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CHAPTER I

INTRODUCTION

IT.1. MODELS OF TEARNING AND PERFORMANCE

'The idea that an educational experience'is_comprisgd
cf two stages;_learning and performance, is relatively new
and very little has been written about it. Conceptuallg;L
the notion is quite simple. The learning stage takes place
as long as_the-subject continues to update his knowledge or
as long as there is a positive.bebability.thét”fhé prdﬁdrF
tion of"hisrcorrecﬁ réébonseé'will incréase:' This'éﬁagé
iééﬁs:ﬁhtil the subjec£ reaches a ﬁhresﬁold;:btfé steady'.
,ététe,.beyond-which improvémenﬁs ma§'be‘only‘rand6m flue-
‘tuations. Thelﬁérforﬁan¢e stage tékes place from this point
ohwafd. o | |

" In Section I.1.1 we briefly review three models'of the
1earnin§ prqceés-— usvally associated with Paired Associate
~ Learning (PAL);L.A siﬁple;performahce model (Automéﬁon) for

' two rows addition problems is presented in I.1.2.
f.1.1. Three Modéls of the Learning Process

The Single-Operator Linear Model (M)

' The model is represented by two equivalent equations
(Atkinson,'Bower-and'Crothers, 1965):
The probability, p, of a correct response on trial n .

increases according to the equation
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Py = 0P+ (1-0) (1.1)

where o denotes the learning rate. The initial probability
Py is assumed to be - 1/r, i.e., one over the number of re-

sponse alternatives. Equivalently, the probability, qn, of

an incorrect response on trial n decreases according to the
relation

g = aqg (1.2)

n+l n

_The One-Element Model (OEM)

The OEM and its_properties-glbidg are derived from the

- following assumptions. Each item starts in the unconditioned

state U.  Subsequently the item mgy_mdve with probability- c
to state :L, where it is ¢onditioned,.or stavys unconditioned
‘with ﬁrobabilityr l1-c¢. Until the item is conditioned.there
is a constant probability g that the subject will respond

correctly by guessing. Once the item becomes conditioned, i.e.

-enters state L, the probability of a correct response is

unity. The transition matrix and the response probability
vector are usually presented in the following way: '
L u Pr (correct)

(1.3)

g=1/r as in the IM case. Since both models have the same

mean learning curve

e = = =15 (1.4)

yA




it is convenient to- 1nterchange Q W1th 1= c" and -qi“-With
1-g .__If hg 1s flxed as above the two models have only

one free”parametepu

The Iong-Short Model (IS-3)

This model was motivated, among other things, by PAL
studies which indicated that before conditioning immediate
recall of S;R?pairs hﬁ a subject was—nearlysperfect While
the proPortioh‘of correct responses decreased with the7time

before the next trial (Peterson, et al., 1962). The model’

is described in Atkinson and Crothers;=partxof the,desctipw
- tion is guoted in the next lines.

_“Encodlng for a glven stlmulus 1tem occurs at most
“on one trlal the probablllty that encodlng occurs
on trlal' n given that it has not occurred on
previous trial is. c¢-. If an. ltem is. .presented . .,
- that has already been encoded (either on the present
trial or on an earlier trial), . then with probablllty
:a ”1t goes 1nto state_ L and w1th probablllty 1-a
it goes into state s . Thus, after each presen—
tation, an encoded item is in either state 'L -or -
S , and if the item were to be presented again
immediately the subject would make the correct
response with probability 1. However, other events
intervene-from one presentation of an item to its
next presentation, and durlng this perlod we assume
there is a probablllty f that an item in state S
will move back to state F . We assume the value’
of £ depends upon the number and tYpe of ihtervening
items; alse, £ depends upon the exPosure time of

the given item, for this affects the repetltlon

[e)
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rate and hence the slope of the forgetting function -
(Peterson,.gé_g;., 1962). o

"Given the above assumptions, it can.bé shown that
moves among the four states are_described by the:

following transition matrix. and response probability

vector: .
3 SR S ' F U Pr(cofrecf)'
vf1 o o0 ol [
sla  @ayas @aye o | |1 -
| . o il (1.5) .
Fla - (l-a)(i-f) (l-a)E. O g . o
U | ca c(l-a) (_l?f) c(l-a)f l-c_} ___-g ]

. where g=1/r ; throughout the paper we shall use
g to denote the guessing probability."

A special case of the.LS—3 model is feduced'to a two
parameter version by letting c¢=1 in Eq. (1.5). This speciai

case will be designated as the LS-2 model.

I;l.ZQV.An“Example of a Performance Model
h As ah“example'(Suppes, 1968), considef a stochastic
‘automaton for columhn addition of two integers:
'~ The automaton is the structure

<a,1,0,M,Q,8,>

A= {0,1) ) ' - the set of internal states
I = {(mn):0<m, n<9} - the input alphabet
o= {0,1,...,9} - the output alphabet

R fo if m+n+k<9
Mk, (m,n)) = . . | -
(1. _m+n+k>9 for k=0,1

A
‘..‘.




M -is-the:tfansition functionsfrom: AXI into A .

,-Q(k,(m,n))-$ (k'+m4-n)mod 10 ~ is the transition function
= ~from AXI. into O . :

s =0 | - is the initial state.

' Cconsider first the three parameter situation 0<a,b,c<1

where

H
(I
Hl

Wl

CPM(k, (m,n)) = Olk+m+ n<9) =1-a

I
ol

1-b

PMM(k, (m,n) = Llk+m+n>9)

i.e., 1f there 1s no_"carry" the probablllty of a correct
response. is l-a_. If there is a carry the probability of
-such a transition is ‘1=D . o

The third parametereis simply the output error. ¢
PO, (m,n)) = (k+m+n)mod 10} = I-c = ¢ .

.If C; and D- _represent carrles and dlglts 1n.problem i
respectlvely, and if we ignore the probablllty of two errors
' leading to a correct response, e.g.{.tran81tlon_error‘followed'
by an output error then | o
| “ | L Dy ¢ Di=Cym1
P (correct answer to problem i) = (l-c¢} (1-b) ~(1-a) T
‘We can reduce this case to a two parameter situation, a and
h , by assuming‘ c the eutput error to be fixed for all items.
Different statistics may be calculated for different

automata models, and provide an immediate analysis of digit

by digit response. An example of such statistics is the




1ikelihood of n digit responses derived by Suppes ‘for the
‘automaton described above. Here, for illustration purposes,
the distribution of total error is derived:

Let IS denote the internal state;

-1 correct response on digit i

Xi = if
0 _-.otherwise
T if a) 1 is.ones column digit
P(xi=l) = c& if by} not (a), IS =0, i.e., no carry

b if c) not (a), TS =1, i.e., carry
n.n..n - are the number of digits under (a), (b) and (c).

Then the probability of “'A, - B ‘and C ' correct responses

,Undef (a), (b)”and (c)_;espectively is given by

N |
c\ . n-A_ o _ ey ~B n-Cc
GAHBHC A OB 30 g s )A‘.’b (125 €

' Suppes proved in general that given any (connected)
finite automaton, there is a stimulus response model that

agymptotically becomes isomorphic to it.



I.2. IDENTIFICATION QOF THE PROBLEMATIC SITUATICN

With the advance of computers;:extensiVe work has been
undertaken in ﬁhe field of programmed instruction. Much
effort has beén invested to devise schemes of optimal |
iﬁstruction'with regpect to suitable criteria (e.g., Smallwodd;
1967}« Most of these efforts have not yielded much in the
way of unequivocal results (Silberman, l962),_a;sitﬁation
which.issymptomatié‘of a dee?er préblem‘ﬁhatrexists.nét only
in the field of programmed instruction but in the# areas  .
of educational.research. What is needed is.a.théory whiéﬁ N
ﬁreSCribes how iearninglcan be'improved; A.theory'éf_tﬁis
Eype has COﬁe.to bé céiléd a theorf of’iﬁst?ﬁcinn (e.g.,
Hiiqérd, 1964; Bruner, 1964), as coﬁpaIEd with a theory-df.
learning. | |

Typical guestions that a theory of-instructibn concerns
itself with ate: .how to_advance a studént throﬁgh a block
of teaching material, when to stop presenﬁing teaching.itéms,
what items aré to 5e presented within a given time. Ideallf
~this kind of-questioh can bhe énswered with mathematiéal
rigour in a decision éﬁalysis frame of referénce. It should
be rémemberéd, however, that the Critefion for optimiéation
is alWéys.deiermihed subjectively beforehand. |

In many works. (e.g.‘, Gr_olen_ and Atkinéon., ._1966). an
instructional system is defihed as fhe.structute

<C;R,H,d,u,g > where

=




C - is the set of concepts to be presented -

‘R - is a set of all possible responses made by the student
H - is a set of“histories of the'student's-performance

d: H-C. is a decision function .. - |

s CXRXH-H. 1is an updating function -

g: is a fixed criterion for optimally given in advance

.Historically,.matnematical'learningwtheory-anduoptimi—
zation attempts have tended to. 1gnore the structure of the
stlmulus set C . Items of C have been assumed to be
1ndependent and not to have a cumulatlve effect on the learnlng
~and to be homogeneous and not of varying degree of dlfflculty.
Some recent attempts‘have been made to“formaliy model certain

prototypal tasks.ﬁhich' occur in elementary mathematics
.fe.g., Suppes,_gt.gi., 1968: Offir, '1968).

: In considering the reSponse set R ;Imost studies use
only dichotomous varlables 0,1 to indicate correct or incorrect
reSponses- Many studles proceed to estlmate the model's
parameters and to test the model's adequacy by averaglng
(dlchotomous responses) over ensemble of subjects in order
to exPlain the 1earn1ng or the performance that has taken
place. By uslng quantal reSponses, i.e., O 1 variables, and
the like, one ignores the relationsnip between the structure
of the stimulus set C ‘and the full response structure of
R . By so doing, it is.impossible,.for'instance,tto distin;
guish between relevant and irrelevant resPonses. There is

no substantial reference to this issue in the literature.
‘ 8




A more serious inadegquacy ishthQNoverlooking_of indi-
vidual response pxotocols and_thei: sequential dependencies._
There are few attempts to tackle:this:problem {see Sternberg;_
1963 for refeienCes).__In general, however, in most applif |
cations of learning models it is assumed that the same
parameter values characterize all the subjects in the
experimental group. This is further confounded by the
assumption of equal initial probabilities for all subjécts.
Sternberg says, "it must be kept in mind"whén'this_ﬁacit
assumption Qf:individual_homogeneiﬁy is made in the appli-
cationkof model type,_that what is tested‘by_cqmparisons
between. data and model is the conjunction of the assumption
and the model type apdrnot_the model type_alone,“. |

Glaser (1967) and_particularly Sternberg,_point_to soﬁe
implications resulting when the hombgeneity assumption is
pbt met. _Many of these implicatipns relate‘to the inter—
subject variance_which.seems to be smaller for-thg modei.than

. for the data.__Sfernberg gives some referenées to'a‘very feQ
studies trying to cope with this problenm. _Little.wofk has
been done in which variation in the learning rate parameters
is allowed.

~ Now since the set of histories H depends on the

initial probability parameters, and since it_is_updated on
the_basisqu_ C and R , H lacks a complete description
due.to_ﬁhe‘short—comings intrpduced in considering C and

R .

£




The present study is motivated by this absence of
adeéuate formalization of individual and item differences.
Heterbgenéity'of individuals and items (compounded) will be
introduced in the hope of achiéving'better estimation and
testing of the models, and eventually better instructional
procedures tha£ may'be'differentially'senSitive to deviations
 from homogeneity.

It should be clear from the préceding paragraphs that
many applications could and should depend on individual and
item differences. One example (Mafheson, 1964) points'cut;
in a onéQPaIémétér situation, how a teaching*éyétem’baséd
on thié.kind'df‘éonsideration'improves its tedching ﬁérfdr—
mance as succeséive‘stu&enté'are'ﬁaughﬁ by it.

| The most recent example of allowing the parameters of
the model to vary with students and items in order to
develop an optimal teaching procedure is described by ILaubsch
(1969)."Laubsch partitioned'the learning'réte parameterslof
the RTI learning model (a more general model ‘than the IM and
the OEM) into subject and item components where the effects of
the componenﬁs'on the composite paramétér'wefe almost additive
(cf., fixed-effects ANOVA). Since the RTI has two parameters
(composite), for  m items and s subjects, 2 (m+s) parameter
estimatés were needed to specify the learning parameters for
ms subject-items. Under the numerical maximum likelihood -
proéeduré lLaubsch suggested, the approach becomes unrealistic

for most practical situations-- even on the fastest computer.

10



Nevertheless, his resulﬁs'ihdicate the importance of
incorporating heterogeneity assumptions into the learning

models in optimal teaching situations.

[
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CHAPTER 1I

'EFFECTS ON LEARNING PROPERTIES OF HAVING |
CONTINUOUS DISTRIBUTIONS OVER THE LEARNING RATES

IT.1 INTRODUCTION

The OEM with parameters ¢ and g was introduced
in Chapter I. The IM with parameters o and g 'aiso was
‘presented. 1In this chapter we consider the effect on learning
properties, e.g., expected total errors E(T) or response
n-tuples probabilities {xj’xj+l""'xn+j;l]T when the |
learning parameters are no longer,exacé numbers but rather
they have now become random variables.

The effect of such modification introduces hetero-
géneity of individuals and curriculum items into the modéls
expressed in terms of the distribution of the individuais
or items population. An individual or an item may then have
learning rate pa;ameters which are randém variables from
this distribution. Mathematically, the populatiohg learning
properties are no longer conditional on given ¢ or g
(@ or g) . Thus if E(t]|g,c) denotes the conditional
expectation then EB(E(ng,c)), with respect to the distri-
bution B of g and ¢ , is the expectation of T with
the effects due to the parameter differences integrated in ,

In the remainder of this introductory section (II.1),
we review the exiéting literature on stochastic models
with prior distribution assuription on the parameters (II.1.1)

and hence the reéasons that compelled us to choose independent
+The notation {x. X'+1"‘3'xn+1—1} repregsents the joint proba-

e . 3 1 . LT '- J - . 4
bility dlstrlbuglon of the random variables (Xj'xj+1""'xn~j+l

)

iz



bivariate beta density as a prior-for the learning
parameters, (II.1l.1). -

In- Section II.2, we describe the effects on total
error statistics for the OEM and the IM of having an independent
bivariate beta distribution over the learning rates.

The effects on Response 4-Tuple probabilities under
this prior: is examined in Section II.3. In Section II.3.1
we derive ‘the probabilities of response sequence$ over trials
2 to 5 for the OEM and the IM and propose the minimum Xz
prbcedure for estimating the four prior parameters using
16 response probabilities; The experimental~daté and the
'results are.tabulated in II.3.2;
Finally the discussion and conclusions are presented

in Section:II.4.

II.1.1 General Remarks

11Very;1ittle work has been done in which.variation
in the 1earning.rate parameters is allowed. One example
appears in Bush and-Mosﬁeller's (1959) analysis of ﬁhe
" Solomon-Wynne data: the IM was used with. a beta,distributién
of  a wvalues. In certain respects this generalization
improved the agreement between the model and the data.

Another example is Gregg and Simon's (i967) analysis .

df the Bower-Trabasso data: the Concept Identification
ﬁodél wéé used wiﬁh a uniform prior disfribution of ¢ wvalues

in a certain range '[ci,cz], O<Cc1§c;§c2<<l . Their

13




conclusion was that for large individual différences
expressed by the range size [cl,cz]- the increase in the
variance of total number of errors is barely détédtable.
They go on further to say: "By similar arguments we can
show that almost all the 'fine grain' sﬁatistics reflect
mainly a random component'..;Hence the statistics are insen-
gsitive to individual differences, or, for that matteﬁ, to
any other psychological aspects of the Subjects"behavior '
that might be expected to effect the éEatisﬁics.“

Birnbaum (1969) modified his previous-work on a Logistic
. Model for Mental Test (1968) by further assuming. a logistic
prior distribution on the ability parameter ¢ . Thus if
§==<xl,x2,,..gm> denotes the examinee's response pattern
where xk==l or 0 indicating respectively, correct or
incorrect response to item k . the probability of a correct
response on item k is .T(Dak(e— bk)) , for an:eXaminee
 with ability level ¢ ; where ¥(Dg)=[l+e D971 | by
is a parameter ihdicating a difficulty-level of test item k,
& is a parameter indicating the item's sensitivity‘or.power
| of discrimination among ability levels not far from bk and D

is a constant. The general logistic Model is represented by

n - ' '
(x=xl0) = T, ¥[Day (6~1y )% ¥[~Day (0-B )1 17K ~wdoco .
(1.1)

Under a logistic prior assumption on ¢ , (1.1) is interpreted

as the conditional probability of the response pattern x ,

14




given that an examinee, randomly selected from a pépulaﬁioh'
with abilities distributed as indicated, has ability 6 .

" The unconditional probability of response paftern'“§
is | |

(x=x} =0 [ {x=xloly(pa)ds . o (1.2)

é!ﬂk""ﬁ% |

The conditional density function of g , given X=x,
f(9]§) is easily calculated and corfesponding statistical
inference methods are devéloped (Birnbaum, 1969).

Finally; Silveri(1963) considered'geﬁeral Markov
Chains (MC).situations with observable states where the
transition probabilities are r.v.'s themselves and are .
Dirichlet distributed (III.2.2). Thus; for example, in a7geh~
eral 3—state MC with transition probabilities (pij) tﬁe‘
Dirichlet prior on the 18 state transition_probabilitieé can

be writiten as

_ o _ 53
(2,10 %;55%y5) = [B(r-,si,_tg)]_ Xy

£ X, X
" where ) o
T(r,)T{s.) T(t,
B(ri} Siy ti) Cam e I‘l(r +Sl +£ () l)
i _i i
and
X. N = l O< X| . l o l-
jgl i3 =1 0S¥y < | (1.3)

Silver considered under this setup the effect of the Dirichlet
prioxr on MC properties such as steady state probabilities,

first passage times and occupancy times. TFor exémpie,

15




congider the two-state situation Qhere one probability is
known exactly while the other is beta distributed, the beta
density ié the marginal of the Dirichlet_distribution. We
are interested in the expected valﬁes of the steady state

probability for the MC with the following structure

P = | (1.4)

where a 1is assumed exactly known but b has the beta

density £b(x)==fB(x[m,n). For a given pair (a,b) the

a

steady state probability,of being in state 2 is Py

g

however, since b is beta distributed, then

: m- 1 n-1
: E(r"TZ)== (;+g) _/-a+x b(x)dx"B(m n)_j-a+x T {1-x)7 Tax .

