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Five Notes on the Application of Proof Theory

to Computer Sciencel

Georg Kreisel

Institute for Mathematical Studies in the Social Sciences

Stanford Unlversity

Introductionoz Let me begin with a manifesto. A4As will be evident

throughout these notes my background is in proof theory, not in computer
science. However--and thig fact might easily confuse the reader--my in-
terests here are almost diametricaelly opposite to those of meost logicians
who publish on computer science, -There will be 1ittle general mathemstics;
and what there is, will always be sgubordinate to the applications, as I
understand them. I realize quite well that professional cemputer sclen-
tists (that is, people paid by computer science departments or affluent
:firms) are often as much attracted by beasubtiful generalities about compu-
tation as wmy fellow logicians. Perhaps they can afford it because, through
experience, they have developed Judgment on.the relevance of these gener-
glities. Evidently I cannot hope tc have this kind of Jjudgment. Be that

as it may, let me set cut here theoretical reasons for the philosophy

followed in these notes.
| We_kﬁow of course that there is something common'to'proof theory
and computer science: the formal rules studied in proof theory and the
‘computation ruleg, both for nmmerical and non-numerical computation, studied
in computer sqien;e_are mechanical; iﬁdeed3 the basic ‘grand’ idea behind
formalizration was the mechaniiation of mathematical reasoning, long before
an even approximate physiéal realization of this idea by clectronic machines
”could‘be proposed. Turing's analysis of the ﬁotion of mechanicallrﬁle in

terms of an (idealized) machine led to recursion theory, the mathemstical

theory of mechanical rules or, at least, of functions definable by such
ruleso5 Consequently, general results ‘about’ mechanical rules will be
applicable both to formal Fules (in proof theory) and computaticnal rules.

~In particular, this applies to well-known recursive unsolvability resulis.
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But no subject (except possibly scme mathematics) lives on negative
results. They indicate what not to do. This is the content of the
slogans:. Proof theory begins where recursion theory ends, and similarly
for computer science, More soberly, by picking out specific, ‘'‘nerrow’
subclasses from among all mechanical rules we shall find those that are
relevant to proof theory and those (others) relevant to computer science,
For exemple, in proof theory the significant results are about gpecific
formal systems. The brutal well-known ones, so-called FTege—Hilbeft
stjle axiomatic systems, are picked out by the mathematical content of
'fhe so-called non-logical symbolg in the axiocms (relaﬁion, function
symbols); the sophisticated cnes, dlscovered by Gentzen and FPrawitz,
are picked out by an operaticnal meaning assigned to the légical symbols.
‘In computer science there are additional conditions on feasibility {com-
"plexity of programs, length of camputation)a It stands to reason that
for those narrower classes of rules more significant positive results
are possible., To use slightly hysterical language: if there simply
aren't general positive results (to be found for the class of all re-
cursive functions), there just isn't a possibility of a 'deep' study
of the general case,

The cther extreme~-or, better, error--that has to be avoided is
‘sometimes expressed by saying that 'computation is an art'. What is
meent; in terms of the preceding parﬁgraph, is that there are ne rational

or theoretical principles for choosing relevant classes of rules (formal

systems, respectively computation rules).h I believe that experience in
proof theory may be of heurigtic if indirect value here. The early hope
in proof theory was that we could use a partial but very simplé critericon

for choosing formal systems, namely, thelr completeness for the intended

 interpretation. For example, when Artin and Schreier produced their

Caxioms Tor real closed fields (which seemed adequate for current algebra)
their successful choice appeared like magic. TarSki's discovery that
these axioms produced precisely those (first order) Statements which ars
true for the field of real numbers, gave a truly satisfactory explanation
of the cholce made by Artin and Schreier. (I do not know if Terski em-

phasized this aspect.) It is an explanation because each theorem of




current algebra wag expected to be valld for the reals. Now G8del's

incompleteness theorem shows that the simple criterion of completeness

. cannot be used for the ch01ce of formal systems for arithmetic, anelysis,

. set theory, etc. This does not at all mean that there is no principle
~of choice; only it will have to be subtler than mere completeness. Be-
sides, even when, as in the case of first order classical predicate cal—
~culus, we have formal systems complete We r. t. valldlty, there are many
_different axiomatizations (as already mentioned completeness makes only
8 partial, in, fact rather brutal ch01ce) The further ch01ces needed
and made by Gentzen or Praw1tz, are Jjust of a guite different order of
sophistication. . Also, the_discovery of 81gn1f1cant ’subsystems’ of
analysis in the literature is 1ncomparably more sophisticated than, say;
that of (complete) systems for dense orderings (I use the word . ‘subsystem
current in the literature; actually every formal system is a subsystem of
the set of true statements 1if the'formal language:conteins‘erithmetic).
Needless to say it is not claimed that;thestme;consideretions are
. relevant to the choices of both formal systems.and computstion rules.
Quite simply: at least in the most articulate-psrts of proof theorylthe

_ choices are made on epistemological grounds, that is, according to the

kind of understanding needed to-recognize_the vglidity of principles
(axioms or yules); the complexity of iterating these principles,is‘rerely
a - principal object of research. In computer science the complexity is
paramount. 8So one of tne main problems will be %o find the parts.of.
proof thecry that .are useful to compubter science. fhe'psrticuler exam-
- ples mentioned in.the last paragraph sre illustrations only; not only
of difficulties (of.finding formel rules and of. judging. the ChOiCe).bﬁt
also of solutions_to these‘difficulties; at”least in sgmg.cases,5 o

It should also. be remembered_that, quite apart;fromrthe_philosophical
aims mentioned, procf theory often locked for systems fairly,close to our
ordinary reasoning. This suggests a further reason why quite different
principles of choice are needed, simply on the assumption that human
reasoning (or, in c¢razy language, 'information processing by the brain')
has a different structure from mechanical computers:. for example, very

- mechanical instructlions confuse the human computer. The practical effects



of this simple cbservation are far reaching: The mere fact that we find
itzeasy to solve some class of problems'in, say, propositicnal calculus
“ig no reasbn'at:all fTor supposing that they'aregeasy for a computer; or,
mere fbrmally;.thaf.there ekists:a short program. So it is not even easy
to'judge Whefhefuwe'are stupid when we are not able to mechanize reasoning
which ié easy for us. In fact, Section 4 contains proposals for studying
such questions. ~The pfinciple adopted is the simplest in the world: The

'single most Surprising innovetion of logical foundations is the reduction

of our mathematicai Vbcabularyf Does this destroy the practical possibility
of reasoning? o o '
| Finally,.a word on terminology. I shall not use the jargbn of com-

puter science (and ‘shall try to avoid most proof theoretic jargon, except
in the title of Section 3 which uses both). First of all, T don't know
it:ﬁell énougﬁQ—Fréde6rﬁer'sin& Gllicksache. . Secondly, perhaps in order

to comﬁénsatehfdf the “inhumanly' systematic character of computer lan-
:gUageé; compﬁter jargon ié full of gquite different words for distinct,
but'élosély rélated ideasgrlike cémpiler and translator. I -should prefer
& civilized language'with a word for the common idea (translator) and
adjeétiﬁes fé.qualify it. - Thirdly,'éome terms suggest, it secems to me,

s sensational but i1l considered aim, For example, 'theorem proving'.

(For those who know the catechism, an outward and visible sign of an inward
‘and invisible disgrace.) I shall use ‘non-mumerical computing' or the name
of the particular_area where I believe such computing to be appropriate,
for examplé,“in the currently active subject of mechanical checking of
programs {(Section 2): Evidently there is nothing sensational in the idea
"of & 'mere' checking of a cbmgutér program, much less so than in checking
mathematical prOOfowhich-aré prima facie (and_probably intringically)
non-mechanical. But, by béiﬁé less sensational the idea is perhaps also

‘more Teagible.




I:  Basic Notions and Digtinctions

. . NB. Accordlng to temperament the reader can elther glance through
this note before readlng the others or 81mply go hack to 1t when one of the
basic notlons o dlstlnctlons is actually needed.‘

I shall con51der here pr1n01pally (computatlon and proof theory in

connectlon w1th) arithmetic problems, and dlscuss afterwards modlflcatlons

needed in other contexts. Since we have 2000 years of experlence in nu-
merical ccmputation it.ehould_be eaeylto”judge whether our_general conglidera-
tions are.truly‘applicable (and hot only aesthetically or theoreticaliy
pleasing). | o | )

.1, ~ CGeneral. orientation. To.describe -the relation between the aims

of computer science and proof theory briefly, one can use the slogans:
Theory (or principles) of formalist mathematics
versus '
Formalist theory (or.reduction) of mathematics.
Computer science has as its: obaects (formal) calculatlons and trles to
develop a theory of these objects. ' The :intended meanlng of, say, an
equation a =b is that the formal objects. a and b have been or can be
reduced, by given formal rules, to the same term. (their formal value).
In contrast, proof theory, as originally understood, tries to establish

that, for a different (mathematical) meaning of the formula a = b,

'a 4:b is triue for that meanlng if (and,'possibly, only if)

g and b have the same value.

Example. Suppose, we are given the formal rules for addltlon in arithmetic,
Wlth the symbol Q. and the successor symbol g: a + 0 —a, at+ sb —s{a + b)

7

Then . 0 + s0 = (80} + 0  means that each 51de can be reduced to the Sane

term, namely sO (by u51ng the second and first rule resp ).

The expressions a2 + b and b +-a with variables & and b can
evidently not be reduced to the same term by means of the rules above.

i

Suppose, however, we interpret

(-X-) ) o  a+b=b+a -




to mean: for each pair of numérical terms (0,s80,880,...) n and m,
n+m and m+n have the same formal valuve for the rules of additicn
above. Then, for example, by the well-known Presburger-algorithm, there
are formal rules generating all equaticns which are true éPEEE computa-
tions (in the sense above); but.it is not enough to use'thé'axioms:. -
a.+ 0 =a, a.+ SB.=.s(a +'b)"icorresponding‘ to thelrule556f”addition.
. In the modern:proof theoretic litefature'(fbr-exémﬁle; under the

‘slogan gperative Logik or opérational logic) there is a great deal of -

meterial which is not @irectly relevant.to the original aims of proof

theory, bub rather provides = theory of formal rules; it extends the

interpretation (¥) of equations to logically complicated formulae., The

~theory does not deal with special properties of computation rules actually

used in, say, arithmetic, but with genersl Post-ruleg. - (Evidently, the
rules for numerical. addition are set out as Post rules.)
This theory is coherent and has great zesthetic appeal. T have no

idea of its usefulness to computer science, simply because it is8 not clear

whether computetionally interesting properties. of (computation) rules are

-expressed by the logically complicated formulae used (in-contrast_to
commutativity in the example above, a properﬁy of addition which we use
all the time, e.g., when checking the addition of .columns in different
‘order). _ _
The theory is often presented, pariticularly by Curry in connection

with a formalist reduction of mathematics. As a result it is usually

(1) not taken seriously by those who find such a feduction implausible
(though the theory is not at all needed for such a redﬁctidﬁ) and (ii)

not examined for its intéres:t ggg theory of formel rules (though, if it
| has such an iﬁterest, this woﬁld be indepéndent:of'formalist doctrine;
”after all, gggg mathemétiCS'we do, uﬁquesfionably has formalist character,
for example,'computing); Some defects of the notions used in that theory

will be apparent from the next paragraph.

