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-PART I. INTRODUCTION

This report describes-a computer-based instructional system for teaching
'the notion of mathematical proof. The system is capable of handling formalizations
of the full predicate caleculus with identity (and, with minor work, definite

description): - Designed as an instructional device (a course in numbér theory is

' presently beingiprepared), the program is also the basis for a number of research

" projects involving the use of mechanical theorem-provers for teaching theorem-
proving.' The intention here is to presernt, in detail, the entire system: the
program as written "in the LISP programming language [McCarthy,” 1963] for a PDP-10
computer. Instructicns on how: to use the system for both research and teaching,

~block diagrams of key program roubines, and example curriculums are included.

‘The purpose of this report is to provide enough detail so that versions in other

“langbages for other computer systems may be programmed from the Information
offered heré. As a’result, subseguent sections are dense with: descriptions

“of partictilar routines of the instructional program. While current. research on

- interfacing various theorem—prov1ng programs are mentioned in this paper;, they

~will ‘be reported on'in more detail elsewhere:

© The underlying foundation of first-order logilé of this' instructional system,
1ike the Institube for Mathematical Studies in the Social Sciences ((‘IMSSS) logic

“and-algebra program [Suppes & Binford, 1965; Suppes, Jerman & Brian, 1968,
Appendix T; Suppes & Thrke, 1970; Suppes, 1971], is a natural deduction .
treatment. The main thrust of both programs is to let the student construct

" proofs or  derivations. » The studsnt has a simple command language made up of

-+ mhemonice - that name axioms and ‘thecrems, rules of inference, and proof

‘procedures. The user can type commands that reference specific lines of the
proof or derivation and that specify occurrences of symbold and terms within

4 line. Tf the -commands are correct, the program generates new lines of the
‘proofs or dérivations. By these means, the student can génerate any line
regardless of it8 relevance to finding the problem solution.  The freedom to

- use commands means that the progrem rejects all ideas of right and wrong proofs;
the student can follow any one of a number of solution paths. But this freedom
means that the program is not aware of what the student’ is doing. ° It may mean,
aside from prestored hints, that the program cannot offer the user (thé student)
“any help in completing the derivation. In an attempt' to solve this problem,.a

- mechanical theorem-prover that'generates solutions of the algebia problems was

1



developed. The theorem-pro#er is émployed ag a proof-analyzer that examines

- dincomplete. derivations done by students and givesuthe students hints or advice
~on how to utilize thelr own partial proofs to arrive at complete cnes. Detalls
‘of. this theoremwprOVer will appear in Goldberg [1971]. _ 7 _

The core of this instructional program is a set of routlnes that permit
the user.to construct.proofs or derivations. The program is & natural successor
~-to the IMS55 logic. and algebra. program, and many of its featurés fesult from
experience obtained in: schools ruaning that program. - Unlike the logic and
algebra program5_this;instructional:systemJ@anwbe'bhaf&cterizédmas:more;tﬁan a
- .proof checker. -It is a more powerful interpretive system in which an.in&ividual,
e he student, teacher, or.researéher, can dévelop,and_thén study a nonlogical
axiomatic'theory along whatéver.lines he himself specifies. The,program allows
:Lone_to build the command language fqr constructing proafs; the user. can specify
_a vocasbulary and a set of axioms with corresponding names,. prove and name.
~theorems and lemmas; and derive new rules. of iﬁferenge. . The program, which
:"khows" only-primitiveprules;ofupredipateucalculug,_consists”of routines that
‘compute and learn new commands from the well-férmed-formulas qf.the system.
When_thesuser‘attémpts to construct a proof within the system he so .specifies,
he ‘types commands from. the command language he 5uilt,himself. ;n order to
interpret such commands,fgeneralized processing routines check each command
for. correct syntax an& usage and -compute appropriate;error;messages-if_the
-.command is mot a valld one-. _ _ . )

: Both the command . language and a. curriculum.can be constructed by a teacher.
The' curriculum can be a course, say, in number theory or elementary-axiomatic
geometry. The student foliows the curriculum, but he always has the option of
. interrupting the“lineaf sequence. of problemé and msking up bis own problems.

The student might avail himself of this feature of,the‘program;when'(a) he wants
to redo a problem to‘éssure himself that he undeistands the proof procedures
-being introduced;. (b) the problems are too hard and he wants to try,some?easier
~ones before continuing with the teacher's problems; (¢) the problems afe too
~ easy and he wants to try more challenging ones; or (d) a problem requires a
. subsidiary derivation. .The student may prove the formula and name it as a

lemma;,thereby'simplifying the original problem by using that lemma.  Here,

- the distinctioen betWeen a- teacher and a student becomes'a‘narrqw one, because
thé student himself can enlarge (or initially specify) the commsnd language or

invent a "curriculum" for himself and his classmates.

2




The principal advantages of this program are twofold. First, the generality
and flexibility of the program provides the user with a sort of experimental
laboratory in whieh tc explore new ideas (or. investigate old ones) connected with
. formalized theories. . The student with some of his own notions about constructing
formal systems can readlly test them in a systematlc and unamblguous manner:
the program acts as & tireless proof checker.” Second, CAI programs are usually
based on a curriculum*that is organized around strictly frame—bybframe, or
branch-on—a-predetermlned-algorlthm, strategy .This mode of ﬁeachlng can
sometimes be too restrlctlve“and somewhat less 1nforma$1vef We hoped to prov1de
a8 fPreer structure‘in 6rder to give the more innovative st@dents-access to those
computational facilities available toc the teacher, ;

The 1nterpret1ve tools of the system. 'understand’ two languagesa The first,
call it €, is the set of" commands used in constructlng proofs or derlvatlons and
is defTined. in M the Becond language. A block dlagram of the program is presented
in Figure 1. With M, the user is gble to AXTOMATIZE a theory, 1.e.,ito specifly

. et e e et Wk v G T vy S e W = WD A AT A0 o o ox

{a) the class of nonlogical constants, and (b) a class of axioms. It is assumed
that the logical system is &lways the foundatlon on which new theories are built,
but the symbols representlng the logical constants are specified by the user.

The names of axioms and the well-formed formulas derivable from the axioms
(theorems and lemmas) are members of C. Also, M enables the user %o derive rules
- of inference from axioms and from established theorems and lemmas. These new
rules are added to C. Thus, C is further sugmented by the basic logical system,
which'is: outlined in Part TII.

After the command langusge for constructing derivations and proofs is
specified, the program tekes on the role of a proof checker. This is the DERIVE
part of the program. In the DERIVE stage, the user types & command and expects
the program to generate a line of a derivation. This may involve either requests
for substitution instances of axioms or previously proved theorems, or
references to a set of previous lines in order to infer a new one. The program
accepts the command, checks to see that its syntax is correct, and, in atbempting

to carry out the command, checks to make sure that the application is proper.

?
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Fig. 1. Block diagrém of the instructional
: ‘system.. o '




If the syntax of the command is not acceptable, the progrem hee a simple method
for givihg syntactic error messages. The command cannot be executed“if an
'Iepplicafion'errorwis-detecfed;. In this case, the program hasia method for
compuﬁing the appropriate error message. This computatlon is’ necessary because,
typlcally, the program interprets commands it knows only 1mp11c1tly

Flgure 2 shows a block diagram of the' routines- monltorlng the teacher- and

student user modes and presents a more detailed plcture of the control structure

e e

of the progrem. The hlstory of the student's past performance is dlstlnct Trom
the collecfién of any data (that is, to collect exact user protocols) he
profile consists of 1nformatlon on the last problem,solved, the last theorem
proved, rules and axioms spec1f1ed by the teacher that: the student has been
Taught and therefore is allowed t0 use, and the student's own derived rules of
1nference and lemmas he may have proven. This 1nf0rmatlon is all part of the
mmmand language the student” is building, and it can be retained: for all future
work.

The distinction between teacher and student'ieJhot alherd and fast one.
.coneéirebly, enhindividhal may act as bothithe teacher and the student, setting
up-a:theoryrin whieh he wants to try to,coﬁefruct proofs. - Or a student may
try‘hié skills on'speclfyihg'a’hurrichum for his fellow classmates. It is
possible_ﬁhaphthe teacher specifies the vocabﬁlary and %then gi%es the student
a seﬁ"of.formulas The student is told to chOOSe no more than N formulas as
axioms “and then to prove ‘the rest from these. ax1oms, the prlmltlve rules and
procedures, and any new‘rules he derives. Although this is an instructional
technlque w1th Whlch thls 1netruct10nal system.has already been used, it will
not be descrlbed here. _ ‘

The ‘remainder of thlS report is organized intoc three parts. In the first
part the components of a first-order theory and the methods for specifying it
are explalnedo The reader who is ‘mainly interested in how a user constructs
proofs might well skip this background material. The second presents the
structure of the command language, C; with explanahiOHS on how ©to use the
proof procedures and primitive rules of inference, and how to derive new rules

of inference. There is a problem, viz., the kinds of error analysis routines
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required in order, to effectlvely teach the student the command language.1 They
are -of two klnds-~errors of command syntax and errors in applylng the rules of
1nference, especlally the derlved rules._ The error analysls routlnes are descrlbed
in this second part{; Flnally, the language for spec1fy1ng problems is deflned

with exampleswtaken_from:elementarywalgebrah_P

| PART 11. SPECIFYINGj THE FORMAL SYSTEM

1. The Vocabulary

7 .. The program. 1s llmlted to purely symbollc languages, where each 1dent1f1er
is a string of.one or more alphabetlc or spe01al characters._ The flrst step in
developing a formal language is to deflne a meanlngful expre551on There are

two kinds of expre551ons, terms, and formulas. In order to glve a preclse
characterlzatlon of a term or a formula, the user mlght speclfy the primitive
vocabulary of the language, 1 €., the user must unamblguously deflne each
Individual constant_andgyarlable,:each;operat;on‘symbol and_each predicate
letter. In addition, the list must include representations for the logical
constants. | _ o o - _ "lill.rl

Associated with every sympol, except tne indiridual.variables, is a fizxed
DEGREE, and attached to every individual variable is a TYPE label.* These two
elements are all that 1s needed to bulld a syntax—dlrected analys1s routine to
determine if a. strlng constltutes a Well—formed expre581on 1n the language.

Every language 1neludes three spe01al_characters thatxserve as delimitors--

left parenthesis *(', right parenthesis ')"and comma f4'. A check for precedence
relationships is pnot included in the analysls. 'Unless ekpressions are explicitly
grouped using the three special characters;'the routine performs a simple left-to-
right scan. Thus'expressions of the form A x B + C are parSed'as Ax (B+0C) and
not as (A X B) + C, Whlch is the usual parse if hierarchy tables ‘are used.

A DEGREE 1s an ordered quadruple <imn p> stich that i and n are non-
negative 1ntegers, and n and p are (a) any nonatomlc element 1F the corresponding
operation symbol, loglcal constant or predlcate 1létter 18] represents 8 binary
infix relation; ( b) nonnegatlve 1ntegers otherwise.  Formulas and nonatomic terms

are formed with the aid of constants called "formula-makers or "term-makers"

*With-some modifications, ~this notion is borrowed from Kalish and
Montague (1964). '



-accordlng to the klnd of expre851on they generate " In the asSociated ﬂEGREE,
.1 is elther O or l accordlng as the constant is & term-meker or formila-maker;
'Em, n,_and p, respectlvely, are the number of 1mmed1ately followrng varlables,
.number of terms and number of formulas that the constant demapnds. If m £ 0, -
then the constant is a binding operator. “The 1nd1v1dual variables are atomic
terms. Members of the set of integers, are always considered terms, but if TYPE
labels are to be con51dered, ‘their TYPE label mush be spec1f1ed by the user
(in the usual 1nterpretatlon, the integers have type 'YAILGEBRRA!:or: A ARTTHMETIC! ).
‘?The general mathematlcal characterlzatlon of terms ‘and- formulas is’ ‘embodied in
:”(l) through (8) below (Kallsh & Montague, l96h, p 272.' Ttenis (2)~(4) are their
characterlzatlon of a term ‘4nd & formula.)’ T g T
"1, The Sequence of three dots, HUUIY, is a variable. -
- Every varlable is a term and every numéfal'is;é.gggg,
' .53.rtlf & 1s a constant of DEGREE <0'in h p> al’ .:,d are

1mmed1ately following varlables, B ‘,B ‘are’ terms,

l"'
l,...,GP are formulae, and m, n, and p are nonnegatlve
1ntegere, then

B ..,ocfs .,,sa oS

“is’a term, T o
. .If B 1s a constant of HH}REE <l m n p> al, .J;aﬁzare
o nlmmedlately followzng varlables, l’ ..,B are'terms,
ai . ,ap are formulas, and m, n, p are nonnegatlve

' 1ntegers, then
B | _SQl, .0%§ir}??nol,f;ab: e'
: ' 1s a formula.r. 7 ‘l - | _. h'l: .
The follow1ng restrictions, and addltlons to the characterlzatlon of terms and
formulas handle formally what is usually con51dered 1nformal notatlon_conventlons.
ISrr If. m is nonzero, n and P must be nonnegatlve 1ntegers
...Then the terms and formulas are deflned as in (1)-( )
_6..:If m is zero and n is nonatomlc (We use n = ' 2) ),
. then p must be Zero. and the constant ) represents a8
binary infixz relaticn such that o o
“if & is of ‘DEGREE <0 0 (2) 0>, :and B,,B, are terms,

then ﬁlﬁﬁg is a term;

8




b. if B.is of DEGREE <1 0 (2) 0>, and Bl,ﬁg are terms,
then Blﬁﬁz is a formula.

7. If m is zero and p is nonatomic (we use p = '(2)'), then
n must be zero and the constant & represents a binary
infix relation such that if ® is of DEGREE <L 0 0 (2)>

are formulas, then ¢.8g,. is a formula.

2 172
Hence, (l) T) is an exhaustlve characterlzatlon of expre581ons in the language,

and gl,g ]

If this characterlzatlon were, in fact, implemented on the computer, we
could easiily have ag a well-formed formula in the language the expression FaG,
where F has DEGREE <1 0:1 1> and G, <L O 0 0> By using the comma and the
parentheses as delimitors or punctuation marks; we can write the expression
F(2,0), 2 more readsble format. Thus, an expression transcending first-order
logic is acceptable. TFor our purposes this is undesirable. Admittedly, the
parsing routine is a realization of (l)—(Y), An eighth restriction is imposed:

8. n is zero if and only 1f p is nonzero.

- Bo, with the eighth restriction included, any sequence that follows a constant
and the possibly empty string of immediately following variables will be either
a sequence of terms or one of formulas. -

To complete the characterization_of terms and formulas, the user must
(a) give a list of symbols regarded as.constants, together with their degrees;
and (b) name the types associated with each individual variable. For example,
in the case of quantification-free elementary algebra built on sentential logic,

gee Table 1. The constants in the table have jheir usual mathematical

o mm s e e Om CNG W CE TN B P S S W Ome DR g g B0 (RS g

e R R S

interpretations, and, by the appended definition for binary relations, are
written in the usual way. Note that multiple definition of the minus sign,
'-1, is acceptable. In fact, multiple definitions in general may be handled
by careful recomputations in the cases when a particular definition is required.

- The element associated with each individual variable is the TYPE. The
purpose of type labeling is to restrict the use of individual variables in the
expressions, e.g., it restricts the range of values of a variable to & particular

universe of discourse. The TYPE is a list of labels where each label is used To

*A teym-maker with degree <0 0 0 (2)> is mesningless.

i
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nsme & list of iﬁ&ifiaﬁalfvariables.-'For example, “consider the operation symbol
141 with DEGREE <O O {2) 0> and sssume that '+' requires two algebraic terms.
The user might neme the TYPE of an algebraic term with the atom TALGEBRA' ‘where
AIGEFRA = (A B.C D). . The TYPE list, then, consists of the TYPE names for each
term which the term-maker '+' demands. The term formed with '+' and the two terms
ig, in itself, a term that can have a TYPE name sisociabed with it. ‘This type is
called the "computed type." The computed type is also -stored on the TYFE list
associated with *#1.  Thus, the TYPE £or '+' i a list consisting of three
elements--three names, each of which ‘specifies the TYPE of the argument expressions
and well-formed terms. 'Giveﬂ'two3algébraic terms, the operation symbol '+' forms
an algebraic term. _ o SRR e
A+B is a well-formed term because A'and B are aigebraicrtérms. Its computed
“type is'AiEEBRA)nso (A+B)+C is also well formed. Suppose the identity relation
=1 with DEGREE <1 O (2) 0> has TYPE = (ALGEERA ATCGEBRA NIL). This TYPE indicates
that '=' demsnds twb algebraic terms. The computed type is NIL, an atom: - that
denotes the empty set op the 'don't caret typeo--In other words, NIL can represent
-any TYPE. Formulas, such as those formed by =7, always have TYPE NIL, and all
formula-makers will have NIL as “the computed type. Termrmakers must  be associated
with a non-NIL compute& type and - so the atom,T was chasento denote the .*don't
care' type for terms.. . = _ ' o ' ‘ '
: A=B 1is well formed. -Fof this example, if*BOOLE = (G-H);“then=G=Hlis*not
well formed. However, if the TYPE associated with '=! were (NIL NIL NIL), it
would not matter What’thé ty§es_of'thé”twb’terms were ‘and G=H would be well
'fOrmed - S e : S S
' - The list of all the types associated with the term-makers and formula-
' makers is called VARIABIES. “If no type checking is desired, the uger could
presumably let VARTABIES be a 1ist of all the individusl variables 'and let all
the types be NIL. This will not do however. The procedure for proper -
substitution for predicate letters (see discussion on pagéﬁ@E) is where problems
would arise. The formula to be substituted for the prédicate  # may have a
number of different free variables. Some of these variables may be replaced by
corresponding arguments of 7; the rest are nonsubstitubable parameters: How does
the intefpreter know the difference? Both kinds mist be variables for the parser

to recognlze the expression generated by the operation of -substitution.
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o (.such as BOOLE)

- Bo there must always:be.at.leastutwo‘liﬁtgy.the first is always named
! PARAM! (far'Fparameter!).and contains a list of variables. that are.considered
- -nonsubstitutable parameters in the procedure Tor preper. substltutlon for

~predicates. -All the others can be specially .grouped under another TYPE name:,

Some simplifications are pessibles ‘ . o
1. If a variable can be in two groups, or when a TYPE is the .

-union .of two groups already named, the type checking is

. performed both directly (is the variable a a ppmber_qfu_lrﬂfx;*
the list <TYPE>?) and indirectly (is the variable ¢ a. .
member of a list whose TYPE name is on the list <TYPE>?)
.+ Therefore, 1if PARAM.are the special parameter-varigbles.
.and VARS -is a 1list of all the other variables, VARTABLES
ois the3list»{VARS PARAM).  All the atomlc terms are then
o ‘recognlzed indirectly through the type name VARIABEES
2. The TYPE asseciated with '+'.is (ATGEBRA ATGEBRA. ATGEBRA).
wSince all the members of the list are the same,_thngYEQ;_J
. can:be written. as the single atom ALGEBRA.

By cemputing the asseciated types In the -above manner, the program
retains the recursive evaluation procedure for determlnlng.Welljformednessﬁ.
This procedure depends on (&) the table of symbols; (b)_assqciated_DEGREE35
(¢} TYPE parameters; and.ﬂd),thehlistnbf‘individual variables. .. Itris possible
to multiply define symbols: - if the parse fails infrming an expressiﬁn Wifh:
respect to one DEGREE, it will continue the search with any other.DEGREE : .
existing on;the list fer.the constant in questien.. . The result obtained.by fhe
- parser is a representation.of the expression,ingprefig:listJnotatiqni ”Hengéforth,
an expression inthe prefix~list4notatioﬁiwill be called tngEATIERN,fqr_the.
expression. .-The -PATTERN is the list form of the tree,_ewg,,;(+rA B).for_A+§,

.. Further examples:. (=.(+ A B) C) is the PATTERN for A+B = C; (= (+ (+ A B) C)

. wthe vocabulary will eventually be replaced. in favor of routines for computing

(+ A(+ B-C)}) is the PATTERN for (A + B) + C = A + (B +.C). ‘
That the details for setting up a well-defined. vocabulary 1s tedlous 1s

- acknowledged. The .cumbersome method presented later,fqr_creatlng.agd_a}terlng

DEGREES .and TYPES .frem useraentered‘déﬁinitions{_ At no. time shoulg¥a_$tpdént have

to go through the present process for specifying the wocabulary.