(1.5)

Only in special cases can E(nz) be exactly evaluated.
IT.1.2 The Evolution of the Method -

All of the studies mentioned in IIQl.l, except for
Silver's, considered only univariate situations where only
one parameter was allowed to vary. Gregg and Simon's approach
is a special case of the Bush and Mosteller one in the sense
that the uniform density is a special case of the univariate
Beta density fc(x]m,n) with m=n=1 . Thé general
statements made therefore by Gregg and Simon on the basis
of a uniform prior are unWarranted. Were they to choose a

"richer" prior density and a different range of c values




the resuits would have probably beenimarkedly:different;
We shall later demonstrate a similar situation to the one
discussed in their study where the prior does change the
variance considerebly.

Birnbaum s method is unsuitable in our context for
_several reasons._ It lacks the cla331cal psychological
descrlption of thelearnlng_process His prior on ability
ig distributed on the whole real liﬁe whereas our parameters
are distributed on the unit square. Flnally it is computa—
tionally gquite difficult. |

In contrast, Silver's approach possesses a multivarlate
prior distribution but it is restricted to MC 51tuations
With observable states only° The IM is not a Markov Chaln
and Silver's'estimation.procedﬁres for the prier parameters
are inapplicable for the case of non—observablertransition
probabilities ag is the case with the OEM.
| Our research goals included findihg a'general family of
bivariate distributions rich enough in pe:ametefs. Such
a family had to assume a variety of shapes and provide us
with posterior distribution of ¢ and g and also a
measure of - aSSOCiatlon between c. and g.

" Our first 1nc11nat10n was to con51der transformatlons
 from exzstlng distributions on R2 to the unit sdquare.

Thus if X and Y are r.v.'s from a Bivariate Normal

S o , o X
BVN(X,¥) with five parameters we may let ¢ = £ p and
o C e 1+e™




-
14e¥
s=s(g,c) of the OEM or the IM, the integral

i.e., c=f(x) and g=f(y) . For any statistics

II{SIf(X y)]f i (%r¥)dxdy

could not be evéluated in a'closéd form‘ahd_g fortiofifesti—
mation procedures for £he priof'parameters would be impossible,
If X and Y are Bivariate Logistic the samelproblém

ekists but now ¢ and g are.c.d.f;{s'and as sﬁch,are.
uniformly distributed. i _

If ¢ and g axe.Dirichlet distributed then they are
.defined_only-on the simplex ¢q-g5;l .and we have ihadequate
domain for both parameteré. Finally, éince the OEM can be

represented as a three-state Absorbing Markov Chain

o |

where s (1.6)

O 0 = [
ol
0

al

[Te]

ol ol o =
af j

‘we may suppose that ¢, (Cg) and (cg) are Dirichlet

~distributed

£, 3q,55 = B2 )] LS T (xy- x,) J)i x; =1 .

| | (1.7)
But under thls assumptlon 1t ‘becones. immediately clear that
¢ and g are 1ndependently distributed with beta den91t1es'

fc(xlr,s+t) and fg (x|5,t) respectively.

18




To establish this,wmaké the transformation x = x
D(x1%,) Vo
D(x,vy) 1°-°

Considerable effort was madé by the present author and

ll
= 1/(1~x

y = xz/(l— x,). The Jacobian 'is
others to find a more adequate prior bivariate distribution
with sufficient number of parameters. Unfortunately'all
efforts were unsuccessful. Moreover, even for the simple

' case of 2-state MC with one'parametér,'beta disﬁribﬁted,‘the

integral 1.5 is not evaluated in a closed form. -

[
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IT.2 EFFECTS ON TOTAL ERROR STATISTICS HAVING INDEPENDENT

BETA DISTRIBUTIONS OVER THE LEARNING RATES

For the reasons enumerated in the preceding,.se;:tio'n.
we will consider for the remainder of this chapter only tﬁe
case where c and g are independent r.v.'s from beta
densities fc_(k fm,n) and fg vir,s) .. |
Let T be the total nuiber o f grrors, in n learning trials,
where n —»«. Atkinson, et al. (1965, ch. 3), derived the fol-

lowing total error properties for given ¢ and g.

o OEM M
Distribution {T=0|g,c] : bg —
(=X |g,c} (1-b)%b (1-¢)7 ——
Mean E(T[g,c) (1-g) le | ql1-a (2-1)
. ' 2
variance V (Tlg,c) E(T|g,c) [E(T]g,c) (1-2c)+1] E(T)- 4 5
: : - S Sal®

b=[1- (1-c)g] "t .

We now calculate ‘the unconditional properties for the OEM:

E(T)

H

Eg (E(T [g,c))

s <(l_::g))

- | ,
Df f(——-gl_c )gr—l(l“g)s-l cm"l(l-c)n"ldgdc
0 o '

i

I

where 1
D = [B(mn)B(r,s)]”
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It is readily found that

ok oo Br,s+l)Bm-1,n) f{ s\ fmin-1} .. o
B (T) ~ B(r,s)B(m,n) '_'(r+_s> ( m-nl ) (2.3)

To calculate the variance,

vir) = e%0?) -5* ) = B @ lg,0)) -pHAT) . (2.4)

we need to derive EB(E(T%g,c))

B, (8 (1% |g,c)). Eg E(T_lg;'c)(ﬁgl'?)

B

H

g 2(l‘q) +-2q(l q) _ 1=g

B\ o2 )

= D[2B(r,s+2)B(m-2,n) |
+_B(mr1,h)[23(r+1rs+1)~ B(r,s+l)]]_“
- (2.5)

where D is as‘above.

-+ The unconditional mean for the M is the same as the
.OEM mean. Unfortunately the unconditional variagcelﬁor'the' 
. IM cannot be evaluated ip a closed form because of the (1~a)2
term in the conditional variance. o B |

For Atkinson and Crothers' data (1964) and our estimates
of the-prior:parameters,'to be'described‘in_the next section,
we calculated the éxpected value of the total numbe; of
errors, E*(T) , for experiments Ia and.Ib and thé variance
-of the total number of errors, _V*(T);,_fo; experiments.

Ia, Ib, Ve, .and Ve using Egs. 2.3 and 2.4.
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Table 2.7 presents our prior estimates for all four
experiments for the unconditional OEM (OEM*) and the "c"
estimates derived by Atkinson and Crothers for ﬁhé conditional
model (OEM). _

In Table 2.8 we report the E*(T)' values fo: OEM*
calculated by using Eg. 2.3. Also listéd are E(Tj Values
for OEM calculated‘by using the eguation E(T)==;%3--for'

=%= and "c" values as reported in Table 2.7{ Atkinson's
predictions using the 1S-3 Model-are preséntgd in the righﬁ—
hand column. These predictions may be compared with the |
observed values listed in the left-hand coiumn. Our estimate
for Ib is cioser to ﬁhe observéd value than is the LS-3's
prediction; for Ia our prediction falls farther afield. The
conditional estimates, E(T) , deviate the most from the
observed values. The expected Qalué of the total numbe; of
errors for the IM* is calculated from Eg. 2.3 as is the
value for OEM*, but genefally for different-estimates of the
' prior parameters. Using these estimates, the IM* gave the
rpoorest'predictions of fhe'expected value: 2.015 fbr
Véxperiment'Ia and 1.0433 for experiment Ib. These predictions
were not included therefore in Table 2.8.

| ' The variances for experiments Ia, Ib, Vc, and Ve were
calculated by using BEq. 2.4 and are preSentéd-in Table 2.9;
the conditional variances are calculated from the equation
V(T) = E(P}[E(T) (1~2¢) +1] .

Table 2.9 demonstrates that the variance of total errors

- is very sensitive indeed to individual ‘differences.  For
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TABLE 2.7

EXPERIMENT =~ . © . . .~ PARAMETER
r s m n

lo

ta 53,938 53,595 15.444 27.004 328
Ib | 54.128 63.123 34.124 76.625 .328
ve 3.0 3.0 2.0 12.250 .172 -

Ve j0.5 - 10.5 3.0 8.0 .280

*
Parameter Estimates for OEM and OEM.

TABLE 2.8

EXPERIMENT obs Pred(OEM )  Pred(OEM*)  Pred(LS-3)
Ia - 1,520 10740 00 1,440 o154

Ib 1.65 2,03 - 1.78 1,79

Obsgrved“gnd Predicted Expectations for Experiments Ia and Ib

TABLE 2.9

EXPERIMENT VARI ANCE
‘ v(T) v (T)

Ib . 3.45 3,22
Ve 16.83 47.91

Ve 5.44 17.16

- .- -Predicted Conditiogalﬂapd;Upcoqditional-Variances_ :
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smali differences it can usually be expecied that the uncon-
ditional variance V*(T)' Qill be slightly larger;than v(T) .
Experiments Ia and Ib were xrun with collége students and
almost no errors were committed after the second trial as
can be seen from Table 3.5. In these two expefiments the
V*(T) variances are actually slightly below the conditional
“ones .t

On the other hand;.experiﬁen£é Ve and_véﬁwere run.with
four and five year old children and there was a larée
difference in their performance. This difference is expressed
overwhelmingly in the magnitude”ofzﬁhe difference betweén
the variances, i.e{;' V*(T)}£>V(T) ,” It is clear therefore
that the model is sensitive enough to detect ihdividuélr;
differenceé if there are any. The reason that Gregg and
Simon detect only.a slight difference”may be attributed to
theif'chbiceldf a unifdrm prior with é reSt:icted raﬁéé‘wﬁich
may not describe the differences in their daﬁa.

As indicated above in the case of integral (1.5), it is
mnot clear how to evaluate the unconditional gquantity in a
" closed forxrm under a heta prior assumption‘when the quantity
of interest is a function of the steady state probabilities.

The conditional distributions of ‘the total errors and of

the trial of last error dependIOﬁ the probability of entering

TFor similar results for the Solomon-Wynne data: see Bush
and Mosteller (Ibid).
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the learned state. As”such:theée’condipional digtributions
possess a denominator which is a function of (1-(1l-c}g)
Thus the distribution of total errqrs;ié' ‘

p(T=klg,c) = ((1-g)(1-cN¥e-g- P 1)t

X>1  (2.9)

and the distribution of the.trial of last error is ‘

P(L=klg,c) = (1- ) Ta-gica-ga-cn?

x>1  (2.10)

The magnitude of the above problem is described in the:.
following. special- case where it. is possible to get a closed

form result.

Theorem. If c and g are independently beta variables
with pafémeters.-(m,n) and (r,s): respectively and
8.+ r =1, then the unconditional distribution
P(P=k) = (B(mn)B(r,s)) 'B(k+s,r)Bm+s,n+k=1) ;

S(2.11). .
where k is a positive real number ,

Proof of the'Theorem,
" Given

(T =k lg. e}t =1 (1- gy (1= e)T¥c 1= )" a- go)y k1

The notation ({X[®) represents the probability distribution
of a :andom variable X given the state of information ©
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I m-1 n-1

fém)=*wamnn’:;~(1—x) m,n >0
£, ly) = [B(r,S)]-_'_lyrf'l(l-y)_fs_l7 - x,s>0
then . ,
- 1 1 o : . _
(=X =f f ToX|x,y)E_(x)E (y)dxdy
0 0
1 S
fp = k}_Df-milu ﬁﬂbl?[yblu:wmﬁﬂ
0 T |
M- x(1- T 5 Lay| - ' (2.12)

- where -

= [Bm,n)B(r,8)]"Y  and . 0 < [1-x(l-y)] <1

Consider the first integration'with respect to vy :

I =-/”¥rfl(1-y)k+s l[l x(1- y)] kfldy - (2.13)

Ig is known as the Euler- Integral and is defined in terms

of the Hypergeometric Function F(a,b;c;z) [see Erdélyi,

1953, Vol. 1}.

F(a,b;c;z) = F(gfﬁic—b)_/. b_l(l t) 1(1~ £z)" 2

(RE>RH>0)  ~  (2.14)
F(a,b;c;z) itself is defined in terms of infinite series.
Here it suffices to note the following recursive relation -
(zbid): = |
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)c—a-b

'F(a,b;c;zf = (1~ =z F{c-a,c-byciz) . - (2.15)

From (2.14),

_ LT (k+s) . .
. ;g— T (k+s+r) F(k+l,rikes+r; (1- %)) .
In our case s+r=1 and using (2.15) we now have

_ P(r)P(k+s)"[l_ (14 x)}s"l

Ig = T T(k+1) F(0,kts;k+17 (1- x)). (2.16)

- Again from. (2.14),

1
' 0
I, = x> 1p (k+s,1) .

Now substituting .Ig in (2.12)

AT =k_]'

DB (k+s,r) f O }dx_ .
0
~ from which

{T =k} DB (k"“s:r)B(m'I'S:n"'k_l) ' ) o (2'17)

‘and this is the desired eqﬁation (2.11);

A closed form integration is possible for a similar
restrié¢tion on m,n , i.e., m+n=1 .
The posterior probabilities of g=(c,g) given T=k

can now be derived using Bayes' theorem

elr=%x} = {T{sz:lle{i[ﬂ (2.18)
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From our estimation results for the four'prior-para-
mefers m,n,r and s caléulated for the Atkinson and
Crothers data to be described ih the néxt sectibﬁ,'it
became clear that a réstriction  f-Fs::l' ér. m+n=1 does
not in fact hold for the data. The reason for this is
vaious from_the.exﬁressionslfor the prio; va;iancés of-

c or. é.; ﬁndéf such réstricﬁion thesg Qériaﬁées must.be
quite large. OQur résults show that these'variances are-very
small indeed, which is typical for Péired—Associate Learning
data. N

In order to demonstrate the effect_of any statisticé
introduced by the prior assumption we would need an esﬁimate
of the four.prior parameters ‘m,n,r .and”é . fhe_méaﬁ
”EﬂT) and'tﬁe vafiance 'VWT) é;e-éleaxly not enough_to
estiméte these fOUr parameters. On the other'hand;,mOments
for the.othef_statistics; under an independent bivariate
_beta prior, could not be derived. lWe éqpld, however, esti-
mate the parameters by considering ResPthe“néfuélé probaw

‘bilities and that we do in the following section.
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II'.3 EFFECTS oN. RESPONSE 4-TUPLE OF HAVINQ INDEPENDENT

BETA DISTRIBUTIONS OVER THE LEARNING RATES

II. 3 1 Probabllltles of Re5ponse Sequences Over Trials’ *
2 to 5
ReSpOnse 4~tuple is the sequence

-0, = <X _=_jn,X

d,n- n =Jpes” 321

a+1 T Inel’ 0 T na3 T Jnes

where i = 1, 2, . 16 and *ji"$=0 or Jﬂ“déndtihg a'cofif

rect or an incorrect‘respdhééIOn trial i," respectively.
Here we use-only the response 4-tuple. and onlyJover-triéls

2 to 5: these quantitiés are particularly useful in making
comparisons among the two-mOdels.-OEM'and the IM - with or: . .
without the‘priﬁr"aséumption.f-They‘are also useful in. com-
paring the unconditional models, i.e., withrpridrs,"with
more elaborate conditional models, i.e., withOut?p;iors.

Iﬁ our case n = 2 in Eq.-(S.l)I -. o |

We now present the arrays of prediction probabilities

over trials 2 to 5. We do not present here the derivaﬁiohgu
for Pr«)i'z) sinée.they are Straightforﬁérd and involve
only eiementéry pﬁobabilityrtheory. _(Readers,notﬁfamilia;_.
with the methods involived in.éuch deriyationsican consult
'Afkinsbn, g;ig;., 1965.) tha£i6n—wiée_We presentIthe
probability of the 16 sequences as {jz,j3,j4,j5}‘ whgrg

ji==0 or 1 indicating correct or incorrect response on
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trial i.,.mThus_ {1, 0,0, l}. 1s the probablllty of errors on
trials 2 and‘S and correct re3ponses on trials 3 and 4. To
derive our equations in the form of Tables 3.1 to 3.4 we use
some elementary probability identities, for example,
{1,1,1,0}=1(1,1,1} - {1,1,1,1] or {1,1,0,0} = (1,1} - (1,1,0,1] -
{1,1,1,0}-{1,1,1,1} . When this procedure is uééd starting
with the sequence 016==<1,1,1,1> of four errors only one
new term invol#ihg ‘e and g is- 1ntroduced in each subse—
gquent equation. For example: 15:=(l-c) (1~g) - [016] as
_seen‘from the first identity above. The derivations of
response 4-tuple for the IM are just as simple.

' The next step is to find the unconditional probabilities
for the two models. The derivation here is straightforward.
Let D:é[B(r,s)B(m,n)]_l . For the OEM probabilitics we
integrate the conditionai probabilities listed in Table 3.1.

For example
- 1l 1. o L
{016} = D[- f (1-x)4(l—Y)4xm—l(l_— )7 l ol 1(1 y) dxdy
ang we get'
[0163_2 DB(m,n+4)B(r,$+4) .

