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CHAPTER 1

CHARACTERISTICS OF AN ADAPTIVE TEACHING SYSTEM

It is a commonly held belief that the introduction of the computer
~into the edugational process merely constitutes a technological change
‘of the information medium. But if we recognize that the computer is not
only capable of functioning as an information transmission device but
also as an information processor, it becomes apparent that this new
medium will influence the educational process on various levels: new
instructicnal methods are realizable, educational geals can be stated

‘in more operational terms, achievement measures are readily- .available,
and educational theory can develop due to the extended access to teach-

L irg records. In light of the increasing availability of computers in
‘the schools it is natural for behavioral science to undertake the task
.of investigating the inherent capabilities of computer-aided instructlional
“and -testing systems in order to design procedures for their most rational
 use within an educational system. . The possible functions of a computer-
aided—inStructional system (CAI) can be categorized into three levels

acgording to the extent of control used to adapt the instructicnal

procesg to the individual student:

1, BStimulus presentation and response reccrding

The simplest type of applicaticn merely uses the computer as a

“control device for presentation of instructional material previously

designed by educators and recording of the students' response histories.
_The selection of the set of learning materials and allocation of items.

is identical for all students but the rate of progress through the




lesson is adapted to each learner. A linear (Skinneriasn) programed

text implemented on a CAL system constitutes an example on this level

of application,

2. -Response sensitive.stimulus selection

A more complex type of application of a CAI system branches a student
depending upon his response to an item and his current state in the pro-
gram through a predesigned network of instructional materials, . That is,
the decision structure of the CAL system is formally equivalent to the
instruction table of s finite state automaton. From this it follows
that the declsions ¢oncerning selection and allocation of the materials
have to be made a priori by the educateor. The learning prcocess is adapfed
to the individual student in the sense that the instructional’sequenée
depends upon the past student history. It is easy to see that the desigﬁ
of such a network with &1l its possible branching decisiocns Involves a
“rather large set of restrictions. Currently the educator doés-nét héve.
a éufficiently detailed theory of instruction to enablé him to;formulaté
‘“these reétrictions completely and optimally with respect %o the achie§e~
ment of edu¢ational goals. As an example of this level of applicatibn
we may think of a Crowder-type programed instruction course controlled
by a CAL-system.

3. Adaptive control cf the learning process

In the most complex case, the computer develops the branching

mechanism itself according to global geals set by the educator. In this

case a computerized system should act like a teacher in a double sense:
(a) it should make inferences about. the underlying model of the learning

progcess, and {b) it should use this information together with each
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student's response history to make deeisions leading to the realization

of the externally given goal of the learning process. This view of an

adaptive .teaching system is expressed by R. D. Smallwocd: "A good teaching
machine should be capable of improving iis decision process as it learns
more ‘about the effects that are causged by the decisions. Thus, we should
like the teaching decision to be dependent not only upch ﬁhe present
 student‘s'past responses but upon ali available information ineluding
the responses of all past students; that is, the teaching system should
be an adaptive system” (R. D. Smallwood, 1962, p. 8.).

.The present study will investigate this last type of application in
a particular subproblem in which the instructional task involves teaching
‘a fixed set of heterogeneous, independent items to.students of different
‘Jearning ability. The problem is to find a procedure that will allocate
-the itéms in an optimal sequence. Under certain assumpiions about the
learning process an approximate thecretical solution can be derived.

This solution i1s tested experimentally.




CHAPTER 2

PROCEDURES FOR OPTIMIZING THE INSTRUCTIONAL SEQUENCE

2.1 The Problem of Optimal Item Allocation

Consider the situation a teacher is often confronted with: there
are N concepts or items that his students have to learn. In the next
session he can only provide instruction for n concepts (n < N). Whaich
concepts should he seleet? Or, you have io prepare for a language test
and plan to review the vocabulary, but you only have time to gtudy n out
of N items. Which are the ones you should review? Often we rely on our
- intuition and devote our time to those items that we do not know very
well, cr items that are easier to learn, In case the items are related,
we prefer to study them in some "logical" order. Any theory of instruc-
tion that claims to be operationally useful should describe algorithms -
that would. answer these questions. Unfortunately{ there ig no such
algorithm available that will solve the problem in general.

Matters can be simplified considerably if we disregard the problem
of determining the "logical" order of concepts, and instead concentrate
on cases where items may assume to be independent. Items are consldered
to be independent if learning item 1 does not influence the learning
state on item j (for all 1 and j, 1 £ j). Once the problem is solved
for this restricted situation, we may be able to generalize the algorithm
to more complex instructional situations with related concepts. Although
there are only a few learning tasks that apprcach the situation of per-
fectly independent items (e.g., vocabulary and spelling drills), it is .

often possible to identify several smaller subsets of weakly related




concepts within a larger hierarchically organized set of teaching

materials.,

The instructional process is presented more formally in Figure 1.

The task involves teaching a set of W concepts C = [ci’ Chs vens ] to

N
student j, where each concept needs more than a single presentation in
order to bte learned. For a given session s only n (n < N) concepts cen

be presented. There is no restriction on the order of these concepts,

1 L

- But the decision as to which subset c, = (e, , C, 5 avay ¢y ] is selected
: 1 T2 n

should bé made in such a way that an externally given goal or criterion
. is attained optimally. The student's performance is recorded into a

student higtory. The item selection algorithm makes use of the student's

past history and characteristics of the Jlearning process in order to
'determine CS optimally with regard to the eriterion of the process.

Pregentation mode. On a psrticular trial within each session we

may distinguish two processes: l) a learning effect {or transition in

the 1earning state) dne to.a reinforcement; and 2) a'résponse elicitatinn.
Depending“upon the temporal order and presence or absence~qf one of these
processes four possible presentation modes arise:

1, . ITn the case of pre-response transition the reinforcement {or

‘explanation) precedes the response given to a test.

2y Inﬂthe:case of post-response transition a test is administered
_first.' After the student responded, he ig given a reinforcement

which generally depends upon the response.

3. Study-only trials zre identical to 1 except that no test is

administered.
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Figure 1. Flow diagram of the instructional process

¢



4, Test-only trials are identical to 2 except that no reinforcement

is given.

At the end of the trial the item together with the response (if any) are
entered intc a student history.

Terminating rules. After a student received n trials the session is

terminated and it has to be decided whether instruction on concepts

(Cl, cee CN) should be continued. Vafious approaches to this problem
are possible. A simple terminating rule fixes the number of sessions at
S for all students ilndependently of their performance. A more flexible
approach terminates the instruction if the student's performance reaches
a particular cut-off score V on a test administered after each session.
Since testing is costly, we may attempt to predict the score v from the
student's past performance using a mathematical model of the learning
process. Instruction can theﬁ be terminated 1f P(? < V) <aq, where o
denotes the risk of terminating before the student reached the criterion.
Obviously it is possible to use mixed terminating rules like: terminate
instruction if

-~
Plv<V) <a or s >8.

This rule continues instruction up to a maximum of S sessions, but ter-
minates for students who reach a given criterion. Under a more general
rule costs of instruction as well as the monetary value of the learning

effect would be considered (Smallwood, 1967, 1969).

2.2 Dynamic Programming Representation of the Instructional Process

Following Groen and Atkinson (1966) the instructional process shown

in Figure 1 can be viewed as a multi-stage declsion process. We will
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briefly review the conceptual framework that is used by the theory of

dynamic programming in order to formalize multi-stage decision processes.

A more detailed discussion can be found in the studies by Matheson (1964),
Groen and Atkinson (1966), and Smellwood (1962, 1967, 1969).

The multi-stage decigion process. It is conceptually more conve-

nient to consider the case where only a single item is selected at each
stage or session of the instructional process (i.e., n = 1). It will

. become ¢lear that the representation can be extended easily to cases
where n items are allocated at each stage. At the beginning of +the

Tirst stage item a_. is selected and presented. The subject responds to

1

that item with response k Depending upon the presentation mcde, a

1
reinforcement i1s given before or after the response is emitted.  This

completes the first stage. Then, at the second stage, a new selection

decision is made, item a. is presented leading to responSE'kg. If the

2

process is continued for S stages and the number of available respeonses
to each item is K, the ocutcome space can be represented as a tree with-
NKS terminal nodes, An example 1s shown in Figure 2 for the case of.
N=K=5=2,

Each student takes some path h = (al, Ky 85, Ko3 eee 5 oBg, kS)

~through the tree. This path is called a complete history (Groen and

Atkinson, p. 311) because it involves a record of the entire past per-
formance of the subject. The sequence of decisions is called a policy

(Bellman, 1961, p. 56). An optimal policy maximizes the utility asso-

. ciated with history-hﬂ The utility function is composed of an immediate

return and a terminal return. The immediate return of presenting item

‘& to a student with response history h when response k is made is déefined
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Stage 1

Decision : c ' e

-
[}

Response 1 0

Stage 2

Decision o] C c

Response 1 O - 1 O 1 0 1 0 1 0 L 0 1 0 10

. FPigure 2. Decision-response tree for two items (cl, c2) and two

response alternatives denoted as 1 (error and O (success).



*

as ua(k, n).* The terminal return associated with each terminal node

is denoted uo(h)J

Examples of utility functions. Suppose that the student will be

given a test on the entire set of concepts C (or a randomly sampled sub-
set of C) at the end of the instructional process asnd the goal is to
maximize the expected score on that test. The score is calculated as

(l - X-);
1 1

=l
=

i
where

X, =

0 if a success occurs on item 1
L

1 if an error cccurs on item i.

