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Abstract

- Mathematically, a.partitionrof a Tinlte set 1s a division of that
seﬁ.into a collection of nonempty, peirwise disjoint, and collectively
_éxhaustive'subsets. In the present study, a wide variety of measures cof
 distance betweén partitions were scaled in Euclidean and city-block
,spaces'bf two and three dlmensions by Shepard-Kruskal methods. The
'scaléd'résults clearly recovered the algebraic structure of the partiticn
'latﬁice, placing:isomorphic partitions on regular contour lines around
either the splitter partition (all objects in separate cells) or the
lumper partition (all objects in one cell), depending upon the measure
of partition distance employed. This provides a verification of the
utilify of Shepard-Kruskal scaling for representing the structure of
some very complex finite geometries. At the same time, different dis-
 tance measures were clearly shown to be differentially effective in
achieving the indicated structure, and hence Shepard-Kruskal methods
proved useful for classifying the behavior of different measures and
seiecting some measures over others, Thesge results are substantively
relevant to a variety of semantie applications. invelving the analysis
pf differences between individual sorting behaviors, and also to certaln
kinds of behavioral data arising in sociobioglogy. Prior to the present
‘study,. little systematic attempt appears fo have been made to assess
the validity of Shepard-Kruskal technigques in scaling discrete spaces,
.by confrast to the well-known work of Beals, Krantz, and Tversky (1968)

on sealing of continuous spages,
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There ig én.extensive behavioral secience litefature dealing with

the constyruction and use of numérical meagures for guantitative descrip-
tlon of relational étructﬁres; Structural meaéures of various kinds
rhavérbéen‘employed for déséribing.and.cbmparing setg, partitions, order-
~ings, trees, graphs,.groups and éemigrOups, grammars, and other kinds of
complex relational entities. Any of a large number of information-
thebretic meﬁsures fail in this category, as do various measures of
grammatical complexity (Chomsky and Millef, 1963) and hierarchical struc-
ture (Landau,.l951; Boorman, 1970). Perhapg because of the substantive
iﬁgortance of stfucfurai eguivaiénce congepts iﬁ many beha#ioral problems
(see Lorrain, in press), étructural measures dealing with partitions’
(their.complexity, similarity, etc,) are probably the single most im-
 portagt ciass Qf ﬁeasures‘ﬁf relational Structﬁre,“ A systematic apbroach
tQ struqtural meésures oﬁ partitions and trees is developed from a
Slattice~theoretic viewﬁwint in.previoﬁs papers of the present suthors
(Boorman, . 1970; Boorman and Arabie, 1972; Boorman and 0Olivier, in press).

This development is mqre algebraically oriented than earlier compavative

*¥0rder of authorship is alphabetical.
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end survey work for other kinds of structural measures (e.g,, Restle,
1959, for set metrics; Attneave, 1959, for information measures; Flement,
1962,. 1963, for measures of graphical structure; Dalrymple-Alford, 1970,
Frankel and Cole, 1971, Roenker, Thompson, ard Brewn, 1971, for cluster-
ing in free recall),-

In the absénce of substantive or theoretical constraints, measures
proiiferate, and it is often unclear'Whatris being captured Ey any par-
ticular one (see for example, the criticai SurQey-of altéfnétive meesnures
of the "centrallty” of & graph in Sabldussm, 1967) To gain some kind of
-_methodologlcal control over this proliferatlon is ﬁhe motlvatlon of the
comparative work Just cited, A majox problﬁm, however, is tﬁat over-
whelmingly the ex1st1ng llterature deals iny with abstract formulas
defining structural measures , and hlghly qualltative deduotions from the
formulas.. Because all relatiocnal structure is 1ntr1nsmcaily complex,
such qualltatlve dlscusslons are frequently very weak and Qonclu51®ns
"drawn from them are unrellableq. A good example ls:the provocatlve but
totally abstract and impractical discussion of Bafélas'é (1959).centrai—
ity index from the standp01nt of the automorphlsm group of the graph in
Flement (1963, pp, 5@~52) Emplrloally-orlented user$3 on the Ouher
‘hand, are 1nter¢sted in the detalls of the numerlcal behavior of a par-
5tlcular measure,. Desplte some work for entropy and related 1nformatlon~
theoretlc measures (e g, Mlller, 1955) and detalled knowledge of the
mean and varlance of Landau's hmerarchy 1ndex (Landau,‘l951; Holland
1 1971) under s varlety cf 1nterest1ng conditlonsa relatlvely llttle is
known about the numerical behavlor of most strustural measures? There

is essentially nc litervaturs for any kind of structgpa; measure which
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geriously attacks the problem.of guantitatively compering different
measures, and classifying them according to their numerical output.

The present study is one specialized attempt to study this numerical
behavier problem from a partiecular viewpoint, namely, that of nommetric
multidimensional scaling and related techniques. Concretely, we will
report the results cof extengive application of scaling to representetlicn
‘of measures of distance between partitions of a finite set. The objective
is to compare the different distance geometries which distance measures
can. lmpose on partition spaces.

This problem is of more than purely methodclogical interest as a
highly spec¢ialized interface between scaling and certain other aspects of
measurement, and scme of our conclusions are as follows. To begin with,
one of our findings (Section:E below) is that by no means do information-
theoretlc measures necessarily have more desirable performance charsc-
teristics than do alternative measures of partition structure. This fact
has very practical implications as far as the use of entropy-based
structural measures is concerned. Although the influence of information-
theoretic formalism in behavioral secience investigations has clearly
diminished in the past decade, there is still a strong reflex tendency
on the part of investigators teo introduce information-theoretic measures
without considering their appropriateness for the problem at hand. To
some extent, this tendency derives from a naive faith In axiematic justi-
ficationé of the entropy measure (e.g., Khirichin,‘l%"(J which isg freguently
cited in the literature). The relevance and utility of these axiematic
derivations is effectively attacked by Mandelbrot (1966) from a thecret-

ical standpoint, but his context (psycholinguistics) is very limited,




One of the few investigators to consider empirically the need for a sys-
tematic comparison of the entropy measure with riwval structural measures
is Levins-(1968a, 1968b), but his focus is on a particular set of ecol-
ogical niche breadth data, and is hence again too restricted to be very
informativeb

On a mere substantive level, measurement problems related to parti-.
“tions have intrinsic Importance because partitions afe & kind of mathematical
structure underlying much behavioral data; for example, that geperated by
the method of sorting. Stimuli to be sorted have ranged from coler patches
(Fillenbaum and Repoport, 1971) to common nouns (Miller, 1969), and the
method of the Q-sort has been extensively employed by George Kelly and
other clinicians (Block, 1961). The relative ease with which data can be
“ecollected by sorting methods has led poggible guestiong tc outrun systems
atic techniques in many aspects of the study of semantic and asscclative
structures to which sorting may be applied, To a large extent, existing
formal work (e.g., Miller, 1969) has been confined to analyzing to co-
oceurrence incldence matrices which can be derived from any family of
partiticens. This analysis poses a simpler problem, but cne which involves
discarding a large amount of the structure inherent in partition data.
. In particular, once the data is reduced to incidence matxix form, it no
longer becomes possible to analyze the obtained family of partitiens for
‘homogeneous clusters, or to discuss individual differences between sorters.
Such problems naturslly arise, for example, in the practical use of sorting
to differentiate diagnosed schizophrenics from a control group of normels

(Pavy, 1968). There is, moreover, no question that different distance




méasures are differentially effective in conjunction with scaling tech-
nigues (see discussion of interpoint distance ties in Section L below).,

A formally homclogous problem. arises in the study of primitive social
systems consisting of freely forming small groups (White, 1962; Cohen,
1971). At any observation time, such & system may be described as a
vartition of its individual members among the groups they form, and we
.may aék Quéstions about structural changes over time in terms of distance
between partitions. Using scaling of partition distances, it is possible,
: for-éxample, to differentiate systematic changes in the structure from
random drift effects. An application of this type to a sociobiologlcal
example  arising in primate behavior studies.is developed in Section 7
below,

At the same time that better understanding of partition distance
measureg ig relevant for behavioral data analysis, the present study has
methedelogical implications for the use of multidimensional scaling. Tt
§ shculd be emphasized that there 1s no a priori gusrantee that geometric
- modeling of the multidimensional scaling type will provide meaningful
.information-in any particular application. Shepard's original conjecture,
thaet the interpcint distance orderings asymptotically define a given conq.
flguration of points in a Minkcowski r-space up to the similarity group

(Shepard, 1962, 1966), has the nature of a unigue recovery property,
rather than an existence result. Mereover, prior to the present study,
~little systematic attempt appears to have been made to assess the possi-~
bility of fruitfully scaling discrete spaces, though there is a growing
body of literature which performs such scalings on concrete emplrical

data of various kinds, For justification of the scaling of continuous
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spaces there is, by contrast, the well-known work of Beals, Krantz, and
Tversky (1968). Although much of the early work using multidimensional
analysis was for stimulus spaces which could at least in principle be
treated as continuous (e.g., Fkman, 1954), all semantic spaces aré
discrete and it 1s only recently that the theoretical issues concerning
the application of Shepard-Kruskal methods to such spaces have been in-

cvestigated {e.g., Arncld,. 1971).

1. Preeedure

In the present study, 12 distance measures were applied to partitions
of a finite set and the cbtained proximity matrices were scaled in Buclid-
ean and city-block spaceg of two and three dimensions, using Kruskalts
(1964a, 1964bh) scaling algorithm. The data on which our conclusions are
based are comparatively extensive, involving well over 500 runs of
Kruskal's MDSCAL-L and MDSCAL-5 programs, as well as various supplementary
programs described below. As is clear from Teble 1, most of the scaling
rung involved between 50 and 60 points, and consequéntly'the present study
is one of the most extensive tests of MDSCAL for large input configura-
tions which has been undertaken to date, Because of space limitations,
" the present reyort.reproduces only & very limited sample of the obtained
séalings; Table 1 gives summary statlisfics on the runs made (see also
Table 11 below for summary statistice on the obtalined stresses for stress
formula 1),
. We first intrcduce some minimal formal background material on parti-
tion lattices (see Ore, 1942; Birkhoff, 1967; Szész, 1963, for more
extensive treatment). A partition P of a finite set $ is a division

of that set into a collection of nonempty, palrwise disjoint, and
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| Table 1 -

_ ;'Inventory,of Runs on Which the Present Study is Based

- - (60 points) -

2 dimensipns, - Both Without  Without ' Without
Fuclidean metri;_.' '-endpolntg ' “Plumﬁer; Psplitter elither
Lelattice 6 g 10 o1k
(15 points)

5-lattice 8 6 8 ' 95

(52 points).

6-lattice sample 16 - 2k 22 : Ih. .
- ..{60 points)

10-lattice sample 9. 25 7 . .13

b7,




Table 1 (cont'd)

Without

2 dimensiocns, Both Without Without
Citywblo?k metric endpoints Piuﬁpe;” Psplitter éiﬁhéf
ﬁ—lattice 0 2 id ih
5-lattice 8 10 12 - 'w;1_6
6-iattice:sam§le 8 3 ‘ 6 | 0
loflatﬁice §§§ple 18 | 9 30 @.ll
3 dimensions, Both Without Without - Without
Fuclidean metrie -endpoints Plumper. Psplitteﬁ | ?ither |
h-lattice hfé _5 Il; ;L '
S-lattice i 5 & % 8
E-la£ti;;_sample 0 q 0 0 0
1o;la‘t;tice sample t 0 0 0

6b




Table. 1 {cont'd)

3 diménsions,l Botﬁ'  | Without Withouf Without
‘City—block metriec endpointé : Plumpe? _Psplittér either
h-lattice._ - Q | 2 | 10 16
5-lattice | | 8 | 0 12 16
6-lattice sample | 0 0 0 0
lo-lat£ice sample 0 | 0 0 0

Note.~-Each entry includes all nondegenerate runs obtained summed
over all 12 measures and all rescalings with random initial configuration.
A degenerate run is defined to be one Which‘separates the partitions
scaled intoc two ciusters whose radii epproach zerc as iterati@ns con-
tinue. If.a rescaling of a run with & different initial configuratiocn

produced a degeneracy, neither run is counted in the tabulation,
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collectively exhsustive subsets. We employ parenthetical notation to
describe specific partitions; thus P = ({ab)(ecd)) is a partition of
S = {a,b,c,d} with two components (ab) and (cd) which we will term

.eells,

-Definition 1.1: A partition P dis finer than a partition Q (P < Q)

if and enly 1T each cell ¢ € P is contained in some cell d € Q (dually,

we say that Q is coarser than P ), . We write P<Q if P<Q and
P £ Q.