12



Specifying the vocabulary. As teacher, the user specifies the individual

variables, and the table of logical constants, operation symbols and predicate

letters within the constraints of (1)-(8) above. Under the defining procedures

of the so-called TEACHER mode, the vocsbulary can be created, altered by

addition or deletion, or just viewed. This particular procedure is éntered

with the command VOCAB. The procedure is illustrated by,thE‘dialogue¢ini

Figure 5.% This is the first in a series.bf dialOgues.in'which-the.teagher
Insert Figure_5_abbut héfe:'

o o At A T o e e O G T, O G R e 0 9O

specifies a first-order theory and the student receives and requests problems.
(See Figure 16 and Appendix IV)D Unless otherwise stated, sample proofs. .
throughout this section depend on the vocabulary gpecified in Figure 3.
‘Obgerve that the teacher has one last option with regard td the form of

the formulas printed out to the student. In many cases (notably all first-
-order theories), it is common_mathematiéal praétiée to omit all universal
guantifiers and their wvariables if the scope of the guantifiers is the éntire
formula. - Upon reguest:by the teacher, universal guantifiers that govern the

entire formula can be suppressed.

2. Implementation of Proper Substitution

The instructional system includes routines that are realizations of the
definitions of bondage; freedom, closure; proper substitution for free
occurrences of variabies and proper substitubtion for predicate lettérs,i*_The
procedures required in order to carry out the two_kinds of substitutions will
be discussed. ¥First, some definitions. L ' |

Definition 1. Dummy variables are additional variables not in the user-

defined vocabulary of the system. The dummy of a variable
is formed by concatenating the chqracter '%‘ at the beginning
and end of the variable. Thus A becomes %A%

*The vocabulary and problems were chosen from exercises given by Professor
Patrick Suppes to students taking an intermediate level course in logic.

yrandard terminology will be employed. The reader can consult Kalish and

Montague as well as countless other books on logic. Definitions, unless to
describe implementsations, will not be repested here.
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#(STARTY '

WHD ARE YOU (TYPE § OR TV%

*TS

PLEASE TYFE YOUR NUMBER.

#5§

Do YOU VANT TO CREATE OR ALTER A 'rHEom'nnPE ¢ OR A}
*C3

THEORY NAME? '

#EXS .

Hives

IN SETTING: UP A FIRST-ORDER THEORY YOU MUST SPECIFY
THE VOCABULARY AND THE AXIOMS. THEN YOU CAN CHOOSE
A SET (F WELL-FORMED FORMULAS AS THEOREMS». AND DERIVE
'NEW RULES OF INFERENCE FRGM THESE THEOREMS. THE'
C(MMANDS ARE: VOCAB, AXIOM.,» THEOREMs AND RULE. TYPE
FIN WHEN YOU ARE THROUGH.

1*Y0CABS
YOU ARE SPECIFYING THE VOCABULARY FOR A
FIRST-0RDER THEORYs WE WILL' BEGIN BY'
SETTING UP THE TAELE OF OPERATION SYMBOLS.
PREDICATES» AND LOGICAL CONSTANTS.
BO YOU WANT TO CREATE.ADD,DELETE,VIEW,
R FINISH? ¢ TYPE C,A.Ds Vs OR F)

*CE

FIRST YQU MUST SPEGIFY THE LOGICAL. GONST&NTS

NEGATION SIGNt #NOT3
CONJUNGTION ‘SIGNS #4%

' DISJUNGTION SIGNT #OR3 .
MATERIAL IMPLICATIONG *THENS
MATERIAL EQUIVALENCEt #IFF$
IDENTITY SIGNz *=%

UNIVERSAL QUANTIFIER: #A%
EXISTENTIAL QUANTIFIERS #ES

NOW., SPECIFY THE NON-LOGICAL CONSTAN_TS- WHEN YOU ARE
FINISHED»> JUST TYPE ALTMODE INSTEAD OF A NEW SYMBOL.

SYMBOL: #BS * o
DEGREE: #(i ¢ 3 03%
TYPELIST: *NILS

SYMBOL: *RS
DEGREE: *(1 0 O 07S
‘TYPELISTf #NILS - °

SYMBOLE *F5
‘DEGREEt *(1 O 2 D)%~
TYPELISTt *NILS

SYMBOLY PS
DEGREEz #(} 0 0 0%
TYPELISTt »NILS
SYMBOLY W35 -
DESREE: #¢0 0.1 0%
TYFELISTY *T$

 SYMBOLf® N3 -
DEGREES #¢1 0 1 0)S°
TYPELISTt *NILS

SYMBOL: #*%
DO YOU WANT TO CREATE:ADD:DELETE»U]EH’:
. OR FINISH? ( TYPE C,AsDs U¥» OR F?
*AL
SYMBoOL: *BS
DEGREE: %<1 0 3 0)%.
TYPELISTt *(POINT POINT PDKNT Nll.)s

CPig 3. 'Spécifjing a vdcabulafy.
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Figure 3, -continued.

P smaou *s
{ _ . DO.YOU WANT TO cnsnrz.nnn.uswrs.v:zu.
. o) FINISH? ¢ TYPE CsAsDs Us OR F)
*DS
° WHICH SYMBOL DG YOU WISH TO DELETE?
28 : ‘

I WILL TYPE oUT EAGH DEGREE. TYPE ¥ IF YOU
WANT TO DELETE I1T. OTHERWISE TYPE ANYTHING.

(B 1.0 3.0 CPOINT.POINT FOINT NIL}) N3
31030 NILY. ws
: ) ‘ DONE -

]

. WHICH SYMBOL DO YOU WISH TO DELETE?

P

- . DD YOU WANY TO CREATE-ADDsBELETEsVIEW.
" OR FINISH? ¢ TYPE CsA:Ds Vs OR F) -

' DO YOU WANT TO CREATE.ALTER,OR VIEW . - - : C
THE VARIABLE LISTS CR ARE YOU ,
FINISHED (TYPE CsAsVs OR F37

SPECIFY THE INDIVIBUAL VARIABLES.

BY PLACING THEM ON A LIST VITH AN
: . : ‘ ASSOCIATED TYPE NAME. DO NOT USE ‘
- THE NOME -UARIABLES= ' ' oo
‘ : * END BY TYPING AN ALTMODE.

. FIRST INDICATE A TYPE -PARAM- ' : : . -
"THIS 15 THE LIST OF VARIABLES WHICH ARE .
CONSTANTS FOR THE PS5 PROCEDUHE- iT CAN
BE AN EMPTY LISTs

1YPE: PARAM

"LIST UARIABLES {WITH PARENTHESES)S *(U V)S
NOW ANY OTHERS?

TYPE NAMES iPDINTS : :
- LIST VARIABLES (WITH PAREN'!'HESES)I W XY 2
.. TYPE NAME: *ALGEBRAS
- LIST VARIABLES (W]TH PARENTHESES) 1 - #(A B C EES
TYPE NAME1 #5
WHAT 15 THE TYPE LABEL FOR THE NON-NFA!RI.IVE
INTEGERS?
*ALG EBRAS

DD YOU WANT TO CREATE.ALTER.OR VIEW -
THE VARIABLE LISTS OR ARE YOU
FINISHED (TYPE C,AsV» OR F2?
i s ]
L "ALGEBRA = (A B C I
' POINT = (¥ X Y 2}
PARAM = (U U

DO YOU WANT TO CREATE,ALTER, QR VIEW
THE VARIABLE LISTS OR ARE YOU .
FINISHED (TYFE C,A»Vs OR FI7? . L
e ) - . o ) R : -
DO YOU WANT TO SUPPRESS PRINTING OF
UNIVERSAL QUANTIFIERS WHERE THE SCOFE OF THE
BUANTIFIER 15 THE ENTIRE FORMULA?
(TYPE Y» ELSE ANYTHING)
Yy -
1AF INS
T

L
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. Definition 2.

Definition 3.

Definition &,

Definition 5.

Definition 6.

The dummy pattern of an expressien is its prefix-list notatien

with each free occurrence of a variable replaced by. its
correspending dummy. Thus A + B.= B + A'.1s an expression
vhose dumnmy pattern is: (= (+ %A% %B%)( +'%B%'%A%)).

The oeccurrence number of a symbel or term in an expressieon:is

determined by ceunting the ocecurrences of the symbol or term,
starting st the left of the expression and scanning to the right.
.The scope of a constant 8 in a dwmy pattern is given explicitly
as any element, either a list or an atom; conbtained in ﬁhéﬁlist
whose Tirst element is ©. I

et L be the list whose first element is a constant =X of DEGREE
<i m n p> such that m # 0. Thus by 'L contalns the. varlable '

(or term Q' is understood to mean thaﬁ O ig either an element

of the list L or; recursively,.there-is'aElistEL?Esuch;fhat It
is an element of T and L' contains . o

An occurrence of a varlable ¢ is bound only 1f there is an L

-of the sort described in definition 5 Such that L contains (68

Then the following determines which. varlable blndlng operator &
of the list L binds a variable o. 7

‘1. . If the variable O is one of a ,1 l,oa.,m in the _"
l.o.a B....P 1
of guantification bound by that 8, In L, a ;s the.

expression & o up, then a is 8 variasble

(1+l)st element, & is the first. element. _
2. If o does not satisfy (1), but ¢ is Wlthln the '

scope - of ©. If & is not also within a list L'

such that I contains I' and the first élement

of L' is a binding operator, then & binds .

The system has two functions for testing bondage.
BOUND [EE STRING 0CC]

BOUND asks if a particular occurrence (OCC) of a variable (IT) is bound in

the expression (STRING). The value of the expression is *T¥ if the indicated

occurrence of IT is not in STRING; it is NIL if there is guch an occurrence;

but it is not bound. If the occurrence is bound, the value of the functions is

" the occurrence mamber of the binding operabor.
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SBince symbols can be multiply defined, it . .is-pessible that -the. functions-
which FIND ONE of the occurrences: of 'a binding operater will, in fact, find-an:..
occurrence of-a symbol: identical with & binding operator; but one that is used
as, say, a predicate. Therefore, the program has the task of determining if the
symbol is the initial element of the list L of a well-formed expreéssion; and, if
so, 1f it is being used as a binding operator. TFor example, let A have multiple
degrees: <11 0 3> and <l 0 1:0> Then the formula (A X(A X)) is well formed, -
The first ocdcurrénce of A is a binding"operat0r5.the secend is a formula=maker.-
In the sublist (A X), X is not, of-course, bound by the formula-maker A.: Bub;
if A hag the DEGREE <1 1-00>, it would be. -

“'In order bto differentiate between these various cases, the program reparses
the 1list L. The parse is initially limited to a symboel table consisting
entilrely of degrees for bihding-operators.‘-Itvis then. expanded to the-original
symbol table in order to bomplete-the-anainis,- If I is well formed, the first
element of I is necessarily a binding cperator.

BOUNDANY [IT STRING] . © 0 oo FIOREITII o
Is the variable (IT) bound anywhere in the expression (STRING)? The:value

ig ¥T% if there is not any occurreunce of the indicated varisble in STRING, T
if there is al least one bound occurrence, and NIL if there is at least one
occurrence but no occurrence is bound. BOUNDANY is an-iterated application of
the function BOUND. I :
Pefinition 7. " Ad scourrence of a variable O is free in:the expression ¢ if it
stands within ¢ but is not bound in ¢,' Three functions answer .-
the questions about freedom. -

FREE [IT STRING OCcl - _ ‘

" Is the oécufrence (0CC) of 'the variable (IT) in the expression {STRING) -

free? This function calls on BOWD and returns NIL if the value of BOUND-is ..

T or Rathal otherwise it reburnms T. .
FREEEVERY [IT STRING!-
" "Is every occurrence of the term {TT) free in the expression (STRING}?. .

This function returns T if BOUNDANY retfurns the value NIL. or *T¥# for all -

variablés free in the term IT; otherwise it returns NIL. |
FREEANYWHERE [ IT STRING | _
Is any occurrence of the varieble (IT) free in the expression { STRING)?

FREEANYWHERE returns NIL if no free occurrénces of TP exist. Otherwise it
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returne the occurrence number of the first free occurrence of IT.

Definition 8. Two kinds of proper substitution--for free variables and for

predicate letters--are made available by using the procedures
for bondage and freedom of a variable -in an expression.

Proper Substitutioen for Free Occurrences of Variables. Technically, a

symboliec formula V¥ comes from a symbolic formulé:@ by proper substitution of a
symbolic term B for a variable ¢ if V. is like ¢ except for having free |
occurrences of B wherever © has free occurrences of . Implementation of
proper substitufien for free variables requires two -steps.

1. Only replace an ceccurrence of O by B if:the occurrence of & is free,
‘Recall that & is free in @ if and:only if it is not bound in ¢. The
function FREE performs this check. _

2. "Keep the (bossibly nonatomic) term B .free. For a term to be free,
‘all free:wvariables contalned in the term must_remain free after
" the substitution. [ T
A flow diagram for the function PSVAR [a B o] Qgroper Substitution of.
Eariables) is presented in Figure 4. o B

B I L T R el el ]

Note on Figure 4: In testing for freedom and bondage, the function BOUND
serves to "mark” the specified occurrence of the varigble O in the expression by
replacing & with the atom.%&%, It then calls on:the Tunction BIND]L to determine
if that marked Jlocatien is ﬁithin the scope of a binding operator and, moreover,
if that binding operator governs &. To determine if the term B remains free,
PSVAR bypasses the function BOUND because the location is already marked. PSVAR
must. call on BINDL for each free variable in B.

Proper Substitutions for Predicate Letters. Recall that PARAM is & list of

nonsubstitutable variables. Any variable in the language which is not a member
of PARAM can, by proper substitution, be replaced by a well-formed term. For the
following discussion, let PARAM = (WX Y Z}. Let 4,B,C be individusl variables,
and let the predicate letters F and G have degrees <L 0.1 0> and <1.0 2 0> .
respectively.

Consider the sentence of first-order logic:

VZAX (F (X) - = F (2)).
18




COURT « 1

5

Is there a. <COUNT>
" ‘occurrence of OF

of @ free?

Is this occurrence

No
¥
Yes

!

uat~f COUST +~ COUNT + 1

Substitute B For the
=4 'MARKED' place in §

i 'MABK' this occgurrence of &
i

in ﬁ.

FV « 1ist of freée variables
. which oecur in P

| tes

1 @ « first element in ¥V .
“FY « FV - [first element of FV]

- lead -COUNT « COUNT + 1

‘No

"BINDI:
if ¢ were a simple term in the

{MARKED' - place in @, would g
be free?’

Fig: b, PSVAR[Ot B g1

Proper: ssubstltutlon of o I‘or B in the
expression @.
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The proper substitutioen of the formula G(A,Y) for the one~place predicate F in
the above sentence takes place as follows:
1. replace every occurrence of F by G(A, Y),
2. successively replace each variable {which is not an: element of PARAM)
of G(4,Y), in order, by the arguments of T, Here, . 1s replaced by X
in the first occurrence of F “by ¥.in the second occurrence of F
3. the resulting expre851on ise
vz3x% (G(X,Y) - - 6(Z,1)). _
There 1s one restriction imposed on this substitution operatioﬁil Ne‘variab;e that
occurred in the formula G occurs in the sentence we started w1th° (A preciEe
characterization of proper substltutlon for predicate 1etters appears in Kallsh
and Montague (196k, pp. 157££).) ' T
In the program, the functlon PSPRED [X N Q) carries out the proper substltutlon

of the predicate 7m by X in the expression @. The flow diagram of PSPRED is given

in Figure 5. The routine first checks to see 1f X and ¢ have arguments in common.

If they do, the func"tion ‘returns NIL. ‘Otherwiée, PSFRED computes the list .of
substitutable varlables, L and proceeds,‘for each occurrence of 1 and 1ts_
arguments O ,...,0 , to succe581ve1y call on PSVAR [ﬁ el &, X] in order to obtaln
the proper 1nstance of erhlch Wlll replace the formula n. If There are no
oceurrences of 0 1n ©, then PSPRED returns *T* :

The functlons "PSVAR "and” PSPRED Whlch carry out the two klnds of proper
substitutions, are used in constructing derivations or proefs, i.e., they are used
to compute a line Whlch 1s an 1nstance of an ax1om or previeusly proven theorem.

The next sections explaln how these prccedures are used by an individual in

censtructing a proof or derivation.

3. Instantiation Procedures for Nonlogical Axiomatic Theories

Each kind of substitution procedure (PSVAR and PSPRED) can be characterized

in terms of its use in construciing proofs or derivations, i.e., for obtaining
instances of an axiom or theorem.

Simultaneous Univergal Instantiation. An axicmstic theory consists of two

things: (a) the class of nonlogical constants, and {b) a class of axioms, which is
any recursive class of formulas containing no nonlogicgl constants other than those

in (a). The manner for defining the class of constants was already discussed
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CT + 1 . :
VARLIST - SORT [ free variabies in x]

Is VARLIST N [varisbles in @] empty? o RETURN an érror
Yea ;
¢ '~ FIND [the ¢T occurrence of v in @] | There wes none _ RE;URN "

.

. 'Is n a predicate?

..ns { e {Yes

erecr+1 | | ARGLIST + (all but first element of ¢)
- VARLIST « (remove parameters from VARLIST)
¥+« X '

Replace ¢ in ¢ by
v

¥ - PSVAR [(first element of ARGLIST)
. (first element of VARLIST)
¥]

A'RGLIST + all but flrst elemernt of ARGLIS‘I‘__ .
VARLIST +~ all but first element of VARLIST

Fig. 5. PSPRED[X 7 gj] - )
Proper substituiion of X for 11 in 'bhe express&on {Zﬂ
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(page 7). The class of axioms is composed of a list of well-formed formulas.
Each formula has a distinet name associated with it with which the user can refer
to the axiom. 3Below is an example of a .class of axioms for a.Euclidean geometry
in a one dimensional space. {The vocabulary was already spec1f1ed Where B is a
three-place predlcate denotlng ”betweenness and the. varlables W, ‘X Y, aend Z

sre points on a line.) . _ P N
NAME . et - . . . ) X ’ a ’ womee FORM‘{]’LA e e .

AXA B(X,¥,X) »X = Y

AXB - B(X,Y,2) - B(Z,Y,X). o

e (B(X,Y,W) & B(Y,%,W)) - B(X,Y,7)

AXD (B(X,Y,Z) OR B(Y,%,X)) OR B(Z,X ,Y)

AXE ((NOT Y = Z) & B(X,Y,2)) & B(Y v/ w)) = B(X,Z w)

The command for this Kind of instantiation is the name: of the exiom-or theorem.
The progrem types out; ‘the . formula- assoc1ated Wlth the name and then presents each
distinet free variable Vi in ‘the expre551035 ‘The student types ‘a well-formed term
Ti' Each occecurrence.of the.dummy.Vi in.therdummy pattern of that expression is
replaced by Ti. The pattern is then typed ocut, in the usual format, as a new
line of the proof or derivation.

As an example, take axiom AXAu* To obiain an ingtance of AXA, the sequence

of commands is:

(1) BGEH) W =

The PS Procedure. *PS' is the commsnd name of the second kind of

instantiation procedurea It is'uséd to indicate that one wishes to take an
instance of a formula by proﬁer Substitutién for individual variables and
predicates. The user indicates which formulas or terms are to be substituted for
the predlcates and the free varlables, respectlvely, and gives:the order in
which the substltutlons are to be made.

In the PS procedure, the actual value of the axiom or theorem, not the
pattern, is referenced. The student types:

PS: <name of axiom or previously proved theorem>

If, for some reason, the axiom or theorem is not availlable, an error message is
printed. Otherwise, the computer types & double colon indicating that the program
is waiting for =z response, and the user gives the sequence of substitutions by

typing either the pair

%The convention is to underline all items typed by the user; all other
information is typed by the compubter program.
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1. <wvariable> : <well-formed term>
or 2., <predicate letter> : <Well~formed formula>

where <var1able> and <pred1cate letter> all belong to the vocabulary of the
theory. One or more such pairs could be typed In fact no palr can be typed
and the result obtained Wlll be the axiom or theorem 1tseif, 4 |

The usger indicates the end of the sequence by typing only the ALTMODE $j.
Each substitution request is then applied, in the order in which it was typed,
t0 the result of the previous substitutionrin theISéquence. The first is, of
course, applied to the axiom.or theorem 1tself :

As an example, take the theorem THIO to be (v X(F X - P)) e 3 X(F X - P)).
If ¥ is a one-place predicate and P is a zero- place predicate, the command
sequence to generate line (n) might look like this.

PS ; TH1O ..
. VZ{G(Y,Z))

P
:: B2 F(AW)
--,::._._.-_W: Y s o T s . . .
e (n) L O X(R(R,Y) & VE(G(Y,2)))) e Gx(F(X,T)) -
| . v oz(e(y,z)); o
Line {n) was obtained by
1.  Proper substitution of V. .Z G(Y,Z) for P in THIO to. give
-V X(F X - VE(6(Y,2)))) «E@EX(F X)) - (v 2(a(Y,2))).
2. Proper subgtitution of F(A,W) for F in the result of (1):
Y R(P(EW) - VEG(Y,Z))) < (@EX(F(X,W))) - (V 2(6(L,7)))h
3. hPropef.substitution”of Y for free-occurrenges of W ﬁo obtain the.“‘
: formula‘on line (n). o | o _. | __'. ' _
The command procedure PS merély_checks_to‘See ﬁhich kind of substitution is
desired and then calls on either the function of PSVAR (page 17) or the function
PSPRED (page 17) to carry it out. However, once the new line is formed, the
procedure reparses. the formula in order to guarantee_that all of the computed
new terms agree wWith the.corrésponding TYFE parameters of the.term—makers and'

formula-mekers..

k. Axioms and Theorems

Below is a brief descripbion of how the axioms and theorems are added to
the commsnd language when the user. is in: TEACHER mode, and how the formulas

are processed 50 that the user can reference them as indicated in Section 3.
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Adding Ax1ems to the System. To a551st in descrlblng the program.pr0cedures

for addlng ax1oms to the underlylng nonax1omat1c loglcal system, some terminology'
is 1ntroduced or relterated here. Each axiom has s name, ‘some mneumonic made up
of alphanumerlc characters only The formula P is the value- (VAL)' of “the name."