The next sequence is 045 for which-

1L
(0)5) = Df f 1-x)° (1- y)3 n“"1(1 x)n 1o (1y)% Ty - (014)
0 - . D

and the result

[015} = DB(m,n+3)B(r,s+3) - {0, ]}

30
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and so on. The complete array for the OEM is given in
Table 3.3. |

The derivations for the uneonditional probabilities of
the IM are the same, using Table ‘3. 2. Here'forzlater
comparison purposes we let a=1-c¢ and g=1~- g ,”

In order to make predictione_from Tables 3.3 an6f3.4
estimates of the prior parametets are needed. waéra this
end we minimize the. Xz associetedhvith.thew Ci: events'
let [Oi;m,n,r,s} denote the probablllty of the event O
where m,n,r and s have been llsted to make exp11C1t the
fact that the expression is a functlon of the tour prlor
parameters. Further, let N(Oij. denote the'dbservedfn

frequency of outcome O. over trials 2'to 5."Fina11y;‘let

T = N(O ) + N (O )-+...-+N(016) . Then we deflne the function
X 16 [T{o sm,n,r, s]—N(O )]2 3
X (mlnlr-ls) = Z (3'2)
' . i=1 T{O ;m,n,r s} ' :

and select our estimates of ‘r, s, m and n dso they jOlntly
_minimize the function (3.25. It is dlfflcult to carry

out this minimization analytically and consequently we

- programmed a high—speed.computer tb carry out a nhumeri- .

cal search over_all_possible”parenetere until a minimum 

is obtained that is accurate up to one decimal place. If

we assume that ali7stiﬁulusitemeate”independentfend identical,
then under the null hypothesis it can be shown that this

minimum ¥2 has the usual limiting distribution with




TABLE 3.1

(0 1=0.1,1,1)= - ’a-e*

16
(0,,) = 1,1,1,0) = a-0)°a-0° - [0, )
(0,) = 1,1,0,1) = -0 a-0% |
{05) = {6,1,6,0} = a-o’a-p? - 0,41 - 0,5 - [04)
(0,1 = (1,0,1,1) = (-o>* -0 % |
©,,) = 11,0,1,0) = 1-0°a-p% - ©,)
©0,4) = (1,0,0,1) = (1-e)*(1-0) %7 .
0, = {1,'0,07,0} = (-0 a-p - Y (©,)
= 1,0,0,0} = {1-e) IR

8} = {0’1,1}1}.‘= {014}
o,} = {0,1,1,0} = {0,,]}
6} = {0’1:011}!= {010}
0.} = (0,1,0,0) = A-0)?(l-g)g - (05) - (0,) - (0,)

[04} A= {03_0.!111}-'._- {010}

) = (0,0,1,0) = 1-a)’-p)e” - 0,)
0,) = 0,0,0,1) = 1-)*1-g)&°

| 6
(0,) = (0,0,0,0) =1~} f0,)

i=2

OEM Probsbilities of Response Sequences
Over Trials 2 to 5 given g and c¢ .
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TABLE 3.2

(0.} = (1,1,1,1) = %"

(0,5 = (1,1,1,0) = a%® - (0, )

0,,1 = 1,1,0,1) = a'a’ - [0})

(0,,) = (1,1,0,0] = %4 ~ (0,1 - ©,,) - {0,,)

(0,,) = (1,0,1,1} = ¢’ - (0,,)

0, = 1,0,1,0) = oq” - (0y5) = (053 (044)

0,5) = (1,0,0,1) = a®® - 0,,) - 0,1 = (0,,)

16 ‘
(05] = (1,0,0,0}=aq - }, (0]
: i=10

0g) = (0.1,1,1] =% = fo,5)

(0,) = (0,1,1,0) = a®” - (g} - {0,4) - {0,4)

(0g) = 0,1,0,1) = o = {0g] - (0] = (0y) |

(0g) = (0,1,0,0} = a®q = (04} - {0,) = {0g) = (0,5} = (0,,} = (0,5} = (0,

(0,) = (0,0,1,1) =a'q” - (og) - (0,,} = (o5} - E

(0,) = (0,0,1,0) =’ - fo,) = {0,) - (05} = (0,1 - {0,) = (0] = (0]
| 0,) = 0,001} =’ - (0] - (0] = (0g) = (001 (0,,] - [0} = (0]

(0,} = {0,0,0,0) =1 - ;j;{oi}

IM Probabilities of Response Sequences
Over Trials 2 to 5 Given '@ and  g.




TABLE 3.3

} = {1,1,1,1} = D[B(r,s+4)B(m,n+4) ]

16
(0,,) = {1,1,1,0) = D[B(r,s+3)B(m,n+3) ] =~ (0 ]
{014} = {1,1,0,1} = D[B(r+1,s+3)B(m,n+4)]‘
{013} = {1,1,0,0) = D[B(r,s+2)B{(m,n+2) ] - {014] - {015} - {Olé]
(0,,) = {1,0,1,1] = D[B(r+l,s+3)B(m,n+4) ] = (0 ;]
(0,,) = {1,0,1,0} = D[B(r+l,s+2)B(m,n+3)] ~ {0,,] N
{0,.) = {1,0,0,1} = D[B(r+2,542)B(m,n+4) ] '
107 7 Lo
{09} = {1,0,0,0} = b[B(r,s+1)B(m,n+l) ] - {Oi}
: i=10
{08} = (031)1-91} = [014}
{07} = {0:111;0} = {011}
{06} = {0:1:031} = [010}
{05} = {0,1,0,0} = D[B(r+1,5f1)B(m,n+?)} - {06] - {07} - {08)'

{04} = {0’0¢1:l} = -{010}

= {0,0,1,0} = D[B(r+2,s+1)B(m,n+3)] - {0, ]

{02}:-= {0,0,0,1) = D[B{(r+3,s+L)B{m,n+4) ]
. o 16
{0,} = {0,0,0,0} =1~ ), (0]
i=2

OEM'Pfobapilifies of .Response Sequences
Over Trials 2 to 5 in Terms of the Prior Parameters {r,s) and (m,n)




" TABLE 3.4

= {1,i,1,1}.= DtB(r,s+4)B(m,n+10)]

©,4)

{0,.) = {1,1,1,dj'= ﬁ[B(r,s+3)B(m,n+6)]—{016}

(0,,) = (1,1,0,1) = D[B(},543)B(m,n+7)j—{616}

(03] = (1,1,0,0] = D[B(r,5+2)B(m,0+3) 1[0, }=(0, (0 ]

{olé}"= (1,0,1,1) = D{B(r,5+3)B(m,n+8) -0, )

(0y;) = (1,0,1,0) = D{B(x,542)Bm,n40) |-(0,,)-(0, I-(0, 1

(0,4) = (1,0,0,1) = D[B(r,5+2)B(m,n4+5) ]~ (0, )~ {0, , }-{0, ]
lé :

(0) = {1,0,0,0) = D[B(r,s+1)B(m;n+1y ]~ Y, (0.}

| =10

fo,} = {0;1,i;i} - ﬁ[B(r,s+3)B(m,n+§j];[Olé]

(0. .=‘{o;1,1,o] - D{B(r,s+2)B(m,n+5) ]~ (0] -{015}#{616}

{05} = [o,i,o,l}.= b[B(r,s+2)B(m,ﬁ+6)]—{08} -{0,,3-10)4) |

{05] = {0,1,0,0) = D[B(r,s+l)B(m,n+2)]-[Oé} -{07} -{083-{013}-[014]-{015]-[016}
= {0,0,1,0} ='D[B(r,s+2)B(m,n+7)]—{08} -{012]—{016]_

{0,) = (0,0,1,0) = D[B(r,s+1)B(m,n43) |-(0,} -(0,) -{04)=(0,,1-(0,,}-(0, }-{0, )
(023 = {0,0,0,1) :‘btgcf,s+1)3(m,n;4)];{54} -{oé} —{oé}u{olo}-[612]~{014]~{016]

16 '
)= ) (0}

i=2

{0

LM Probabilities of Response Sequences
Over Trials 2 to 5 in Terms of the Prior Parameters (r,s) and (m,n)
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16~ 4~ 1=11 degrees of freedom. 1In addition to having
desirable estimation proPertiesT the minimum XZ also provides
a measure of adequacy of any‘single model and a method for
comparing the fit.of several models, iflthe degrees of ffeedom
are equal. If several models are being analyzed, each

- involving a different number of free parameters then the

probability levels of the XZ

may be compared. The degrees

of freedom associaﬁed with a model that,requires k parameters
to be estimated from the data are df=16~k-1 . The one

is subtracted because of the restriction that the 16 proba-
bilities sum to l.r Thefe are other nuﬁerical estimation
procedures available, e.qg., nuﬁerical maximum 1ikelihooa or
least-squares procedures, but since the data described in

this chapter was analyzed originally by means of minimum - X2

procedures, we prefér this method in order to facilitate

later comparisons between the original analysis and ours.

' II.3.2 Data Analysis

A'summary énd analfsis of the data using se§En
different conditiohal moaels is presented by Atkinson and
Crothers (1964). For the convenience of the reader_we
restate the main‘features of the experimental procedure

and‘data.

TSee Craméf (1951, pp. 424-44]1) for example.
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“The data was collected from eight paired-associate’
learning experiments that all utilize the same general
experimental procedure. At the start'of the experiment the
subjeét-is told the responses- available to him; each |
alternative occurs equally often as-the'to—be¥1eaﬁned-re3ponse,
A response is.obtained from the subject on each presentation
of an item and he is informed of the‘correct-anewer'following

his response.

TABLE 3.5

. ATKINSON AND CROTHERS

FEATURES OF THE EXPERIMENTAL PROCEDURE

" Number of Number of Number of

Experiment stimul} . responses - ;ubjects . Pries)
B 9 3 %6 95

1b 18 '3 16 o 91

i 12 3 - 65 .83

111 © 12 4 " 40 - L <75

v 16 4 20 - .84

Va 2 4 40 .60

: Ve 12 4 40 ) !
o Ve : 12 4 0 85

"Relevant details of each experiment are‘given'in
Table 3.5. Experiments Ia and 'Ib were run with college
students. For both expériments'the-stimuli-Were Greek
letters and the'respohses were the low association trigrams
RIX, FUB, and GED:;the experiments differed in that one used
a 9 item stimulus list and the other 18 item list. Experiment

II was also run with college students using 12 Greek letters
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as. stimuli and the numbers 3, 4, 5 and 6 as the responses.’
Experiment III_was run with 3rd and 4th grade students using
12 Greek letters as stimuli and. the numbers 2,.3,.4 and 5 as
the responses. Experiment IV was run with collegesstudents
using_double‘diQit numbers as stimuli and the letters A, B,
C.and D as res?onses. ~Por Experiment I-IV the eXperiméntal
procedure (method of stimulus display, .presentation rate, etc.)
was the same as described by Bower (1961). IniExperimént v,
a group of four and five year dld'children learned a list of 7
paired-associates each day for five. consecutive days. Ther
lists were composed of double digit numbers as stimuli

and letters as reponses but thé stimuli and responses were
different for each list. To simplify the discussion, only
results for days 1, 3, and 5 are presenfed {labeled Experi-
ments Va, Vo, and Ve respectively): however these data

are representative of the results for the full experiment.”

AtkinSon and Crothers carried the original analysis of
these eight expérimenté'fof seven differént conditional
models, i.e., models for which the learning parameters are
| fixed constants for the population of subject-items. The
reason:for;cgnsidering re3ponse.sequences over trials 2 to
5 only is provided by the factsﬁhat a major portion of the
learning occurred during_thelfirst five trials. This fact
»-is. indicated in the last column of Table 3.5 where Pr(x5==b)
is. presented; in five of .the eight experiments the subjects

have reached a correctire5ponse level of (.83 or better on

trial 5. . ag




For the convenience of the reader Tables 3.6, 3.7, 3.8,
and 3.9 are ;eproduced direcﬁly frdﬁ'ﬂtkinson ard Crothersn
study. | |

The le minimization procedure described in Eq,_(B;Z)
was applied'tc thé data of observed freQuéncies preSented
in Table 3.6. I R

Table 3.7 presents the parameter estimates assbgiated

with the minimum y2 values for the conditional models.

Table 3.7* présents on the che:_hand—the estimate%fof th¢
four pribr parameters r,s,m, éﬁd h that minimiée ﬁhe xz
functioh‘for‘the ﬁnconditioﬁalnbdelsiOEM*andIM*.'This table
summarizes some of the data presented- 'in the appendix to
this chapter which describes two or ﬁsually three sets of
the best estimates for both_moﬁels‘and for all-eiqht'experi—-
ments, The‘estimatés wéxe calculated by the computer mini-
mization program mentioned befqre.* o

Table 3.7°* summarizes the estimated values of the

prior means and variances of the beta densities of_‘g and

¢ . The prior means and variances are calculated by substi-

tuting the estimates of Table 3.7* in the following equations

for the mean and variance of the Beta density:

r

The (prior) mean of g 'is' given by s (3.10)
The (prior) variance of g is givéen by ‘gs
' : (r+s) “ (r+s+1)
(3.1

1.

See appendix to this chapter.
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ATKINSON AND CROTHERS

TABLE3.O
OnisERVED FREQUENCIES FOR THE Oy, E.’;'\ESTS

Experiment
In. Ib. S § G 14 Va Ve . Ve
N©O. 123 125 303 10 . 117 82 144 216
N(Oy..) 6 10 19 186 10 14 23 17
N(Oy.2) i 4 12 11 ] 13 9 . 6
N(Os.0) 16 21 54 24 15 22 28 . 4
.. N(Og ) 3 o .17 .. 6 3.2 416
" N(Gyg) 5 6 a2 1877 9 20 12 12
N(O,.0) 2 3 82 6 3l 1312
N(Opg) 437 55 .25 57 . 54 56 6266
N(Oy.2) 1 5 15 9 T - 13 14 4
N(Oy.2} -1 0w .25 27 .9 . 3. 25 0T
© N(Ops) 2 2 17 14 10 18 14 7
N(Oy3.0) 15 30 61 33 34 a8 20
| N(Ou2) o 1 . 1928 g o200 8
N(Oy:.») 6 6 30 24 22 26 21 o
"N(Os.2) P S 19 36 A2 62 35 K3
> L. 234 - . 288... T8O : - 480 320 - 480 - 480 480 -
| TABLE 3.7
" PARAMETER ESTIMATES FOR THE Vartous MopiLs
. Exper-im-e.nt‘ .
Model " Paramecter - — — - T T
Ia b - Il IV T Va - Ve | Ve
One-element & 383 328 273 203 U281 .25 472 289
Lingar- -~ "8 < 414 328 289 © 258 397 164 250 ¢ 336
Two-phase . .- ¢ v U563 484 352 (359 398 1227 406 - 422
0 664 .63 695 563 648 500 47T 656
RTI P 530 461 344 328 36T 219 350 . 438
8. .. 820 805 867 797 859 727 - .71 .789
LS-2 a 352 305 250 188 266 109 . 136 258
: 'a 719,805 8057 .789  .B36  .844 727 .680
i Y 367 352 250 .88 - 289 109 156  .266
LS-3 7 648 375 805 789 789 844 72T .688
: ) e . 844 500 1.000 1.000 789 1.000 1.ovo 992
Py 883 852 922 891 922 797 859  .344
Two-element & 191 - 308 227 078 195 33 016 227
a 5390 477 344 3200 359 219, 352 477




TABLE 3.7%

Experiment

model parm

OEM*  r 55,00 54,13  4E,75 2.69 12,69 6,500 3,00 10.50

W

s 53.62 63.12 SL_0h .00 20,75 10,500 3,00 . 10,50
m. 15,59 36,12 14,00 3,31 24,00 . 27500, 2,00 3.00

n 27.12 76.62 41.99 16,75 67.69 21,500 12,25  §.00

tM# ¢ :13,59 2,69 1,82 1.13 1,75 2,22 1,000 1,48

‘s 31,48 12,25 1.79 - 1.1k --51;75 2,20 75 0 1,37

.o

m o 1.93 . 3.00 2,46 - 2,06 3,31 1,20 1,00 - 2,42

n  1.75 3.00 8,84 24,30 - 4,25 51,29 2,75 7.07

PARAMETER -ESTIMATES FOR ALL EIGHT EXPERIMENTS

* For explanatlion see appendix




TARLE 3,7%%

Experimont

model stat,

lat Ib SRy ey va Ve Ve
OFMe E(g) [.50Z ©0 .MEL B3 472 379 .382 500 500
ECc) - .33 308 250 - .185 L2627 L10h 160 .273
(.356) R o
J100v(g) .230 210 L2684 3,730 684 1,310 3,57 1.130
(.206) ‘ | _
100V(e) .531 - ,190 329 .654  ,208 L3730 ..791 1,650
(.237) ‘ ' '
M= E(g) ".301 .122 .503 498 - ,032 . /502 . 363 521
.. ECe) ".523 - .500 - .218 - ,078 7 w38 O .n2h o 267 . 255
10v(g) .0u46 L 046G 542,765,005 460  .617  L647
181

lov(ec) 532 357 .139 LL026 0 287 0,004 L1113

ESTIMATES OF PRIOR MEANS AND VARIANCES

+For éxf»lahation seé_ gppendlx o this chapter.
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ATKINSON AND CROTHERS

TABLE 3.8

Mixmum ¥ VALUES

One- Linear Two-
Experiment  element model phase
Ia '30.30 5082 - 1151
Ib 39.31 195.86. 18.25"
I 62.13 251.30 | .54.78
I 150.66 296.30 95.44
v 44.48 14695 - . 22,39
Va 102.02 201,98 - 59.20
Ve . 246.96 236.15 99.97
Ve 161.03 262.56 - 12605
Total x* 836.89 1542.02 -+ 493,59
df i4 14 13

RTI

13.09°
29.11
5112

10.66%

40.17

46.43 -

84.07
284.39

13

9.744

. R T\\:O-
LS&-2 LS-3 clement
6.75¢ 5:67° 9300
19.69¢ 12.42¢ 12,7408
3730 3.73 2846
33.02 -33.02 47.13
12.32¢ 10.77¢ 10.327-
24.4]a 24.41¢ 39.47
o211 2112 3475
- 20,120 20.12¢ 77.39
147.16 137.26 259.56
13 12 12

@ Net significant at .01 level,

" TABLE 3.9

OBSERVED AND PREDICTED RESPONSE SEQUENCE PROPORTIONS FOR EXPERIMENT 1T

Two-

Qbserved One- - Linear Two- _— Long-

QOutcomes propottion element model phase RTI short element
0, 389 362 220 328 - 354 390 .357
0, 018 007 045 008 017 017 018
O, 024 015 069 022 028 2029 029
O, 015 014 014 _ 010 011 020 011
O, 069 047 112 066 063 064 062
G, 022 014 023 o1 013,020 013
G, 041 .02¢% 035 028 026 - 034 026
0O, 023 028 007 021 020 023 .020
0O, 168 178 .198 210 189 o4 188
Oy 019 014 041 0 014 .18 020 018
Ou 032 029 062 035 034 .034 034
Oy, 022 028 013 021 020 023 .020
O 079 093 101 02 . 092 074 091
Oy, 024 . 028 021 024 024 023 024
Oy 038 059 032 053 051, 039 050
O 024 055 007 042 026 .039

040
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TABLE 3, 8%

OmM*

11

ar

11

EYPERIMENT IM*
Ia 5,107, 10,31%
: (?.15é a
13 20. 21 21,78%.
'7 '.45-45& 66 -26
111 22.96% 66,56
IV 12 54" 42,45
Va 21,3 65,88
Ve 9.92% . .80
Ve 17,67 47.B
Total 114,23  327.06
11

MINIMOY X% VALUES

o+

- For explanation see appendix to
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TELE 3.9%

Outcomes 7 | observed OE&* | .LM*
0, - me 391 327
Op 018 .018 | ',047
o o Loz 02 085
0, .15 0. 018
05 062 0F5 L8R
0 022 020 .023
0 041 Com e
05 .02 028 o4
0y el aa 15
0, 019 020 .03
0y 052 033 045
0y .022 .023 020
043 079 o7 .065
0y, 024 .023 027
05 038 .039 .36
06 .024 .028 ©,025

OBSERVED AND PREDICTED FESPONSE SEQUE'CE PRCPORTIONS
| | EXPERMENT IT |
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The mean and variance of the prior density of ¢ are
calculated by replacing -the values for r by the values
of m ahdlthe.values.of. s by those of n .

