. a

: $§perior,;soiution -for one. of the tuter's:archive problems,.the

tutor will -incorporate his solution and will forget the .old one,
In - this way, the tutor can significantly improve its own. teaching

- performance.

Experimental Results

A three week experiment with 15 students was conducted at
~Stanford  University ~with students interested in sharpening their

calculus skills, A total of 284 problems were worked, of - which



‘Introduction ‘ ' ' 010

258 KWére°'CHOéeh"ffom “the prOblem‘archive-by the tutor, and 282
'suéceSSfullycsolved;-"0ﬁ'90 of  the problems - tutorial help was

: reQﬁesﬁedf??l"ff

;;E‘StﬁdéntijféspénSé‘idata indicated ~that the. information
\updatihgi‘and the ‘Student learning models could be considered
‘sepérafelyfsinCé“éhé”observed response discontinuities seemed " to
be very ‘closely ‘Yelated to the instances of entering failure
_'Statesé'iss%'of aliﬁthe response discontinuities occurred wﬁen-the
studgﬁfgﬁ”ienterédM*féiiﬁre 'sta;es, although only 45% of the.
insfﬁﬁ¢é$fdkcff?;féiiﬁre.= states led to obvious response-
: diséaﬂtinﬁities,“?_Furtﬁermore, the _observed 'frequency of the
téchﬁfquéﬁaﬁpliéd.imﬁé&iétely 'béfore‘*the failure: §CCurred was
reduéédibyfa%évéyégéﬁféCtor of 0:17 over all the observed learning
diSédntiﬁﬁitieé@J:Thi$ was an important -résult for-'the: student -
i iearniﬁéE?ﬁOdéi*_Siﬁéét”it ' sirgleéd ‘out’a particular technique as
' undergéiﬁg;a draﬁéfié?chanée_each time the disconfinuity‘occurre&}
s ,;iibﬁ?tie aﬁéfagé;'ééchfstudent made 0.101 ‘fewer3'additiénai
steps *Pér “probiéﬁ1%Wdrked ‘than the tutor. In other words, 'if a
studehtlfended'to:wdrk'every problem using 3.0 more steps than the
tutor initially (a typical rate), then éfter 15 probléms he took
on the average only_3,0 - {15 * 0.101) = 1.5 more steps than the.
tutor to work each problem. We call this the student's
éonvergenée'rate;

| On the average, each student made 0,011 fewer failures per

problem ‘step. -Thus if the student averaged 0.5 failures per step
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- initially (a typical rate), then after 15 problems (a total of
pérhaps 40 steps) he made 0.5 - (40 * 0.011) = 0.1 failures per
:Step. o
| Of fhe-73 original archive solutions, no less than 18 were
{improfed. b} thé étu&ents, This was a major surprise to the
author;,since he -considered himéelf an expert integral solver.
..fﬁé_ tutor's expected number of steps to solution decreased 1,38
fSteps'(ZO.S%JIfor.quotients of poiynomials, 1.150 steps (25.7%)
":ifor _fragtioﬁa135pbwers of polynomials, and 1.00 steps (33.3%) for
' £rééti6ﬁa1'powefs of trigonometric functions. In.the quotients .of-
lfpdiynomiais Case; the tutor acquired solution schemeé_that had

.never occurred to the author.






12

... Chapter 2

Student Models

~-." The student-subject'model forms * the foundation of the
tutorial system. Once we have 'estéblished3 a methodology for.
treating the student, the development of the tutorial strategy in
the mext chapter  follows - naturally. The basis of the
Student-subject model is a scheme - for . classifying the . subject
matter. .~ This chapter will Introduce a Markovian'formalismrto
describe the stﬁdent'sﬁdynamicst We shall.introduce__the-;notions,
6f "problem” - and? ﬁsolution” and  shall ; show that the student
belongs to one-of'én exhaustive set of prdblem sdlving ‘states :'at
all  times. . The' important tutorial concept of ,the student‘s
fallure state will_be discussed and examples of state defiﬁitions
for sevér#ll,subjects will be givehn We shall introduce a:éimple
_Bayesiah scheme to.updéte‘our knoﬁledge of the student's ' problem
ISOIVing patterﬁs from his.responses. Ffom this we can calculate
intéresting quantities relating to the student's performance sugh
as-the'mean and variance of the student's expected number of steps

to solution.

Problems and Solutions
We begin with the notions of 'problem'" and ''solution'.
Since we have dealt practically with well defined subjects where

there are established limits, we allow the argument to proceed 7
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informally. at this stage to avoid introducing abstract questions
about the nature of‘subject‘mgtterﬂanqlin what way statements are
consistent with subjeqt matter.

i &Lfoﬁﬂprobiém"‘W¢>refér<to somewstaﬁement that we .wish to
reduce; to-a form tHéf“warrants no further reduction. A tutorable
"subjeét”-conéists of a space of possible prdblems 'defined by a
set of problem  construction rules, plus a set of transformation
techniques-used-for reducing the subject's problens, Each time - a
traﬁsformation'te¢hniQﬁé is applied to a problem,'a.new probleﬁ is
-generated;fﬁAs we-éh511 see, this process can go - on .indefinifely
until*~theifstudenf;;éither' gives up or the problem requires no
-furtﬁer:reductioh»* In the latter case, we. éallf the . record ©of
succéssive:%prbblemsigahd applied techniques a "solution" of the
originalAproblem;~ Fpr”example, we shall discuss in Chapter 4 the
subject;;of;fmethodﬁ?;df integration “in  which the-problems are
:_indefihitéuintegraléfahd.a.golution is a sequence of ordered péirs-
of "the form 1'-5‘. EEE :

*nﬁ;wiﬁu(probiem , ‘technique). -

--1';Latef.in this chapter these ideas are applied to a number
of sample subjects; elementary - arithmetic; the solution of
~ differential .equations; and a simulated physics laboratory. In
addition, we discuss briéfly the subjects of medical diagnosis and

electronic trouble-shooting,
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Techniques ‘and States

.. An- important:. property -of .a solution -is ,,thét each

successive problem..is generated from the previous.problem by the.

jgpplication&bfh.one of -a_set of transformation rules .called
 ﬁfechpi§ﬁes"3h- ﬁe .designate the set of  problem transforming
-'féghniq#eS'by.{Tjkl 1<3i< NT} where NT is the allowed number of
-Agiffe:enﬁatechniques for this subject. |

::; Of,primelinterest to a tutor is how the student decides-.on

é glveﬂ technlque when presented with a problem. It is -natural to
'suppase that. dlfferent problems.will e11c1t dlfferent choices of
;.technlques ;JAnmglmportant-_parametexuﬁof;,theo student .is. his
?pyqp§b;1lty of,choosing a given technique in .different problem

7§§lying situations:, This section introduces the.definition of.the

student's.technique choice probability.. Looking  at. this. choice

 p?Qb§hi1i$tica1iy;?:we_ say that the probability-tjvthat a.student

wil}j;hgpgeuﬁgchnique;Tjlis,dependéntJupon the particular problem.

:ﬁégggse;'allikpfjtbgisubjectsxinvestigated have an. infinite number
'6f péssible proﬁlems, it is inconvenient to index the- technique
“choice pfcbability tj by the specific problem. Furthermore since
we shall usually be interested in estimating what the student's
..technique ch01ce probablllty will be for some new problem we
shall find it convenlent to assume that at all times the student
- occupies - one of a set of mutually exclusive and exhaustive states
of the problem solving process. We now speak of the pfobability

tij that the student will choose technique “Tj given that he



' The Student-Subject Model | e 1

occupies the ith problem solving state.

Iﬁ‘is natural to define the states of the problem solving
process --in -terms -of a description of the problem the student is
working on.-We ‘iﬁsist_ “-that the parameters of a gi\fen state
.charéCterize' 'the*_étudént in "all problem solving .situations
involving problems fitting a certain description. Thus the state
.para.meters amount to an encoding of our -observations of the
student's past history and our prior estimates of his problem
solving patterns. |

0 For tu£0ria17 purposes we oftem are  interested - :in
sepafately encoding our information about the student after he has
appiied 2 technique unsuccessfully to a problem. In particular it
would“be'embarraésiﬁg to claim that the probability of the student
choosing te;hnique-?ij-Was some fixed quantity régardless of
whether:'the studént had tried the technique unsuccessfully on.the
previous step.: Thus we inérqduce the concept of a "failure state"
for- eath{vclassl“of problem descriﬁtionn ‘The properties of these
states are discussed later in this chapter. Thus the set. of

problem solving states will be defined by

{Si 1< g,NS] = {probiem description states}

{J {student failure states}

where NS is the total number of states. We intend that the states
{Si} are  disjoint, and that they will span the set of poésible

circumstances the student can be in,



The Student-Subject Model . . 16

For practical reasons the states of the process :must.: be.
'.both  observableq,and_;finlte_ in number. 0bservab111ty in thls.
céﬁtext' means - only. that we shall choose -state definitions
5eforehand*_tha£ will. guarantee an unambiguous identification of
thelétudent's state at all times.. The motivation for complete
ébsefﬁabiljty_‘;rises.'from the need to compare the state of the.
.étudent.with a éimilar state establishéd by the- tutor. . In
general the parameters of a given student state (such as ts ) may
be 1mperfectly known. The rebtrlctlon to a finite and reasonably
_shall number of states ~is not a major assumption 51pce under
ceriéinlconditions We can agglomeraﬁe a possibly infinite number
.of séldomu encountered states into a single ‘''other" state.
'Typically a subject-will have at. least one problemédeséfiftidﬁi
';ci'jzé:fl‘iei-'-r state and one fallure~def1ned Nother" fallure state,r In
'P;ééfiée, the 'requlrement that the number of states vﬁéﬁ BéJ
_reasonably small means -only that an N by N matrlx can be |
1nverted off llne from the tutorlal eplsode w1thout unreasonablei

_.cost;

The Technique Choice and Technique Result Probabilities

| " The mosf.important parameter of the student's state éij{fé
the technique choice probabiiity tij that he will.choose-tecﬁﬁiQue(
Tif given that he is in state S5 The technique  choice
probabilities, if perfectly known, would be a complete map.of‘the

student's problem solving heuristics. Even this map, however,
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would - not suffice to'détermine’the'student's expectéd solution of
a given érobleho“'Wé must assume that some students are more adept
than others at' app1ying a given technique to a problem, thus
giving"risé:to an uncertainty, as to ﬁhat new staté .will 'resu1t
;from'@éthe" traﬂsformétion, We will define qiék to.'be thé
prcbability that givén.'a problem in state ss and. choice of

technigue 'Tj the résulting state will be state s, . We can define

a state transition probsbility Pix from state Ss to state s, by

P = Plsglsgd = Ztij U5k

The:ﬁéTROViéﬁlAssﬁﬁ;%ioﬁ

: réi-ﬁﬁ to_tﬁig;pp?ﬁt we have.avoidéd the question of whether
thg préﬁé?%iitié§ fij %nd qijk are dependent upon the-past:histgyy
oftthéfsoiutibn being-attempted by the student. True changes - in:
ﬁhése' quantiéie$  dq: iéke_ place when ‘the_-student.gainsié.newr
iﬁgiéﬁéﬁgﬁéé-thé ﬁféﬁiem-soiving proceés,. However,.ﬁsefui geﬁeral

anaiysis of a history dependent process 1is immeasurably more-
difficult than_if the t:ansition probabiiities are aSSumed to be

.dependent oﬁly uﬁ@ﬁ the present state of the syétem, Bearing ih

mind tﬁat we are making an assumption, we shall proceed as if. | the

Student’.s technique choice probabilities do not alter until he

verifies his ﬁew methods by completing the problem .successfully.

In other words, we make the Markovian assumption that the state



The Student-Subject Model ~18
'tfansition probabilities depend only on the present state of the
‘system., It 'should now be clear why the failure states were
introduced, since w1thout them, the Markovian assumption is
_entenable. This allows us to remove the implicit. dependence of

.!

.tij and q, 3k ‘on the preV1ous trajectory of the process and to . use
the extensive theory of Markov processes in the.analysls of the

student's problem solutions,

The Solved and G1ve~up Trapplng States

P

We: have made few general statements about how a student'
- ffoblem solv1ng state is defined preferlng to deal w1th the
question for each of the examples to be. shown. However, 1t
useful to- deflne-.two states that occur in- all problem solv1ng
domains'that can be -described by our Markov model “The flrst Eis
) thél "solved”festate; A student reaches the solved state when the
'problem has been transformed into one of a class of conflguratlons
:that the -tutor and the. student have previously agreed to call
"solved”. In numerical problems the solved state corresponds to
-situations-in which the equations have been reduced to one or more
numbers. - ln_fotﬁal proofs the solﬁed state is reached when_ the
desired fesult :follows direetly_ froﬁ a previously established
theorem or axiom. In methods.of integration the solved.state:is a
class of "known" integrals, such as ;jXIdX or ‘fsin(X) dX. |
The other cancnical problem solving state is the state of

"giving up" on a problem. At this point the student has reached
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g

s

solved

ug
:-pus, | (R
. trapping states: problem failure
. description states states
(interconnections

not shown)

Figure 2.1. A three state problem solving model
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a terminal situation. and his transition prqbabilities to other
states are all zero. In fact, we recognize both of these states
as trapping.states ot the preblem solving process‘sincedlonce the
'.student enters one of them he makes no more transitions to other

states. Flgure 2,; 11lustrates the problem 501v1ng model for an

- arbitrary three state example.

ZThe Fallure State

A b351c assumpt1on we make about problem 501V1ng” behav1or
le. that - a student w11l try in succession a11 of the appllcable
jtechnlques he knows unt11 the problem is completed tWe allow
7"g1v1ng up" to be a legal technlque to. complete a problem).[ It is

true, however, that once a student has attempted a technlque on a,

'problem unsuccessfully he doe;” not return to the state where

appllca 1on of the technlque 1s.et111 as llkely But 1t Vls alse

7 true that the student's new state is closely related to the old

FEIG .;'; &1

' state. We expect that the student's response :probabllltles are
substantlally the. same after a fallure except for the technlque'
that fa led We now pose a 51mp1e mathematlcal model to represent
thlS effect. If we chocse a "fallure parameter” 6 where
_O S 9. S 1 and .BIis expected to be small, then ue_assume_that-the
ueu.rtechuique choice_ probabilities, subject to. a failure of

technique Tj’ are
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. ioaom BtLL
ij,posterior . 1j,prior
t. . = ot, . s m#
_ 1m}poster19; .. . 1m,prior -
where ' _
T LT 1 - eti' . . o o E e e a
= ememoao 1 ~ {(in terms of prior probabilities}
S TR SR LT T ey s
1]
renormalizes the posterior probabilities to 1, It is possible.

that even the second technique chosen may be unsuccessful thus
'generatlng another set of technique ch01ce probabllltles modlfled
by the fallu*e parameter 8. |
R In the tutor Student model the fallure state assﬁﬁes-_an
impeftaet role because we assume that the student is reasseseiné
his own teehnlque ch01ce probabllltles in order to transform the‘
problem° Experlmentally, we obse rved that in approx1mately 50 of_
the caaee where thu sfudent entered the generallzed failure. state
-(to be dlscussed), a 51gn1flcant change occurred in hlS teﬁﬂhi&ﬁe;
_response probabliltxe:,:
A compl catlonrarlses fromroer lack of a. prlorl knowledge-
'or whieh falllng technlque the student may choose,r To justlfy the
MarROV1an assumptlon {that the properties of the system do not.
depend on the past history of the process), we would have to
specify in advance all the possible failure states that could
arise. |
| In Figure 2.2 we show a system with two probieﬁ

classification states, S, and Spe A small subset of failure
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' Figure 2.2. A failure network for a two state system.
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states for state s, are shown. 'State'sal corresponds to a failure
of the #1 ranked technique by a student occupying state s, . State

s corresponds to a failure of the #1 ranked technique for state

all

S,12° and S5

Sait. a234

and so on. States such as sa
are not shown.

11112%a2> a3’
. Ifﬂwe insist'pn the exécf M§¥R6? pfoﬁess formalism, .we
must'ainélude_'an}finfinite nuﬁhér -of_ failure states with each
probleﬁz deéériptibn}'state. To avoid this, we suggést,. two
approacﬁés to célla%Se this multitude of failufe states inﬁo a
éing@gJ#téte; B .
Ihjfherfirst.aﬁproéch we generaliie‘ tﬁé-:probleﬁi.;;;;ing
procéss: fromf.a._discrete-time Markov prpces; tﬁlé diséfefe—fimé

semi Markov froéess. " Now not only do we associate a trahsiéion
prdbabi}ity. Pij- fyop: state i to state j, but we also specify a
hgiaing:fime Tij that is é delay the process experiences in state
; beforejmakingra transitibn to state j. The holding time Tij is
deséribéd by a holdithtime mass function hij(m) defined over all.
integral = values  of time from m=0 to m=infinity. Referring to
Figuré 2.2, we see thét the probability of entering the ''failure

network"” from state s, is P, 1 Immediately after entering the
2

network, the probability of eventually returning to state-sa is

p(salfallure) B Pal,a * pal,l (Pall,a ¥ Pall,l Palll,a)

The holding time mass function is then
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Figure 2.3. The collapsed failure network.