2. Computations.” Anyohe who has read this far, has no doubt a pretty

good idea of what & compubation rule or computation diagram is (for terms

in some language L, the diagram takes the form +, —atf, 1<1<N,
i i - =

ti containing 'meta' variables). There are & reiatively small number
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of useful notions about and, - consequently, -distinctions between various

kinds of computation diagrams which are scattered in the literature and
perhaps not even explicit. '

(a) Numericsl and non-numericel computation (of numerical valued

terms) or: +the choice of computation diagram. In computations we normally

use well defined functiong and rules which give a numerical value, that is,

a value O, s0, s80; ..., or, more usually, a value in decimal or binary

notation. In short there is s standard or normal form.  This fact is used

a good deal in the theoretical literature.
‘Tt should be noted that the use of hormal forms is, in practice if

not in theory, in conflict with the practical requirement that answers to

(numerical) problems must be comprehensible. Thus while

lOlOOO

1000

or even: the largest prime < 10 _ o
are camprehensible answers, neither of the standard representations above
would do.

More. formally, practical compubation diagrams ‘for’ ﬁhe exponential

function or for the so-called bbunded iéast nhmber-operator (used in the

two examples above) must not permit further reduction; in other words,
though normel forme exist they must not. be used. But it seems difficult

at this stage. to be mach more specific about an efficient choice of normal
forms; cf. also IIT §2c and IIT §3a. The reader_should note that the choice
of languasge;. stressed throughout these_ngtes in connection with proofs
(Tautomatic theorem proving'), is also.significant for compuﬁationa

Technical remark. .I1If one wants to, one can easily state some pre-

cise "general’ theorems here. Given any of the usual codes for partial
recursive functicons, we consider non-numerical terms, built up from these
codes, for computing numbers (for 'functions' with zero argumentsi); for

example, by use of Kleene's bracket notation. In this way every recursive

function f is represented by a rudimentary function from numerals n

(not to numerals but) to codes of the value of f(n). However, there

. is no evidence that this particular general scheme of using non-numerical

termg is also efficient.




(b) Consistency of computation rules w.r.t. (a congruence relation

between) normal forms. For any term t, if & céﬂ be reduced tc the
normal (irreducible) terms t; and %, then tl and  t, must be
congruent. _ o o

‘Bxamples. One familiar clase of examples _come-_s,i.’rom.corﬁputation_rules
which are (i) valid for, say, an arithmetic_inter-prét'éti_on, that is, there
are functions which satisfy the given rules in the sense of footnote 7
~.gnd (ii) non-congruent normal terms dencte distinct objects in the inter-
pretation. Outside arithmetic, a weliuknown example is provided by ccmbina-
tory legic. (This may be relevant to computer science because Curry's
explicit intention wasg to analyze the basic steps in human mathematical
reasoning in terms of combinators.. Ewen if this inteﬁtion is absurd,
the pogsibility remsins that this analysis applies to formal operations
which Curry assumed to constitute mathematical reasoningu9)

Werning. In the light of (a), consistency (in the present and

current senséf)‘is not a necessary condition for a computationslly ade-

quate diagram.

(c) Computability'and strong computability (w.r.t. the noticn of

':normal, that is,-irréducible form determined by the computation diagram

itself). Some, resp. every sequence of applications of the computation

‘rules to any term"f stops :éfter g finite number of steps; that is,

it reaches & term tb which no further reducticn can be applied.
Evidently, Tules can be perfectly valid in the sense of b{(i) without

possessing even the (weak) computability property; for exasmple, in case

of gddition; we may have dddedf'ﬁygmistaké‘éf-a-wa a + 0.

(d) Eilbert-Post completeness (of the congruence relation between

1
the rules tl —atg and £. —t are added to the computation diagram

normsl forms)., If, for two non-congruent normal terms +t, and ﬁgg
i} : 2 1
then all terms become interreducible.
This is & specialization of the traditional noticn of Hilbert-Post
completeness for arbitrary formal systems: 1if a non-derivable formuls
is added to the formal rules then all formulae become ‘derivable. (In

the case of computation rules the only relevant formulse sre equations.)




Discussion, - The idea behind the Hilbert-Post notion is this:. to.

establish maximality of the rules considered with a minimum.of assump-

tions about the intended meaning {or, as formalists like to say, Tuses ')

of the formal rules. . As is well known, most familiar H-P complete sys-

tems satisfy--like classical propositional calculus--the abstractly
stronger conditions: For each formula I there is.a substitution ingtance
T, for which either 7. or —F

1 L 1
simply knowneneughugbout the intended meaning,-e.g., of classical predi-

is derivable. Also, quite often, we

cate (or, for that matter, propositiomal!) calculus to know that we have
enough: Tormal rules even if they are (or were) not H-P complete.. Simi-
lariy, in view of (a), we shall not, in general, expect computation dia-

gramg to be E-P complete if we have chosen.them after careful analysis of

practical requirements.

3.7 (Formal) deductions. Once again (as in §2), the reader may be
assumed to know what a formal system or, equivalently, a system of deduc-
tion rules is,lO As in §2, we may distinguish between the problems con-
nected with (analyzing) given formal systems and with choosing formal
gystbems; ct. §2a concerning the choice of canputation rules and even of
" the concept of riormsl form. So much is clear. - '

' Wow thére is a Further element of choice, namely, the choice in the
‘order of'applying'(CQmputation and- deduction) rules. Certainly not all
computation rules reed be deterministic; if we want to compube Qoty
for & cbmplex.term 't; we may either first work out the mumerical value
of 't ‘and apply the recursion rules for multiplication or we msy apply
the rule Ow.a =0 (if the latter is included; the recursion rules will
dlwayé‘bETinCluded)a Again, if we have a rule for computing a functien of
two arguments there is a choice in the order in which the arguments are

treated. But it may be expected that within suck g well-orgenized frame-

-work as & system of camputation rules, this freedom of choice causes little
havoc. Tn contrast, as we know from experience in mathemabics, being given
formal deduction rules is of little help. {(In the analyses below of the
'help' involved the lettering of subsections doés not ‘correspond to-§2:)

(2) Looking st deductions and searching for deductions (in a given

formal system). Without wishing to be 'mathématical’ in an. affected sort

9




of way, I'1l begin by setting out the distinetion in the form of two
kinds of computation diagrams.

Evidentiy, since operations on deductions are involved, the cbjects

or 'terms' of the computation disgram will be (whole) deductions; not,
say, derived formulae.

Case 1 (the familiar set-up). This is relevant to a search for

deductions. We start with: d -d’ 4if (the deduction.figure) a’? is
obtained from 4 'by adding a formule which i1s an immediate consequence
of formutae in d:; T'immediate' by application of the given rules.

There 1s no end to this procedure, and an independent criterion has
to be added to create a semblance of a computation diagram with its ir-
“rveducible or normel forms. What is indeed implicit in our ordinary way
of thinking is that we wish to decide scme formula A: Writing ﬁ?"
we add the restriction 4 Eﬁd’ only if & —d’ and d contains neither
the formula A nor the formula —A _(because in either case the sgearch
is over). ' 7

Note that the guestions of §2a in connection with & cholce of ir-
reducible forms have a parallel here. BSpecifically, d need not con-
tain the formula A itself but say & formula A’ which is propositionally

eguivalent to A. This induces a congruence relation between 'normal’

forms, thet is, derivations containing A’ or (—A)’  The concepts of
§2(v)-(a), with 'computability' replaced by ‘formal decidability (of A)',
are gelf-explanatory. Whai makes formal rules of '1little help' is that

for the usual formal rules (with modus ponens and without ‘strategies’,

that iz, additionsl rules of choice) we do not have strong computability.

This is =z good negative criterion; but of course sirong computability is
not enough practicaliy if the execution of the computation is not prac-

. tieal.

Cagse 2 (the sophisticated set-up). This is relevant to the analysis

of {given) deductions.  According to previous'training the reader may

think here of cut-elimination or elimination of redundsncies where, in

‘aptly-named natural deductions, an Introduction (of a logical operation)
is followed immediately by its elimination. In both cases we shall speak

of a normalization step. The computation diagram Tuns as_fcllows;
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d -4’ if 4’ is obtained from d4d by applying a singie reduction
step. ‘

Now, in contrast to Case 1, d can be irreducible, namely, if it

is in normal form. Note here, for the normalization steps mentioned,

d and 4’ autométically have the same end formula. The concepts of

$2(b)-(d) distingnish between different normslization procedures. For
example, it is open whether, in familiar.systems, cut-elimination ruvles
are strongLy cpmputable, eVén_ﬁhen the allegedly 'eguivalent' natursl
deduction rules are.Tt Naturally the terminology, e.g., of ‘consistency’
in §Zb, is meaningfui only if thé'choice of the normalization preocedures
themselves is intehded to respect SOmé preassigned meaning of the normal
deducticns. The terminology is.justified'if non~congruent-deductions are
intended to express different procts (in the ordinary sense of 'difference
of proof' as used, e.g;, in arguments about plagiarism) and normalization
steps dre éupposéd te preserve identity of proofs. -

L

(b) Conf;icting requireméntso Quite naively, it would be surprising
that the same criterion, for example, the selection of norma.l derivation,
should be useful for both the analysis of given deductions and for the
discovery of new deductions of some givén Tormuia. Perhaps one should not
ighore the ridiculous-sounding sdvice of -mathematicians (iho: are, affer all,
well known to be terribly inarticulate outside their own domain) such as:

one must not be too logical in resesrch. As in fooknote 4 of the intro-

'duction, preciée- and merely logically satisfactory formulations may be
much worse than no formulstion at all because their defect is_likely to
be not obvious irrelevance but something subtler.

. Example. Tn the discussion of ggggll ir {a) above, failure of
strong computability of the usual formal.rules Was mehtioﬁed; they are
Wildly.indetermina;te° On the other hand, normal derivation rules or the
Irules introduced by Herbrand sre essenﬁially deterministic: a formula
determines Very‘closely from which premise it must be deduced if it has
g normal derivation at all. DBut as already mentioned; this is no reason
at all for supposing that normal derivation rules (which were introduced
for the anélysis of given proofs) should also provide effigientl2 deter-

ministic search.procedures.

11



The practical conclusion which I:hkave drawn from €hris -observdation

and which T apply in Notes 2 and 3 is to look for areas where the analysis

of given deductions is relevant.