Table 3.8*-presents tﬁe minimuﬁ Kz vaiues for the
OEM* and the IM* ;i.e.; the-values obtained by using the
parameter estimates of Table 3.7* in Eq. (3.2).. The X2
value needed for éignificance at the O.Ql level is 24.7 for
il degrees of freedom; Ail of the X2 vélues for ‘the OEM*
are not significant at this level. For the IM* the xz
values for experiments Ia, Ib, and Vc are not significant.

Finally,;Table 3.9*:gives the observed and pfedicted
respohse sequéqce probabilities for experiment II and may
be compared £o Atkinson and Crothers' Table 3.9 of fhe same
proportions calculated for the conditional models.

The LM*.parameter estimates in Table 3.7%* tend to be
much smaller when coﬁpared with the same estimates for the
OEM* ., This“fact‘is reflected more.clearly in Tabie 3.7%%
where the prior variances-for both g and ¢ assume
larger magnitude of order greater than 10 for the IM* than
for the OEM*.

When comparing Tables 3.7 and 3.7*%%, it becomes apparent

that the between-experiment values for the prior mean of

¢ have the same relative magnitudes as the values estimated

for ¢ in Table 3.7, with the excepmion of the IM* value for -

experiment Ve. The monotonicity over the sets of experiment

V data, which is described by Atkinson and Crothers with
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respect to Table 3.7 and is inferable from the nature of tﬁe
experiments, is maintained in Table 3.7%*, again with the
exéeption noted above. It seemé thérefbre‘thatrthe péra—
meter estimates remain relatively invariant under our prior
assumptioh.

We next observe in Table 3.7**_that thé variances of
¢ for the OEM* are larger for experiments III,_Va,er and
Vé as compared to the same variances for the other four_
experiments. And indeed we would have expeéted them to -
be larger because the experiments noted were run with young
children; the other four experiments were run with COllgge
students whose conditioning variances are expected to be
sméller. In addition, it seems thatrthe accuracy of the
predictions, especially when compared to the LS-3 model, is
inversely related td theAm;gnitude'of the estimated prioxr
mean of ¢ . | |

The LM#_proceduré tends to ascribe higﬁer values for
bpth-the variances of ¢ ‘and g.. .The.0verfestimated
'variahces may be.a consequence of the model inadequacy to
account fdr the data. Interestingly, the highest variances
in the IM* setup aré for experiments Ia, Vc and Ib which
are,with thexexcebtion of Ve, unlike:the results for the
OEM*. The accuracy of the predicﬁions for the IM*, as may
be noted from Table 3.8*,_is much better for experiments
Ia, Ib and Vc. A regression analysis indicated that the
variance of ¢ was the influential factor in the predictive

power of the model -~ the Xz value being the dependéent
' 47




Variable--contributing a multiple R2 of .95. By adding-

the prior mean of ¢ to the regression equation, the R2
value improved by 15 per cehﬁ. In general, the X values
were highiy and negatively correlated with the variance df

¢ and the prior meanh of c.

Tables 3;8* and 3.9*% compared with 3.8 and 3;9 démonr
strate ﬁhe following facts. The OEM* is a better model than
the LS-3 model. This conclusion is.further supportéd by
the pseudo- F statistics (Holland, 1965)T. "The F ‘value‘
in this case is the ratio of total X2/88 of the OEM¥ .
divided by the total x2/96 of the 1S3 model. The resulting
F value isl.90787 which is leés than 1. | '

The best improvements in prédictioﬁ:for both the OEM*
and the LM* appeared for experiments posseésing‘high prior
variances of ¢ , as was noted in the preceding paragfaphs.
The most remarkable improvement was noted for experiment Vc
where the xz values dropped from 246.96 to 9.92 for the
. OEM* and from 236.15 to 6.80 for the IM¥, The IM* value has
kept its relative lower magnitude with respect té'thé OEM*
as was the case with the conditional results.

On the whéle, betWeen models invariance does in fact
hold. 1In other words, the XZ values for the OEM% aﬁd the
IM* do maintain relafivé magnitudes thch correspond:to the

conditional models relative maghitudest Thus the XZ for

TThe precise significant levels for the pseudo- F could not

be ascertained.
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all experiments with the exception of Vc are. smaller for
the OEM* compared with the IM* as well as the OEM values

compared with the IM values.
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IT.4 DISCUSSION AND CONCLUSIONS

IT.4.1. General Remarks: Mathematical Methods for the

Analysis and Evaluation of Models.

Befpre wé.draw 6uf finai conclusions-froﬁ the
results of the previous sections we present some of the
- prevailing.views on the mathematical methods used in the
analysis and the eValuation of stochastic leérning models
{({e.g., Sternberqg, 1963). These remarks should put our

‘conclusions in a proper perspective on the one hand and imply

further‘areas of investigation on the other.

Many objections have been raised as to the statistical
soundness of the methods involved in the analysis and the
evaluation of séochaétic learning models {(Gregqg andlSimon,
1967). Unlike classicalrstatistical inference £he evaluation
of stochastic learning models is not a-simple acceptancé—
rejection problem. Neither do we satisfy the formal déta
requirements'negded by formal statistical decision making.
'So, if we accept the unavailability or even the undésirability
-of a formal evaluation procedure, we still need some tools
for informal evaluation'ér "plausible inference" (Pélya, 19541} .

One approach of plausible inference concerns itself
with the assumptidns that give rise to the model which is
capable of represeﬁting a théory about the learning process

at hand, another with providing descripﬁive statistics of

the data. Both approaches require critical experiments or




digcriminating statistics to be used in the model's evaluation.
Unfortunately again, no unified method of constructing
¢rﬁciéljéxpériments or,analyzing-discriminating:statistics
exists. =""In’"I'a‘rin"c:i.pie, only the investigator‘s,imaginatidn
limits the number of different statistics that cén be used
to evaluate the model. Examples of such statistics are the
mean learning curve, the meah.trial of last error, the number
of runs of a particular length and the ffequencies of
particular response n-tuples. VWhich,Statistics are more
pertinent and how many of them are needed in order to prefer
one modeikover“another"is-an'open question.
‘Following Sternberqg (Ibid), consider the hudimensional
"ptopeftijPace" consisting of all values of the vector
‘(sl,sz;.JL,éh)_ where s ' denotes a property (the expectation
or variarce of a ététistic)(bfthe model. Denote by Ej' the
coxresponding statistics for some observed data sequences.
In-géneral;~the'prdperties depend on tﬁe*parameter.values;
‘and therefore sj==sj(®) . where."Q' is a vector pf
parameters corresponding to a point in “the parameter space.
' Using this terminology, most work that has been done
on fitting and testing models can be thought of as a two
stage ﬁrocesé. ‘First, ‘estimation, in which the parameter -
values are selected so fhat,a-subset of the 's. agrees with
the theoretical values, and, the secénd, testing, in which -

the remaining - sj:-arercompared to their corresponding -sj{@) .
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Clearly, conclusions from this method are conditional on . -
the choice of properties used in each of the_twoustaqes;

The estimation procedures of the modelsJ_freé parameters

can be classified into two categories. Global,estimation}
such as maximum likelihood or minimum chi—square{ usually_
satisfiessoméoverall'optimal criteria and cannot usuaily

be obtained explicitly in terms of statistics of the data:
and fine-grain estimation, such as. the distribuﬁipn of;grrore
run lengths. Objections may.bé raised sometimes_gs'to the

- order of which property is used for estimation ahd which_.__

property is used for testing. Occasionally, ..as in our
study, the choice of which property is available . for what
is restricted because of the small number of statistics .

with analytic expressions. It has been noted also (Ibid) that

using the same éstimating'statistics for all models.tq-be
'compared does not ensure equal "fairness" to them...

Up to this pointywe have~made some cautious statements.
concerning the applicability of cerﬁain methods for comparing
the model and the data, and bther statements concerning
comparative studies of models. . These points were made to
warn ﬁhe reader to consider past and futuie;inferential
remarks in a propéx perspective, especially with respect to
model comparisons.  Our intenfion has not been to compare
or select models but rather to¢amend the inadequacieé intro-=

duced into simple learning models by ignoring the essential
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features of individual learning rates. Just as important
was our intention to.use'éimple learning models as baselines
auuiaidsto.inféréhée; i.e.,'tb test whether or not'théﬁ
homoqeneiﬁy éssﬁmption'has‘in'féct a sizablé‘éffect on the
learnihg propérties. ‘Our method Succeeded.where a’modél-fréé
anélyéis might have failed.

Before turning to discussion of ourlresults consider
a finél evaluation‘remafk. It has 1§ng'beéhrheld'(é.gi,
Galanter and Bush, 1959) that when a model prediété'EOW'
behavior depends upon-ste éXperiﬁental variable, the model
parameters should be invariant to changes in that variable;'
Thié'criteribh When‘sétiéfied should indicate some general
descriptive ability of the model. This criterion is indeed
satisfied by our models' parameters as well as by many of

the models' propefties}

II.4.2. The Important Features of the Résuits

 The reSﬁlts of this study demthttate unequivocally
that the OEM with the hetérogenéity provision ig still a
féirly'é¢curate model, at least for the type of data consi-
dered. .Moré_significant is the observation that individual '
‘differences ﬁave a first.orde:‘effeét on the predictive
powér of éimplé'stochaStié mbdéié; These facts are demonstrated
by the lérgé impfévement in the Xz values as well as by
the accuracy of the prediCtibn of the mean learning curve

for Experiments Ia and Ib.




Properties of the models become sensitive to individual
differences -- to the degree that such differences exist.

This fact is demonstrated by change in magnitude cf‘the'
variancee of total number of errors. It can be said thefefcre
that the first goal of plausible inferehce,“michie‘having

a model capabie of representing the theory_ebout the.learning
process, is satisfied.

The second goél.of having a model_wﬁich'can provide
descriptive statistics of the data is also fulfilled by
satisfyiﬁg many of the criteria pertiaily described in the
last. section. | | A

Parameter estimates remain relatively invariant under
the prior assumption as does the descriptive power of the
models. In addition, it can be shown that some important
properties of the mcdels'remain invariant under the prior
assumption, e.g., the stationarity proPertyrof_presolution
trials in the OEM case remains invariant asrexemplified by
Vincent curves or other tests.

The statistics of the prior mean and variance of the
conditioning and guessing parameters of the'OEM*,'presented
in Table 3.7** are most descriptive of the experimental data.
Higher-means-and-smalier variances of conditioning characterize
the experiments run witﬁ college etudents. Smaller means
and larger variances describe the ekﬁeriments run with young
childreﬁ. The discrepancies between the results of experiments

Ia and Ib have to be explained, again, as in Atkinson's
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study, in terms of the different experimental procedures

used ‘in the two exﬁeriments. This latter;faCt,'however; may
be now partially accounted for-by the-gueSSing prioxr mean for
experimeht Ib which was lower than for experimentlIe:

The last'peint'leads us to ‘consider next the guessinq
parameters and their relation to the conditioning-pafameters.
In the OEM* situation the prior guessing means-essumed higher
values than are usuelly ascribed to them -- one over . the
number of response alternatives. Moreover, in 5pite'of the
independence aSSumptionlfor the7twe'prior densities, there -
seens to be a definite relation between the‘guessinqgand.the
conditioning parameters. Higherwguessing-paraﬁeters are = .
asseciated with lower conditioning parameters and vice versa.
This association is particularly “strong between the mean of
the one parameter and the variance of the other, i.e., a
lower conditioning mean is associated uith-a higher-guessing
variance. . These observetions,fin addition-to being -
intuitively appeeling, are supported.by a large body of data
‘on "short-term" recall (e.g., Murdock, 1961, 1963).

The studiee referred to differentiate between short- and
long-term memory. Items in short-term memory can be retrieved
for immediete recell, but since-the short-term store is of
'limited'capacity the probability of guessing depends.pn the
number of 1nterven1ng 1tems from one presentatlon of an item
to 1ts next presentatlon The llmlted buffer capacity may

be described by a forgettlng parameter, the same parameter £
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of the LS model introduced.in,Chapter I. We also described
‘in Chapter I the LS-2 model which_sayé'that at the moment

- .an S-R pair is studied, with probability' a it Qoes into
a 1ong—term,memory storage system.and with probability lea'
the S-R pair goeé.into a short-term store; where it is :
vulnerable to interference from intervening items.  When we
compare the estimates of a  for the LS§-2.in Table'3.7 and
our estimates of ¢ 'for the OEM* in Table 3.7**,-the
similarity of thé results is more than'striking. Furthermore _
comparison of the XZ' values for the two models,'LS—z and
OEM*, between Tables 3.8 and 3.8% demonstrate again extréme
closeness of the corresponding values..- We have yet to -
;account for the high guessing probabilities. We do that by
rewriting the LS5-2 model as a 3-state process: collapse
states S and F and make the response probability in the
igingle intermediate state (SF) a functidn of_thefforgetting
parameter. We now have the following transition matrix and.

response probability vector:

L SF U_ _Pr(correct)
LY 1 0 -0 . 1
SF| a- 1-a 0] 1 1-f£+£fg | = C(4.1)
vla  1-a of | =

The guessing probability for state SF is 1- £+ fg which
is larger than the guessing probability of g alone and |

may explain the high guessing estimates that we calculated.
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Atkinson and.cfcthérS‘aéfualiyxtiiéd this collapsing pro-
cedure for the iS—3amodé1'k;§ig;iﬁq. 25), but had alléwed the
additional parémétéx"c oflthé 1S~3 model to be different from
i, i.e., there waé a positive pfobability‘ l-c¢ of staying in the
unlearned state U. When they applied this model to the four-
tuple response data, Atkinson and Crothers reached the smallest
x2 of all the models described in their paper. The estimates
for ¢ under this setup were all close to 1 which may indicate

that the model described by Eg. (4.1) i§ the most plausible

model yet.

I11.4.3. Further Researéh and Conclusions
| The empirical results confirm the hypothesis

that the heterogeneity assumption increases the predictive
power of simple leafning models and has a sizable effect on‘
their learning properties. |

Further.theoretical research should be directed toward
finding more safisfying prior bivariate (multivariate)
distributions on the unit square ({m-dimensional spaée).
These distributions should be able to describe the relation-
ship between the learning, or'pefformance, parameters. They
should.provide fast and_easy gstimates for -the prior
parameters of a variety of models and easily calculable
estimates for a variety of learning properties.

When it is done, posterior probabilities could be then

simply derived and would enable us to characterize the
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ability of individual students, the difficulty of individﬁal
curriculum items and the interaction between ability and

difficulty with respect to the particular educationalktask.
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CHAPTER III

PERFORMANCE MODELS FOR SIMPLE ARITHMETIC PROELEMS

IITI.1 Introduction

In Chapter'II, we confirmeéd the hypothesis that the
heterogeneity assumption increases the predictive poﬁer of
simple learning models and has a sizable effect on their
learning properties. In the present. chapter, we consider
simple performance models for-additiOn problems-aﬁd propose
a method for describing the distribution of different pef—
formance rates. |

A performance model for simple addition was introduced
in Section I.l.é. In Section III.2 we give scme basic. re-
sults relating to the bivariate Dirichlet distribution. In
addition, maximum likelihood procedures are-suggested for
"estimating the models"parametérs and a-Dirichlet distribu-
tion is assumed fdr the performance rates.

Total error statistics are coﬁsidered'in I11.3; we
derive the conditional and unconditional expectations and
varianceé of the total error statistic.

The empiriéal data are'preéented in Section I111.4,
along with a meﬁhod for evaluating the exact distribution
of item performance raﬁes with homogéneous individuals.

Finally, the discussion and coﬁclusions are presented

in IIT.5.
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CIIT.2 SOME BASIC RESULTS

TII.2.1 The Likelihood Function and Maximum Liklihood
Estimates '

- Let IS denote the internal state of the two-state
automaton introduced in Section I.1.2. Then IS = 0 or 1
indicating no carry or carry respectively.. We}consider'
three alternatives: | |

a) digit i  is a ones' column digit
“~b) not (a)-and IS = 0
'¢) not (a) and IS =1
Let <c,ca, and cb denote the probabilities‘of_a_correct
response to digit 1 - for (a), (b) and (c) respecﬁiyely.
If, in addition, ny, né, and  n, denote the number of

digits under the three alternatives above, then the likeli—

hood of an n- digit response is given by

e e nl“tlgtzgﬁ o Bymt, __nty
L = c¢c (l-c) . (1-ca) (1—cb) ‘ (2.1)
where tl" t2 and t3 are the number of correct responses
under (a), (b); and (c) respectively and t = tl + t2 + t3.

The maximum likelihood estimates of ¢, a, ahd b

were derived by Suppes (1968) and are given'by

1-¢=1%/0

., /n
A 5/ Ny -
1 -8 =22 (2.2)
ty/ny
1 -1 = £y/ng
ty/n,
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The estimates in Eq. (2;2) hold;dnly if~the:prq§ortionfof o
Eoffeét‘réSPOnses to the ones' column digit is greater than
the proportion of'correét'résponses to the other digits.
The model presented in Eq.'s 2.1 and 2.2 will henceforth’ be
referred to as Performance-Modei I.