If ¢ is parsed and 1ts ‘closure formed (CLOSED) such that @ has the form’

o i..,chﬂ5 then ¥ is the matrlx of . The:ﬁmmw'pattern is formed for the =
axiom by dropping the precedlng strlng of unlversal quantlflers‘dqi ';VQE_and‘”
replacing each free occurrence of the 1nd1v1dual variables o l,no,,gh inithe

metrix by an alphabetlc Varlant—-the dummy ThlS ‘transformed matrix; already
- in the preflx—llst notation due to ‘the par81ng, isg the dummy pattern (PATTERN)
assoclated with the axlom name. ' R

The REQUEST list is the list of variables of generallzatlon {a ,,.;;a Y,

. i.e., the variables occurring free in the matrix. Each ‘élement on the REQUEST
list is in the vocabulary-and; therefore, has a TYFE label associated with it.

- The list of these types,_ordered 1n accordance with the REQUESY 1list,. is called
the TYPE llst ‘ Each of the five elementSw—VAL CLOSED dummy PATTERN, REQUEST
list, TYEE llst—-ls an attribute on a property 1ist associated with the axiom
-name.

Eow Lo use the Ax1oms 1n Constructlng Proofs° A line of a derivabtion of

proof may be obtalned by unlversal 1nstantlat10n of an axiom as demonstrated
in Sectien 3. When the user types the ax1om.name, “the pregram replles Wlth
the value VAL a55001ated Wlth the axiom. " (Note that the axiom as glven ‘by the
teacher is always typed oub or, at” any rate,” “the representatlon preferred by

the teacher is always typed out In most cases, this would mean omitting any

unlversal quantlflers whose scope 1s the whole formula. Y ‘Each member of the
REQUEST llst is then presented and followed by a double ‘colen te indicate that:
the program expects a’ response from the user. The’ program, in-each case,
expects to recelve a Wellwformed term ef the same type 85 the’ corresponding -
element in the TYPE Tist, (If the TYPE is ”T," any teétm is acceptable: )
"The acceptable (erms are paired with the dummy of the variable frem the REQUEST-
list in order to ferm a sequence of substitutions.

After all the elements of the REQUEST 1ist have been presentedm and the
substitutien sequence has been completely speciflied, the program carries out.
precisely, for each dummy-term pair, the proper -substitution of.the term for

the dummy variable in the matrix. of the axiom (that iz, PSVAR [term durmy matrix].)
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To continue the example given earlier, the property list.of the axiom
A¥A is:: L e S Lo
VAL s o B(ELYLX) 2 X = Y

CLOSED - - :-:-VX( YY(B(X,¥,X) - X = Y)) ER
PATTERN . {— (B %x% %% %X%)( Kb BY%)) -
REQUEST (X Y)

~TYPE . . - (POINT POINT) :

Specifying an Axiom in the System. To specify an axiom, the teacker types

and responds to the following sequence

AXTOM
NAME:: <name of the axiom>. =
WFF::  <a Well formed Tormula>

After seelng the name of the axiom and checklng $0 gee if it iz distinct from -
any other name a55001ated w1th formulas, ‘the program types TWFF::! in order %o
request the formula The formula must be well formed. ~ If it is not, the - E
request 1s repeated. If the user changes his mind, he can type an ALTMODE to
get out of the entire commanﬁ sequence. This- escape route is available for all
command sequences in both the TEACHER and BSTUDENT modes of operatlonﬁ(seew‘,;
Pigure. 16). ST

TIf the formula. is accepted, the: attrlbutes for the axiom are computed, the .
axiom 'name is- added to the general AXIOMLIST and -the program continues. - Generally,
in the TEACHER mode, the user specifies curriculum to bé:presented.ﬁo other users,
the "students.” ~ As such, the program differentiates between the general axiom
list (the Iist of-all the axioms specified by th;wtéacher) and the ligt.of
axioms the student may use. . An axiom is not placed on the student's.axiom list
(and thereby made available to that student For constructing proofs) until a .
command to do 50 is given in the curriculum (see page 63, on Defining Problems).

Adding Theorems to the System. A theorem is g formula of "a.theory -derivable

Trom the axioms of :the theory alene. A theorem is processed in much the same
way as an axiom. Once a theorem has been-proved, it can be .named and used in
constructing other proofs or derivations. (The same is true of formulas chosen
as lemmas by the student.)

A theorem is used in the same manner as axioms in the construction. of.
proofs or derivations. The name of. a theorem specified by the user in the .

TEACHER mode 1s always 'TH' concatenated with a positive integer.. Thus the:
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teachericenmordér-andfnumber the theorems. This Is the - only case in which a
command name_is[not en alphebetic string. . The programeuses the numerical :portion:
of the cemmand to guaranﬁee that the user is permitted only instances of theorems
Whlch he. has already proven.:'Attached to. a theorem name arejthe attributes VAL,
CLOSED, dummy PATTERN, REQUEST-1ist, and TYPE list. These sttributes are
,computed and used Just as for the ax1oms.
Spe01fy1ng 8 Theorem 1n the System.. - The ‘format of the command to specify

a theorem. if the user is in the TEACHER .mode isi

THEOREM

NUMBER: : - <positive integer>

WEF'2 <Well—formed formula>

The formula is processed exactly as that for an axiom. The name of the theorem
automatlcally ‘becomes 'TH<p081t1ve integer>.! - ‘
Formulas ‘proven: by the. user. Whlle in STUDENT mode are named at the

_completlon of the. proof (see page 68, Requesting Problems at Run Tlme)

. PART ITTI. THE COMMAND LANGUAGE

1. -Imtroduction -

Therreeult'of using the language M to specify an axiomatic system.is to -
buildithe'eommand’language e, The instructional program interprets a sequence
1 of- well—formed commands C belonglng to C:as an algorithm for constructlng a
{derlvatlon or. proof of a formula in-the spec1f1ed system.

“Two commands have already been given: {(a) the name of an axiom.or of an
established theorem, and (b) the procedure PS. If .the command takes the form of
a 51mple mneumonlc “that was: deflned ‘as the name of ‘an axiom or theorem, the
'program cdrries olt -the procedure prev1ously presented (page-22). These codes,
.aseWell=as thoSe-fdrethe ruieS'of'inference and the special procedures (like.
-PS), are executed" by the program with the result that the program generates
new lines of a’ derlvatlon or proof "Line by line, the.user,types commands
'untll ‘the desired formula has been generamed
| "The command language conslstB of code for The ‘rules governing substitution
(as already explalned),-senteﬂtlal-rules and quantifier rules that reflect the
basic'iegieal sjstem'CSee”especially Appendix TI for a summdry of these
- gsentential rules), laws offideﬁtity, and rules for. definite descriptions. - .-
‘Specifically these are: |




1. Proof procedures: conditional proof (CP), indirect proof (IP);and
- Universal dgerivation (UG); |

2. 8ix prlmltlve rules of 1nference modus ponens (AA), three rules

for_qoantlflcatlon (US, ES, EG)' two rules for the loglc of
" identity (IDC, IDS); as well as two interchange ‘rules t6 permit
ifﬁe‘feoiacement of a well formed formula or term by an equivalent
“xfOTmula or-Lerm’ Wlthln 8 line-of a derlvatlon or: proof,‘-

'fJB,_‘Generall?ed lnterchdnge ruleu.' these pevmwt an. 1nterohange on

. the ba01s of -an aXJom of theorem that has Lhe [orm of

generallzed identity or. materlal blwcondjtlonal,

_A[__Derlved rules Of 1nference, and

5. Mlscellaneous rules' delete the lasL Line (DLL), entef a line

_e(ENT), INITlatlve 1o request problems 1s glven to the student,
SHOW that a line is a valld 1nference to make, and HELP the .
. VSR, complete his proof .
The general syntax for, the command lanpuage Js" _ o o
<command> - :f£.<llne refereneesf’<hommaqd name>-<oecurrence referenees>:
| . ‘ J,,<other 1nformatlon> $| <11ne referenoes> <command name>

._<bccurrence referenceo> $

-<line-refefenoes>fﬁiir:=m<11ne number>+ <sequence of  line numbers>. |¢

¥

B <sequence of llne numbers> ) o
= <sequence Of line numbers> <lihevnuﬁbef§=r<line number>
<occurrence'references>..

i 1= <occurrence number> | <sequence of occurrence numbers> f¢

<sequence of occurrence numbers> _
: 1= <seguence of occurrence - numbers> .. <occurrence. number>. |

“<oeourrence pumber>: .

<1line number> ::="nonnegative integer (the number of a line already

- generated and not closed .off).
<occurrence number> ::= nonnegative integer
<command nameﬁ- b ;1= <axiom name> ITH<h0nhegative.ihtéger$ IPST|WP']GEN]
B ”<proof procedure> [<pr1m1t1ve rulé of inferenced

' <der1ved rule of 1nference> <miscellaneous codes>

o7



-<proof procedure> RUETE CP! IP] UG

<primitive rule of inference> .:'~ REI RQ IAA ]IDCI IDSJ ESI US[ EG

<miscelldneous codes>. = ii= BLL IENT lINIT ISHOWI HELP
<derived rule of inference> = strlng of alphabetlc characters (other

. than those already reserved)
<other information> '~ r“::::<well=formed expressidn>:f<hame>! <variable>

If the executiom'of a'command code'requiresﬁoﬂe‘or move. furthey responses
from the user, the 1nterpreter always types a double colon to ‘indicate that it
is ready +0 accept the response. ' o '

After the user types a- command, the 1nterpreter performs ‘a- syntactlc
analysis of 1t If any syntax error is- located, the. command 15" 1gnored anpd an
approprlate error message is prlntedo' Detectlng syntax errors is straightforward,
and the beneflt of conclse error messages should be clear These messages can
reteach a particular command’s format. By typlng the command name and then
successlvely making correctlons in the syntax as directed by the error messages,

Tthe user could learn to properly format the command.: A
' This 1n1t1al analy51s of a command is Sufflclently standard so that message
forms can be stored and retrleved-from 2 peripheral'device and the interpreter
can compute appropriate insertions. Three main gyntactic analysis. routines ... .
make use of these messages. They serve to
1. read in.the command _ ‘ _
2. dlspatch the command to the approprlate proce551ng routlne, and
3. check the syntax of the command in terms of the line ‘and’
occurrence references. ‘ o

These three routines are presented as block diagrams‘inﬁFigure~6,_-Each circled
number designates aﬂ”error'returh from the routine: . the error message (as

nunbered in Figure 7) is completed and printed.

Ingert Figures 6 and.7 about here

A e Rk A AN A A A S AR (S N A A AR A A A A AR AN A ek

The rest of thls sectlon contalns a detalled descrlptlon of each of the _
Tive elements of the command language listed above. Included in each dlscu551on
are deflnltlons, program procedures for learnlng and carrylng out the commands,

together with some examples.
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Fo

Get the command name

Fo

Is

Te

Is

T8t

tother information!

( done )

m .t'l;ie 1ist bf line references

rm the list of occurrence references

“there anything else' in the user’s

error, cannot —@

error, there is no name ‘@
error, cannot ——@

sponse?
Ves
“the first character a colon?

yes

ore the rest of the response as

no : {done )

— error, no

Cerror, there is

nothing after the

. colon ——@

Figure 6. Syntex Analysis-- L
(2) Read in the Command
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Does the command belong Process as a geheral rule--check

to the student's rulelist? _____jfﬁiqb'the”syntax;_all other errors are

application errors

1o
Does command bélong.tc'the' " yes Check the syntax
ettt e .
student?s axiom list? Any line of occurrence references?
Is the command 'TH'? for each variable | Short form:
o - on.the reguest lisi - - find.distance
no ' |78 -the response -may-bei - . of left-hand

Has the student . .
side of axiom

. An escape from the SR

proven this

N in the line
command? ‘

theorem?

no | yes-. : error, cannot

(15, 16
Cormand € cur:c-icullwn rules? The term? ——————error —. @
"no . yes f_T(::) - | yeé-‘ ‘ R S

Command ¢ curriculum axioms? Check the type of the term —-—ferr'or

o o " yLéF;QQ(:i,

Command ¢ special rules?

no no —————(::)

Evaluate the command:

no

checklsyntax

wiff expression required? yes; but not EEES? error <§E>
delete the last line? errors 25-2
gquantification rules erTors 27=39

Ny

Figure_6.  Syntax Analysis--
77 (p) Dispatch the Command to the
Appropriate Processing Routine
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Check the number-cf-

line references

For'each - line réference, do: .

* non-negative integér?

- Is the line number a .,

- Does the line exist in

- the proof?

Is the line within the
Vbcdy of_a compLeted

.subsidiary derivation? -

oK

Check the number of

occurrence references

For each oc

is it a non-negative number? ——m— —

Is any othe

no

-'deés”aﬁy'cther"‘

~-information exist?

1o

yes, lerror

Figure 6.

currence reference,

AT

. no, |error

r information required?

- error, 1ot Tthe right n'u.mber
no, error

_ no,.érrOx'——#—(::>
Yés, error o
érror, not the _righjb'nuihber

error,"no-—. : e :

Does any other

- information exist?

Syntax Analy51s—- :
(c) Check the Syntax of the Command
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<command name> REQUIRES ONE LINE NUMEER.
<command name> REQUIRES <number of premlses> LINE NWUMBER.

. - THE LINE REFERENCE MUST BE A NUMEER.

THERE IS8 NC LIWE <line number>. _ _

YOU MAY NOT USE LIWE <Line number>, LINE <line number> DEPENDS ON
THE WORKING PREMISE LINE <line at which the working premise was -
introduced> WHICH IS NO LONGER AVAILABLE. L

YOU MAY NOT USE LINE <line number>. LINE <line number> DEPENDS ON

'THE ASSUMPTION FOR' UNIVERSAL -GENERALIZATION MADE AT LINE.<the: gen

command "precedes this line>.

<command name> REQUIRES AN QCCURRENCE NUMEBER.

<command name> REQUIRES <number of occurrences> OCCURRENCE NUMBERS
THE OCCURRENCE NUMBER MUST BE.A NUMEER..

<command name> DOES NOT' EXPECT A COLON WITH AN EXPRESSIOI\T OR SYMBOL
TO FOLLOW.

A NUMBER MUST FOLLOW A PERIOD.

NO CCMMAND REQUESTED?

AN EXPRESSION SYMBOL OR NAME MUST FOLLOW A COLOI\T IN THE COMMAI\ID
THE FORMAT TS INCORRECT. AN OCCURRENCE NUMBER OR ‘A COLON MUST
FOLLOW THE COMMAND NAME.

TEERE IS NO OCCURRENCE IN LINE <line number> OF A TERM TO WHICH
THE RULE <command name> CAN BE APPLIED:

THERE ARE NOT <number of occurrences> OCCURRENCES . IN LINE ~line. -

- number> J0F A 'I'ERM 'I'O WHICH THE RULE <command name> CAN BE APPLIED
. TRY AGATW. o

NOT A WELL-FORMED TERM.

THE TYPE OF THE TEREM MUST BE <type name>,

YOU HAVE NOT PROVEN THEOREM <theorem number>>, .y

YOU MAY NOT. USE.RULE <command name> IN THIS PROBLEM.,

YOU MAY NOT USE THE <command name> AXICOM.

<command name> IS NOT' A RULE.

<user's response> IS NCT A WELL-FCRMED  EXPRESSION:.:

THERE IS NO LINE TQ DELETE.

LINE <line number> IS A PREMISE AND CANNOT BE DELETED,

<term of instantiation> CANNOT -BE. USED AS A VARIABIE OF INSTANTIATTION.
YOU ALREADY KNOW SCMETHING ABOUT <term of instantiation>.

<yariable> WAS INTRODUCED AS AN ARBITRARY ]I\TDIVIDUAL FOR THE PURPOSE
OF UNIVERSAL DERIVATION. :

<variable> I3 ALREADY I\/.[ENTION'ED IN LINE <line number>

<term> IS NOT A VARTABLE OF INSTANTIATION. '

. - <term> IS NOT A VARIABLE OF GENERALIZATION.
- <term> OCCURS FREE TN LINE <line numbker>.

LINE <line number> DCES NOT OCCUR AFTER THE LAST GEN WAS REQUESTED.
<variable> WAS TEE LAST VARTABLE (OF GENERALIZATION REQUESTED.
THERE IS NOT A FREE OCCURRENCE OF <term> IN LINE <line number>.
THERE ARE NOT <number of occurrences> FREE CCCURRENCES OF <term>
IN LINE <line number>,

THE VARIABLE (OF GENERALIZATION MUST NOT OCCUR FREE IN THE TERM.

AT TEAST ONE OF THE OCCURRENCES OF <alpha> ON WHICH YOU ARE
GENERALIZING IS BOUND IN LINE <line number>

. IMPROPER APPLICATION OF <command name>

Figure 7. Sy‘n‘tactlc Error Message Forms.
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2. Pro¢f Procedures

To facilitate the constructibn of ‘procfs and derivations three derivation:
or proof’ procedures are availables They constitute the heart of a natural
deduction ‘formilation of first-order logic. - Two of these, the conditiohal
proof (CP) and indivect proof (IP), -depend on the introduction’ of a working -
premise (WP). “The ‘third is universsl ‘derivation (UG) in which the user establishes
a univeréélféﬁétementl*-UG-(fdrf"UnivérEal'Genéraliﬂaﬁidn") depends (as explained

'belowj'on'the'uéer's”éhnoundiﬁg his"interition to generalize & yparticular individual
variable (this is_dbhe with the command GEN).: . -

The command language is similar to a programming language; ‘each command
is an instruction to the interpretive’ system. A well-formed command, executéd
by that system, constitutes ‘an application 6f a rule to -construet an expression
in the first-order theory. This defines the construction in terms of purely

mechanical manipulatiohs of expreSsiOns.

Associated with the rotion of execubing a sequential:list -of-instructions
that.beléﬁg tdia'(PfoéTammiﬂg)Ql&nguage'is the -concept of subroutines. .“A-
subroutine is a complicated command that has & name, a possibly empty set of = .- .
formal parémeters 'and’a body. - The body is & segquence of commands thet
manipulate the Formal parametérs. Moreover, each routine is delimited by
identifiers ‘that indicate ﬁhefbeginning and end of. the subroutine. Such routines
Allustrate the idea of block structuring, or grouping, ‘of cbmmandsA In the
usual“séﬂsei'a7blbckfstructure'is'a means: of defining the scope of identifiers.
Variables; ‘arrays snd definitions may be declared at the head of a block and -
have no significance cutside this block. The importance of *a ‘block comes from
the fact that blocks may be nested, i.e., the beginning 6f a new Block.may be
declared within the body of another -bY¥ock. ' Definitions at the head of a block
have mesning only within that block and any ‘that it ercloses.

Cleariy the command seguences for obtaining instances of -axioms and .
previously proved tHeorems may be viewed as a block or subsidiary routine. .

The command name is the name of the ‘routine ‘as well &s the begianing delimitor, :
the substitutable variables are the parameters and ALTMODE is *he ending - .
delimitor. But this might be carrying an analogy too far.  The ‘three proof
procedures described below sefvé'as'éharper”analogiés to programming -with -
subroutines.. In the sequel, consider the command mneumonies CP, IP and UG

as the names of subroutines -of ‘a programming language:
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Wp. For CP and IP, the beginning of a block is denoted Dby the simple
_éommand WP. §WP itse;f is -an -ingtruction to the;programz.first; fb”séthup.
the mechanisms for specifying the beginning of a proof procedure, and second}
to allow,the user;to-enter”a~premise of his own inte the derivation. This is
a2 workihg premise; theglines of the derivation are conditiocnal upon it. The
. new premise can be.thought;ofjas a formal parameter since 1t only-has meaning
within the block. - Once the block is closed (boxed off or completed) by the
ending delimitor (in this .case, the command containing the name of the proof -
procedure), the premise entered by the'WP.rulelcan no longer be referenéed as’
a llne of the proof. PR

- The body of the block is a sequence of arbltrary but f1n1te length lines.
- that occur.betweenjthe-dellmltlng lines, i1.e., those generated by the WP and the
CP or IP commands. Oﬁce a procedure is cempleted, the block is clesed off and
no line in the body may be referenced as a line of the preoof.