If the educator believes that some items are more important than cthers,
a weighted score may be used to determine the terminal revard:
5 N
vi=% & (1-X.,) w,,
] .
N
where 2 w, = N.
. 1
i=1

A different terminz] uwtility funetion involves the difference score

between pre-test (Vﬁ) and post-test (va):

. Taking the smount of time T that is spent on studyihg the material into

account leads to a learning rate conception of the terminal utility

*We arxe using the notation developed by Smallwcod (1967, p. 8).
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(Smallwood, 1962, p. 24):

If the costs of instruction are igncred, the immediate return can be set

to zero and it 1s possible to use the utility function

il

ua(k, h) = 0

Elv].

ag(h)

Derivation of an optimal policy. The solution of the multi-stage

decision problem consists in an optimal policy, i.e., a sequence of de-
cisions that will maximize the utiliity function (1), given any past
history. According to Bellman.(196l, po'Sl).”anIOPtimal policy has the
property that whatever the initial state and the initial decisions are,
the remaining decisions must constitute an optimal.policy with fegard

tQ the state resulting from the first decision."™ We define va(h).as
the expected payéff of presenting item a to a student with history h,
given that all future decisions are optimal. The utility obtained after

the last stage (i.e., a = 0) 1is equal to the terminal utility:

Assoclated with each terminal node in the tree of Figure 2 is a terminsl

*Thigs so-called principle of optimality rests on the Markov property of
the decision process: "After any number of decisions, say k, we wish
the effect of the remaining N-k stages of* the decision process upon the
total return depend only upon the state of the system at the end of the
k-th decision and the subsequent decisions” (Beilman, 1961, p. 5h).
(The term "state of the system is used by Bellman here in the sense of
our term "history.") Ll : . AR _—
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utility equal to vo(h). In order to calculate the expected value of the

decisions at stage 2, it is necessary to know the probability of each of

the branches leading to the responses. More generally, a4 mathematical
model is peeded that will allow us to calculate the probability P(k|h,a)
that a student with history h will emit response k if presented with
item a. Then, following Smallwood (1967, p. 9) a recursive relation for
the expected value of alternative a for a student with past history h

is given by:

]

va(h) b P(k|h,a) [ua(k,h) + max v {(h')]

keR(a) aes{h')

G (n)+ I P(k|h,a) mex v (n')

: keR(a) - qeA(ht)

f;r aeA(h), where R(a) is the set of response aitérnatives associated
with the presentation of item.a, énd A(h) ig.fhe set of instructionai
alternatives (items). The process is termineted if A(h) is the empty
set. The history h' is updated from h by édding the last.decisioﬁ and
response, i.e.,. o | |

h' = (h,a,k).

In practice the caleulation of én optimal policy proceeds from the end
of the tree backwa;ds; Thue, the decision at the last Stagé is found

first and its values are assigned to the terminal no@es of the next to
last stage. The process 1s repeated until the crigin of the tree. Al-

- together the solution may. require numeyrous and difficﬁlt computations.

The sufficient history. One way of reducing the cdmputational

probliem is to reduce the history space. Thig can bé accomplished by .
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finding a representation of the student's past history thet allows to

condense the complete. history and yet contains all the information neces-

sary to characterize the 1earning process. A,HistOry with this property

is called a sufficient hiétory {Groen and Atkinson, 1966). The param- -

eterization of the student's response histofy into a sufficient history

depends upon.the mathematical learning model that is assumed to represent

the learning proéess: Such a model defines for each item i (1) a set

of learning states (1, 2, ..., gi)g (2) alresponse rule which gives for
each state of.learﬁing the probability of emitting response k; and (3)

an updating rule that determines the new state of learning depending

upon the old stafe-of 1earning, the student's response,'and the reinforce-
menf he receives (Groen and Atkinson, 1966). If we assume that all items

are iearned independently, a sufficient history is equivalent to the

minimal information necessary to compute the vector of state probabll-

ities for each item:
I]:l = (ﬂi(l)jﬁi(g)) sre Tfl(Ul))J

where xi(j) is the probability that the i-th item occupies the j-th

learning state (Smallwood, 1967, p. 13).

The principle of maximizing the immediate payoff (MIP); The com-
'putational burden can be reduced further if the return of all but the
next J stages is ignored. Optimal policies derived under this restric-

tion are in general suboptimal. A special case arises if the computations

are carried out leoking enly one stagé shead. 1In terms of Eg. 2 the
expected payofT associated with allocating item a in case of a one stage

process for utility functien (1) can be written

13



v (h) = T B(klh,a) v (b)), - (3)
xeR(a)

Since the rewards of all later stages are ignorgd, the optimal policy
will select at each stage the item that maximizes va(h), i.e., maximizes
the immediate paycff. We refer to a strategy_thaf follows this principle
as the MIP-strategy., uUnder which condition is this strategy optimai?
For N—state Merkov-models with oBservable states énd homogeneous items
the problem was treated formally by Matheson (1964). 1In particular, he
proved that for the case of the one-element model and the single-operator
linear model the MIP-strategy is optimal if the items are homogeneous.
_Computational examples for the one-element model with heterogeneous items
reveal that small additional gains can be made if a j-step-éhead (j > 1)
‘maximization is employed (Matheson, 1964)., In these cases the MIP
strategy is suboptimal. TFollowing Mafheson‘s derivations, Calfee (1968)
showed that two conditions have to hold in order for the MIP strafegy to
be optimal:

(c1): g,(n)

(c2): g (n) > g, (r+1)]n),

v

gj(n) for 1<

where gi(n) is defined as the marginal gain of an item that is in the
i#h state on stage n. The first condition means that.the expected gain
in = higher.state must not be larger than the gain in any lower state.
This can be accomplished by ordefing the learning states according to
the expected gain. The second condition reguires that an item which is

in learning state i, and was presented on stage n, must not have a larger

gain on stage n+l. Calfee proves that these are the two necessary and
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sufficient conditions for N-state Markov models with observable states

and homogeneous items.

2.3 Strategies Derived from Mathematical Tesrning Models

L In terms ofﬁthe dynémic programming relatioh of Edu 2; a ﬁathemat—
ical 1earﬁing modél‘serves.two purpoées: (1) it provides é'way bf
céiculating P(klh,a), ang {2) it énabiéésué to update:ﬁheustudent's
‘history using a sufficient history. Thus, if the model is speclfied,

it is poséible to deri#e optimizatibﬁ strategieg‘éccording fo relation
2. In the following we Will.éOﬂSidef fwo mafhematical learning models
and specify the opfimization strategies assbciated with these models.
"The advantage éf the mathématicéily derived presenfation'strategy is
that the mathematies guarantees the optimum of the stimulus presentation
strategy EE the modelnéf 1éarhing.is‘an adequaﬁé'representation" (Dear,
Silberman, Estavan, and Atkinson, 1967)L. Methematical techniques in-
volved in deriving optimal'strategies.for item.allogation under the
assumption of é particular learning modei are described by Matheson
(1964), Karush and Deaf'(1966), Groen. snd Atkinson (1966), and Smallwood
(1967, 1969). similar’@roblems are solved by Dear and Atkinson (1962)
" ana Stippes (1064). Tn this study we will use the wbility function (1)
tand.igﬁore costs of iﬁstruction as well as utilities accrued from dif-
fe}ent presentation modes. .Sma11Wood.(l969) has deﬁeloped a dynamic
programming model that allows utility functions which take the costs of

instruction into account.
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A strategy derived from the one-element model.* Under the assump-

tion that items are homogeneous, Karush and Dear proved the theorem:

"Consider an N-trial experiment, N > 1, with arbitrary initial proba-

bilities of condltlonlng (k Aﬁ).' Theﬁ'an o@timal strategy is

1? 2’ e
given by presenting at any trial that item among Al’AE’ feay Ah for which
the current probabillty of éonditioning is least." The subscripts refer
-to the item. If_every item is initially in the unlearned state:a simplie

| counting technique leads to an optimal policy (Karush and Dear, 1967):

One-element model procedure (QEM)

1) Present every item in the set of n items once.

i1) For every item set a counter at O at the beglnnlng of
trial n+l,

1i1) Present an item at a given trial if and only if its count
is least smong the counts for ail items at the beginning
of that trial. (If several least counts exist, select
randomly among those. )
iv) Following a trial, increase the count for the presented
item by 1 if the response was correct, but set if to O
if the response was incorrect. Go to iii) above,
_ Karush and Dear prove that this procedure constitutes an optimal pelicy.
Since an error indicates that the item was in the unlearned state at the
beginning of that trial, only the number of succesges after the last error

have to be considered in order to calculate the probability that item i is

in the Jlearned state, i.e., I, ig specified and the counting procedure

*The one-element model describes learning as the transition between an
‘unlearned and a learned state. On a reinforced trial such a transition
is made with probability c. Once an item is in the learned state it
remains cenditioned and a correct response is made with probability 1.
IT an item is in the unlearned state a correct response occurs with
guessing probability g (Bower, 1961).
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establishes & sufficient history. If the value of the counter for item

iis Tis the probability of being in the learned state is

r.+1

7 (L) =1 - (1-¢) .
Selecting the item with the -lowest T, is equivalent to presenting the
item for which the probability of conditioning is least and therefore
satisfies the theorem. The advantage of the OEM-procedure is its inde-
pendence of the parameter c. . But the assumption of a homogenecus
parameter ¢ might not be justified in many actual teaching situations
since instructional materials vary generally in difficulty. Even for
guch restricted situatiens as paired-agsociate learning, the assumption
of homogeneous items might be violated.. This and the shortcomings of
the one-element model were probably the reasons why the experimental
study of optimization strategies by Dear.et al. (1967) failed to show
that learning can be improved significantly if the CEM-procedure is used
instead of a randomized cyclic presentaticn,

A MIP-procedure derived from the random-trisl-increment medel. The

- random-trial-increment (RTI) model:was first investigated by Norman .-
(1964), It assumes that learning occurs in stepwise inerements on random
trials. On 2 reinforced trial an item can he partially learned with -
probability C. The amount learned is the proportion A of the yet un-
learned part. Thus:
A qt P with probability C
CGgey T { o '

a, , with probability 1 -c,

where 9 is the error probability on trial t. Using Norman's notation,
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we obtain:

a . = AT g, | (4)

where P(Yt = 1) = ¢, and P(Yt =0)=1-~C.