- 2

— .
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(only under
2nd assumption)
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. Para
Peail,a(m) T 77T 8 (m-1)
pal,b
+ JPary o ® all,a__ § (m-2) + ALl s _3)}
1 pal,b 1 Pa11,b 1 -Pa1p

“fail,b’

Thus 1f we are w1111ng to cope with. the additional generallty of
the seml Markov proceso we can collapse the entire structure down
to- that shown in Flgure 2.3, Fortunately, wel do mnot ‘pay
substantlal addltlonal penaltles when calculatlng quantltles of
interest such ‘as the mean number of steps to trapplng, or the
tlme 1nterval tranoltlon probabllltles : | o
.The second approach to dealing with failure states qiéﬁlan
approx1matlon, the exactness of which will not be discussed here.
In this.éaso, wo modif& our definition of 'transition" in the
. problemisolving éroceos.to'éllow only one step in the agglomerated
-failurofstoto oleigurér2;3. Formerly we.identified a transition
in the process with the application of a technique. This remains
runchanged.in the new.approximation except that in the failure
state, only a soccossful application of a technique gives riso to
a transition. The problem with this approach is that the
Markovian formalism is in serious Jjeopardy if we believe the
discussion of the previous section that the student's response
probabilities depend on  what kind. of failure he made.

Fortunately, this discussion 1is not central to the issue of
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~developing:a tutorial. strategy. :st  L=aii~. o wd vals Taua o seTeil

Summing up, the failure states can be modeled byfeither 1)-
ai semi Markov formalism with attendant additional complexities; or
2).'an approximation which changes @ the: definition . of :transition

1?fromrfthe3%failure-*state: and :eitherr-a) -raises. doubt:about the-

Validity"OE;the‘Markovian assumption;:or:b) tempts: us.~to ignore .

the response probability model ‘of the previous . section,.: Im
‘Chapter 5 we. shall have more to say about whether. the .. reponse

pﬁobability‘ﬁodel'iS‘supported by: experimental evidence...nz-wrv o

-nideﬂtificatich:gg_the Problem Solving States . = . .0 iz GisTa

 $hbject%ié'identification of the problem solving states. Although.
;fhéranis;ﬁo-kndwﬁ;-algorithm for selecting an optimal-set’ :of.
 sta£é§;§;§é¢‘shall«*outline; a two step  procedure that has-been
:sﬁcéessful;in'ﬁfacticel The first step is  to ~isolate ' the main
: siéges- of pfoblem solving in the new subject. *We:call these’

_ stages-décision points. The intention is that - separate- decision

points must: involve a separate set of alternatives for the student-
for which he must employ his problem solving judgement to proceed..
Some . -subjects: may. only involve one decision point.  The second

 step of state selection involves selecting a set of problem

description classes for each decision point.. These classes define

all the possible problem descriptions -for the student when he

reaches that decision point. .The remaining states, the failure

e
s

-iﬁﬁ ;?ﬁe:mostfimportant- step -in ;developing~_av:tutorzgforﬂﬁd..
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states, must also be -defined, depending upon how the teacher
" wishes errors to be héndléd.by the tutor.-
.. The state 'structure is highly variable.  For a ' subject
;like,;mefhedS'rofrintegration;the problem'solutions can be - thought.
of aség;singie.decision pqint.withrperhaps thirty -distinguishable
_staﬁes;'}(représeﬁting- fifteen problem description 'stétes and
_fifteen'ffailure ,Stafes); After an integration preblem is
transformed, either -the problem is solved or the student returns
to thé'sameAdecision point, characterized by  the -question: ‘. how-
can ﬁﬁ§  intégrélzbe_transformed_to yield a simplexr integral? The
state structure for integration contains only one ° decision point’
since:finferconnééﬁiéﬁgufamong-the various problem types are quite
geneféi{;{ The:?stﬁdéﬁtrﬁhas substantially - the ~.same set Iof:
subalﬁefnétivés:fﬁffeaéhtproblem.' In other?words,:anvﬂekponential:
',inpgéraﬂdﬂ;maf_beitransformed intoia "quotient. of polynomials'". > or:
into fiéﬂ; "tfigoﬁoméfric-J integrand"” 'or into =an; “exponential
:integ'-r%lnd'f-; again,’ s z SRR R civion Cwaidono ko nanaTs
wt;ﬂ;@ﬁThe}second step of our procedure, that of choosing problem:
description sfatés-atieach-deciéion poinf,'is moré'difficult.*'The:,
" difficulty stems from the fact that in many cases the most natural

way. to select problem:descriptions is according to the method of

solution. - We soon discover that 1) different people solve the
same. “problem in different ways and 2) students new to the subject
have no way. to tell what state they are in. It is no help to be

told thati'this kind of problem is solved using technique T" when
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"this kind of problem'.-is. defined - as the set ;best solved by
technique T. As a guiding principle we state the following: - -
A problem description state must not be defined solely by

: means - of the technique used to solve -its member problems

unless those problems are easily recognized and the use of
the solving technique is the sole recommended practice of

experts in the subject.

It could be argued that if a state is defined that meets

the;_exceptioh=sconditions of the above principle then since no

‘judgement is required, it is really unnecessary to have a decision

_point at that stage.of the problem solving process. : However we

shall see in the example of methods of integration that often

théfe exists a mixture of techniqué dependent states and states

defined;from other considerations.

_Our'mainfinterest in defining the- problem description

“states -is.-that . these state definitions must not depend upon the

observer, We shall often wish to compare a student's state.with a

siéilar one established by the _tutorrbecause the tutor at all
-times knows the techniques it would use to try solving a problem
of .the given type. . If is essential that in such a.case we are
comparing the same subset of thé total problem domain. This is
why we must take pains to allow technique dependent states only
when én impartial observer would agree that the definition was

natural, -

L REL
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.The definitions of the other - problem descriptionqutates-
'dgpend7rbﬁj“hbw problems are described. Roughly speaking it is
-desiraﬁietté*gfouplfogéther problems with similar characteristics.
Surprlslngly, “such’ grouplngs may yield a rich variety of different

problem approaches For 1nstance, the integrals

mightféli be”relegated:fO'fhe same problem solving state since
they' have 51m11ar characterlstlcs, but they are usually solved by

qulte dlfférent approaches

Sféfé Séiéctidn=EXampiés T T S

- : BécauSe-§f ?be:importance of the selection of  $tafe5tho:
théﬁtGEOfiél:étféfégy; the following examples are presénted of the
stéte*éélééfioﬁ.prbcédﬁre‘as‘ it ‘could - be . appliedflto?ﬁfamiliar
sch001 sub;ects .

“To empha51ze a p01nt we shall chcose first the simple
_ Subjéct* of multiplication of intégers, as might be learned by
elementary school chiidren, In this subject we will identify only
one  decision point,'whiéh can be described by the'question: what
~ is the product of the integers m and n? This subject can be
represenfédfhya.simple problem structure consisting bf one problem

description state and one trapping state corresponding to a
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corréét solution, Although the'Squecf of integer multipliéation
presents us with no automatic state divisions for its Single
decision point, the séudents provide considerable additional state
structure through vaziéﬁs féilure'mgchanisms, _Sﬁecifiélmféﬁ;dial
féétion can then bé ta£en to deal witﬁrfhe—problems of each failure
tyig.vﬂféf ékamﬁle,fiét us divide the-Stﬁdents' poésibie erroneous

nrésponses.into"the following four states:

1. Differs,from the correct answer by either-1 or 2
. 2. Diffefsﬁfrom'the correct answer by

" a multiple of m or n

- 3. Null response

‘”l1:4? Otﬁéf ££Ebrféct number
We have triéd to construct states as dependent as posgible'

:§@ H§feéifié "failﬁrg techniques”rthat-might arise;_ For:state #1
éﬁgfé we:.havé'.assuméd _that the  student has meﬁoriied.; the
.ﬁ@}iiplication;'tables imperfectly. For state #2 we assume that
fﬁé.étudenf confhsed_one entry in the table with another. State
7”#31 represents' a lack of understanding of .the multiplication
_process by the student. Figure 2,4 shows the state transition

. diagram for this situation.

| ‘Many of the ideas developed in this chapter are of
interest even in such a simple case as our multiplicétion ekamplé.

The expected number of steps v for each student is a measure of

the expected number of errors he will generate on a typical
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- up

50

initial st.’ |

multiply mn

solved:

“.null

response

Figure 2.4, State structure for elementary multiplication.
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multiplication problem;.'Probabilities like Pyg (thé probability
" of a fransition from state '1 to state s} are measures of how
probable a correct response is after a student makes an error of a
éertain-type;' TheIChange of this probability over time would be a
ﬁeasure of the tutor’s'effectivéness. Of_course we must remember
'thai the state ‘transition probabilities depend upon.both the
fechnique choice = probabilities and the technique result

'probabilities; that is,

Pix < ztij 5%
Severai'of the'tijﬁs may be non-zero for a given state. Sy« For.

2

multiplication:pfocess, we can only surmise that the particular

example, ' even though we find the student in state s, -of our

proposed.failﬁré is likely. It could happen that the student made

a wild guess that fit the requirements of state Sy I

DifferenfiaI'EqﬁétEOns Examgle
A more'cémplicated example can be constructed from the
subject of ordinary linear differential equations. Apart from the
increased complexity of the problems compared to  integer
multiplication, we mﬁst introduce three néw generalizations in the
problem solﬁing process. The first is thé'added mulfiplicity of
problem description states. These include first order equations,
second order equations with constant coefficlents, and second

order equations with variable coefficients. The second is the
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pﬁésibiiity of -two decision poiﬁts in the process rather than one-
.as in the'arithmetic examplé. These decision points correspond to
finding the pafticular solution and finding - the -homogenéous
solution. - The third new édmplexity is thaf the process of solving;
diffefential :equatidns' itself often involves a fundamental .
'uﬁcertainty fo the"apprdaéh.- Once a person 1earns.how to multiply
integers, he usuélly épproaches multiplicatioﬁ problems
algorithmicaliy. However, differential equations cannot be solved
by any comparativelf simple algorithm. The student must exercise
his ‘judgement at each decisionr point. to decide.which type of
'solutibn.schemérto ﬁufsue. The power of the tutorial methods we
are developing allows us to consider not only algorithmic subjects
like integef ﬁnltipliéation but especially subjects where problem
'solﬁtion-is:sémething'df an-"art". A preliminary state fransition
'diagram for ofdinary linear differential équations of the first
and sécond .o:ders is shown in Figure 2.5 along with some
ihteresting failure Sfates and .‘sqmg‘f indigatéd . technique
possibilitieé. |

As in the multipiication example, the expected number of
steps allows us to calculate.the expected number of errors made by
the student. If vy is the expécted.number of steps to solution_
for first order equations, then the number of errors for each

starting state is
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Figure 2.5. ‘State structure for differential equation solving.
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'El = Vi - 1.
Bnzee = Vh2ee ~ 1 .
Eizee ™ Vizee 7 2

P

*Phgve,1 T ph2vc '
2+ (1 -

Bpve.

Einci_ : '*Swphévc,l Ph2vc 1)

where‘"iévc"fre%ersfto'tﬁe state labeled innomogeneous g?d order
variableé coe%ficients; In the first three equations we subtract
elther Iror 2 steps correspondlng to error-free solutlons. In the
last two equatlons we subtract off the number of error- free stens

welghted by the probablllty that the student w111 reduce,rthe

equatlon to flrst order. Thls model has employed three dlfferent

L

types of fallure states. For 1nhomogeneous second order equatlons

B T i3

with constant coeff1c1ents there are two fallure states depending

i 4

upon the -method of soiutlon attempted by the student. For

T i g e

homogeneous second order equatlons_ w1th variable coefficients

- .m..\_r...;'—.«.r o

there are’ twohfallure states correspondlng to steps commor . to more

than one of-tne technlques. Finally, for_frrstlgrder‘equatlons we
have condensed all the fallure states into a single state' beceose
of ”the- larger number of possible solutlon technlques. Eachﬂoﬁ
'these failure state examples may be handled by the fallure stete
coalescence techniques discussed earlier in the chapter.. i

+

Physics Laboratory Examg}el

The third example of choosing states is a simulated’
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' physics.laboratory, Imagine that the assignmentfis:to measure the
.acceleration -of gravity. The students are  performing. .this
experiment as part of a series of simulated mechanics experiments.
In; fact, if desired, the students, - rather than “simulating._the
' experiment,.:;ould actually do the experiments and -allow the tutor
.to ﬂifec#lyiobsérvekthe measuréments, The  laboratory has at its-
éisbosal ;a variety of mechanical devices: spring mass - systems,
-édjusﬁable dashpots, falling bobs, pendulums, _inciined planes, -
.:cﬁbes_ énd spherés of specified coef£icients-;of-friction,”and
_ééﬁbrﬁedrpﬁileys, levers and motors:tc_suit the,'studentJS needs, |
 fhé-:student_:éispﬁ:has: a number. of measuring devices available
:ingiuding.a stbﬁ,watch-to_measure‘time, a variety of .rulérs;_and
"ﬁiﬁfﬁmeters ,tp7;méasur¢ distance, and é_ recording device that
ﬁéasﬁres position at frequent fixed intervals of time from which
. iﬁsiéptaheous.,felocity can _be_estimated.“:The students are then-
aiiﬁﬁedjfo-gxpefiment_ény way they:desire, as long as they make a.
Léaréful egtiﬁaﬁé;‘of the measurement errvors ‘incurred by their:
égrticulafﬁsetﬁp; If their error on any particular measurement is .
too large, or if the tutor thinks that the student's measurement

technique is inferior, the student must try a new appro#chg_~

. The constraints we have just outlined are fairly typical
of college physics labofatories, yet this situation lends itself.
1. ~Compare for example the EXPERIMENT program for_thé'PLATO CAIL..

system by Bitzer, Probst and Walker.
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~well to the problem solving model, We consider the student to - be:
in- one offthreé“problem‘description states at all times, unless:he.
-is one of the failure States- or the giveup or solvgd‘ states.s
‘These three “states correspond to an attempted measuring of time,’
_distance;“and'instantaneOHS'velocity;«? Briefly;‘ we - can’:imagine:
several approaches to this problem: '1) measure the instantaneous’
velocity of the'falling bob, solving g = v/t ; 2) Meaéure the
period T and length L of the pendulum, solving g = 4 ﬂzTg/L 5 3)
Measﬁre ihé'ihstantaﬁeoﬁ5hvelocity and vertical distance traveled
of'Jthé pendulum or “fhe falling bob, solving g = vz/(zd}f;,dj;
Measure:the' time and distance traveled of the falling -bob,f?g “E
(zd)/TZ?*i’S) measure ‘the instantaneous velocity of a solid sphere-
rolling down an iﬁclinedlplane of length L and - inclination angle
¥ ?measﬁring-“v"aﬁdifL;' solving g = vz/(S*L*sin(1y));i Each of"
‘these approaches”invblves a succession of measurement - techniguesi:
When‘fhe'tdrfeéf;méasureméﬁts are all made, the.problem‘is'solved;.
Figure 2f655h6wsftheiState model of our physics experiment, ' 1%752
" This“example Has a particularly vich problem - solving’
structure.” Transitions from each measurement state.to any of
seven other states are possible. The successful fransitions {to
non-failure states) may be due to any of several measurement
techniques'gpplied by the student. 1In this exaﬁple the technique
‘result probabilities (the qijk's) play a major role siﬁ;e_a
measurement might not be made with the accuracy necessary, Notice

that the failiure states may be entered from any of several states,’
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Measure
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-f- Failed to
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Figure 2.6. State structure for a simulated physics laboratory.
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In this case they each represent the failure to epply one of a
elass of measurement__techniques. As in the other}exemples}rthe
expected number of steps is a good measure£$ef a :studEni's
overall _expertise. The m1n1mum number of steps of. solutlongls
two; thus extra steps r present fallu es to measure the quantities
aceurately -enopgh g ‘or failures to set-App;~the measurements
correetly. & ; |
%#Thévstateﬂeefinitionsrin‘this example wererchosen S0 ﬁhat
allfféff%fﬂeﬂ»preﬁosed- mechanics‘ experiments -could'fit'ihto bne
schemeuw We ‘can thus 1nterpret the transltlon probabllltles to the
fallure states: as general weaknesses in the student s laboratory
technique= of Icourse, the :example isa veryl simple, but the

'underlylng 1deas could be applled to a varlety of other fields.

Flnally, the subjects of medlcal dlagn051s and electronlc
troubleshoetxng 'should .be mentloned "In both of tﬁese sub;ects
human 5udgcmen£iis feq£ired to'Soive problems. The doctor.can be
imaginedi-fo progfeSs 'through various states of information when
making e diagnosis:(WOrtman, 1972); at each state evaluating the
available optiens and proceeding on the basis of.  his best
judgement. The electronics troubleshooter also proceeds through
states _of information and must use his judgement to progress
through the tree of all possible actions. These are examples of
subjects well suited to the tutorial approach and to the student

being in control of the dialogue as he moves from one decision

peint to the next.
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The Transition Probability Matrix

The transition probability matrix for the system shown in

Figure 2.7 1is

s | v -
g | © o 0 ©0 o0 0 0 '
0 0

Prs Prg Pre Prp Prt

PrFr Pr pr t 0 Pr u 0

P, . P
F | “rps “rp8 FE  TF - T

€ 1 Pts Prg Per O Pyp Pep Pry O :
t. | P ffp-" P 0 p P P 0 ¢
Sl R A - tgt Ttpp TY '
v Pusfipug Puf 0. Put Qj_ Puu Pur | éé
u, | p. 0 0 N i
F P“FS‘qug qur " P“Ft- P“Fu ?UFF e

st

ThlS is a stochastlc matrix 51n§e all élements are . greater
.than 0 and each row sums to 1. This corresponds to, the fact that'
the states comﬁlgfely descr;be all p0551b1e student 51tuat10ns
| We could use the transition probablllty matrix dlrectly to
&aéélgn probabllltles to the student belng in given states ﬁM;teps
“after,startlng in a particular state. However, this particular
usé of the tr;nsition'probability matrix is of little interest in.
a tutorial syétem; We usually know which state the student is in
énd have a 'relatively vague idea of the trajectory by which he
arrived there! In other words, our interest is in the student's
parameters as ends in themselves. Not only do we want to

determine the student's p..'s, but we are especially interested in
Plj p

the technique choice probabilities . (the tij's) that we consider
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,P‘-

Fuau .
. trapping states = problem ' failure

description states = states.
" : ' {interconnections
not shown)

Figure 2.7. A general three state problem solving process. -
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to be the primary elements of the student's problem - solving

- heuristics.