: AnalogoﬁS'to_thé notion of the nesting of subroutines, several weorking.
premises may be reguested in (not .necessarily. contlguous) succe551on. The
program.retalns sthe order of this.series of WP requests so that enly the last
WP entered may be closed, i.e., referenced in a CP or 1P command. Moreover,

' although the user may.be able to genérate the correct expression.for solving- . -.
the derivation problem, he has not solved the problem'unless3all the WP's;have _
been closed. In -other werdé, like ‘a. Well—fdrmedrcomputer;program,_every beginning
of a routlne must have % Well—deflned end, - To. hélp the user keep %rack of the
}block structure, the program 1ndents several spaces for each open WP (each devel
“of incompleted. nestlng)

' The command format for WP is. simply the mneumonlc.

WP (4) <well-formed formula>

The program types the number of the new line and. the user enteﬁs a well-formed . .
formula as a premise.- ' o _ . _ _

CP. The user can construct or generate a conditional statement by
. iﬁtrddu¢1ng the antecedent of that statement as a working. premise, by working
.bﬁt a derivation_of the :consequent in the usual manner, but making it conditional
-uPQn‘the_enﬁered;premise, and by then using the CP rule to finally derive the
gonditional statement.'~The format for the command is
| <line 8>. <line b> CP

where <line a> refers to the.last,ﬁorking premise introduced and.<line b> refers
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to aﬁy line of the derivation. 0Of course, <line &> and <line b> can refer to

the same line. The formula on <line a> becomes the antecedent and thaton <line b>
the consequent of theconditional statement formed. CP indicales that the

particular WP is now closed. The delimiting line is <line b> If <line b>

comes before <line a> in the derivation seguence, then the“body_of.fhe,block

is empty and only <line a> becomes unavailable.

As an example, & proof of .R - (R.OR P) is provided in Figure 8.

Insert Figure 8 about here

———————————— S ot e g O e i Gt e

IP. In order to derive a formula @, the user may introduce the negation of
¢ as a working premise (WP). He then attempis to construct-¥ and (NOT V¥):as two
lines of the proof or derivation, thus establishing the logical truth of the

negation of the working premigse. This is known &s a proof by comtradiction,

or reductio.gg absurdum.

The IP.command requires a sequence of three line numbers to precede it ‘as
foliows: o ' o
<line &> . <line b> . <line c> IP

where <line a> refers to the last working premise entered and <11ne b>-1s the
denial of <dine ¢>. The program generztes as & new line the denlal of the
premise on <line a>. An example of a proof using the indirect derivation

procedure is given in Figure 9.

Insert Figure 9 about here

GEN and UG. Universal derivation, or generalization (wa), permlts the
user to establish a universal statement, i.e., one of the form.chw, as a llne
of the derivation or proof. The beginning of the seguence of commandsg.for .
obtaining thig universal statement is denoted by the command GEN. In u§iqé this
" command, the user indicates which variable, «, he wants to introduce as .an.
arbitrary individual for the purpose of universal derivation.  The  command format
is:

CUGEN: <@
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! .DERIVE ... 'R =»(R 0K F)

1xkPS 0y *RS
:HiFDE e L
14E5 (21 W Ok F

$41.2CP§° (3> R +»CR OR P)

CORRECTo s
Fig. 8. Conditional proof.

‘DERIVE R ORCNOT R)

s*WES (1) ... #NOT (R OR (NOT RIS
1ROES (2. *kS

1#E$ 3 L sms

1 %3FDS -

£2¥NOT RS ¢4) : R OR(NOT E)
$#3.4:11PF (5) . NOT R

1#2.2.5IP% (6)  NOT R

t#6FES ' .

t:4RS ¢y - (NOT. RIOB R

$HTCDIS  {H) R ORCNOT RY

£%1.1.8IF% (9) R OR(NOT W)

CORREGTx s
Fig. 9. Indirect proof.:’
DERIVE L RAY(F Y =>» F Y
’*,P!' - _(l.) *F X%
.:*GEﬂexs

¥ CANNOT BE USED AS A VARIAELE.OF : o
GENERALIZATION: 171 15 NOT. AN AHBITRARY INULIVIDUAL.

tHGENIYS

oK

t%WPS 2 *F Y3
sk2.2C0P% - (3) L F Y=» F Y

U 1#3UGIYS  (4) A YCR Y = FYY

CORRECT e+

Fig. 10. Universal derivation.
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The notion of ‘nesting GEN's is like that of the WP's so the discussion on block
structures will not be repeated except to ncte that GEN’s:and WP's-éan Be. - |
nested within one another, i.e., one or more working premises ﬁaj be-éntered
after the GEN command is accepted. However, the universal derivation introduced
by a GEN request cannot be completed uniess all such working premises are
cloged. Conversely, GEV commands that occur after a working premise is entered
must be closed before the external WP can be. _ _ T

This derivation procedure is intended to capture the proof technigue in

which one demonstrates that every object has a certain property by showing that

an arbitrary object from the universe of -discourse has the property. Consegquently,

the inferpreter must ensure that the ebject & indicated for this purpose is
actually an arbitrary one. This 1s dene by determining if & occurs free in any
antecedent line @, (?REEANYWHEREEx@ﬁ]), An "antecedent line" is defined as any
line eoccurring in the proof which has not . already been closed off by one of the
pairs WP-CP,  WP-IP, or GEN-UG. If the ¢ is accepted, the program types '0K'.

‘GEN does not generate a line. The main_reéson fo£ i£s;u§é_in the | N
-generalization procedure is to prevent the user from performing a number of
unnecessary steps; for example, without GEN, the user may discover several
steps later that he cannot. generalize. over a variable as he had intended.
Furthermore, by introducing- into the proof, the uger is prevented from using
O as a variable of specification in ES_(existential specification rule, page 40),
which vielates: the restriction on the latter rule. . This GEN announcement is -
one methed used to reduce the amount of irrelevant work and at the same time
emphasizes the -care needed in introducing new variables.

After the user has constructed the matrix ¥ of the desired universally
guantified formula, he types the command

<line a> UG: <a>

where <dine &> refers to the line containing ¥. This line must occur after the
last GEN and the <> must be the last variable of generalization specified.

Thus, the new line is Tormed. A simple example of GEN-UG is given in Figure 10.

e e e bl e e L T I

e ma g i i S Gk At e s WA RA A O OGN Sy

Note that GEN serves as a delimitor so that if the user types an improper UG

command an appropriate error message is given.
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3. ‘Primitive Rules of Inference

Modus Ponendo Ponens (AA). By the classical rule of modus ponens, a -~ =

symbolic sentence @ may be inferred from the symbolic sentence ¥ —. @ and V.
If 'a derivation consists of lines ' ' '

(1) Poq

(2} P : :
then, the command 1.2AA generates the new line: (3} Q. The mneumonic:AA
stands for "affirm the antecedent," which suggests the semantical analysis of
the rule. ' '

The AA command is processed in the -same manner -as a derived rule of
inference, - This procedure is discussed in detail in the section on derived -
rules of inference (page &?ffa). Rules of inference for sententizl logic
include Form a Conjunct (FC), Form a Disjunct (FD), Double Negation (DN), - -
and DPeny the Consequent (D(), to name s few familiar ones. ' RRRRE

Rule of Universal Specificatien (US). The implementation of ‘the three -

rules for quantification theory reflect the standard characterizations of these

rules. In the following, let & be a variable, B a term, and ¢ and ¥ formulas, = -
The principle of specification permits the deduction: of some symbolic

formila ¥ from a universal statement Wop. The rule of ‘universal specification

- US {sometimes referred to as universal instantiation) states that ¥ comes from - -

@ by PSVAR[F o @] for some term f.: The term of instantiation is B. -
. The intuitive content of this rule may be expressed in ‘the slogan "what
ig true of everything is true of ‘dny given thing." The only restriction on B -
is that it can be properly substituled for the ‘indicated universal guantification
variable. The procédure for carrying out the rule must alsoensure that the
computed type for B is consistent with that fer . The command format for US is .

' <line number>TUS '~

Q> rz P>

where the line reference must contain a universal statement. The inbterpreter
types the variable of generalization @ found on the line ‘and then a double
colon to request the user enter B. The new line is V¥ where ¥ = PSVAR[P @ o].

A simple example ef this command.is:

-




(1) VX(F x -3 'x(6(X,1)))
‘1uUs I . '

et

AiiZ (2) F(Z)—)El X(G(X 1))

Rule of Ex1stent1a1 Generellzatlon (EG) The rule of ex1stent1al generallzatlon

(EG) permlts an 1nference from some expre581on ¥ to an ex1stent1ally quantlfled
statement acxw, Where, for some term B8, B contalned in W, W = PSVAkaB ]
The formula R may, contaln more than one occurrence of B and it may not be’

the case that the user wants €0 generallze over all such occurrences In '

ftyplng the command the user must spec1fy a sequence of occurrence references

for each Occurrence of a B in W that is to be 00n51dered
In order to apply thls generalization process FREE[aﬂIOCC] must equal T for
each referenced occurrence OCC of . Moreover, Q cannot oceur free in w(FREEANYWHEBE
A}

[ = NIL). Otherwise, in substituting o for B in ¥ to obtain ¢ and in forming

the existential statement Saop, ¥ Wlll not be obtalnable by PSVARB a m]

The format for the EG command is
<11ne mumber> EG <sequence of oecurrence references>

<> : B>

The user states on which line to find the ¥ and speclfles each occurrence of ﬁ

to be considered. in the generallzatlon procedure. The program then requests
the user to type the variable of generalization.a followed by a colon followed
by the term B. For example: -
| | (1) &(X,Y) »P Y
186 1.2 | L
iy (2) 3Z(6(X,Z) - F(z))

c: Z:Y . (3)-AZ(G(X,2) - F(Y))
but the reguest.
1 EG 1.2

t: X:Y could not be carried ocut since this would generate the
expression 3IX(G(X,X) - F(X}) in which the second occurrence of X is no longer
free. ' Consequently, substituting Y for X in this expression does not yield the

original formula of line 1.
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Rule of Existential Specification (ES). In order to infer that what is

true of something is true of a particular thing, the user calls on the rule
of existential specification (or instantiation) ES. This rule‘lets ug deduce
from the ex1stentlal statement EOHP the formula III, where ¥ = PSVAR[BOMP] Ffor
some verlable B, Slnce 1t is poss1b1e to generete fallacles in- 1dent1fy1ng

varlables, a restrlctlon 1s placed on the varlable B B must be iew 10 ‘the

derlvatlon, 1t must not have occurred in any prev1ous line. (This includes
nonantecedent llnes and 1s somewhat overly cautlous ) ‘Tneluded in the:ﬁeaning
of occurred in any prev1ous line'" 1s the restrzctlon that the user must not
have stabed an intent to unlversally generallze over B. Like the US "r'ule, the "+
interpreter must engure that the computed type for B is con51stent with that
- for a. The command format for ES is ' o
R <]_1ne number> ES
S@E‘

where the line referenced must contaln an ex1stent1a1 statement The program

types the varlable of generallzatlon & on the next llne and requests “he
user type p. If {3 has occutred in any pre'\rlous 11ne, an’ error message is
printed. Otherwise, ¥ 1s computed from K by PSVAR[&CX@]
An exa.mple of the command sequence 1s
(1) =3Py —>G X)

(2) 3v(a ¥)

(3) ox
2 ES
Yz (b)) Gz (7 does not occur in lines 1, 2, or 3.)
¥i:X _V(The error message tells where X was

first encountered.) .
X CANNOT BE USED AS A VARIABIE OF INSTANTIATION.
YOU ALREADY KNOW SOMETHING ABOUT X.
X 'IS ALREADY MENTIONED IN LINE 1. .-
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Phe Logic of Identity (IDC and IDS). Two new primitive rules of inference |

are needed to obtain a formulation of the first-order predicate calculus with

identity. (These rules occur in Kalish and Monmtague, 1864, p. 220.) No

‘attempt 1s made here to justify the chcice of these two primitive rules from,

among the several possible ones other than to demonstrate that, with these two
rules at our -disposal, the interchange laws (RE and RQ),Vthe law of symmetry
(CE), the law of reflexivity (LT) :agd_‘t];-le traﬁsit_ivity_of identity (TR) are
derivable as rules of inference. OFf these five rules, only RE and R§ are
described in detail. Use of CE as a rule of inference should be clear from
the dlscu551on on derlved rules of 1nference ‘and the property llsts glven in
Appendlx II ‘ '

The rules haVe been named IDC and IDS " with the 'ID' part standing fTor
'1dent1ty . As shown below, the command format for the flrst rule, IDC, is
51m11ar to that for EG and represents a form of condltlonallzlng for 1dent1ty
leeW1se, IDS is a form of spec1f1cat10n Where the term of instantiation is
already speclfled Wlthln the formula 1tself o '

The command format for IDC is: -

<line number> IDC <sequence of. occurrence. references>

HHER o D >

where.ﬁlinernumber>-points to the formula ¥. In order to apply this rule ~for
each occurrence reference OCC, FREE[&'Wf@Cﬂ]must equal T. Theluser gpecifies
the variable of generallzatlon o4 and the term B such that ¢ is not contalned
in B. Then ¢ is derived from ¥ by replacing each referenced free occurrence
of p by the variable & Since ¥ must be obtainable by PSVAR[&(Z@],Lthe rile
can be used only if a does not occur free anyvhere in V. | _ 7
IDC permits the following possible seguence of 11nes to occur as part of -_'

a .possible derivation.

P (1) _F(A) . _ premise
F (2) X=X - ~ premise
1IDC L |
i BiA (3) VB(B=A - F(B))
2 IDC 2

p0 Z3X 0 (4) VZ(ZX - X=Z)
The .command fermat for IDS is

© <line a> IDS
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where <line a> points to a formulas of the form;Vd(a:6—+¢)f-_?he'new_line =
generated. is ¥ where V' comes from @ by proper substitution of p for .
Figures 11, 12, and 15 establish that the interpreter, with IDS and IDC as

primitive rules. of inference, capiures first-order logic with ddentity..

Insert'Figures.ll,‘12,’15'about"hefe
The proof. of the law of reflex1v1ty OV X(X—X)) is shown in Flgure ll _ If thls
law is named as z theorem, say LT, then 1t may be used to prove CE, the _ |
symmetry law (Figure 12). And that 1dent1ty obeys the tran51t1v1ty law, TR,
is proved in Figure 13. .The three formulas (LT, CE, and TR) are the first-
order axioms sometlmes taken as definitive of 1dent1ty o | '
‘Replace Equals Rule (RE) It can be shown from the fules of 1dent1ty that
o XY S(F(X) = F(Y)) o
where F is any l-place oﬁeratlon symbol. (see Flgure lh) This is Euéliqfé

Gm N A AQ S AR W S S W Omb P ek Ord Ol ek ek e e et e A ik g

- Insert Figure 1k about here

0 o mu ;e g on m. e - a A v v

posfulate.that=correSP@nds to saying, if equals are substituted for eguals,
the result is eq_ual° .As'é derived rule of inferénce;.we named this pattern RE.

Let, ¢yB bhe terms, and let P be a Well»formed formula of the theory. Let
line 1 of a derlvatlon contaln the formula @, and let line 2 have a formula
of the form o=B. Then the replace equals rule (RE) says that if thetre is an
_occurrence of @ in © then V (a new llne of the derlvatlon) is obtalnable from
o by replaclng the occurrence of a by B.

For example, if the derivation has lines

(1) c+(o+a)=a+c
T(2) 0+ A=A+o0

then, by the EE rule, where ¢ = O+A replac1ng o by 5 = A+Q generates the
‘mew line: C + (A +0) = A+ C.

Suppose there is more than one occurrence of a in Q - Let n = the number
of such occurrences and 1 < k X n. The kth occurreﬂce of & in ¢ is determined
by scanning ¢ from left to right searching for 55333 pattern matches with «,

and counting until the kth such patiern match is found. Then the general RE
Lp




PHOVE - A X(X = X)

P HGEN XS

0K
sabhiNeYS
0K _

TN S5 T Y= XS
11 1CHE | () o Y = XiwmcY = 30
TEpLGIYE (3 ATCCY = X) =>(Y = X3}
t*3TLbLE (D] X = X

PFAUGEXS  (5) A XK = X
CORRECH«as
NAME: *LTS

Fig. 11. Reflexivity of identity.

FrOVE A KA Y((X = YY) -2(Y = X2
$*GRNEXS
QK .

s #GEN:YS
0K

t*L1§ . .
kYR [ ] Yy=Y

t#11DC2% . :
barkXiYS 2 LB XICE = ¥y -2 (Y = X))

L¥2USS .
X3 r¥XE €3> (X = Y)=>(Y = X3

it

s¥3UGIYE 4y A YOOX = ¥) =28Y = X3)
$RAUGIXS (5 A K(A YOIX = ¥) =3(Y = X3))
GORRECT. es
NAML: *xCES

Fig. 12. Law of symmetry for identity.

FHUVE A XCA Y(A ZOCLX = YY) &CY. = %33 =2(X = Z)I))
+GENIXS B ) SRR
0K ' :
TEGENIYS
0K
sRGEN:IZSE
OK
PRGFD €1y : ®(A=Y) & (¥=73%.
1%1RCE - c@y . _ ) Y= 7 '
t#1LCS €32 Xy
t421LC1T ) . . .
t1EXIYS &3] AOXEER = Y =30K = 7))
txAUSE
X1taKS €5 (X = YY-a(¥X = 7) -
45 3448 (43 ¥ o= 7
t%1.6CFF 1y - S X = ¥y BCY = 2))-a(K = A
t%TUG2Z3  (R) - A ZOCCX = Y)Y 8CY 2 2> =a2(X= 233
1FBUGIYE  (9) LA YA ZCCOX S YY) ACY = 7)) =3 (X = 7))
SHIUGENT €I A X(A YA Z(CEX = YY) £CY = 233 -a(X = 73333
COHRECTav o’

L NAMED #TRE

Fig. 13, Law of transitivity for identity.
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FROIVE

A KA YUC(X = YY ~»{N X IFF N ¥Y}})

1#GEN 1 X8
0K
19GENTYS
oH
TIPS ay *Xeyy
LIPS ) NS
1+2IDC1S i :
SIRYIXS 3 AYY = X} == N YD
£¥3058 - .
CYraeys ) Y= X)=» NY
1*ICELS (523 Y w X
144,508 (6) SN
1%2.6CPS (7 0 x> N Y
TIPS [5:3] BNIYYS
1#8IDCIS - .
rrEX1YS (4.0 A X(C(X = ¥) => N X)
149USS
X114%X3% {10} (X = Y)-» N X
$*1D+1AAS (SR B N X
t#8.11CP% 12y N ¥Y=-» N X
t47.12FCS €13 (WX -> N YIRINY =» § X
113LEBS (143 N XIFF B ¥ '
1%] +14CPE  ({5) K = YI=x(N X IFF N ¥
1#15084¥5 (16 AYUX =3 ¥Y) ->(N % [FF N ¥))
PHBUGIXS (17) A X(A YU({X = ¥) =a(N X IFF N Y2
CORRECT»» ’ '
NAME: *LEIBNIZS
" DERIVE A ZLA YI(Z = ¥Y) =»(F Z = F ¥3}))
ISGENIZS
oK
1HGENITS
o :
YPS. Lty “Z=y$.
T ATHAS A XOX % X o
KIIEFCZIS  (2), L ]
1*PSILEIBNIZS A KCA YCCX & ¥) ~>CH X IFF N Y1)
SN (FCEISFLAYIS .
1395 S R
€2y A XA YCOX = ¥YY =>»0(F Z = F X3 IFF(F T
X = F ¥)3)> - o
1%3USS ) .
Xre#zs ta) A YO(Z = ¥ ~>(CF Z = F 2) IFF¢F Z = F
: : v . ‘
144058
YeieYs €5) €(Z = Y)eu{(F Z = F Z) IFF(F Z = F Y)?
185.5AA% (6 CFZ=F ZIFFFZaF ¥ )
[ 33 :H] () “F Z a F ZY =»(F Z'= F Y)J{(F Z =F
) Y) =»fF Z = F 22)
A%TLCS €8 (F Z=F Z)=>(F Z = F Y}
1B.24A8 (9 FZ=F Y
i*1.9CPS (103 (Z = YI->(F Z = F ¥}
AsGEYS (A1) A Y(CZ = ¥Y =5(F Z = F Y27
asGIZS CE2) A Z(A Y(CZ = Y) ~x(F 2 ® F ¥)))
CORRECT -

Fig. 14. Euclid's Postulate. We first prove Leibniz?