This two-parameter-model reduces under limiting conditiong either
to the linear model (if C = 1 and A > 0) or the one-element model
(if 4 = 0). ‘The RTT-model can be considered as a meta-model of the
linear and the OEM-model, since it combines an incremental and an all-
or-ncne Jearning process. Compared with one-parameter models 1like the
one-element model or the linear model, as well as with the two-parameter
two-phase model, it yielded favorable goodness-of-fit test results of
réspéﬂse seéquences and conditjional probabilities from eight paired-
assoclate experiments (Atkinson and Crothers, 1964). -

If the problem is restricted teo maximizing the immediate payoff,
a suboptimal strategy can be obtained from Eg. 3 and the assumption of
. the RTI-model., We define the terminal return vo(h')-..as the expected
~decrement in error probability'E[aga]_that_occurs_if item a is presented.
According to the RTI-model a reinforcement occurs with probability. C
independently of the response. Since E[Aqa] does not depend upon the
last response, maximizing

v, (h) = Blag, ]

leads to the suboptimal MIP-strategy.

Implementation of the MIP-procedure. 'If the parameters A and C

are given, it is poséible to cbtain E[qt] for any response sequence

(X5X55 ++v, X, 1) by recursive evaluation of all those branches of the

18




tree generated by %he“RTI—model'which satisfy that particular response”

sequence. Due to the linear component in the model, it proves to be

dlfflcult to derive an explicit expre551on for E[qt] that uses the com-

plete hlstory on that 1tem An ALGOL~procedure ‘that computes

E[qt] = (X cers X

is‘described'in Appendix A.  The expected utility (decrement in error -
probability) for item s on trial t is
]

E[Aqa,t} = E{qa’t] ‘_ E[qa,t“i"l 3

where from Eq. .5

(R AlE

Elg

0
a,t+1 v (1-0) aEla, ]

t]
Substitution yields .

slea, ()= (1- 8) CElg, ], (8

The MiP-precedure:
i) uOn s£age Oﬁe compute. Etéga,t] for all ifems froﬁ.Eqs;HS and 6.
ii) Cn each stage select n items Wlth the hlghest E[Aqa,tj°

111) After presentatlon of item a update E[Aq ]"

iv) On each successive stage atart with step 11)

In contrast to the OEM-procedure the selectlon algorlthm of MIP
-depends (1) upon the complete hlstory of a student and (2) upon estimates
of the quel_parameters A and C. The 1mp1ementatlon of the MIP—procedure
under'the aseumption of.fhe.RTI—model will therefore demand more stOrage
space and compufation time than the‘OEM-procedure{ ‘A barticular dis-

advantage of the RTI-model for computational ﬁurpoeés.afises'frem‘the
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fact that a recursive history updating.rule of the form

Ela -, -} = £(Elq .1, X

PR a5t +1
does not exist. .Therefore, the.complete hiétory has fo be'étored, éﬁ&
E[qa’t] has to be recomputed whenevér a newv fééponsé is made on.i£eﬁ.a;

But for practical purposes approXimations may be used that depend only

upon a small subset of .the complete history (efg., the last four responses)u
If the MIP—strategy is applied to a Markov-leerning model, it is possible
to derive a recursive history updating rule of the above form. Examples

are given by Karush and Dear (1966) and Smallwood (1967).

2.4 -Monte Carlo Simulations as Efficiency Tests of Optimization Pro-

ccédures

The simulsted learning situation. In order to investigate the

effects of various strategies for optimal item allocation, a learning
'experiment was simulated on a digital computer. The responses were
generated according to the RTI-model assumptlons usihg a.random number
source. {Such experiments are called Monte-Carlo'expériiénts.) The
task involvedllearning a set of N % L3 pairéd—associéte items. For each
‘gession a subset of § items was seleéted foé preéentation from the whole
set. All items startéd in the unlearned state, i.é., fhe initial errox

probability, q., was set to 1. Each "artificial subject” was given 60

‘sessions. The optimization pfoblem consisted of selecting a subset of
n = 8 items before each session such that the expected score on a.test
~over all N items would be maximized. Since the error probability for

each item and subject was known at each session during the simulétion,

no intervening test trials had to be given, and the learning curve could
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simply be cbtained as the mean error probability aé on stage s, In a

. A
"regl" experiment, g, would have to be estimated from intervening test

sessions. : o : : : ‘ §

Monte-Carlo experiments were run for 15 artificial subjects with
various RTI-model parameter settings under the following conditions:

(a) Random cyclic procedure (RCP): At each stage those n items

that have been presented least frequently are.selected. it
‘several items have equal presentation freguency, we select
randomly among these,

(b) OEM-prqeedure: At each stage the procedure described én p. 16

ig applied to n iteme.

(¢) MIP-procedure: At each stage n items are selected according

.to the procedure described on p. 19, The parameter-values were

sesumed to be known and the estimation of E[Aqa t] iS‘¢afried
. . . 2

out as descrived in Appendix A.

Parameter settings:

Experiment A c
1 30 .30
2 -30 .70
3 .70 .30
b .70 70 L

Efficiéncy measure of an cptimization procedure. In order to have
a comparison against which to evaluate a given sequencing sfrategy, one
additional cbﬂdition was run in which complete knowledge of the state of
learning, qijt,,(fgr each item i, subject J, and trial t) and the
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underlying model parameters was assumed to be available. With this in-

formation MIP can be computed according to Eg. 6 (omitting the expectation

sign). The selection rule is the same as for the MIP-procedure.  Then
the guantity

S
~
ME = 2 (-9

s=1

is & measure of the maximal efficiency that could be obtained, where

-~
qsmax is the average error probabllity on stage s using MIP with complete

information. The efficiency quotient (EQ) of an optimization procedure

P-is then defined as

(LI 2

~p
(1 - qs) 100
s

T — g,

. . . L
where q§ is the average exror probability on sessiocn s using presentation
procedure P.

The resulting efficiency quotients from Mente-Cario experiments with

15 "artificial subjects” -are given in Table 1.

Table 1

Effiéiency Quotients for (Optimization Procedures

Experiment - RCP OEM MIP
i i ”

1 88 %5 95

2 97 98" - 98

3 93 91 93

L 98 97 29
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The parameter values in Experiment 1 correspond mcst closely tc the

egtimates obtained from the paired-asoclate experimeﬁts investigated by

Atkinson and Crothers (1964). 1In_.this case A is small, which indicates
ﬁhat the 1earning process corresponds .closer to the one~element model_
thap to the linear model. Application of the OEM-procedure produces a
pronouncedlgain compared to RCP. The.MIP—proéedure is at least as ef-
 ficient as either RCP or the OEM-procedure in all.four cases. 1iIn contrast

to_RCP or OEM, the allocation decisilons under MIP involve_the.knowledge

of the model parameters A and C. The simulations with homogeneous

parameters reveal that a parameter-dependent procedure leads to improve-

ments compared with parameter-free procedures like RCP and CEM under a

variety of parameter settings.

Ttem héterogeneityor In the previous four Monte—Carlo‘experimenté
all N items were assumed to possess equal parameter values. But item
'homogeneity 1s not a reasonable assumption for real world learning situ-
ations. .Zt.is concelvable (and has been shown fo; some cases by Matheson
(1964))"that differences in itém difficulty will influence the efficiency
of a parﬁicular gllocation procedure. In ordér to study_fhe'effect of

item~heterogeneity upon the efficiency of ailocation procedures, an

additional series of Momte-Carlo simulations (Experiments 1° to Ma) was
performed. The average parameters corresponded to Experiments i to b,
but items belonged to one of four extreme groups with parameter values

differing by + .20:
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Group 1 Group 2 Group 3 Group 4

Eﬁperiment A C- A C A c A - C
1# .10 .10 .10 .50 50 .10 .50 .50
- of .10 .50 .10 .90 .50 .50 .50 .90
3® .50 .10 .50 .50 .90 .10 .90 .50
s .50 .50 .50 .90 .90 .50 .90 .90

The MIP-procedure was implemented in two varietions:

EEE}; 'E[Aqa’t] was computed assuming that all items were homogeneous
"and had the same parameter values as in the corresponding Ex-
periments 1 to k.

MIP : EIAqa,t} was ccomputed assuming that ;ndiVidual parameter values
were known,

The resulting efficiency quotients are shown in Table 2.