{c) Digressibn on gearch procedures (to‘be taken up in Note L4}, The
immedisate purpose of this digressioﬁ is to serve as a kind of mental
hygiene. There is a naturai, guite traditional aim, to find a theory_of
mathematical reasoning. Through formalization it is possible to restrict
this (evidently hopelessly) general aim to, say, reasoning within some
climited context such és pfedicate logic. In.addition we have some iso-
.lated quite strikihg_exampleé° For'éxample, the logical theorems at the
beginning of Principia fall into simple decidable classes for which, as
_ observed bj.wangg there is é guite effective mechanization. True, these
fheorems do not at all have the look of typical'mathematical theorems .
~But as long as nd alternatives are set'out, there is a lurking doubt:

Shouldn't something similar be possible for much wider and more interesting

arezs? It may well be objécted that, even if, objectively, such a possi-
' bility exiéﬁsj this is no good reason why any'particular peréon should
pursue it; he may not have the nscessary talent or he may have more talent
in another area. But it seems to me reasonable to present scme élternatives
which could remove the doubts without the appeal to self;analysis mader
aboveo

We are able to prove or refute qulte a iarge number of formulee F
in predicate logic with great case. OCften we are not aware of having fol-
lowed s method; '

The lurking doubt is: _

There ought tc be a mechanical method, applicable tc a large class
C of formulae of predicate logic, Which will also decide the formulae in
F in a reasonable time (where the greater speed of electronlc computers
is to make up for the bubroutlnes supposedly stored by the human computer).
Usually one makes the additicnal assumption that the class C is chgrac-
terdized 5y‘such éyntactic conditiong as prefix complexity or the nunber of
 arguments of the relation symbols useci°
7. Propesal, Granted that, in gimple cases, we are nct aware of follow-
ing & method, let's look at.the nature of the ﬁethods which are used when

we do!

12




The very first method thet strikes one when inspecting the facts is

the extension of the language. (Indeed, no inspection is needed; beecause

the principal Sﬁep ‘taken: in the formalization of ordinary intelligible
reasoning ﬁas ﬁ reduction of the language!) Here we have two quite dif-
ferént‘applications, which are both logically insignificant, but in dif-
ferent senses, as made precise below. '

Definitional extensionsg. ~We consider consequences from axiams”ggﬁ,

say for real closed fields. We extend the language by a binary relation
symbol O {to stand for 'order') and derive a number of implications of
the form AO —eBO where ‘AO. are axioms for an orderingu We make the
definiticnal extension

VxVy[O{x,y) ¢ Hz(y = x + 22)]

and derive from @B‘the formula A Egch B, 1is then, demonstrebly

equivalent (on the basis of (@})1 go a fdrmulaoin the languszge of fields.
These extensions are logically insignificant in the sense that (not

only in the present case, but under very general conditions) the introduc-

tion of the‘symbols can be eliminated. But: at what gg§§?-for-example,

in length of derivation? The example is by no means farfetched: it is

simply the formal counterpart to saying that our proofs are gulded by

the meaning of the relation HAz(y =x + 22). - Amusingly, electronic com-

puters furnish an excellent means for answering this question of cost!

Cf. Note L. '

Introducing sbstract concepts (in the sense of higher type or set

theory). We can use the language of the previous example, and consider
‘ordered fields, i.e., the axioms A
‘®&). To derive B,

every ordered (ground) field has a real closure. This ig a set theoretic

o @nd the axioms for Tields (among

we may proceed as follows. We usé the fact that

statement. We can now apply set theoretic constructions to this real
closure and then deduce results about the ground field. As a quite trivial
illustration conéider Ta simple’ formuld: of predicate logic. Writing

< for O and p for the general polynomial of degree n.

Ao - VX1°°°VXn+1([l<ﬁ;\<h(xi < %y Apxpepxg o < 0)] —0< PX *PX L)

13



~A get theoretic proof proceeds by embedding the ground field in its

resl closure where pxi'pxi+l_< 0 - EZ(Xi.<_Z < 3i+

using the fact that a polynomial of degree n has at most n  zeros.

i A pz. = O) and'

In contrast to the first example, the present use of sef theoretic
concepts is logically insignificant.(in the sense of belng eliminable)
for the quite special reason that first order predicate calculus is

. complete. Of course the theorem above has also a first order proof,

in fact a quite simple one. We need only use Lagrangéfs formula,

o) = L atep (22203
J-o o

1<i<n J#A i

and observe that

ﬂ ( Xl’l’i‘l_—‘ X, )
gAY ' T

~heg different signs when k =1 and when k =1+ 1. Bubt it is a .

subject for research to see whether in general the use of set theoretic

methods is decisive for feasibility, that is, for effective execution in

time and space by an electronic computer or for inteiligibility by e
human one. (I have in mind mathemstically or logically inteliigible._
theorems, not the kind of ad hoc formulas usually construcited in the
literature on 'speed-up'.)

Preview. As the reader will see, only Notes 2 and 5 contain genuine
applications of proof. theory. Both analyZe given deductions, illustrating
the two important directions in proef theory, the methods of normalization
‘and interpretaticn resgp. In Note L} we experiment on gsearch procedures,
using facts from proof theory merely as a guide for the design of .

. experiments. .
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IT.  Checking of Computer Programs: An Example
of Non-numerical Computation

We shall consider principally, but not exclusively, programs for _
solvinglsometarithmetic problem with a parameteér, 'n say. In terms of
T §2(c) and T §3(a), the formal counterpart to the informal distinction

between checking'andzproving (the validity of) a program is this:

Checking a program is a decidable procedure, by use of strongly
computable rules; a check provides indeed a proof, by very elementary

rules, of
(%) the function defined by the program solves the problem for all n.

In contrast, for the usual formal rules of inference, it is not (recursively)
decidable whether or not a universal statement of the form (¥) is de-
rivable. This corresponds to the meaning”of ’checking' as a'procedure
Whlch does not requare ingenuity {1n contrast to ’cross checklng whlch
does? but Whlch need not constltute a complete check) _
It Wlll be best to begln Wlth a closer lock at the famlllar 1deas

”of arlthmetlc problem and ’solutlon 5 1nc1ud1ng the ch01ce of language
___used to present the solut10n° cf° I3 2(a) The reader should not forget
: for one moment that, in the context of checklng, the program and our
knowiedge of its propertles are the pr1nc1pal obJects of study, we are
not merely concerned w1th the sequence of states of the machine Wthh
‘the programy obgectlvely, determlnes; and a fortlorl, not merely with
the graph of the functlon wnlch the machlne puts out cf footnote 3
of the Introduction. T

l° Numerlcal analy31s and programmatlon. The general form of an

arithmetic problem (whlch we consider here) is
HmA(n,m) with parameter n ,

where the relation A mey be defined by use of gquite abstract'concepts;
- for exemple, it may say that = is (a;code:for) an approximation, to
accuracy 1/n, to the solution, at the origin say, of some-differential
equation in Hilbert space.

Wumerical analysis, by use of proofs not merely by mechanical checking,

provides more or less explicit solutions in terms of & function £ (of n)
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determined in familiar terms, for example,. P op "[log n] (the integral
part of log n). One sometimes'eays that numerical analysis provides an
algorithm; but, strictly spesking, the algorithm is only tacitly under-

stood because in mmerical estimates not the procedure of calculation but

only the velues of the function are relevant. In fact, numerical analysis

provides-in general not an .algorithm but. rather a simple functiopal equa-

tlon for I .which suggests an algorithm, e. g., in the case of 2
Tp[£(0) =1 A f(p +1) = 2f(p)] .
Numerical analysis has done its job when it finds such a functional-property
or equation ¢(f) "and a proof of
@(f) - A(n,fn) .

(In §3¢ below we glve some formal condltlons ensurlng that & does
determlne an algorlthm )

Programmatlon con51sts 1n maklng expllc1t, in mechanlcal terms, the

algorlthm ’suggested’ by the property (R Roughly speaklng, checklng

a proposed program ﬂf con51sts 1n establlshlng by the elementary methods
1mp11c1t in the 1dea of checklng that e satisfies &. Our problem

here con51sts in maklng expllc1t what these elementary'methods are. Thls

1nvolves of course eome general congecture on the type of propertles )

Whlch Occur 1n practlce (but not on the type of relatlon Al )

The follow:mg exe.mple does not merely :Lllustrate the d:Lfference
between numerlcal analy81s and programmatlon, but glves a good 1dea of
the qualltatlve difference between a recursive and a fea51ble solutlons
discussed at length ot the end of Note L. o .

Tnstead of the 51ngle vdrfable n, we conSider,the quadruplies

and n' and the'relation

f1s Ppr T3 v o |
24! | 2+n! 2anty oint | 24n! +n!?
(m:.O&n_ln_+n2n =I15n) V (m:l&ﬂln + 2I1 74 en)d

Without numerical analysis, we have the obvious program of ‘'simply
evaluating’ '

24n't + 24n? q 24n't
1. THy o BRG By
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for given positive integers nj, np, Ny and n' and ’camparing? them.
The program must translate these instructions to the machine. With
numerical analysis, that is a (partlal or complete) proof of Fermat's
conjecture, we should use a tofally different program (for the same

function of nj, n,, Ny, nfl), nzmely

3
s n2, n53 nf » 1.,
Amu51ngly, on the dels of current knowledge,li as far as exis%ing com-

putlng machlnery is concerned, only the second program is feasible (for

numerlcal computlng)  for those numbers for which Fbrmat s conjecture
: R L 24nt 2tn’ :
is open at least one of the mumbers ny s N, and n5 is so

large that it could not be stored in any machine'’s memory at 211! A
-much more sophistiCated-example will be given in IV §Zb,

2. Formalization of the concept of ‘checking’: definitional

equalit;y‘(’o_ru.tal_approach)o To start with, I_wanﬁ‘to convey an idea
for such a formelization which a programmer, relying on his judgment and

experience, may occasionally decide to use. It is evident that any appli-

cation will depend on the progremming language, that is, what precisely

the symbol : ¢  stands for in §1, and the possibly non-mumerical terms
(cf. I §2a) chosen to present the (mumerical valued) solution in the
particular application. I—should_try-tp refer thé formglization to
theories of programming languages or of (non~mumerical) notstion systems
.. Tor natural numbers if I were convinced that any known theory is even
remotely correct. . As 1t is, the.chaHCe.of introducing a systematic

error by relying .on current fhebries seems.ﬁore damaging than the vague-
ness which results from giving . only an 1llustration (asll do_below),
-In the next section I shall try to dlscuss 11m1tat10ns, _

Proposal. Assume that the critical properties & of &1 suppliéd

by numerical gnalysis are conjunchions Qf(gggations ti = ti '(1_5 1< N)
between terms built up from f, the numerical variable p, and signs
. for gpecific programs (constantsJ successor. operation, addiﬁion,.mu;ti—

-plication, etca o Assume further that, Tor any. program and, any:term
AR built up from . Ty p ~and.the signs for spe01f1c programs (as

above), & program ds assigned to :'[nﬂ_‘__Tth:we_@eflne.__T
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m. is checked for ‘¢ if for each i, ‘1< i <N, the

| same programs are assigned to t,[m] and 'tifw]w

The question whether or not the same program is assigned to two terms is
supposed to be decidable, and this constitutes the elementary character
of ‘checking’. _