Indiscerngbility of Tdenticals and give it the

neme LEIBNTZ. A foyrm of LETBNIZ can be taken as
definitive of identity within second-order logiec.
The second derivation is a proof of Euclidis
Postulate. THA is the reflexitivity of the identity.
Note the use of the PS procedure. -
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rule says that ¥ is eobtainable from ¢ by replacing the kth occurrence of & in
P by B.
The format for the RE rule is

<line a> . <11ne b>~RE <bccurrence reference>

In other words, <line b> must refer to a line'on which there is an identity
formula, and <line a> must have ‘at least k occurrences of the left-hand side
of this identity formula. Then the kth oceurrence, K can be replaced by the
right-hand side of the identity only if (a) FREE[¢ ¢ K] = T; and (b) FREE[B PSVAR
[8 o]l = T. This, of course, amounts to PSVAR[Bfa <line a>]. :

In the first exemple, <odcurrence reference> = 1, The command is 1.2REL.
Asg anether example, let the two lines of a derivation be:

(2) A+(B+c) = (A+(B+C)) '+ 0

| (4) A+ (B+C) = 6. '
Then, 2.4RE2 generates the new line: (5) A+ (B+Q) = 6+0. If the command

[

had been 2. hREB (if <bccurrence reference> >2),'then the. rule would not apply
and an error message would be typed. ' A

- Replace Equivalents Rule (R§). The replace eguivalents rule, RQ, the

second of ‘the inteérchange rules, 1& similar to RE. Tet line 1 of a derivation
contain the formula ¥, ‘and let line 2 have the formuls of the form @ IFF.q'.
The RQ rule may be described as follows: 1if there is an occurrence of ¢ in V¥,
then ¥!' (a new llne) may be’ inferred from V¥ by replacing the occurrence of ¢
by m'. Furthermore, like’ RE the RQ rule must con81der which occurrence of '@

to replace.” The format Tor the RQ rules is:’

<llne a> . <11ne b>'RQ <bccurrence reference> -
For example, I
(1) (MXKF X&' 5YGY)—>VXFX
(2) (VXFX) IFF (VYFY)
1.2RQ2
(3) (Vx¥Xg& IYCGY) » VYF Y
The gecond line referénced must contain a material bi-conditional, otherwise
an error message is prin‘tedo

R Generallzed Interchange Rules

The 1nterpreter accepts spec1al commands as shortcuts for usmng an ax1om._
or theorem if that axiom or theorem is of the form O = B or m IFF v, The ﬁ

interpretation is based on the RE and R§ rules. The format for all such short




Torms is:

<line number> <name of axiom or established thecrem> <occurrence referende>

Suppose a derlvatlon in elementary algebra contalns the llne'x:

(1) A+B= A+(( C)+(B+C))

Frequently in proof constructions requiring pattern manlpulatlons,_the student o

may want to alter a term or a formula contained in a line of the derlvetlon:
In the example above, he may WantLtQ-replace the occur:enee of the‘term_. o
(-C) +(B+C) with the term (B+C)+ (-C). This requires an application of the
© CA axiom: A+B=B+A, followed by the RE rule. The steps of_the derivation
Would.be: ' |

CA A+B=3B+A

Ai:=-C ) : o

Bi:BrC (2) (-0) +(B+C) = (B+C)+(-C).

_ 1.2RE1l  (3). A+B = A+((B+0)+(c))
The shortcut method for obtaining the formula on line 3 is to use the

command: - -1CA3. Since the.command neme is.an axiom ofwestabl;she@_theoxem, and

since the formula associated with the name is either an identity Qr.a,ﬁateriel_,.

biconditional, the program automatically carries out_the_tWo-step_pchedure

shown above. Note that the program, not the. user, determines the suhstitution,,,

sequence & for obtalnlng the proper instantiation of the axiom CA .

‘To 1llustrate the procedure further, and especially to show Why the
occurrence reference is 3, con51der.agau111ne (l) above. There are four.
different possible ap@;ications of the CA axiom, i.e., 1nstances of the left—

‘hand side of the pattern for CA. Scanning left to right, they are

1. A+B=B+A - = R

2. A+((-C)+(B+C)) = ((-C)+(B+C)) +A

3. (-C)+(B+cC) = (B+C) +(-C)

4. B+C=C+B . : 4 7
Since line 2 of the example correspends to application 3, the.oceurrence_number
must be 3. ' ) ._ l‘_-

- In summary, this shortcut use of axioms and theorems is always permltted |

if the formula assoc1ated Wlth the axlom or theorem is of the form Gr= B or
.¢ZET‘¢.' In using the shortcut the student must, of course, determlne the.

correct occurrence reference
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5. Derived Rules of Inference

Methods have been provided for epeEifying the formal system. Axioms
when specified, and lemmas and theorems ﬁheﬁ proved, are.eumeatically entered
into the command language with instantiation procedures and with shorteut
appiications (as explained in Section 4). An even more flexible framework
1s achieved by provldlng a means Tor der1v1ng new rules of 1nference-—the
so-cdlled "derived rules.” ' ' *

To evEry theorem of logic there is a corresponding derived rule which is -
1ndlspen51ble from the standp01nt of decrea51ng the number of steps necessary
for a proof or derlvatlon ‘The use of = derlved rule is effectively an
iteration of proper substltutlon; application of the rules to form a conjunction’
(Fe) aﬁd.affifm'the'antééedent.(AA) ' The instructional program contains tio
algorithis: for deriving new rules: one for theorems of the form ¢—+¢, and the
other for theorems and ax1oms of the form O=f and @ IFF'w

The second klnd of derlved rule is merely & commited form of the shorteut’
commands we presented in Section k. Here, instead of replacing an instance
of by B (or by W), the program searches for the proper océurrence’ of P
(or V) and replaces it with the corresponding instance of & (or ?). As an
example, take the associate axiom AS for an additive group: (A+B)+C = A+(B+C).
The shortform is usually called AR (associate right). A new rule, AL {associate
left) is obteined by requesting a derived rule of inference based on AS.
Associating left means to replace the instance of the schema (+hAB(+%BF %C%))
by the correspounding instance of (-+(+ %A% %B%)%C%). Observe the derivation:

DERIVE L4 +(3+2) = 2) 5
As (A+B)+C = A+(B+C)
Azl i o |
‘B::3

ez (1) (B+3)+2 =k +(3+2)
LRI (2 W+ (3+2) = h+(3+2)
2CAL (3) L+(3+2) =k +{(2+3)
CEaTe e () W (Fee) = (b +2)+3
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To process the rule, the program computes the information

PREMISE . ((+ BAB(+ P8 %C%)))
CONCE, ( (+ Pa% %BH) %CP)
- NoP 1

OCCUR - 1

These attrlbute-value pairs are store& on the property list of AL .

In the first type of derived rule, Lhe pattern of the theorem 15 transformed
into & conditional statement. 2 such that the consequent is not a condltlonal
Then:the premises, l.e., the patterns_of_the conjuncts of the antecedent of P, .
are patterns for the lines which the rple must.reference. The_nﬁﬁber of line.-
references Is the number of conguncfs._'The_result of using the rule of
inference is the proper instance of the petpern_of the consequent of P. The;_r_
algorithm for obtaining P is as follows. _.

Let the theorem be of the form B¢ where 8 is a strlng of universal
quantifiers with their variables, namely, of the_form le,,,(,van.where each
al,i=l,...,n, is an individual variable; ¢ 1s a conditional statement. Then
a rule is derlved from the (closure .of the) theorem by the foliow1ng algorlthm

1. ¢= is obtalned from P by 1terated proper. substltutlon of

a by %& % in @, for i= l,... _
. 2. $" is obtalned from ¢* by repla01ng each occurrence, of a
predicate letter_by,lts-dummy. By this replacement process,
. the predicates are recognizable as subsfitﬁtable'elemegtecgf
. the -expression. . o '

3. @1 is now a pattern for the theorem. Any symbols not
replaced by dummies are constants that must appear in the
lines referenced in the rule command. | .

ﬁﬁ @'t is in the form A—V, where ¥ itself may be a conditional.
In order to compute attribute—value pairs used in processing
the rule, @51 must.be:in thecform.of a conditional Whose

 consequent is not a conditional statement. ‘
By repeated application: of the Deduction Theorem (Mendelson,
196h, p. 61), if + 1 = (€-508) then p (n &8&) -5, o1, is
transformed into .the desired form, &—f, where P is not a

conditional..
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5. Let N denote the name of the new rule. Then B is placed
on the property list of N under the attribute name COHNCL.

6. The list of premises is formed from the conjuncts of the
antecedent /. The premises are placed on Nfs property
list under the attribute PREMISE. FEach element of the
list is & pattern which, in processing the rule, will be
matched with a line in the derivation.. ("Matched" in the
sense of determining how te instantiate the pattern in
order to obtain the line.)

7. - NOP is the number of conjuncts (or the 1ength) of ‘the
PREMISE list. It is, specifically, the number of

reference lines which will be expected in the command,

The command format is:

<seguence of NOP llne numbers> <rule name>

~Each line number refers to a Iine of the derivation that must match a
corresponding pattern on the FREMISE list. There are, of course, NOP of these
("match" here means "is an instance of"). The sequence of line referencee
must be ordered with respect to the order of the elements on the PREMISE 1lst

In Summary, the theorem is transformed into a conditional statement such
that the consequent is not a condltlonal Then three attrlhutes are placed on
the property llst a85001ated with the rule name:

' PREMISE <list of the conJuncts of the antecedent
in their dummy PATTERN notation>
;NOP <the nhmber of conjuncts>- ‘
CONCL | <the consequent in its dummy PATTERN notation~>
Two examples are offered in order to illustrate the:derived rule procedure.
NAME: FC | |

Form a conjunction is a rule of 1og1c that lets us comblne two lines of a

derlvatlon or proof 1nto 8 congunctlonJ leen the formulas P and §, we can

infer the expre851on (P& Q). The theorem is P —s(Q —>(P & Q)) The first premise

is P. The consegquent of this theorem, & conditional statement is replaced by

its consequent P& @ &nd § becomes the second premise of the derived rﬁle

pattern.t Now the consequent is not a conditional and is storesd as the conclusion

(CONCL). On the property list of FC, where %Pb and %% are dummy names For the
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formulas P and §, respectively, we store:
| PREMISE = (%P% %Q%)
- NOP ar
coneL (& %P% %Q%)
Now, if a derivation has lines :
(1) A=B
(2) A+B=C
then the command 1.2FC generates the line (A=3B) & (A+B=C). The command has
the correct number of line references and no occurrence numbers, which is
characteristic of all ruleés of %lis nature.  The new line -is obtained by
forming a conjunction with the lines 1, 2 a8 the conjuncts.
The second example is the rule AA which; as was mentioned earlier, ‘is
processed the same as the derived rule of inference although 1t is a prlmltlve

rule in the system. The theorem is ((P-a R) & P} »aR. By the above algorlthm,

the computed attrlbuteb are: IR
| PREMTSE (,,(* %e%h FR) %PH)
CONCL %R%

Commands that call for the appllcatlon of a rule of inference ere executed:
by a matchlng process that attempts to determine whether each line referenced in
the command is an 1nstanee of a correspondlng dummy pattern on the PREMISE list.
For each line referenced, a routlne 1n1t1ally'recelves the formula on that'line;
the corresponding dummy pattern from the PREMISE list, and the message (LINE
<line number>). By recursive cells, ‘with the’ elements of each expre851on as
arguments, i.e., the llste or atoms within the expre551on 1lists (T V ), the
routine builds a message that is the name of the locdation of the Ti in the 1n1t1al
formula. The routine examines the atomic element (varlabie or predleate),or
the first element (main connective of a term or a formula)} of the list if it is
nonatomic, .in order to form a sequence of Substltutlons oy which the referenced
lines of the derlvatlon may ‘be obtalned from the premlsesg Once this sequenee
is computed the oorrespondlng insbance of the conclu51on pattern (CONCL)'is
generated as a new line of the derivation. ' - ’

For example, if the derivation contains lines:
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(1) A=B > B=C
(2) A=B
(3) B=4
and the user types
1.2AA

then the interpreter Wili call on the checking or matching routine with thé first
premise in the FREMISE list}associated with AA and the formula on the first line
referenced.  Below is a trace of this procedure: . ' -
1.. T: (> %P5 FR%) Vi (> (=AB)(=BC)) M: (LINE 1)
At this p01nt, “the maln connectlve of T, the pattern of the 3
first premlseg_;s the sage as Vy the line of the der;vatlon;
M describes V. =~ S D

2. T1: %Ph . ivl:(=aB) . - Ml: (ANTECEDENT OF

' %P% is paired with (= A B) ema 1. - o 0 TIEL)

3. Tor GRS Coooyes(=BE)Y . 7 o 'M2: [CONSEQUENT OF
LINE 2)

. %R¥ is paired with ( = B°C) and the message M2.
Saving the above two pairs,.the program continues the process with

-~ the second premise and refefénc?g the fermula on the second line.

v T30 e Vi (=4 B) 15 (LINE 2)

_ %Ph was already paired with (= A B) which is 1dentlcal with V3, so no
inconsistent pairing has been located. There are no more llne references. By
substltutlng into the value of CONCL with respect to the substltutlon pairs
determined in 1-%, the new line: (B=C) is geherated.

The command 1.3AA is processed as abové'except, in 3, V3 is (=B A).
‘Since this is not identical‘with-the valué'already paired with %P%, an error
message is formed from M1 and M3: | ‘ |

' :  LINE 2 MUST BE THE ANTECEDENT OF LINE 1.

The derivation in Flgure 15 demonstrates other message types.' The teaching
sequence that we can prov1de for all derlved rules of 1nference, using ‘the same
matching routine traced above, show expllcltly how ﬁessages are recur51vely

computed,
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DERIVE @

g#PE .. 1) aF & OS
- t+P% © lt@y &R =» P§ -
1%P$ t3) *@ ~>F%
1+FE ’ -_ t4) %P -> B%
:*I-EHSS )
LINE MUST BE & CONDITIONAL .
12, 3HSS . ’
mn.cwEm OF LINE 3 MUST BE THE CONSEQUENT OF LINE 2
rers . _
WHICH COMMAND DO YOU NEED HELF WITH?
*HSS i

#S REQUIRES 2 LINE N(MBERS.
WERE'S AN EXAMFLED 1.2 HS

MURE.?II:YS . ’

LINE 1 MUST BE A CONDI TIONAL .

LINE 2 MUST BE ‘A CONDITIONAL '

ANTECEDENT OF LINE 2 MUST BE THE CONSEDUE’.\FT OF L!NE 1

7 THE NEW LINE H[LL BE A CUNDITIUNAL .
-ﬂNTECEDENT GF THE NEW LINE WILL BE THE ANTECEDENT ‘OF LINE 1
CDNSEGUEN'.I OF “IHE NEW LINE WiLL .BE THE CDNSE@UENT OF LINE 2

UOULD ‘I'OIJ LIKE AN EXAMPLE?*YS

THERE.15 AN EXAMPLE OF THE HS: RULE lN 'I'HE LINES DF YOUR DERIVATIDN-
A CORRECT COMMAND [5%
2e4HS

iHE NEW LINE WOULD BE: R -» @ -
WOLLD YOU LIKE ANOTHER EXAMPLE?&Y$
A GORRECT CUMMAND IS3

3. 4HS

THE NEW LINE WOULD BEr @ -» 0 =
WOULD YOU LIKE ANUTHER EXAMPLEZ»YS
A& CORBECT. CUN?#ND ISt

4.3HS ‘ .

THE NEW LINE uouw;sn'p -> P

T ¥2AES
AE IS NUT A& RULE

Fig. 15.° Reaching.

the command. - Language.

VEBAES : .
THE MAIN CONMNECTIVE OF LINE 2 MUST BE ONE OF1 = < »
1e1LES :
RULE LB HAS 2 FORMS.

NONE WERE SATISFIED BECAUSE EITHER:

LEFT. CONJUNCT OF LINE | MUST BE A CONDITIONAL OR
LINE 1 MUST BE A BICONDITIONAL.

T437LBS

WITHOUT 2, YOU TYPED. THE CORRECT FORMATe
MORE?*NS .
VOULD YOU LIHE AN EXAMPLET#YS.

‘FOR FORM I .
IF YOUR DERIVATION CBNTAINS LINES:
€5) 5 IFF R

- THEN & CORRECT GDMMAND WOULD BE:

SLB

AND. THE NEW LINE.VILL BE

(5 -» RI&CR =-> §)

FOR FORM 2 : ’
THERE 15 AN EXAMPLE OF THE. LE RULE !N T‘HE‘ LiNES OF YOUR DERTVATION. -
A CORRECT COMMAND ISy

A4LB

“THE WEW LINK WOULD BE: G IFF P

TSWPE N $:Y) . *AsBE

1%5DES
T 10§
' YOU MAY NUT DIU[DE EY n

uFD?s
FD REGUIRES 1 LINE NIMBER.
HERE 5 AN EXAMPLE.: 1 Fp
Moamﬂs
UTHE NEW LINE WILL BE & DISJUNCTEON :
JLEFT DISJUNCT OF THE ‘NEW LINE WILL BE LINE ¢
RIGMT DISJUNCT OF THE NEW LINE HILL BE A SENTENCE YOU TYPE

NGULD YO LIKE- AN EXAMPLL?*NE- N

t£1RGS . 6 e
t*5LLL'S
T*{RCS 5y 6

CORRECT+s+




and the user types

(1) A=B ->.B=C
(2) A=B
(3) B=4

L.2AA

then the interpreter will call on the checking or matching routine With the first

premise in

referenced.

1.

the PREMISE list associated with AA and the formula én the first line
Below is a trace of this procedure: :

s (> % FRE) Vi (5 (=AB)(=BC) . M (LINE 1

At this point, the main connectlve of T, the pattern of the

first premise, is the sawe as V, the llne of: the deeratlon.ﬂ

M descrlbes V,

T #P6 Vi (=a3B) ML: (ANTECEDENT OF

%P% is palred Wlth (= A B) and ML. o 7 LINEil):

T2: $RE “¥2:(=BC) . Mp: [CONSEQUENT OF
LINE 2)

%R% is paired with ( = BC) and the message M2.

- Saving the above two pairs, the program continues the process with

.

%P%lwas already peired with (= A B) which is identical with V%, so no
inconsistent pairing has been located. : Thére are no more line references. By
substltutlng inte the value of CONCL with respect to the substltutlon pairs
determined in 1-4%, the new line: (B=¢) is genersted.

The command 1.3AA is processed as above except, in 5, V3 is (=B A).

Since this

message is

. The derivation in Flgure 15 demonstrates other nessage types.7 The teaching
sequerice that we can prov1de for all derived rules of 1nference, uging the sane g

matching routine traced above, show expllcltly how messages are recur51Vely

cemputed.

- the second premise and references the formula on the second line.

T3: %P% V3: (= A B) . M3: (LINE 2)

15 not 1dent1cal with the Value_already paired Wlth.%P%, an error
formed from M1 and M3: '
LINE 2 MUST BE THE ANTECEDENT OF LINE 1.
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DERIVE =~ @
. tRP% (1Y AP & 0%
- ePS ©{2) #R -» P%. .
[T (3) *Q ->P%
14F5 ", C4) kP =» @S
1ht. 2H55
LINE 1 MUST BE A CONDIT!ONAL
© :%2.JHSS
ANTbCEDhNT OF LINE 3 MUST BE THE CONSEGUENT or LINE 2
1XTS : . )
- VHICH CAMMAND DO YOU NEED HELF WITH?
*HSS ;

HS REQUIRES 2 LINE NIMBERS.
HERE'S AN EXAMPLE:D 1.2 HS

MURE?#Y &
LINE 1 MUST BE A CONDITIONAL
LINE 2 MUST BE A CONDITIONAL
ANTEGCEDENT OF LINE & MUST BE THE CONSEQUENT OF LINE 1

THE NEW LINE WILL BE A CONDITIONAL
ANTECEDENT OF THE NEW LINE WILL BE THE ANTECEDENT BFLINE 1
C{)NSEQUE:N'E OF THE NEW LINE WILL BE THE CONSEQUENT OF LIN'E 2

"WOULD YOU LIKE AN EXAMPLE?#YS : ) .
THERE.1S aN EXaMPLE OF THE HS RULE IN THE,LINES OF. YOUR DERIVATION.