Table 2

Efficiency Quotients for Optimization Procedures

' Experiment | RCP OEM = MIPT MTP®
L 82 90 % %

2% % 91 o7  ®

3% 85 75 81 93

A ! o o )

Comparing OEM with RCP we observe that the OEM-procedure is more ef-

ficient in all cases except Experiment 33. This experiment contains
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in Group 3 items of very high difficulty. Under these circumstances the

OEM-procedure leads to a too frequent presentation of items that are un-

likely to be learned, while RCP mskes use of theé gain that cen be obtained
from reducing the error probability on partislly learned.items (in Groups
2 and 4). Here RCP is even more efficient than MIPl, showing that under
certain conditions errors in the parameter estimation can lead to a
relatively poor performance of MIP. But MIP2 reveals that the knowledge
of individual parameters can improve the efficiency of this procedure
substantislly. Comparing MIP2 with all other procedures over the entire
set of experiments, we chserve improvements in efficiency. The éains
obtained are substantial except in Experiment 2% where the rate of learn-
ing is wvery high such that all presentation'procedﬁres yield high
efficiency quotiehts, A graph of the avefaged léarning state over ses-
sions (ai) for all four allocation prbcedures in Experiment la is given
in Figure 3. The upper curve shows:the maxiﬁal efficiency curve used
fto céﬁpﬁte the efficiency quotient. As ﬁerformance increases, the
differénce between procedures decfeases, producing small differences
between the procedures atllater stages. But if we compare at what
' session a given performance level is reached, we observe substantial
differences among procedures (e,g., in order to reach a performance
level.of .70 a subject needs 52 sessions under RCP, 39 under MIPl, 38
under OEM, and 35 unger MIPE). This wey of looking at the curves sug-
gests that practically important savings in study time can be made even
if the differences in pérformance are small..

| The parameter settings of Experiments 1% to e are unrealistie

gince it ig assumed that items Tall into four extreme groups. Additiocnal
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simulations of casges with hetercgeneous paremeters that were normally

distributed yielded similar results. (Since the variance was set too

low, the differences found were smaller, but showed the same rank order
among procedures.) Simulation results of the kind reported here should
be regarded cautiocusly since fhe obtained efficiency quotients depend
'upon.the chosen parameter'values, the number of items, the number of
items selected at each stage, as well as the number of stages. The
general conclusion from these simulations was that improvements in the

design of optimization precedures for instructicnal purpoées can be

made if (1) parameter-dependent, and (2) individual item parameters

rather than mean. parameters are used for the item sequencing decisions.

27



CHAPTER 3

ESTIMATTION OF HETERCGENECUS SUBJECT-ITEM PARAMETERS

3.1 Methods of Partitioning Parameters

Mathematical ﬁodels_of paired-associate learning have been tested
largely in experimental situations with subjects of similar ability and

with items that were carefully selected in order to be of approximately

equal difficulty. TIn most instructional situations, this homogeneity

assumption will not hold. The following discussion describes several

methods of partitioning the parameters A and C_of the RTI-model into
subject and item components. The methods are quite_genefal and can be
- extended to other learning mcdels as wéll. The basic idea is that item
characteristics (e.g., item difficulty) together with subject charac-
teristics (e.g., learning ability) completely determine the composite
ﬁarameters which underiie each response seqguence. Component parameters
reflect those properties of items and subjects that are relevant to the
learning situwation. We igncre all intefactions of item characteristics
with subject characteristics that are not expressed in a particular
method of partitioning.

A method of partitioning then describes a functional relationship

between component parameters (e.g., item and subject parameters) and

composite parameters (e.g., the parameter Aij that underlies the re-

sponse sequenhce of the ith item and jth subject). In the future we
will refer to composite parameters by upper case letters, and use lower
case Greek or Roman letters for item or subject components, respectively.

The general idea of partitioning individuval parameters into subject and
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item. components is widely used in test theory (Birnbaum, 1968) and Rasch.

(1966). Similar suggestions can also be found in Smallwood (1962).

Quasi-additive partitioning into subject and item components, Iet

ﬂi-and pj dernote the item and subject compenents, and let Pij denote the
composite parameter. We propose a functional relaticnship in which Ty
is & probabllity and pj is bounded between -1 and 1:

Ty + (1 - ﬁi) Pj if p. >0

= (8)

. < .
ﬂi + ﬂi pj it pj 0

P,
L

A1l the composite parameters we wish to partition are probabilities.
Therefore the partitioning method must insure that 0 < Pij-f L. TRelation
8 expresses the intuitive notion thet a given subject possesses scme
underlying'trait that will consigtently cause an increment of the item
.parameters propertionally to their complement to 1 or decrease that

parameter directly proportienal to its value. The proportion itself is

-._fixed for a given subject. Thus, differences in learning ability are

represented by different aj and cjn If for a particular subject

aj = c'j = @, then £he composite parameter -is identical to the item
parameter itself. But the more a subject differs in his parameter values
in the positive (negative) direction, the more the composite parameter

will increase (decrease).

Multiplicative partitioning into subject and.item components. The

parameters A and C ir the RTI-model can be interpreied in terms of psy-
'chologicai processes. It is possible to partition these processes into

a subject and item component such that the componeénts are probabilities
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of independent stochagtic events. The parameter C can be thought of as

the prcbability of meking a successful coding attempt. Extending this

notion, in order to acccunt for heterogeneity, we could .concelve qf a
coding process that depends on the subject as well as on the item: with
probablility 73 item 1 enters a coding processor, and with probability
cj, subject J establishes a successful code. Parameter A in the RTI-
model denotes the proportion of the yet unlearned part of the item that
will be learned. in case of a successful coding attempt. As with parameter
C, parameter A can be split into cne part depending on the item, and
another part depending on the subjecti: a proportion @, enters the coding
processor, and a propertion aj leaves the coding processor Tor per-
.maﬁent storage. This process'is presented schématigally by the tree
shown in Figure 4, Thus, the RTI-model is described by:

-

App = (2 -0y ay) “aq (9)

n-+ n’
where

P(Yn =1) = 74 cj, and P(Yn = Q) = ; - 9y cj . {10)

A comparison of Egs. 9 and 10 with Norman's model (Eq. 4) shows that a

- multiplicative function was introduced for A and C:

C.., = y.5¢c,, and A,, =1 - ¢.-a, .

ij i7J ij i
. The multiplicative partitioning has the advantage that all parameters
are probabllities. Since the subject parameters can only decrement the
parameters of a particular item, this function has the property that the

average item parameter is larger than the parameter under the homogeneity
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Figure 4. RTI-model with multiplicative parameter partitioning.




assumption. The intuitively more appealing assumption that subject abil-

ity has a quasi-additive effect was the reason for applying this method

of partitioning in the parameter estimation of the experiment described
.in Chapter 5.

Three-parameter partitioning. The functions congidered above assume

a fixed sgensitivity of the composite parameter to differing subject abil-
ities. But it 1s conceivable that some items are insensitive to differing
subject ability, while others are rather sensitive to. the subject com-
penent. The composite parameter P cen then be expreésed as a function
of three parsmeters: item difficulty (3ty}, item sensitivity (mi), and
éubject ability (Pj)' A -convenient way of expressing the relationship
is in terms of the normal ogive model, used in the sfudy of item-charac-
teristic curves in test theory (Lord and Novick, 1968):

L

P =e(L ) = fla o(t) at,

iy 13

-00

where Lij = w; (pj - ﬂi), and ®(x) denotes the cumulative normal dis-
tribution, and ¢(t) is the normal freguency distribution.

An analogous relatlonship can be written using_the logistic cumu-
lative distribution function

1
¥(x) = —— >

1+ e

since o(x) can be approximated by §(Dx), where D = 1.7 (Birnbaum, 1968).

In this case

-Tw, (p, - =.)
. @[DLij] s [ise T30 iR

32



This relation has the advantage of being the most general considered so

far, but it is alsc computationally more difficult. Applications of the

logistic model to response data from psychological testing sltuations
revealed substantial variation in the sensitivity parameters (Birnbaum,
1968). It would be an interesting project for further study to investi-

gate empirically whether this also holds for learning data.

3.2 An Approximation Technique to Estimate Ttem and Subject Compenents

Assuming That the composite parameters are partitioned according to
the guasi~additive methed, we will present an iterative procedure which
can be used in order to estimate the subject and item components. Sup-
pose an experiment was conducted with N ltems and M subjects, where each
subject responded on each.iteﬁ for_exactly T trials. Then the responses
Xijt can berarranged iﬁ a threéfdimensional array with M-N-T entries.

In cage of the Rfi-model two parameters have fto be estimated for each
horizontal and vertical slice.of the array D (see Figure 5). In order
to simplify the notation, denote the item components Q& éndfyi by T
and the subject components aj and cj by pj. The composite parameters
Aij and Cij are written as Pij° If the subscript is omitted, we refer
to the vector of that varisble. The computations are analogous for both
parameters. The quasi—additife model as expressed in Bg. 8 is assumed.

| A brute force approach to the estimation problem would be to carry
cut a maximum likelihood estimation over the whole parameter space try-
ing all the combinations of a grid of parameter wvalues

N M

max '¥1 ‘¥1 E(Rij[ni,pj), (11)
fﬂi’Pj} =1 J=
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Figure 5.  Data Matrix with M X N X T Bubject-item Eespon_ses
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where Rij is the response sequence on the ith item ang the jth subject.

An AIGOL-procedure (described in Appendix A) was written in order to

_compute the likelihood function

z(Rij ‘Pij ).