Definition.l.2: The intersection PN Q of two partitions is de~

.fiﬁed a5 follows: two elements a,b ¢ 8 are in the same cell of PN Q
if and only if they are in the same cell of P and also in the-same cell
of Q. . _ |
For example, if P = ({ab)(cd)) —and Q = ((abe){a)), then PN Q
15 ((ab)(e)(a)).
There is a dual concept of the union of two partitions (this will,
be explicitly used in what follows only in connection with discussion of

alternatives to the megsure TI2MINUS in Section 4 below),

Definition 1l.3: The union PUQ of twe Partitions P and Q -1s

defined as follows: two elements a,b € § are in the same cell of P U Q

if and only if there is a finite sequence By = 8389, reey

co-ocour elither in a ¢ell of P o

a = b bf

4

elements of S such that a,,a,
L7 Ti+l

a eell of Q.
In the above example, PU Q = ({abed)}). We will refer in general

to the partiticn which lumps all elements of 8 together as “Plumper

and that which splits all elements of S into isclate cells as P . .
splitter

Th?s it 5= sa?b’cPd} 4 Plumper = ((abed)) and Psplitter - ({a)&b)(c)(d))g

7




We now have the following basic proposition:

Theorem: The set P(S) of all partitions of § forms a lattice
under < , i.e,, every pair of:partitions P . and @ will have a unigue
least upper bound, P U § , and & unigue greatesﬁ.lower bound, P N Q.

- Proof: - See Szasz (1963) for:proof of this assertion, tegether with

& much fullef charaéterization of thé‘lattiée structure.

By a partitidn space we mean simply a'family of partitions consti-
tutiné & éubSet‘of'some partitior lattice. Four basic partition spaces
were endoﬁed.with metrics and submitted as inﬁuts to multidimensional
scaling algorithms: the full lattice of all 15 partitions of'a four element
set (henceforth termed the 4-lattice); the full lattice of all 52 parti-
tions of a Five element set (S-lattiée);.ahd~two 60-element random samples
from tﬁE'péftitioﬁ'lattices on six and ten objects, respectively, (which
will bé fermedj respectively, the 6~ and.10-lattice samples). .These last
samples were dbtained by & procedure for generating random partitions.
This pfocédufe (Arabie and Booyman, 1972) quite closely approximates. the
rectangular aistribution on the entire partition lattice over a reasonably
small uhderlyingfset S (an alternative generation procedure is described
in Miller, 1969). In the case of the 6-lattice the ratio of the sample
to the full lattice size was

60
’56'?: n296 s

while in the cage of the 10-lattice it was

60 _
135,975 ©

L0005 = § X :J.o""LL .

Tables 2 and 3 display the specific samples used.



6 lattice Sample of 58 Partitions Wlth P

Table 2

lumper
and Psplitter Ad joined
(123456) (13)(245)(6) (2)(2)(36)(45)
(146) (235) (13)(25)(46) (15)(2)(3)(6)

(1236) (45) (1)(235) (46) (35)(24)(3)(6)
(126)(345) (124)(3)(56) (1)(245)(3)(6)
(1245)(36) (1h)(23)(56) - (135)(2) (4)(6)
(13)(2k56) (W (25)(36) (12)(35)(4)(6)

16)(245)(3). (12)(34)(56) (2)(235)(4)(6)
(145)(26)(3) - (1) (23)(456) (15)(2)(34)(6)

- (15)(246)(3) (1)(2)(3456) (324)(3)(5)(6)

~(12)(356)(4) (2)(26)(35)(4) (14)(2)(35)(6)

- (123)(46)(5) (15)(2)(36) (k) (1)(24)(35)(6)

O (a3)(246)(5) (1)(2)(356) (4) C(15)(2)(3)(46)
(1)(2346)(5) (16)(28)(3)(5) (1)(2)(3)(56)

- (336)(2)(45) (1) (26)(3)(5) (1)(24)(3)(56)
(1345)(2)(6) (1)(256)(3)(5) (1)(24)(3)(5)(6)
(1245)(3)(6) (126)(3)(4)(5) 12)(3)(4)(5)(6)

(145)(23)(6) (13)(26) (4)(5) (1)(2)(3)(4)(56)
(135)(24)(6) (12)(36) (4)(5) 1)(2)(3)(4)(5)(6)
(125)(34)(6) (14)(2)(36)(5)

(1234)(5)(6) (1)(24)(36)(5)

(123)(45)(6) (1)(23)(16)(5)

8a




Table

10-lattice Sample of 58 Partitions with P

- and P

plitter

3

lumper

Adjolned

(1234567890) |
© (223)(15)(6)(780)(9)
(10)(23458) (679)
(2)(2689)(30)(:)(5)(7)

- (1)(2780)(356) (4)(9)

- (1236)(49) (578)(0)

C(270)(29)(35)(4)(6)(8)

{1)(2)(37)(490) (5)(6)(8)
(18)(2)(35)(4) (6) (73 (9)(0)
(148)(203}(3679)(5)

(157)(239) (46)(80)

(17)(235) (489)(6) (0)
(170)(2)(39)(L8)(56)
(1370)(2)(4)(5)(6)(8)(9)
(1350)(268) (49)(7)
(1)(28)(37)(L6){50)(9)
(1)(25)(369)(40)(78)
(346)(28)(3)(5)(7)(9)(0)
(19)(26)(3)(457)(80)
(156)(2)(39) (470)(8)
(135)(2)(469)(780)

8y

(1){29)(345)(6)(7)(80)

- (1890)(2) (3) (45)(67)
(179)(2)(30) (48)(56)
(147)(269)(350)(8)
(1)(24)(3)(59)(6)(780)
{1240)(36) (57)(8)(9)
(13480)(2679)(5)
(1350)(29) (%) (68)(7) -
(1)(235) (47)(6)(890)
(15)(2)(36) (4)(7)(89)(0)
(1578){20)(349) (6)-
(1358)(20)(49)(67)
(157){290)(38)(46)
(16)(2390) (4578)
(360)(247)(3)(589)

(19)(26)(358)(L470)
(15)(20) (37) (%) (68)(9)
(1)(2)(3)(+)(560)(7)(89)

(135)(26)(4)(7)(89)(0)
(1)(2)(3)(468)(590)(T7)
(1)(2)(3)(45)(60)(78)(9)



Table 3 (cont'd}

(1269)(3)(45)(7)(8)(0)
(1)(2479)(3680)(5)
(1)(20)(3)(4)(58)(69)(7)
(168)(27)(3) (450)(9)
(16)(2)(3)(459)(18)(0)
(1)(2)(39)(¥5678) (0)
(15)(2)(3890) (4)(67) -

(19 (258)(3)(60)(T)

(1)(23)(48)(5679)(0)
(20)(2459)(3)(67)(8)
(14789) (260)(3)(5)

- (125)(3790) (46)(8) -

(148)(2)(35690)(7)
(148)(20}(3)(57)(69)
(126)(3) () (5)(7)(8)(9)(0)
(128)(3470)(59)(6)
(1249)(37)(58)(60)
(1)(2)(3)(#)(5)(6)(7)(8)(9)(0)




Given any partitiocn lattice & , 8 semimetric on that lsttice is a

mapping m: ot % —» R which satisfies
(i) m(P,Q) >0 and =0 for P =4

(iij m(P,Q);‘ﬁ(Q}P) _for 21l P,Q ¢ of
(see Blumenthal, 1953, for discussion of semimetrics;'see also Shepard,
1969} 1972). If, in addition, m satisfies
. (1i1) m(P,R) < m(P,Q) + m(Q,R) (triaﬁgielinequality)
_gfor all P,Q,R ¢ Jf); then m is a metric. All measures of partition
aistance considered in the present study are semimetrics, and the majority
gre either metrice or derived from metrics in some simpie way., Twelve
such measures. in all were studied. For the sake of easy reference, their
defining formulas are collected in Table 4, The meésures PATRBONDS,
INFOTWO, and MULTINOM are all metrics derived from supérvaiuations on
partition lattices, and are discussed in Section 2; INFOTHRY, 1-NT/S5QP,
1-N7/1+2, INVRHEIT, and NVENTROP are essentially all normalizations of
* these metrics, and are treated in Section 3; APPROX and TIZMINUS are
characterized by massive numbers of interpoint distance ties and are
analyzed in Section 4 while Section 5 handles 1-LAMBDA and'CHISQUARﬁ
which are simple linear transformations of the two. classieal measurss of
asgeciation from which their names are taken,

Given the partition spaces we have describgd, the actual distance
values for the 12 meagures were compuied for each space by means of a
FORTRAN IV program written by the authors,l This pfogram produced half-
matrices of distances which were then input into the programs in the
MDSCAL series. Finally, the resulting scaling éonfiguration was rotated

to congruence with a given target configuration by means of a program




‘Teble b

Structural Messures of Partition Distance

sy

In what follows, we employ the following abbreviations and
conventions:

|s] (size.of S ) ;

1’72

P = {cl’CE""’cm} ; where the ¢, are the qélls.of P
Q= {8),45,000,0 ) , vhere the Q are the cells of Q;

.P nQ = (zij}-;

5
I

_f]PI, p=f(al; |[Pnq| = size of PG (pumber of nonempty

- (%)

1

M(P) = z{: tog,(le|) ;
T =
v el te, [

1. L .
B(P) = - 2;: —— log, ~—— ;
V(P) = logn - B(P) ;
lc(max = max {|e] : 0 ¢ P} (largest cell size in P );
la[max = max {Idl : De Q) (largest cell size in Q );
IZiO[ = max {fzijl P dy e Q) ;
Izojl = max {I;ijl pog e B .

98

B

1




Table 4 ( cont?® a)

Name of measure

PATRBONDS
INFOTWO
MULTTNOM

TrrorERy(®)

| “L-wr/sqpt )

1-n1/1420¢)

- APPROX .

. }~LAMEDA

TIEMINUS

crrsquart

TVREETT &)

NvRNTEROR )

Defining formula

D(P)+D(Q)-2D(P N Q)

V(P)+v(Q)-2v(P N Q)

.M(P)+M(Q)~2M(P naq)

" INFOTWO/E(P ' Q)

| L. Denay
/B(B)5(a)
o eena) PATREONTS

D(F)+D(Q) ~ DB(P)+D(Q)
lpnal - min(|p|, [al)

en - z lz:‘i_oI B Z; ’Zoj]
1 d

en - Tclmax - zdlmar;c

2lpnal - el - |q]

X2 (p,q)
(IPT-1,]al-1)

T n min

EE
(L i -2)

= b ER(TET Al

PATRBONDS

(%)-(2 0 a)

INFOTWO

21og2n~E( P)-E{(Q)

9b




Table X (cont‘d).