The Information Updating Model - -

:H:f"jnjif.ié'oniouSTfhat"faé observers we can never know &
student's transition probabilities or his technique ' choice’
pfoﬁabilitiés exactly. Two processes are usually working
éiﬁultanéousiy that affect our. observations of the student's
:ﬁéfahéferé.' The;%ifst is the number of respbnSes measﬁred at any
: éiﬁé;s éime?.'_Asﬁwe measure succéssive:student_responses, we_must
' {feédii};ﬁgﬁété}oui model of the student. - Thef”chér pfocess;
:Qﬁ;;ﬁffﬁé hdpe isiQorking when the student is interacting with the
 £;to£;.ié:fhe'1earning process., In this case the student's real
ﬁaf@ﬁetgrs' are’ changing, not just our knowledge of ‘them. Models
wiil95éﬁa¢ye16ped to cover both situations as'part'éf'iéur’ﬁeffbffj
'_ééféeéidé“ﬁmpng:altern;tive tutoring strategies. -
Aj;zﬁi{Wéi"Shéiii;éSsume ‘that the  tutor's ‘updating ‘and‘’ the
‘stu&eﬁt‘s léarniﬁg processes can.be separated so that they operate
-indepéndéntly."Wé'éhall now discuss é Bayesian approach to the
updating *ﬁrogesé, 1¢aving the .lgarning process until the next
section. |

s Consider a random variabie X defined on .the possible
outcomes of a student's selection of a technique given that he is
in state si; 'We let X; .= j if T, was the technique chosen,

J
1< 5< Np. We now let tij equal the probability that X; = j.
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This is the. formal definition of the technique choice  probability.
t.. .
ij :
- If E is the event that in n independent selections from

state Ss the student chose technique ?j a totalkof.nﬁ times, - the

probabiiity,:pf this event is . given.. by the  multinomial

disti‘_:i_.but_i_on _L.;':‘ b |
' n! n n n
' 1. 72 N
(B[t} = TP VB PR
AR Eay By & c My -

where. the notation {E | t} means the conditional. probability . of

thei-gy9ﬂt€:5-'giVEPQ the set of .technique choice probabilities

. The above assumes that the probability tij is known, .

'tilé:?’fti
Sincé7;ﬁég;§reyuung§?ﬁé1n_fabout its _ﬁalue, it isrcpnvenigptétp;

_CoﬁSideéiﬁéij_ itselfi'gs 2 random . variable. To _engodeLJiéurV

.pnq?ftaiﬁéf ;abQth;tij5  we place  a prior distribution over the
domainwpf.pqssible probabilities.

. For this purpose, and | because of its convenient
mathematiéal_' propérties,, we  shall ?‘Choose the .Dirichlet
distribution (also called the multidimensional beta distribution).
In particular, the kernel of this distribution has the same form
as the multinomial distribution (the conjugacy property).. This
allows the Bayesian modification of this distribution to be

carried out in a very simple way. Formally, suppose the tij!s-are
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a priori jointly distributed. according to.

{tlE}:l.:“—" '_fBi(YI,YZ,----:yN|mlsm2:'-':mN). o

wﬂeréi 05 );k < 1 .and E Y = 1-
ST : ) A

The above'distribﬁtion represents the technique choice
pﬁgbébilities_'in,,a particular Staﬁe‘ s,; the subscript i being
. SLb?essed. :The N'constaﬁts-mi,mz,.,,,mN_ are the parameters of.
: fﬁig;{distribution and provide the enéoding mechanism for all of.
.égfiknbwledgeabput”the-tij‘s,. An important .pr0perty of this

distribution is that the expected value of ti" is

where again we have surpressed the subscript i. Other quantities
such as the marginal distribution of a specific T the variance
of tik’ and the covariance of ti. apd tis are easily derived. The
key feature of the inference process is that the m-parameters will
change as we obtain new data about the student. What parameters

do we start with in the absence of knowledge about a particular
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student? The choice of reponse probabilities characterizing.;the:
student before he makes a response is called the set of prior
probabilities. Although in many processes the original, of zeroth
set of prior probabilities will have little effect on the eventual
characterization.of the student,  caution mﬁst 'be..éxeré;séd.rin
choosing this set sincerit will have a large effect oﬁfﬁhe-initialu-
tutoring strategy. Chapter 4 will discuss a specific choice of-.a
zeroth. set of prior probabilities for the subject of methods 6fd
intégration. | o

.5%'vWeﬂwill'h0w"use- Bayes'! theorem to calculate the  hew-
distribution :ove?f thé tij‘s after. event E has changed our
knowledge of the'studénf; Event E corresponds to the student:

émitting"mi “responses of type i, where i ranges from 1 to N = N. -

We have
o {THE|TY
(T | B} = -mmemmes
nl
1 N
fﬁl(yl’ “’yN mls'n mN) “““““““ yln -yNn
: 'rrnjl
j
11
' ni 1 nN
n
J fBl(yl’ :YN ml’“ ’mN) ";r'r';""" Yl -yN dyl dyN
oo T

Note that the denominator integrates to a constant.
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my+ny My*hy My
. w2t N
| (’“1*“131_.5?_‘?}2)_1_____E'i‘lﬂii‘&fll
1
(m +n1+m m, +mN+n +1)1

=:fhi(y1’y2""lem1+nl’m2+n2’.'l’mN+nN)

Thefabove Steps jliustrate the value of the Dirichlet form -
for . the prlor dlstrlbutlon of the tij's. Bayes modification of
-the dlstrlbutlon requires merely adding to the “exponents of the
respéctlve 'yj's the number of selections of technique Tj during

event E. The posterior expected value of t .. becomes

B(t k)

As we accumulate more re;ponses from the student we
reduce the depcndence of E(t k) on the initial ch01ce of the
m—parameters, unt11 in the limit of an infinite number of'

'responses they have no effect.

The Student Learning Model

Earlier we remarked that two processes caused our state of
information about the student to change. First we developed a
Bayesian scheme for calculating thc reduction of our uncertainty

in the model parameters as we measured successive responses; we
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.shall call this the iﬁformation. updating model. We shall now
analyze the process whereby real changes in the medel parameters
occur as the student acqulres - new problem solv1ng techniques.
'Knowledge of this process is essentlal for predlctlng how exposure
to a glven problem w111 affect the student We shall rely on the
..leafning' model'ih the_next chapter when we scan a set of problems
to find the best'éxémpie.

PR TPiibr:to e;iearﬁing event E our knowledge of the student's
technique ~choice probabilities is represented by the Dirichlet

distribution:
{tIE} = £ 01 vy lmpmgs e my)

= -;;;Q:_t}_;__t y.mly mz...y g ey M, Mg > 0
B(ml’ " mN) 1. 2 N 71PN

Slnce the posterlor dlstrlbutlon for the event E is in
turn the prlor; dlstrlbutlon for the succeedlng event it is
.conveslent to requlre that the posterlor‘ dlstrlbutlon also havef
the Dlrlchlet form. Ideally we would like to 'ypdate" the prior
distribution in the same manner as the information updating ﬁedel.
.However the possibility of a real change in the .student's
technique ch01ce probabllltles creates a new uncertainty in our
'knowledge of the student. For instance, if we have updated our

beta density prior distribution with 20 consecutive responses,

assuming no learning, we have substantially reduced the variances
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of thé technique'choice probabilitiesp_I;Howeyer 'if the - student.
suBsequently .is exposed to a better solution strategy, or
1éncounter$ a new problem form in the same class, he,hay.alter, his
fesponse_.pattgrns, over all the problems belonging to that state.
.it.ﬁoula théﬁ be inc0rrect to assume. that our knowledge. of his
. respsnse probabilities is still represented by the simple Bayesian
‘updating of the prior distribution.

Our state of information about the student can be imagined
to. _progress mpnotonically between "discontinuities" that occur
with [eaéh_ iearning, event. - This is, of course, . a. - Sstrong
.assumption, The student's learning process.and the observer's
updating frqcess,-:in general, are constantly competing. The
&iscontiﬁuify assumption was, however, suggested from observation
-of:caiéulﬁs_students interacting with the methods of integration.
g tufor;:;.in Cﬁapteras we show that pélculusastudénts do; in. fact,
.éihibiﬁf-respdﬁse_ discontinuitiesa' Qualitatively, = a. . typical

student_episode'Went as follows:
[

lj‘tﬁé séudgnt.encountered arﬁéw.problemrform

2) the student eﬁtered one or more failuie statés
.attempting a solution

3) fhe student received tutorial assistance

4} thé Student (often) worked several more problems

before returning to #1 and #2.

It is «clear that the distance between . learning
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discontinuities depends in part on the existence-of-“severalrmore-
-problems""in'stepi4-aboves" One can also argue that even if ' the
-studeht'“does ‘not  enter any failure states that -learning is
distribUted;emong'subsequent problems as the student experiences”
further' sueeesses“ ﬁith his new techniqueSﬂ - If this is true,.the
”discenfinuify”i is"perhaps' only a gradual 'change.V::However;t
'Chapter 5 shows that for calculus students the change in response-
patterns;is; typicaily abrupt. This lends confidence to the
assumptions *fhat‘“the.'learning process and the observing process.

canﬁbe'consideredlindependently and that learning typicaliyvoccur5~

sudden1y¥gnd:speradically.

s What are the ”pafameters of our. distribution: for ‘the:
student after "a 1earn1ng discontinuity? Let us assume that" the:
_student iscin problem state’ Sy’ and chooses’ ‘technique® TES‘ ‘which>
‘results 1n “an: unsuccessful transformation: fAlthoﬁgh the student”
' could- eﬁoose another unsuccessful technique, let us ‘assume thaﬁ:heﬁ
then 1 1eheoses technlque Tk’ which.” yields ~a.::succesfulz
transferﬁetion We shall label this sequence the event E,  Since
the student eften asks for a551stance when he enters a fallure
state, thercholce of‘successful technique may be due to a tutorial
hint. A first candidate for the student's' technlque choice
probabilities after event E could be the pfior distribufioﬁ we are
- willing £5 ese.fof a student before any contact with the tutor, A
better candidate is this distribution modifiedw by the new

responses suggested to the student by the tutor after the student
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entered the failure state. However this .approximﬁtion  d6ég;'n6f
reflect the student's prefioﬁé .work. Observation of calculus
étudents suggesﬁs that the failing and successful techniques in
event E are the techniques most substantially affected. We thus
-éssume that “the student's technique choice probabiiity tij
(choosing technique Tj from state si) that led from problem state
_silto'the failure state S;¢ is modified by a learning parameter
@ , and that the probability t., of choosing technique T, (the
spﬁsequéﬁtiy successful choice) is modified by a related parameter

._ﬂ;;f;tﬁé,f,

RIS I LIRS

. g o - . . . ful
Yij,posterior .;.g~4-“'t13,Pr10r » T(3) unsuccessfu

L R =.77 . L B S . ,' i I'"":'.-i"','_:'i”'-.‘i,'_ 2
tik,posteriOr _'ntik,prior | » T{k) tutor's choice

where ' m = ---PElK

EE tix

T is a factor determined by @ that renormalizes the sum

Z
m

the only technique choice probabilities for state Sis ando = 1/2,

tim,posterior to 1. For instance, if til’tiZ’tiS = 1/3 are

then

M= ommmseese e

If the failing technique Tj is T, and the. successful
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technique Ty is T,s then

. ’ 1 I
-‘til,posterior = Q(I/S) =_fg_
" :‘.l:"‘ - %
..kfFiZ,pOSterior‘% 1(1/3) f‘_gf
B . = t, . = mme
. 13,posterior i3,prior 3

‘71¢1.is a factor 'depending on the problem and on the
student. in_.Chapter 5 we show that in practice w can_have'é
fairly wide range of valﬁes for a given student. We must also
assume that a .'wi11: change in time as the student becomes more
' experientede In fact, it is clear that if thé: student 1s to.
evéntuallyr;pohverge.dn the tutor's‘bfaglém éo;ying heﬁfigficg; &
must.approach 1 with increasing time. It -is convenient to.
consider « itself as Eeing distributed.écéording-té the beta

function:

Now, however, the learning model product at, is no longer
beta distributed. This is apparant from considering the simpler

case where a probability p is beta distributed:
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| . _ o
T T pia - Tt
o E(ml:mz) . i

and the'p:oduct § = o p is distfibqted accprding'to

1 1.

_. . :i .d.  7 ' ) . i o _:
£(8) = - --- J I-f{p) (o) do dp -
. . ds ) L L

o

This integral is hard to -evaluate in closed form} “but if

@ is assumed to be uniformly distributed with r = 's = l,rthen

D U 1

ST d : : :
£(8) = - J £(p) o dp
Cods lorp

. |

6]
= .____rdp
Ifjwe also assume that?p  is uniformly: ﬁistributed with
m = m, =.1, th;n |
: 1 o _
f(5) = -dp = -In(8)
: & P : L
which obviously is not a beta distribution.
Since it is useful to preserve the beta distribution form
for the BéYesian updating procedure, we shall choose a beta

distribution whose mean and variance are equal to the mean and

variance of the prdduct_'distfibutionz. In the simple .case
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discussed above,

resmorm
v T R — 22
: — -2 2 -
and 8= 8- 3= ap - TP
. 2 2
) r(r+l) ml(m1+l) T m
B e o emsomeeme mme s s m s S omemme s S 5 =====-=-3
(r+%2(?fs+1? Fm1+T2)‘m1+m2+l) (r+s) (m1+m2)

T;“f%“' =-‘€ Pl

SRU RN [
n (n- + 1) n 2 Q-
_______ e S S SO

——————————————————————————————————————————————————————————————————

2. This procedure is known as the method of moments.
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. and solving for hl and n, we get

2
8§ (1-8)-62%8
n1= -------- :r ————————— :
&
v
: 6*(1L - 86 ) - &
n2=(1-6) ———————— -;-r ———————
6 .
For the case discussed above with m=m, =T =5 = 1,

v . .
& =1/4, & = 7/144 and we find that n, = 5/7, n, = 15/7. This

1
‘provides us with the parameters for the beta distribution

-raP?foximation:of-—1n(‘sj. We -then compare

E _w'ith -1n(8) .
Figufe 2.8:shows'the two functions plotted. It is clear in Eﬁis
caéé thét'the Beta distribﬁtion is . a very acceptable approximafiéﬁ-
to the exact product @iétribution. s
The last few'paragraphs have discussed a simplificatioﬁ'of
the model. _Whén we generalize to a beta distribution involying
Iboth .-the: .unsuccessful and  successful technique .choice
prébébiiities, the results are similér. In particular,

1 .
f(t |m) T e me e — e t ml—l t m2_1 (1_t1_,t2)m3"1

1 2
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Figure 2.8. Béta,distribution and the exact product distribution
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‘where Ty is the unsucessful technique whose probability is
modified by «, and;_T2 is the successful technique whose

'probability is modified by 1. The new beta distribution is

! n-1_n,-1 ng-1
T 1 C1LO IS R e T R
7 B(nl :nzans) . ) .
vhere ul'c0fresponds to_'atl s
."uz'cofresponds to T7t, ,

‘and_':us corresponds to ts -

R_é'fw+.s and M = 3 m; , we have -
et i
‘r my
'R ;
2

we

‘from the univariate.analysis, and solving for ny, 0,, and ng

—2.7 . .
up Q-uy) -uy g
uy _
(-3 -,
u u,) - u
: 1 1 1
n, + ng = {1 - ul) ------- Grmmm—e—s
u
1
Ty
Ry = ﬁ_ (n1 tn, + ns)

These last five equations completely define the wupdating
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process ‘used by the tutor when the stu&ent encounters a learningf
discontinuity. In”Chaptéf 5 we shall show that the instances “of:
student - leafniﬁgf:discontinuities can be éaéily ideﬁtified bjwthe;
tutof7

| ;We seeiﬁbi'ﬁhat.fhe two proéesées complément~.each‘§6iher..
Starting- with an original priscr distribution éf the student's
technique choice probabilities, we update ocur student médel un£i1
a learning - event sccurs {that is, until ths studéﬁﬁ enfers a
failure_sfaté), At this psint the 1earning model praﬁi&es ﬁé wiﬁhi
a new prior ; iStributicﬁ, ﬁhich we continue updatihé._ Thé néﬁ”
pridr distribution ié.linked'to the old through the &és;ribytion
of the learnipg parameter o. Actually since the 3is££ibuti0n.of.
Y wiil”in general depend upon the student and upon time, we can
imagine é_ third vupdating process invelving ¢ itself, Aérthé
studené.eﬁéounéers-guccaésive iearning evenis we’ the-”cbéérvefs?
will .impﬁové oux knowledge of . We could call this pPYOCEss
'"getting‘éo_knowrthe s£udentﬁ° For the time being we'will rassuﬁé
that « has a fixed distribution iﬁde?endenf of ﬁérticular
students;. The challenge will be to deduce this distribution Jffcm

an experimental environment.