After analyzing the data presented in Tables 4.1 and
4.2 it became clear that the carry parameter}:'g; | did not
contribute tolimprovement in the predictionrof'exPecﬁed |
total number of erroré; ConSeqqéntly, we-tried-a two-
parameter model by 1etting a = 1  this si£ﬁa£i§n is desig-
nated as Performance Model II. The predictions for this
model (in Table 4.2) improved the error predictions of! cer-
tain items and had the opposite effect on other error pre- .
dictions. Since wé_did not improve the error predictioﬁs very
much using Performance Model II, the only prediétionS'listed
are. those for Test 2 in Table 4.2. - | |

It was finally decided to redefine the-no-cérry étate.
With this new definition, a transition to a né—carrynétate"
is possible only if the automaton was already in a carry
state. Equations 2.1 and 2.2 remain the same, but the num-
ber of digits-rh and n and the numbe;rof correct re-

1 2

sponses t1 and- t in the corresponding columns are now

2
different. More explicitly, only. the probiemS'639 +:212 and
5267 + 283_have a no-carry column in the third and fourth col-
umns, respectively. This last situation is referred to as

Per formance Model III.
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ITTI.2.2 - The Bivariate Dirichlet Distribution | N
‘The bivariate Dirichlet probability density function

of two. r.v.'s;, Py and Py .is defined by the following

equation.-~- i
aflafd afl , '
FUSBACHCNEINIES S Tl A (2.3)
S - é% o
wher_e :O_s P, =1 _.i_= 1,2,3 , 2. Py =1
: i=] - E
- . Do+ +a.)
and K = (al,uz,as) = 1 3.3

(Gl)F(@ )F(a )

The following properties can be established (Silver,  1963):
i) ‘The margindl p.d.f. of a specific p; - isa beta den-

sity given by

_ a.-1 .;«.ai-l
£, (p.) = pij (l;p.)l J - 0 = p. < 1°
B3 B(u }ia y 3 J ‘ P5
1;53 I S (2
ii)_rThe‘expegted_value of p. is
. o 3
(P ) = mm—J-— ='§J where A = ji a; (2.5)
ZG‘ i=n 1
iii) ' The variance of pj is
Ctj S'a C‘Lj z dl
V(e -- i7] 1]

i
- . _ e (2.8
(z “i) <1+ i ai> 2% (a+1) |
i=1 i=1 '



iv) The covariance_of‘”pj:”and-_pm,'_j Zm, is

Cov (P.,P )} = = % = = LT {(2.7)
3 m S 1-4_-._‘3- O\ A%y
CH 2 “i) _
| : AN = i=1 : R

III 2.3 The Distribution of Item Performance Rates W1th
- ‘Homogeneous Individuals. : : - .

-In the following analysis we assume that individual
students perform equally well, but the items are heterogene-
ous and of different difficulty. 7 | |

. Since the error frequencieSIare.Qery sﬁallfin-perforné-'
ance data, the sum of output and carry error rates is con-
siderably”smeller than unity. We may assume, therefore,

that the output error rate, c

1~ ¢, and the.product b
are Dirichlet distributed. For convehience,let Py = c;
P, = ¢b and P3ﬂEIEE7 b=1 -

wWith the assumption of a”Dirichletjpriorcﬁl 123} and P,
and using equations 2.4 to 2.7 we have'thelfoilowihg
properties: | |
v) The error rates c, “i.e., P and b are independent
beta r.v.'s with parameters (al,@2+a3)'
spectively. _ L . _ . (2.8)

4d _(az,a3) re-

Conversely, the correct rates C and b are independent beta

r.v.'s with parameters (a +a.,,a ) and (d3,q2) respectively.

30
vi) 'The carry—output correct rate {cb), i.e., Py, is a
beta r.v. with parameters (d3,al+a2),- _ S (2.9)
Conversely, the carry-output error rate 1 - ¢h, i.e., 1- Py
is a beta r.v. with parameters (a,+a

| pHag.03).
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ProPerties (v) and (vi)'are_intuitively:appealing.
:First, they conform to our model aséumption that carry and
éﬁﬁﬁut érrogs”are indepehdent,. Sécﬁndly,'eéCh'difficulty
may be ihdicated by the size of the~prior parameters. Thus

the output error rate increases as a function of Cqe the
0

ly, the carry-output error rate increases as a -function of

carry error rate increases as a function of ., . and final-

1 + ‘O.‘.z'.--

‘From Eg.)s (2.8) and (2.9) we ﬁavé“%he‘following:‘.

vii)fThe'mean.and the variance‘fof‘the'output‘error‘rate are

' o a, (o +a ) .a.(A}d )
! 1 {&ptas 1 1

E(p,) =% cand | V(p,) = - = —= . (2.10)
1 A 1 A% (a+1) 2arl)

viii) The mean and variance of the carry-output error rate.

are o
o, + a A - .
— j 2
and S o _ S - {2.11)
. (al+a2)a3 a3(A—a3)
g A° (A+1) AT (A+1)

Obviously, V(EB).='V(;§)-

':ix) The covariance between output and carry-output errors is

Of.:i-O’,3

Cov(Pyrdmpy) == Covieyy) =75 =

.In order to estimate the prior parameters Gq:sCoq, ‘and

) d3 of the Dirichlet distribution we used the method of moments.
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It is also possible to integrate the likelihood (2.1) with .
respectJto.the Dirchlet priox and determine numerically the.
estimators &, 4, and T, which'maximize the resulting
function; | |
- In Section III.3 we calculate the‘estimates_pf;the
prior means lE(pl) and 'E(ES) and the prior variances

v(p;) and v(p3).. Using these estimates we pﬁoceea to

determine 31, G, and &, by the following procedure:

2 3
8, = AR (®,) | o (2.12)
aé = ?sk;-ﬁ_(pl)_ - E(py))

6, =28 @, | | (2.13)

A itself is determined from (2.10) and (2.11), sﬁbstitutihg

A =oa,E(p;) in the expression for the prior variance

2%E (p;) [1-E(p,)]

Vip,) = (2.14)
oo a2 (a+1)
E(p;) [1-E (p;)] | |
A= lv(P') | ' . (2.15)
. i
As E(p;)[1~E(p;)] - v(p;), A -0, which implies in

return that ai - 0,
This situation is noted in Raiffa and Schlaifer (1961,
PP. 263-264). In their section "Limiting Behavior of the

Prior Distribution", they prove that as the parameters o,

=

and A both approach zero in such a way that the ratio

=8
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remains fixed, a fraction._E(pi) of the total probability
becomes more and more concentrated Eoward_ pi = 1, the
remainder toward p; = 0; the variance v(pi) apprpaches
E(pi)[l-E(pi)]. It is interesting to note that the graph
of the beta deﬁsity with parameters (r,s) is-Ugshaped'when
r + s = 1. If only one of the parameters is smaller than
unity the density. concentrates onone.side. Wé also recall
that for our learning‘datar in Chapter II, the parameters

were much larger than one and the graph was’bell—shaped,

IIT.3 TOTAL ERRCR STATISTICS

1 X2 and X3

each having a binomial distribution with parameters (ni,ql),

et X e independently distributed,

(gé,qz) and (né{q3) respectively. ni, né and né are
the total-output,.no carry—output and carry¥outpﬁt digits.
Also 4, =p; - c denotes the 6u£pﬁt-e£roi rate, q, = 1-¢3
denotes the no carry-output error rate, and d; = By = 1~ cb
denotes the%ca:ry—output error rate. Then, the r.v. desig-

1+ 0yt n3'_d1g1ts

The conditional expectation of T’

 nating the total number of errors in n
is T =X, + X, + X

given Q = (ql' qzr q3) is

CE(T' Q) = 3,=1 nig(l=q;) - (3.1)
and
3 | o
v(T' |Q) ?ézg_niqi(l-qi) . S (3.2)
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Tet Ii' dencte the number of items having type .1 digit
{(i=1,2,3) and n, = n;/Ii, _i.e., the average digits per

item of type i. Then, the mean total errors per item is

3‘ﬂ .
B(rle) = D mya; BEEFEEN
i=1
3 e |
V(T IQ) = 'z]_ nlql(l‘qi) ) . (3.2)

In order to simplify the expressions for the uncondi}
tional properties we consider only the situation described
by the two-parameter Performance Model II. In this case

* * . - L
T =X, + X%, where X and X are binomial random varia-

1 3 1 2
bles with parameters (n;,ql) and (n3,q3) respectively;‘

*
1= nl +-n2.

Then, the conditional mean total errors per item is

n

_ . o o _
E(Tlapd3) = nyd; + nyd, R (3.3)
and the conditional variance is
* .

The unconditional mean is given by integrating
E(T}qiq3)' with:teSPect to the Dirichlet prior density of

9, =p; =¢ and 1 - qé E_pj = (EE)'

B*(T) = E4[E(T|ay.q5)] = niE(q)) + n,E(qy) (3.5
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" The unconditional variance is given by

vHm) = B (%) - B*(T) = mg077ay.qy)] - BFP(T)

which reduces to

VI(T) = nlE(qy) [1-E(qp)] + ny3E(q,) [1-E(qy)]

+ n;(n‘;—l)_v(ql) + g (ng-1) V(gy) - (3.6)

It is clear that'when the ocutput error rate qi ~and the
carry-output error rate’ q, -are eXact:numbers the uncon-
ditional variance 'V (T) in (3.6) becomes the conditional

variance V(qul,q3) in (3.4).

ITT.4 DATA ANALYSIS

irr.4.1 Descriﬁtion of the Data

: The data'describéd'in'Tébles 4.1'and 4.2 were col-
lected as part of the computer-assisted instruction program
in elementary mathematics at éhe Ihétitute for Mathematical
Studies in the Social Sciences, Stanford Universitf;

Two row addition problems were given to 80 third graders
in local California schoéls as a pretest before five drill-
and—précticé séééions; the data for this'group are presented
in Table 4.1. The same‘problémS'Weré given to a different grou!
of 62 third graders after five drill;andwpractice sessions:
these data are presented in Table 4.2. (Although the groups

were not the same, one may infer that some learning has taken
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place in the second group since there were only 144/62 errors
per student in Test-é.and 196/80 errbrs_per‘student in Test 1.)
| The left-hand columns present the observed error fre-
quencies.for'each_item listed and for all~students.- The no- .
carry column represents the no carry-output errqrs.for Per—.'
formance Model I. The numbérs in that column are added to
the corresponding entries of the ocutput colﬂmn_for'?erfor—
mance Model II. For Performance Model III all entrieé are
added to the corresponding entries of the first cbiumn eX.
cept for the items 639 + 212 and 5267 + 283;'.there are
only 17 no carry-output errors for Model III. A
Consider, for example, the data given for the problem

14 + 15 in Table 4.2. For Performance Model I: n. =n.==62

1 2 '
n3_= 0, n, - t1 ; 3 and n2- t‘2 = 3; for Performance Model
IT and IIX n, = 124, n2 = 0 and nl—-tl = 6. The data

given for the problem 639 + 212 1in the same table are, for

Performance Models I and ITI: ny =‘n2 = n, = 62, ny - tl:=3,
n2— t2 = 8 and‘ n3- t3 = 4; for Performance Model II:
n, = 124, n2 = 0, n3 = 62, nl~ tl = 11 and n3— t3 = 4.

The predicted values for the three models are calcu-
lated by using the maximum likelihood estimates (2.2) and
Eqg. (3.1).for Pefformance Models I and III, and Eq. (3.3)
for Performance Model Ii. The maximum likelihood estimates
and the variances of total errors dﬁe to each error type
for all three models are given in Takle 4.3. Note that the
estimates are for the qi's; these are simply the ratio of

errors per all digits c¢f a given type. For example-
| 69



the variance estimates in Table 4.3 were calculated using -

Eg. (3.2) for Models.I and IIT and Eg. (3.4) for Model_II..
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TABLE 4.1

total

- 28

ERRORS  PREDICTID
iten outpat no carry carry- total 1 TIn
7 | | '
+2 5 1 0 8 6.7 5.5 .
14 |
151 4 0 5 6.7 5,5
6 .
#1301 2 0 3 6.7 5.5
263 : .
+214 1 2 0 3 10,1 8.3
416 o -
s212 2 2 0 4 10,1 8.3
27 _ .
43 0 4 - 7 10,9 10,3
8 |
B2 4 0 7 1 10,9  10.3
€6 | |
+14 1 0 3 4 10.9 . 10.3.
639
212 4 8 6 18 14,3  18.8
5267
28 3 9 18 30 21,9 26.4
- , :
+15 € 0 1 17 18,5 17.%
+256 6 0 18 24 18,6 17.9
3086 - _
+4735 3 0 25 28 26,1 25,5
7657 ~ |
+187% 7 0 29 36 26,1 25,5
47 121 196 196

195

' PERFORMAICE MODEL TEST 1
e :

———



CTARLY 4.2

'ERRORS

PREDICTED
item outmat no carry carrv total I II 111
17 _ : .
r2 P 0 0 2 5.0 4.8 3.6
14 . -
+15 3 3 O 6 tl.O 4-8 i ‘ 3.6
6 . -
#1230 2 0 2 5.6 4.8  3.E
A€ C
41F .
+212 1 2 0 3 8,0 7.l 5.4
27 . _
s4 50 3 8 .6 TS U4
g :

221 0 4 5 7.6 N9 T4
& _
+14 ] 0. 4 4 7.6 e 7.4
639 '
+212 3 8 4 15 10.6 10,53 15,8

5267 - . | |
+283 2 S 21 32 15,1 1£. 8. 26.4
378 :
15 4 0 8 12 13,1 13.5  12.9
oh? ' o
+#56 z2 0 g 11 13,1 13,5 12,9
396F _ :
+4735 z2 -0 21 23 18,6 19.1 18.5
7687 | |
+1 875 3 0 15 18 18.6 18,1 12,5
total 28 27 89 144 144 144 144

PERFORMA XCE MODEL TEST 2
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VTABLE h.5

Model

Test 1

II1

Test ?

IT

ITt

-09

output no carry - carry | cutput . no carry ecarry ‘Total
. F ] [ A N F . .. R ' . A
q ‘ q C V(X)) V(X.) V(%) - V(T/Q)

1 e 5 ot 2 E(3.2)
.02 .038 09 321 5.84 12.17 0 19.22
O3k 106 .09 3.99 7.59 12,17 23.76
.032 - .08 .09 1.93 3.6 9.0 - 1h.6
.039 - .09 5-77,:. -- 9.0 12.78
.029 137 2.6 7.3 9.0 18.97

PERFORMANCE MODELS -

Error estimates and total error variances due to each error type




II1.4.2 The Distribution of Ttem Performance Rates with
Homogeneous Individuals.

Using the estimators &i‘s,‘rcalculated in the
- last section, we are now able to_determiné.ﬁherdistribution
of the prior,perfprmance rates. VFor Pe;formance Model TII
~this is done by rewriting f3.6)lin the following ﬁanner:

We replace V*(T) by the observed total variance, V(T)
and .V(qul'q3) by its estimatei(mable 4.3). In brder,tq
solve for V(ql) and V(q3) we let ﬁ(qij'= ai and apply

Eq. (2.14). We now have,

V(m) - ViTlgya;) =

B(g)[2-E(q)] . E(gy) [1-B(ay)]
S 1 . 3 37 (4.2)
nl(nl 1) U + n3(n3 l),_ B _
The resulting equatién éolving for A is
5 n] (n}-1)E (q;) [1-E (q;)] , Py DE(ay) -8 (qy)]. .
V() - V(rlay.q,) V() - V(Tlagay) T
(4.3)

The estimators &y, '&2 and &, are finally calculated by

Egs. (2.12) and (2.13)

a; = AE(ql) = Ag

j®)2
w
I

Qo
I

2 = B-E(ay)-24E(ay)) = AB(ay)-Blay)) = B@yq)  (4.4)
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As an example, consider the dlstrlbutlon of item perfor—'
mance rates for Test 2 Model II Therobserved variance
V(T) = 75.20 and the estlmate of the condltlonal varlance

V(qul'qB) =12, 78. U51ng (4.3), A= 21.04, a ='.820

1
~ ~ ~

G4 = 19.14,° qz = ;.07, V(ql) = .OO? and V(qs) e f037' |
That is, there_is not too much variance in items due to the

output factor, but a noticeable variance due to carry.

IIT.5 DISCUSSION AND CONCLUSIONS

ITI.5.1 The Conditional Models

The results of this study demonstrate that asymp-
tdtie performance data, ‘in the context of eomputer—aSSisted
1nstructlon in, elementary. mathematlcs, can successfully be
accounted for by probablllstlc automaton models W1th few
parameters. ..

Educatlonally more 1mportant is the fact that these
‘models serve as excellent tools for determlnlng the struc—
turel features of ;tems. ~There is no doubt that belng able
to identify theee featuree_is a prerequisite if one:is to
use difficulty factors in order to develop a sound.theory_
of ihstruction‘as_welllas sensible_testing proce@ures;

The mein_eohceptual strength of these models is their_
ability to provide explicit_temporal-analysis of the steps
being taken by the student in solving arproblem. The anaLf.
ysis Which led to Performance Model IIT is a case in point;
we were easily able to determine that a no;carry difficulty_

is ralsed only lf a carry was preV1ously encountered The
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advantage provided here in identifying the latent structure
of the data seems to be more 1mpress1ve than the galn pro—
vided, say, from a Factor Analytlc approach |

- From the p01nt of view of an analysis of variance‘ a
second advantage of Performance models is 1mmed1ate descrlp-
tion of the models adeguacy. Let the total error statlstlcs

T be a linear combination of the errors due to n variables,

Xl’ X2, ey Xn end an error variable ¢, i.e.,, T Z%X + €.
If the Xi‘s and € are mutually 1ndependent then
E(T) = D E(X,) + E(e) . - . = (5.1)
=
and 0 N . _
V(T) = _Zl_v_(xi)- +V(e) L (5.2)

The additivitY‘and_independence assumption may now be tested
byhanaly21ng the observed discrepancy between V(T) and

I: V(X ).

‘This procedure was actually used in our data, where Xl
was the total errors due to output, X2 was the total errors
due to carry-output. The magnitude of the observed V(e)

- was less than 20 per cent of the total variance, V(T).

III.5.2 The Unconditional Models

| One question temains to be answered: can we im-
prove the predlctlons when 1tem dlfferences are considered?
The uncondltlonal predlctlons (3.5), depend on the expec-
tations E(ql) and E(q3). ‘We can-elways do es‘well as
the conditional predictions by letting ﬁ(qi) = &i. How~
ever, as long as our estimation procedures are based on the

first moment estimates we cannot improve the prediction.
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The obvious question now is: can we estimate E(qi)
by some other method. Toward this end, we %tried to egtimate
o

and a., by maximizing the unconditional likeli-.