The number F of evaluations of £ in (11), assuming thet each of the
2(N + M) parameters is varied over a grid of s steps, becomes astronom-
ically large as g increases:

Fony gt M

(There are N M computations of £ to obtain the overall likelihood for

2(N + M) particular parameter combinations.) This approach

each of the s
Vbecqmes unrealistic for most practical situations even on the fastest
conputer available.

| Since item and subject parameters are assumed to be independent
(no item-subject interactions), the total parameter estimation can be

split'up into twe parts:

(1) subject parameter search, given fixed item-parameters

N R
max T E(Rijlﬂi,pj), J=1, o0 M, (12)

. 1=l
&

(2) item-parameter search, given fixed subject-parameters
M

max .I[ E(Rijlﬂi)pj)? i= l? coe N (13)

Ty J=1

An estimate of i depends only upon the response data in the horizontal
slice i of the cube (Figure 5), if p is given. On the cther hend, 2,

can be estimated from the vertical slice j, if = is known.
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Applying a search procedure that explores the two-dimensionel areas

n and p systematicslly {e.g., ALGOL-DIRECTSEARCH by Kaupe, 1963), the

number of searches can be reduced considerably to s* < s, Then for each
subject parameter we have to compute £ in product (12) s' times, and
similarly for -each item parameter ¢ is computed in product (13) s' times.
Then

F = 2Mls' + 2NMs' = LMNs!

assumes & realistic order of magnitude.
In the following we describe an iterative scheme of estimating b

and p. The sterting values of the components cen be set arbifrarily.

nol—

“If no prior knowledge about the parameters exista,'we-initialize_ﬁ =
and p = 0. Updated estimetes of p are then obtalned by meximizing
BEg. 12 for'ail J. -Details about the computational procedure are ex-
ﬁlained in Appendix B. If on the average the true values T were larger
(smeller) than the estimated values ;, theﬁ the averamge subject paraméter
_S would be positive (negative). In fact, the solution is not upique;

In order to prevent a cerry over of a systematic error in the subject
_parameter estimetion to the item parameter estimation, we propose a re-
scaling scheme that stabilizes £He iteration process, aﬁd guarantees

P o~
that n approaches .

The rescaling procedure. From the quesi-additive model of Bg. 8

we obtain by averaging over subjects

=

By =g E Byl E (g (Leadp) ¢ I x(lap))]
> : _pj<0

Z. p, t = £ p.d,
“d 1 pj <0

1
A
}..I-

+
=2
g
|_I
¥
=1



and averaglng over items yields

Now we impose the restriction that the average item parameter is equal

to the average composite parameter, i.e,,
P.. = 1. , or eguivalently

kl
i [, & pj.+ {(lew.) % p.l =k = 0.
pj <0 p. >0 J

The intuitlve reason behind this assumption is that positive and negative
subject parameters can he thdught of as being distributed such that the
average item parameter is not affected if the particular sample is

. representative of the population of subjects. Suppose that the esgtimated
parameters . and P, do not satisfy the regtriction, i,e., k #Z 0. Then

- a positive (negative} k indicates that the item paxameters should be
_incremented.(decreﬁentéd). The rescaling function has to transform gi

“into n? such that k = 0, observing that 0 < n? < 1. We chose the follow-

“ing transformation:

A =1 4 (lem) r if k>0
1 1 1 -
(15)
R~ i
M=y (1+r) if k<0 .

The value r can be calculated such that P.. = ﬁ? by substitution of ﬂ?

A
or n. for #.. into Bq. 1k:

F.. = H? + 0 =7, + k.
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Inserting from Eg. 15, r can be computed:

(a) for k >0

W L + r(l—ni)] = 7. + k
i=1
~ ~ ~ )
e + r(l-w.) =xw. + k (16a}
k
r = -
1~
(p) for k <0
M .
£ T [n (1)) =%+ x
) i
i=1 :
. Fa Fay
a.(l+r) = + k (161)
k
r=-—
e

After rescaling =« according to lgs. 15 and 16, p will be reestimated
using Eq. 12.

Flow-chart of the parameter-estimation procedure. The flow chart

~in Figure 6 summerizes the estimation procedure.if the number of iter-
ation cycles is I. The starting values for « and p are usually the
-estimates obtained from past iterations. A more detailled and computa-

tionally more feasible description is given.in Appendix B.
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Set p and n to starting values
1 <= 1

Subject parameter estimation

Calculate 3' iteratively
from Egq. 12.
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Item parameter estimation

Calculate n' iteratively
from Eg. 13.
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FaN
Subject parameters: p’

‘Rescale item parsmeters
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Calculate n from Egs. 15, 16

~~ N
. .

p <= 0
i<= i+ 1

Figurei6o' Tterative estimation of heterogenecus parameters
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CHAPTER 4

OPTIMIZATION PRCOCEDURE FOR AN ADAPTTVE TEACHING SYSTEM

Integrating the teaching process, the parameter estlmation, and the

allocation algorithm into one syétem, leads to an adaptive teaching

system (Figure 7). This system has thé feature of using data from all
past students in corder to estimate the model parameters and applies the
estimates in the decision process. If the assumed learning model 1s a
correct description of the instructicnal pTOCESS,.the system should im-
prove 1ts parameter estimates, and as a consequence, 1ts allocation
decisiong. A more complex adaptive teaching system woﬁld contain 8
device thsat hypothesizes_a particular form of learning models, estimates
the payameters end tests the effectivity.of.the decision elgorithm, and
generates a new model,lalways operatiﬁg iﬁ order to retain the best.
_ Buch a:System was suggested by Smallwood (1967). Since the learning
process itself has not yet been formalized sufficiently well in terms of
. mathematical models, it seems to be difficult if not.impossible to in-
clude such an "ingquirer" within the syetem. Even if model selection is
restricted to a class of models (like N-state Markov models), the com-
putations become feormidable. Hypothesizing and testing of alternate
learning models should rather be carried out in experimental learning
situations. If‘experimental resulte indicate that a particular alleca-
tlon procedure leads to improvements in the learning process, we can
.accept that as indirect confirmastion of the assumed medel.
For this study we will assume that the RTI-model is a valid de-

scripticen of the learning process. Given‘estimates of subject and item
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parameters together with the response history on all items, the maximal

immediate payoff (MIP) can be computed, using Eqs. 5, 6 and 8. But the

component parameters n and p can only be estimated after a minimum amcunt
of information about the learning procese has been collected. TIn the
beginning the data cube D (Figure 5) is empty. D grows as more students
are instructed and tested. As sgoon as D has a certein minimum size, the
iterative technigue described in the previous chapter could be applied

in order to obtaln more saccurate parameter estimates than the initial
cnes. From then on, at varicus stages in the growth of D, new iterations

wili yield improved parameter estimates. The process described in Figure

7 is based on the MIP-procedure but uses adapted heterogenecus instead
of constant homogeneous parameter estimates., We will refer to it as
AOP (Adaptive Optimization Procedure). Due tc the parameterization of

the learning process into item and subject components,'successive esti-

 mations will result in decreasing f;uctuations.ig the item parameter
estimations. Whenever these fluctuations have reached scome small value,
the process of'item-parameter_estimation can be stopped.

From this.stage on the history of past students can be ighored,
since ali the informa%ion needed in order to compute MIP for a partic-
ular subject-~item-trial ig contained in item responses of this subject
and his component parameters.. A rather accurate estimate of the subject
-component can be obtained after a few sessions. ¥From then on only.the
history relevant te the unlearned~items of this student has to he kept

in storage. In order toc reduce the memory requirement, methods of

optimum guantization of a past history as proposed by Smallwood (1967)

can be applied to the estimation of the item and subject compenents.

41
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given by Eq. 8.

for each item 1 and student j:

for 1 = 1,... N, where Aij and Cij are

. E[qi,t]

imize o
max -

1=1

Select n items for presentation which

R E[Aq, 1.

Teaching Process

For each student present these n
selected items, and record the responses.

l

[

Data Storage

J

l

Estimation Process

Estimate the item-components o, and

9, of the i item.

Estimate the subject-components aj

snd ¢, of the 1 subjeat.

Perform the estimations iteratively ocn
the basis of the data accumulated so
far.

The estimation process may be skipped
partially or entirely whenever the
estimates have "zeroed in."

v

| Ready for Next Decision Process

Figure 7. Optimization Procedure for an Adaptive Teaching System
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In general, the effect of limitations in estimation and memory upcn the

efficiency of an allocation strategy is difficult to determine but of

great practical importance.

The implementaticn of the adaptive system in Figure 7 results in
initially high computational efforts and storage requirements. But
after item components have stabilized, computations and data storage
can be reduced considerably. A practically feasible appreach involves
delegating thecinitial stage of item parameter estimation to a large
computer. The lesson material together with the corresponding item
parameters is then handed over to a small scale CAI-system. The task
of the small computer consists in making the day-to-day allocation de-
cisicns (lesson planning) which involve only minor computations and can
be executed duriﬁg.the iegs busy hours.

Iﬁ order to investigate the efficiency of the proposed adaptive
cptimization procedure, a computer controlied learning experiment was -

desigred and 1s described - in the following chapters.
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CHAPTER 5

DESTGN OF A COMPUTER CONTRCLLED LEARNING EXPERIMENT

5.1 Experimental Eypothesis

If the assumptions. of the RTI-model hold and the composite_pa:am-
eters can be partitioned intc subject and item components aqcording to
the duasi-additive method, then an experimental investigation_should
confirm two hypotheses: (1) An adaptive optimization procedure (AOP),
that is based on the principle of maximizing the immediate payoff, cai-
culated under the assumption of heterogenecus parameters, leads to
improved learning if compared with parameter-free procedures like RCP
or OEM; (2) Successive parameter updatings improve the efficiency of
AOP, i.e., the procedure is adaptive in the sense that subjectz who
start the learning process at a later stage will perform relatively

better under AQP.

5.2 Sxperimental Method

Subjects and materials. The subjects were 24 female Stanford stu-

dents without previous knowledge of Swahili. They received $2 per session
for participating in the experiment. The subjects were assigned according
to their convenience to four groups of six subjects (waves). These groups
started the learning experiment in intervals of approximately ten days
(i.e., Wave L started instruction approximately 30 days after Wave 1).

The material consisted in 420 Swahill vocabulary items selected from the
pre-school to second grade vocabulary (Swehili Journal, 1966). Only
those-words that could be found in the available Swahili-English diction-

ary were chosen. Vocabulary items that were very close to English
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{e.g., baiskeli = bicycle) were omitted. The English distractors were

chosen from the same dictionary. A vocabulary learning situation was

chosen because of its similarity to paired-asscclate learning experi-
ments. in which the RTT-model has predicted many features of the data
rather well. The following reasons lead to the particular choice of
Swahili: (1) the dissimilarity tc BEnglish and cther foreign languages
minimizes transfer effects; (2) because of the current interest in
African languages,.we expected that a sufficient number of students
would be motivated to take part in the lengthy experiment; (3) since
Swahili uses the Roman alphabet, the experiment can be conducted on

. 8tandard teletypes.