Remark. It is familiar from recursion theory that for quite

elementary formal systems, spe01f1cally any con51stent r.e, extenblon

of formal prlmltlve arlthmetlc PRA, 1t is not decidable whether an equatlon
between two terms contalnlng a varlabler (p) _1sxformally provable sirice
the sets - ' '

{t,,
1”2 PRA 1 2

t,it—t. =t.) and {t_,t.:EnF by p/n}-% t.[p/n]l
1 2-
_ _ PRA T
are recursively inseparable. (Here n ranges over mmericsal terms and
t[p/n] is the result of substituting n for the variable p in t.)
Tllustrations, Probably the reader understands the proposal pretty

well, that is, the ideas of: program assigned to & term, and identity

" criteria for programs or, equivalently, definitional -equelity between
terms. For deepening his understanding he should look at the relevant
litersture cited in footnote 9 of Wote 1. Finally, since in terms of

I §% we are loeking here at genuine, terminating'programs'only,'perhaps
an even better illustration of {(or approximation to) proposed applications
would be got- from s language in which every term denctes a terminating
program, a5 is the case with ﬁggei'combinatons;' for arithmetic prcbhlems

cne adds {typed) recursion operr:ﬁ:orso:LLL Whatever their mathematical appeal

(or use in other comtexts) the usual combinators do not seem to present
eny ‘advantages here; specifically the defivabilityof an (even) type free
recursion eperator does not seem worth the price of dintroducing expres-
sions for which one doés not know whether or not the corresponding program
terminates. And--perhaps this is a principal point--it cannot be assumed
that the BASIC IDEA OF THE WHOLE PROPOSAT, (which comes from the familiar
experience of knowing whether or not two familiar definitions denote the

same program) EXTENDS UNAMBIGUOUSLY TO THE UNFAMITIAR (full) IANGUAGE
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~of combinators. So without any prejudice against future theoretical
studies on thig point,fI suggest that the reader concentrate on strongly

computable computation diagrams in the sense of I §2(c).

Example. We suppose descriptions of programs to be given by terms

built up from typed combinators {(of type: C —0Q}; cf. footnote 9 of
Note 1. Two such terms denote the same program ©f and ocnly if their

(unique) normsl forms are congruent, that is, the normal forms are

canonical or standard descriptions of programs.  Since each term has a
normal form, the Tequired decision can be carried out by working out.the
normel Torms. ‘ '

Corollarx,(to footnote 12 of Note 1), For practically efficient
solutions it will be necessary to find (sub) classes of terms for .which
an equivalent but computaticnally simpler criterion of definitional
'.equality can be given., Naturally, ae in footnote 14 above, the equivalence
proof need not at all be elementary.

3a' Discussion of the formalization (proposed in the last section).

{a) At first sight the sense of checking seems to be unduly narrow. In

fact, a program o

does not check &, but 51mply'satlsf1es &, The Jjustification for

is, of course, a perfectly good solution even if

e

the narrow deflnltlon, though 81mple, is often overlooked.
If, as a matter of empirical fact Pprogremmers tend to
write programs whlch do check the conditions discovered
by numerical anziysis, it maskes good practical sense to

exploit this fact.

In this sense the proposal involves an (emplrlcal) hypothe51s about
programmers which has to be verlfled.
(b) Note, however, that the notlon of definitional equality(on which

the formallzatlon 18 based) is rather wide unless we are planning to use

the program for s lasrge number of values of p. It ignores the steps

~needed to go from the description t[m] to its normal form, that is,

‘4o the program described, or, equivalently, to its canonical description.

It is of course conceivable that an even sharper notion of checking is

valid which is based on a narrower notion of definitional equality:
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'v21id’ in the practical sense above of being respected by actual program-
mers . The discovery of such a notion would probably be at. least as use-
ful as the kind of methematical discovery considered in the Corollary at
the end of §2. | | T | : e e
(c) Concerning the general hypothe51s .on. the Torm of functlonal :
properties & .supplied by numerical analysis (acgord;ng‘to §19, one .
can distinguish three kinds. L . : ;
(i) The .equations, read. from 1eft to rlght translate 1nto strongly
computable computation rules; this is the case dn. the example given:
£(0) -1, F(p +1) »2f(p) (when supplemented by rules fqr_doubllng:_
2.0 50, 2(ptl) = ({{2p) +71) + 1))o - N
- (ii) @, that is, ;Vpéo(p, £) - pr0v1des a finite” 15 deflnltlon of £,
that asy " TnEnEq ([ (Vp < a)ey(p,£)1 = fm = n). a i
In.this case £ . is recursive but the QQF&tiOHS'iH,.éor do not necessarily
previde a computaticn diagram. ) . . . ‘ S
(iii) Conceivably numerical analysis provides a . Q-,that:defineé i

uniguely but not canputationally,. for. example, .
f(p) '2:6(15 +1)] .

Cnly £ = 6; i.e., vp[ ( ) = O] can satlsfy thlS condltlon since 1f
f(p) =k, f(p +k) = ke2 ¥ uhich is not integral. But presumably,
the numericsal analyst Will himself prov1de this little argument and thereby

replace the condition by
Vp[f(p) = 0) .

(d) Concernlng the ex1stence of genuine uses of the present proposal
there cah, of course, be no doubt 1nasmuch as I was able to appeal to
such famlllar_materlal_as_expoqentlatlon or_doubllngr(pnly the_ggggg
 df éppliéatioﬁ is in doﬁbt) Fbr fhé.samé reason thé.weakést point in
the 1llustrat10n 1s ‘the use of mathematlcally 1nterest1ng and therefare
unfamlllar mamerlal, such as the typed comblnators w1th recursion. No
doubt more experlenced people Would be better dble to Judge &t the preseni

'stageof
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ITI. Consistency Proofs and Programs for Translators

The kind of "translator' meant here is supposed to start from a
(formal) lahguage relatively close to actual reasoning in arithmetic
practice and to go over to computer programs.  As a matber of empirical
facf, actusl reasoning uses non-constructive principles; as is well ‘known
the relstion hetween ndn-constructive proof's and 'corresponding' programs
is problematic. Roughly speaking, consistency procfs and thelr develop-
ments soclve these problems; in fact, this kind of use of consistency

proofs is often considered to constitute their mathematical significance,l

Since the mathematics involved has been developed actively over half
a century, it will be possible to be quite brief by referringtto the
literature. The main poihtaﬁf interest.is to indicate irn what respecté
the eﬁistence cf fagt computers offers new (practical) uses for some of
the existing consistency proof59 or makes developmenté_desirable which_
would have no value tc the humaen computer. |

1. @enerslities. (a) To avoid confusion when reading the literature

the point made already in the introduction must not be forgotten: the
official purpose of consistency proofs (formulated by Hilbert for philo-
sophical reasons) is not only irrelevant to cdmputer science but contrary
- to computer interests; cf. also feotnote 14 of Note 2. Hilbert's aim was

- to show, by elementary metamathematical methods, that if a universal
statement #Vfo (with primitive recursive .A) is non-constructively
proveble then (%) each numerical instance can be checked by computation.
But for the computer it is quite sufficient to know the fact (*); he
geins nothing from knowing an elementary proof. The fact alone permits

him to add an additional computation rule, namely, the subroutine: when-

ever Alx/n], for numerical n, is supposed to be worked out (by computa-
tion) the additional rule says: write 'true'. From the illustration in

II §2 in connection with Fermat's conjecture, it is clear that a computer
scientist (that is, numerical analet) who knows only elementary constructive
methods of proof is liable to be at a disadvantage here: he could not jJustify
the use of this subroutine which can greatly shorten the work; more pedan- '

tically, which shortens the work whenever computationg of A[x/n] are
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needed for many n and we have a non—constructive, but no elementary
proof of ‘VXA_. The ‘constructivist’ could, at best, make the empirical
prediction that the subroutine will 'work’.l7_

(b} In point of fact, most of the metamathematical studjes which are
described as ‘consistency procfs' establish more. . For arithmetic problems

in the sense of II1 §l, but with A restricted to decidable relations_they

provide provide an explicit gcheme for defining nmumber theoretic functions
such that

If- p is a derivation (in the ncn-constructive system) of
-.HmA(n,m),. they provide ﬂp defined by means of the scheme
such that 'VhA(n,npn).

of courée, once agaih the mere.validity of the rules considered
(when applied to arithmetic) is sufficient to ensure the existence of
a program Ty quite independently of any hypothetical procf p of
HmA (n,m), namely,

Compute  A(n,0), A(n,1), ... until you find an m - such
that A(n,m ) holds. '

Ir HmA(n,m) is {seen to be) true (by non-congtructive means) ﬁhe program
" terminates (or: is seen, by the same means, to do so).
In view of the irrelevance to computer science of the metamathematical

methods used, only a detailed study can decide whether the progrem supplied

by ﬂb is more efficient than (It is tempting to say here that one

T, »
A
surely knows 'more' if one knows & proof p than if one merely knows the

truth of ®EmA(n,m); sure, but is this additional knowledge computationally
18 , , :
relevant? )
Remark. In terms of II §L, the justification of the progfam n@
requires numerical anslysis. Suppose @ﬁ is the functional property

used for the defining equations of ﬁp; then we have to have shown:
§p(f) - A(n,fn) .

in contrast, the program. mw, - regquires no numerical analysis.

A
(¢) It is well known that for logically more complicated relations
A(n,m), of the form . |

VQB(nmeQ)
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(B primitive recursive), Vn¥mA may be non-constructively provable,
but there is simply nc recursivé:function f  at all which satisfies:

VoA(n,fn). In this case, ‘consistency’ proofs for the non-constructive

principles considered, may be used to provide constructive interpretetions,
discussed at length in the papers cited in footnote 16 above.

- In general the value of these interpretations'is:pﬁrely logical.
Specifically, end this is in sharp contrast to (b) ebove, for logically

‘complicated A, +he non-constructive meaning of VnEmA may be (mathe-

matically) interesting--bien entendu: to the ncn-constructive mathems-

tician whe understands this meaningi--but the constructive interpretation

(of  ¥nEmA) is of no interest--to anybody. Seo the principal problem
here is to look for those cases which are interesting.

Exception (from the'Digreésion on pp. 135—136 of the paper cited
in footﬁote 2 of the Introduction)}. Little has to be added to Herbrand's
constructive interpretation of classical predicate calculus to convert
Roth's non-congtructive proof19 of the well-known Thue-Siegel-Roth theorem
into the refinement by Dawenpor“'t»-—Ro“I:l’lo19 This refinement was of interest
inasmuch as its authors decided to devote a separate paper to 1t.

2. Programming translators: the present evidence. {(a) There is

no shadow of doubt of the usefulness of (knowing) consistency proofs.
Peoplé working in number theory, quite consciously and'explicitlyg wanted
té know boﬁnds for existential theorems proved by'non;constructivé ﬁeans
and, as a mabtter of historical fact, got lost when trying to obtain these
bounds without theoretical knowledge of consistency proofs: the(ir)
lighﬁ of neture was not encugh. Without having to apply the theoretiéal
knowledge in detail, Jjust having the general principles in mind, made

it easy, in accordance with footnote 8 of Note i, to obtain the desired
bounds. But this does not yet conétitute é’reason for actually program-
" ming a'translator; quite teivially, inasmuch as general knowledgé wa.e
sufficient (for the bounds above) there is no need tc do more about it
unless one has new, ambitious tasks in mind!