1 %2 3 |
_hood, i.e., the integral of (2.1) with respect to the Dirich-
let prior, and had exactly the same results that We,arrived
-at by the moment estimatidn_procedure; The reason we arrive
at the same results using the two estimation_methods is due
to the fact that the estimators are a fuﬁction of the_meah

total.errdrs only.
‘Theoretically, item differencés should have an effect
on the.predictive power of the models. This is so.in view

of Eq; (2.14) which can be written as
B(q;) [1-B(qy)] = (A+1)V(q;).

In other wo;ds'_unless'the_va:iance V(qi) = 0, _E(qi)‘ does
depena on item differences, since the E(qi)'s afe a func-
tion of V{q;)'s.

In general, we may_cbnclu&e that the properties of the
models are sensitive to item differences - fo the degree that
such differences exist;. This fact is demonstrated by noticing
_:the weight attached to the V(qi)'s in the expréssion for
the variance of fotal errors, V*(T), in Eq. (3.6).

The aggregate of item differences.is expressed as the
sum of differences in each.pérformance'category. By obsery—

ing the discrepancy between the conditional variance of total

17




errorsrfor each factor'”V(Xi[qi)-’apd the observed variaﬁcé
of total errors due to each factor, we mayfaECide-ﬁhe source
of differences between items. - |

It is true that as qi—aO 'this'differenée*for.factdr‘hi,
e.g., carry, is small. The converse is not trﬂe'hoWeﬁer;?»qi
may approach unity and V(qi) may still apprdadh'zérd. *Itém
differenceé may, tﬁérefore, be viewedlas_a‘conﬁex*functidnf'
of correct and incorrect responses summed over performah¢é
factors. For either extreme of the fUnction,7all responses
_cofréct or all‘responses incorrect, thefe are no itém'dif—
ferences for that factor. We had exactly this situation in
mind when we discussed the limiting behavior of the prior
diétribution in Section IT1T1.2.3. |

The output performance factor serves as a good example.

It has a Beta prior distribution with parameters (.8,20.2).
The total pfobability is concentrated toward d; = 0. In -
addition, the discrepancy between the observed output vari-
ance and the conditional output varianéé,’-V(Xllql) is very
“small. The same discrepancy between the output—carﬁy vari-

!

ances was ten times as large.

Having_the exact prior distfibution on performance rates
will enablée us to derive the posteribr distribution of these
rates after a new presentation of items. Future extensions
ﬁay include, therefore, sequential instruction strategies

‘based on Bayesian procedures,
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APPENDIX

THE y° MINIMIZATION PROGRAM

The tables ihcluded in the appendix present tWo. 0¥ -
usually tﬁree of £he best sets of prior parameﬁef.estimates
for both the OEM* and the IM* for all eight experimentg.
for each modél—expérimenf éombiﬁation,IIG ih.éil, éaéh table
of the appendix déséribes also Ehélpfédicted fréqﬁéncies
of the 0, events based on the first set of the "refined pbint"
listed, which is not necessarily the best set of'estimates
cf r,s,m and-zl in that table. Also listed are the prior
means and variances of ¢ and g associated with this
set of estimates. |

The numerical computations were written in Fortran IV.
The program was adapted to be run on the PDP 10 at the
Institute for Mathematical Studies in the Social Sciences,
Stanford University. |

The program itself consists of two subprograms. The
first, named Paraest and written by Tom Wickensf, is
a routiné which utilizes general hill-climbing procedures
to find the minima of an arbitrary function over a multi-
dimensional space. Values of the function are provided by
the second subprogram, Stat, which was written by the
present author. Stat calculates the le values (Eqg. 3.2)‘

associated with the predicted Oi values which are

TDepartment of Psychology, UCLA
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é&lculatéd in_turn by the eguations of Tables 3f3 or 3.4 —-
for giveﬁ values of r,.s, m and ilr The_author provided
the range of the search space for each parameter. It was
determined from a.few pilot runs that the rangé of 0.5 to 70
was wide enough. The range of the search is tabied-ﬁnder
the heading of Minimum and Maximum. The precisioh was
controlled to 0.5, i.e., the worst estimate would be accurate
up to 0.5. | |

Paraest takes over by first calling.for function valﬁeé
at points in a rectangular grid ove£ the relevant portion
of the parameter space. From this scan a number of points
are selected which give the smallest xz values, supplied
in turn by Stat. The best points are denoted as Scan Points.
A second routine, Refine, works from the previoﬁsly given
estimates of the minimum. Function values are called aﬁ
points'around the estimate, along each of the paraﬁeter axes,
and from these values the gradient of the function is esti-
mated at the original point, and a "downhill" direction
 found. Proceeding along the gradient a minimum is approached.
The points calculated by the refine procedure are denoted
as refine points. .

Since Paraest calls on Statrfor each new parameter
value on the grid from 0.5 td 70 with increments of sgize l,_

Stat is called about (70)%

times by the Scan procedure alone.
Each of the 16 0i predictions calls for a product of two

Betas, i.e., 6 products and ratios of the Gamma function. .
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Thus, the number of subroutine calls for the Scan procedure
alone is about 2.5 million. This rough-calculation should
serve as-an indication of theramount'of:time that wéS'required
to run each and every experiment.

"Finally we would like to make a remark assoéiated,with
the results for OEM* experiment Ia. In this appendix there
.are two tables given for the OEM* experiment Ia} Thezreéﬁlt
of 5.10 for the minimum xzﬁ given'in the first table seems
out df plaée with respect to the Scan value of 40.766 for
almost the same parameter estimates. The éame ekperiment
was run,thefefore,a,few more times and. the XZ value reached
usualiy-as low as 7.15, the value listed in the second
table of experimenﬁ_Ia. The parameter estiméted in both.
Itables are almost the same but the value of the prior variance

of ¢ went down from .00531 to .00237 as noted in Table 3.7%%.
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JEM PROBAuILITItn rVPhPl.hnT 1A

"INPUT DATA:
1,230005+02
3., 000008400
7. 00NODE+DD
1. ONDODE+D0

PQI“T
nET"M
R
S
Y
N R
CHI-SCUARE:
PUI“T VO.
DEFN
R

q

M

g :
.CHI- GOUARE-

PJINT NJ..

. DEFN
R
5

e

CHI= GQUARE"

FLOATING CONSTANTS'

M0t

3,000300E4+00

5.02000+00-

S 2.,00000E+00

1

SCAN POTNT.

6. 2500001

5,.55000E+0]

3.35000E+01
5 ,.95000 E+01 -

N, TI8OZE+0 |

5
SCAN POINT
§.25000E84+01 -

5.85000E+01

" 3.35000E+01

6. 159000E+01

0.71823E+01

3 -
SCAN POINT
5.85000E+01

5,45000E+01
. 3.35000E+01
- 5.15000E+01
‘;0 71865E+Oil

PROGRAM WILL FIND A

6. 30000E+00
2,00000E+00

14 500008+01

REFIME POINT

6. 15C00E+01
5. 75000401
3L.35000E+0)

6§, 00000E+01

0.71673E+401

REFINE POINT
s 1 ETO6E+01
. ! +

1

TTaST 1
ETTTSTTET0L.

T "

REFINE POINT

5.62500E+01

5,47500E+0 1
3 .40000E+01
6. 10000E+01

Ca 716755#0]1
- O, 23400E+03

THE OPTIMAL EXPECTED FREQUENCIES ARE:

85

1 . 00000 E+0D
. 4.30C00E+01
.0.00000E-01 .

SMINIMUH

5,25E+01
P OSE+0 |
4,05E+01

M1 NI MUN
5.,25E+01
5.25E+0]
- 2,05E+01

- MINIUM
5,25E+31
| 5,25E+01

- 2.058+01

4,05E+01

5.25E4+01
" 6455 E+0
3 .,40E+01

MINT UM,

1. GOOGOL+OlN
1.uOOGOL+OO.
6, 00D00E+00 -

CAAXIMUM

T.00E+0C1

6. 50E+01

MAXIMUM

-7 00E+01

« 20 E+0}

'3.4OE+01

6450 E+0]

MAXIMUM

7.O0E+0)

6. 50E+D]

34405401

8450 E+01

PREuIbI
5.,00LE- Ol
5,00E-01 -
5.00E-C1
5.00E~-01.

PRECISIJN
5 OOB (R
5,00E-0]
5,00E-01
5.00 E"'Oi*

PRECISION

5 50 OE"O 1

- 5,00E-01

5,00 E-01

0¢ 1)=  1,26656E+02 0C 2)= 2,73512E+00 0C 3)=  5,529435+00 0( 4)= 2.5
978E+00 | R : - D
0C 5)=  1,39493E+01 0C 6)=  2,51978E+00 0¢ 7)= .5,13522E+00 0C €). 2,39
q22E+00 o |
0¢ =z 3,96704E+01 0C10)=  2,51978E+00 0C11)=  5,13522E+00 0C12)= 2,39
29 2E+00 o o : -
0C13)= 1,31444E+01 0Cl4)=  2,35982E+400 0(I5)=  4,92923E+00 0C16)= 2,35
9RZE+N0 - : o
THE PRINR MEANS ARE: G=,51881E+00 C= ;35829 E+00-
THE VARIANCES ARE: VG= ,20810E-02 V0= ,24330E-02



OEM EXPERIMENT Ia
progran will find a minimum.

input datas o - ‘ ‘ o
1,23000e+02 =~ 3.00000e+00 6,00000e+00 1,00000e+00. 1, 60000e+01
3.,000006+00 5.00000e+00 2,00000e+00 4,30000e+01 1,00000e+00
7.00000e+00 - 2.00000e+00 1,50000e+01 0.00000e~-01 6,00000e+00
1 ,00000e+00 : : .

-moint no.t _ 1 , :
© defn - scan point - refine point minimum meximum precision
oy - 5,40000e+01 5,39378e+01  5,05e+01 5,50e401 5,00e-01 -
s 5.35000e+01 5.35953e+01  4,85e+01 5,80e+01 5, 00e-01
m 1.55000e+01 1,54437e+01  1,45e+01 2,00e+01 5,00e-01

n . 2.,75000e+01  2.70939e+01 2,65e+01 3.00e+01 5. 00e-01

chi-square: = 0,40750e+02 0.53174e+01.

point no.s 2 ,
Qefn - scan point refine point - minimum ~maximum .precision .
r - 5.50000e+01 - 5.50000e+0)  5,05e+01 5,50e+01 5,00e-01

8 < B ,35000e+01 m 4,80e+01 5,H0e+01 5, 00e-01
m- T 1.55000e+01  1,50060e401. 1.45e+01  2,00e+01 5,00e-01
n 2,75000e+01 2,71251e+01  2,65e+01 3,00e+01 5, 00e-01

chi-squares  0,40766e+02 0,51044e+0176M
floating constantst 0,23400e+03

the optimal exmected frequencies are:

©0(:1)2 1.25499e402 o 2)= 1,90450e+00 o 3)= 5.98323e+00 of 4)= 1,86986e+00
o 5)= 1,42501e+01 o €)= 1,86986e+00 o 7)= . 5.94860e+00 o 8)=  1.90449e+00
o{ 9)= 4.06220e+01 o(10)= 1,86986e+00 o{11)=" 5.94860e+00 o{12)= 1, 90449e+00

)=

0(13)= 1.43716e+01 o(14)= 1.90449e+00 o(.1_5-)=—- 6.13716e+00 {16 2,01230e+00
the prior means ares g=.501599+0'0 =, 36306e+00 B

the variances are: vg= ,23034e-02 ve=,53114e-02
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OEM EXPERTVENT

ipout datad
1 25000e+02
2,00000e=01
1.00000e+01
7.00000e+00
roint no.e
de fn L
T

5
il
n

chi-squares

roint no.:
defn :
r

g
b1}
n

chi-square?

"point no.:
r

g
m
n -

chi-squares . 0.20851e+02 0, 20210e+027F
floating constants:
the optimal expected frequencies ares
o(1)= 121815402 o 2)=" 3,60557e+00
1.,7200e+01 of 6)= 4,12511e+00
4,12511e+00 o(11)="

_of-5)=

de fn o

iv

3.,000008400

6,00000e+00

2.000008+00
1

- gcan mint

5,60000e+01

LB ,B0000e+01.
"3.10000e+01

7.10000e+01

nroeram will find 2 minimin,

1,00000e+01 4.00000e+00 2,10000e+01 -
5. 500006401 - 5.00000e+00

3.00000e+00

3, 00000e+01

refine wint:
5,56875e+01
6.50000e+01

3:,10000e+01- -
6.9750 0e+01

1.00000e+00 6,00000e+00

- minimum
5,35e+01

- .6,25e+01

2.85e+01

6.35e+01

6,.00e+01
7.00e+01
4,00e+01
8,00e¢01

0.20289e+02 0,20263e+02

2
-scan Dpoint
3,60000e+01
6.50000e+01

7 3.10000e+01
. 6.600008+01

refine point °

5,47500e+01
6,37500e+01

.2,97500e+01

. 6,72500e+01

minimum
5.35e+01
&,25e+01
2 .85e+ 01,
6 ,35e+01

£,50e+01
?.00e+01
4, 00e+01

0. 20607e+02 0.20291 6402

3

scan voint Trefine point-

5 ,60000e+01. :5,41273e+01

€ .50000e+01

. 3,60000e+01
7.60000e+01 7. 6A2E3e+UL.  6.35es01.

of 9)=" "4,99281e+01 o(10)=

"0{13)= 2.01787e+01 of(l14)= 4,87553e+00

6,31230e+01  6,25e+01

8. A2 2er0T

0,28800e+03

ol 3)=
of 7)=

b(15)§

maximum
8 ,50e+01
7. 00e+01

minimam
5,35e+01

2,85e+01

6,80069e+00 of 4)=

7, F038e+00 o(12)=
9,4R991e+00 o{16)=

the pribr means‘ ares g=.4¢6142&r00 c=.'307699+0Q

the variances are?svg=,;20422e-02.vc=.20935e~02 o

87

7.96038e+00 of 8)="

meximum vorecisior
5,00e-01
5. 00e-01
. 5,00e-01"
© 9¢00e~01.

‘maximum - precision
5, 00e-01
5.,00e~01

. 5, 00e-01

8.00e+01 . 5.00e-01

nrecision
. 5.00e~01
5, 00e-01
4,00e+01 -5.00e~01
8,00e+01 -~ 5,00e-01

- 4,12511e+00
4,87553e+00
-4, 87553e+G0
-5,95351e+00




ORM EXPRRIMENT 1T

inmt data

C3.03000=+02 1, 400008+01

1.70000e+01 3,20000e+01
2.,50000e+01 1 °0000°+01

1 900006401

voint no.t

defn
T
s
m
n
chi-sauare?

n01nt no..

defh

T

s

m

N _
chi-sfuare?

" voint no,?

defn
r
8
m
n

- chi-square:

floating constants:

1

‘gesn voint

5.00000e+01

. 15.,50000e+01

1.,40000e+01
4.50000e+01
0,52724r+01

2

‘scan voint
4,50 000e+01

5.,00000e+01
1.40000e+01

4,50000e+01
0.57056e+01 0. 44951e+01

3

-scan-voint

T .4.,50000e+01.
-~ b.56000e+01
- 1,40000e+01

4.00000e+01

0. 53330e+01

0.'780

proeram will find a minimum,

1.00000e£01  1.20000e401  5,400006+01
1.80000e+01 1,25000e+02. 1,500N0e+01 -

£,10000e+01 memw13ﬁmmam_ﬂTV”“

refine woint

4,92939e+01
15.500006+01 .
1 466080401

4,43011e401
0. 4519Qe+01

refine voini:

4 ,45442e+01
5.00884e+01
- 1.44051e+01 -
4,3615%0e+01

‘refine- noint
4

8, 405640401
240 028e+01_

00e+03

the optimal exvected frequencies are:

o 1)=
o 85)=
o 9)= -
“0{13)=

the

the variances ares ve= ,23672e-02 ve=,31161e-02 -

3,08104e+02 of 2)=
4.99162e401 of 6)=
1..25502e+02 0(10)=
'5.50626e401 0(14)=

1.,43280e+01 o
1,56436e+01 o 7
1.58436e+01 of11
1,77294e401 (15

88

T.19880e+ 01
_trﬁhﬁﬁis:ﬁi{‘

~tin imum
3. 75e+01
4,29e+01
1.15e+01
:3,.75e+01

amihimum

3,75%+01 -5,
5, 80e+01
2.00e401

4, 25e+01
1,15e+01
3. 75e+ 01

mlnlmum
3, Toe+01

"4 25e+01
1 J158+01

(3

T e e e

AT

prior means ares g=.47264e+00 c=,248756+00

3.75e+01

maxmum prec is 10n
5, 00e-01.
5, 00e-01
5,00e-01

5.00e+01
5.50e+01

vz.ooe+01_
5,00e+01-

" maximun

00e+01

5, 00e+31

max imum
5, 00e+01

5, 50e+01.