Expected Number of Steps

To obtain the student's transition probabilities, we could
carry cut a simiiar updating process for the technique result

probabiiities {the qijk's), or alternatively, we can measure the
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student's transitions directly. Once we have what we consider

reasonable estimates for the pij's we can calculate the student's

expected number of steps to solution from any starting.state;
Using the-theory of transient Markov. processes, the. matrix of
gipected deléys before trapping, [v]; 1is related to the modified
state,transition probability matrix P* (created by removing -all
rows and columns of P corresponding to the trapping states) by

. -l
(-] =[1-P]

where I is the identity matrix. Thus the sum '§ Tix :'vi is = the

sum of the delays in all possible states given.that the-éYstem.

started in state 5. and this is the expected number of steps to
solution of a problem begun in state- s;. Equivalently, the
- product

[r]

e

is the column vector of the expected number of steps to éolutioh
from each state. Each. of the térﬁs VTij .is useful as an
indication of where the student ié spending his time in the
solution of a problem begun 1in sfate PR We can examine the

expected posterior i3 for students with wunusually long problem

solutions tc determine whether they are spending_time in failure
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sstates or in legitimate transformations.
Similarly it is helpful to know the variance of the: delay
in each state as well as the variance of the total number of
' v

steps.- - Again; from the theory of Markov processes, the matrix N

of variances of the expected delays, ;ij’ can be calculated by -

. - o
where N? = rle(+ 1) - 1]
and N = ¢, the matrix of delays.

Note that the box notation A [JB represents the term by term
multiplicatiqn operation for two matrices of similar dimensions,
ie. if C=A[]B, thenc,. = a,, b, ..

B AT , 1] 1] 1]

The column vector of variances of the total delays in the

.process is given by

where <+ 1s the column vector of the total expected delay in each
' NV BT T | . .
state. Note that v # L N 11 ] because the times spent in

each state are not independent random variables.
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HThe'Tutorial Strategy

Chapter 2 “introduced a general model of a. student solvingi

'problems.f From thls model we defined 1mportant parameters of therfff‘

ﬂ;student's understandlng of the subject,: such as ‘his’ expeotedfkn’ J

unumber of ~steps to “solution, his 1probability of choosing a-

technique (t..) his probability of arriving in' a 'given statef"

after applylng a technlque (q Jk), and the - probabllltles of

enterlng or 1eav1ng a fallure state (p and PE; . -We dlscussed'fmy“E

-spec1f1c methods for encoding an. observer s knowledge of the
student and for modellng the student learnlng process.; This
:chapter W111 present a real time tutorial strategy for computer

3551sted 1nstructlon that will use these models as 1t5 ba51s. The

R essentlal elements of the tutorial strategy are E'st'udent trouble
thresholds whlch when exceeded, cause the tutor to ;1ntervene in
-the: student' - problem solutlon' a set of problem soltlng
prlorltles used by the tutor to give hints; two problem archlves
- which the tutor can scan for problems that wtll mpptlmallye
challenge or.optimally help the student; and a self;'improvemeot
scheme that allows the. tutor to incorporete the best problem
solving strategies of its students. In addition the‘ totor. can

both help the student apply techniques and can modifp{itsnown

-subject‘breadth to tutor students with differing backgrounds.
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Figure 3.1. The flow chart of the tutor.
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. The Plan of the Tutor

.Figure 3.1 is the flow chart of the tufor.. " This ' chapter
:will'_discuss each element of the tutor.in the order of execution
of a typical tutorial episode. ' From a macroscopic‘viéﬁpoint; “the

g fﬁnctidn  of the four elements in the upper left corner of Figure
3.1 ié to initialize the tutor's knowledge about thezréfudentf"énd
to  seiec; an example to work. The large circuit of ten elements
in the center and lower portions of the figure handles the actual
working of the example and the tutor-student diaiogué.'"Aftéi!thé

.§tﬁdeﬁt 5qcceSéfu11y terminates the préblem, ‘the tutor“performs
éeﬁtéiﬁ_ bookkeeping functions and tests the student’s problem
soiving'péttefﬁétfbf signs of major trouble, 'ThiS'lésti'bhééé?rié

 sh9&n. in_ﬂthei:UPﬁer right cormer of figﬁfeféil,f'The‘tﬁtorftheﬁ

P e P 8 PO

returns to find another example.

i"ut'o'ffIﬁiéial’iiaﬂfigﬁn: - Dynamic Subject Scope

HCE fOnerbf‘ thé"characteristics: 6f<Ttﬁe' fﬁfdfféiifiﬁésgwiaf
'leéfﬁing ‘is the dissimilar subject backgrounds of the students.
Often the students are involved in a lecture phase at. the same’
time they are interacting with the tutor. Since the tutor is
" structured to deal with individuals-it must be éble to tune- its
level of présentafidn to.tﬁe capabilities of each student. This
-1s accomplished by querying each student as he logs in about which
techniques he is familiar with. A new student would be asked if

he knew each of the NT possible techniques. Thence afterward the.
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~tutor would only ask him about those technlques he had not known
in an earlier session.:
_ During the session the tutor has the student's list of

unknown .techniques. . Whenever the tutor encounters a situation

;where it would ordlnarlly glve an unknown technlque as a solutlon

h1nt _1t_w111_warn the student that he may be venturing into deep
water, The student then has the choice of aborting the problem
solution as too difficult or choosing an alternative tutorial hint

~that he knows. . .

P Fhienprocess of dynamically altering the -subject scope

alsq_uallowse;thejvtutor to choose only problems from its archive
that;cen_be workedyby'techniques known to the student. Since an

outline.ﬂof:;the'_teacher's solution is stored with each archive

problen; the tutor'rejects any problem using unknown techniques.

_ Thus the student in general has access to a subset of the problem

archive. In fact we see that the coucept of the dynamlc sub;ect

scope generallzes the tutorlng process slnce for a tutorlng system

with NT p0551ble technlques, there ex1st 2 T p0551b1e subsubjects

all tutorable by the same tutor.

Selecting EE_Example:_ The-Tutor—Stuoent Distance

If the student hae_no example of his own, the  tutor will
select one'from its example archive. 1In order to choose among its
examples the tutox first calculates a "dlstance" measurement for

- each problem description state that expresses how much the tutor

v
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and student disagree in choosing problem solving teéhniques. This

distance is given by

.where Tij is the tutor's relative fréquency of applying technique
_Tj in . state S5 and tij is the student's expected relative
frequency of applying the 'same technique. The tutor's ;Tij- is
determined by scanning all of the problems in the ﬁroblem archive,
searching for oécurrences of state-si, Thé tutor-student, distance

céq, range in value from 0 to 2 for each state, corresponding to

compléte agreement or complete disagreemént,; respectively. .. The.

fpllowing' parégraphs discuss alternative schemes for choosing the

best.problem for the studeﬁt using the tutor-student. distances

DyseraaDye

~ If we know in advénce what responses' the student would

makggl we . could $élebt the problem that would minimize the_tota1 

distan¢e"
Dr = :Z ]
i
'posterior to working .the problem. Lacking this - perfect

information, we could nevertheless calculate the probability of

the student choosing technique T; in state si; given his response

probabilities tij' For instance, if the original problem -

description state is s,, this probability would be

v B
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where ﬁr; is the'probability of.the student making .a transition
from stat§.sr‘to state Sg- | .

jihTheréhange in the student's total distance DT could thern
._be esfimaté& by.'cérrying out.this calculation on each candidate
_problem fdr}allibbssible states and techniques.

f%fAbéft’ffom'fhe Eomputational complexity of this scheme,
.there..afé;fQOVSignificant objections to its use. First, we would
find.that-all proﬁiems.qﬁ the same initial problem description
“state givéﬁidenti;él ﬁredifted contributions to the change in Do.
This still ieéves3us with a choice to make among a possibly. large'
number '6f.:problems, The second objection is- that such a
computation ignores the solution used by Vthe tutor for the
particular.problem except insofar as it_éontributes to the tutor's
Tij' What is needed is a model to predict what relation the
student's particular solution will have to the_tutof's particular
solution,

To pose such a model, we assume that if the tutor-student

distance for a given state is large, the student is more likely to
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enter failure states and more llkeiy to get 1nto 51tuatlon§”_y§ere
the- tutor gives h1m a hint that may change hlS problem solving
‘patterns. Although the tutor's hints are not based on -its, own,
particular solution, the tutor does compare ‘its solution w1th that
'.of“the-student upon completlon of theaproblem._.:;;;:_~ neudT

B ;;A.reﬁsdnabie.measure of,é candidate : problem is  the:.: set
{Di"bji bk’ oo , Dm} of tutor-student _distances,'for states
encountered: in the tutor's. solution. The - expected. _ekample

distancefDE of this problem is-the weighted sum -

34

Dg = Dyt Py D5+ Py Py Dt TPy P Dy

;where the tran51t10n probabilities are those of the student.. . The:

expected» example distance has the following desirable features:

.1) 1t 1s computatlonally tractable; 2) its value is “proportional-

_ to the expected ~occurrence of tutor;hlnts'and;comparisonsyxhatr

w111 change the student's t. 3'5;.3) it depends on the-entire tutor
solutlon and w111 yield very.few ties among candidater preblems;-
and .4) since it is Weigﬁted by the. student's transition
probabilities_.it takes into account the 'possibility that the
studeﬁt may divefge from the tutor's selution.

- To éeléct an example, the:tutér calculates the expected
example . distance for all the unworked archive problens,
eliminating those using techniques unknown. to the student,  and

chooses that problem with maximum Dg.

Gt
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:Choosing_g_Technique‘

When the example problem 1is eétablished, either by student
initiatioﬁ.qr archive selection, the student is presénted with the
'fundameﬁtal'qﬁestion: "What .shall we do to solve it?"! .He.-then_
has three fundamental choices,. He may néme one of a set.of
problem transforming techiques; he can. attempt t§ finish the
problem 'diréctly by either guessing the final answer or correctly
'identifying_the'integrai as "known'; or he may ask the tutor. for a
hint. The following paragraphs discuss how the tutor handlesVEach

of these options.

. Unusual Technique Threshold.

R & § fhe.student decides to mname a problem transforming
techniquej.:theirtutor needs to measure the appropriateness of the
respbnse;t Inikeeping with the goél of giﬁing.the studénf:as much
freedom’ésjpossible,.the tutor should not comﬁéntion.the student's
" choice of technique.unleés the tutor thinks the sfudent'.ma&érJa
very poor choice:

We define a simple threshold that causes tbe tutor to
intervene whenever the student. chooses & technique that ié
unlikely, in thé tutor's view, to provide a successful
transformation in comparison to other untried teéhniques, hlf'ei
is an adjustable gquantity between 0 and 1, dependiﬁg upon the
state s, which we call the unusual technique threshold.parametér,

then we define the unusual technique threshold_Thti as:
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Thfi ] [mgx tij;tutor}

In other words, the threshold is a certain fraction of the tutor's
. response frequehéy for the most likely technique in that state.
The unusual technique threshdld is exceeded whenever techniqué‘:Tj

chosen by the student satisfies

< Thy;o

tij,tutor
In other_words, the tutor looks at its,own.pfiofities:to decide if
:the student chose a technique below the tutor's relative frequency
~ threshold, | | | |
If the tutor's technique probability falls.'belowi';he
th;eshold; the,tutof will stop the.student.to ask if he would like
a hin£ since his.chdice is suspicious, If the student desires..to
p?bceed with .ﬁis. "unlikely" technique, he ﬁust be-éllowed«to do.
éo,"siﬁte]it*is possible that he is pursuing a‘line of reasoning
that .is_.not,_represented ih the»tutor'é arcﬁive.-_If fherstudent
opts for a hint, it is.given to him and he returns to "What .shall
we do to solve it?",
| Notice that if the student is in a failure state where- he-
has tried ohe.or more téchniques unsuccessfully already, he will
not necessarily be more 1likely to cause tutor intervéntion..
Although - the tutor's afchive contains no occurrences of failure
states, the tutor knows what its adjusted priorities would be if

this most likely technique failed. The probabiliﬁy for the most
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likely technique is demoted by the failure parameter ©, and- all
the - rest are increased for the sake of normalization. This
procedure insures that the student will be left alone by the;tutor.

unless hg'trigs somethihg quite unusual.

' Hint Generation

When the student asks the tuter for help in choosing a
_technique,_the tutor must respond from its own knowledge of how to
éolve tﬁe-problem.;:Thélcrucial point is that_thé tutor. does. not
know how" to‘ s01ve the problem! If a tutor is to respond to
arbitxary_student problems and solution pafhs, the tutor cannot.
_ store ‘certain preséribéd'soiutions in its memory. In fact, many
subjects ‘allow two-oi‘ more. solution. paths for most. of their
problems}: ' The tutor cannot use the particular solutiom stored.in
rits.aféhive:since uépally,the student either suggesfs his own
probleﬁ'pr &eviétes.from the solution path used by the tutor. The
 tutor derives its-own“réspéhse frequencies from the 'archive ‘by
ranking " the frequenéy'of the various techniques apélied for each
problem type. We refer to this ranking as the tutor’s Brioritiés.
When the. student asks for help, the tutor suggests the highest
priority technique. Successive  requests for help yield
succeséively lower priority technique choices. We caﬁ.thus state

the principle:

The tutor provides technique choice advice 'Ez_ presenting
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the student with its own technique choice priorities.

It is pbésibleffﬁat:the most highly recommended technique
Qiil not solve the- problem.. The student should be prepared.to_
_ fgil'bécééioﬁéllfyévén with "good"'advice-énd start the problem
léver"ﬁsing the next ﬁbst highly recommended technique. Since the
studeﬁf"isiieafﬁiﬁg'é process of problem solving, rather than the
s#iutidﬁé-.tba isolated problems, even such negative;ekperiences
wili bfoaden:ﬂis jﬁdgement by causing him to séarch for 1less

likely-éoluthn'ééﬂeﬁes.

Applying ‘the Techuique

R If'tﬁéﬁgfaﬁént avoids triggering the unusual technique-
'fhfesﬁblﬂ;T”hE ‘enters a subprogram specifically designed for the
| teéﬁﬁique;ijﬁéfgaﬁ is exposed to the second level version of "What
sﬁéifHWéJdddfagggIvé i;?ﬁ. In this case the studént-can suggest a.
.séiﬁfiénJECHéméEtsugh as "let uw = x" in a substitution, or et
u = ex;' av:;'sinfx)'dx" in iﬁtegratioﬁ by parts, "apply the half
aﬁéfe.identity" iﬁ frigonometric identities. Alternatively, the:
éfudént can ask for help, Following the application of the
technique, the-student has a chance to view the result and accept
it, féject the result and try again, accebt the result and apply
the technique again, or give up on the technique- altogether,

Theoretically, we could generate a set of priorities for

the. student when he wants help with applying a technique as we do
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-when‘ he . wants- help .with choosing a technique.. . ZEventually,
hpwege;%;‘weﬂ_must_ stop naming techniques and subtechniques and
actdekixwtayeathe etudent“through a manipulation from start- to
finish#;d This . 1s a practical rather than theoretical choice. it
is peeedbie te.imagine an 0ptimization“ scheme for applying e
techniqdetthatiwpuld.involve searching all the paths that could be
generetedety different applications of the technique and then
choqeiqgk:theﬂ path;that led to the state with the lowest ekpected
numﬁer of steps to solution. The objection to this procedure is
the . uﬂreasonable..overhead that would result from this real-time
dec151onv In the methods of integration tutor described Vin
'Chapter 4 the explanatlons of technique applications are handled
by spec1f1c algorlthms tallored in each case to the technique. 0f
'course these algorlthms contaln procedures for rejectlng problems
unsulted to the technlque, These kinds of predeterm1ned deC151OHS.
..tetmed ”w1red in heurlstlcs" It is important to choose the
stete derlnltlons for ‘any tutorlal system so as to diminish the
1mpprtegee_-qf: W;red in heurlstlcs, In particular, any decision
pedntdtﬁet_ellows a genuine divergence of ofinion among reasonabie
é:eb}ep solvers must not be handled by an algorithm that always.
cheogee one type of solution. If such a situation arises in the
construction of the tutor, a separate state should be constructed

that allows the student to choose among several paths and which

allows the tutor to apply the techniques just developed.
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Problem Length Threshold

-~ Following the. application of the technique, the tutor must
Rnow="if .the-:probiem solution is getting unusually long. - It is
often possible to perform a very large number of steps on a simple
- problem without triggering.tbe unusual technique threshold. From
Chabter 2, however, - if we know the tutor's state transition
probabilities. (the pij's) we can calculate the expected variance
of the number of transitions to stop, given that the problenm
stemted‘ in state sil “From this we can_establish a problem length

threshold::»a»*-"

Thli = \)i N A . \)i

.wbere vilis.the expetted number of steps starting from state S5
.(the .mean delay from state s; to a trapplng state), vi is the:
expected varlance of the delay from state s, 5 and x is a number
we ;call the problem 1ength threshold parameter. The tuter
| 1nterrupts the student whenever his solution length exceeds thef
number Th | defined as the tutor S mean number of steps plus "
standard dev1at10ns.. |
When the student exceeds the problem length threshold the.
tntot: Wlll 1ntervene to ask if the student wants a hint. The
tutor can not in general know exactly why the student is produc1ng
such a long solution, and of course must not force the student tor

terminate hlS solution. However, practice suggests that returning
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‘to the beginning of the problem and reexamining the: technique:
priorities will usually prompt the student into a better solution.
‘Students - who produce: unwieldy -solutions to ‘ostensibly - short:

problems usually have not asked the tutor for suggestions. . =—aiic

Finishing the Solution

- ..'The. student cen'continue to apply techniques to a problem
indefinitelyq "Bach "such application involves one loop of the
lower central portion of the flowchart in Figure 3.1, returning
each time' to 'What shall we do to solve it?''. Eventually the:
student will reduce the problem to a simple, recognizable form.
If this form is one of a 1ist of agreed upon ""known" forms, the.
.student can 51mp1y type "KNOWN" to termlnate the problem. The