Notes;

(a) The denominator vanishes if and only if P=Q=P r;'and

_ lumpe
in this case we define INFOTHRY and INVRHEIT to be O, |

(b)  If D(P) ox D(Q) ig OIthen either P .or Q58 P trert
In this case, we define 1-NT/SQP frpm'Psplifter to itself ﬁo be 0, and
_befween Psplifter and %ny'othe? partition to be‘l,

(¢) The denominator vanishes if and only if D(P) = na) =0,

and hence P=Q=P ﬁn this case we define 1-NT/1+2 to be O.

gsplitter’
(a) As %n (a): CHISQUAR from Plumper'to itself 1s‘of.and from
Plumper to any other partition is.1,
(e) The denqmlnator vanlshes if and only if PqQ;Psplitter’ and

in this case, we define NVRNTRCP to be @,

9%



of Donald {. Olivier (Olivier, 1970, gives a description of the mathe-
matical foundations of this precedure). This rotation was designed to
orient the natural lattice dimension from P to P . alcng the
lumper splitter

x-axis for all plots, and hence permitted comparison of metrics more
easily than would otherwlse have been the case,2

Computation of some of the 12 measures revealed degeneracies in the
multidimensional scalings owing to {their behavior on the lattice endpoints,

and « wBpecifically, various of the normalized measures

._Psplitter Plumper

place either P a maximum (unit} distance from any other

splitter or Plumper
-point. The result i1s to meke the designated endpoint behave somewhat like
the point at infinity in standard metrizations cf the Riemann sphere (e,g,,
stereographic projection). This phenomenon leads to degeneracies when

- we try to scale the space with the given distance measure, since the al-

gorithm attempts to place the endpoint at a maximum (unit) distence from

all other points, subject to the conmstraint (Xruskal, 1G64Db)

lx 1% =2,
-Pze:aﬁ P

go that the remsining points collapse into o cluster whose radius ap-
-preoaches zerc as iterations continue. TIn order to eliminate this difficulty,
we considered verious sﬁbspace scalings involving removal of one or both
endpointsf A complete list of the degeneracies is given by Table 5. Thus,
Jin the case of a measgure on a given lattice with no.endpoint dégeneracies;

we coﬁputed up to four scalings for each choice of dimensicnglity and out-
put metric (éompare Table 1). Even where there were no degenéracies,

these alternative scalings provided a useful sensitivity analysis for the

10




Table 5

Endpoint Degeneracies for the Distance Measures of Table L

Name of Both Without Without - Without
measure endpoints Plumper Psplitter - glither
PATRBONDS

INFOTWC

MUTTINCM

INFOTHRY * s

1-NT/8QP * *

1-NT/142 * *

APPROX -

1-LAMEDA - * *

TIZMEINUS

“CHLSQUAR # *

TNVRHELT * *

NRVNTROP * *

Note,~-A star (%) indicates that with the indicated endpoints
present the configuration degenerafes because one or the other of
the endpoints present is maximal (unit) distance from agll other

points 1n the space.
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metrics, since we shall see (Section 2 below) that the endpoints tend to
dominate the behavior of the scaling golutions.
Various MDSCAL parameter options were tried, involving cheoice of

initial eonfiguration (L-, random, or rational), dimension (2- or 3-),

and metric of the scaling solution (city-block oz Euclidean). In all
cases scaled {except for a test of stress formula 2 on the Struhsaker

data analyzed.in Section 7), the stress formula employed was stress
" formula 1, which is the original objective function suggested by Kruskal
(196ha,‘l96hb)n3 There is a published literature on the expected be-
havier of stress formula 1 which is lacking for stress formula 2 (see,
e.g., Klahr, 1969; Stenson and Knoll, 1969). TIn all cases scaled, more-
over, #e'employed the primary stress approach to ties, which does not
treat tied interpoint distances as constraints, as opposed to the secondary
stress approach option, which accepts ties as. constraints (Kruskal, 1964a).
The primary stress approach appeared theoretically preferable in view of
the large number of interpoint distance ties given by even the most
discriminating of our distance measures (see Appendix). Adoption of the
primary épproach for such data means ‘that the scaling is given the_greatest
possible chance to fail in recovering meaningful lattice structure, and |
hence the algorithm is in this sense being subjected to a more stringent
validation criterion than for the seccndary approach. Presence of in-
discernible or missing individuals in many instances of concrete partition
data (see, e.g., Section 7 below) makes a secondary stress approach addi-
tionally unrealistic for the purpose of many applications.

As Tar as input configurations are concerned, the standsrd L-

configuration (described in Kruskal, 1964%) frequently led to.local

11



- minima, and in ceytain cases to guite severe oneg, with an arrangement of
points which was conslderably less interpretable than that proguced by
fhe algorithm from a random initial configuration, Consider a particular
‘S—tuﬁle (lattice, endpoint configuration, input distance measure, output
dimensionality, output metric), which completely describes a scaling run
except for selection of the initial configuration, Of the 154 such 5-
tuples initially scaled with the L-configuration and then rescaled with

‘a random. initial configuration (in some.cases more than onee), 73 achleved
“stress reduction in the best of the random solutions when compared with
.~ the Leconfiguration solution. In the L1 of such S-tuples rescaled more
- than once with random ipitial configuration, the overwhelming.majority
(37) aqhievea stress reduction. The three (dimensionality, output metric)
palrs corregponding to the cases where most of the repeated rescalings
were done were (i) the 6-lattice with the Euclidean metric and the 10-
lattice with (11) the city-block and (iii) the Buelidean metric, Table

7 describes relevant statlstics of average stress reduction for these.
cases. In the light of Table 6, existing literature on average stress
(Klahr, 1969; Stenson and Knoll, 1969), which is based on the L-
configuration solution only, should probably be corrected by reducing

the obtained values by 2 quantity on the order of 2% to 5%.

In addition to rendom conflgurations, a version of MDSCAL-3 was run
which was designed so as to have inputs obtained from a Torgerson metric
.analysis of the original data (see Young and Torgerscn, 1967). The
objective was to test the hypothesis that a metyic principal componentsg
analysis of the proximity matrix might provide starting configuraticn

for the nommetric gradient algorithm more nearly optimal than either

A2




- Table 6
Reduction of Stress Values by Rescaling with .
Random Initial Configuration

Dimensionality = 2

Number of Stress

5—tup1es(a) reduction(b)
6-lattice, Fuclidean metric 22 3.7%
10-lattice, Euclidean metric 13 2.0%
10-lattice, city-block metric 10 1.2%

Notes:

() This is the number of ordered pairs (measure, endpoint
.configuration) which were repeatedly rescaled for given lattice,
“dimensicnality, and output metric.

{v) This 1s given by the formulas

§ = %Zmax(% 8, - min{s 1)

random

where summation is over all ordered pairs considered (a), K is the
total number of such pairs (given by entties in the first column of
the table), 8 1s the L-configuration stress obtained for a given

is the minimum stress obtained ovexr all scalings

air, and min 8
patL, d random
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vith rendom. initial configuration. For the 6-lattice with r = 2 the
average number of rescalings over which _ﬁhis minimum was taken was
2.2; for the 1l0-lattice with r = 2 it was 2,6; for the 10-lattice

with r = 1 it was 3.8.

i2b



the Le-configuration or a random one. In the eight cases scaled, however,
the . obtained stress was considerably higher than that produced by the L-
éonfiguration and a randcm cone; Ln consequence, a raticnzl starting
configuration of the indicated type is apparently by nc means necessarily

better than the I~ or random oOnes.

2, 'Cdmparison of Three Basic Measures

The present section is devoted to detailed discussion of the multi-
'dimensional scaling outputs produced by the three distance measures
PATRBONDS, INFOTWO, and MULTINOM (see agein Table ¥ for defining equations).
These three measures are each derived from a particular supervaluation on
‘the partition lattice P(n) orn & set of n elements, i.e., a real-valued

function v on 7(n) satisfying the supervaluation inequality:

v(P) + v(Q) < v(PU Q) + v(PN Q) . (1)

Any supervalustion v which is strictly increasing in the lattice
Qrderingl+ can be shown (Boorman and Arable, 1972) to induce a metric u
.on, 15; by a distance formula which ig formally reminiscent of the law

of'cosines:
wP,Q) = v(P) + v(Q) - av(Pn Q) . (2)

" The three distance measures under consideration (PAIRBONDS, INFOTWO,
and MULTINOM) are each induced in this way from supervaluations which are
labeled D, V, and M, respectively, in Table k. Of the three measures,
PATRBONDS is the most frequently used. in the literature, and has been
introduced in a wide variety of statistical applications {e.g., Johnson,

1968; Bersted, Brown, and Evans, 1970; Mirkin and Chornel, 1970; Rand,

.13



1971). INFOTWC is a standard distance metric of information theoxy
(Csiszar, 1967; Parry, 1969; Jardine and Sibson, 1971, p. 12 £f; Boyd,
1972). MULTINOM is a variant infoxrmation measure whose behavior may be
compared with INFOTWO by results of Boulton and Wallace (1969). Both
INFOTWO and MULTINOM are closely related to a varieiy of other information-
theoretic measures connected with correlation, redundancy, and othgr
structursl concepts (Kotz, 1966; Pearson, 1966). |

In order to examine the output configurations generated by the three
metrics, we need to consider the structure of the partition lattice in-

somewhat greater detall.

‘Definition 2.1: The type of a partition P = {cl;ce, cors cm} is
the distribution of its cell sizes {lci|}°

For example, the type of ((ab)(cd)(e)) can be coded as 2-2-1,
which is, of course, one partitlon of the integer 5, singe 2 + 2 + 1 = 5,
As further examples, we note that the type of Plumper for the n-lattice

is Just n , while the type of splitter is 1-~l-...-1 . For the S-lattice,
Mttty et

n times
we display &ll possible types in Table T7; for any positive integer n
there are well-known algorithms for generating all coiresponding types
(Wellg, 1971; see also Appendix).

The significance cf considering types is evident from Fig. 1, which
displays the S-lattice scaled with the PATREONDS measure with both end-
points present, The points are coded by type, following the netation of
.Table 7. There is clearly good recovery of the lattice types as contour

‘lines in the scaling represgentation,
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Table 7

Partition Iscmorphism Types for the 5-lattice

Number of partitions

Type having that type Cede
5 1 A
b1 5 B
3-2 10 C
3-1-1 10 ﬁ
2-2=1 _ 15 E
2-1-1-1 10 )
l-l;l~l—l 1 G

1ha



Pig, 1. Scaling of PATRBONDS on 5-lattice with both endpoints
present, 2 dimensions, Buclidean metric, L~configuraticn.
Stress formule 1 = 23,9%. "The ppints are labeled by type
acgording to the coding in Table 7.
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The algorithm behaves much as though P nd P were

splitter & Jumper

opposing attractors, each trying toc organize the types arcund itself as

- glrcular ilsosimilarity contours. The terminology here is reminiscent of
McGee (1966), but the motivation at present is purely geometrical., Hence,
in the multidimensional scalings we have a clear conflict betiween the

"attraction' exerted by P and the conflicting attraction exerted

lumper

The attractor - is more effective than the P

by Psplitter° Psplitter lumper

one (we shall see the opposite effect for certain normalizations of

'PATREONDS), though the effect of P is evident. in rendering the

lumper
outer contours essentially elliptical with the pointes on these contours
contracted on a limited avc. These effects vanish when we remove P
lumper
end- the confours become very nearly circular with points of the same type
: spaced -about eguidistantly on each contour. The only essential error in
the contour recovery is one "B type which is mispleced cleose to what
should be the D-contour; it is also noteworthy that the recovery appears

to become more elastic as we move toward P (F-contour), where

splitter
there are many relatively small distances to teke into account (it is a
general characteristic of partition lattices that the lattice is more
dense near Psplitter and, moreover, small distances are clearly less

impcrtant in the target function than are large ones). When Psplitter
is removed, the basic scaling is similar but the contours near the

missing P

: organizer tend Lo become somewhat more blurred, thus
splitter

further confirming the structural role of the splitter partition.
On page 10 above, we noted that for some of the nomalized meagures,
the removal cf the endpoint(s) is a prerequisite for obtairning non-

degenerate solutions. This constitotes a dramatic example in support

15



of Nelsen Goodman's (1972) objections to the strong demands of Luce and
Galanter (1963) for stability of a spatial representation when additicnal
points must be incorporated. The present analysis of the obtained spalings
in terms of the structural role of the endpoints is a further justification
of the Goodman pogition.

Figures 2 and 3 display additional PATRBONDS plots for the lO-lattice
sample Tor two different initial configurations. Again, the basic obser-
‘vation to meke is that contour recovery in both cases 1s surprisingly
good. {we have indicated roughly where the "complete" contours should fall
if we extended the 60-point sample to a more complete.one), especially
gince the random nature of the partitions scaled eliminates. possible
~peculiarities owing to the gpecialized symmetries posseésed_by the full
“lattice (which as an algebraic structure has en antomorphism group con-
taining at least the full symmetric group; this algebraic structure is
" related in detail to the metric structure of the full lattice in Booyman,
1970). It is clear, however, that the general phenomenon which we ave
seeing here is a consequence of the fact that the meirics PATRBONDS,

TNFOTWO, and MULTINOM (and, in fact, all the measures we considey in the

present study) are permutation-invariant in the sense that any relabeling
‘of the elements of §. leaves distances in the partition lattice on 8
invariant (see Boormen, 1970). Tn fact, it can be shown in the cage of
any of the three metrics that the orbits of the autometry group of the
metric will be precisely partitions of the same ty@e,s It is clear from
Figs., 2 and 3 that the scaling algorithm is attempting to map partitions
of a given type into orbits of the autometry group of Euclidean space

with a fixed origin (namely, circles)q6
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Fig. 2.

. Scaling of PALRBONDS or 10-lattice sample with P

lumper

removed and P _present. 2 dimensions, Huclideen

splitter
metric, L-configuration., Stress formula 1 = 28.4%. The
points are labeled by the height D(P) of the corresponding
partition (compare Table 4 for definition of T ).

16g




Fig= '39

12

i4

Sealing of PAIRBONDS on lO-lattice sample with Plumper

removed and P present. 2 dimensions, Fuclidean

splitter
metric, random configuration. Stress formula 1 = 27,5%.