A CORRECT COMMAND 15:

_2e4HS

THE NEW LIME WOULD BE: R -> @
WOULD YOU LIKE ANOTHER EXAMPLE?*Ys
A CORRECT conmauu 152

3« 4HS

THE NEW LEINE WOULD BE:r Q--» @
‘WOULD YOU LIKE ANOTHER EXAMPLETZ#YS§

A CORRECT COMMAND ISt
4= 3H5

THE NEH LINE WOULD BE"P =-» F

1#2AES :
AE IS5 \lul' A RULE

¢S -> RYECR => 5)

1 %24ES )
) THE MAIN CONNECTIVE OF LINE £ MUST BE ONE OF: = < »

1%1LBS .
RULE LB HAS 2 FORMS.
NONE WERE SATISFIED BECAUSE EITHER: - -
LEFT CONJUNCT OF LINE 1 MUST BE & CONDITIONAL OR
LINE } MUST BE A BICONDITIONAL.

s*a?LBs

UITHUUT 2+ YOU TYPED THE CORRECT FORMAT.
MOREZ#N$
WOULD YOU LIKE AN E;XAMPLE?*YE,‘ -

‘¥OR FORM I

IF YOUR DERFVATION CONTAINS LINES:
{5 S IFF R

- THEN A CGRRECT C.OMMAND WouLD BEj

SLB -
AND. THE NEW LINE. WILL BE:

FOR FORM 2 . :
THERE 15 &N EXAMPFLE OF THE. LB RULE IN THF LINES aF YOUR DEREVATION. -
A CORRECT COMMAND 1S3

4LB

THE NEW LINE. WOULD BE: Q IFF°P

t ¥WPS sy . kB=R§
+*5DES
tok0S

YOU MAY NOT DIVIDE BY 0

+*FDT'S

FP REQUIRES 1 LINE NUMBER.
HEBE'S ﬁNlEXAMPLEH 1 FD

MDRE?#Y&

| THE' NEW LINE WILL BE & D1 SJUNGTION

.LEFT DISJUNCT QF THE MEW LINE WILL BE LINE |

RIGHY DISJUNCT OF THE NEY LINE WILL BE A SENTENCE YOU TYPE

WOULD YOU LIKE An EKAMFLE?*N$ -
$HIRCS - (63 e
EXBLLLS
s RIRCE 59
coﬁﬁEcr.;, '

 Figf'l5u; Reaching. the command language.




Optional Atiributes for Derived Rules. Several.other attributes.may .

optionally appear cn the property list of a rule. As yet, they are not entered
via the above algorithm, but rather by direct editing of the property list.

They are: S ‘ o ‘ |
1l. REQ and TYZE. A rule may require the student to enter a

particular type of well-formed term (or formula). If a
new rule is derived from an expression containing a free
variable (or predicate), the free variable (or predicate)
can be replaced by a well-formed term {or formula). {The
inclusion. of bound predicates, of course, transcends first-
order loglc ) An exemple is the Add Equals rule (AE), Whlch
may be obtalned from the open formula°

YAVE (A=B - A+C = B+c)

- The property list of AE contalns

PREMISE = %A% $BE))
NOP 1
REQ T {for 'term')
TYPE ATGEBRA

CONCL (= ( +%A% REQ){ + %B% REQ)).

2. - OR.  The main connective of the single premise of AE can also be
one of the inequality signs. The options, =, <, and =, are
specified_by listing.each premise on a‘PREMISE list that

- begins with the atom OR. CONCL must be a list of patterns
corresponding to each optional set of premises. Whichever
set'matchéS'thé referenced lines generates the desired
substitution list. Fok AE the change is:

PREMISE -((OR {{ = %A% %B%))(( <%ad %B%))( > BA% %B%)))
- CONCL - (( (= (+ a% wmQ) (+ 55 REQ)) (< (+ %ab RBQ)(+ $Bh REQ)).
| (>(+ %% REQ)(+ ¥B% REQ))). S
Observe the error:message and the.teaching sequence for the _
LB rule in Figure 15.for a sample of how the OR option affects‘-A'

the analysis routines.
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3. 'ﬁ%ﬁ, "As long as the only difference between sets of
premises is the main connective, the special character
'*%%% in a'premise'indicates the optional list of mzin
connectives. Then %%% is stored on the property list
as the attribute whose value is the list of main
conpectives. Again, observe the handling of the AE rule
in‘Figure 15. '
- PREMISE ((%ph %ak %uf))
'%%% => <)
- coNCL  (#%% (+ %A% REQ)( +%BP REQ))

L. RESTRICT This attribute is used When'special restrictions

on the use of a rule must be gpecified. The wvalue of

RESTRICT is an executable LISP S-expregsion.  As an -
example, take the Divide Fquals rule (DE) in which the
user may not divide by zero. The property list of DE

might be:

| PREMISE  ((= %A% %B%))
NOP 1
REQ i
TYPE ALGEERA

CONCL ~ {={( /%A% REQ)( /%B% REQ))

RESTRICT (COND ((EQ REQ O){ERR (QUOTE "YOU MAY NOT
: DIVIDE BY ZERO"))))

(TT))
Note that if the main connective were changed to %%% 50 as
to include the inequalities RESTRICT would have to be

extended to account for negative values of REQ.

How EQ Specify NeW'RuleS'gi Inference. Dérived-rules of inference whose

property lists require only a list of PREMISES (no options) and a CONCL are
easily generated by the interpreter. The user, in either STUDENT or TEACHER
modes types .

RULE .
The program first requests .
NAME: <name of the new rule>, then

FROM: <axiom or theorem from which to derive the rule>.
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The name cannot be a reserved name, i.e., one of the procedure names or =a
primitive rule of inference. It must be an alphabetic string of characters
with arbitrary length greater then one. The axiom or the thecrem referenced
must be a (possibly guantified) conditional statement, an identity statement,
or a bi-conditional as described above. After the derivation of'the rule is»
completed, the program will type 'OK'. In what follows, let B be a string of
universal quantifiers with the corresponding variables of generalization.’ .
Algoritimiecally what takes place is the following.

1. Determine if the user is allowed to reference the ax1om

. or theorem. In TEACHER mode, this only requlres checklng

. 40 see whether the axiom or theorem exists. In STUDENT
mode, as defined later, it reqguires seeing whether the
student actually knows the axiom or the theorem.

2. Let ¢ be the value of .CLOSED. Is the main connective
of the matrix of ® an identity or a bi-conditional
statement? If neither, go to step 4.

3. Commands of the Torm <line><hame><bccurrence>,are_automaticallj 
generated for axioms and theorems with matrices of the form .
=8 and G IFF V. Procedure completed

. ~If the matrix of @ is not a conditiocnal, no rule can

_ be derived.. Procedure completed with an error message.

5. Otherwise, carry out the procedure outlined. on page 48

for deriving rules of inference.

‘Figure 16 is the second in the series of dialogues that began with Figure 3.
Here, the %eacher adds the axioms, two theorems, and some of the rules to be
used in constructing derivations of expressiouns of elementary algebra. Figure 17
lists the properties of these newly spe01f1ed ax1oms and theorems. It ends with
two derivations for the same formula, one using the Spec1f1ed theorem and one
using the rule derived from that theorem. A complete list of derived rules of

inference for the sentential galculus is given in Appendix IT.

G S e S R e e VR T P T ey P e et S e P T O A

A O S M W D e B e e T G S B BE ey e Ok P e e At A

55




*(START) ’ LI R R T S ST CTlwieee e
WHO ARE YOU (TYPE § OR Ty7 o . . S : -
PLEASE TYPE YOUR NUMEER. : : AT R
*3%
B0 YOU WANT U CREATE OR ALEER A THEDRYT CTYPE € 0K AY.
*AS
THEORY NAMEY
*EXS

Hlvss : ;
IN SETTING UP A FIRST-ORUER THEORY YOU MUST SPECTEY. ... - - o T : |
THE VOCABULAKY AND THE AXI0MS. THEN YOU CAY CHOOSE . ' Co : : Sl S D :
A SET OF WELL=-FORMED FORMULAS AS. THEOREMSe AND DERTVE o .

NEW RULES OF INFERENCE FROM' THESE THEOKENS. ~ THE EARRAN R S - ;
COMMANDS ARE: VOCAEs AX10M, THEOREM, ANL HULk. TYPF : IR -

FIN WHEN YOU ARE. THROUGH. Lo .

1 *AXIOMS : AT S U ) o
HANEL *AXAS C R R R SRV I
WEFt #(E(X: Y X)I=>(X=YI5

$HAAAXNTONS ;
NAMED *AKBE . ) ‘ ;
WFF: #HOX:Y.Z) -» BOZsYsX)E Ce T e R o \ ]

T #AX10MS . o
NavE: «AXCE R IR
WEF? A (B(XsYs¥) & E(Y:Z;h)! -3 RCX>YsZ)§ -

sHAXIOME - : e PR R S I
NAME: »aXD§ - .
WEF: #(K{XsY,Z) OK BCYsZs»¥)>) UR M(V/,¥X>Y)1E

$¥AXTONS .
NAMES #AXES )
WEEFT ¥ ({(NOT (Y—?)) & 5(X»Y,7!} 2 F(Yr?ﬂv))) - F(.{s?:U)S~--'

1+ 1HEOREME"
THEOFREM NUMEER: *13
WFF: #F(¥aYYr<, Y5, 7) = tlF(Y;Y;’))-’ {¥=Y)11%

1 *RULLS L . b U - T S : ;
NANE: ®5FS ) } ' k
FLOM: #IHIE T S e I P ‘ . ; :

THFING

*

Flg 16 Specifying axioms.
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LG

VAL
‘CLOSED

"PATTERN °

REQUEST
TYPE

vaL

CLOSED,

PATI1ERN
"REQUEST
TYPE

T

'itPRDPERTYL!ST AXA)

CtBEsY,KIIm(K = YD)

(A XCA Y(=»(B IXT XY XXT)(= ZX? ?Yt))))
C«> (B 2XT 2v3 IX%)(= b3 ¢4 !Yi)) :

XYL

FOINT FOINT

I SR
. t(PROPERTVLIST AXB)

BEXs Y2 ZY=2 BLZ2YaX)

o CA XCA Y(A Z(=>(R IXT 5YE TZEI(E T2T IYT ZXZ)))))

(=»¢(B IX% 2YX ZZZ)(B FLE YT TRTIY
XY Z

 POINT POINT POINT

*(FROPERTYLIS] axc)

vaL
CLOSED

FPATTERN
-REQUEST
TYFE
vaL
CLOSED ~

PATTERN

REQUEST
-TYEE

VAL
CLOSED

PATTERN

REGUEST -

IYER

pc

VAL BOKsY22)=> C(BOY, Ko 2102 ¢% 3 ¥3)

CLUSED CA KCA YA ZCex(B FXZ FYR FZE)(=>(B IV 2XI HZE)(s 2X2 Yy
. 31330

FATTERN  (=>(B 2XZ %7% 272><->(5 £Y% 7XF IZEIC= WX FYEI))

HEQUEST X Y 2

1YPE FOINT POINT POIN1

" -

* (FROPERTYLIST [ SE)

FHENISE (B ZXY PYE 22¥)CB 2Y¥ TAL FLE 3

NOF 2 )

CONCL (= RXZ EY¥Z)

1

- %

T AB(XaYaW2E B(Y:Z:U))—> BIXJYJZ)
{A-XCA YA W(A E(=>{&(B FXE 2Y7 ?hi’(B Y2 ﬁzi !WK))(B !KZ

ZYR EZX33)33)
C-> (4B TXT 1YR TWRIC(B EYE XZ% ﬁUZ))(B !X! XY! 2Z73)

WX YT Z

FOINT FOINT POINT FOINT

’ *tFROPERTYLIST AXDY

(E(K;Y;Z)DR B(YrZ'X))DR BCZa X2 ¥ '
(A XCA'Y(A Z({OER(ORCE 2XZ ZYX %ZS)(B 2Yy ZZX ZKF))(B ZZ#
XK EYZIIYY)

J(OHCOR(E IXE 2YR - ZZZJ(B Y3 ZZ% IXIN¥CB X?X ZXX ZYZ))

XY 2z :
FOINT POINT POINT

- T
A*CPROPERTYLI&I AXE)

COLN0TEY = 2338 E(X:Y;Z))& B(Y;? Wyy-> B(X,st)

CA YCAVZ(A XCA W= =3 (&(&¢NOT(n 2YZ REZXI)ICE XTI IYZ FZAINB

ZYT 227 IWEIIC(B TXR FZX FWIIININ)

(«>(&CRINOT (s 2YR 222))(B IXT %Yi :Zz))(E ZY! %73 RW?))(B

AXT FZE WA

W RYEZ

FOINT POINT POINT FOINT

*(PHOFERTYLIST 1HI)Y

Fig. 17.

" (PROBLEM)
" TYPE A DERIVE,

- T*DERIVE: YmZ$

PROVE OR RULE. COMMAND

DERIVE Y= Z

1eps €13} *BIYaZ,X35

t%F3 L t2) xBB<O»Z,YsX)E,

SATHIS BN Y Z3=>{(B(Y, X ZI 7o (X = ¥
KiexYs ' A -

bER L4 I

ZigeXS car

t%3e 18RS 4

1ha.2AKE  (5)
.CORRECTéi-'

TYPE A DERIVE.

1% DERIVE: Ya=Z%

DERIVE Y=
t4PS 13
14ES ¢z

t%1.28PF (23
CGRRECT.« -

TYPE A DERIVE,

BCYsZ,X)-> (B{Zs Y, XY =>CY = Z1)
BLZsYsXI=5(Y = 29

Yoz

PROVE OR RULE COMMAND

*BCYsZsaX3€IX,>XIE
HBCZ, Y. XVE

Y= 2

PROVE OR RULE GOMMAND

Property lists for axioms in'Fig1 16. and éxamplé.&erivaﬁiohsa




6. Miscellaneous Commands

Five mneumonics are reserved as special commands of the command language.
Each will be mentioned, although not always elaborated on.  The description of
the instructional program will be completed with a section on defining problems. -

 Enter a Line (ENT). This rule should usually not be available to a student.

Like_WP, ENT expects the user to t&pe a well-formed formula. Unlike WP, nothing
is being asserted. No proof procedure is beginniné 50 no'procedure must be
cloeed. If the line typed is the problem,expre551on 1tse1f then the program
thlnks the problem is selved. ,
~ While the ENT rule may be used to type in expre551ons to determlne whether

they are well formed, it usually is used to debug the currlculum without :
constructing an entire preof, or to qulckly flnlsh a. problem that has glven the
user too much trouble. By requestlng thlS problem at another tlme, he can
retry it when he feels better prepared to 4o so. At line n., the format is

' ENT  (n.) <well-formed formula>

- Delete the Last Line (DLL). The user conceivably could request a working

premise or a GEN to indicate the beginning of a derivation procedure and then
could decide, any ndmber of liﬁee later, that the strategy he chose was
incorrect. By the rules of coﬁsfruction,.however, he either must close off
the procedure or .delete the command that denoted the beginning. The delete-the~
last-line rule (DLL) lets the user delete the last line frem con51dera$10n.
Another use for DLL is to delete a sequence of 1rrelevant lines that are only
confusing the user's. perceptlon of the problem. ' f - 5

' DLL alone permlts the delet1on of the last llne of the derlvatlon or proof.
Ir the lagt line is a Worklng premlse, then the llne is removed as a condltlonal
premise. If a GEN- request occurs after the last llne, then that request 1s
eliminated. ' . ' L '

The format is :.: ) <llne”number>-DiL 3

The DLL rule lets the user delete: ‘more than one llne at a tlme Ali the'iines-
of the derlvatlon or proof beglnnlng w1th <line number>y ‘are deleted If the
derivation already has n llnes and the command glven is Q___“; * where J < n,f
then the lines J,J+l,..,,n are deleted The derlvatlon under con51derat10n 15
now j-1 lines long. The only restriction on this rule is that no premise

- entered as part of the statement of the preblem can be deleted.
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INTT. The INIT command, if permitted by the curriculum writer for the DERIVE
or PROVE problem being presented, defers soiution of the problem until the
student decides he is ready to continue. By typing INIT, the student announces

his desire for the initiative to request his own DERIVE or PROVE problems, or

to derive a new RULE of inference (see page 7O on defining problems).’
When the student types the usual terminating ‘command, FIN, the .system-
returns to the problem originally interrupted. The problem ig presented anew.

If the student, while he had the initiative, specified lemmas or rules, hé could

now use them to solve his current and future problems.  ~Appendix IV, pfé%iem

5, contains an example of the INIT command.

7. Inferfacing Mechanical Theorem Provers to the Iﬁéﬁrﬁctioh&l Systeﬁt'

SHOW. The instructional system under.discussioniwas-desigﬁéa ﬁfimafiijJ

for teaching the construction of derivations and proofs. The systemis commard
language leaves most of the typing of newly generated lines to the computer
and relieves some of the tediousness in the student's work. _Supposé&ly,'tﬁis
only leaves him with the task of thinking out the stages of the pfoof, Bgﬁif
trivia is also tedious. No mathematician, when-constructing: a complex pProof,
relishes trifling with the laws of commutativity, or simple term eliminations,
i.e., obtaining those results normally introduced by 'obviously' or 'clearly!
in mathematical discourse. As students of mathematics are introduced to more
intricate problems, they too tend to produce less rigorous proofs, ‘yet ones
clearly valid to the trainéd eye. We would like to emilate this behavior--to
provide some mechanism by which a student can say to the computer "This.iiné‘is

obviously a walid inference from the wbrk which I have already done, and from

instances of such and such axioms and theorems."

We simulate the ability of the 'trained eye’ by giving the student access
to a SHOW command by Whiqh_he comuunicates Withrarmechanical theorem-prover.
The theorem-prover decides”whethef a ﬁew desifed lihe is in f&bi a trivial
deduction from the set of formulas cited. Before revealing how the simulstion
was carried out and whether our initial results seem promising, we offer an
illustration.

Tn the proof in Figure 18, B is a three-place predicate denoting "betweenness,”
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PROVE - CCNOT ¥ = Z)8 B(X>Y5Z338 BUY,ZsW)I~> BUXsZoW)

$MP . . €1) - CUNOT Y= Z)& B(XaYsZ))2& B(YsZaW)

J1®ERC. - €2) . B(YaZoW)

.- A%AXB B{XsYs2)=3B(ZsYsX)

e : Can
Y2 i .

CZ3IME €3) - BCYsZsWI-> BUVLZaY) ..
$¥3.288 (&) BUWsZ,Y)
skSHOY  (5) CENOT Z=Y)s BCWsZ,¥)I& B(Z,YsX)
FROM LINES OF. THE DERIVATION?
siklad . At o

FROM AXIOMS OR THEOREMS?

EIRAXE . B(XaYsZ) => B(ZoY5X)
- XersX )

LYY

Zr3xZ

07 *Y

LINE 5 IS OK

t*AXE CCINOT Y ® 238 B(XsYsZ))& B(Y:Z,W)2=> BCX,Yowd
WX R S o ) ) )
XseewW '’

YeenZ . . B ,
CRIETRY T UEY U CCENOT 2w Y)E B(WsZaYI X BLZaYsX3)=> BLWsZsX)

L ERGeSAA - (T} BeWsZu X))

2HAXB. . BUX,Y,Z2)=> B(ZsYaX).

Xrawg : st

Yrs*Z
TZIsEY Y (8D C O BAWSZaX) > BLXaZsW)

$%8.7AA (9__)‘ e B_(_XJZ:“): . B T .
-I*l,_-_QIC‘P-. LL10y . CoeNoT Y = Z)& B(XsY2Z))E& BLYsZaW2)=> BOXsZoW)

CORRECTses

f F:‘LgaulB° A_pfoof ﬁsing théaSHOW\command;”
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where B(X,Y,7) states that point ¥ stands between points X and Z on the straight
line they define. The sxioms were listed earlier (page 22). The problem
rendered below was given to a number of college students. Those who solved.it
came up with proofs ranging somewhere between 40 and 70 lines. One student
discovered a 17-line solution that was shortened to 10 by using a SHOW command
to skip trivial sequences and commands for forming and separating conjunctions.
The student makes the claim that line 5 is a trivial deduction from. lines
1 and 4, and from a particular instance of axiom A¥XB.. The theorem-prover
decides the claim is justified, and the new line is accepted. The fact that
the formula on 1ine 5 might not be proved by the theorem-prover does not
necesgarily imply that it is not derivable. It only suggests ﬁhat the formuls
does not answer our criterion for triviality. Note that the s£ﬁdén£; EEE thé
theorem-prover, is required to specify the proper substitution sequence for the
axlom. . Contrary to the ususl gims of development éh& use qf mechanical theorem-
provers, the prover does th have to perform complex aﬁalySesa That 1s left
to the student. Whilé.the‘fheorem—prover is used énly to . remove tfivial
“manipulations, the determination of proper instantiation often is not trivial.
For the SHOW routine, the instructionsl system was'éoﬁhected to a theorem-

prover based upon the Resclution Principle [Robinsoﬁ, 1965 and J. Alleh. &-D.