Apparatus, The experiment was conducted in the Computer-Based
Learning Laboratory at Stanford University. The studeﬁt terminagis ¢on-
.sisted of Model—33 teletypes connected to the PDP-1 computef of the
Institute for Mathematical Studies in the Social Sclences. Stimulus
presentation, respcnse recording, and experimental procedures, as well
as all computations and programming were carried out by computer pro-
grams running on the time-shared POP-1.

Procedure. Each experimental session. is designed to last 45 to 60
minutes. Three types of sessions were given (Table 3):

(1) Sessions 1 and 2 were study-only sessions (S-sessions). Acw-

cording to presentation mode 3 (p. 5), 210 Swahili-English
e hul::;ﬁbéabﬁlary pairs are presented in intervals of 15 seconds.

(2) Test-and-Study sessions (TS-sessions) follow presentation

mode 2 (p. 5) and consist of stimulus presentation, response

and reinforcement. Bach TS-session 1s composed of 105
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Table 3

Session Sequence

Days Session Type Number of Ttems
1 Study 210
2 1 "

-3 Test & Study 1065
)'I' 18] 1
5 " it
6 " 11
T Test 210
8 13 11
9 Test & Study 105
lO " "
ll T 1

’ 12 1" 1"

13 Test 210
1)_|_ " "
15 Test & Study 105
16 1 11
1 e "
l’g 1t "
19 Test 210
2O 1 "
21 Test & Study 105
22 " "
23 " 1
2‘}4_ 1 fn
25 Test 210

26 " n
32 Late Retention Test 210
33 tt 1t
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TS-trials. A TS~trial is composed of a Swahili word and a

response set of five multiple-cheice English words. The al-

ternatives are numbered from 1 te 5 and include the correct
franslation of the Swahili stimulus and four distractor words
which are randomly selected from a set of 839 English words
" (without replacement). .This set includes the English words
corresponding to the Swahili words {except the correct choice)
and 420 different English distractors. The position of the
correct word 1ls randomized. The subject's task is to type
the number of the correct alternative fellowed by a space.

LA

He then receives a reinforcement in form of a "+ or and

a printout of the correct Swahili-English pair, and has eight
seconds to study the correct pair, .If no response is recelved
within ten seconds after completion of the stimulus display,

a bell rings, and the letters "T.U." for "time-up" are printed

"mon

out. instead of "+" cor

(3) Test-sessions (T-sessions) are composed of 210 T-trials. A

T-trial is identical to a TS-trial without reinforcement, and
a delay of only one second betieen trials. On two consecutive
‘T-gessions (i.e., day 7-8, 13-1%, 19-20, 25-26, =nd the late
retention test) the subject cycles through the entire 1list of
items in random order.
In all three types of sessions {8, TS, or T sessions) one third of
the items belong to one of three conditions, i1.e., on each TS-session
35 items, and on each S or T-session TO trials of each condition were

given in random order. The selection and order of items for each session
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is constructed by the program lesson plan (described in Appendix C).

This program runs after all subjects have terminated their session on a

given day.

Conditions. The 420 Swahili vocabulary items were assigned randomly

for each subject to three conditions with 140 words each. The assign-

ment is balanced so that each item appears equally often in each condition

over all 24 subjects (i.e., each item occurs in each condition for 8

subjects).

(1)

Random cyclic procedure (RCP): All 140 items assigned to RCP

are presented once during sessions 1 and 2. During each of

~ the four TS-session intervals (3-6, 9-12, 15-18, and 21-24)

(2)

all RCP items are presented exactly once, but.in random crder.

This condition constitutes the contrel group against which

each of the following optimization conditions is evaluated.

One-element-model procedure (OEM): The procedure is described

-in detail on p. 16 and was implemented for n = 140 items,

(3)

selecting 35 items for each TS-session.

Adaptive optimization procedure (AOP): At each TS-gsession the
selection rule is to present 35 items out of 140 such that the
expected decrement in errcr probability is meximized (see Egs.
5, 6, and 8). The parameter estimation procedure (see Chapter

3 and Appendix B) is applied the first time after wave 1 has

~ passed the third cycle through the list (session 12). TFrom

~then on approximately 40 iterations are performed whenever

time was available on the PDP-1. Parameter egtimaticn and
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allocation decisions are made using only the data collected on

study trials. The data from test-sessions were ignored by ACP

as well as by CEM.

Data collection, On & given session for every item and subject, two

réSponsé variables were measured: (1) correcf or incorredt, where time-
out ie considered aé incorrect, and (2) response latency, measured as

- the time iﬁterval between the last character output of the teletype dis-
play, and the last character-input by the subject (space bar). .Time-outs

were considered to have the maximum time allowance {10 seconds).
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CHAPTER 6

EESULTS AND CONCLUSIONS

6.1 . Analysis of Test Data

Proportion correct on test sessions,. The experimental hypothesis

predicts an overall improvement of learning due tc the optimization
procedures CEM and AOP. The curves for the performance on test sessions
are piotted in Figure 8. The abscissa refers to the pooled response
data from two. consecutive test-days (i.e., the responses on all 420
items). The data from the late retention test (days 32 and 33) are
plotted as session five. Both opiimization procedures yield a higher
overall. learning effect than the random cyclic presentation, yet the
differences between AOP, OEM, and the contrcl group RCP are small. In
order to test the hypothesis of nc differences between procedures, an
analysis of varisnce wiith repeated measures on one factor was performed
on the total test scores (days 7, 8, 13, 14, 19, 20, 25, 26, 32, 33)

for each subject and condition (Winer, 1962). The results are summarized

in Table L,

Table 4

Analysis of Variance of Proportion Ccrrect on Test Sessions

Source of variation 58 af M5 7
Between subjects 645056 23 28,045,.91
Within subjects 5536 L8
Presentation Procedures 688 2 34k 3.27%
Residual L4848 L6 105.3
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The hypothesis of no effect dve to presentation procedures can be

rejected at o < ,05 (F qq(e,hé) = 3,21). A contrast shows that the dif-

ference between CEM and RCP is not significant at o < .05 (F = 1.82).
But the difference between AOP and RCP is significant (o < .05; F = 6.27;
F’95(1,46) = 4.04). The experiment failed to demonstrate significant
improvement in learning due to the implementaticn of the CEM-procedure.
The adaptive 6ptimizétiom.procedure, on the other hand, increases learn-
ing significantlﬁ compared with the contirol preocedure, but is not signif-
icantly mcre efficient than OEM. = In general, we conclude that the
oﬁserved differences are very small. This might be due to the fact that
the impact of the optimization strategies was diminished through the use
of too many intervening test-trials. (There were as many test-trials as
study-trials.) Since it may be assumed that some learning occurs also
on nonreinforced trials, the test sessions had the effect of intervening )
learning sessions on all items, thus producing an RCP-like effect. A
further reason: for cbtaining small differences can be found in the
fact of individual differences in the learning rate between subjects.

Ag Table L shbws, the between subject varlance is considefably larger
than the within subject wvariance. The subjects who learned.faster
reached a ceiling rather rapidly, and did not contribute any differences
between pfocedures from then con. TIn order to demcnstrate this effect,
fhe subjects were assigned to a High and a Low group on the basis of the
total test scores over all test-sessions and coﬁditionso The Jlearning

curves for the High and Low group are plotted in Figure 9. Due to the

ceiling effect the differences between procedures diminish for the High
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group as they reach a high level of performance, while subjects in the

Low group can still make gains from the optimization.

Late retention test. Figures 8 and 9 reveal that the effect of CEM
dreps off at the late retention test. There}is no overall difference
between OEM arnd RCP at the late retention test. - A t-test shows that the
difference between AOP and RCP {or OEM) is significant (o < .05; t = 2.48;
t°95(23) = 1,71).  The 1oﬁe'r effectiveness of OEM co}ﬁpared with ACP is |

probably due to the more reallstic assumption of ifem and subject heter-

ogeneity under AOP, rather than to the.implied difference in learning
models., The OEM-procedure was derived under the assumption of parameter
homegeneity (Cij = (), while the calculation of payoffs under AOP takes
item.and subject differences into account. It is unlikely that ACP
ylelded a slightly better result because the RTI-model is a betier repre-
gentation of the learning process than the one-element model. The

application of ACP based on the one-element model with the heterogeneity

assumption would probably have been almost ag efficient.

Response lafencies on test sessions. The average response latency

for -each condition on a pair of two consecutive test-sessions is plotted
in Figure 10. The upper triplet of curves refers to the average latency
cornditional upon a wrong response. The conditional latency implies un-
equal number of cases for each point. The data peints plotted here
constitute the unweighﬁed average of the mean latencies for two consec-
‘ﬁtive test-sessions., Since latencies vary greatiy between subjects an
average'weighted by the number of items would distort the curves. The

lower triplet in Figure 10 shows the latencies conditional upon.a correct
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regponse. It can be inferred from a1l curves that RCP leads to the

longest response time on test days.

An snalysis of wvariance on the tctal

latencies for each suﬁject and condition leads to the rejection of the

hypothesis of no differences due to presentation procedures at o < .05

(Table 5).
Table 5
Analysis of Variance cof Latencies on Test Days
Source of wvariation S1S] af M3 F
Between subjects 201,305,616 23 8,752,418
Within subjects - 1,791,66k 48
Presentaticn _ o
Procedures . 259,18k 2 129,592 3.89%
Residual - 1,532,480 L6 33,315

Contrasts reveal that the response time under OEM is significantly

shorter than under RCP at o < .05 (F = 4.,60; P 9

(1,46) = L.0k).