P L

student may also try to guess the flnal answor, even 1f the

problem is not of the known form. Flnally, 1f the studeoti meet!
stop- worklng on. the problem before it is normally solved he may‘
glve up g B P Y : Coowny flmnoww

| “ FoiiOW1ng completlon of the problem, the tutor updetesltts

e

pfiot. estlmates of the student's t J's by u31ng the 1nformatton_
' updatlng and student learnlng models described in Chapter 2 ﬁ

| The tutor then prlnts a summary of the technlques employed
by the student to solve the problem. If the problem came from the
archlve, the tutor also prlnta its own! solution alongside .ther

student'sa This is a very effective way for the student to

compare hla problem SOIVlng schemes w1th those of the tutor,
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particularly ifg he  has solved the problem without tripping the.

tutor intervention thresholds oriwithout asking:for a hint/: i3

- Tutor Learning--"--;; R A SR PN S RY: 2 TS ¢ e S A SRR W S AR

e Mucheof the value - of the tutoring process we have’
developed :in this chapter - depends on the tutor being a good:
pioblem solver itself. In particular, .the technique  choice
conVergenCe’-gChemesi we proposed for problem selection would be
céunteréroduc;ivé;if.the’student was a.better problem solver :than-
théfitutoriﬂ .ihfffhiS“case the tutor would be attempting to bring-
~ the student,dbwﬁ]totits own level. - The use of this tutorial’
.$§hemé,QWOﬁ;&f;aiso, be severely restricted if the. tutor required-
initializatiqnﬁb?ﬁsome kind of grand ‘master of .the subject.:
Théféfofela_mbs£§;mportant develo?mentmin our tutorial theory is a:
'.salfﬁimprovemeﬂfféf:afegy for the tutor. We  want the tuforvrtow
reébgﬁizeﬂféﬁéérior st;dent solutions and learn them in such a way.
that'allgfutufe:fuforing decisions will reflect the_new knowledge.
ii..-.The tutorial system:as we have described it thus “far is
well -suited for. modification of the tutor's strategies. Except-
for the wired in heuristics all tutorial fesponses‘are determined
by ‘the tutor's technique choice'probabilities and the two problem
archives. . Frém'a practical standpoint these can be considered as

~volatile as any other piece of data.
| The feal,problem is to identify a criterion for superior

student. solutions, . In particular  the tutor. cannot recognize.
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3brilliance.in the solution of a problem that:does not exist in its:
own problem archive. ‘We must remember that the tutor's.techniqﬁer
choice probabilities are determined entirely from the problem
solutions in.the generai problem archive. A new problem can only:
be judged as some -statistical combination  of the tutor's
previously known problems, thus the measure of its true difficulty
is unknown. |
n -We;sha11 make the simple assumption that length of problem
solutipn"-is a measure of superiority. Thus whenever the student-
work55é;problem'from the general problem archive that is shérter:
than the tutor's solution the tutor will remember the.student's
solﬁti@n by replacing its ~archive entry and updating its tij
'matrixﬁ;{by subtracting the old solution statistics and adding the
new),'wfhe-tutor musf of course reject solutions that end in the
"give .up" trapping. state or-invol#e the "guessing" technique if
.éuch'é-technique is allowable. In this wa& the tutor's basis. for
heuristid;decisions can-eventually be altered by the students.

-+ Other superiority schemes that would not necessarily
shqrten the problem solution can be easily imagined. For instance:
if technique Ti is thought to be more elegant- than Tj then ‘any .
solution using T, could replace ones involving Tj’ possibly
subject to constraints on the total length of solution. Going one
step - further, the problem archive could be optimized at several
levels simultaneously, depending upon differenf expected subject

scopes. -~ In' other words the archive could have several disjoint -
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levels, each level depending on how many.: techniques . the- student!

knows,_ : SR ORI LRTILTT s, van ranr _M

Diagnosing”poof probleﬁ solving practices = ¢ .. ::?ﬁ

- . Because we have'cbmmitted the tutor to allow 4theizstuden£v
exceptional freedom while solving probiems,'it'is quite possible
fhat a confused student may solve_whole classes of problems,boorly
without recéiving¢ much warning from the tutor. Thus after each

problem, we ask the tutor to scan the student’s: overall problem

“solving patterns for signs of trouble. e Dt .5@:@13:;
| During the course of solving a problem, the ‘tutor
interrupted - the student in the act of choosing a technique-if the-
tutor felt that the student's choice  was unusual enough. to..be
reconsidered in  favor of the tutor'54 : Similarly--iﬁguthef
 _tﬁtor—studegt distance Di for the ith.state iSWSufficientlyxthigh;
then;tutorH Qil1 stoy' the tutoring session to show the student a
.complete'example,: The tutor assumes that the student's problem
solving techniques at this point are sufficiently bad;tojrequirg 
that the student solve thé problem in-a 'slave' mode ~that only
allows . him to proceed with the tutor's recommended solution.:: We

define a problem solving trouble threshold for each state byf:

where Tp is a parameter, depending upon the state S:s chosen
i - -
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betWeén3 the extreme possiblenvalues of:0 and-2. TFor instance, we
~may décide that one particular state is more critical than others
and thﬁs assign it a lower problem-solving trouble threshold.

B When the student - exceeds the . problem ;squing;wﬁygqplgg
threshéld;*the“.tﬁtor' then scans a special archive of problems
reserved;for'this situation. - Each problem in the archive is
' stored‘ﬁith.the coﬁpiete set of responses that the teacher used to.
work fﬁé:problem. The'student then begins the problem as usual.
but iQ; stopped é#ery;'time he does not agree with the teacher‘s;
' respoﬁse; .NeediesS;fozégy, the problem solving trouble thresholds
should. _Be set ﬁigh-iénoﬁgh that this proceduie_'is invoked
relati§eiyﬂfafely‘siﬁﬁaiit is a brute force effort to move ' the
studént?S%ﬁfechniqueiéhdiﬁes toward the tutor's. In piactice with .
.. the ﬁéthd@s;ofﬁintegréﬁiOH tutor a thiéshold‘ value of  1.75 was
fﬁﬁndité;be:reéson@b;é;¥'3 : L :: ? :~f&;:fou;;f

'"gfﬁIhe;fadyanﬁaééifbf_”entering the : "slave" mode in.: this
tutoriél.:situation: is  that we can be sure for the:puiposescof
optimumﬁprbblem éhoosing that the student will see all the steps.
This was -thé ‘assumption we could not make when we chﬁse.ekample_
problems from the general archive. We also tacitly assume that
the effect of a forced response ié the same as a voluntary
response in the non-slave mode. The steps for choosing an optimum

problem for the slave mode are:
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1) stop the student when he exceeds the g iaempens
problem 501v1ng trouble threshold Tp

7t2j use.the 1nformat10n updatlng.mode1 to_calculate?ﬁifnﬁ_

- the student s, expected postermor technlque
,fchoﬁce probab111t¢es as a reSult of belng o i b
. 'exposed _'to the entire problem.
3) ea;eUIete.thetutor—studentdistance Di
i with'eﬁe student's new t
- 4) Minimize fhe value Qf step 3 over a}%.tbe__‘d a ?e

problems in the archive.

'Aftér”tﬁe-Stddent is shown the'problem; we ceﬁtiﬁuef'ﬁith

student after_the complete exposure to the new technlques°

:Seﬁmary :

- This- chapter hdS presented a compﬁter tutorial system
appllcable to a wide variefy of subjects and capable of provi&ing
the student'futorial assistance at several 1evels; ~ The tutor
beses its own problem solving heuristics entirely upon a general"
problem archive established by the original human teachef. Using
the problem archive the tutor can select optimal problems either
as examples to set a floundering student on the right path or as
problems designed to chailenge the stronger student in troublesome

areas. Because all of the tutor's recommendations are derived. by
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statistically averaginéi'over the entire archive, the_sﬁudent can-
initiate his own problem éhd expeét to Teceive the same. level of
tutoriné: fhat' he would get if the tutor.éhose a problem from the
archiﬁé,. At tﬂe:técﬁﬂiQde choice level the tutor offers its own
téchniéﬁg.choicé éféféréﬁces whenever the student ésks‘for help or
ekcee&sljthé unusual technique threshold. At the technique
app1i6;£ioﬁ 1eveirtﬁe7fut6r relies on wired in heuristics to make
sﬁeci}ié Suggestionsﬁbﬂt leaves the final decision of application
up tgiéhérstudeﬁf if:afchoice exists,

;Tifiﬁgadditiophﬁérthe main- function. of providing tutorial
assiséé@ééhthe tutb?;ﬁlso dynamically alters its subjectlscope for
the %P§ig%§ﬁa;:sfu§§££;and can optimize its own performance with

respect to any measurable superiority criterion.
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coChapter-4 . - . . ier s wedons

~:. The Methods gf_Integrétion Experiment

+x: This- :chapter describes: an  experimental  '"methods  of
 integratioﬁ”imtutor. developed .from the ideas of the last twor
chapters, 1We shall show how the states and techniques for this
fsﬁbject were defined and how the tutor thresholds and problem
aiﬁhives were implemented. A  discussion of the student
:ihfbrmation Vupaating process  and. t@ngvers;pn§i'pf_th§J§Fudent
-1égrning“modelfwiil follow. Finglly we describe'in a general way
fhe: ehalieﬂgeéﬁ,of . creating computer programs that tutor this
_ §ubjecﬁ, 3A;diséu§sicn of the results of the experimentation with
| lﬁaléulusrstﬁden%s iS deferred to Chapter 5.

Thé}Chaiééﬂ§§5Méf£ods.gg_Integration,_

';5.;;??;Me{hddéwgf,intégration was a good choice of subject for
Ithisﬂfutoriai §Ys£eﬁ for many reasons. < As a subject in a calculus
course, it is'a1most never taught  as ;an algorithmic procedure
(1ike differentiation). Rather the emphasis is on the acquisition
of a number of fechniques_like substitution, integration by parts,
and partial fraction expansion. Althdugh'thefstﬁdent ié often -
given groups of problems solﬁable by the same techniques, the real
éhallenge is the recognition of the correct approach, rather than
the details of the technique - application. In- addition, most

problems = can be solved by any one of several approaches involving
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| different technique choices and different lengths of solution,
'thus_ providing the tutcr a complete range of possible student
results to judge. This unusually rich problem solving -Structure
is ' ideal for testing the generality of the tutorial methods
propoSed in Chapter 3. At the_same timé, fhe tutorial strategy is
nof-désigned solely for this sﬁbject, as the examples in Chapterf3

point out.

Idéntification of the States and Techniques

7 7.In the initial phases of development of - the integration
tufor:*it" was hoped - that ihe state definitions could be kept
completely indepéndent of problem solving considerations. The
goal. was to have each state unambiguously defined so that the.
tutor could know which state the student was in. Although this
remains as an 1ideal, it was found that in certain.situations a
state definitién dependent wvpon "the way the problem is solved" is
preferabie to the pure problem description approach.

* 7 For instance, in the case of problems involving simple
- variable substitutions leading directly to 'known" integréls,
integral solvers overwhelmingly vrecognize these problems as a
-diStinct class'based.upon the substitution approach. Although one
could define this class using exclusively structural properties

{(the presence of a term and its derivative,...) the motivation for
doing so is still based on the way the stﬁdent solves this- class.

The key point is that virtually every iﬁtegral solver solves these
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.problems with a simple variable substitution, and - it is
unrealistic for the tutor to lump these problemé into other
classes that could yiold a variety of possible tutoring hints.
' Thﬁs. as _anue#ception to our rule for defining states (in Chapter
Sj;. we . list aé state #2 below the state of 'recognized
substitutions™. Similarly, state #3 .is also an exceptional
state: the state of ''recognized trigonometric substitutions'.
.Except for the trapping states, all of the remaining states are
,deftned by thelr problem de:crlptlons the table of.problem state

names follows. -

The Solved state

Known integrals
"Recognized substitutions
-Recognized trigonometric substitutioms
Trigonomstric & hyperbolic functions
‘Exponential functions

Arc-trigonometric and -hyperbolic functlons
Fractional powers of functions
Combination of types 4 & 5

Combination of types
10. Combination of types
11. Combination of types
12, Combination of types
:.13., Polynomial functions
- 14, Other _

-15, The Give-up state

- ° ©

o
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Probiem state 1 is deflned as the set of those integtals'
agreed upon by the student and tutor as requiring no more
'transformlng.to reach a solution. These integrals are sometimes
.solvod : in the. Lecture pha#e of the student's learnlng by

calculating the 11m1t of an infinite sum, but are rarely solved by
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the -student- after':that point. These integrals arelgiven to the.
stﬁdent at the beginning of the tutoring session. - °

In ‘each of the types 4 through 12 above the characteristic
functions ”identifying,Vthe state  can- be multiplied of divided

freely with polynomials in the variable of integration. Thus

.'-:-fxz dX - is classified in state 1,
. (but notf(s*X)z X )

A

: sin(x}*ecos(X} dX is classified in state 2,
[¥ BN - i .
2] . l . )
B e dx is classified in state 3,
v X7 + 5 . .

E .(XS +'X)*sig(xj' dX  is classified in state_4,

B ST - ST
and | —s-=-emmmg-—- - dX | is classified in state 13,

[
b
+
et
~J
X
kol
|
Pt

-:In addition'wé will defiﬁe one.gtudéﬁt fﬁiiﬁré' stéte for
each 'prdblem state given above (other than stétes OIand 153,
giving us a total of 30 states. State 0 1is achieved wﬁen the.
student successfully identifies a known integral. State 15 is
achiefeé:only when the student requests to give up on the problem.
As expiained. in Chapter 2, these two special states are the
trappiné.statés of.tﬁe process. Note that no state corresponding
to a. cémbination of types 4 and 6 is given since integrands

involving both trigonometric and arc-trigonometric functions are
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virtually nonexistent. Such a problem, if encountered, would be
ciassified in the ''other" state, #14.
‘In a like manner we list the techniques of transformation

that we ‘allow the student to apply to integral problems:

The Known integral routine
. Ordinary substitution
Integration by parts
‘Trigonometric substitution
Trigonometric identities
Separation of the sum
Polynomial .division

Completion of the square
Partial fraction expansion
Conjugation of the denominator
Expansion of a power

Returning to the previous integral
13. Guessing the answer
2 Giving up

a - -
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| The Tutor ég Seen by the Student

“ Logglng 1n When the student logs in to the tutor for the
f;rsf tlme .the tutor must establlsh the scope of the student'
understanding of the subject. The tutor asks the .student seven

yes-or-no questions:

. Have you ever studied integration by parts?

. Have you ever studied trigonometric substitution?
Have you ever studied trigonometric identities?
Have you ever studied polynomial division?

‘Have you ever studied completion of the square?

. Have you ever studied partial fraction expansion?

.. Have you ever studied conjugation of the denominator?

OV U R G N b

Several techniques were assumed known by the student, such
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-as  simple -substitution, separating a sum, expansion of a power,

applying the known integral routine, and guessing the answer. All
but - ‘the first of these are simple: logical or algebraic
manipulations that would be prerequisites for any _exposure: to

methods of integration. Simple substitution was not included in

the 1ist because nearly all students learn this technique - first.

If a student logged in who proclaimed ignoiance of every technique
including simple substitution,.the tutor would not be able to'give
intélligible.hints for any nontriviél gfoﬁp of problemé. In other
words, it is assumed that any student who works with the tutor is
at least aware of the technique of 51mp1e substltutlon...

Since the student usually will increase his repertﬁire of

problem solving techniques during the period he is_interacting

"with the tutor (perhaps by ocutsids readlng or Lecture phase

exposure), each time the student logs in, the tutor’ asks hlm those.

questlons to which he responded negatlvely in the past ' The tutor

keeps a stat15t1ca1 summary file on each student, one. item of_

whlch is the monotonlcally decreasing list of *unknown'

techniques.

Choosing the problem. After the student has logged in he

is asked '"Do you have a problem?". If the student has a probiem

he responds with '"yes" and then types in his integral.- 1f the

student responds 'mo'" the tutor then retrieves the statistical

summary file for the student and comstructs an appropriate prior

PR
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set of statistics. This process is explained in detail in 4 later
section. Armed with the prior statistics the tutor scans the
problem archive.file, calculating the estimated:weightgd distance
between the tutor and stﬁdent for each problem as described in
Chapter 3.

” The problem that yields the highest value is then chosen
| for the student. In practice, the problem selection process takes
approximately 3 seconds of machine time, a not unreaéonable .delay

for.the student.

‘Choosing the technique. After the problem is sélected the

student must chooée from among his repertoire of techniques. The
tutor types fhg integral and follows with’"Whatr shall we do to
sélve it?". The student refers to a printed list of abbreviaﬁiohs
fcfrthe.14 tecﬁniques listed above. He.maf Spécify directiy' éﬁy
‘of the techniques or he may type "HELP" or "REVIEW'. HELP causes
tﬁéfﬁutor to éhow tﬁe student the name oflthe_technique tﬁé tutor
tﬁinks ‘is ﬁost -1ikely to solve the integral. Successive HELPS
give su;cessively iess likely hints until the tutor's hints are
 exhausted°. REVIEW causes the tutof to show the student all the
steps he has performed so far, in case he has made a mnumber of

transformations and is confused &s to the status of the problem.