' (b) Tt seems plausgible that, as far as applications to computer

gscience are concerned, the general ideas of consistency proofs but not

nécessarily the specific schemata Qﬁ functions (leading to the‘programs

np in §1k) are useful. Quité generally, the currehtly open prochlems
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reslly concern the details of the specific schemata, since the theoretical
pogsibility of constructivizing the bulk of mathematical practice has been
‘established. Neglect of this fact has led people to rehash, at lengfh,
dead issues.O R - '

(c) The gggg;gg'conflict between logical and computational purposes
(which we are talking sbout) can also be pﬁt as folldws. Consistency
proofs qua logical contribution tell us the nature of the problems in-
‘volved in constructivization,  in other words, what is, generally, pos-
gible., It is not reascnable to suppose that the same piece of work
will often'pe useful for actual understanding of particular problems.

Specifically, to take one of the non-constructive proofs considered
in the papers cited in footnote 16 .knowledge of consistency proofs
allowed one to see (the theoretically 1nterest1ng fact) that without

‘new ideas one obtained a bound
. . 228 : .
(En < 27 )in(n) > 1i(n))
from Littlewood's non-constructive proof of
n[m(n) > 1iln)]

where mn(n) denotes the number of primes <n and i the logarithmic
integral. But we now know (the practically more interesting fact) that

by Judicious use of new ideas and a fast computer one has

1165)[ ( 21

(En < (1.65).10 min) - 1i(n)]

In the last analyéis the reader will simply have to decide for himself,
if or to what extent the theoretical knowledge helps him in hig practice.

3. Speculation on systemalic uses of fgst computers. As already

stressed at the beginning of §2, there is no doubt about the p0551b111ty
of intelligent ad hoc vse of computers in extracting bounds from non-
constructive proofs; for example, in the paper cited in footnote 21.

But it is more difficult to formulate good general principles for such

uses; or, put differently, 1t is difficult ﬁo_applg to the present topie
of translations (from non-constructive proofs to programs) the well-known

general criteria on fruitful uses of compubers.
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(a) Principle of the middle-distance. I suppose the most familiar

criterion is this {which, as pointed out at the end of Note 1, is not
satiglied by so-called automatic theorem proving), We heve availdble 3

conditions: (i) a formal analysis of a problem, in our case of extracting

bounds from formal derivations in non-censtructive systems; (1i) the

analysis is neb go simple that we can spply it Yefficiently’® ourselves;

(iii) the analysis is not so complicated that it cannot be used by (existing)

computers either.

Ta mzke progress we must look at the details of consistency procfs
and the preparation needed in their application. The first point that
heips is that we do not need a "fully formalized'.argument, One scon
learns to separate irrelevant inferences and concentrates on critical
ones.“® The bounds obtained by use of a .consistency proof depend {onily)

on the syntactic properties of the formulae sppearing in these critical

inferences. What can the computer do that we can't cor won't do?
Speaking from my (Limited) personal experience a human computer scon
gets bored trying to determine the syntactic complexity of the relevant

Tormulae, and then makes gquite rough egtimates. ‘The loss of computational

efficiency is hidden because we use non-numerical terms in presenting the

solution (ef. I §la). Thus in §2c we have

8
52

o and  (1.65) 101165 |

_size, not {(human) intelligibility, mskes a marked distinction between.
these twe Lerms.
- Suggestion. Perhaps there sre cccasions where a computer can produce

a gignificently lower bound without any new ideas, but as follows. We

take the explicit definitions in an infeormal proof, we take the critical

inferences (expressed of course by use of those explicit definitions)

. and simply let the computer work oub the syntactic complexity of the

23

formulae obtained after eliminating the explicit definitions.
(b) Developing the suggestion above, one could look for a very

special kind of ‘automatic’ theorem proving, namely reductions of the

syntactic complexity of the critical fermulae {(of course, reductions

by meang of non-critical inferences), )
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This particular proposal is related to the general aim of using com-

puters to fill in 'gaps' in elementary informal proofs. But even if, per-

haps for the reasons given at the beginning of I §3c, this general aim.
‘has no feasible mechanical solution, the narrower problem of reducing
syntactic complexity may do: it certainly has a more mechanical 1ook.
Also this problem does not involve any (artificial) reducticn of the
language uvsed. (whith is the 'logical’ device that,. in these notes, is
held responsible for inefficiency).

Warning. - ALl T can hope to have done here i1s to have made & case

for studying problems which, for the widely accepted doctrinaire views-

described in footnote 18, are underestimated. There can, I think, be

no true progress until we have Tound a specific problem, vwhere we really

want to know the bounds and therefore can judge whether some given solu-

tion is satisfactory. Afterwards we can bulld on the solution.

IV. BHExperiments with Computers on the Complexity
of Non-numerical Computations

In Note I §3c, in connection with search procedures for proofs, that

is, 'avtomatic theorem proving', the role of extending the language of

predicate calculus (in humen proofs of :l.ogicalzlL thecrems) was discussed.

The formulation of this role in precise mathematical terms is quite ob-
vious. Moreover, given & particular set of deduction rules the problem

of determining bounds for the efficiency of search procedures (average
“length of searches) is of course mathematicaliy well defined. But all
this is irrelevant, on the practical philcsophy guiding these notes,

since the general problem is toc complicated combinatorially and therefore
not likely to be (practically) rewarding.

| Rather, we should like to meke use of the experience we all have

of mathematical proofs to pick ocut particular cases which have a chance

of being typical. This is all the more important in the present context

since there is a genuine possibility of using computers to help study
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such a particular case, but none of using them directly for the general
methematical problem above. The reader should note that this proposél;
of using computers on such typical particularICases, is itself a good
example of the ad hoc uses of computers described at the beginning of

11T §% (so-called 'man-machine interaction'): searching through search

procedures would be hopeless even for computers; however, for some par-
ticular exémples and search procedures, analyzing the length of the search
geems hopeless Tor a human compuier (even if he is allowed to use all his
mathematicai ingenﬁity25); but by the-very rature of the problem, a com-
puter can, always, be used to decide whether the pafticular procedure is
practical for this computer to solve a particular problem: Just set the
compuber going and lel it run for the time you have avallable!

The basic question is of course: how good is our Jjudgment of which

cases are typical? OSince a fair amount of computer time (where time is

money, and not merely enﬁui) is needed for the kind of experiments I have
in mind, let me begin by expanding the argument in 1 §3c for giving up the

'logical' point of view. But the discussion is not needed for §§2-3.

1. BScme consequences of the chase after logical completeness.,2
The kind of complefeness meant concerns not only completeness (of proof
procedures) W.T.t. validity,.but also so-called functional completeness
(of the languége used).

(a) In connection with predicate calculus, if logical selection
criteria are to be used at all, the classificatioﬁ according to prefix
éompléxity is no doubt as natural as any. For this clasgification essen-
tially only (negative) undecidability results are available.

More importantly, for the most outstanding decigion methods so far
discovered {for various classes of fields), the subclass of formulae

congidered, namely,
(*) A-> B

fof fixed A and arbitrary B, 18 quite unnatural from a purely gyntactic
or logical view: the choice of the particular A is not explaihed in
syntactic terms.

Conversely, at least at present, 1f we take such a known decisgion

method and ask for a more general class (E} of formulae (with A e(@})-
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to which the method applies, no syntactically natural definition of Q@
guggests itself. In ﬁhe?words of Wang's papef,‘cited in footnobe 26,

P. 102: we have here aupoﬁerful (deciSioh) method applied to the re-
stricted ’fange} of formulae {*). But:we don't feally-know_what to do
with the ﬁethod Eiﬁﬁiﬁ the general framework of iogical'complexity‘(how
to Texplore! it, loc. eit., p. 102, 1. 11). Tncidentally, the seme situ-

ation arises with more advanced mathemaﬁical resuits'Wheﬁ‘ﬁhey are for-.

.mulated in some reductive vocabulary llke that of axlomatlc set theory
' " We have here g typlcal example of the frustratlon produced when
ohe wants ﬁo apply the much vaunted dlalectlcal method: it's all very

'well £0 say we should bulld(xlprev1ous knowledge (—'syn heeiziné thesis

and antithesiz); but which general framework (for a synthe61s) is valid?

(v} In conneetlon Wlth (partlal) recursive functlons we have a sim-

'11ar situation to the reduction classes 1n (a) As shown by various
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ax1omat1c' recur51on theories™! or comblnatorS' ' provided we have a
few ’simple’ baSlC functions and some kind of compoeition,"ali'partial ‘
'recur51ve functlons can be deflned and hence, once agaln, ‘We have a
hosgt of (recursmve) undeoldablllcy resul%s, ' '

If we stay closer to computatlons,‘not the partlal recursive func-
tlons, but rualmentary functions used to code the sequences of states
of = Turlng mschine (or, equlvalently, used to enumerate r.e, sets) are
fundamental; the pariial recur51we functions are defined from,them Pras

deseribed, (ThlS example Wa.s already used in the Technlcal remsrk at

the end of I 82a). while of course equatlons between closed rudlmentary
terms are, those between,open cnes are not, in general dec1dable- cf
the Remark in TI 32, o '

(c) Grdnted (a} and, (b), a scudy of loglcally ‘complete! languages
(for the whole of predicate logic, resp. for all partial recursive func~
tions) would still make practical sense if there were at least a ﬁggg
nmumber of significant cases where results about the whole, undecidable,

class. speclalize to practical computation procedures in some practical

subclass;. in other words, if the 'logically complete® theory were a gooed
practical theory. ‘
-1 know from experience in proof theory that, at least there, one

has to make a freehhetart;.as‘Was_meotioned_earlier, proofltheo:y.begins
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where recursien theory ends; cf. specific examples in §2b below.  As to
computation, for example, Rabin's useful decision metﬁod for Egggge
does not seem to be é special case of a general fesult (perhaps on de-
fingbility--of ceurse not on decidability) for, say, the whole second
order prediecate calculus. '

Discussion. .By-footnote 25, the general issue is far too inter-
esting simply to adopt some point'of'view (for'example, of the présent

notes) as a working hypothesis. One wants to test it. The difficulty

in testing is of course this: whatever view one adopts one is going to

-get some 'results'; and if the wview is coherent one will get mathematically

satisfactory results, even if the view itself is mistaken.