Luckman, 197C], a refutation scheme by which a8 statement is proved true by
showing that the conjuction of its negation with all known true sbatements

in the logical system at hand is inconsistent. Successful interface of the
prover with the instructional system requires computaticn of the set of clauses
-on which the theorem~prover performs its resolutions. In order to compubte these
clauses, the program must form the Skolem transformetion of each line of the
derivation and of each instance of an axiom or theorem which the sgtudent claims
should be considered by the prover in its deduction process. Computation of the
Bkolem transicrmation requires obtaining the prenex normal form of the formula
by a routine that is also used in determining the closure for a formula.
(Appendier contéins an aigorithm for cdmputiﬁg the Skoiem transformation of a
formulau) The set of clauses for the above problem is exhibited in Figure 19

as axioms 1-5, the negation of the problem statement as axiom 6, and the solution

~is given as the tree of resoivants.
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Axioms
1. -B(Y,2)
2. B(X,Y,%)
3. -B(Y,Z,W)

<o B(W,Z;Y)

5
6

-B(X,Y,Z) B(Z,Y,X)
. E(Z,Y) =B(W,%,Y) =B(Z,Y,X)

Resolution Tree:

"‘B(W} Zy Y)_ WB( Z, Y:X)

-B(Z,Y,X) ¢

WONIL

“ Flg, 19. Proof Based on the Resolution Principle .
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Although theoretically one might expect this approach to the -SHOW.command
to. work, numerous difficulties Wére encountered in experimental endeavors.
Some difficulties ére apparently due to the interactive nature nf The ﬁheorem—
prover used and to the strategies required to improve the efficiency of the
search for a proof [Luckham, 1970]. For the most part, published results seenm
to indicate a high dependency on the part of the program for.hnnan intervention
in order to add new clauses (lemmas) or to change the set of Straﬁegies. This
need for intervention, while often suitable for research, is nobt acceptable for
teaching purposes. _The stumbling block seems to be the determination of those
settings of the search-strategies which will, in fact, permit a solution to be
Found within the time and space constraints. There_is no obvicus way, either
from the structure of the expression, or from some interpretation.of it, to
determine which strategies to use. OSince the student should not be re@nired_
to interact with the theorem-prover, one set of strategies anticipating the
kinds of problems the students Will think of must be used for a given group of
problems,: The problem given in Figure 18 was not solvable by the theorem-prover,
Apparently the program got confused because the Search?space consisted entirely .
of ground clauses. Trouble also arcse with theeguality strategy (paramodulation)
which would not substitute a constant for a constant;* As a resuit,_many simple
problems in.@roup fheory were not solvable. It would seém that; tq implement
a satisTactory SHOW command, the developrment of new strategies for resolution,
or of theorem-provers with heuristic devices nmore cloéely linked to & particular
range of problems, would fare better.

EEEE? As mentloned 1n the 1ntroductlon to this report, one of the 1mportant
analysis problems faced in an instructional system for %eaching the notlon of
mathematlcal proof is to help the_student when he encounters difficulty in
completing n proct on derivation. If the computer is to simulate the human
tutor!s ability to show the student how to proceed, the computer must be able‘
to analyze and réspond ﬁo the details of the student's Workor It should not
merely produce ﬁrestored answers to anticipated questions, or hints to 
anticipated‘difficultieso, If the computer is to be able to adapt to the
immediste needs of each student, it must be ablé to extract information from
each student's responses, especlally when they are only partial of erroneous;

s0 as to initliate a dialogue relevant to what the student has been doing.

3fil’his iz an error in the program made available to us, not with the paramodulation

strategy. itself.
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Th order to sustain an informative dialogue, -and thereby to realize a =
mechanized tutor, a heuristic theorem—prover'wﬁs written. lIdeally, a thedfem—m'
prover knows how to do'the'broofs the studenté'are"required to do. The
thecremn-prover can find‘eolutions'to problems that ha#e'premises( It one
assumes that the lines the student has already'requeSfed are premise lines,
then the theorem-prover can teke them into account when it tries to discover a
derivation. In this manner, the computer tutor is able to deduce what the .
student has already done in terms of what lines of his work can actually enter
inte a COmplete derivation. Using the informstion obtained by the theorem—prover,
the computer can initiate a dialogue that will direct the student towards a '
successful solution of the problem '

To test this idea, a heuristically-based thecrem-prover was written that
solves problems of an Abelidn . group. The theorem-prover was interfaced %o the
instructional system via the command HELP. Any time the “student feels the
need for advice on how to continue, he:types'this command. = The theorem-prover
then attempts to find one or more solutions that take inmto account lines already
generated in the derivatioﬁ; The information so gained is given to a dielogue
. routine that ﬁrdceeds'te tutor the sﬁudent;. The preeise details of how the
theorem-prover operates; especially of how it is able to select several possible .
solutlon paths, as well as a descrlptlon cf the dlalogue 1tself, Wlll be given ‘

in a subsequent Teport . {Goldberg]

PART IV. DEFINING PROBLEMS

‘The basic intent of this instructional program is to prov1de an 1nterpret1ve
system under whlch a user can explore the notion of mathematleal proof The
emphasis is on self-exploration, not on the working through of a predetermined,
linearly orgaﬁized set of problems. Thus; two forms of curriculum specificatieﬁ '
are described: the eyntax for'problems that are stored on SOme'peripheral. -
device {such as the disk), and the commands the etudeﬁt has aveiiable for
requesting problems at funtime° Recall thatzthe command INIT (page 59) gives the
student the option te¢ interrupt the prestored curriculum on which he may be

working and 4o switch to the second form of problem spec1f1cat10n
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1. Prespecified Curriculum-TRACHER Mode

_ The syntax for currlculum stored on'a perlpheral flle is given below.
There aré three types of problems: o
1. A guestion that requires as'an‘anSWen”a.string of -
characters representing a letter, word,ior number;
v .2. A derive problem, with a sequence of premises, for
which.the user constructe-a derivation; and
3. A prove problem,-i.e., a derive problem with no
-~ premises, for which the user is required %o construct a
.fproof ‘The expression so proved will have a name
-assoc1ated with it. The name labels the expression as
- either a theorem or a lemma. All “theorem names have the
form TH<positive integer>; names for lemmas are strings - ..
of one or more alphabetlc charactersa_ N 7
The syntax presented ig not true in the sense fhat sll posslble strlngs
that can be generated from the grammar do not have meaning in the 1nterpret1ve
system. The acce;mable groupings of the commands, 1nclud1ng those Whlch are
optional, follow. Notice that it is necessary to enclose each problem Wlthln
matched pairs of parentheses for the convenlence of the LISP 1nput functlon
READ. - In general, the entlre problem, as well as any arguments to a command
element are dellmlted by palred parentheses,_ The exceptlon is COMMENT Whlch
requlres quotatlen marks to enclose the actual text to be prlnted .An
1llustratlon of problems for elementary algebra is offered 1n Appendlx 11T,
Appendlx IV 1s the 1nteractlon of a student presented Wlth these problems°

Syntax for Problems cn the Currlculum File.

<problem> ::= [<problem number>{<problem type> <problem statement>

<restrictions>-<answer>ﬂ

- <problem number> 2= 8 decimal number used for sequen01ng the problems
<problem type> : := DERIVE | FROVE | QUESTIONI Q

<problem statement> ::= (<well-formed expression>]
:  PREMISE (<well- formed—formula>ﬂ | P (<wre>)
COMMENT "<tex’t of the comment or question> [COM
NAME (<positive integer>) |
- NAME (<str;ng‘of alphabetlc charactersﬁﬂ |
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<restrictions> ::= RESTRICT (<possible restrictions>)

<possible restrictions>' ::= (YES<list of code_namee})<pqasible”restrictiqnek_L
(No<list of eoae_names>)§@qe5ible'restrietieneé,rd
{ADD<axiom or theorem name)ﬂ<possible,reetrictions>_L‘
(BLOCK) (possible restrictions)_L: ‘
v | “  ”
ANS (<string for the exact match>) [ ANSWER (<string>)
" RANGE (<lower bound> <upper bound>) | .
ALIST (<1ist of possible answers>) | -

il

<answer> - LI

PROOF - Note:  If an answer is more than one
item long, it is enclosed in
parentheses in the ALIST.

1

<dower bound> .o cui= dnteger number | NIL

il

s

<upper bound> “integer number l NIL -

. Acceptable Grouplngs Em Problem Cdmmands,J'*"'

‘%

Questlon problems
.l‘- [<humber> (QUESTION COMMENT "the text of the questlon
. ‘ ;‘ANSWER (an atomlc answer] N
Ll:é:i [<number> (Q COM "the questlon text"
‘HJiTTRANGE (<lower bound> <upper bound>] _
nﬁ:' [<humber> (Q COM "ext" ALIST (llst of pOSSlble answers]
Note: Q, COM, and ANS are abbrev1at10ns for QUESTION, COMMENT and
_.‘ANSWER respectlvely In 2 o3 the answer is a number N such
. that <10Wer bound> < N < <uPper bound> _ In 3,, the llst of )

”answers is (al a2 (a2 ah)), ice., & llst of atoms and subllsts

Derive problems:

- [ <number> . :

. (DERIVE (<well-formed formula>)

 COMMENT "text of somethlng the teacher may want to say about the problem
PREMISE (<well-formed formula)ﬁ ' : '

~ PREMISE (<well-formed formula>) _ |
RESTRICT {(YES list.of rules)(WNO list of rules)(ADD name of an axiom,

v rule, or theorem)(BLOCK))
PROOF]

Note: COMMENT, BESTRICT and PREMISES are optional. . Any number of
premises, 1nclud1ng none, may be 1ncludeda
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Prove . problems

[<number>.

(PROVE (<well- -Tormed formula>) ‘

NAME (<@081t1ve 1nteger or. an alphabetlc strlng of characters>) _
. COM. "text" RESTRICT ((YES 1list of rules)(NO list of rules)(BLocK))_

PROOF] | | | B

Note: IFf the name is a positive 1nteger, then the name- becomes
© TH<positive integer>, After the problem is solved, the
name becomes part of the command language. - NAME, COM; and
RESTRICT are opticnal.

. The RESTRICT option gives the curriculum_writer special contrel over the

command language. There are four possible control devices.

1. In order to add new commends {axiom names, theorems, and

rules) to a student's command language, the optional list: -
“(ADD <list of one or more names of axioms, rules, or theorems>)

is included as one of the arguments following the word RESTRICT.

2. The writer may not want the student to interrupt- the particular

' problem to be presented, i.e., use the INIT command. {Perhaps -
- "the curriculum is organized so that problems reference. one

another and the writer prefers te have a group of problems .
warked on in succession,) The interruptien can be blecked -
with the argument (BLOCK). This option must appear in the
specification of each derive or prove problem which the
student may not interrupt.

%«. The curriculum writer .can also take special control over the
actual solution te the derive or prove problem. He can
insist that the student use one or more rules. These rules are
Ancluded as an argument:list beginning with the word FYES.

;4,_ Or, he can insist that the student find a sdiution Without
using certain commands. This is the 1ist:beginning with the

~word PNO. The student 1s allowed to complete‘é solution

before the interpreter checks to see if that solutien ﬁeets
the restrictions. If a command is incorrectly used, the -

student will be asked to work the problem again.
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"Using a command” should be carefully defined since a student can request
a command and then, without deleting it, not really have that command “enter

into the generation of the problem formula. The exact protocol of commands

the student typed does not indicate if the student solved the problem within

the restrictions set by the curriculum writer. Tnstead, a compubted list: of
"relevant" commands, i.e., commands which materially entered into the generation _
of the probleﬁa'fo_ifﬁﬁla must be examined. The algorithm for computing the list

of relevant commands'is giﬁéﬁ-in_Figure 20. - o | )

2. Commands for Reguesting Problems in the STUDENT Mode

*The student requests only: the derive and preve problems, not the questipnsf
This give him a chance to rework:his proof techniques, repeat preblems he may
havefhad trouble soiving;-try some easier problems if he. feels he is not ready
for the ones he is being given, or try more challenging ones. . Any lemmas he

proves become part of his..command language and are thus available to him for

later derivations. The syntax for requesting problems is cempatible. with the
command language.’ ‘
1. .« To request.a derive problem, the student types:
. DERIVE: <well-formed formula> -~ -

(1) <well-formed formula>
(2) <well-formed formulsa>

P
£

The P commsnd stands for "premise.” Tt is similar to
“entering a formulas for a working premise, but this line cannot
be deleted by the DLL rule. Once the student starts typing

cdmmahds dﬁhef'than P, he can no longer type the P-command.
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n + last line of the derivation
- commendlist - (m}
checkl « first element of {COM n)

v

Is checkl equel to (NIL), P, or WP? )
_;m>l”.

check «~ o .

check a.ppended. . Yes

to'checkl s, ch?Ck _emptﬁ
Remoave the - - g
first element-- Here, commandlist’ is a list of ‘line
¢rom check . ] . . numbers. The comniand names &l each
. B B line are relevart to. generating the

) : ’ : | solution formuis. - Now' search for

Yes the command names:

Is the first element - - : ‘ —

‘of check a member Of [ee———— T o _commandg * NIL-

is commandlist empby?

commendlist? | B . -44*
No; . S ‘ -

i« first elemen‘b of check 1. . U Neo F e - i Yes -
°°mm““5143t - 23“ 1 tiist 1 « firgt element of 't RETURN
mand ST commandlist T <. -} {coimands
' checkl - fémt 1t)alem§nt of o commandlist « rest of !
: : commandlist

‘comuands + a.ppend to-~
ccmmands 'bhe
second element |
of (coM i)

‘Fig. 20. Algorithm for computing the solution stringw-thé.lisf
: of commands‘used in generating the problem formula.

Notatlonally, the list of commands is saved in an array named {coM i),
where i is the line number, (coM 1) has the form"'

(<list of line numbers>'(command name) <list of occurrence referencess
(<information following the colon>))
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- + To request a prove.problem, the student types:

FROVE: <well-formed formula>

After the student completes the proof, the progiam -
will ask him for a

NAME: <string of alphsbetic characters>

The student's responrse, an aiphebetic‘stfing;-nemes
the formulsas as s lemma which now'becomes part of hisicommand
language. £ _ ‘ ' e
The student may aiSd'defivé”éﬂhew'rﬁle of. inferenee if'heeﬁ

feels it will helpihim in constructing new derivations.

The format is’

RULE <nsme for the new - rule-»an alphabetlc str1ng> :

FROM <name of an axiom or theorem in the student'
' 'command language>

The same 1nformat10n has been requested here ag was requested;

in the: TEACHER mode version of deriving a rule of 1nference

(page 54) and- the identical processing algorithm is carrled out.

 PART V. - SUMMARY OF THE COMVAND LANGUAGE .

The convention is to underline items typed by the user; all other information

~is typed by the program. Each user command is terminated'by.eQ’ALTMODE (Enter Key)

which appears as a dollar sign ($). - In most cases, the ATTMODE is not shown.

Note that the user can type‘ALTMObE in order to escape from any command sSeguence.

In the following, & is-an individual variable, 8 a term, and P, V, V', are

well-formed formulas (WFF).

TInstances of Axioms and ‘Established -Theoreums

T,

Proper Substmtubmon ‘of a Term for a- Varlable.

<ax10m, 1emma, oY theerem nsme>

<Tar;able>.. <term of 1nstant1atlon> '

2

<yariableX>:: <term of instantiation>

The substitution sequence continues for each universally

' guantified variable (whese scope is the entire formula) of the

closed formula associated with the axiom, lemma,- or theorem.

Substitution is carried out simuitaneously.
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2. Proper Substitution for Predicate Lettemrs and of Terms for Variables.

PS : <name of axiom, lemma, -or theorem>

1 <yariable> : <well-formed term>

11 <predicate letter> : <WFF>

-~The: ‘substitution seguence continues until.thefusergtypes the
ALTMODE key without one. of the two possible substitution pairs.

The substitution procedures are carried out iteratively.

Proof Procedures

1. WP . Working Premige

WP (1) <EF>
2. CP Conditional Proof
W (i) o
)
i.jCcP (n) o>V
3,. IP Indirect Proof (reductio ad absurdum)
' (3) v
(k) NOT V¥

. 1.3.xTP  (n) NOT @
I, Tntroduce a variable:of universal generalization
_GEN: <yvarisble>

QK ~ If the variable doeg not occur free in any

antecedent lines, the program types 'OK'; .

otherwise, an error message is given.




Co8L UG T Universal Generalization

GEN: @ - Cor, ralternatively: o
0K | ST e R
(1) o) ) ele)
ilG: o (n) Vag(a) iUG: o (n) Voo(a)
This version of UG need This version of UG requires
”ronly ¢heck the last GEN L checking for @ free in-any

’71ntroduced ' i ﬁ.”ff"vah%eCedent-lineswjf:; e AT

Primitive Rules of Inference

1. A& -'Afflrm the Antecedent (modus ppnens)_
| '.(J) o
s (n) ¥

2. Quantlflcatlon Rules (and UG:above)

ES 'Ex1stent1al Spec1flcatlon
1)50@04)
o B (n) Q(B) where 5 must be new to the derlvatlon
EG Exlstentlal Generallzatlon '
| (1) o(8)")

iEG <sequence :of occurrence numbers>

o B n) Eam(a) where substitute @ for each occurrence -

~of B referenced.

ﬂS Universal Specification
| (1) VOé@D(oc) '
. AUS
o (n)" f@(B)
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3. Logic of Tdentity IDS and IDC
(i) o(B)

iIDC <sequence of occurrence numbers>

a: B (m) Wo(o=B -» p(a)) where substitute o for each
m IDS ' (n) o(B) ' occurrence of B referenced.

L, Interchange Rules RE and RQ
| (1) ola)
() a=p
1.JRE <occurrence number>
(n) o(B) where replace 8 for the free occurrence
(bj (V) of O referenced.
| (p) Ve | |
i.JRQ %bccurrenéé number> 7
(g) @(¥') where replace ¥ for the occurrence

of'wf‘referenced.

5. Qereralized Interchange: Rules--short forms of axioms and theorems

' <lihe number> <axiom, lemma, or theorem name> <occurrence number>

Miscellaneous Commands

_l. Delete the last line. DIL -
«line number> DLL

ALl lines other than premises, beginning with <line number>

and continuing to the last line generated, are deleted. . If IP and
CP lines are deleted, the subsidiary derivation is no longer
considered closed. : o |
2. Enter a line ENT_
ENT | (i) _'-<w_ﬂ?>
This command is useful for testing expressions for well-
_ formedness or for debugging the curriculum without having to

. do the proofs.
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3. Use of Mechanical Theorem-Provers: SHOW andé HELP -
SEOW  is described in Part II, Section 5.
HELP 1is explained in Parts III and IV. .

b, Cbtain the initiative to request problems at runtime.
INTT -

a. Derive problems

DERIVE: <WFF>

P (1) <WFE> The student ¢an enter any number of
P (2) <WEFE > premiseriiﬁesg'eeﬁtinﬁihg until he

enters a command different from P
" or DLL. o
b. Prove Problems

- PROVE: <WFE> _ .
WAME:: <alphabetic str1ng>

After the proof is completed, the student may assign a
name to be associated with the WFF. This.name becomes. ..

‘part of the student's available command language. -

c¢. Derive a new rule of Inference.

RULE: <name of a new rule>

FROM:: <axiom, lemma, oOr theorem name >

The new rule resulbts from the algorlthm presented in

Part III, Section .

Derived Rules of Inference

The general format for a derlved rule of 1nference is:

<seguence of WCOP line numbers> <name of the rule>

The line numbers refer te lines of the derlvatlon or proof which must match
.the correspondlng premlses of the rule. ‘ The premlses are patterns (under
the name PATTERN) on the property llSt of each rule listed in Appendlx IT.
Note that the loglcal connectlves are wrltten as varisble nemes (e g.,
"ARROW", "ORSGN"). After the teacher has specified the'vocabulary; the
variables in the rules are replaced by the corresponding logical constants.

The RESTRICT options are written as LISP S-expressions. The procedure that




processes derived rules evaluates these S-expressions in order to check
for restrictions on.the values of the dummy variables or the requested
_expressions {REQ), or to, (re)compute substitution pairs for the substitution
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Appendix T

Forming Cla;ﬁse'e-for --the ‘Formal Theorem-Prover

1.  SKOLEM TRANSFORMATION routine |
' Below is & sketch of the seven functlons used 1o form the Skolem

' _transfomatlon of a formula cp

lnput strlng 1 e:r, e -
CLOSURE § =1 - - AR Ensure.that the formula 1. is a closed formula.
_-ELZMAR-ROW: n-;. n D -_Eiiminéte' t_h_e implications signs.

86 all cccﬁrrence_s of the pattern
© (> A B) becone (OR(-~A)B). Any more
' cccurrerice‘:s of {5 A B)?
o - ¥ES

NEGSCOFE 0 =1n- ~_ Reduce the s_cofpe of the negations signs.
: - - Each negation 'sign () should apply to at

most one predlcate letter So all the

occurrences ofr "become:
“{+(&8 B)) - sl (OR(~4)(=B))
o (s(cRAB)) - (e(=a)(=B))
L)) A
ExNY o xea)
(Vv x _A_))’;'- o T E (A
: Djfs{['R m —>rr.1 . E D:Lstrlbutlon le,ws -f_or ‘the guantifiers d-and ¥V
D ' are applied, All the occurrences
of': C e . become:
(r@ x )3 x B)) @ x(cr A B))
(6(vx )y x B)) (¥ x(s 4B))
i 58
.
o



PRENEX 1 — 1

N is now in the

© form ®¢ where
d is a gtring of
gquantifiers and

9 is the matrix.

CNF 1 -1

n is'now‘in tﬁe
form 5¢‘.where

@' is @ in
-conJunctlve normal

form.