- Points labeled ss in Fig. 2.
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Juxtaposing the two plets in Figs. 2 and 3, an additional feature
1s clear from direct inspection (and can be formally verified by attempt-
-ing to rotate the two plots to congruence by the algorithm of Olivier,
1970). Both plots recover the contour structure of partition types to
about the same degree; but within contour lines the recoveries are very
different. The stresses obtained are very similar, to about .9 dis-
crepancy in favor of the Jatler initial configuration. Thus, unless we
want to take stress values very seriously, indeed,--which goes against
much additicnal evidence which has accumulated in the literature--we must
conclude that the MDSCAL solutions are essentially nonunique for the data,
being interpretable only up to recovery of contours (compare remarks on
multiple solutions in Torgerson, 1§65), This finding is worth emphasizing
‘in view of the tendency of many users of multidimensicnal. scaling to take
their sealing scolutions sericusly at the level of individual points rather
than merely at the level of clusters and contours.

As compared with the PATRBONDS measure, variocus scalings of which
we have been congidering, INFOTWO does not recover lattice types as con-
tours to such a nearly perfect extent. OCne particular plot for the
10-lattice sample is shown in Fig. 4, which labels partitions in the
scaling according te their com?arétive entropy. The recovery of éontours
is clearly fuzzy at best, and similar fuzziness prevails in other param-
- eter cases scaled ﬁith INFOTWO. For example, Fig. 5 illustrates the
S5-lattice scaling analogous to that for PAIRBONDS in Fig. 1. Once again,
recovery of contour structure is considerably inferior to that of PATRBONDS.
This infericr recovery, which is qulte a general phenomenon cver lattice

sizes and parameter configurations, suggests that INFOTWO may be
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Fig. 4. Scaling of INFOTWO on 10-lattice sample with Plumper

pregent and P removed. 2 dimensions, Buclidean

spiitter
metric, randem configuvation, Stress formula 1 = 32.2%.
Points are labeled by entropy as in the indicated code.
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Fig. 5; Bealing cf INFOTWO cn 5-lattlice with both endpoints
present. 2 dimensionsg, Buclidean metric, L-configuration.
Stress formula 1 = 31.8%. Points are labeled by type
acgording to Table 7. :
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considerably less useful for practical purposes than.is PATREONDS, at
least for analysis of families of partitions which aye comparatively low

in the lattice, i.e., near to P

splitter’ If all p; are comparatively

large (corresponding to a partition high in the lattice), then
_ A -2
~§pi log, ; = %\Pi logy (1 + (pg-1)) _Zi:Pi(Pi'l) = (; p) -1, (3)

and we may expect the behavior of the twe metrics PATRBONDS and INFOTWO
to be similar (though this approximation cannot be too exact since the
p; must sum to unity). For many behavioral applications, however, the
Psplitter end of the lattice is the interesting region (compare, for
example, the sorting data analyzed in Anglin (1968) and Anglin (1970),

which is strongly centered in the P region). The modal cell size

. splitter
obtained by Anglin for subjects sorting 36 lexigal'iﬁéms was 2 (averaged
over all subjécts), and only sbout 14% of the eluster sizes obtained
exceeded 3,

A more theoretical analysis sheds additional light on the comparative
vehavior of the two metrics. Following Boorman and Arabie (1972), consider
the PATRBONDS distance generated by moving a subset of size s from a

cell of gize k +to ancother cell of size k' . The three parameters s,

k, and k' are sufficient to compute this distance, which is

2((k-s)s + k's) , _ (W)

and, for s small relative to k., we have (L) redueing to

2{k+k')s , (5)

which is linear in all three parameters taken separately. By contrast,

.18



in the case Qf-the same problem for INFOTWO,'the distance generated is

(6)

Tt can be shown that if & is small relative to k and %' , then (6)
iz ésymptbtic to
2 (logik + logk') | (7)
n 2 2

for large k and k' . Comparison of (5) with (7) shows that, by con-

trast to PAIBEONDS,_INFOTWO shows convex behavior,(décreasiné retﬁrns te
scgle) in both k. and k".. Consequeﬂtly,_it can_be expected to dis-
Lériminate IESS elearly than PATRBONDS when k and k! are large (i.e.,
in tﬁe régipn of the laitice.near Plumpér énd ﬁhe ﬁd;t'important region
from the point of view of the way in.whiéhrdisfances.énter into the
target function). .This-blﬁrring effeét is qguite é;eaf in the outer
contours .of Fig. 4 and Fig. 5.7

It can also Be shown (Boultoﬁ and;Wallace,,1969; Boorman and Arabile,
l972)_that MULTTNCM behaves.asymptoficailyﬂlike INFOTWO as far as expres-
sions like (5) and (7) are concerned. More generally, MULTINCM is
~ asymptotically ordinally similar to INFOTWO, in the sense that as lattice
‘siZe increésés the iﬁduced ihtefpoint‘distéhce-ﬁrderings of the two
measures.become arbitrarily similar-in-tﬁéirank prdéf corfelation SENS&.
ﬂﬁnée we cén'expecf on mathematical grounds.thét.MULTINOM will give a
blufring of'ggntdurs gimilar to INFOTWO. for lattices:on perhaps ten or

more elements, In fact, however, the failure of MULTINOM to discriminate

is already clear for the 55lattice, as Fig. 6 demonstrates¢
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Fig. 6, Scaling of MULTINOM on S~lattice with beth endpeints
_ present. 2 dimensions, Euclidean metric, L-configuration.
Stress formula 1 = 31.1%, Points are labeled by type
according te Table 7.
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We néxt coﬁsider Fuclidean solutions in three dimengions. For even
the mest interpretable of the 2-dimenslonal cases (e.g., PATREONDS on the
S-lattice as shoﬁn in Fig. 1), the porrespopdiné,3fdimensi§hal golutions
wére only marginally‘interpretable. .Discrimination df_¢ontour surfaces
formed by different partition types ranged from poor to tqtal unrecog-
@izabilityr SpeCifically; when the 3-space solﬁtidn was, rotated to
CQngruence'with'the lattice diméﬁsion so_that the lumper-splitter orien-
tatioﬁ-was;appréximately'along the x-axis, nope of the  three 2-dimensional
: dféss;Sections pérpéndicular tb'an{éXis groved interbreﬁahle. In econsequence,
i1t appears that an‘escalétion of dimensionaiity in this case actualiy de-
. creases  the effectiveness of the proceaure. This,supports an obeervation
L ef Shepafd (1969) to the effect.ihat if'a scaling coﬁfiguration is inter-
prétabiez then it is almost certainly intefpretable in two dimensions.
. The only exception-to this lack'of-interpretability was in the 4-lattige
éqsé,'where there were at most only 15 pointg in the scalings and.the
B—dimensidnal solﬁtions ook épproximately the -form 6f an ice-cream Qone,
with P in”the.middle of the ball and P

at the point of the

splitter lunper

cone. This result did not, however, generalize to the S5-lattice, where
conly in thé PAIRBONbS case Waé a prbvisiohally acceptable solution of
l¢e-cream cone type obtained, and this solution manifested congiderable
noise. . “

Given the current.fevival of interest in non-BFuclidean sblutions
(e,gg, Arnold,‘l971;‘Fischer and Micko, 1972; Shepard and Cermak, 1972),
‘we were interested in exploring such representatioﬂs for the partition
metrics. ~In gpite of the early interest in ihe city-block metric

(Attneave, 1950), it is probably fair to say thet most psychological
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investigations have been restricted to Euclidean spaces, . Shepard (1969,
p 34) argued that this limitation (for continuous spaces) was not
objectionable:
As long as there is a continuous underlying spage of
- well-defined dimensionality that is at all. isctropic
' én& uncentorted, anyway, the data so over—détermine'thﬁ
representation that the erroneous assumption of a.Euclidm
ean metric will still permit a satisfactory recovery of
the true underlying structure and, indeed, even a deter-
mination of the nature of the unknown metric.

Tn support of Shepard®s conjecture, Arnold {1971) has pointed out
that Henley'!s (1969) data on semantic (discrete) spaces evirce th@-atr;l,.
r=m ). unit disc quite strikingly, despite the fact that she imposed a

‘Buclidean metric on the solution. The same cbservation holds for data
from a study by Nummenmaa (1964} on the perceived similarity of 21 facial
expressions, TFor technical reasons, Nummenmea included only elght of the.
stimuli in his analysis; a reccnsideration of these eight stimuli hy
Ekman (1970) is reproduced here as Fig, 7 and again reveals an underlying
non-Fuélidean metric,

However, Figs. 5 and & show that for some data.in discrete spaces,
the recovered metric is exactly that which the investigator imposes.
Specifically, in Fig. 5 the choice of Ii.= 2 gives the circles evident:
of én underlying Euclidean space; in Fig, 8 the cheice of ‘1= 1 gives
for the same data an equally cbvious pattern of dismonds, indicative of
© the city-block metric. (The pattern could also be representative of the

supremum metrie [r = oo}, since the supremum and city-block metrics
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Fig. T, Scaling solution for a study of the similarity of eight
facial expressions (Nummenmaaz, 1964}, The analysis-in
. the figure 1g from Ekman {1970).
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Fig. 8., Scaling of INFOTWO on S-lattice with P .. Dresent

angd PSplit‘ter removed. 2 dimensions, city-block metric,

random configuration. Stress formula 1 = 36,8%.
are labeled by type according to Table 7.
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cannot be distinguished in 2—dimensiona; solutions, as pointed out by
Arnold (1971).) Ia both Figs. 5 and 8, there is confusion among the
contouyrs for different types, but the patterns indicative of the two
different unit disks are remarkably apparent.

In general, for any given measure of partition distance which is
permutation invariant, the scaling algorithm will recover the partition
space in such a way that the orbits of.the'automorphism group of the
latticé are mapped into isometric éOHtours in the output metric. In
short, the artificial data coﬁsideréd here.adapt.to-whatever output
metric the investigator chooses to impose. Thus, 1t would seem that a
_representatién theorem.is needed to decide when fhe data allow recovery
 of the uhderiyihg metric, as conjectured by Shepard and others (e.g.,
Shepard, 1969; Wender, 1969). The theoretical.significance of such a
recovery has been demonstrated by the elegant work of Cross (1965a,

- 1965h) in multidimensional stimulus generalization.

A more defaiied demonstration of the way in which the city-block
 éolutions "square"” out the contour lines is shown in Fig. 9 for PAIRBONDS.
ln'general, the contour recovery is less aﬁcurate for the city-bleck than
for the Fuclidean metric on the output space: the contours are less reg-
ular, and confusicn between different contours 1s more likeiy to occur,
This finding accords with the general impression.in the literature that
city~block scalings are more suséeptible to local minims and other in-
stabilities than are Euclidean ones;

There is an additional characteristic of interest in the city-block
MDSCAL plots. Bepecially for the outer contours, the intersection of

two partitions is freguently placed so ae to “complete" the rectangle
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fnz =3,
4ﬂ5=6;
7nNg=9.

A\

Fig. 9. Scaling of PATRBONDS on 5-lattice with both endpoints
present. 2 dimensiong, city-block metric, Leconfiguration.
Stress formula 1 = 24.0%. The superimposed rectangles are

defined by partition intersection. Points are iabeled by
type according to Table 7. : : '
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formed by the two given partitions as opposite vertices. Exanmples are
éhown in Fig. 9; clearly the condition that the intersection completes
the rectangle for every palr of partitions vastly overdetermines the
éolution; but the frequéncy with'which fhe algorithm sﬁccee&s in making ‘
tﬁe placement is rema:kable. |

An algebraic interpretation may bé given to.this behavior, We show
that loecally in an apprbpriate sense the city-block metric.in any.dimen-
éion is induced by a éupervaluation on an appropriafe lattice. In a city-

~block. space with the crigin fixed by the position of P , conslder

‘ splitter
two points with an angular separation relative to this origin of § 90°
(= n/2). Superimpose Cartesian coordinates in such a way that the coor-
dinates of the two points, x and y , fall in the pesitive orthant of

the spacé; Then the city—block distance may be expréssea:
Iz - ¥l =§ ERS A Zi;xi + é}yj -2 %min(xk,yk) - (8)

This is a formula analogous to (2) defining a metric from & lattice
supervaluation, and the_formal parallel becomes exact if we endow the
given orthant with the standard product ordering, thus defining (Birkhoff,
1967)

P

%Sy ifend only if x, <y, for all 1 . (9)

In this case, the orthant becomes a lattice with the intersection of two

points x and y being z, = [min(xi,yi)} and thg union being
Fp = [max(xi,yi)], We see directly that j(x) = Z:xi defines a valuation
-4

on the oxthant, i.e.,
3z) + 3G = 3gy oz + w0z, (10)
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and morecver

lz -zl = 3(z) + 3(w) - 23(zn ) ()

for any pair of peints 2z and w -in the region,

Uhfortunately,rthis local representation of city-block space as a
_metric lattice does not extend to a global one, eéséntially sinece in
general ]min(xi,yi)| £ miﬂ(ixi[,lyi!) for nenpositive ki’yi :  However,
- locally both the original space and the scaling representatioﬁ are metric
- lattices of the éame.tyﬁe, The evident tendency of the algorithm to
complete regtangles in the above sense may then be interpreted as an
attempt to preserve lattice intersectiocns in the scaling, Tn algebraic
terminélOgy, the scaling is attempting to produce a lower-semllattice
homémorphism (a:loﬁer semilatiice 1s Jjust a lattice without any union

cperation: Birkhoff (1967)).