T suspect that the present issue is closely connected with the.so—
called 'prejudice’ of mathematicians against logic. Since mest of thosze
mathematicians dornot know technical logic their opinion is not based on
the actual technical level or mathematical quality of the methods used in
logic. What they do know is the ordinary meaning of 'logic' as the science
of reasconing or of the principles of reascning; in other words, that the

subject of logic (applied to mathematics) is concerned with possibilities

of proof. And, in their irarticulate way, mathemsticians want to say
that the kind of general knowledge of such possibilities provided by
logic, does not help them with actual understanding of a given proof;
cf. also IIT §2c. _

The only part of the methanistic view mentioned in footnote 26 that

I am using in thege notes, ig this:

Human intelligibility is a gqualitative indication of mechanical

feasibility.

As a kind of corollary:
A proof which gurprises us will be difficult to find by a
general mechanical method.

We shall consider two measures of difficulty in §§2,3.

2, First experiment: The intention is to find a problem, which is

formulated in first order language and is of undisputed mathematical '
interest (and hence of feasible length!), but has no proof of feasible

length in the language of predicate calculus.
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In other Words, though aome proof in predlcate calculus exists, such

a proof-is not only difficuls to find, but dlfflcult to write down (even

if found) : Con51der the prop051t10n o e o v e B : !

There are noc skew flelds or d1v1510m algebras over the reals _
of dimension n except for n =1, 2, 4 8 (real and complex -

nuMbers, quaternlons and Cayley numbers resp ) 9

For any fixed - n, there is of-course-a-formulaiin.the:fi:st order language

of real closed fields which. expresses the existence of such an algebra of

- dimensien n . by means of an AV -formula, say ;E&Vﬁ?ﬁbﬁ,_-namely, the.
existence of elements {real numbers) ;aij' (1 <d,3,k <n)- such that the

composition law or ‘multiplication table’

W e . y n .
(?{l"ff’#n);° (yl’°'ff’yn) B (Emlaxlya’"_'fmijxiyj)

‘satisfies the axioms' for @ division algebra -{of course for all real
cnumbers . X o.and y)

A statement of this form.is decided by the (first_order} axloms
for real .closed fields. Therefore for each n # .1, 2, 4, 8 there
exists some’ derivation of — To V¥ V?Dn - from: those axioms.

CONJECTURE. There is.an n, «say n =64k or .n= 256, - for which .
the formuls — 55 V¥ V¥ Dn'-: can be stored-in the memory. of & moderately.
priced cemputer, but the ghortest first order deduction cannct be carried

out.in a week-:on the fastest available computer.

The sssumption about Feasibility here is ‘that at moet one week's computer

time on the. fagtest computer. is available to the experimenter. .
Evidently, in principle, the problem is purely mathematical:oncef

the intended deduction rules for predicate calculus (or, more pr801sely,

‘not for loglcal valszty but for consequence from exioms for real closed

fields) are’ glven. T assume that thls mathematlcal problem ig too diffi-
cult, The experimenter should reflect, perhaps guided by the“topological'
proofs cited'in'footnote 29, on‘the_mostqpromisingystrategies and then
leﬁ'a‘computer'work them out. Here are some comments for orientation.
(&) The general reason for-choosing;this problem is stated guite
convineingly by Wang_(cfa footnote 26, p. 107, second paragraph). . The

topological proofe were found to be: surprising.  Moreover, the theorem .



in guestion had been conjectured a long time‘ago; so it was the proof,
not the resuwlt which was surprising. Hence it seems not unreascnableto
suppose that some intrinsic properties cf possible proofs--and not only
of the search feor proofs--constitﬁted an obstacle to its discovery; cf.
alsc the Remark af the end of this Note. (The particular conjecture is
problematic, just because the general reason 1s quile commonplace. )

The present issue should be distinguished from a superficially

similar problem which is definitely interesting for computer science

but of a different character, namely, the computational analysis of the

variocus decision methods for the theory of real cloged fields. To dis-
cuss this matter we need a distinction.
(b} In its ordinary sense a decision method is given by a function

5 from (closed) formulae A (of the theory) to (T,L}, where
8(A) = T if A holds, 8(A) = I if A does not hold;
' or, equivaléntly, in the case of g complete theory, where |
8(A) =T 4if A is deriVable, B{(A) = ¢ if — A is derivable.

Actually, constructive proofs of decision meﬁhods, for ekample, by quan-

tifier elimination, vield more, namely, a function 5" from formulaze to

formsl deductions in a system F such that {for example;in the cage of

complete theories)
GF(A) is a formel derivation in F of A if A is derivable,
57(A) is a formel derivation in F of —A if —A is derivable.

Clesrly the CONJECTURE would be refuted if we had a practical & for
the theory of real closed ficlds (where F is the formal first order
theory). Equally clearly, the topological proof provides a splendid B
for the class of formulae HBVX VYD for n=1, 2, ... ! (This is
the t*sophisticated example' promised at the end of IT §l.)

From non-constructive proofs establighing the decidability by means
of a function & we can of course alsc derive an explicit 63'UWherg,

however, & contains alsc the principles used in the mstamathematicai

proof of decidability.
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BE(A) consists in evaluating B&{A) and then attaching the

metemathematical proof of the properties. of 8.
The reader Wlll recognlae the paraTlel between the relation of bF 4o -
53 on the one hard and the relation of numerlcdl £o non-numerical bub
numerical-valued terms {in I §2a or IEI'§3a) on the other. ' The main
dlffer¢nce ig thdt the values of 8 (8), BE(A) are proefs and nob .
numbers . ' ' o

" An even more brutsl use of ﬁon-constfﬁctivé proofs of decidability

{(which need not even- prov1de ‘2n explicit ®) is this: one define# the

recursive Function 6 ('D! for mere dec1dabll1ty)

8?(A) is the first derivation d (1n scme w-order of the
formal derivations of the given.gybpem,_whlcb.ends up with

either A or with =—A.

SD is recursive by (the‘mere fact of) decidability and recursive enu-
merability of thé”theorems of any”fofmal syStem.' There 1g no apparent
way of refining the brutal definition 6D to gelb a practical B, let
alone 8F The reader will have recognized here a particuilar instance
:of the llmltatlons of- recuralon theory discussed in §ic above. (e would
be amazed to know how often the s.mple facts above are 1gnored in the
literature, with hilarious results .) 7

( ) It goes without saying that (as is femiliar from all sciences
Whlch involve both theory and experimerntation) it cannct be- expect.ﬂ'that-

- all details of the experiment proposed are perfect! A skillful§

compuber
scientist may think of a more promising ex&mple to work on than the theorem
about lelblOn algebras. But 1t is possible %o analyﬁe in advance at least

1n 8 general way what we can expect to learn from this klnd of experlment

1f the- congecture is refuted (for soms n Wthh ’barely mlsses

belng a solution),.one would simply have an unexpected success of aubomabic

ﬁheorem proving 1n its currenz 5ense._ Alse, T should. expect from this a

contrlbutlon to algebra: a mathematlclan reflectlng on this hypothetlcal
@ieﬁe of first order algebra may discover in it some general Ffeatures of

‘mathematical interest.
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If the conjecture is established, we have only evidence against the

{whole) current trend in non-numerical camputation, not against the pos-

sibility of using computers.

‘We have to lock for relatively few additional notions about the
real numbers (enrich the field structure a 'little!) in order
to shorten relatively many proofs considerably. And we expect
to find a not negligible area of problems which are of interest,
.and have computer-solutions by use of these additional notions
{problems which do not have computer-solutions without them nor

humanly performable solutions with them).

To remove a quite unjustified air of unreality from this fask, it should

be cobserved that it is analogous to the task which the ‘abstract' mathe-

maﬁician sets himself (except of course that the reference to 'computer-

solutions' is to be dropped); *humanly performable’ means: ‘comprehensible.
The mathematician's task is not finished even when there is a practical
decision method for all formulae of a language! He still wanbts to fing
infinite Or'even large finite classes of formulae for which he can tell

ué the result of applying the method, in Short;'he really wants to solve
problems. '

" Inasmuch as the organizaticn of a camputer 1s different from our way
of thinking, the computef scientist cannot expect te use exactly the saune
solutions as the mathematician. 3Bub one would expect the mathematician’s
tfunsystematic'! work to prbvide a better general guide than thé systematic
parts of logic. On this score proof. theory seems to stand a better chance
of being useful than say model theory or recursion theory just because of--
what to many logicians is--its principel 'defect?: it studies specific
_systems,'specific processes derived from an examination of our intended
" meanings, and has to search for principles of choice {which even after
they are found may be less convincing than the choices themselves).

3. Second experiment: Here the intention is to find a theorem

{pien entendu, agzsin of undisputed interest) which we know to have relatively

short proofs in a given system; but no reasonable universal search procedure

could be expected to find such proofs in a feasible number of steps.
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“Congider the arithmetic "propositions:
(i) ' n=90v—n = 2m
i.e., the irrationality of the square rool of'é;‘and

(i) nemep = = 0 V —1nq + mq = pq for gq =3, 4, ...
- oS s s 2

i.e., ingtances of Fermat's conjecture.

Both (i) and (ii) are written in the language of the ring of integers
(that is, + and X only). Certainly (i) -has a relatively short:proof
in the first order theory.of the ring of integers, including induction.
And (ii) has such a proof, for instance, for ‘g = 3:or q = 4,
~ The known proofs of (i) and of (ii) with. g = 3, were certainly
felt to be surprising., One striking feature. in both cases is that, as

ordinarily formﬁlated, the proofs use concepts which do not occur in

the statements gg:the.thgorems. More. formaily, they use.concepts'whigh,

- cannot be defined in:the=language of rings“yithout.the:use of_logical

- symbols, for example, in (i)_one uses divisibility or prime factorization,

in (ii) for q =3 . one uses Legendre's symbol. ,Thgse proofs éan be trans-

lated ihto_the firstiorderflanguage of rings by using,ﬂthroughput,_expiicit
definitions of the new concepts (and relatively simple proofs bfitheir
'Qefining equations' when the new symbols sre replaced by the definitions).

21

_ It is = mathematical fact”™™ that the theorems mentioned cannoct be |
uproved in the theory of rings with induction, but without. the use of
logicaily ccmplicated formulae._ Put differently, the selection of those
cauxiliary concepts and of their dgfinitions in the first order language
of rings is the central problem.
My impression (or, as people nowadays like to say, 'intuition')

is that the selection depends, practically speaking, on understanding
the intended arithmetic meaning of (i} and (ii). A possible computational
effect couid be that universal,pr@cedurgs:(for_prédicate lqgié or perhaps
even ring'theory)-would,npt find proofs guickly. _

- BEvidently the first step would .be to,take:an‘exiéting procedure;
”br rgther_choosejamong existing universal. procedures the one that strikes

' the computér”scieptist_as:best_sqited.to this problem. Perhaps someday
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one could even solyve the mathematical prcbiem for g&l'universal procedures
(satisfying some uniformity conditions which exclude building the known
proofs of (i) or (ii) into the first few steps of the procedure); for some
q in (ii) the search is inordinstely long.

The general points made in §2 apply also here mutatis mutandis.