Applying the technique chosen. Once the student has

chosen the technique he is placed under the control of the program
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- specific to that technique. If the technique involves a secondary
choice, such as in substitution, the tutor types: "Can you think
of a sﬁﬁsfitution?".- The student then can answer "YES", '"HELP", -
or "EXIT". If he types UYES" he then proceeds to type in the.
éctuai expressioﬁ for which he is substitutinén If he . types
YHELP!", the wired-in heuristics of the program take over to find a
reaéonable-substitutionn In this case. the program gives the
studeﬂt a <choice among ‘several conceivable candidates. For

instance, with the integral

xZ
ij * e dx

either;thé substitution U = x2 or U = e will yield a known
integ;él, The-tutor:wiil present one of these to the student and
ask hiﬁvif the choiéé 1s reasonabie or whether he would like
andthér:.candidate .ﬁr .whefher he would 1like to give uﬁ oé
subétifﬁtién aitogether., Thus the final decision of. ‘thcﬁ
substituﬁion to make is left up tortﬁe student even thougﬁ thé
tutor'; own wire&-in heuristics did the original work, Usually'
the étu&eﬁts treated the search for a technique application.choicé
as a challenge, prefering to use  the HELP feature as a 1a§t'
résort;

If the technique involves mno choice of aétion,. as in
polynomial division, the tutor simply prints the answer out and

returns to ""What shall we do to soive it?".
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A Sample Student-Tutor Dialogue

In order to capture the flavor of the interacﬁion between
the .student and the tutor, we present a sample dialog@e:selected
from actual protocols gathered during an experimentfwith calculus
_ Students, In the following, the underlined éharacters are those
typed by the student, everything else is- typed by the tutor,
Statements beginning with a semicolon (;} are explahatory cdmments.

inserted by the author. They did not appear to‘fhe student.

~ [INTEGRATE)
; Student's command to LISP to start the tﬁtoring program.
Hello! What is your name?

Ruth

‘Hello again, Ruth
Have you ever studied partial fraction expansion?

n_.c_)_ B T s
3 The tutor recognizes the student Ruth and asks if
; she has learned partial fraction expansion yet,

; She had previously answered "yes" to all the other
; techniques.

0Ok, do you have a problem?

no

. All right, I will select one for you!
Thinking for a wmoment...

At this point the tutor retrieves Ruth's technique-
choice probability matrix (the t..'s) from an
external file, constructs an appropriate prior,
calculates the expected example distance for each
problem in the example archive, and chooses the problem

N W W e uas
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; with the highest resulting value;
Ok, Ruth it
Our intégral is j X*log(X) dX -
What shall'we do to solve it? : sub
Ruth has chosen substltutlon
Can- you thlnk of a substitution? (YES, HELP or EXIT)
s We’ aré now;ln ‘the substitution program and Ruth has
; 3 choices: 1) specify her own choice of substitution
: #-2¥ receive a hint from the tutor
: “ . .3) abort. substitution altogether and
3 - ~  return to the original integral
yes
Let Ul log(X}
; The tutor prompts the student with "Let Ul = " and
; she responds with her choice. Successive substitutions
3 would involve the varlables uz,us3,
0k, Ruth
we w111 let Ul
equal lag(X)
s At thlS p01nt the tutor ‘calculates dU = 1/% ax
5 and tries to find dU in the integrand. s
3 Since the search was unsuccessful, the tutor then
>
>

solves Ul = log(X) for X so that the substitution can '
be carried out.

Thus X

Ul
equals e
and dX

Ul

equals e~ dUl
which we substituted into the. integrand

Our new integral is now ‘J‘Ul"*e(2 Ul)'dUl o
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Please typé Good, Bad or Giveup

Now that the student has applied substitution,
the tutor lets her choose whether to go on with
this new integral. "Good" will cause this new integral
to become the "official" new transformation, "Bad"
will return us to the start of the substitution routine
for another try, and "Giveup" will abort substitution
to return to the original integral.

Ve Ue e W W W W

.IO"
o
a‘ B

Can yoﬁ fhink-éf a substitution? - (Yes, Help or Exit):
; We are now back to the original integral

heip o

1 can't flnd a-éﬁztable substitution! Will exit...}

" 'The tutor could not find a substitution that 1t felt
led to a simpler integral. The point, of course, is that-

- substitution was not a very good choice for this
problem.

Notice however that the tutor intervention threshold was
not tripped when the student specified substitution. The
intervention parameter is deliberately set high enough
so that the student has some latitude to try poor

' guesses and see the results.

\n-'

‘\-0 e A L)

Ok Ruth :
Our 1ntegra1 13;;rkélbg(X) _dX

_ What shall we do“to-éolve it? : help -

; Now the student wants a hint from the tutor
I suggest you try integration by parts

What shall we do to sclve it? : parts

; The student has taken the hint and asks for
; integration by parts

Integration by parts!

We will use the notation
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JjU av = U*V - ij du
Can you think of a choice for U ? (Yes, Help or Exit)

; The studeﬁt’has essentially the.same choice as she did
; upon entering the substitution program :

How abouf ietting U.Q log(X)

Can yqﬁ think gf a qhoice:for u?

vos : -

Let U = log(X)

-; Apparantly the student is somewhat unfamiliar with

; integration by parts, since she did not even attempt
; to guess'a.cboige £?r-U,

Ok, Ruihxgﬁtv}f;; .“i

we wi_n__--ig_; U = 1og w

thus dv “X:&xiéi?

, hmmmm..;iy

; A slight pause as the computer utilizes a simple set of
wired in heuristics to find the integral of dV, If the
tutor: cannot solve the integral of dV by the known
integral routine, simple substitution, or simple
trigonometric substitution, the student is so informed
and the tutor returns to asking for a choice of U.

e W Ve e W

An intriguing choice!

XZ

2 .

I}

thus V

i

X

and dU

We now have ‘jk*log(X) dX
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Please type Good, Bad, Agaln ‘Solve or leeup

e W W W U Ma W b we L

Our integral is_ﬁdw-jﬁx dX

R
times --

; Extraneous coeff1c1ents are always factored out of the :Té
H flntegrand SR o

What sha11 we'do to solve it?

Good allows the student to exit with the new 1ntegral
Bad recycles back to the beginning of integration by
parts for a new choice of U
‘Again lets the student integrate the new integral by |
parts again (not used in this sample protocol)
Solve lets the student solve for the original integral
- if at least two consecutive integrations by parts
have been done (not used in this sample protocol)}
fleﬂup aborts integration by parts and returns Wlth the .
orlglnal 1ntegval E : RO

: known’

; The students often used "guess" at this point to

; . guess the answer to simple integrals.

"¥nown't however

simply provides the answer once the known integral is

successfully identified.

If this problem had dragged on one more step, the tutor's

problem length threshold would have been exceeded and
the tutor would have taken the student back to the.
beginning of the problem to find a better solution.

2

>

3

3

; Notice that the student has now completed the problem,
s

3

2

2

Very Good!

Before resubstitution

92
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the answer to integral 1

XA
A5 ~---
4
Addlng the term from 1ntegrat10n by parts
2*x2*1og(><) x?
we have -—--—-—-—-—':-’“-

plus an arbitrary cOnstant-

You did that problem 1n 3 steps compared to 2 for me'

Your Solutlon .

My'Solutlon _;i 

1. Integratlon,by:?srisjﬁ S, Substltutlon -
2. The known integral routine 2. Integration by parts
S o 3. The known integral routine

; One of the most effective features of the tutor is this

5 Dproblem comparison. Even though the student does not

;- see the exact step-by-step solution of the. tutor, the. . .. .. ..
; comparlson of the solution outline is usually reveal1ng;' -

'Thlnklng for a moment

; The tutor now adds the pattern of responses generated by

this problem to the statistical summary for Ruth. A PR
trouble value is calculated for each problem state (See . = =~
Chapter 3). If the trouble value for any state ‘
exceeds the problem intervention threshold, the tutor

selects an example from a special list of remed1a1

WE WU e UE Ur U B W

problems -- and forces the student through the entire
solution. ThlS dld not happen. in the protocol presented
here. . o :

Ok, do you have a problem?

: We have now'comévback to the starting point shown above.

Implementation of the Thresholds and Archives

Summarizing the results of Chapter 3, we defined three .
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- thresholds that affeetlthe'dynamic performance oﬁ the tutor. “The-
teennique'intervention threshold and the problem length 'threshold
_ﬁerekused by the tutor in the courserof a student problem solution
; to challenge-an unusual_ehoice of technique-or an nnusual length
l;of solut1on _ Tﬁe problem intenvention thresholdrwas,used at the
':'end of a .problem solution to see whether the student was
'.deve10p1ng cr1t1ca1 trouble in one or more problem states. If the
-*tnresholo nas exceeded, the tutor did not. allow the student to
'}eeleet,rthe ’next_ problem, but forced him to look at a specially
fechosen example . _
. As is explalned 1n Chapter 5, the tutor evolved in.ltnree
._stages Stages .1 and 2 were followed by experlmentation with
_istudents learnlng calculus Stage 3 was followed by the present
ireport.?‘ Unfortunately, although virtually_all the other salient
ﬂrfeatures of the tutor existed in 'some form by stage, 1, the
otechnlque 1ntervent10n threshold and the problem length threshold
;;were 1nsta11ed durlng stage 3 and did not undergo a thorough
fevaluatlon -by peal calculus stodents. Preliminary results with
tne threshold settings described in this chapter.will, however, be
.presented in Chapter 5.

Chapter;S introduced the unusual technique parameter € to
define the unysual technique threshold. In practice, we have used
a value of € = 0.25 with success. Thus if in a given state
(failure states included) the tutor's most likely_techniqne choice

Tm has probability teos then the threshold is _exceeded whenever
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the student "chooses a technique:Tj with tutor—probabilitf tlj:<.
0.2 t _; . “.,.‘ : :

:%f Slmllarly for the problem length threshold we chose a
valoo of .2.0_ fbr the problem length parameter, " This means that'
'Z_fhehofﬁééﬁtiioisoooﬁéd-fof'a review ﬁhenévef his problem“_solﬁfiohj
runs'mo;g:fhhniémo.oého&ard deviations longef than the mean of £He"
number of steps for problems of this class (tutor s statlstlcs)

- The problem solv1ng trouble threshold was set at 0.5 for
problem o states #2 and‘ #3 (simple substltutlons and . s;mple'
' trlgcnometrlc substltutlons) and 1.75 for the other states. This

-

had the effect of concentratlng the tutor s attentlon on these two

states‘51nce the student could not make more than one-'or two
fallures ffln these states before. the tutor-student distance

exceede& 0 5 The lessons learned through intefacfioﬁ‘ with the

: calculus students are d1scussed in the next chapter.'“"

) hg general.problem archlve_cons1sts only of the . origlﬁél;
prohléﬁﬁéééoriﬁtloﬁﬁ(thé4intégfand) and a list of”o}déied‘pairssof

the fofﬁuiﬁr
(state,technique) , (state,technique), ...

represéﬁting the tutor's own solution of the problem. :Noté that a
compléte; reconsﬁrﬁction of the tutor's solution is mnot possible
because ihformation on how the tutor applied the techniques is not
given. CALL lthat is known is which states the tutor arrived in,

and which techniques it subsequently employed.

W PR
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: This form is -sufficient 'to. store all;-the;~information
eeeded to scan the archive for an optimal problem {as described in
Chapter 3}, and to compare the length of the student' solution
: with that of the tutor. If we also stored-each of the specific

responses needed to work the problem in deta11 (necessary only for
dslave mode problem selectlon) we could comblne the'two archlves
1ntb one and the students could concelvably 1mprove every problem
'the tutor _could give them. This was not done 51mply because the
'éeneral problem archlve would have trlpled in 1ength resultlng in

1ncreased overhead each time 1t was scanned In addltlon the

detalled response 1nformat10n is not used except when the student

-'15 1n the sleve mode,

H r'

Whenever a student works _a general archlve problem in

feWer step5' than the tutor, the tutor automatlcally rewrrtes the

_general problem ~archive with the 'student‘ solutlon outllne

. replac1ng the teacher s,_ The tutor also rewrltes its own record

of . technlque ch01ces from whlch 1ts technlque ch01ce probabllltles
a}éf calculated for every student problem, Thus every student on
the system is exposed toc the new tutorlal strategy. immedlately
after ‘the solution to an arch1ve problem is improved. Sincelthe
general archive contained about 80 problems, the effeets. are not
dramatic each time a problem is rewritten, but the cumulative
effect_is substantial. Notice that certain precautions must be
taken to-_screen trivially improved solutions from supplanting

those of the tutor. One of the transformation techniques is
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"guessing the answer', a popular choice by students confronted

with integrals'from class 2 or class 3, such-as

--=-= dX = log(X + 3} .

Ierthis ease:theftet0£ will assume that the student kﬁew‘thatv the
expected method of solutlon was 51mp1e substitution and. W111 treat
the solutlon record as if simple substitution had been used AOn
the other hand the student can. sometimes successfully guess tﬁe
answer‘ter.more c0mpllcated integrals for which no canonlcal_
solutlon can be assumed. A sufficiently brilliant (or deV1ous3$
student could flll the entlre archive with "guess type" solutlons
of one. step 1f such solutlons were not automatlcally exciuded'

Slmllarly, a problem termlnated in the give-up trapplng state must

not be consmdered as 1mprov1ng the archlve.

The-ietogeetion Uﬁ&atiﬁg and Student Learning Mddeis

| 'fiAé u.was ‘shown in Chapter 3, between leareing
discontineities the student statistics may be update& in e veiy-
simﬁle-way.' The Diriehlet distribution allows us - to simpiy ‘add.
~the number of respoﬁses in each category to the-cerresponding
exponent -in the form of the distribution. One needs only store‘ a
ﬁatrix M of these exponents to completely characterize the
distribetion; Specifically, 1f technique T-j is chosen for: a

problem in state S:» then matrix element mij undergoes the-
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-updating
my < omy el
.?i "+ The use of fhé student'learning model,.on the other hand,.
~ is--more - challenging. in phases 1 and 2 of the research, we had
a aséuﬁed that ﬁhe student's learning took plage moxe or less
.cbﬁtinuously; and did not anticipate recognizing any. sudden.shifts
gnﬁthé'studentfs problem solving patterns measurable over the span
Qé'jé singie‘pfoblem. Because of these assumptidné, a very simple
_ﬁ;&éi ﬁas édopted for updating the sfudeht’s patterns. It was
éséumed that the last N responses in each state would be the most
:  ?eie§ant representation of the student's pétterns, We - had hoped
_#&_Hfind an' éstimate for thé optimal value of N that would balance
fﬁeﬁloss”bf statistical "weight" from a small samp}ing with ‘the
iﬁdrease-;.ofiarelevancy of - looking oniy at the most Trecent
feéponses; zSuch;an opéimal value would depend 'presumably “upon’
' somé.sort of-”learﬁing rate" chéracteristic of the process. -

| | -Unfortunately,.fhe second round of student measuraments
revealed unmistakeable indications that the students chahged their
problem solving patterns suddenly and at unpredictable intervals.
This evidence will be presented and discussed in tﬁe next.chapter,'
‘but ‘this important result is mentioned here to explain why the
finél student learning model differs so much from the model first
used with the students, We:see, in particular, that 'a student

"history'" ~of N responses cannot model a sporadically changing set
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of reSponse probabilities realistically. On the other hand,.
thanks to the obserﬁed-correlation of the learning discontiﬁuities
with occupancy of student-failure-statés,-we can now identify the
moments - at which to apply the student learning model developéd in
Chaﬁtéf_ 2mqt3A1though the  tutor was undoubtably  making some
subeobﬁimélu.problem'éhoices {(based on the student historylmodel};
the—cbmpiefefrecord of each student's responses over a wide
variéf}ﬁ-bf problem classes is still available, and thus allows us
to'méégure*the~parameters.of the new learning model from : the raw.

data{i?f

'Descfipfion'ggkthe-Computer Tutorial System

iTﬂa;iutorialfsys;em is written in LISP 1.6, a dialect of

LISP:rdéféipped at. the S;anford Artificial Intelligence Laboratory.
| byfqoh£€M§Cgrthy and coileagues. Since a'typical tutorial session
iﬁvol#ééﬂ%ﬁubsfaﬁtial_;algebraic manipulation, the tutor depends
upbnlfﬁéffesoﬁrhes of a  comprehensive algebraic package called
REDUCE wfitten in LISP by A. C. Hearn of the University of Utah.
The tutor calls the command scanner in REDUCE to read every
formula and return the LISP prefix equivalent., Although some.
minor formatting cleanup is done by the tutor, all algebraic
manipulations  including differentiation are sent to REDUCE.
REDUCE sends back the resulting simplified expression in LISP
prefix notation, modified in form by various.  flags that are

selected by the tutor. Finally, when expressions are printed out
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to  the student, ';he tutor calls a REDUCE program to format the
individual expression terms. All other manipulations, including
-Processing of étudent word responses, manipulation.of the student
models, variable substitution, trigonometric - substitution,
infegfating by parts, ©polynomial division, | tfigonometric

:identities,'and partial fraction expansion are done by the tutor.
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Experimental Results

This.chaptér5_describes two éxpefimental épisodes with
stidents” ‘learning c¢alculus and sketches the limitations of each
eiﬁériment-ahd'thé leésons learned. 3A'&etai1ed justifiéation of
ﬁhe assumption of the existence of learning discontinuities is
-deriﬁéd from e%amination of the students' responses. Numerical
rééults 'from':fhe"second episode showing the studéntis-ékpected

" number of.steps as a function of the tutor's expected length of

solution ére then presented. We shall examine the student's

“probability of entering a failure state as a ‘function of the

nuiiber of problems worked and shall estimate the mean of the
student's learning parameter @. Finally, the “results of the
_tutor optimization are presented.’ -

The First Experiment

"A group of four college freshman- calculus students was
chosen to help debug the prototype tutor. Although the students

were serious in their desire to learn techniques of integration

from the tutor, the experiment itself was a qualitative test of"

the integration routines and the mode of interaction with the

students. * Other than the identification of the computer program
bugs, the principal impressions gained from the students were:

1. The need for an archive of problems from ‘which the



Experimental Results ‘ | - 102

tutor can seiect, examples. The students were.typically

- reluctant to suggest more than a few of their own eiampies

' an& of course - lacked the perpsective to chodse:those
‘examples most benef1c1a1 to their development.