'3; -Alternative Normalizations

Normalizeticons of structural measures can be used for essentially
two different purposeg: to provide a uniform range permitting meaningful
compariscn between measures of distance on lattices of different sizes;
.or to factor cut the effects of an unwanted dimension of variability,
thus, in effect, providing a conditional meagure of the remaining
structure (the classic case being conditional probabllity). In the
present sgtudy, we considered five differeﬁt normalizations of PATLRBONDS
and INFOTWO. The measures 1 - NI/1 + 2 and 1 - NI/SGP eare essentially
suggested in Johnéon (1968). Johnson (personal commnication) has proved
by aﬁ Buclidean embedding argument that 1 -~ NT/SQP 1s a metric; the

metric status of 1 - NT/1 + 2 remains uncertainglthaugh the behavior
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of the two measures is highly similar and they are closely related as
arithmeti¢. to gecmetric mean (see again Table 4), The distence measure
INFOTHRY is developed in some detail by Rajski (1961), who proves the
triangle inequality by a highly intricate argument (see also Kotz, 1966;
Boorman, 1970, gives a simple proof of the triangle inequality by a latﬁice-
theoretic argument). INVRHETT and NVBRNTROP do not seem to have appeared

,in the literature. h

These alternative normalizations are all designed to study thé effect
of controiling for the natural (lumper-splitter) dimension which orients
the partition latticé; The five measures studied are organized in Table 8,
~which classifies them by underlying measure (PAIREQNDS or INFOTWO) and by
the normalization strategy employed.

The‘main result of sc¢aling these derived measﬁfes is véxificatioh
thai the strategy of normalization is very important in controlling the
behavior of the derived measure. In some cases { INFOTHRY and INVRHELT),

. the effect of an apparent normalization is essentially.negligible in the
scaling.output, In other cages, the regult of normaliéation is dramatic,
. énd the resulting measure must be interpreted as controlling for a quan-
“tity fundamentally different from the original one (NVRNTROP; 1-NT/5QP,
1-NT/1+2). This is aliready evident from the rank order correlations of
Tabkle 9"below, where these measures provide the only pegative value in
the rank-order correlation matriceés, We will henceforth call normaliza-
ticns of the first kind mild, and those of.thé'second kind strone.

At the level of the MDSCAL representations, we Tind that the strong
normalizations make a kind of inversion of the data, turning the MDSCAL

plots inside out {compare Fig., 10). The effect is similar to the conformal
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Table B

Alternative Normalizations_of Supefvaluation—basedQPartition.MEtrics
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Divide by |
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ﬁivide by
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Fig. 10. Scaling of 1-NT/1+2 on 5-lattice with P
and P

prasent

lumper

N removed. & dimensions, Euclidean metric
splitter ' * + ? . : 2

L-configuration. Stress feormula 1 = 20.0%. Points are
laveled by type according to Table . -
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mapping ¢ -1/ in the complex plane, which again drives home the anal-

ogy between the lattice endpoints and the point at infinity or, dually,

zero. The result is that the contour lines nearest P . are nNow
splitter

outermost and those nearest Plumper are innermost; again {(as above) the

cuter contours are regularly recovered.

The explanation of this effect may be obtained by analyzing the
" normalization procedure in more detail. Tn the case of the first strategy
in Table 8, which leads to mild normalizations, as P and Q increase
toward Plumper'ln the lattice oxdering, PN Q likewise approaches

P The function m 1s monotone increasing, hence mi(P

) -

m{PN Q) is monotone decreasing toward 0 as PN Q FaPlumper' Conse-

Jumper’ lumper

‘quently, distance between partitions at the Plumperrend of the lattice

splitter end in gomparisen

will be expanded relstive to distances at the

with the unnormalized metric, This expansion in the regicon of Plumper

‘is, however, merely an intensification of a similar dilation already
present in the unnormalized distances (compare again Figs. 1-6), and

again P will be placed at the origin and P at the periphery

splitter Tumper

of the plot. The result is that we would expect TNFOTHRY to recover
contour lines better than INFOTWO or MULTINOM for the same reasop that
PATRBONDS does: nemely, it inflates distances more thap do INFOTWO and
MULTINOM zs we move up in the lattice (in fact, the scéling results
strongly bear out this presumpticn). In the case of the strong noymali-
zations, by contrast, the denominator will inq:ease as P and Q appyeach
Plumper' Thus, a countervalling influence to the dilation of distances
at the upper end of the lattice is established, and, in fact, is suffi-

ciently strong so that the P region is actually gontracted relative

lumper

to the Pspl:i,tter region. e




This situation raises the following question: under what conditions
is a counterveiling normalization strong enough in its effects to invert
an MDSCAL plot?"For example, instead of 1-NT/1+2 , let us take a normal-
dization of PATRBRONDS with an exponent in the normslizstion factor: a

distance measuxe

5o(PsR) = D(P).+D(Q)_,.2D.(gn Q)
(D(P)+D(Q))

which becomes PATRRONDS for o =0 and 1-NT/1+2 for o= 1 . The

gquestion now arises as to what the o, value is at which inversion

rit
or other instability occurs. (It should be stressed that Sa is only
cne of several possible continua of measures; we might also consider
(DN Q)1¥ in the dencminator.)

A very simple procedure may be employed to estimate the eritical

expopent o " at which discontinuity in the MDSCAL solution will occur.

If our measure is s, as given by (12), then the distance between

‘ . g - . 3 Ve .

Psplitter and any partition of the form Q = (i,j)(a)(b) {z) will be
nj_:.l . (13)

independent of the cheolece of o . Dually, the distance frem Plnmper to

. Ay
any partition of the form R = (i)(ab...i...2) (wherg 1 indicates
exclusion of i from the second cell) will be
n, (n-1

RIS

n n-1)" e (1)

The quantities n 'and n,. will become egqusl when

1 2

Q= Qopiy =

-5 | (15)
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This eguality is a crude way of imposing the condition that no relative

dilation. of distances occurs at either end of the lattice, so that in

principle P and P are equally powerful attracters. In fact,

lumper splitter

when the estimate is tested on the 5-lattice it is found to be low by
about 50%, with inversion eccurring (the endpoints changing roles) about

When Q! - 9750

- Y4, . The Effect of Interpcint Distance Ties

We now focus on the behavior of the two measures which gave the
highest percentage of intérpoint distance ties, namely,'APPROX and
TT2MINUS (see Table 4 for defining formulszs). A comment on the motiva-
tion of these measures is in order.

The measure APPROX is & closed-form approximation to the following
least-moves measuUre proposed in Boorman and Arabie (1970). Define a set
move transforming cne partition into another fo be the transfer of =z
subset of a cell of the first partition to another cell or to form a new
cell. The metric B mgy be defined as the least number of set moves
needed to transform any partition into any other partition, Clearly,
the range of B is contained in the set of integers {0,1, .,., n-1} ,
and it can be shown that B has no closednform.representation but is
computable as s Hitchecock problem of optimal assignment type. The formula

defining APPROX, namely,
APPROX(P,Q) = |Pn-@l - min ([®],[a]) . (16)

is derived from the definition of B by assuming essentially no interagtion
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among allocation decisions in the optimal assigmment problem associated
with its computation (see Boorman, 1970, for details).

The measure TI2MINUS can be expressed by a formula very similar to
APPROX:

TIOMINUS = 2([pnql - -;—(IPI +1al)) . (17)

It is a kind of dual distance to the metric ¢ discussed in Boorman and
Arabile (1972), which is the standard lattice metric employed in pure

methemetics (Birkhoff, 1967) and which may be defined by

o(P,Q) = Pl + la] - 2lpuaql . (18)

Given the apparent similarity of their defining formulas (16) and
{17), the remsrkable feature of the two meassures APPROX and TIBMINUS is
the striking and consistent difference bhetween the qualitative nature of
their MDSCAL representaticns, using the primary approach to ties as
previously-indicated, The APPROX plots are roughly linear along the
lumper-spiitter dimensions, with types arranged in lineaf segments per-
‘pendicular to this axis (Fig. 11). The TIBMINUS plots attempt to-
replicate contours as closed curves, but customaﬁily become badly con-

fused as to whether P or

Tumpe r Psplitter should be dominant, and sometimes

end up placing these two partitions on tpp of one another (Fig, 12).
This is an effect which can be analyzed as in the case of the
measures sa of the previoug section. It is easy to verify that the.
analcgous guantities to ny and n, are identical for TIZMINUS; hence
~there is no diiaticn of distances at eiﬁher end of a given partition
lattice, and neither endpoint can serve as an effective crganizer-in a

two-dimensicnal Euclidean representation.
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It remalne scmewhat unclear why APPROX gives the extreme contour
structure evinced by Fig. 10, while TTEZMINUS gives a gontour siyugture
which can be explained by reasoning as in the last section. This gquestion
would not be interesting were it not for the fact that the behavier of
APPROX mzkes it discriminate cardinalities as linear segments with such
accuracy that-é visual scan of an unlabeled ouiput plot can usually alf-
-ferentiate partitions by size, which is not possible for PATRBONDS,
INFOTWO, or any of the less "degenerate' metrics. The guccess of MDSCAL
in handling this tie-tound metric is all the more sﬁfprising if one con-
‘siders the assertions of Roskam (1969} that Kmskai's algorithm is
particularly vulnersble to degenerate solutions for data containing ties,
Since APPRCX clearly will give even more interpoint ties than does TI2MINUS,
in going from the latter measure to the former we have apparently achieved
a situaticn where confusion of cardinalities (in the TI2MINUS plots) is
replaced by a superficial clarity in the APPROX scaling, at least as long
as the primary stress approach is used} In fact, however, all that AFPROX
-ig really dolng is decoupling partitions of different sizes, so that
classes of partitions of a fixed size can be scaled essentially as 1ine
segments, with little emphasis being given by the algorithm to the rela-
tion between different segments so long as they aye kept distinet {compare
again Fig. 11),

The lesson is that scaling representations may be highly sensitive
to the exact form of the input proximifty measure 1f an exgessive number
of interpoint distance ties are pexmltted and the primary stress approach
.is employed. 8Since many structural measures suggested solely on the bagis

of purely mathematical considerations tend tq produce many interpoint
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distance ties (compare Hays, 1965), there is need for considerable caution

_ iﬁ practical employment of such measgures in scaling or scaling-related

..appli.cations.. In fact, as the Appendix demonstrates, there are powerful
ceonstraints which force any permutation-invariant partition distance

measure to have many interpoint distance ties for large lattices.

 5, Measures of Association
The remaining measgures to be,discﬁSSed are both derived from standard
measures of asgociation by linesr transformations. CHISQUAR (in Table )
is baééd on & suggested normalization of 2 fropbsed‘by Cramér (1946;
see -also Goodman 2nd Kruskal, 1954); The measure 1-LAMBDA (see again
Table E).is the obvious cohversion'fo a. distance measure of the measure
of aséoéiétion A, which iS-discussed'at length in Goodman~and Kruskal
(195h)'aﬁd which has verious deéirable invariance.and normalization
propeﬁties. |
'Scaiing configurations‘were computed for bhoth CHIBQUAR and 1-LAMEDA
._for'bbtﬁ_thEz6— apd the l0-lattices, with r = 2 (Fuclidean metric) and
T = l.(éity—block.metric)v Figures.13 and 14 show the cbtained solutions
for 1-LAMBDA and CHISQUAR, respectively, in two typical cases, In both
¢cages. the points are labeled according to the number of cells of the
corresponding partition.
| A similay sensitivity analysis to thét performed earlier for

PATRBONDS and INFOTWO provides insight intc the scaling behavior of

- these asscclation measures. Specifically, consider the 1-LAMEDA distance

produced by moving e single element from a cell of size X to one of

size k' . Then 1-LAMBDA may be,straightfqrwardly copputed to be
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Fig. 13.
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Scaling of 1-LAMEDA on 10-lattice sample with P..
lomper

removed and Psplitter present. 2 dimensions, Euclidean

metric, random configuration. Stress formula 1 = 32.1%.