Remark. In line with footnote 25 (and Wang's paper cited in footnote

26) it would seem to me guite interesting to analyze striking specific
factes in the history of mathematics in térms-of complexity of non-numerical
computation. For example--as @ foll to the conjecture in §2--it was protved
2, leng time ago that the conly associative divisicn algebras over the reals
have dimensions 1, 2, or 4: : _

 QUESTION: Is there a relatively short first order proof of the fact
that there is no such algebra of dimension 6k or 2562

V. Remarks on Relevant Proof-theoretical Literature

Grented the basic philosophy going through these notes, namely, the
stress on the difference between logical and computational significance,
the following corollary is plausible.

The loegical highlights of proof theory, which are of course the
best-known parts of proof theory, are not likely to be of direct interest
to the compuber scientist;. And, in particular, negative results are
something in the background, telling him what not to do or to expect.

For the same reason the canpuier scientist, especially if he is
interested in non-numerical computing, may find useful information in the
negiected proof theoretical literaturel--'neglected’ because, from a
logicél point of view, it was marginal. The kind of thing T have in mind

is some new particularly elegant formglization or a particularly direct

treatment of some problems which, as far as logical interest was concerned,
had really been solved completely. There is of course no guarantee that

elegance or directness (for the human reader) will always have computaticnal

55



“yalue but the possibility is worth keeping in mind. > WB: The neglect
of this kind of work I have in mind is not accidental: ' without the addi-
‘tional computational analysis, the work is useless.

1. Propositional operators: =, A, V, —, ¢>. Logically, most:

of these are unemployed, at least for the usual truth functional inter-
pretatidn'sihce all of them ¢an be defined by superposition from, say

(=, A); Similarly, the propositionsl constants T and "I can be de-
fined since, for variable p, p A= p = I. ~ For logical metamathematical
arguments it is convenient to use only (-, A) in order not to have too

' many cases to consider. Bub, for example, as long as the operators oc-
curring in a formula determine the rules to be applied in same non-numerical
computation it seems plausible‘that a compromise is most efficienﬁ, where
one uses not only — and A, nor, of course, a separate symbol for every
truth function.'.55 The following remarks may provide some perspective.

(a) Logically sophisgticated readers seeing novel, niore elegant for-
malizgtions tried to use them to get new logieally significant results,
for example, by applying the new work to intuiticnistic systems which
(are known to have logleal interest but) do not allow explicit definition
of the other propositionsl operations from (=, A). This applies also
to §2 below. - o a | - e

(b) The step (a) simplified the analysis by the-mathematically~very-
popular device of using a purely qualitative (indéfihability) cfiterioh

50 that there is no need Tor closer gquantitative analysis. In contrast,

the proposed computationsl use of novel formalizations needs at least some
sssumptions about s correct measure of computational éomplexityu To judege

significantly_betweeﬂ two given formalizations it will not be necessary to

find & particuler measure, but only a few evideﬁt'properties of a correct

" measure.

© (e¢) Logicians will of course try to exploit the last observation in

(b) above; see also the remark at the end of this note. Bub it is certainly
possible that good knowledge of computer"hardwére‘ may help one find an
explicit measure of com@iekity, and thus replaéé the judgment needed to

see what is gignificant or evident about such measures.
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() Practically spesking, the reduction of our problem to the kind
Qf Judgment Just mentlioned constitutes pfogress: probably more people
(ekpé}iencédrin.computer sciehcé)'haVe'éuch'judngnt*than the taste
needed 1o recognlze elegance in the proof theoretlc llterature, (It
is qulte unnecessary to claim that matters of taste ‘are not obJectlve°
it is enough if people lack taste, Just as it is of little help to blind
people that dlfferences 1n color are obJectlve what they need i an -

exten51onally equlvalent ‘criterion which they can use, such as those

famous p01nter—001nc1dences._ Only the person who establiches the-.

egquivalence mpst be able to see, and the same apﬁlies'mutatis’mutandis

to our problems sbout significance of computational measures.)

2, Prenex normél fdrms. .Here agéin there is no doubt that for

.(Classical) logic, for ekample, in completeness proofs or in the state-
ment of such interpretations as provided by Herbrand's theorem (cf. the
end of IIT §1) it is rewarding to exploit the existence of prenex normal
forms. But we have already seen the computational absurdity of the
Cl&SSlflC&thH by prefix complexity in IV §la. o . _

More importantly, 1f one is interested in the formal deductions

themselves (not only eagily comprehensible 1nterpretatlons of the kind

needed for Note III), it is morally certain that it is better to use
: D : 3l

-_formulations_in systems of natural deduction and normalizetion pro-
cedures; these are not.éignificamtly.simpler for preneigformulaeg jIn.
contrast to Herbrand's treatment they also anelyze qﬁantifier free but
propositionally complex formulae. The moral certainfy will become mathe-
matical if a correct measure of complexity of.déductiohs and bounds for
the Complekity {of the particular deductions involwved) are available.
3. Equality. It is ome of the more memorable Tacts of elementary
logic that the thééry ofcpredicate logic when = has the intended meaning
. is reducible té‘ordinary predicate logic (in contrast, e.g., to the case
:ﬁhéfe'we'havé a.biﬁary relation symbol < with ihtended meaning: a < b
if and onlyiif a and b are natural numbers and a is less than b).

One simply takes all relation symbols Rj and function sywbols fj

occurring in the formula F %o be treated and considers the implication
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) VRV G = xi'>- By @ R (5 = £D1) 2 E

ehefe.:z is & sequence of varlables contalnlng the arguments of all the

Rj_ aﬁd ifjJHand,_Ré Fé are dbtalned by substltutlng xl for 'xl_‘in

Bj,.:resp. fJ. (No o, symbols, R or f, hav%5any argument in common,)
But as any. erter on proof procedures knows,g_ derlvatzons of the

.1mp11cat10n (%), ‘have a qulte dlfferent q“tructure in detall from, say,

natural deductlons of F uslng relevant equallty rules. (I cannot re—

call exact references, bUt I seem to remember materlal in JeyaneSe A
gournals and in a letter from K. Schutte.)

k., AXleS and rules. The partlcular case of equallty in §5 1s

distinguished by the fact that, for a given F" a 31ngle (equallty)
hypothe51s is added Wthh Imoreover, 15 determlned by F 1tself,_ In

the case of the 1nduct10n sehema,3 o
(X)) o {A(O x) A Vn[Aln,x)- —a.A(n + x)] ﬁaﬁVhA(n,x)],"

we have also a reductlon to predlcate loglc it neéds a’ 51ngle premlsE'
if we use the schema only for formulae A" of bounded complexity; in~

Stead of the equallty sxiom in’ *) of §3, We use (**) aSaifhypotﬁesis

on F.'
' But as any up -to- date accoumt of the matter shows,'we cannot

deduce slgnlflcant results for arlthmetlc from such results as Herbrend's

ﬁheorem ‘at best we “can hope to generallze the ggggg 1nvolved in the proof

of ‘the theorem, “and apply them to the rule: B

Dexlve VnA(n) from A(O) and VnlA{n) - Aln+ l)]r 56

5.: Computatlon dlagrams for varlous classes of functions. In Vlew

.of the connectlons between computatlons and deductlons dlscussed at length
in Notes 1 and 2, 1t is clear that the proof theoretlc llterature must

: aleo contaln several computatlon dlagrams or schemata whlch define the

. same class of functlons ut have guite dlfferent computatlonal propertlee.37
‘However, I am. not competent to give a detalled blbllography.

‘ CONJECTURE. Propably & good deel of 1nformat10n which is useful %0

_ the computer 501entlst is contalne& in the detalls of work by people who

are best known for the loglcally important results they haVe dbtalned
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while the elegance of their mathemafical ideas may or may not be recog-

nized; as examples of the former we have the family J. and R. M. Robinson
or Schitte; as examples of the latter, Kléene and some Japanese authors.

Tt must be remembered that mathematical elegance {which is relevant
0o computafional applications) need not be apparent from the look of the
 printed page, let alone from the grammar of the introduction or the general
literary form—~and therefore it is not easy for us to Jjudge at a glancéa
This is oniy one further addition to the many examples in these notes of
the differences in detail between human snd mechasnical requirenments.

Remark; Ag far'as I'can gee, a rather simpleminded idea of choosing
between formalizations, which I have pursued for some years, has not yet

been refuted:

To consider infinitary languages,.whére of course differences
are very much magnified {the ratio of i is 'bigger' than
the ratio 27 2!), and to hope thab obvious ordinal messures
in the infinitary case will be a reliable guide to the subtle

measures needed in the cordinary finite casge.

Cf. the paper cited in footnote 56, top of p. 350 (and, for yet another
direction, App. VIII on pp. 383-384).
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Footnotes

lThis research was éﬁppofted by Netional Science Foundation Grant
NSFGJ-hb3x2. | | | S

. ESome'of the material in these notes éﬁpedred in: Hilbert's programme
and the search for automaiic proof proce@ures, Springef Lecturé Noﬁes 125
(1970) [pp. 128- iMS reviewed‘Zbl 206 (1971).277 278], which are the pro-
ceedlngs of a conference held 1n Versallles in December 1968 (on automatic
demonstratlon) The presgent version is not only better organlzed and more
articulate but, espec1ally in Note 2, make& essentlal use of recent mate-
r;al publlshed 1ﬁ: Second Scand. Loglc Symp., ed. J. H. Fenstad Amsterdam,
1971.

5Mathematicians have studied only relabtively recently so-called
non-extensional propertieS'(of rules) which distinguish between two
rules even if both assign the same value to each partlcular argument..
For an example from arlthmetlc, con51der the follow1ng two rules which
determine quite different computatlon procedures,‘ Lettlng - means:
is replaced by, the first rule says: n b 0. The second rule says:
nek nin with two "subroutines' determined by the familiar rules for
the predecessor {pred) and subtraction (I, as above), that is, pred O+ O

and pred (m+ 1)+ m; m= O my and m = {p+ 1) o pred (m = p).

lIrThe business about computation being an art supposes of course that
there are no aesthetic laws. Actually, I believe, quite often we have to
do with an illiterate expression of a sensible objection, namely, when
gquite unimeginative classes of rules are preferred for nce other reason
than that they are precisely defined (say, primitive recursive computation
rules). A vague idea which is fairly close to good sense is often much
- more useful, though--by the very meaning of the terms--we should not be

able to give (explicit) reasgons for this fact.

SAt the risk of sounding arrogant I should like to add thatl, just
because of thisg difficulty, not only particularly gifted, but also guite
weak minds are attracted to these problems, the latter because it is more

difficult to establish the inadequacy of their proposed sclutions. What-

ever my motives in saying this, I believe the remark is practically important




for computer science. Otherwise one is tempted to assume that, for example,

the whole subject of automatic theorem proving is hopeless just because the

guite massive existing literature contains so little significant work.

6

Old—fashionéd experimental genetics and pseudo creative recursicn

theory have a similar jargdn but like to use long words.