2,00e+01

precision

- 5,00e-01

5, 00e-01

5,00e-01
&, 00e-01

vrecision
5, 00e-01
5,00e~-01
5.00e-01

5, 00e+01 "5,

-z 562?93+01 0( 4
2.50030e401 of 8
'2,59930e+01 o(12
2,979 7e+01 o(16

s S Ve ot

[Tl N

00e-01

- 1.56436e+01
1.77294e401

©1,77294e401

2,08606e+01




O EXPERIMENT I1IX : '
- vrogram will find a ninimum

input datat -

1 .680000e402 1 3m00e+01 1.&0003+01 1,10000e+01 2 40000e+01
£.000006+00 1.80000e+01 7.00000e+00 5,70000e+01 S,00000e+00 .
2,70000e401 1 40000e+01 3,30000e+01  2.50000e+01 2 400003+01

3.60000e+01
roint no.? 1
defp :j scan voint refine voint minimum  meximum nrecision
r _ - 3.,00000e+00 2.,68750e+00 .- 5.00e-01 6,00e+01 5,00e-01
s o '3.00000e400 3,31250e+00 - 5,00e-01 6,008+01 '5,00e-01,
m - 8,000008400 £,31250e+00 5,00e-01  6.00e+01 5,00e-01"
n ' 4,800002+01 4,67500e+01 - 5,00e-01 6,00e+01 5, 00e-01
chi souare. 0,28432e+02 0.23181e+02 . ' SR
noint no.t 2 _ . ‘
defn ' ..sczn roint refine voint minimum maximum vprecision
r o3 00009e+00 W £,00e-01 6,00e+01 5,00e-01
S ' .'_3 00000e+00 5,00e-01 6,00e+01 .5,00e-01
m - 3.000002+400 % 5,00e-01 " 6,00e+01 - 5,00e-01 -
n ' "1 L80000e+01 - 1,67500e+0],  5.00e-01 €.00e+01 5,00e-01
chi souare' 0,26699e+02 0, 28€3e+02 ‘, ' T
noint no.s 3
defn . 3can vwint refire wint  minimuwn . meximum  vrecision
T . 3.00000e+00 2,68750e+00 . 5,00e-01 €,00e+01 5,00e-01
5 ©. 0 3.00000e+00 3.00000e+00 - 5, 0Ne~01 €,00e+01  5,00e-01
m T B8.00000e+00 8,00000e4+00 5,00e-01 6.008+01 5,00e~-01
n

4,300006+01 4,42500e401 5,006-01 6,00e+01 5, 00e~01

chi squaret 0.25051e+02 0,23067e+02
floatine constants: 0,48000e+03

the optimal exmected frequencles ares : o
B, 4573302 of 4)

ol 1)=. 3.083096-01 o 2)=  2.5411Re—02 o 3)= =
o 8)= " 5,72657e-02 of 6)}= .2,33738e-02 of 7)= 3,38803e-02 o 8)=
o 9)= . 1,32075e-01 0(10)= 2,3%788e-02 o(11)= -3,3850@e-02 0(12)=
_ o(1.'5)—_ 7.155/4e-02 o(14)= 3,368l3e-02 o(15)= 5, 4308502 0(1C)=

the priormeans aret g=.44’?—92¢+00 c=.15096 &+ 00

variances aret ve= ,38327e-01 ve=.22863e-02

89
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oM PROBAEHLITIES EXPFRIMENT IV,
. PLOST AN w111 finﬁ a. minimum, -

inTut dafa‘-

1.17000e402 3, 000009+00 1.00000e+01° 1,00000e+00 1.50000e+01
2.00000e+0n  9,00000e+00 6,00000e+00 5,40000e+0% 7.00000e+00 -
9.700002+00  1:,0000Me+01 3.40000e+01 8.00000e+0n 2,20000e+01

T 1.,200000+01
roint no, ¢
Aefn

r
g
il
n

chi-snuarst

voint no.s
defn
T
s
m
n .
chi-sousret

~ roint no.t
defn
'y
8
m
on
chi-sauares

. 2,20000e401. 2,
2.400006+01: 2,400008+01
L 2,80000e+01 6 25870es01 4

0.12647e+02  0,126580+02 gy -

1

_gcan roint refine moint

1.30000e+01  1,26875e+0]

2

- scan wint refine voint
© 1. 30000e+01. 1,353125e+01
©2.20000e+01. 2,16975e+01

1.90000e+01 1.50000e+01

| 5,300008+01 5,331285e+01
0,12704e+02 0,12F32e+02

3
scan woint. refine voint

© 1.30000e+01  1.33125e+01 -
-2,20000e+01  2,16975e+01

2.40000e+01  2,27500e+01 .-
.4 ,558e+01
0.12993e+02 0.1256Fe+02 | g

5,30000e+01  £,33125e+01

floatine constants: 0,32000e+03
the optimal exvected freauencies are:

ool 1)= 1,18415e+02 of 2)=
~ o B)=  1.68283e+01 o €)=
~of 9)= 5,488R2e+01 o(10)=

o(13)= 2,73320e+01 of14)=

the vrior mears aret o=,

3.4F032e+00 ol 3
5,12421e+00 of 7
54124212400 o(11
8,51696e+00 of 15)

minimum
1, 05e+01

1.,9%+01
1, 65e+01
4.55e+61

minimum ..
1.05e+01
1,9Ce+01
1.65+01-
4,55e+01

minimum

1, 05e+01

.1- 958+01

1.65e+01

et S Y

How o

370448400 o=, 26172e+00

-the variances are: ve= ,€68375e-02 vc=;208498~02

90

6.3’?500&!—00 of 4)
9, 75577400 of 8)
9,75577e+00 o(12}
1, 60218e+01 of{16)= 1 59431e+01

maximtm rorecision

2.20e+01. 5, 00e=01

3,00e+01 -5, 00e-01

3.00e+01. 5,00e-01"
7.00e+01 5,00e-01

maximum precision
2.20e+01. 5,00e-01
3,00e+01  5,00e-01
3.00e+0t  5,00e-01
7,00e+01 5, 00e-01

maximum orecision
2.20e+01 ° 5, 00e-01
3,00e+01 5,00e~01
3,00e+01 £,00e-01
7.00e+01 . 5,00e-01

5.124218400
.,9 S1696e400
5.514966+00

[T II




OfM TXPERIMENT Va
proeram will find a minimum.

inmut datas ‘ o :

8.20000e4+01 1.10000e+01 1,4000Ce+01 1,30000e+01. 2,20000e+01
2,10000e+01  2,00000e+01 3,10000e+01. 5,80000e+01 1,30000e+01 -
3.40000e+01  1,800060e+01 - 3,40000e+01  2,10000e+01 2.60000e+01
€,20000e+01 : ‘

voint no.® - 1 : . .

defn " - :sean roint . refine voint | minimum maximum - wrecision
r C6,90000e+00 8.,50000e+00 .5,00e-01 &,00e+01. 5.00e-01".
] - 1,05000e+01 ‘L Do oe+D 1 &, _006_—01 " 5,.00e+01 5, 00e-01
b C T 2.50000e+00 2,50000e+00  E,00e-01  2,00e+01  5,00e-01
n .

2.25000e+01 7Z,15000e+0% 5, 00e-01 5, 00e+01 &, 00e-01

ehi-gouares  0.21570e+02 0. 213606+02

noint no. ¢ 2 . S _
de fn ~ - “scan voint refine voint minimum maximum vrecision
-~ 6,50000e+00 6,80000e+00 = 5,00e-01 5, 00e+01 5,00e-01 -
~.1,06000e+01  1,02500e+01 - 5,00e-01 £,00e+01 5,00e-01
.2.80000e+00  2,25000e+00  5.00e=01  2,00e+01 5,00e-01
1.85000e+01 1,95000e+01  5.00e-01 5.00e+01 5,00e-01

=B o

chi-square:  0,2314%e+02 0.21430e+02

~point ne.: - 3 - :
defn - scan voint refine poirt  mirimum wmaximum orecision .
o 1.05000e+01° 1,07304e+01 - 5,00e-01 5,00e+01 '5,00e-01
B 1.885000e+01 1,76411e+01 '5,00e-01 5,00e+01  5,00e-01
m o, 2.50000e+00 2,47448e+00 5.00e-01 2,00e+01 5,00e-01
ﬂ .

rr~1.8500()e~!-,01 1.99736e+01  5,00e-01 5,00e+01 5, 00e-01

chi-soweret  0.2321€e+02 0, 219208+02
floating constants: 0, 48000e+03

the optimal exnected frequencies are: o _
1.47279e+01 o 4)= 1.60681le+01

ol 1)= B.54230e+01 o 2)= - 1,187654e4+01 o 2)= :

o B)= 2.,3027e+01 of 6)= 1,E0681e+01 o 7)= 2,04404e+01 o 8)= 2.67802e+01

o 9)= 4,95864e+01 o(10)= 1.60681le+01 o{1l)= 2,04404e+01 o(12)= 2.67802e+01
0(15)= .3,51884e+01 o(18)= 5.56204e+01

o(13)= 3,51244e+01 o(14)= 2.67802e+01 ¢
the prior means are: #=,38235e+00 o=, 10417400

the variances aret ve= .13120e~01 vo=.373266-02
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oem experiment 7:ve

input datat
1 .44000e+02
1,40000e+01
2.50000e+01
3,50000e+01
point no.?
defn
r

5

‘m

n
chi-squares

point no, :

defn

T

5

m

g

chi-squares?

0floatine constants:

- program'will find-a minimum,

1.80000e+01
1.20000e+01 .
1.40000e+01

1

~scan voint

3,00000e+00
3. 000006400
2..00000e+00

~ 1,30000e+01

0.10002e+02

2
scan voint
3,00000e+00

'3, 00000e+00

2,00000e+00

1,20000e+01

¢.10010e+02

-2,30000e+01  9,00000e+00 2,80000e+01

1,30000e+01 6,20000e+01 1,40000e+01

‘refine point

- 3. 00000e+00
3.00000e+00
2.,00000e+00
1.27500e+01

0.99184e+0l

refine point
3, 00000e+00

( i1

- 3,00000e+00

2,00000e+00
1. 225000+ 1

0, 99176e+01 X
0.48000e+

0 the optimal exmected frequencies_arez

o 1)=
of B)=
o( 9)=
o{13)=

1.438%0e+02 of 2)=
2,99663e401 o 6)=
5,63100e+01 o(10)=
2 968616+01 o{14)= -

'1,6847%e+01 o 3):
1,34778e+01 of 7)
1.34779e+01 o{11)=
1. &34'?33+01 of 15)

min imum

5,00e-01
" 5400e-01
. B.00e-01
9.50e400-

nin imum
5y 00e-01"
5.00e-01 -
" 5,00e-01

9 50e+00

L O T

12.80000e+01 - 2,00000e+01  2,10000e+01

maximum precision
~4,00e+00 - 5,00e-01
4,00e+00  5,00e-01
5,00e+00  5,008-01

precision
5, 00e-01
5,00e-01
5,00e-01
5,00e-01

max imum
4,00e+00 -
4,00e+00
5, 00e+00
1,40e+01

2.06082e+01 of 4)= 1.34779e+01
.1,73287e401 o 8)= 1,68473e+01
11,73287e+01 o(12)= 1,68473e+01
2 326543+01 o(16)= 3.36947e+01

the rrior means aret e= .50000e+00 c—.l35uge+00

.the variances aret
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vex ,35714e-01 vc=,744189—02




OB EXPERIMEMY Ve

input datas
2,1°000e402
1 £0000e+01 -
1.770000e+01
1 . 30000e+01

_ roint no,¢
Ae fn
T

s
‘-m'
n

chi-square:

noint oLt

defn
r:l

§
.
1

chi-soauare:

. roint no.?

- defn- '
DS

5.
i
n

. chi-sguarer

ororram will find a minimum,

°4,00000+00 1.70000e+01 €,00000e+00 3. 40000e401

1.200000401 :1,20000e+01 6,60000e+01 4,00000e+00
7:00000 400 2,90000e+01 . 8,00000e+00 1,90000e+01.

floatiw constants: 0.48000e+03

. the optimal expected frequencies ares

of 1)= .2.00111e+02.
o 5)= 2.9401€e+01
7 30380e+01
o{13)= 2.998A1e+01

cof 9)=

0(10)=

ol 2)= 9,85301e+00 o '3
o 8)= G,04720e+00 of 7
9,04720e400 o(11
o(1a)= 9,83391e+00 o{15

Nt N Vgt Nt
o

the prior mears arer e=.500006+00 =, 27273e+00

the _vé riances ‘are? ve= -.71 1364e-01 vo=, 16529 &01—
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1.499% e+01 of 4

sean wint refine yoint nirimum - meximum worecision
1.05000e+01  1,08000e+01 5, 00e-01 5, 00e+01- 5, 00e-01
. 1,08000e+01 1 00 e+ 5;008-701 6,00e+01 - 5,00e~01
- 3..00000e+00 3, 00200e '5,00e~01 3, 00e+01 & 00e-01
. 8,00000e+00 €,00000e+C0 5.00e-01 5,00e+01 5,00e~01
0.17691e+02 0.17691e+02%
~scan vnoint refine point - minimum maximum précision
- :1.,45000e401 | 1.45000e+01 5.00e-01. 5.00e+01 5, 00e-01
- 1-45000e+01  1.45000e+01 . 5,00e-01 . 6.00e+01 3, 00e-01
. 3.,00000e+00 3,00000e+00 5,00e-01 3.00e+01 5,00e-01
- 8.00000e+00 7 8,00000e+00 = 5,00e-01 5,00e+01 5, 00e-01
0.17737e+02  0,17737e+02
scan oint refine wint minimum meximum vprecision
©1.85000e+01 1.82500e+01 - 5,00e-01 5, 00e+01 ~ 5, 00e-01-
1.85000e+01 ~ 1,85000e+01 - 5,00e—01 &,00e+01 -5, 00e~01
3,00000e+00 3,00000e+00°  5,00e-01 3. 00e+01 5, 00e-01
_8.‘[]) 000e+00 8,00000e+00 2.00e-01 5, 00e+01 5,00e-01
0.1749e+02  0.178326402

9. 04720e+00

,‘ )=
1,419666+01 o 8)= 9,83391e+00
1.4196Fe+01 o(12)= 9, 83391e+00
1.59641e+01 o(16)=

1.26436e+01



LINEAR MODEZL EXPERIMENT IA

INPUT DATA: o
" 1.,230003402  3,000005+90

CPROGRAM WILL FIND A MINIMUM,

6.00000E+00 1,00000E+00 “1,60000E01

3,00000&00 5,00000F+00 " 2.00000E+00 '4,30000F+01 1,.00000%+00 " .
7.00000 %00 2.00000E+00 . 1,500005+01 0,000008-01 6,00000&+00 -
1.00000E+00 ' - RN
POINT NO.: 1 : - , _ :
DEFN ~ SCAN POINT REFINE POINT = MINIMUM . MAXIMUM PRECISION:
R .+ 6,50000E+00 6,250005400 5,00E-01 6.00%+01 5.00E-0!
S -1,45000E+01 1,35000E+01. . 5,00E~01 = 6,00%+01 5,00E-01
M . -2,50000500 2,25000E+00.. 5,00E-01 3.50E+01 5.008-01"
N 2,50000E+00 2,25000%&00" =~ 54300E=01 5.00E+31 5,00E-0l
CHI-SQUARE: 0,12091 02 . 0,11632E+02 .
POINT NO,: 2 ' _ - :
DEFN . .SCAN POINT REFINE POINT  MINIMUM  MAXIMUM  PRECISION
R - 1.,05000E+01 5,82240E+00 - 5,00E-01 6,00%01 5,00E-01
S - 12.250008K01 | 2,23%50801 © 5,00E-01° 6,00%01 5.00E-01
! 2.500007+00 " 2,09324E+00 - 5,00E-01.°3,50f+01 5.00E-0l
’ 2.50000E+00 1,96540E+00  ~5,00E-01 35.00E+01 5,00E-01
CHI-SQUARE: 0,12177E+02 0,107} 7TE+02
POINT M. -3 _ o o
DEFN SCAN POINT REZFINE POINT  MINIMUM  MAXIMUM - PRECISION
R - - 1.45000%01  1,35913E+ 5,00E~01 6,00E+01 - 5,00E-01
S - 3,050008+01 3, : 5,00%-01 © 6,00E+01 5,00%-0!
M 2.50000E+00 'T,93143FE+00  5,00E-01. 3.50E+01 5.00%-01
N 2.500008+00 (758876400 . 5,005-01 5.00E+01 5,00E-01
CHI-SQUARE: 0.12250E+02 0,10317E+02
FLOATING CONSTANTS: 0.23400%+03
THE OPTIMAL EXPECTED FREQUENCIES ARE:
0C 1= 1,12466E+02 0C 2)= 5.1734TE+00 0C 3)=  9,110355+00 .9 4)= . 1,60
495 E+00 B ‘ o . O ‘
0C 5)= 1,31028%01 OC 6)= . 2,49325E+00°0C 7)=" 3,83023E+00.0( 8)= 1,23
916E+00. ... R S o P .
O0C 9)=  4,43T742 801 0(10)=" 4,43735E4+00 OC11)= 7T.1435TE+00 O(12)= },92
6 75 E+00 . o L T .
0C13)=  1,26921 01 0C14)= 2.85591E+00 OC15)=  4,15112E+00 0(16)=- 1.89
316 E+00 - - ; -

THE PRIOR MEANS ARS: 52.31646E+00 C=.50000E+00

THE VARIANCES ARE: VG= .10425E-01 VC=,45455E-01
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LINEAR MODEL EXPERIMENT 13

INPUT DATA: : ,
t.25000 %02 3,00000 %00

'0.00000E-01 6,00000E+00 3.00000E+00
1.00000E+01 2,00000&00 - 3,00000E+01 "
7,00000 E+00 ' ' '

- POINT NO.: . Sl L

DEFN 7' SCAN POINT REFINE POINT:

R - 3,00000E+00  3,00000E+00
S 0 2,30000%01 2,17500E4+01
M -3,00000E+00 “3.00000F+00 .-
N 3.00000E+00 3,00000E+00"
CHI-SQUARE: 0. 21814L+02 0,21 TT3E+02
POINT NG 2 : :
DEFN - SCAN PQINT REFINE POINT
R '8,00000E+00 3,00000F+00
-8 5.80000E+01 5,76875501
! ~ 3,00000%+00 3,00000E+00
N 3.00000F+00 3,00000E+00
CHI-SQUARE: 0.21838E+02 0,21338E+02
POINT ND.. ' 3 o o
- DEFWN - SCAN POIVT REFIHE POINT .
R " 3.00000%00 2,63750E+00
S . 1.30000E+01 1.,92500E+01 -
M © 3,00000%+00 3,00000E+00
B} 3.00000%+00 3 ,00000E+00

bLOATI“F CONSTANTS:

CHI-SQUARE:

1.00000E+01

0.21927E+02
0,23300E+03

THE OPTIMAL EXPECTED FREQUENCIES ARE

MINIMUM
5.008-01
5.00E=01
5,00E-01

MINTMUM

5.,00E-01

5,00E-01
5, 00E-01 .
5.00E-01

MINIMUM-
5.00E-01
5.00E-0]

5.005-01

‘ 5,00E-01
0.21 TA6E+02 %

PROGRAM WILL FIND A -MINTMUM,

“4,00000E+00 2.100005+31
5.50000 E+01

'5,00000 00

- MAX.IMUM

6.30%+01
6, 50E+0 !
€.50E+0]

€.50E+01-

CMAXIMYM
6:508+01

6,505+01

S50 E+01

6450 E+01

1.00000E+00 6.000005+00

MAXIMUM  PRECISION

“6,50E+01
16,5001
6.50E01
6.50E+01.