Points are labeled by cardinality.
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Fig, 14, Scaling of CHISQUAR on l1l0-lattice sample with Plumper

remcved and Psplitter present. 2 dimensions, Buclidean

metric} L-configuration, Stress formula 1 = 36.2%.
Points are labeled by cardinality.
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(k~ll_+ k' + (n-k- k’) + (k-l) + k!4 (nfkfkf)]
en - Icl Idl

1~LAMBDA = (19)

where the notation in the denominater is as in Table 5 and we are assuming

k, k! > 1. This expression reduces tc

1 1 L1
1 fcl R (145 (el + lal, 03 (20)
“na: .
ﬁm.[d ]M small compared with n. Hence, if k, k' are the
T lmax? max.- : ——

Jlargest cells in the original partition we have linear behavior similar
to PAIRBONDS (compare Fig. 13). If; however, we have the polar case

HWMm |d

; and
‘max

i
kt+k?
unlike either the corresponding computation for PATRBONDS ((5) for s=1),

= |a = Oekek? ,'fhen 1-LAMBDA reduces to
nax .

- or that for INFOTWO (7), this corresponding expression is monotone

‘decreasing as a function of k and k'. Thisﬂbehavior is not sufficient

. to cause inversion to occur,. though contour recovery is considerably

confused.

The comparable analysis of CHISQUAR is somewhat more simple. — Conw~
. 8lder again the effect of moving a single element from a non-singleton
cell of size % to a cell of size k% . Then the cardinality- of the
partition remeins invariant. Let this cardinality be Z . Then the
distance generated is |

(k-1 )2 1 1?

. Fl A — T b rperee—— b
CHISQUAR = 1 - | oo B01) " ETE ) R (1)

Z-1

Equation (21) may be simplified to obtain:
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1 1 K
PG A At

Z-1

CHISQUAR = 1 -

, (22)

The relevent (k- and k'-dependent) part of this last expression may now

be rewritten

, 11 1 k' Lo, k' kel
¥osk") = 777 I - gy - w7 7 e el e (39

~This expression is again monotone decreasing in both k and k' . If
k' is large then for fixed %k (23} is epproximately a-linear function

of ; and for fixed k' (23) is a linear function of % in any cage,

2
k_!
' From an empirical scaling standpoint, as is clear from Fig, lh, CHISQUAR
rather.effectively;differentiates conteurs aécording to cardinality. -In
fact, CHISQUAR gives typically better scalings hy cardinality than does
TIZWINUS, which is defined explicitly in cardinality temms. At the same
' time, since'cardiﬁality is a much,cruder_struc%urgl property than ﬁeight
as used fo define PATRBONDS, there is no gquestion that CHISQUAR is less
sensitive.to the. fine strueture of types than is PAIRBONDS; this.is not

. gurprising, since PATRBONDS is defined explicitly with reference to the

lattice structure of partitions, and CHISQUAR is not.

6. - Comparison of the Behavior of the Measures: Rank-order, Correlation,

Btresses, INDSCAL

Several approaches were employed to the problem of classifying the
measures we have been considering.with reference te their scaling and
other numerical behavior. The motivaticn of this comparison is the
abstract typology of partition distance measures (Boorman?‘l9YO;‘Boorman
and Arabie, 1972) based on purely algebraic considerations.  In view of
current interest in classifying different kinds of metrics in various

psychological applications (Micko and Fischer, 1970; Fischer and Micko,
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1972; Shepard; 1969, 1972; Cross, 1965a, 1965b), it is relevant to see
how well an abstract classification correléteo with the cohcrete.numerical _
behavior of distance measures,.and-what further[clasSifigatofy{information_
comﬁs.out of such numericai outputg | |

1'._ Table 10 gives rank-order oorrglation,coefficients.botween each pair
.. of distinct_partition distanoe'measuros on each of the spaces considered
'(h~iattioe, 5-lsttice, 6-lattice sample, 10-lattice sample), The netrics
On'éach_payticoiof spaoé induee a linear ofdering.of"unordered.pairs of
.'ﬁartitions (P}Qj acoording.to-theif éséigned'metrio diotanoe; this
linéar orderiﬁg'involves'ties, uéuaiiy a substantial nuﬁber (see Appendix).
. (one'way_of extending

b
to take care'of ties: see Kendall, 1962) was then -

Kendall‘s_rank order'correlationfcoéffioient  T,
the'standardi'fg

*emplOyed to g;ve each entry of Table 10 A 'T. value of +1 indicates

b
that th@ Two metrlcs are. ordlnally similar in the strlct sense (i 1€4
there is a monotone transformatlon taklng one 1nto the other, and by
-_ def1n1t1on of Kruskal's algorithm their Sheparderuskal scallng hehavior

b

between the metrics under the Tb'_measure of rank order correlation.

will coinclde). A T value near 0 mean5'little'or'no.corrélation

Becaﬁse Table .10 is difficult to synthesize as a wholo, a Shepard-
Kruskal scaling of the entries 1n the table was.made, for'each of;theo
four lattices. Figure 15 iilustrates the result of the scaling,of the
10-lattice sample. The recovery of the basio_qualiﬁativeofeatures of
:the partition measures is éatisfaotory:rciuster I:gonﬁaios'the guper-
valuation-beged lattice meﬁ?ics (PAIREDﬂDSQ;INFOTWO,.and MULTINOM),
together with their mild normalizations (INVBHEIT,_imFOTHRY); this
_dluster'further bifurcates into a subcluster cpnsisting of PATREONDS

~and 1ts normalization INVRHEIT (indicated as TA in the figure),. and
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41~ LAMBDA

1-NT/SQP @ NVRNTROP )
& 1o

- @ L-NT/442

@ CHISQUAR

® |{NFOTWO

'@ INFOTHRY

@ MULTINOM

® PAIRBONDS

IA
® INVRHEIT

Tig. 15. BScalling of the 12 measures of partition distance in
Table 4, 2 dimensions, Buclidean metric, random
configuration, Stress formula 1 = 2,%.
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another subcluster (IB in Fig. 15) consisting of the.information—theoretic
measures. lCluster IT tightly connects the three strong normalizations of
lattice-based measures (1-NT/14+2; 1-NT/S5QP; NRVNTROP), Cluster TIT con-
tains the measures APPROX and TI2MINUS which are cardinality-based and
- which have the gregtest numbepr of interpoint distance ties. Cluster IV,
(might,might slsoc be . thought of simply gs two outlying points) containg
the heaéures of assoclation 1~-LAMBDA and CHISQUAR. Similar.scalingrof the
other lattice sizes (l4-lattice, 5-lattice, 6-latticé sample) produce
éimilar resulis. | |
These results are surprisingly consisten{ with the Boorman-Arabie
classification, even though--as is'tjpical of aigebra-in.this area--the
latter is much weaker in the sense that not all of our present measures
czn be analyzed in the least-moves representatiEH_suggested by Boorman
and Arabie (1972). All metrics possessing a non-trivial leasi-moves
_rePresentation in the partition lattiée Hasse diagram §r lattige graph
fall in élusters.IA and Iﬁo The APPROX version of Boérman and Arabiefs
meagbye B, which hag a least-moves representation in a different graph,
is in Cluster ITL. The measures CHISQUAR and 1-LAMEDA, which are known
not to satisfy the triangle inegquality and are hence in principle not
least-moves repregentable, occur as outlying points. |
- A'different approach to the classification problem was also tried,
. employing the metric factor analysis program TNDSCAL (Carroll and Chang,
1970). The objective of INDSCAL is to take proximity data from severall
éubjects, pocl this data and analyée it by a metric factor analysis method
(thus giving a stimulus space), and concurrently to analyze differences

between subjects (producing a subject space). In the present application,
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the points of a given partition latfice played the rcle of stimuli =nd
the metrice constituted the subjecets. INDSCAL solutions were obtained
for the two partition spaces for the &- and 10-lattice samples with both
endpoints truncated, in each of the dimensicns 2, 3, 4, and 5.° As in the
case of the MDSCAL-5 program, the iﬂformafion content of the results was
alresdy apparent in two dimensions. TFigure 16 gives the two;dimensional
INDSCAL subject space representation for our-12 méasures of partition
distance applied to the 10-lattice sample. As is evident from comparison
with Fig. 15, the same basic clusterings appear, though in somewhat dif-
ferent arrangements. The major difference in the INDSCAL plot is the way
in which the mild normalizations (INVRHEIT and INFOTHRY) are- grouped near
to 1~LAMBDA and away from the unnormalized metrics PATRBONDS, INFOTWO,
and MULTTNCM.

A third kind of numerical comparison of the distance.meésures ig
more indirect and simply involves ordering the obtained stress values
(all computed by means of Kruskal's stress formula 1). Although varicus
iecent investigators (e.g., Zinnes, 1969; Young, 1970) heve de-emphasized
the importance of stress as a summary statistic, except to indicate
obviously degenerate solutionsg various results of interest were obtained
from stress comparizons. Table 10 records stress values cbtained by the
following averaging procedure designed to give g reasonable number of
replications in each cell (on the order of 10)., A given partition measure,
a given output dimension (=2 or 3), and a given output metric (Euclidean
or city-block) were fixed, and the obtained stresses were first minimized
over the starting configuration with endpoint configuration held fixed,

and then averaged over endpoint configurations. Thus 1f y "is a partition
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IA

MULTINOM
®

INFOTWO
. @

[ @ nT/ie2
B NRVRTROR

0 3 '
o 2 4 6

Fig?' 16, Two-dimensional TNDSCAL subject space repregentation
for the 12 partition distence measures, .
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Table 10

Stress Formula 1 Values Obtained for Given Measures of Partition Distance

Qo

h-lattice, 5-lattice, 6-lattice, i0-lattice, 4-lattice, 5-lattice, 6~lattice, 10-lattice,
r=l,dim=2 r=1,dim=2 r=l,3im=2 ¥=1,dim=2 r=2,dim=2 r=2,dim=2 r=2,3im=P r=2,dim=2

PATRBONDS 17 25 o5 28 16 o 21 o8
TNROTWO 28 35 35 _ 37. | 23 32 31 34
MULTINGM 27 3 29 35 03 31'_ | 28 33
INFOTHRY ok o3 - 33 21 R 29 28 32
1-NT/5QP 13 23 | | 31. 12 21 23_. 28
1-NT/ 242 13 22 . 2. 12 20 22 28
APPROX X 25 162X 1 13 20
1-TAVEDA 2 T 3y, 20 27 29 32
CHISQUAR - | R '_ AR | _". 31 ' 36
TIOMINUS o 3 o - 25 | 30'.
TNYRHETT | S 50 AR | | 23 - 30

" NVRNTROP o : S 31 E e 28



o"9€

Table 10 {Cont*d)

h-lattice, 5-lattice, 6-lattice, 10-lattice, 4-lattice, S-lattice, 6-lattice, l0-lattice,

r=1,dim=3 r=1,dim=3 r=1,dim=3  r=1,dim=3 T=2,dim=3 r=2,dim=3 r=2,dim=3 r=2,dim=3

PATREONDS 9 20 e a8
INFOTHO 18 26 . T It
MULTINOM 19 26 R B T S 23
TNFOTHRY 15 27 | S a 2. : 22
© 1-NT/8QP 6 1B e s
1T 142 6 TR : o - . S
APPROX R 10 L o x ' 9
1-LAMEDA 6 es . o 12 e
CHISQUAR | -
TTONTIUS
INVRHETT -

- NVENTRGP -

Note.--An X indicates that runs were made but produced no nondegenerate solutions.




distance measure (on a particular lattice), m is the output metric, and

d is the scaling dimension, then the corresponding entry in Table 10 is;

stressav(p;m,d) = %((stress minimum with both endpoints) +

(stress minimum without P )+
Jumper (o)
L : P2
(stress minimum without Psplitter) .
(stress minimum without Plumperfand Psplitter))

The averaging over endpoint cdnfigurations waes done in order to provide
greater stability in the entries. Missing entries in the table indicate
that ne scalings were done for the particular (u,m,d) configﬁration
correspopding to the cell. Only eight metrics were scaled with encugh
different configurations to make reporting credible.