Simi-

larly, AOP yields significantly shorter response latencies than RCP

(F = 6.86). The difference between AOP and RCP is not significant. In

general, the results of the latency data confirm the results obtained

above for the proporticn of correct responses.

Test for adaptiveness of AQP,

The second experimental hypothesis

predicted that the difference between BCP and AOP should increase over

waves (groups of six subjects) due to more accurate estimates of the

item parameters. The overall differences hetween AOP and RCP on test-

sessions are plotted in Figure 14 for the four waves of subjects.
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Contrary to the hypothesis we observe a small decrement in the efficiency

of AOP. The analysis of variance (Table 6) shows that this effect is not

significant. .In fact, the large between subject variation mekes it very
unlikely that a significant adaptation effect could be detected with a
between subject design. Similarly, the iatency data fail to detect a

significant change over waves (F = 1.55; F3 20(.95) = 3.10).
2

Table 6

Analysis of Variance of Differences Between AOP and
RCP over Waves on Test Sessions

Source of variation 55 af MS F
Between waves 63 3 2 .08
Within waves 5,001.8 20 254.6

6,2 Analysis of Study Dats

Proportion correct on study sessions. According to the experimental

~hypothesis, thé relationship between procedures should be reversed on
study—sessioné, i.e., AOP should lie below CEM, and OEM should lie below
RCP. This reversal is expected because the optimization.procedures will
present the less learned.items. The observed proportion correct on study
days confirms this hypothesis for AOP and not for OEM (Figure 11). The
abscigsa In Figures 11 and 12 refers to the pooled data of two consecu-
tive study days,.i.e., study session 1 contains the data from days 3

and 4, etc. An analysis of variance with repeated measures on cne Factor
based upon the summead sfudy data {days 3-6, 9-12, 15-18, 21-24) for each
subject and condition shows a significant difference between procedures

(Table 7).
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Table 7

Analysis of Variance of Proportion Correct on Study Sessions

Source of variation

Between subjects 341,208 23 14,835.13

Within subjects 11,448 48 238,50

Presentation | ‘ g
procedures 1,880 2 940.00 L, 5%

Residual 9,568 46 208.00

The null-hypothesis of no differences between procedures can be

rejected at o < .05 (F __(2,46) = 3.21). The average proportion correct

« 9
on study days under CEM lies slightly above RCP. .A'contrast shows that
this difference is not significant. The data do not confirm . the predic-
~tion that CEM will select items which are more likely to be unlearned.
'The difference between AOP and RCP is significant at @ < .05 (F = 6.06;
F'95(1,23) = 4.28). Although AOP did not prove to be significantly more
efficient on test days, the performance on study days reveals that AOP
.indeed selects the less learned items. In Figﬁre 12 the performance on
study sesslong is plotted for the High and Low group (uSing:the same
'grouping as for the test data). The relationship between procedures
holds for both groups equally. The drop-offg in the RCP curve on ses-
sionsg 3 to 4, 5 to_6 and 7 to 8 deserve discussion. The whole list of
RCP items is presented once within sessions 1, 2; 3,k; 5,65 7,8. The
items in the second part of each pair (i.e., sessions 2, 4, 6, 8) have
not been presented for two days more on the average than the items in

the first part of each pair (i.e., sessions 1, 3, 5, 7). The most
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plausible explanation for this drop-off lies i1n the assumption of a time-

dependent forgetting process. By using this label we do not mean to

enter into the controversy over an interference versus.a dec&y.notion of
forgetting. The-amount of time between successive presentations of i1tems
is tzken heré merely as an index of the amount of forgetting, and the
term will be uéed ir this sense later. It is characteristic that the
forgetting procéss is 'more pronocunced in the Low group. A t-test of the
proportion corréct fof RCP items on study sessions, comparing segsions

1 and 2, 3 and 4, etc;; and summing for each subject, shows that the

‘time-dependent forgetting process is highly significant (t = 3.67;

;T!99(23) = 2.50).

Analysis of response latencies on sfudy sessions. The latencies

'ffor.the study sessions are plotted in the same way as the latency data
on fest—sessions (Figure 13). . Compared with the test-sessions the re-
lationship between procedures is reversed on gtudy sesslcns. Now the
optimization proceduresipfesent items.that need s longer response time
than RCP-items. The analysis oﬁ the averaged latencies is given in
Tabie 8. The differences between procedures are not significant at

o < .05. An analysis of variance on the latency conditional upon &
correct response (averaged for each subjéct and condition over ajil study
sessions) is summarized in Table 9 and yields a significant difference

- betweem presentation procedures.
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Table 8 -

Analysis of Variance of Latencies on Study-Sessions

Source of varistion 58 arf M3 ' F
Between subjects 8,076,019 - 23 351,131.2
Within subjects 85,016 L8
Presentation . . ) . T
procedures . 6,512 o 3,256.3 1.91
Residual 78,504 L6 1,706.6
Table 9

Analysis of Veriance of lLatenciles Cdnditional upon
a Correct Response on Study-Sessions

Source of wvariation B af M3 F
Between subjects - . 1,911,632 23 . 83,114
Within subjects 29,537 L8
Pregentation

procedures o L, TH8 2 2,37k L. 4%
Residual 24,788 I 539

Centrasts show that the respense latency on correct trials is
significantly higher cn CEM-trials than on RCP-trials (F = 5.56;
F.95(1,46):= L.ok). Similarly, AOP causes significantly higher laten-
cies for correct responses on study-sessions (F = 6.59; o < .05). But
_the difference between AOP and CEM is not significant (¥ = .11). Al-
together the latency data on study sessions confirm thewresults cbtained

above for the frequency of correct responses.
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Test for adaptiveness of AOP. The difference between AQP and RCP

ghould increase over waves. Figure 15 shows a small increment in the

right direction, yet the analysis of veriance indicates no significant
differences between waves (Table 10).
Teble 10

Analysis of Variance of Differences between AOP and
RCP over Waves on Study-Sessicns

Source of variation ag ar M F
Between waves 674.83 3 224 .94 .85
Residual {within waves) 5,323.67 20 266.18

The study data are not concluslve in regard to the hypothesis
whether AQP 1mproves its eff1c1ency over time or not. A.slmllar analysis

of variance performed on the total response laten01es also shoWs no. sig-

nificant difference between waves.

603 .Evéluatioh'qf the Parameter Estimation Procedure

| The allocation decisions_under.AOf depend_upon iterative.parameter
estimation carried cut over the entire set of data from study-sessions.
Altogsthér 888 ( = 2 (k20 items +IEHISubjects)) components were estimated

according to the iterative technique described in Appendix B.

.:Subgect comppnentsQ The subject parameters aj and cj reflect. the
bbservsa indivi&ual.differences between subjects rather well. In order
to demonstrate that’thsse components indeed measure an underlying ability,
we éomputed theif correlation with the total proportion of correct re-

sponses over all test-sessions (5). 'Note that the subject components
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were estimated only from the study data, while p is calculated only from

responses on the test data.

e iy
a - .75 - .72
c .67

The parameter A of the RTT-model is inversely related to learning

ebility. We conseguently observe negative correlations r  and r
ap
and positive correlation r . The high correlations show that the
cp

subject parameters allow prediction of the test performance rather well.

ac’

The high correlation between a and ¢ polnts to the fact that a single

subject component might suffice.

Item components. The adaptive optimization procedure was predicted
to be more efficient, if items were heterogeneous in difficulty. We
chogse the ﬁroportionyof errors for all presentations on study-sessions
(q) as an index of item difficulty. Since an item appeared_in.each con~
dition equally often, this index is relatively independen£ of ‘the
alternafe presentation schedules associated with the condi‘tioné° How
heterogeneous are the items, and how do the 5ptimization ﬁrocedures
adapt the item allocation to heterogeneity? Mean and standard deviation

of the item'compbﬂents are shown in Table 1l.




Table 11

Item Characteristics

_ mean 5.d,
Item difficulty (q) .33 .15
Component o bl .13
Component .65 .08
g = (1 - @)y I .13

In order to evaluate the performance of the iternative estimation
process, correlations between ai’ Qis 755 and Aqi were computed

(Table 12).

' Table 12

Correlations between Item Parameters and Ttem Difficulty

a ¥4 Dg
i
q .89 - .81 - .93
o - .70 - .9
¥ 86

The high negative correlation between Ag and q ( - .93) indicates
that the parameter estimation_process is congistent. We also note that
- o and y. are strongly related, which points to the fact thét a one paramn-
eter model would have produced similar results. The parameter ¢ ailone
correlates .89 with item difficulty. Combining o and y intc Ag yields

“only a small. improvement (r - = 4 .
yace pro’ (rpq,5 = -9
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In order to investigate whether items are heterogeneous with re-

spect to the RTI-model parameters, a likelihood-ratic test was performed

with Hb : ai

against

il

oy =y
SN ~ .
Hl oy =_Oi; Yy = 7y0 for i =1, .,., 420,
where a& and ;i denote the maximum-likelihood estimates obtained by the
iteration technique described in the Appendix. Then -2 log X is X-square

distributed with 838 degrees of freedom.