5,008-01
5.008-01
5,002-01
5.00%-01

PRECISICH
5,008-01
5,00E-31
5.00E-01
5.00E-01

PRECISINY
5,00E-01
5.00E-01

" 5,00E-01

‘5,00E-0}

1.03136E+01 9C 4)=,

0C 1)= 1.11TS90E+02 A2)= 5, 30350E+00 0( 3)‘ 1.65
92 =00 o ' :

0C 3)= 2,28152=01 J( €)= 2.965SIE+00-O( 7)=  5.03925E+00 2C 30z . 1.56
251 E+00 ' a - | _ :

0C 9= 6,54637E+0L 0O(103= 6,5597TE+00 0C11)>= 1 1537TE+01 0O(12)=" 3,04
997E+00 : = : '
00132z 2,27650E+01 O(l4)=. 5,13243E+00 0(15)= Z,140425+00:0C16)= 3,39
1 54E+00 '

THE PRIOR MEANS ARE: G=.l2121 &00 Cz.50000E+00

THE VARIANCES ARE: VG= .41367E-02 VGz.357]4E-01
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lisear model experiment

- the

11

yrogram will fimd & minisus,

trior meams are: #=.503758+00 c=, 21813400

_ the.variames-arez ,ig: 5825201 ve=, 13858 e-01

96

isput datar » , , .
3.03000e+02 1.40000e+01 : 1,80000e+01 1,200000+01 5,40000e+01
1 J70000e+01 - 3,20000e+01 1.80000e+01 1,25000e+02 1,50000e401.
2.50000e+01 1.,70000e+01 - 6,10000e401 1,900008+01 - 3,00000e+01
1 S50000e+01 ‘ '
roint no.t i _
. defn scan point reflme point mimimum sexisum precisiom . -
r - 3.000000400 L 817440200 - 5,008-01 6,50e+01  5,00e-01
8§ 3.00000e+00  1.200410300 ~8.00e-01 6,50e+01 5, 00e-01
B . 3.00000e+00 2.45735a+00 5.00e-01  6,00e+01 5.00e-01
o 8.000000+00 -:-g%gmm B, 00e-01 - 6,50e+01 - 5,00e-01
" chi-squares - 0,86053e:02 .65% at- B ‘
- point mo.e 2 - o o
defn scap point refime point mimimwe marimwm precision
e 3.000006+00 1.57223e+00 5,000-01 6.508+01 5,00e-01
N 3.00000e+00 1.6639¢e+00 5,00e-01 6,502+01 5,00e-01
. ! 8.00000e+00 = 6,56982e+00  5,00e-01 6.00e+01 5,00e<01
B . . 2,800008401 : 2,65719e+01 - 5,00e-01 6.50e+01 5.00e~-01
- chi-squares  0,10224e+03 0.876668402 = = - I
point mo.s 3 :
- defn scan point refime poist mimisus maximum precislion
e © 1.500008401  1.204258001 ¢ 5.00e-01 6,.502+01 5.00e-01
8 - 1.800000001 - 1,63%66e+01 - 5,00e-01 - 6,50e+01 5.00e-01
R 3.00000e+00  2.743006+00 - B,008-01 6.00e+01 5,00e-01
oa : -8.000009+00 7.108848400 - 5,006~01 - 6,50e+01 5,00e~01
© -ehl-gquaret - 0,10830e+03 099614«02 S ,
floatipe constaxise 0,780002+03
the optizal exvected frequencies ares ; . : :
 a(1)= 2,54012e402 o 2)= 3,682868+01 o 3)= 4,91345e401 o 4)= 1.38690e+01
“of 5)= 6.887e7e:01 0 )= 1.84014es01 o 7)= 2.41616e401 of 8)=  1.11723e+01 .
of 9)= 1.,006577e402 o{10)» 2,64311e¢ll o(il)= 3,55757e+01 o(12)= 1,56793e+01 . .
o{13)= 5.06643e+01 o(14)= 2,11726e¢01 o{15)= 2,79891ee¢01 9(18)=

1,95063e+01




LINFAR MODEL EXPERIMENT III

inmt da.ta.

“program ﬁrill find a minimum,

1 .80000e+02 1.30000e+01 1. 600006+01 1.10000e+01" 2,400006+01
6.00000e+00 1.,80000e+01 . 7,00000e+00 5,70000e+01 S, 00000e+00 -
2,70000e+01 1,40000e+01 3,30000e+01 2,50000e+01 2 +40000e+01

3.60000e+01

noint no. s
defn
T
5
m
'n .
chi-squares

point no.:?
defn '
T
8 .
n
n
chi-squares

voint no.2

defn

r

s

m

n
chi-square:

floating constanis:

.1
scan point

; . 3.50000e+00-

3, 50000e+00

3.50000e+00

2.15000e+01
0.10350e+03

2

. scan point
'3.50000e+00
.5, 50000e+00
3,50000e+00

2.75000e+01
0,11009e+03

&
scan point

© . .3.,90000e+00

3.50000e+00

9.50000e+00

6,35000e+01

0.11520e+03

refine point

1.96468e+00
2,01270e+ 00
2.06802e+00
1.98581e+01
0, H085e+02

refine point
1, 13152e+00°
1,14048e+00
2.06454e+00
2 43052 e+ 01
0. E6556e+025%

refine point
9, 81171e-01
1.12605e+00
6.,95803e+00
6 ,30805e+01
0.67366e+02

-0,480006+03

the optimal expected frequencies are:

ol D=
0( 5)=
o 9)=
o{13)=

9.,76817e+01 of 2)=
3.65672e+01 of 6)=
4,45329e+01 o(10)=
3.02255e+01 o(i4)=

2,68590e+01 of
1.73762e+01 o

2.10997e+01 o(11)=
2,25753e+01 o(15)=

minimum

5, 00e-01

5,00e-01
5. 00e-01

. 5.00e-01

minimum

5, 00e~01
5,00e-01
5,00e-01
5,00e-01

' min'imum '

5, 00e-01

5,00e-01
5, 00e-01"
5,00e-01

3)= 3.10303e+01 of 4)=

7)=

the prior means are: #=.48396e+00 c=,83800e-01

the variances ares vg:'l «0220e~-01 veo=,38947e-02 -
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6.60e+01

6.60e+01
c 6 .60e+0_1

‘max imum

6,60e+01

maximlm Precision -
6,60e+01 5, 00e-01"
6,.60e+01 5. 00e-01
6.60e+01 - &5, 00e~01
5,00e-01

meximum precision
5.00e-01 -
5,00e-01 "
5. 00e-01

5.00e-01

6.60e+01,
6,60e+01

precision
5,00e-01
5.00e~01
5,00e~01 .
5.00e-01"

6.60e+01

1,48277e+01,

2,02661e+01 o 8)= 1,53097e+01 -
2,40066e+01 o(12)= 1,87470e+01
2,685 2e+01 o(16)= 3,11589+01




LI NEAR MODEL EXPERIMENT IV

Inmt data:

1.17000e+02 3, 00000e+00_
3.00000e+00 9.00000e+00

9.00000e+00 1,00000e+01

1.20000e+01

point no.*

1

program will find & minimum,

1.00000e+01 1,00000e+00- 1,50000e+01

6.00000e+00 = 5,40000e+01 7,00000e+00 -

defn scan point.  refine woint minimpum
T ..3,00000e+00 " 1.73000e+00 B, 00e-01
S -6,30000e+401  '6.17500e+01 5, 00e~01
m . 3,00000e+00 3,31250e+00 5, 00e=Q1
n - .- 3.00000e+00 4,20000e+00  5,00e-01
chi-sguares 0.52054e+02 0,42517e+02
point no.s 2 :
defn ‘ scan voint refine point minimum
T "3, 00000e+00 1,75000e+00° 5,00e-01
5 ..5.80000e+01 5, 67500e+01 5, 00e-01
m 3,00000e+00. 3,31250e+00  5,00e-01
n ~ 3.00000e+00 4,25000e+00 5,00e-01
chi~sauares 0.53720e+02 0.42483e+02 =
noint no, t 3 _
defn scan ovoint - refine point | minimum
r - . 3.,00000e+00 1,75000e+00 5,00e-01
s . 5,30000e+01 5,17500e+01  5.00e-01
m - 3,00000e+00 3,31250e+00 5, 00e~01
n -3, 00000e+00 - 4.25000e+00 5,00e-01
chi-squares: 0.54650e+02 0,42455e+02 5
floating constents: 0,32000e+03
: the optimal expected frequencies are:
of 1)= B,62222e+01 of 2)= 6,031738e+00 o 3)=
o S5)= 2,55126e+01 of 6)= 4.07053e+00 o 7)=
Col 9)= 7,39288e+01 o(10)= 9.90143e+00 o(11)=
o(13)=. 3,47323e401 o(14)= .9.51865e+00 o{15)=
the mrior means are! g£=,27559e-01 c=,43302e+00

the variances are: ve= .41550e-03 ve=, 28748e-01

?

8

- 3.40000e+01 8,00000e+00 2,20000e+01

maximum oprecision
5,00e-01
5,00e=01
5.00e-01
5,00e-01

6.50e+01

6,50e+01 -
8,80e+01"
6.50e+01

maximum

6.50e+01.

6.50e+01
6.50e+01

6.50e+01

max imum

B.80e+01
6,50e+01
' 6,80e+01°
6,50e+01

precision
5,00e-01
5,00e-01
5,00e-01

precision
5,00e-01
5.00e-01

5.00e-01

"5,00e-01

1,16425e+01 of 4
7.03065e+00 of 8
1,74640e+01 o(12
1, 83633e+01 o(16

e Bt N o

[

2.,17928e+00

2.43101e400"
5,40485e+00

B8.56657e+00




LINEAR MODEL EXPERIMENT Va

inmut datas

£.20000e+01 1.10000e+01
2.,10000e+01 2.00000e+01
3.40000e+01 1,80000e+01

6,20000e+01

noint no. ¢
defn

r

s

m

n
chi-sauares

mint no.?

de fn o
T
s
m
n _
chi-squares

point 110. :
defn '
r
s
m
n
chi-square:

program will find & minimun,

1

scan point refine point

3.00000e+00 2.87151e+00

3.,00000e+00 2,92304e+00
©13.00000e+00° 1,55779e+00
- 8,30000e+01 6,15544e+01

0.73757e+02 0.,71624e+02

2

- scan pvoint refine point

‘3. 00000e+00 2,84140e+00 -
. 3.,00000e+00 2,93644e+00
T 3. 00000e+00 1,56624e+00

5.80000e+01 5,65637e+01

0.75063e+02 0,70939%e+02

3
scar peint refine point
3.00000e+00 2,22292e+00
3.00000e+00 2,20378e+00
3,00000e+00 1,28702e+00
5.,20000e+01 5.12866e+01

floating constants: - 0,48000e+03
the optimal exvected frequencies are:

o{ 1)=. 6,40072e+01 o 2)=
ol B)= .3.1210%9e+01 o 6)=
ol 9)= 3.27737e+01 o(10)=
o(13)= 2.57891e+01 o(14)=

the prior means ares &=,

2.88775e+01 o 3)
2,1936%+01 of 7)
2,31680e+01 o0(11)
2,76302e+01 of(15)

1,40000e+01  1,70000e+01 . 2,200006+01
3,10000e+01 5.80000e+01 1,30000e+01
3.40000e+01 2,10000e+01 2,60000e4+01

minimum  maximum precision
B.00e-01 6,50e+01 5,00e-01 -
5,00e-01 6.50e+01 '5,00e-01

5,00e<01 6,50e+01 - 5,00e-01

5,00e-01 6.50e+01 5.00e-01

"mwinimum maximum precision
- 5.00e-01 6,50e+01 - 5,00e-01

5, 00e-01 6,50e+01 5,00e-01 -
5,00e-01 6,50e+01 '5.00e-01
5,00e-01 6,50e+01 5, 00e-01

‘minimw  meximum oprecision’

5,00e-01 6,80e+01 5,00e-01

- 5,00e~-01 6,50e+01  5,00e-01

5, 00e-01 6,50e+01 - 5,00e-01

2.982380+01 o 4)-
2.30461e+01 of 8
2.,438%6e+01 0 (12
2,93531e401 0(18

i !I

[

49585e+00 c=. 24683e-01

the variances aret ve= ,36701e-01 ve=, 37H40e-03 -

St St st et

TR ||

© 5,00e-01 6.50e+01 5.00e-01 7
0.77067e+02 0.65881e+02 3 B . S

2,08692+01 -
' 2,437008401 -

2,59701e+01

- 4,70836e+01




LI NPAR MODEL EXPERIMENT Ve

inmut datas
1 44000402
1 .40000e+01
2.,50000e+01
3.50000e+01

point no.
de fn §
T
8
n
n ‘
chi-squares:

voint no.:

defn
r
8
m.
n-

chi-savares .

point no.
defn
r
s
m
n
chi~squares

- 1.00000e+00.
1 .,00000e+00

1.80000e+01
1.20000+01
1.40000e+01

1
scan point

-1 .00000e+00

- 1.00000e+00

. 1.00000e+00

- H..00000e+00
0.85497e+01

2

scan point
-1 .,00000e+00

-8,00000e+00

0.10069e+02

3

_.scan point

1.00000e+00

. 2,00000e+00

1.00000e+00

3. 00000e+00
0.11405e+02

progrem will find & minimum,

2.,30000e+01 9, 000008+00 - 2,800008+01
1,30000e+01 6.200008+01 1.40000e+01 .
2,80000e+01  2,00000e+01 2,100008+01

maximum precision

refine point  minimum
1.00000e+00 5,00e~-01 6,00e+00  5,00e-01 -
1,00000e+00 . 5,00e01 6,00e+00 5,00e-01
1,00000e+00 . - 5,006~01- €,006+00 5,00e-01
5,00000e+00 - 5,00e-01 1,50e+01 5,00e-01
0.85497e+01 .. - - S o
refine point minimum maximum ovrecision
1.00000e+00 ~ 5, 00e-01 ©&,00e+00 - 5,00e~01 -
1.00000e+00 = 5,00e~01" 6,00e+00 - 5,00e-01
1.00000e+00 5, 00e-01 6.00e+00 5,00e-01
5.75000e+00  5,00e-01 '1,50%+01 5,00e-01
0.95614e+01 P : .
refine point  minimum maximum precision
00000e+00 5,00e-01 6,00e+00 5,00e-~01
Mgo - 5,00e-01  6.,00e+00 . 5, 00e~01
1.0000e+00 - 5,00e-01 6,00e+00  5,00e~01
%a?8000e+00 - 5,00e-01 1,50e+01 5,00e-01
0.68001e+01 oy S

floating constantst - 0,48000e+03

- the optimal exvected frequenciss ares
‘1 51964e+02 of 2)=
3.,41039e+0t of 6)=
- 4,98104e+01 o(10)=
2,74545e+01 o(14 )= -

o 1)=
of )=
o 9)=
S o{13)=

)=
-1.18701e+01 of 7)=

2.60005e+01 o 4
1.45974e+01 of .8
2.01855e+01 of12
.2,20455e+01 o( 16

2,09504€+01 o 3

1.58462e+01 o{11l)=
1,80000e4+01 o{15)= -

e o o et
[ TR T |

. the prior means are: g=,50000e+00 c=,16667¢+00 .

the varié.ﬁces'a.rez vs='..85333e-_-01._vc=.‘19_8413-.-01V '

9, 65567e+00
1,085872e401
1,41538e+01
= 3.20000e+01



lingar model exmeriment Ve

input iata'

rropram will find 2 minimum,

2.16000e+02 4,000002+00 1 700008+01 8,00000e+00 = 3, 40000e+01

1.20000e+01 1,20000e+01 6,60000e+01 4,000006+00

1.70000=401 7, 000008+00 2.90000e+01. 8,00000e+00 1, 900003+01

minimum
5, 00e=01
5.00e-01
5, 00e~01

5:00e-01

minimum
5. 00e-01
5, 00e-01

5.00e-01-

6, 00e-01

ninimum

‘5, 00e-01
5,00e~01

5, 00e=01

5,00e-01

1.60000e+01
1 30000e+01
noint no. 2 , 1 - .
defn , scan wint refine point
T . 3.00000e+00 1,48826e4+00
5 3.00000e+00 1, e+ U0
m 3.00000e+00 2,42083e+00
n 8.00000e+00 .
chi-sguares . 0.72003e+02 0.4/0468e+02
point no.s 2 '
-defn scan point refine point
r 2.00000e+00 €,73000e+00
i 8.00000e+00 6,75000e+00 -
i 3,00000e+00 2.6750e+00
1 -8,00000e+00 7, 68750e+00
chi-sguarer  0,95063e+02 0,89024e+02
roint no.s 3
defy scan voint refine voint
r 3.00000e+00 2,201842+00
8 3, 00000e+00 2,23052e+00
m &,00000e+00 6,92337e+00
n 2.80000e+01 2.80307e+01 -
chi-square? 0.984R3e+02 0.788003402 '
floating constants: 0.48000e+03

the optimal exvected freguencies aret

o 1)= 1,.88020e+02 of 2)=
o BY= 4,076%5e+(1 o €)=
of 9)= 6,6048e+01 o(10)=.
c0(13)=" 2.86660e+01 o(14)=

2.,02032e+01 of
9.272909e+00 of
1.3896%2+01 o1
1,07777e+01 o(1

3
7
1
5

P St et S
HownH

the Trior means aret s=,52123e+00 c=.254956+00

the vapiarices ars: ve=,

84729601 ve=, 18098e-01

maximum orecision
5.00e+01 5,00e-01
6,00e+01 - 5,00e-01
6.,00e+01 5.00e-01

maximuam precision
€.00e+01 5.00e~01
6.00e+01 5,00e-01
6,00e+01 5,00e-01
6,00e+01 5,00e-01

maximum oprecision
6.00e+01 5,00e-01 -
£.00e+01 5,00e-01
6.00e+01 5, 00e-01
£,00e+01 "5,00e-01

2,787 7e401 of &)= £,79735e+00
1.25155e+01 o 8)= 5,32513%e+00
1, 93185e+01 o(12)= 7,75508e+00
1.45R99e+01 ¢{18)= 9.81199a+00