The following interpretation of Table 10 ig of interest, Let us
partially order the stress vectors in this table (for the eight metrics)
in the standard product ordering (the formula is as in (9) above). The
following figure shows that a remarkably close approximation to a ligea;
ordering emerges. This figure indicates that stress may, In fact, be a
- more fundamental statistic than commonly-thought, for not only.i$ the
ordering very close to being linear (which indicatES-that stress 1s
esgentially an ordinal invariant over lattice size; output metric, and
output dimension), but alsc the ordering is highly interpretable in terms
of our previous results. The informatiocn-theory lattice metrics and
their mild normalizetion INFOTHRY (Cluster IB) arve at the top of Figure
17. PATRBONDS (the only representative of Cluster IA) ig next in sequence,
fellowed by its strong normalizations 1-NT/SQP and 1-NT/1+2 ., 1-LAMBDA

ig an outlying point in the ordering but is contained in the segment
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INFOTWO

l'm

MULTINOM

1-LAMBDA L(m

INFOTHRY

|

PAIRBONDS

o

1-NT/SQP 1-NT/74+2

%

APPROX

Fig. 17. Partizl ordepring of eight measures of partition distance
on the basis of cbtalined stress formuls 1 values. One
measure is above another in the ordering if its stresses
are higher, component by component, in Table 10, with
exceptions ag noted.

37a




(INFOTWC, PATRBONDS) and hence is closer to this cluster than to APPROX
or to 1-NT/1+2 and 1-NT/SGF (compare again Fig. 15). APPRCY is a
minimal element in the ordering, as is to be expected since the stress
approach 1g primary and hence APPROX has the fewegt operatlive constraints.
This anaiysis in terms.of cdmparative stress‘behévior'hence inte-
grates closely wlth the classification of different measures by MDSCAL
and INDSCAL. Norﬁalization appears in all cases to.reauce stress,
especially severe nommalization {1-NT/1+2 and 1-NT/SQP). PAIRBONDS-
derived measures give consistently lower stress than inforﬁation—theoretic
ones, and--1f stress. is taken serdiously as = badnessnofwfit function--
this situation reinforces our earlier comhents to fhe effect that
PATRBONDS is better adapted to multidimenéional scgiing applications
than are information-theoretic méésuresa From the standpoint of absolute
goodness of it in terms of Kruskal's originél.catégory scale.for obtained
stress values (196ka), the fit is not impressive in any case except for
APPROX; however, our analysis suggests that sﬁress should be taken more
gs an ordinal than as a cardinal measure of fit in the non-degenerate
renges, and in any case, the averages are somewhat lower than the average
stresses obtained by Stenson and Knoll (i969) for réndom orderings of

interpoint distances,.

T Application to a Socicbiclogical Examplie

In & study which provides the data basis of a recent stochastic
model by Cohen (1970), Struhsaker (1967a, 1967b) has given detailed

reportings of the sleeping groups formed by vervel monkeys (Cercopithecus

acthiops) over a six month obgervation period. These sleeping groups are
. recorded in Table 11l. Cohen (1970) has analyzed the size distribution
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Table 11

Sleeping Groups Formed by a Vervet Monkey

Trocp on Successlve 1\I:'Lgl'rtsﬁ-l

LT

i

IV -

VI

VIT

VIIT

S ¢

XT

©XIT

XTIT -

XV

Xy

XvT

‘adult male SG

= the older adult male (left the troop between

17-18 April and 27-28 April 1964)

adult male LP

aduit female TK

juvenile male LYA

- adult female TK

young Juvénile female D

Cyoung juvenile female B

young Jjuvenile female DR

Juveni, le female NN

subadult female N

adult female TBW

two young indistinguishable juvenile males
infant male IX (son of TVj

infant female TBW {born to XIT betyeen 4.5

 Jan. and 29~30 Jan. 196L4)
infant male TK. (born to VI between 29-30

N Jan. and L-5 Feb. 1g6hL)

 (continued)
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(@)

(2)

(4)

(5)
~(8)
o

(8

(9)

(20)

'(ll)

(1)

(13)

_ALE‘Jan. 1964
29-30 Jan. 1964
45 Feb. 196k

9-10 Feb, 1964

23-2h Feb"196#

2k 25 Feb 196h-

i- 2 March 196M _

9-10 March7;96h -

'3lrMarch l96h- '

1 Apr 196h

1-2: Aprll 196&

4-5 April 196k

:6¥T'Aprii‘1964

17-18 April 1964

(11, XTI, %), (

(1, D),

Table 11 (cont'd)

(v, XIv, x1:r); (I, III, v, XII, XIII), (XI,

IX- X), (1), (VIII, VII, VI)

(VI X, VIII, VIT, IX), (z, 171, III, IV, XTIV,

'XII, Xv, v, X, XIIz XIII)
-(V,‘XIII,_XIII, Iv, XIV, II, XII, XV, XI),
,(i);'(Iin,:(VEiI;;IX, VII,_Ké VI, XVI)
. (zrz,_iz,v;,;(z,'xz,'xzrx, EZII),-(X,_IX),
: 7(v£:i,'vi1,"vzg-XVi;.xv, XTIV, XII, XV)
”:(ﬁxf; Xv;'xi), (other 14)
::(I, III, XI), (other k)

| (XII XV, XTI, III), (other-13)

(), (XI, III, XIIT, XII, XV), (V, I, IX,

VII, VIIT, VI, XVI, TV, XIV, 1T, XLIT)
: (IIZ, XIIT, X}, (XI ix), (IT, XIT, XV}, (1,_

"vxz, VIII, ¥, Iv, XIV, VI, XVI ¥ITT)

(XT, XIII, IX), (v, XTIV,
XITT), (VI, XVI, VII, VILI, III, I, V, X)

(vI, xvr), (111, %), (V), (VIL,

- VEIT, IX, XIT, XV, XITI, XITL, XT, IV, XIV)

(Iv, XIV, XTIT, XIII, I, I¥), (IIf, XIT,

XV, VI, XVI, VITI, X), (IT, I, VIT, V)

(X), (Iv, XTIV, ¥ITI, XIIT, 1X, XI), (IIL,

X_II.: V), (I}.-,VJ Vi, XVI;V:{I, VIIL) (Ix)
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Table 11 (contfd)

(14) 27-28 April 1964 (I, IX, V, X, XIIT, I1I), (xz, xv), (A1),

(Iv, XIV, XITL, VIII, VII, VI, ¥VI}

(15) 30 April 196h- (IV, XTIV, XIII, IX, X), (I, XI, XII, XV},
1 May 196k - (VI, XVI, VII, VIII, XIIT, V), (TII)
(16) ko5 May 196k (vr, ¥vI), (Iv, XIV, XIII), (III, XII, XV},

| o (1, XI), (X, XIIT, VIT, VIIL, IX), (V)
3 (17) 9~io Méy_196u : (XEII,'IX,.XI), (iII, I, v, XIIL);'(XII, Xv),
| | ' | (vI, %vI, VII, VIII); (Iv; XIV); (%)
._(18)_11—12-May.196h _ (X1, XV),-(IX,.III; XIIi, x), (x1), (I, V,

| '.  iV,'xIv, XIII);_(VI,_XVi, YII, VIII)
(19) 19-20 May 1965 (XT, TX, 1), (ITT), (V, XIT, XV, VII, VIII,

| | | X,_VIE_XVI; XITI), (XITI, IV, XIV)
(20) 21-22:May'196u 7 ;(VI;.XVI,.VIié VIII), (IIT), (XI, IX),
| (XII,_XV), (I), (:v, XIV, XIII, XIII, X, V)
©(21) 1-2 June 196k | (XII,-XVj, (X1), (XIII, v, X, IV, XIV, IX,
| 1), (XIII, VI, XVI, VII, VIII), (III) |

(22) L5 June 1964 (XTI, XV, v);_(xz),_(VIII; w, x1v), (I, X%,

TX, ¥I1T), (VI, XVI, VIT, VIII), (III)

aTaken-f:r‘-om_ Cohen (_1970). Reproduced by permissicn of Harvard Univeysity
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of these sleeping groups in terms of a family of stochastic progesses
(which he.terms-LOST dynémics), and has found that'theée processes ?re_
dict gquite well the size distribution found (which is essentizlly truncated
negative binoﬁ-ial), by contragt to a-.variety of other possible random
Processes., ..
.Empleing thé-scaling méfhodé-for'partition gpages we have developed
.énd analyzed, a new analysis of the Struhseker date wag undertaken, with
_ an_end to seeing whether aﬁy syétematic temporal variation would emerge
from a partition diStance-énalysis,'.The‘only feéhnical pfoblems wers
that the underlying set of ;ndivi&ua1§ veried slightly with time, and two
specific individuals were indiscernible to the observer {both labeled
- XTIT in Table 11). :The first problem Caﬁ be handled f@r each of our

measures by simply,computing ci, dj, and Zij gg if the sets underlying
- two given'pértitions P and Q were alwéys-idehﬁical? As for the dis-
cernible individuals, for each given sleeping group cbservation we took
~ the_two.possiblé ways_of‘assigning individual identity to the indiscerns
- ibles aﬁa igentified the observat;on with é géiﬁ (Pl,P2) of partitions.
Given two such pairs, an.assigned distance for any distance measure m

may be computed by:

';-n}*((Pl,Pebcél;Qg))“ z;mﬁ;ﬁ[(m(*PngE) _,' n;(Pl_,Ql)] 5 (25)

m* .is cleariy'a mé%fic if m ié,

: Scalings were then perfoimed for each one of the 12 measures in
| Table h, in two and three dimensions with the_Euclidean metric cn the
~output configuration. (Several different random initial configurations

vere employed as a gontmol on the-result;)‘ Figure 18 gives the obtained
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13 15 21

i2

Fig. 18. Scaling of Struhsaker's data on vervet sleeping groups
over a six-month observation period. 2 dimensions,
Euclidean metric, random configuration. Stress Tormula
1 =18.1%. Points are labeled according to the numbers
in Table 1L, ' ' .



PAIREONDS configuration in two dimensions; as previous analysis has in-
dicated, this metric gives more information on lattice structure than
various of the other measures.

‘Figure 18 clearly shows (as can be retroactively verified by a visual
scan of the data in Table 11) that there-isiroughly a separating curve
: whichfcan-be drawn between the data on time_pefiods 1,2, «+s, 8, differ-
 entiating-these observafioné frdﬁ-fhe-data for time periods 9,10, ..., 22
as;the-@rocess tfaces-ouf.a random: walk in the scaling Qutputq The groups

'in;period;i~8.have an-average'height'(lumpiness)
o E (e A "

' whiie'thQséxin.£hé SQbSuneﬁfnobéervéinn:periods.héve an average height
-of_énl&'SQ.O‘(séé Tablé34‘for;définitionfof b'), A finer breakdown of -
. more minor temporal flﬁctuafibns shows a'straﬁg tendency for the system
.to evolve concentrlcally to an origin defined: by the last observatlon,
The greater tendency of the group to sleep in larger units in the early
time periods may have been connacted with the onset of the copulating
seagon (in May) and the terminaticn of the normal birth season (the last
acﬁﬁal.birth in this particuylar troop was in the?period batween 29~30
- Jenuary aﬁd‘h_s February, 196h)i(seé_8truhsakef; 1967a, fpr.moﬁe detailed
discussion of seagonal variation in'reproéﬁctive behavior),