TThis meﬁémathematical meéning is not what we are ﬁaught in university
mathematics when the integers and (cardinal) addition are defined set
theoretically. There we prove, using'our-knowledgé of set theoretic
notions, that the assertion ViVy(x +0=x & xt+sy = s(x +y)) is true
for the set thecretic meaﬂiﬁg. In a careful course it iS then explained
'why, for numerical terms n and m, n = m 1is true for the set theoretic
meaning if and only if n and m have the seme formal value (complete-

ness of the rules of addition; see para. 2 below)..

SIt is.certaihly true that in somé'highly developed subjects (electric
networké) thecry actuélly'predicts expefimental results; inssuch cases a
developed formal theory is always useful. But_théoretical or 'idealized’
noticons can also be useful in more subtle areas by drawing attention to
general features or, as. one says, by providing a 'point of view'. This
can be achieved either by means of a mathematical formulation or by an
instructive example. ' |

9For further support, see J. T. Kearns, JSL 34 (1969) 561—575 aﬁd

(the supplementary) Part IT of the dissertation by H. P. Berendregt,
Utrecht, 1971. There it is shown how Turing machine programs n (and
cther computation diagrams) map into combinatory terms t in the sense
that the segquence of states determined by 1 corresﬁdnds to the sequence
of terms appearing iﬂ.the reduction of the term tﬂ. o ‘

lQIn the present context it would be poiﬁtless to 'identify' a Tormal

sysﬁem_with its set of theorems, that is,_to forget everything about it
except the set.of theorems: Qﬁe woﬁlﬁn‘t_be making any deducfions at all!
One may still ’identify', sdy, the rules for.forming wif with the set of
wff'as long as, quite realistically, it is easy %o decide whether or not

an expresgion is & wff.

b1



3":I'In §ila of:: A survey of proof theory II, Second Scand. Logic

Symposium, ed. J. E. Fenstad; Amsterdam (1971) 109-170, I discuss some
Kleinarbeit which is regquired here. .In the sasme wolume there is alseo
an. excellent account Wthh ‘accentuates the pos1t1ve' by Praw1tz, partic~

ularly pp. 282-283 on a connectlon between derlvatlons and terms.

gAs always max1mlzlng an eff1c1ency ratio does not conszst in
taklng some glVen clagsg of cases (say all formulae of predlcate loglc
or all dlophantlne equatlons) and looklng for a most effectlve procedure
~of handling them,all even if such & procedure ex1sts it may be hope—
‘llessly 1neffect1ve. The problem,ls to. dlscover a subclass whlch is (1)
still useful but Wthh 11) admlts & much more effectlve procedure,_ For -
this reason 'log1cally complete languages are rarely useful when efflc1ency
is the principal 1ssue.

5See He 5. Vandlver, Fermat E last theoren, Am.er._Matho Monthly 60

_ (19_53) 164-167 and ‘the l1terature referred to there.

l--LLThe reader should, of course, make use of the knowledge he happens
to have (for an illustration, it doesn't make sense to learn a new ex-
‘position even if it is much more elegant, provided a familiar one conveys
the same idea). A fairly adequate introduction is on pp. 225-227.0f
Shoenfield's standard text Mathemstical Logic, Addison-Wesley, 1967.
For more detail see: L. E. Sanchls, Notre Deme J. Formal Loglc 8 (1967)
161- - 17k, another is W. A Howard, pp. 43— h58 in: | Intultlonlsm and proof
theory, Amsterdam, 1970. A word of Warnlng the fact that the meta—

mathematlcal methods used by Sanchls in the analy51s of computablllty are

less elementary than Howard's 1s totally 1rrelevant for computatlonal
appllcatlons, Just as--at the end of §l above--any proof of Fermat'

congecture, however non-constructlve, makes the dlfference between the

" First, useless, (prlmltlve) recur81ve programmaticn and the ‘second which
'appéals to (hypothetlcal) numerlcal analysis. " To return to the two papers
‘above: 1t ig’ more s1gn1flcant computatlonally ‘that Sanchis establishes

n”strong computablllty for a greater varlety of reduction rules than are

considered by Howard . (Computation s eloSer”to genuine niathematics than

to foundations.) See also the papers cited in Tootnote 11 of Note 1.

L2




5Th:Ls is studied in Kreisel-Tait, Z. math. Logik uv Grundlagen 7
(1.961.) 28-38,

16For example, in my paper: JSL 23 (1958) 155- 2182 and 1ts predecessors

in JSL 16 (1951) 241-267 and 17 (1952) 43-58.

lTAt the present time actual mathematical (in contrast to metamathe-
matical) number theory does.not know exampies of such A: more precisely
there are no known examples of such VA whlch strike the experlenced
.number theorists as mathematically 1nterest1ng. By IT3§3b, it may well
be of great practical use to know the status of this fact: in a prae—
tical theory_we want to take into account the statistical distribution
of the material to.which the theory will be applied; cf. Section 2
below. : o | '

18This guite essential problem is usually overlocked in the doc-

trinaire constructivist literature for the following obvzous reason {of
which the doctrinaires are certainly not alwsys consc1ous) Since the
very ldea of arlthmetlc EEEEE or non-constructive proof of FmA n,m)
ds rejected, the transformation of p into the program Tt

b
generaliy, the first constructive proof of HmA(ﬂ,m) and therefore——

prov1des,

according to the doctrine!--the first valid proof, From the doctrinaire
- point of view this step is ‘fundamental! and the ‘detailed study ' reguired

above is; at best; regarded as a refinement.

19K, F. Roth, Mathematika 2 (1955) 1-20; and .H. Davenport and K. F, Roth,
. Mathematika. 2 (1955) 160-167.

EOCf,, eng.; the rephfasing by BE. Bishop, Mathematics as a numerical

language, pp. 53-71 in: Intuitionism and proof theory; BAmsterdam 1970.
Tn particular it ignores the fact how much mathemstical practice can be

" developed in subsystems of familiar systems (of analysis or set theory).
2lR. S. Tehman, Acta srithmetica 11 (1966) 397-410.

22Indeed, in one of the well-known methods in the literature, Hilbert's
. e-gubstitution method, one speaks of 'crltlcal formnlae ; see Hllbert~
Bernays, vol 2 1970), p. 21,
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There is algo an interesting and.(therefpre?) neglected theoretical

problem of seeing whether the order of magnitude of the existing bounds,

as a function of the syntactlc parameters ueed, is rlghta For interesting

exceptions, see B. Dreben, P, Andrews, S. Aandera, Bull. A, M. S. 69 (1965)

699 706 and current work by the Lenlngrad school of proof theorlsts,
ol

In the many cases where the formallzatlon of ordlnary reasonlng
:'1nvolves a reductlon to the language of predlcate logic; as stressed in
"III §5b for 1nstance, 1n “the cagse of quantlfler manlpulatlon to minimize
'loglcal complex1ty, no such reductlon 15 involved. N B.: To av01d (a
mest unllkely) mlsunderstendlng It is not the purpose of this ‘note

(nor of T §5c) to argue agalﬂst the p0551b111ty of using properly com-
puters for 'theorem- prov1ng or non-numerical compubation; I am skeptlcal
of (the current fashion of) using programs in the language of predlcate

logic; cf. also §2¢ bélow.

_ 5It is sometlmes forgotten that, for a wide class of problems such

as multlpllcatlon of large numbers, computers are superlor £0 a mathe-
matician even if the latter 1s allowed to use all hlS 1ngenu1ty, The
(practlcal) phlloeophy 1nbthese notes can now be resteted as folloﬁs:

Tind new areas where this kind of eeperiority ig relevant--rather than
finding compllcated mechanlcal procedures to replace slmple uses of
'1ngenu1ty The theoretlcal obgectlons to the 'oppoelte phllosophy were
dlscussed at the beginning of I §§c, Inc1dentally, in the literal sense

of the words a 'theory of knowledge' might be expected to give ﬁs an idea
which (areas of ) problems are more easily understood by use of available
mechanical devices . and -which by avallable ingermuity. Traditional epistemology
simply did not possess these alternatives and therefore had to confine itself
~to-questions of validity.(of.knowledge), though some philosoPhersfffrom Kant
b0 Wittgenstein--tried to widen the subject (before it was ripe,_I think) .

A genergl discussion of additional (negative) consequences is given,
€.8., ON Do 105, in H weng S paper: On the long range prespecte of auto- N
"matlc theorem prOV1ng, Sprznger Lecture Notes 125 (1970) iOl—lll; The con-
clusions drawn overlap (of course) occa31onelly with those below, out the

general view is not only different from,'but in contradiction to,"the'

by



“philosophy of these notes; of.. the crucial passage, p. 106, 1. 3 to 1. 9.
Specifically if (a major part of) mathematical reasoning were indeed
mechanical in nature, also the selection of (the major part of the) useful
extensions of the langque:discﬁssed in T §59 and of restrictions to sub-

clagsges would have to be mechanized.

27Egg,,-H. R. Strong, IBM Research and Development 12 (1968) 465-175
and E. G. Wagner, Trans. A, M. S, 144 (1969) 1-42. The ccmposition
a°b means in Kleene's notation {al(b) or ({a}(b)}, depending on the
‘;éontext{' ' o - | o
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Which led him tQ:discover,certgin decidable secend order thecries
which have gome gestheticglly very satisfactory completeness properties,
cf. Trans. A. M. S. 1kl (1969) 1-35.

295, Milnor, Ann. of Math. 68 (1958) 4hb-449 and J. F. Adams, Ann.
of Math. 75 (1962) 603-632 Tor the non<agsocimtiveccase (permitting n = 8).

BOIt also goes without saying that, in many cases, the experimenter’'s

problem, that is, the step from the (theoretically perfectly sound) theo-
retical sclution, to a workable experiment may simply be much more diffi-
cult than the theory.

51y, €. Shepherdson, Bull. Acad. Pol. Sc. 12 (1964) 79-86 and pp.
342-358 in: The theory of models, ed. Addison, Amsterdem, 1965.

EEAS stressed throughcut these notes, general aesthetic criteria

are certainly not reliable since, as elaborated in the introduction,

for example, logical completeness has very great aesthetic appeal; indsed
abstract questions which we make up curselves. are coften more managegble
than the more significant problems and have attraction Just because we can

do something about them.

55Significant quantitative work in the propositional case is contained

in a paper by L. Hodes and E, P. Specker, pp. 175-188 in: - Contributions
to mathematical logic, ed. H. A. Schmidt and K. Schﬁfte, Amsterdam, 1968.
It does not deal with camplexity of propositional deductions but of
(propositional) definitions of truth functions. BSee also footnote 23

of Note 3. |




BMD. Prawitz, Natural deduction, A proof theoretical study, Stockholm
1965,

Der,, e.g., the paper cited:in IV, footnote 26, where also the, in-
“¢identally quite unrelated, problem of including = in decidability pro-
cédures is mentioned. - o '

X 56Cf., e.g., §6 of my paper JSL 53 (1968) 321-388, with information

‘on axioms and rules on pp. 36H6- 568
3ch

_ for example, the elegant schemata by means of iteraticn for
the class of primitive recur51ve functions by R. M. Robinson, Bull. A, M. 8.

53 ( l9h7) 925 9&2 ‘whére recursion is replaced by iteration.
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