SKOLEM 7 — 1

Standardize.the-%ariableseérenamefvariables o

to ensure that each quantlfler hasg a unlque'

© Gummy varlablen This 15 done whlle mov1ng all

the quantlflers to the front of n, preserv1ng

order. If ¢ is a varisble Of generallzatlon,

renamed as !, the ¢ is within the scope of .

“the quantifier, then any & contained in @ is . -

renamed ES a‘ - In order to ensure that the _

aetual blndlng operator etill blnds the
~original verlables within its scope,

variables of generalization which occur in

a @ are also renamed as above. When a

variable of generalization is found which has

already been renamed, it is renamed agaln.

Thus,'order and the scope of blndlng

' operatOrs are preserved

Conjunctive Normal form:

The matrix @ resulting from PRENEX 7 is put
into an equivalent form which is the
conjunction of a finite set of disjunctions.

(OR A (&B C}). becomes (&(O0R A B)(OR A C))

 Eliminate the existential quantifiers.

The usual skolemization is carried out

with the skolem Functions represented

Cag £<i>, 1=1,2,.... The universal

guantifiers are dropped.




2. TIs a formula ¥ CLOSED?

> NEGSCOPE 1 — n <—>> DISTR 1 — § —>> PRENEX
5 -
of form
Sp

¥V — ELIMARROW ¥ — 1

Variables in ¢ have been

standardized with numeric matrix « @

terms. VARS « list of QVAR « variables
nonnhumeric variables still ' of generalization
in © in 7

¥ CLOSED ¥ NOT
‘ CLOSED

3. FORM a CLAUSE from @
A clause for the theqrem4prover is a disjunctien of literals where a

literal is elther an atomic formula or its negation.

P - SKOLEM TRANSFORMATION @ — 7

N L « eliminate the conjunction sign.
CONJLIST

" L.is a list of all the conjuncts; essentlally
=1 all occurrences of (& A B) becomes the list (A B).
-All terms which are constants must be nested, in
DISTLIST list form, one list deeper. All disjunctions are
n =T eliminated so that a clause becomes a list of the

_conjunéts which in turn are a list of the disjuncts.






Appendix IT
The Rules of Logic

AR *AFFIRM THE ANTECEDENT

PRCHISE

COARNOW TP T TR D). 2P A
COWCL, A% % :
WOP 1

& *COMMUTE CONJUNCTIOM

PREWISE (LANDSGH Z5% IPT))
CONCL  .CANDSGN 7P % 252D
Nor [

OCCuR 1

@ *COMMUTE DISJUNCTION

PREMISE ({ORSGK XSZ ZP 7))
" CONCL (ORSGN ZPZ A5
HoP 1 .

0CC Uk 3

CE  *CORNUTE EQUALS
“PRENISE (CEZGSIGN %47 ZBT))
CONCL  (EGSIGN ZBZ A D

KOP 1
ocCuk L
(& *DENY THE CONSERUENT

PREMISE (CARROW Z2Q% ZR7Z)Y (NEGSGN Zk7Z))
ML (NEGSGN 7% Z)
NP

00 *DENY THE DISJUNCT
PREMISE C(DRSGN ZST %P2 TR D

CConCL @i
¥0P T2
({DEFPROP RESTRICT
{COND N

((DENIAL (CADR (ASSOC (QUOTE 2Z5Z) MAINSUB))
. (CADR (ASSOC (QUOTE ZRZ) MAINSUB))) L

(SET@ mAlssuB (SuBSY (QUOTE X683 (QUDIE %S2%) MAINSUBI)):

(CDENIAL (CADR (ASSOC (QUOTE ZPZ) MAINSUB)) .
(CADR (ASS0C (QUOTE ZRZ) MAINSUB))) -

(SETQ MALNSUB. (SUBST (QUOTE 2.2 (QUOTE 257) WAIRrSuZ)3)
(T (ERKNSG 56330 .
EXPR}

DM *GEWORGAL'S LAWS

PREMISE (CR : .

((AKDSGN 26 % ZR D))

C(ORSGN 2@ %4 ZR ) -

{{NEGSGN (ABDSGN 7ZG 7% AR 7))
: CCHEGSEN {(OHSGN AG % RR DI N

OaCL (OR .

(NEGSSM (ORSGN ZP% 257))
- {NEGSGN (ANGSGY Zr% R54))
(ORSGN ZPX Z57)
cANDSEN AP % RS E»)
noP 1 : -

(DEFPHOP RESTRICT
(AND (SETQ MAIRSULS
' (APPERD (LIST
~ (L1ST (QUOTE %Pz}
(COND
> (CARD
(NOT
{ATON .
{CADK (ASS0C (QUOTE %BZ) MAIKSUEI )}
T (ER
(CAADK (ASSQC (QUOTE %37) HAINSUBY) ’
NEGSGNY)- - . '
© (CADADR (ASS0C (RUOTE 787) MAINSUR)Y)

AT o
(LIST MEGSGH
. (CADK

. . (AS50C (QUOTE 7C 2D MAINSUB})3)3))

MALNSYE}) o _ :



" (SETG MAINSUB
(APPEND (L1BT ° .-~
. (LLST (RUOTE 251
{CONG -
C(AND
SANCT
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(CA0K CASS0C (QuOoTe ZR¥Y) MALMSULRII)N)
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. e
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PRENIDE COR L o
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CORCL - COR _
8% -
. (WEGS BN (NEBSGE 28730
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CIE . #DISJUNCTIVE SYLLOGISH

PREMISE  ((ORSGN %PZ Ze® (ARROW Z7%.757T) (ARROW.Z0Z ZR 7))
WHTL (ORSGN 7S7% 7R7) - - ‘
KNP 3 _ :

FC %FUR® A COBJUKCTION

PRERIGE (257 780)

MMCL . (ANDSGH AST FE D -

“OF 2 )

i *FORN A DISJUNCTION

PHERISE (RS .
Wk - (ORS3Y %57 REQ

o -

“HG *AYPOTHETICAL. SYLLOGLISH.

PRENISE: ((ARKOW 2P 7% 20D CARKOW 267 %k 7))
- CONCL.  (ARRGY 27 7RI} - . - .
ROP 2 .

La  #sLaw OF THE 8ICONDITIONAL

PREKISE (OR e : }
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Appendix III1

VSample Curriculun File

1
L C‘»Is’Q " 'CA MEANE COMFUI‘E AEDITION®. -CA ALLOWS
YOU TO SWITCH THE TERMS ARQUND THE...

A) “=* SICN
B} ‘47 SIGN
€} <’ SICH. ™
ALIST (B /+]

2 (@ - ’
[ C{(JH “COMMUTE ADDITON IS AN AXIOM MVHEREAS |
COMHUTE EQUALS IS5 A... |

A% PREMISE
B} DEFINITION
ANSWER (C)
{3 ( ,
OB YEERE IS THE CA AXION: ¢ A,
THE, CA AXION IS A TEUE FRUASSGL X0
TERE “A° ARE.

MATIEL: WHAT NUH
WHICH OF THESE 1S AR EMM.PIE 01" Chaee

A) S5Hi=5+4

B Ftn,
AXS ( Bi'

[4 (DERIV}: (5 £+ 4=
Axmu.

DERIVE: S5+4=445

CAS A4B=E+A

A1:5% .

Beidd (1) S544=4+5

' @RE%TRI? ((aDd m))

+ 5) :
A ExA “OF HCW IC USE THE

[5 &n}gl]azm (3.4 2=2 M4 13)

L6 pmIE één(ﬁ RE gﬁéﬁmﬂm CF THE CA AXIOD,”

PREMISE (A /+ B= 6 /+ 3
nrsmicr “((no rE))

[7 (@

CQM “WHAT NUMEER CAN “A” EE I 'A-<6'IS
A TRUE STATEMENT?"
- RANCE. (NIL 5]

[8 (DERIVE (A
(A J"')J THER (A<6))
g ?:?H B=5)
ROOF |

(Eg (DERIVE (4A-B)
oM "z’ STAN.DS FOR ‘THE ZERG AXION: A+0=A"

Gt 0((mo &%
%ﬂmrﬁ%c J{ADD z)}

10 (fm\m (O f+A =2)

COM YOU NOW XNOW FIVE AXIOES TU USE IN PROOES.®
REF&IERZicI ((BLOCK) (YES Ci Z))

11 {(Q n
£OH "WE WILL CALL ECUATION C+A=h, TEECREM 1%
COM PSIKCE YOU HAVE FLOVED THEOFEM 1, YOU CAN
USE IT IN CIHER PROCFE. STUDY HIS...

DERIVE D#6<6
THT | O+h=A
Az (1) 01—&6

“THY“ STARDS FOR...

A) THECKEH 1
AXTOM 1

C} EULE 1," . o
IST {A (THEOREM 1]

512 s 8fil'_.{+1 Il. 'I}Iu FHCOY. ¥

RE‘S’LRICZ ({xo cA Z))
TROGF}







Appendix IV

Using the Curriculum of Appendix ITI

*{ STARTJ

WHD ARE YOU ¢TYFE § OR T)?
1

PLEASE TYPE YOUR NUMBEE.
¥65

ADELE GOLDBERG

0K?

V¥

1

‘Ca’ MEANS 'COMMUTE ADDITION'. - CA ALLOWS
YOU TO SwITCH THE TERMS AROUND THE-..

Ad SIGN
B) 5IGN
Cy et SIGN«

*B%
CORKECTs s

- . X ‘ ‘
COMMUTE ADDTION IS AN AXIOM WHEREAS
COMMUTE EQUALS 15 Aeee

AY PREMISE
B> DEFINTTION
G? RULE OF INFERENCE.

*B%

~ ThY AGAIN
*CS ’
CORRECTa s+ _

3 .
HEHE 1S THE CA AXIOM: A+B=Bea.

THE CA AXIOM 1S A TRUE EQUATION NO
MATTER WHAT NUMBERS 'A' AND 'B* ARE.
WHICH OF THESE 15 AN EXAMFLE OF CAess. .

AY  S+4=Se s
BY S+4m4+s
C) . 4+5u09.
*B3%

CORRECTs s

4
HERE 15 AN EXAMFLE UF HOH T USL 1HE
€A ARIOM:

DERIVE: S+and+s

CAS A+B=B+A
B35 - T
Brs4s €1y S+ 4=4+25

TRY THE FRODF.-

DERIVE (5 '+ 43=(4 ¢+ 53
TrxCaE A+ B = B+ A

Azi5E

Bt i#as 1) €5 4 A¥ee4 + 5
CORRECT - »

5 .
DERIVE €13+ 2)=(2 + 1)
TRINI1S ’

YOU CAN NOWw REGUEST. A DERIVE OF PROVE
FROBLEM» OR DEHIVE A NEW RULE OF INFERENCE.

THE INTERRUFPTED PROBLEM WILL BE RES1ARTED
IF YOU TYPE FIN .

TYPE A DERIVE, PHOUE.OR RULE COMHAND

1*DEKIVE: 2+3=2+3%

. DERIVE (B + 31=(2 + B

i%CAS A+ BE=B o+ A

%23
Bri*3% {1y (2 + 3)={3 + 2}
~¢*1CE1% (2 (3 + BI=(Z + 3

th1.2KEIS €33 €2 + 3)=(2 + 3).
CORRECTsss

TYPE A DERIVE, PROVE OH RULE COMMAND

1wFING

NOW HELO THE FROBLEM YUU INTERRUFTEL:

b .
DERIVE {13 + 2)=€2 + 132

1%CA% A+ B= B+ A
s% 138
EEEE g3 €1y (13 + 2)=(2 + 13)

CORRECT» « s




19

6 .
THY USING THE SHORTFORM OF THE Ca AXIOM. - YOU NOW KNOW FIVE AXIOMS TO USE IN- FROGFS.
DERIVE (A + B¥=(3 + &) RS FROVE 0+ AY=. A
F €1y (A % Bi={& + 3} . .
B s*INITS U U T
s#CA3 A+ B= B+ A YOU MAY NOT REGUEST YOUR OUN EROBLEMS NOW!
ALI¥ET : " Y I e
Bri&ls 2) (6 + 31=(3 *+ &) . A A+ 0= A
Sl . - Az:»as 1y &+ 0= A
t#1.2RE1S  {3) A ¢+ Bi=l3 + &)
: T ] $+1CAR<A> 18 2) (9 + A= A

"CORRECTs s« ) : IR e LT

YOU MAY NOT USE RULE .RE IN THIS PROBLEM CORRECT« v s :

TRY AGAIN . . i
BERIVE A+ BY=(3 + 67 - B . 11 ) et ;
F (1) A+ BYS(6 + 3 S VE WiLL CALL EQUATIUN 0+p=#, THEQREM 1
r%1CA2S (2) tA + B¥={3 + &) © ' SINCE YOU HAVE PROVED THEOREM 1, YOU CAN

' e USE IT TN OTHER PROOFS. STUDY FHIS.-
CORREC1aca . o
- DERIVE (+6=6

7 THE  (+A=A

WHAT NUMBER CAN 'A" BE TF °A < §' IS ) ATre (1) -DrEmE. -
A TRUE STATEMENT? .
: *TH1® STANDS FOR...

4% e R R : .
CORREGTs = o S R AY THEOREM 1
B) AXION 1
8 i C> RUWLE 1.
DER1VE A< 6 e K
P €13 (A + 3) = 53=-3(A < 6) *THEOREM 1%
3 Sy R = 3 : o : CORBECTs e s
. .P €3 A+ B)= 5 .
’ ‘ . o o1e
“t#3.PREIS €4 (A4 = 5 R ’ USE THEOREM 1 IN HHIS PROOF.
1¥ 1. 4AASE {5y A< é . : DERIVE €0+ 7= T
CORRECT.«u : KR sTHIS - D+ A= A o . :
. C ) T ArzxT % o1y 0o+ Ti=
El : C : iy . .
*Z' STANDS FOR THE ZERO AXIOM: A+=A COHRECTeas .
. S - Co R LESSON OUEH««.
. DERIVE A= B - . GOUDBYE«» s AUELE
P (13, " CB + 0¥=CA- % D) ... i
£ o
b1
NO. COMMAND REQUESTED?
%25 A+ Q= A
ALt4BS t2) (B + )= B
teZ% A+ D= A :
ATT¥AS 1 (3Y .CA + 0)= B

t¢1«2RE1% (4) B =CA + O
- t&4«3REIE (5) B = A
t2CELS t6) A=B

. COKKECTeos



Appendix V

Some Sample Proofs

The first proof given is of a theorem of logic which 1s motivated by
Russells'  paradox. Simpiy let 'F' be interpreted ag the membership relastion
of set theory; then, the sentence to be proved asserts that there is no set
which consists of exactly those sets which are not members of themselves.

Speéial attention should be paid to the.fact;%hat'some of the lines of the,ﬁroof
are justified.on the baéisjof either universal specification or existential
specification. Bofh of these rules involve proper.substituﬂion of é term A for
a variable X. :

The second theorem of first-order logic for which a proof is provided is a
variant of Russell's paradox (again, for 'F' read 'e;). .The antecedent. of the
theorem is an instance of.the Well?knoﬁn.Aussondérqggﬁ.axiom.due to Zermelo
(thus, sometimes referred to as tZermelo's Axicm'); it ‘asserts the existence
- of those sets which are_a'subseﬁ of_éome given set -as defined by some Well}formed
formula of the language.. It is expected that from this axiom one can prove
the.non-existenée of the troubleéome ﬁniféfsai biaés and_this is what the =
conSequeﬁﬁ of the theorem asserts. WNote that instances of previously proved
theorems are needed for the proof. O0f special significance is the fact that in
obtaining these instances substitution for predicates is needed; for examﬁle,
the formula 'F(v,v)' is substituted for the O-place predicate 'Q'. :

The third example is an,alternatife derivation of the fact that thefuﬁivérsal
class is not a set. Premise (1) asserts that every set’is such that the cardinal
number of the class of all subsets-of.it is greater than the cardinal e of
the set itself; this is, of course, Cantof's'theérém;"Premise (2): asserts that
the class of all subsets of a given set is itself a set; this is\thé Péwer'Set
axiom of axiomatic set theory. Premise (3) asserts that for sets x,y such that
¥y comcains x, it i1s not the case that the cardinal number of x is greater than
the cardinal number of y. The final'premise asserts that the universal ¢lass

contains every set.




DERIVE  “MOTCE YCA KEFeXs¥d TRFCNOT FeXaX2333)

1AuPE s FEYCA KCEOLY) TFF NOTCFCKaXIII08 -5 S Y Lo ] i

YWLL<iBESE e oo : A TRRERE
Yi14Z% tey A OKCFCK 23 TFFINDT FEXsXIT)
Cpwmpss U s L e N
X11eze (ay FUE,ZITFFINOT FZ,23)

CRRILES - oAy L L CFUZEY S>NGT FCZAZIVIACINOT (7Y w3 FOTLTY)
£RALCE . (53 o, . FUZZ3-30N0T ECZa23)
cR4RCS  €6) - (HOT FCZaZ33e> F(ZaZ)
i ewps e o ﬁ“tNﬁ] ;(i;éii T
L¥6.TAAS  (R) ) S FtEeZ)
LT T BIFS (9) L RCEB) - ‘ e s o ;

TERES aey *FCZ, 278

145.10885 011y - 0 NOT BeZ.zd 5
1210 10-11IPE -+ o
: (12> NOT FCZs2) 7 _ :
191,90 12IPEC13) NOTCE YCA ¥CF(X ¥ TFFENOT FCXo%390) 1
 CORRECT« :
DERIVE €8 ECE Y(a XCFCXY) [FFCREKEY &ON0T FOXa¥30)1300maROTCE - S LT ‘
2¢A X FIX2Z3))) N . ’
- 3%UPS . 1) L #AZCE ¥ (A XCFCXsY) IFF (FOX.Z3BCN0T FOGEIIIN : ) :
s oo R T L R .
LatEBE (@) . %E B(A X F(X,Z))S
C1H2ESH . . .
Zitews .. . (D) COTAK RO _
Treilss o ) : . ’
EETeWS. (A) T BCYCAINCEER,Y) TFECE(GLY) EWOT FOX¥)I00
1 WAESE _ . ) -
¥1ievs sy C A REFCR U TRECECR W TRINOT FOGKYIIY,. -
1¥5U58 P e : : : : . ;
K1gaus o (634 S (UL UTTFECFCUL B3 8 CNO0T Fual3)) S e . L - oo : : :

s kP51 THAS L. €@ IFFCR | 8CNOT 03))=>(i ~IFF(C  &(NDT €133 . R

TERQIF (VLIS Poiieen T s o) : o T - . . ) )

1E#RIF (X WIS . - . ' ; ' : - : .

trEXIbE. : ; : - .

LI ; . : . ' ’ - . BRI

Z4 2 CFOVLVY TFFOFQU. W) &IN0T FOVaVIFII-3 (Fti, W)
L TRFEFCUVAVY RONOT Feu,VIdN.

1476088 () CEOWWTFFEFCUL VY EN0T ECUsu)Y
IRPSITHBS  NOTCR L AGNGT 0)) ' : Low , o
CrIRQIF VLYY S : : - . ) : :
LEL L BRI B S " DR : —



{93

$*ELBY (IGS

t*10LCS [T
tk11.9065 (323

[ERIH-A
K3tsVg €13

L 1#2412.136PS
14y

tHie lECFS (15)

CORBECT..«

DERIVE  NCT S

1*PS 1)

eI 733
TP £3)
Ed

§*PS €4
$MPS 53
192055 '
X31teUs {&)

t*6.5AAS  (T>
r3USs
XeisB(S (8}
:%BUSE

2 1% 19}
1Y «5FCS (1
¥ 10AA% {113

B I
ALer#BANS  (12)

1*12,74R% (I3
%114 3ARD (14D

1*EUSE
S X3S €153

$#15.5AA% (lg)

1#5+14.-461P%
17}

CORRECT s«

NOTCF (U, VY LENOT Febaran

(FUL WY =>(F{UL VU ECNOT FIV. UL CF (VL)
L& INOT FeUsVIdy => FOUUDD

CFLV 3= (FEUL VT &CNOT FeV,u3))

NOT FiVaW)
FourWl

NOICE Z4a X F(X,Z3))

(8 ZCE Y(A X(F(Ka¥) T¥F(FCK,2D A(NOT FEXaX)233)0)mmg

WOTCE ZCA X F(¥s2)3%2

u

*A K(S5(X)-» G(A(B(Xi)aA(K)J)S
#A X{SCX)->»S5(B(X2))S

5 KA YLLSIED & S5{Y1)~-»{0LYsRIwm>
CNOT GLACKIALYYFXFNIG

*4 XLECXI~2C(iT X205

BET 133
S U=>» 5B U
.5 BU

A YLIS B U & § YY) -7{CLY2B ) ->(NOT G¢A B Ui Y
1303

f$ B Y& S UNen(CUUMB U =»(NOT GCA B UsA DT
SBU s U

CCU-R -24N0T G{A 8 UsR UMD

5 B U-» CU-B U}
CeusB 1)

NQT Gia & U.a 117

S N=» 38 B A 112

G{A B U4 U}

NOT 5 6
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