Although Cohen (1973, pp. 26-27) makes a brief examination of tem-
poral varlaﬁlon 1n mean group S1ze “which is propertienal to the reciprocal
of the number of cells in the cbserved partitions and is. hence a simple

cardinality measure, he discovers.no systematic variation of this guantity
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in time. 'In fact, however, this is probably in large part owing to the
crudeness of cardinality as a measure, which we have already seen can
.lead to degeneracies and instabilities in connectionr with attempted
 scaling, Moreover,.Cohen's'emphasis is on an attempt to capture ftemporal
#ariation by a time-varying Poisson_prbcess with a parameter possessing
a gamm3 distributibn,' Since thé FPoigson parameter is agsumed separately
“generated at'each_discrete_timﬁ poiht, it is not'surprising that the
. resulﬁing.proCess fails to'ca?turefsystematic diachronic variation.
Struhsaker (1967&# 19671) undertakes the technically easier task of
'searching Tor  nonrandcem entries in the. incidence matirix defined by the
frequency with which'ﬁarticular-pairs slept'in the same group (2n analysis
similar tc'that:perfoxmed for a semantic space by Miller, 1969), It is
net Surgrising that he found such nonrandomicities (mofhereinfant heing
the-single-mosf-iﬁportant).' The. present results indjcate that the data
,-analyzed by Struhsaker and Cohen posgess yet another Jevel of structufe
_whﬁ,.c:h 1s i@pgrtant .in 'j:he medium_mn-, .on a time séale ok perhaps several
“mcnths. This'additionalzstructure may be important in coafronting the
.inadequately understood gquestion--derived ultimately from evolutionary
-socloblology-~as.to what possible adaptive functiecn the propensity to
form sleeping groups may serve. Irom a stizndpoint related to that of
Levins (1968b), it may be fruitful to think of vervet sleeping grqups.as
a response to a fluctuating but'posifivelylautocorrelatéd environmgnt
controlled by feedback acting through individual behavior characteristics.
Pursuit of this direction of development £akes us bheyond the scope of the
present paper, Tt should be pointed out,-howeve?, that thg medium run

evelution cf the socia;.sygtem]becomes'apparent by attacking gigectly
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the problem of overtime structural changé in its full complexity. In
. this particular application, the MDSCAL:algorithm reveals itself ag an
extrémely'powerful method of éxtracting-trend.from‘fluctuation.in a
.strubtural spa¢e3(the partition lattice) eonsideraﬁly wildef than the
standard n-dimensicnal randomfwalk.familié;.from stétisticél physies.
8; ;Dishﬁésiqn

e MéétIEXisting-method@iogibal,éfudies of'multidimensional scaling
.deéi eithei:With Minkowski r;space-configurations {at most perfurbed-by
_ hoiSe); ﬁhich'it-is the'jbb of the program to recéver, or with highly

general proximity3matrices without ‘much stfﬁcture, The present study is

“an attempt to enter the.proﬁlem'af an-iptermediaﬁe level, where we are
'.__Scaling'ﬁfoximify matriées_abput;whose.stfuctﬁre'we can séy something
épéijticélly, but WhiCE'aretnot-éyen close to being Minkowskian for any
flg~_The'ﬁarfitiQn'laﬁﬁiCe is an'iQEal.starting point for such an analysis,
'.bECause'of itszvery rich combinatpfial structure (e.g., Whitmen, 1946),
 ¢Qm§ined with #he simplicity pf bésic;partition algebra.

r.Thisfbarﬁial & priori kﬂﬁwledge of the sfructureubeing investigated

:alléws-infereﬁces as to the "block box" nature of Shepardwkruscal scaling
‘meéthods. Our major qualitative conclusions have already been stated,
TheQ.are (1) the difficulty of recovering the combination rule (i.e.,
the wvalue of r: for the Minkowski_metric)'ﬁor the underlying psycho- -
j1ogical-spac:e; (2) the wtility of streés as ordinal evidence of badness-
of#fit,'and_(3) the'nonuniqueness of MDSCAL*soluﬁiéns} _Wé‘believe that
the last conclusion, combined with the results of other studies, suggests

" a parf;cular-way of viewing spatiszl rgprgsentations of the stimulus domain.
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CIn discussing the nonunidue nature of scaling solutions for the
partition lattice under a given metric, it was argued that such solutionsu
are interpretable only to the level of contours and clusters, not neceg-
parily down to the location of single points. Similarly, we would like
to argue that the treditional emphasis upon the dimensions of multi-
dimensipnal Séaling sclutions may be unjustified. For partition metrics
. of the type considered here, we have argued that the dimensionality is
two, and that this particular dimensicnality is imposed by rather gross
Teatures (e.g;, cardinality) of the partitions. One consequence of this
Tinding is that the investigator's attempt to attach psychologically
appropriate attributes to orthogonal axes in such a space becomes a
‘metter of little importaﬁce;.§0ﬁtrary to the legacy of factor amnalysis,
It may be countered that the artificial data considered here constitute
& very specilal case. However, the author of a particularly competent
investigation using semantic stiﬁuli (Arneld, 3971, p. 367) has denigrated
the neming of dimensicns: "The writer knows that an attempt to assign
names to dimensions descriptive of verbal’concepts can amount to no more
_than a self-administered word-asdociation test.'

Perhaps tﬁe strongest emphasis upon dimensions has come from Beals,
Krantz, and Tversky (1968) who have argued that metric and dimensional
representations should be viewed as psychological theories of similarity,
rather than as metyods of organizing, summarizing, or displaying data
(in contrast to the viewpoint of Shepard, 1962). Beals, et al. have
stated that "...if multidimensional scaling modéls are regarded as useful

-data reduction models rather than.as theoretical models one may ask what.

ig the source of theiy usefulness (p. 141)." Two studies, in both of
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which the dimensions were of minimal importance, may be cited tc answer
this question, |

The first finding comes from an investigation of the space. of color
names carriéd cut by Rapopert and Fillenbaumf On the- basis of prior
analyses (e.g., Shepard, 1962), these authors had expected to find a
éifcular.represenfation; ang their'results'coﬁfirmed that expectation.
Now at this point, the traditional emphasis would demand names for two
éftributes underlying the circular‘representation (aﬁ egpecially difficult
' task,.gifen the invariance up to a circular rotation of MDSCAL solutions).
-Insteéd; Rapoport and Fillgnbaum.suggested the.use of polar coprdi=-
'_nates,.ih which'the”"intrinsic”Tdimensionality is now egual tc one, and
' thegtopié'of interest is the.ordering of colors along-this one “"dimension.”
Considering the result in polar coordinates randefs useless most df the
elegant theoretical tests for dimensional representation (e;gy, Beals,
: §3_§23,11968; Tversky and Krantz;'l969). Nonetheless, we think most
investigators would agree that the imaginéﬁive épproach %aken_by Rapoport
_ aﬁd.Fillenbaum renders the dafa_much.more-meaningful psychologically than
would an insistence upon quesﬁibns"of dimengionel representations. The
" advantage obtained from using polar coordinates for this particular set
- of data suggests that striet adherenée to Cartesian coordinate systems
may be unwise (see Coolidge,_i963,-p, 171, for a survey of alternatives).

‘The second investigation is a supexb-study by furelhart and Abrahamson

(1971) of the multidimensional space of animal names obtained by Henley
- (1969). If ocne asks the names of the dimensions Henley obtained, the
answer«—size,_ferocit&, "humanness"--can hardly be surprising. The

important result from her experiments is spwrely not the neames given to
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the dimensions; rather, the replicated spatial representation, per se
and the underlying non-Buclidean metric (pointed out by Arnold (1971))
are the important findings. The validity of the space Henley obtained
was dramatically confirmed in a series -of experiments by Bumelhart and
Abrahamson, using an "analogical paradigm." It is noteworthy that their
fexperimental task made no reference to the three dimensions listed above.
Instead, the subjects made analogical Jjudgments of the form: Animal A is
~to animal B-as animal Ciis to [xl’XE’XB’Xh} (four-alternative forced
' choicé)n .By"means of this-experimental design, Rumelhart and Abrshamson
verified the results of Henley {1969), but it should be noted that the
.data upbn which their study was based were the relative locations of
- éoints=(aﬁimals) within the spatizl representation, rather than orientation
lwith respect tq any particulay set of psychologlcal dimensions.

: Finally, perhaps the strongest empirical evidence against the tra-
ditional éﬁphasis upon dimensions has come from Lockhead's (1970) study
-of,multidimensionél discrimination: space. Lockhead argues that S's task
is one of locating the multidimensional stimuzlus in g psychological space
without the requirement that the stimulus be analyzed according to its
séparate.components, An implication of this thecry is that, in the design
pf a discerimination experiment, the set of stlmuli that will be identified
most accurately is that for which thersum of the distances beltween each
stimulus and its :immediate neighbors is & maximum and the varlance of
.these distances 1s a minimum. Lockhead offers data to suppext this im-
plication for cases in which. the underlying physical dimensions of the
stimuli are "analyzable" as well as other "unanalyzable" cases (Shepard,

1964) ., .Lockhead fﬁrthersargues that the (physical) dimension of importance
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is actually the relative locaiicn of the information in a multidimensional
space, and he again offers e#perimental results.in support of this thesis.
The studies by Raboport and Fillenbaum and by Rumelhart and Abrahamson
- were cited as evidence that a better understanding of psychological pro-
: césses may be obtained by foregoing the usual emphasis:‘upon peychological
dimensions. ILockhead's results suggest thét“the traditionél apprbach to
discrimination learning places undue emphasis upen the physical dimensions
of the stimuli, since it. is the felativ_e_ locations of the stimuli within
the sbéce that are important. .If the unﬁérlying (physical) dimensions
are of as little'éonséquence as.hig.sfudy-suggests, ther 1t would seem
that the usual emphasis given.tésfﬁé poésiﬁlelrecovery of cefresponding
"psychologiéal dimansionsrin multiaiménsipnalISQQiingISOlutions may also

_be_illwspeht,
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APPENDIX

Interpoint Distance Ties for Certain Partition Measures

Iet us Tirst note that all our measures except 1-LAMBDA and CHISQUAR

obviously have the general form

a(p,Q) = £(P;Q,PN Q) .

Moreover, as we see from inspection of these measures, if we denote by

t(P) the type of P , we in fact ha#e
a(P,q) = £{t(P),+(q), P 0 Q) .

3

N values, where Tn is the number

Thus, d(P,Q) can assume at most T
of types in the n-lattice.
But by a result initially due to Hardy and Remenujan (1918) (see

also Gupta et al., 1958) we have

1. enfﬁ7€

T T smr—

o hn{?

as n - ® . (1)

Wow if the size of the n-lattice is denoted by En ; We can use an
unpublished result of Joyal, Labelle, and Lorrain (n.d.) to simplify a

formula owing to Moser and Wyman {1955) and obtain
log B ~mn logn , (ii)

L
og En

where in fact for 10 < n < 100 the ratioc .is very close tc 2

n log n
(see table in Joyal, Labelle, and Lorrain, n.d.). Now the quantity we

want to show gpproaches zero as n — .o is

b




: T3
‘ [Rarlge d‘ < D

0

By (i) and (ii) we see that:

(1ii)

log Range d < 3 log Tn - 2 log En z 3;1‘/% l_ogge - 10&(411@)

(ig o uﬂ

~2nlogn - @

and hence lﬁagge d -0 .

)

2/
This result says that the number of interpoint distance ties becomes
necessarily vexy'lérge as n gets large as a consequenée of the 'sym-
metries of the lattice and the invariance cof our measures, S‘trongerr

results may be obtaiped by more detailed anelysis of [Range dl « For

i

example, if d is APPROX or TI2MINUS, then |Range! = n and we have

in the range n = 10 to n = 100

1

1Og'_LRf_Il$?—QL: log n ~ 2 log B~ log n - bn log n

(3)

(3-bz) Iog n . {v)
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FOOTNOTES

1Copies.of this program are available from Phipps Arabie u@on request.

289ecifically,_themoneadimensional,target.configuration used in the
Olivier. pregram was.obtained by assoclating each partition in the lattice
.wifhmitsmcaxdinality,&which_is a crudé but, in this instance, effective
quantifiéétion of the lattice dimension which orders partitions by fire-

ness as in Definitien 1.1.

A 2
2. (e, -a..)
3 : i<y M
In Kruskal's notation, stress formula 1 is ‘ ~ 3
. E: di
i<y
~ 2
3 (. -d.) J d
1<) 1J 1d ~ i<y iJ
stress formula 2 is — ‘

the numbker of peints in the scaling,

l‘LZ*;,e‘., for which P <Q => v(P) < v(Q) .

5

For any metric space M with metric p , an autometry A ot M

iz a bijection (b s M >M which is distance-preserving, i.e., for which
p(x,y) = u(ﬁijCLy), for all. ¥,y € M. The set of all sutometries
clearly forms a group under composition. That the autometry group of
all our metrics ie precisely given by relabeling the elements of the
.underlying set being partiticned is not completely trivial, and was

proved by Jénsson (personal communication).
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6Another.study of the present authorg suggests that a general feature

:oj the MD$CAL algorithm in Euclidean space appears te be this obperved
priority given to the recovery of symmetries posseésed by thé.input prbxp
.imity matriz. |

TIt should also be noted, hpwe#er3 tﬁatlprécis@ly thg lineér.behévior

(5} which effectively disqriminétes types alﬁo causés the PAiREONDS.écala

ings to degenerate on the ld-léttice sample whefé P, ‘is preseﬁt, |

" lumper

while INFOTWQ does not degenerate in #his cage. If? however, Plumper
‘ls removed, the behavicr of PATRBONDS is more satisfactory than that of

JINFOTWO, g5 earlier figures demonstrate.
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