The need for the technique of "guessing the answer" SO

'a,that;]thei student, could circumvent simpleubut repetitive

~;-patterns.;:The”students also enjoyed the challenge of,

,;gﬁessing-occasionally when they understood which technique-

-3%?to¢app1y, paftiéularly with simple.substitution_aﬁd simple

~.-trigonometric substitution.

The SecondiExggfiment'.

Follow1ng the. prellmlnary experiment, the general problem
archlve and ‘the. gu3551ng technique were added along with a number
of mlnor__alteratlons; to the tutor's conversational = format..
-Facilitiééﬁ_fOE reéétdiﬁg ‘each student's response wefe added so
that coﬁ?iete_prétoébis'cbuld be reconstructed. Fifteeﬁ students
from Stanford .Unifersity voluntered to interact with the tutor
ovér a period of about three weeks. No particular attempt was
made to screen the students for a certain type of background,
although - all the students were either studying calculus
concurrently - or had studied calculus in the past and were
interested in resurrecting their skills at methods of integfation.
In short, the students exhibited the reasonably broad spectrum of

prior mathematical expertise that a tutor would expect to
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.enéounter.'

ﬁuring.the course of the éxperiment the students worked"é
total of 284 problems (19 per student) of which 258 (91%) were
geféété&'ﬁ& édmﬁéﬁd‘bf. the ﬁtudents from the tutor's problem
_réféﬁ}¥éfﬁzc282'of“the ﬁroblems (99%)'wére terﬁinated in the solved
state, and the other two were unsolvable problems initiated by the

étﬁ&éﬁfé =(é.g;'” Jﬁexde)c. The guessing technique was used 45
iimes:with_a SuCcess rate of 89%. The students asked the " tutoxr
fcr direct help in 90 of the problems. Typically once help was
g Qééueste&; it: wg$ requested repeatedly. | In the S0 "helped”
.ﬁ;ébiems,}the-sféﬁeﬁts askéd for techniqﬁe éhoosing assistance 173
: #iééS.£ﬂd fééﬂ;iéﬁe application assistance 65 times. Tﬁe_students
.-eﬁfére& identifiable failure states (where applicatioﬁ of the
??%aiffécﬁﬁique?faiied'to yield a new transformétion)'QSVtimes on
65{;é{f£éfeﬁf; Pféglémé: " The pfobaﬁiiity'that the student would
éﬁ§é¥5£%f£iluré'staté.ﬁas 0.29 if he had not previouSIy entered a
'faiiﬁigégfétéraﬁ'fhét problem and 0.40 if he had alrveady entered a
 faiiure sfate on that problem. The probability that the student
would ask for help was 0.32 if he had not entered a failufe[stéte
_ and 0.54 if he had entered a failure state on a particular

.probléﬁ.

Determination gﬁ_the Failure Parameter

 In Chapter 2 we defined the failure paramster © as the

amount by which the probability ef choosing a technique decreased
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givéﬁ that the student had chosen the technique on the' previous_
step and encqunte:gq a failure. An accurate estimaﬁe of @ was
difficult:tqumaké_since the failing technique'was:rééhosen.pnlyy_Z
times-out‘of;ghe Qa_failures_encountereq.' Furthermére, 5 bf_the_z
reapplicétiops_éﬁﬂf&i}%ng techniques invol?ad substitution, while
the other two wére;;:igonometric identities, | |

| e Averéging qyerrgll the  students, we. found the results

expressed in Table $m1g:'

StateLfTéchniQﬁe__tijtﬁonfailure) tij(failure) 8(i,3)

Csubst. U 0.275  0.167 0,61

1
"7 . subst, . .0,755 . 0.500 - 0.66
13 “subst. 7 T 0,291 0.222 0.76
4 trig. iden.. . 0,217 0.667 3.06
21l others =~ 7 t.. 0 0

S 5

E §ince,the ~substitution failures were made by several
students, @ value of. 6 = 0.7 seems reasonable for this technique,
' The~1argew‘a value for trigonometric identities . is questionable

since itgi$ baSed on only 2 responses made by the same student. .

The . Existence éﬁ{Leafning_Discontinuities

| - A major assumption in Chapter 2 was that learning dccured
" suddenly and at unpredictable intervals. This assumption allowed
ué to separate neatly the information wupdating and student
learning processes, We assumed furthermore that we could identify
the occurrences of student learning unambiguously, thus knowing

when to apply the student learning model. We shall now present an
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-analysis of the students' responses that makes our assumptions of
the " existence and properties. of?_learning discontinuities ﬁore
credible. | |

- - Consider an experimént in which we thefobservers have .only
ﬁﬁef power to observe the responses madé.by the'participanfs. We
ére to assume ndthing about the purpose of the experiment or the
meaning._of the:responses. The responses themselvés are sequences
‘Bf_positive integers which we assume arise. from a multinomial
distributiqn. “We are told by the.désigners of the experiment that
:afzéertainrdesign&ted points in the sequences it is Iikely ' that

the  participants alteéred their rationale for responding. The

-suspicion of uniqueness of these points arises from observations

théfiﬂwe'fare not ~permitted to see. We are asked to analyze ‘the

feéponsefdata"tb a) support or reject the hypothesis that ' the

éﬁspiciqus'?pdintsiseparate differing reponse regimes; and b) test
'ﬁhéfincluSivenéés_of the experimenter's criterion for selecting
§ﬁ§pitious ‘points by trying to find additional points that are
significant statistically as  regime separators. In  this
hypothetical experiment we have purposely obscured the underlying
rationale for "suspecting" a given point so as not to allow " the
observer any bias in deciding that such a point indeed ought to
separate response regimes.

In order to answer question a, we propese to consider the

sequence of responses sy before each suspicious point and the

sequence of = responses s, following each point. . Using these .

L e
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sequences -we shall calculate the <chi-square statistic for -the
:particulan suspicious point. The chi-square statistic 1is chosen
since ‘it ‘is the natural comparison statistic for indépendent
.samples;from twp'mu1tinomial-distributions.v Since the magnitude'
of thé-;chi-SQﬁare'”statistic “depends on the sample size,ieach
candidéte pair of Sequences will be compared to 1000 .sequences '
randomly' generated with the same overall response probabilities.
We shall take as- the null hypothesis the event that the
sﬁbsequeﬁces_«sl an&f s, -do not arise from different_multinomial
distxibq;iéns. ;Thqﬁ”'if sequence S, really does representrjai
_ statisﬁjqélly=.Significént change from sequence s,, the-resulting
qhifgquaﬁe;statiStic'will be large in comparison with most of the
1000_ 5e§uences.genéfated vnder the null hypothesis, In,practiqe,.
we shal;,éedept onIg¥ £h0se suspicious points whose chi-square
'Statis;jga_has,_a ﬁ§iénificanc¢ of 90% or more (whose chi-square
statistig;is stricfiy;greatér than 90% of the chi-square vélueé
generatéﬁ?Lby :the'ﬂnﬁli‘ hypothesis). Once we have identified 2
point successfully és.Separating two regimes of responses, we must
ignore sequence sl..in examining pointé further along the data.
since fesponses from sequence $1 will contribute falsely to
raising the chi-square values of subsequent points.

To answer question b, we shall repeat the calculation of
the chi-square statistic and the 1000 null hypothesis trials at
all of the nonsuspicious points to see how many "non-suspicious”

points are -  also regime separators. This is crucial as a test of
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the“model'prédiéting the occurrence of discontinuities.

Of course, this hypothetical'experiment'describes exactly
the situation we face when trying to identify the learning points
.fréﬁ the calculus students' response data. The suspicious ' points
are those placeéiwhere the student encountered a failure state and
presumably had to consider whather or not his solution schemes
were. practical. As emphzsized above, we did mnot make_'any
assumptions about ‘the student data other than assuming that
 between ~learning events each student's reponses were derived from
a;ﬁultinomial diSffibﬁtion. This was felt to be a fair teést of
the existence bf"leafning points since inclusion of extféﬁebus'
' sfﬁdéht éﬁtfiesiand ad hoc interpfetation of each student protocol
WAE Bvo1ded)”

. Seﬁéfalyintérssting facts were uncovered by this search.
A§”Qa‘r§enéiélf%fu1é, 2 minimum of eight responses are needed to
es%ébiisﬂ“é 90% certaiﬁty of the existence of a 'iearning ‘point,”
eVéﬁ{wi%h'thé most extreme data. For instance, the sequence 1 1 1
12 2 2" (consisting of only seven responses) does not possess any
diﬁision into subsequences, even'aftér the fourth response,,that
generates a chi-square statistic with 90% significance. In a
similar vein, regardless of the total length of the sequence, the
first two responses are incapable of indicating a learning :point.

For instance the sequence

1122222222222222222222222
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- also does not possess any division intQ; subsgqugn;es.r_thgt
generates a chi-square statistic with 90% significance. This
result‘hgs‘thg in;idept;l effect of causing most of the ghanges in.
response probabilities due to ''the start-up transient” not to be
';_cqnsidgiéd .as :signiﬁic?ﬁt learning points, (Nearly,_aii__thgi
stgdeﬁﬁ; maderone or two anomalous responses»at theioutsef befpre
they became familiar with the tutor).

"Tﬁﬁhgtgdenpfiésponses were separated by state.:and: the
suspicipps;;points_ nge_ iden;ified by looking at the cqmpip;e.
protoqéigi 9;& .margingr all the times_ a .student applied a
t?ansfé;ﬁg;ipn tha;_ﬁgiied to yield a new integrand (definition_pf
: the_failgfgasigtg):LfAfter response lists of fewer than eight
resPSﬁséé_.and faiiuie states occurring in the first two responses.
wereigiiﬁipépgd,_gxtotal of 37 suspicious points wremained. The
chi-sqgég%ﬂ?gpﬁiféié;;$howed that 17 of the 37 pointsm(4$.9?) were
:indeegisi;éifigént gs'response regime separators at the 90% level.
Six. ﬁb?é;yweiej5§ignificant at the _$O%‘1eve1,.but,;his is only
mentiogéd;iq,shpw_that most of the insignificant points were very
insignifiqant!‘The mosi important_resﬁlt of this analysis was that.
a complete scan ofﬁall the responses (461 in all) produced only.
three additiongl points significant as response regime separatoxs
at the;QO%‘level. Thus although only 45.9% of the suspicious.
points seem to be genuine learning points, 85.0% of all possible
learning points are identified by our model.

Why are half of the student failure states obviously mnot
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rlearning points? A detailed exaﬁinafion of fhe.student protocols
for each of the inSignifiéant points shows that the contributing
~causes are diverse. In three cases the failure state was '"false"
since the student subsequently reapplied the same technique
successfully. In at least 10 cases the student encountered a
Successioﬁ of failure states in ﬁore fhan one pfoblem type. - Since
the tutor tended to choose archive problems from the most
'“qritical” problem classification, some students did not return to
all the troubled states frequently enough to produce a rgasonably
_fdng run of failure free responses. Several short sequenceé of
-fesponses'were encountered that were interspersed with two:of more
failure stéfes_and yielded inconclusive results. This, of course;
~should be viewed as a mild failure of the experimeﬁt since in this
'éése it is not clear whether the student.finishéd: the éxpeiimenf
 t6o soon_.or whether the tutor failed to ‘tegcﬁ the student
‘effectively. |

g Returning to the original question of this section, what
was the. distribution of identified learning points in the
studént's respoﬁses? Examining 44 subsequences_generated from the
students' set of responses divided at each learning point (some
student response sequences possessed no learning points), we find
that_rphe average number of responses generated bétween learning
points is 461/44 = 10.47, but the the distribution of this number
varies from 3 to 39 with 18 different values measured. Referring

to Figure 5.1, we can now draw the conclusion that the response
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Figure 5.1. . The number of reponses between learning points.
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discontinuities are eudden since our analysis shows that 85% of
all the signifieant learning points agree with.our model of the
failure stete as being the precise. point where the responses
ehange_.significantly. Furthermofe we are jusfified in claiming

_that the dlscontlnultles occur sgprad1cally since we have 'just

- seen that the average number of responses between 1earn1ng points
is w;dely-dlstrlbuted. We have thus glven a strong argument for
the existence ef'response-discontinuities and in this context have
.Justlfled the separatlon of the information updatlng and stuﬁent

learnlng models that we performed 1n Chapters 2 and 3.

The Student's Expected Number of Steps

_x' The most 1nterest1ng question to ask about the caiculﬁs
tueor. is whether the students became better problem solvers efter
expegqreitortﬁe tuto:q' As we have explaiﬁed, there are many
geesible{_criteria of problem solving excellence.  For instance,
e}egehce_migﬁtlbe defined in terms of the use of certaiﬁ' very
general probiem; solving techniques. This projeet has focused on
solution length as a reasomable criterion. If the students "solve
: prpﬁlems in a fewer number of steps after exposure to the tutor"
then the students have profited in' a measurable way.
' Unfertunately, the number of steps to solution ié not a fixed
property of a given problem state (exeept for the special states
#1, #2, and'#S). We did use the tutor's expecfed number of sfeps

to solution (plus a factor depending upon the variance of - the
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-éﬁpected number of steps) ‘in defining the pfoblem-length threshold
fbr each'btate, but'ﬁe.fecognized that this was only a 'guide to
helﬁlbfbé' tﬁtbr 1dent1ry mest of the unw+e1dy solutions. = If we
1n51st onla Very acgurate measuremnnt of the student's 'expécted
number of steps,' we must realize that the measurement depends
largely on ‘the partlcuAar problems .the student chose tb work.
However :51nce nea*ly all of the students' problems were.selected
from thé.problem archlve, we can compare the 'length_ bf' the
studenus‘ archlve solu-lons to those of the tutox és a function gﬁ

number of problems worned to define a measure of improvement For

the student. ‘Again it may be argued that whether or not the

student can approximate closely the tutor's length of solution

depends “upon the ~ particular problem, but we shall assume that

thesé ;effe.cé-é* are not si gnificaht.

:Flgure 5 2 shows a plot of the studﬂnts' average Tumber of

-add1t10na1 sLeps Pbr problem versus the tutor as a function of the
number of problems worked For each number of problems worked ‘the
51ng1e hlghest instance of additional $Teps was igndredﬁ This'waé
done becéﬁéé " the raw. dabé included saveral andmalously long
solutioné' all of which turned out from direct examination of the
problem'pfotocols to be instances of the students experimentibg
with features of the computer tutor! Notice the gensral downward
trend of the points, indicating thaf the students gradually
learnedb'how to sclve problems_in as.few steps as tbe tutor. No

negative entries are recorded here since each time a student
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Figure 5.2. The student's average number of additional steps per

problenm workea as a function of the number of problems worked.
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-produced a shorter sclution than the tutor, the tutor incorporated
the solution into its own problen solving patterns. .The reéults
thus show the performance of the students com?ared with the ?ully
'optlmlzed tutor that existed at the end of the experiﬁéﬁf

Although ‘we know that the data should not be expected to be llnear
with ther number of problems worked since we have just dlscussed
the abrﬁfflnature of the typical learning pattern, we shall take
the iigerty of representing the data averaged oyef. allﬁthé
studeﬁté‘b} a least{Squares linear fit in order to pdint out its

basic properties. This linear fit is given by
= 0.909 - 0.101*X .

The 1nterest1ng part of this equation is the slopé‘ of
-0, 101 whlcn 1nd1cates that the student comes 0.101 steps closer
to the tutor'each tlme the student works a problem, Notice that
.thls  1nd1cates that the students, on the average, become as
prof1C1ent as- the tutaf after working about nine problems in each
_problem_'class.   An'fexponentlal model would be a better flt, but

the above result gives an indication of how a "learning per

problem'. quantity can be measured.

The Probability of Entering a Failure State

Another quantity related to gaining problem solving
‘expertise is the probability of entering a failure state. We have

already showed that the students converge on the tutor at the rate
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Figure 5.3. The number of student failure states per problem per

tutor step as a function of the number of problems worked.
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of aﬁout 0.1 steps per problem worked. If in addition, the
students reduce their probability of entering a failure state as a
function of the number of problems worked, we can_'be reascnably
sure that they aréj really learning to solve problems more.
efficiéntly. In Figure 5.3 we show the number of fallure states
encouﬁtéred .on a problem divided by the number of steps used by
~ the tufdr #o work the problem as a. function of the number of
proﬁlgmé worked. We have divided by the length of the tutor's
solutiﬁnriﬁ order to correctly scale the difficulty of the
probiems V{rémember from Chapter 4 that the tutor generally chose
‘the sﬁgréer, and thus eaSier, problems from the archive first)iw
- The idéta‘ié toornois&_to draw many conclusions, but a clear trena.
downwé;d¥£s:séén after about six problems worked% | The peak
betweé;i?; ?é£&'.én_prﬁblems worked is likely due to the incréased_
difficﬁlfy;of a_fewipartipuiar problems - usually encountered at.a
that'rpéiﬂt.1. For instancé, after working .one or two simple
substiﬁﬁtign pr_ob‘lémsg?’-_rlike = :

Jsmem e wma feosmovn ax

nearly all of the students got
Jﬂcot(Z*X) dx
as the next problem. Although the tutor knew that the command

TRIGIDEN would change this to the more suggestive form
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cos (2*X)
——————— ax
sin(2*X}

most of the students'became confused after-finding out that .
Jﬁcot(yj'dY

-ﬁasrnét_a ”knpwn” integr#l and _trie& unusual sﬁbstitufi;n; or

frigoﬁometric identities_ before realizing how Simpie the:ﬁrobiem
ﬁas. .The iésult df all this is a peak in rmost .Qf the méé;uﬁed
statistics wherever this problem appeared. This proﬁlém(feﬁ;iné
as a good example of how hard it is to~ aséign a consistent
difficulty factor to integration'pfbbiems.

For descriptive purposes a least squares linear fit to the

,dafé'in_figure 5.3 yields the relatiom =

Y = 0.143 - 0.0107 X .

- This indicates that the number of student failures per _stép

R G N

decreases by 0.0107 for each successive problem the student works.

Estimation of the Learning Parameters

Chapter Z proposed a scheme for altéfing our estima;es-lof
the student's. technique response probabilities when.thé stﬁd;nt
encountered a learning discontinuity. Since we have.shoﬁn in this
chapter that we can identify.(with prbbability 1/2) thoée moments
when the student actually does encounter the disconfinuities,' all

that remains is to deduce realistic numerical parameters for the
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model from the student data.

The basic assumption'made in Chapter 2 was that when a
.learning dlscontlnulty occurred, bnly the MtechniQues chosen
1mmed1ateiy before and 1mmed1ate1y after “the .discéntinuiti had
their response probabilities affected. - The model assume& that
there was a learnlng parameter « such that if the student
encouﬁtered a learnlng discontinuity in state sl as a reSﬁlt of
applylng technlque T and then subsequently applied techﬁique' Tk
'sucessfully, then . | '

t, : - _

S ot. . .
N 1j,posterior 1j,prior
' aﬁﬁ N J__t' ior Thzik,p:r‘io::‘

ik,posterior

where « is beta distributed with parameters r and s, - depends
on &':and is given in Chapter 2. Examining each of the 20
' conflrmed polnts of iearning discontinuity, we calculate the

estlmates .

— 1 tij osterior
R _il,posterior = 0.169
20 .
ij,prior
and similarly,
v 1 1 osterior 2
o = —mmm (H_IAE ________ - ) = 0.086
20 t.. .
ij,prior
where t.. . is estimated by the observed response

+ij,posterior

frequencies.
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-Since

we can use the methods of moments and solve for r and s to get
r = 0.1070 , s = 0.5260

The graph of this beta function is shown in figﬁre 5.4.
Now that  we have the actual form of the distribution for a
reasonably large group of studénts, we shall consider thege.
parameters as describing uncertainty in the studént 1earning__
parameters for all such evénts in the future. |
A relevant question at this point is whether many of fthe:”

other "studeht- technique probabilities changed besides ; the
techniques Tj ‘and Tk- specifically mentioned in the moﬁei.
Calculating "o parameters for all the remaining posgibie.
responséé'in each .case, ﬁe find that .the technique ap_}“alis.ed::1
immediateiy--before. the failure had the smallest ¢ ana t;e
technique applied immediately after the failure had the large;t
& , as the model predicts, The observed o's for each positi;n .
from 5 reponses before the failure to 5 responses after the |
failure are shown in figure 5.5, Each dot represents a sing-le
measurement of o« in a particular postion before or after the
failure event. Notice the remarkable discontinuity in the.
6bserved a;s  béfore and after the failure. An unexpected

observation is that the techniques applied two and three positions
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. away fiem the failure also seem to be affected. This woulﬁ seem
.to seriously undermine the assumptioh that only the techniques
adjacent to the failure are affected. "However, it 1is not true
- that 'in this data the positional observations are independent.
~ For instanee; in many cases the pre- or post-failure technique isr
also epplied :in other positions. Subtracting these occurrences.
reducee the corielation effect but does not cause it to disappear
~as shown in Figure 5.6, The conclusion is that the failure state
does seeﬁ'to affect . the other techniques applied ‘'mearby" in
additlon. to the ones predicted by the model. A systematic
1nc1u51on of these other techniques seems difficult since there is

no obv1ous rationale for their technlque frequenc1es alterlng as.a

result Df the failure " Possibly after discovering a mnew

technique; the student‘ is stimlated to think about his problenm

| 501V1ng patterns _ef -is more prone to experiment .with new
' techniques._ In -eny case; the measurements indicate a definite
tendency : for a.few' techﬁiques before the failure to decrease
dramatieelly in'frequency after the failure, and conversely a few
techniques after the failure increase dramatically. in frequency.
As the figures show, the largest effect is.the-technique predicted
by our student learning model. We view this result as a qualified
success ~“with * interesting implications for future research.

Further w0rk.with this problem would be aided iby_ longer student
sequences .and possibly direct. interviews with the students to

establish a rationale for prediction.
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Definition of a Learning Rate for Tutorial Systems.

The above has illustrated some of the . difficulties in
defining_ a leérning_ rate for the.metho&s of.integration system.
"Of'course, this'difficulty stems from the tutorial nature of the
system';rather than from the subject of integration.. In fact; the
subject of integration probably allows measuring a learning- -rate
more easily than . other subjécts. since the mnotion of problem
.transformation-is so simplie to define,

The central idea of this tﬁtorial system .1s that ‘within
each .-problem ,.classificatioﬁ, fhe— tutor's problem  solving
3 Strategie§ arévdetefmined ~on a . frequency basis.. 'As we “have
‘mentioned, because of this approach, the tutor never has to find a
sqiution and thus never knows how hard an individual. problem= is.
' G;ggt;.advantageS' in the actuél tutoring process accrue from.this
approach; . for instance, the tﬁtor can deal_with' problems it has
neverg wofkéd; .it_ can learn from the students, and it can adjust .
itsﬂéroblem solvihg techniques'to the level of the learner. But
@hese- advantages have a price since the tutor has no absolute
standards against.which to judge the student. If an advanced
student logs in to suggest only difficult problems to the tutor,
the resulting statistics may be the same.as a beginﬁing student
who has tried to work easy problems! Only the fact thaf the
overwhelming majority of the problems chosen by the students in
the experiment described in this chapter were from the tutor's

problem archive made the analysis of the learning rate meaningful.
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The Tutor Optimization Experiment

.- :Before the methods of integration experiment the author .
?belieﬁéd that .one -or two of ‘the students might be so adept-that.
they would actually:construct-shorter'solutionélto some of the 73
archiVe?:prcblems. 'Since_the author had been involved in.integral
'~ problem sclving for ét'least two years prior to the experiment,
and_.cbnsidered, himself an expert integral sclver, there seemed
little chance that any improvements would actually occur. It was
his intention- to  implant one or two "doctored" solutions in~£he
" archive to-see: if they were improved upon. However, this ‘plan was-
overlooked :in fhe-exigencies of.getting the tutor running and the.
studentsgorganiied.;3Upon examining the archive at the end of . the
_ekperimeﬁf;g;itlfﬁas.ifound that no less than 18 of the original
problem-$p1§£ionsihadTbeen_shortened!'From the détailed solution
schémes;;jitgéwasg aﬁparant that the tutor had acquired technique -
Patterngéné%ef_ﬁéfére“used by the author. This was a  lesson . of

Vthe-firsf!ﬁégﬁitude.if | |
:{The scope-of the improvement was also unexpected. Of the
11 problem types represented in the archive, four were iﬁproved_
significanfly. ‘Table 5.2 shows the average number of problem
sfeps ~for -the tutor before and after the experiment, broken down
by problem type. See Chapter 4 for the description of problenm

types.
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. Type Description ' Before After - Change
1- known 1.000 1.000 0
2 simple substitutions 2,000 - - 2.000 0
3 simp, trig. subst's 2.447 2,000 -0.447

4 - trig. functions 2.857 3.000 - +0.143
57 -exponential fns 2.250 2.250 ' 0
6 _ arctrig. functions 4.250 4,368 +0.118

7 fract. poly. powers 4.470 3.320 -1.150
8 comb. of 4 and 5 1.000 1.000 0

9. " comb. of 4 and 7 3.000 2,000 -1.000
iz comb, of 6 and 7 5.250 5.368 +0,118
13 - quotients of poly's 6.805 5.421 ~-1.384

'The'largest drop was

for quotients of polynomials, type

13, “Notice that three categories experienced slight —gains,

indicating that in the new problem solving scheme a trade-off

. between categories occurred. It 1s also interesting to examine

‘the changes in the tij’s to s

ee what techniques the'improved tutor

is moré_1iké1y.tq use, Table 5.3 gives the values of

tij,after - tij,before

for relevant values of i and

3

: change in

- type "~ technique application frequency
trig. fns. deriv. subst. +0,037
L parts +0.009
vt trig. subst. +0,018
L trig. ident. -0.064
frac. poly. deriv. subst. +0.111
powers trig. subst. -0.111
quotients deriv. subst. +0.100
of trig. subst, +0.002
polynomials .~ sum separation = -0.093
n poly. division -0.004
" compl. square -0.020

part. frac. exp. +0.015



"Experimental Results ‘ ‘ 126

For problems of type 4 (trigonometric integrands) the
tutor now  uses trigpnometric identities less in favor of
~derivative substitution; ihtegration by parfs, 'and_*trigdnometric
,substitutidﬁ;a;:For.ffa¢fi§ha1 powérs of polynbmiais the tutor now
.recommends: &efiﬁétive :éﬁbstitution' more"dfteh  in :flaﬁe of
trigoﬁometyié-substitufion. Finally, for quotients of polynomials
the tutorrﬁow éSsentially recomnends derivative substitution in
place pﬁﬁééparafionlof the sum. This last change is one that had

never;bcc&rred'to the author. For instance, with the integral

rathé}'fhéh.&iviaihg_gut'the polynomials or separating the sum

into ”fhree.'ihtégéais, it is shorter to substitute U = X - 4 s
yielding

2

U%+ 10+ + 29

which is solved immediately by inspection as
":U2

-- + 10*U + 29*log(U)

9 _

which upon resubstitution is

X2
—= + 6*X - 32 +20*1log(X - 4)
2

The unpredictable occurrence of better solutions is an

interesting feature. Seven . different. students contributed to




Experimental Results | - w127

optimizing the archive, including students who otherwise appeared
to be the least proficient of the integral solvers.

‘.. ...The potential of the tutor's _self improving_ischemeﬁris_
great. One may wish to carry out the optimization simuitanequsly
over several superiority criteria and éeveral levels of stﬁdent
sophistication. Bﬁt_perhaps most important, the tutor did improve

those ‘areas in which the tutor's original author was weak.

Conclusions

This research has extended -and deépened the_dgfinifiong_of
é'"tuter in computer—based_ education. In particular;_tﬁerﬁutor
transmits prcblém solving heuristics, " chooses appropriate.
examples, deals . with arbitrary student exémples; handles'divérse-
student backgrounds, - and learns superior problem solving
heuristics from the students. _ | ' ;_7;. e

EERRI.Y logical_and quantitative methodology fqr transmitting
problem solving heuristics has been established. The use of
. problem archives as the basis of the tutor's own heuristic schemes:
is demonstrated.

A simple model is posed of how student heuristics change
when the student encounters a failure and is supported by
experiment with calculus students,

A definition of learning in a tutorial situation is given
and is demonstrated by the calculus students.

Perhaps the most interesting result of the research is:the
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scheme for - tutor improvement, In the calculus experiment the.
tutor not only acquired a lafger ‘number  of improved problem
solutions tﬁan_had been expectéd, but incorporated problem solving
.strategies.pféviously unknown to the author.

: ;;Fiﬂélly,-this research combined for the first time the
. results -of:-recént reéearch in symbolic integration (Moées, 1967)
and algebraic simplification (Hearn, 1970j for use in - computer

- assisted instruction.

Recommendations for Future Research

;This_researbhahas suggested a number of - intereéting [TEW.
directiansfafor"fﬁture work. At the heart of the student learning
mbdél; ﬁﬂchlﬁQre needs .to known about . the rolé of a failure in
determining;:thé :student's technique choice probabilities..wAn
unexpected result of the calculus experiment was that - techniques
other'tﬁénithe failing one ére apparantly affected: by the.failure.

Egperimentally .it was shown that calculus . .students'
solution ;lengtﬁs converged to the tutor's solution lengths‘in
ébout 9 problems., How much of this convergence is attributable to.

'learning how to interact with the computer tutor and how much
represents true changes in the student's problem solving
strategies?

Taking a different approach, a utility theoxy ~of problem
presentation could be implemented that used the expected rate of

student convergence in different problem classes as a criterion.
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The use of a quantitative measure of problem difficulty

-Wasfgavdided- completely in this research.. The development of a

goed "difficulty.metric" for integration problems that did not
_involve searching for a solution explicitly would, of course, be a
significant'result in artificial infelligencé as well as  computer
éSsiste&‘calculus tutbring.

. Fiﬁally, the most obvious new direﬁtion for computer-
assisted tutoring is developing tutors for subjects other than
.integration._'Since methods of integration can. be modeled by a
Simpie_ staie: ahd technique structure, construction of tutors for
othef_subiécts will undoubtably deepen the Understanding of states

:and techﬁiques.. .Methods of integration alsc involves a very
tra&itiénél prbbiem solving structure with heuristics being a
domiﬁaht  component. These heuristics are clearly revealed in the-

3 aufoméfic.integfgtion programs and in the integration tutor. How

dominant the role of heuristics is in other subjects is not known.






130

‘Bibliography

Alpert, D., & Bitzer, D. L. Advances in computer
assisted instruction, Sc1enee Mar 20, 1970
167, 1582- 1590

Atkinson, R.C.,Bowesr, G.H., § Crothers, E.J. An
introduction to Mathematical Learning Theory,
New York: Wiley, 1965,

Bobrow, D. G. Natural ianguage input for a computer
problem-solving system, in Semantic
information Processing, (Ed.) Minsky,
Boston: MIT press, 1968, 146-226.

- Carbonell, J. R. AI in CAI: An artificial-inteiligence-
' approach to computer assisted instruction, IEEE
Transacticns on Man-Machine Sybtema, 1970 MMS 11
190-201. o ]

Carbonell, J. R. Mixed-initiative man- computer 1nstruct10na1
dlaiogues, BBN report mo. 1971, Cambridge,
Massachusetts: Bolt, Berancgk and Newman, Inc.,

May 1970. ' o

Colby, K., Teslier, L., & Enea H. A directed. graph .
repreaentatlon for computer simulation of belief
systems, Computer Science department Report, 1967,
Stanford University.

Colby, K., & Enea, H. Inductive inference'by inteiligent
machines, Computer Science department Report 1967,
Stanford University.

Colby, K., § Enea, H. Heuristic methods for computer
: understanding of natural Ianguage in context
restricted dialogues, Computer Science department
Report, 1967, Stanford Unlver51ty

- Colby, K. & Smith, D.C. Dialvgues between humans and an
artificial belief system, Stanford Artificial
Inteiiigence Project Memo AI-97, 1969, Stanford
University. : '

de Groot, M. Optimal Statistical Decisions, New York:
McGraw-Hill, 1970.




131

‘Engleman, C. Mathlab: A program for on-line machine
assistance in symbolic computations, Report MTP-18,
The MITRE Corporation, Box 208, Bedford,
‘Massachusetts.

Freeman, F, R, Medical diagnosis: comparison of human
and computer logic, Bio-Medical Computing,
1972 3, 217- 221

Feurzelg, Wexelblat P., & Rosenberg, R. C.
N SIMON - A 51mple instructional monitor, IEEE
‘Transactions on Man-Machine Systems, 1970, MMS-11,
174-180, .

Grandey, R. C. An investigation of the use of computer-
.. aided instruction in teaching students how to
- solve selected multistep general chemistry
" problems. Unpubllshed doctoral dlssertatlon,
Unlver51ty of 1111n015 1970.

Hearn, Anthony‘C Reduce 2 user's manual, Stanford
: _Art1f1c1a1 Intelligence Project Memo AIM- 133 1970,
Stanford Unlver51ty

Hearn, Anthony C. The problem of substitution, Stanford
Artificial Tntelligence Project Memo AI 70, 1970,
Stanford Unlver51ty

Howard R, AL Dynamlc Probablllstlc Systems
New York Wlley, 1971,

Leonard, G,'B. Educatlon and Ecstasy,
New York: Delacorte Press, 1968.

McCarthy;‘J., et, al. LISP 1.5 Programmer's Manual,
1965, Computation Center and Research Lab of
Electronics, Cambridge: MIT Press.

Moses, Joel Symbolic Integration, doctoral dissertation,
' Cambridge, Massachusetts: Project MAC repoxrt, 1967.
v
Ostrowski, A. Differential and Integral Calculus,
2nd ed., Chicago: Scott, Foresman and Co., 1968,

Papert, S. Teaching children thinking, Programmed Learning
and Educational Technology, Sept 1970, 9, 5
245-255,




132

Papert, S. and Solomon C. Twenty things to do with a
computer, Educational Technology, April 1972,
_']_-g_,. 9"18: ) .

Postman, N, § Weingartner, C. Teaching as a Subversive
Activity, New York: Delacorte Press, 1969.

Slagle, J. R, A heuristic program that solves symbolic
integration problems in fresman calculus, in
Computers and Thought, (Eds.) Feigenbaum
& Feldman, New York: McGraw-Hiil, 1963, 191-206.

.Smallwood, Richard D. a Decision Structure for Teaching
Machines, Cambridge, Massachusetts: MIT Press,
1962, :

Thomas, George B.-Calculus and Analytic Geometry,
' 3rd ed., Massachusetts: Addison-Wesliey, 1961.

Weizenbaum, J. ELIZA: A computer program for the study of

: natural language communication between man and
machine, Report, 1965, dept. of Electrical
Engineering, MIT.

'.Wéﬁler, J. D. Information networks in genérative computer-
R assisted instruction, IEEE Transactions on Man-
‘Machine Systems, 1970, MMS-11, 181-189.

Wortman, P. M. Medical diagnosis: an information-processing '
' approach, Computers and Biomedical Research,
1972, 5, 315-328.

~Ziegler, C. A. Individualized, monitored, syntax-directed
computer-aided instruction in college and

high-school algebra. Unpublished doctoral

dissertation, 1972, University of California, Berkeley.