24 k2o 5o -
I T £R,.[q,v7,a,,c.)
L_d=1 i1 Y JJ
=2k L0 |A ~ '
1 m £(R..|o.,7..8,,c,)
j=r 1=l W R

The computations yielded -2 log x = 1113.7 which isulaiger than
X2.999(838) = 968.9. Thus the null'hypotheéis of homogeneous item
components can be yejected at ¢ < .00%, - o

In general, we can conclude that heterogeneity in item difficulty
was detected very well by the parameter estimation teéhnique. But it
is conceivable for pfaétical reasons to:extend the assumption of item
heterogeneity only to a single parametef...(Of course, other items may
‘require the heterogeneity assumption on more than one parameter.)

" The relation of item difficulty and presentation Ifrequency. Figure

16 displays the average presentation frequency plotted against item 4if-
“Piculty (a) for all three allccation procedures. Under RCP each item
was presented equally often (32 times during the entire experiment,

i.e., four times on TS-sessions for eight gsubjects) regardless of item
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difficulty. The slopes of the curves show that ACP is more sensitive to

item difficulty than OEM, Alsc, presentation frequency under AOP (fa)

is correlated more highly with item difficulty (rf g = ,90) than pre-
a’

sentation frequency under OEM (fo), (rf 5 .78). These observations
O’

indicate a more sensitive and direct relationship between presentation
fréquency and item difficulty under AQP, and it is concelvable that the
improvement of AOP over OEM can be explained by this relation., All

CUrves cross in the middle, indicating that items of average difficulty

are presented equally often under all conditlons,

6.4 Conclusions

“The expérimental résﬁlfé confifm\fhﬂ‘hypothééis.thaf 1earning can
be improved by the uge of optimal ifem allocation strategies. Appli-
cation of these strategies yields a lower error rafe (significant for
AOP) and shorter response time (significant for AOP and OEM) on test
sessions. On study sessions this relationship is reversed; the error
rate is higher (significantly for ACP) and the response 1atency is
- longer (significantly for OEM and AOP on correct trials).

In general, the differences between presentation procedures are
small. Two reasons account for the small improvement due to the opti-
mization procedures: (1) Extensive intervening téét-sessions are
equivalent to additional learning sessionsg under the control condition
and therefore reduce the difference between experimental and control
procédures; (2) The learning models on which OEM and AOP are based,

constitute inadequate descriptions of the learning process. Neither
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the one-element model nor the RTI-model include a time-dependent for-

getting process, while the data show that such a process does occur..

The assumption of heterogeneous item and subject parameters proved
to.be'realistic. The suggested parameter estimation procedure detects
the differences in item difficulty very well. The relationship between
~-item—éifficulty and presentafion frequency under the optimization pro-
cedures suggests that the application of these strategies might:improve
iearning.for no other reason than the fact that they preSent difficult
Ziteﬁs“more frequently than easy ltems.

'-Further.experimental studies of the efficiency of optimization
prdcedufés ‘should eliminate the effect of extensive testing. This can
he aéébﬁ?lished‘byfseleéting a random sample of test-items to be pre-
sented_within'éach_Stﬁdy éession. Since some of ‘these items may also
be'ééhedﬁled for a study-trial during the-same'session, it is.necessary
_%o cén¢eiAthe teét—trial for-these_items,iand.use thefresponse.on fhe_
Study—frialiinstead,r'This:experiﬁental design‘ﬁould.redﬁce the ‘testing
:effect during the iearning sessions. Sihce the Sampling of teSt;items
is random, no bias is introduced. More specifically, if the prppo_:_(“tidh
'offiteﬁs'séiectéd fﬁr‘a stHd&‘sessionris 8, and the-proportion.of test; g
items ié.denoted t, then the expected‘total numbex of items presénted
in such a mixed.Séssion'is.N”(t'+ $-- g t), and the number of items
_féééiving Eﬁizra test-trial on each session is equal to N t (1= s):'
For the_present-éxperiment”this change in design would have reduced the
.ampunt'df tésting by 25% without decreasing the number of test-irials.
Obviously, the aﬁount.of testing could be reduced further by setting

t <s. (It might even be advantageous to vary t over sessions.)
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The experimental hypothesis of improvements in Jlearning due.to . .

parameter estimation (adaptivity) could not be confirmed, because com-

parisons between groups-of subjects (waves) are likely to be not .
significant due tc the high varlation between subjects. . Consequently,
an-additional condition {AOP with average parameters) should be Intro-.
duced in the experimentsl design.

. One of the main. conclusions from this experiment is that the -

.effectiveness of applications of optimization strategieg to the control

of the learning process depends heavily on the adequacy of the assumed

learning model. The .cne-element model and the RTI-model are not .adequate

representations of the learning process. The results suggest further
experimental investigation of learning models that include a time-
dependent forgetting process. .

In order to illustrate how a MIP-procedure might be implemented.
_ under the assumption of a forgeiting model, we consider the (not‘very
.‘realistic) cage of a timefdePendént-Markovian forgetting,prqcess_appl%ed
to the one-element model. Such a process .can be characterized by_the
‘following assumption: During each time interval (day) an item thai
resides in the learned states may be pushed into the unlearned state
with prebability f.

A gufficient history of the student’s pasi behayior can be obtained

by computing the Bayes-estimates-of the probabllity. that an item resgides
-in the learned state, :f-a(L)° . The. history updating. rules then take. the
Tollowing form: _

(1) Bach day (time interval) update the subject's history cn all

~dtems bys
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{2 If an item is nrecsented and ar error oceurs cot
= + T 1S Ppregelteg and an errox coURrsS—Se
' (L) =c .
a

If an item is presented and a success occurs, set

(D) + (1 - x (L) g ¢,
n (L) + (L - n, (1)) g

ﬂ;(L) =

(This rule can be derived using the definitioh of conditicnal proba-
bility. Tet P(L!) denote the probebility that item a is in state L
after belng presented, and let Sa denote the event of a success on that
item. Then
P(Lé & Sa)
1 —_
2(rLl8,) = —3Ey— o
a
t —_ -
where P(La & sa) = na(L) + (1 ﬂa(L)) g ca, and

B(8,) =« (L) + (1 - x_(L)) &)

The MIP-ailocation procedure will then select the alternative for which

max v (h) = Z Pklx (1)) =1 (L) ,
a a a
keR{a)
where R{a) is the response set consisting of error and success. This
relation follows from the basic dynamic programming formulation with a
terminal return expressed as the expected prebability of an item re-
glding in the learned state at the time of test. The implementation
of this procedure provides no computational difficulties. Tt, further-

mere, has the advantage of low-memory requirements, since the subject's
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history i1s specified by the state vector on. all items, if the model

parameters ¢, and fa are known. A similar procedure can easily be de-

veloped assuming the linear cperator model (Suppes, 1964). Undéubtedly,
both models are gtrong cversimplifications, and it is an interesting
prospect of further experimental investigation to test the eificiency

of optimization procedures that are based on more realistic forgetting
models. A gecod diécussion of these models can be found in the thesis

of D. E. Rumelhart (1967). In cases of forgetting models in general,

it remgins to be investigated whether the efficiehcy of allocation pro-
cedures can be improved considerably ﬁsing a j-step-ahead {j > 1) dynamic

programming solution.
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APPENDIX A: Likelihood Function

The Iixelitood of & TeSponse SEguernce RT = (Al,kg, T e XT) Tan e
derived from the tree diagram generated by the RTI-model assumptions.
Consider the tree dilagram in Figure 17 (from Atkinson, Bower, Crothers,
1965). The probability of an error on trial t and a correct response
on trial t+1 is indicated by the dashed branches. The likelihoed of
this sequence can be Obtained by summiﬁg the probabilities associated
with these branches. The first error is‘made with probability qv,t’

where v indicates the number of effective reinforcements. Since

q‘;’t = & 4
the probability of a particulaf branch can be calculated if v, ql, &,
and C are known. For t=1 we know that v=0 (no reinforcement was given
before the first trial), thus qO,l is the initial state of learning.
(In the preseat experiment qO,l was assumed to be 1 for all items. Re-
garding the strong dissimilaritj between Swahili and Engliéh, this
seemed to be a reascnable assumpticn. But since the subject had the
pogeibility of guessing the correct alternative out of the response set
of five by chance, the tree had to be extended, including a guessing
probability g. In describing tﬁe likelihood function we omit g, since
it oniy amounts to multiplying the branches that lead to an error by
l-g. In the experiment g was set ﬁo‘l/S.)

The correct response on trial t+l can cccur in two ways:

{1) If the reinforcement on trial t was effective, with probability

1l - Ag |

v,t?

i)
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Figure 17. Tree diggram for the RTI-model.




(2) if the reinforcement on trial t was not effective, then the

branch has prcbabllity 1 - A g
) : s

Similarly, the probability of a wrong response can be evailuated. IT
the whole response seguence is known, the proéess'can be started with
t=1, for.which qv,t is known. Thése'rules may be expressed in form of
a computer procedure fhat computeg the probabilify of each branch,
étores if and sums it in order to get the total likelihood of a response
sequence. TYor a sequenge_of_T_trials there are ET_l possgible branches.
The routine was programmed in order to minimize the amount of computa-
tions by deriving the probabilities of all branches ”éimultaneously”
(i.e., by computing éne level §f the tree, storing it, deriving the
next level, storing it, etc. ). |

| | An option in the routine allowed it to.shortcut long sequences by
considering only the last.k responses. The gtarting g value was then
estimated as | | | |

Tuk-1
ql'

Aoy = (AC + 1 - C)

(See Atkinson, Bower, and Crothers, 1965).

An additional option allowed it to use the routine to estimate the
expected decrement in error probability on trial T+1, given a particular
response séQuenﬁe and the paremeters. Assoclated with each branch
bi (i = 1,2,.a,2T_1) of the total tree that satisfies the response

 there is an expected g value on trial T+l,

s§quence RT

-E[ggf%+lj :_qii%:(Ac‘+'1 - gy,




Hence

E(ap,;) = (A +1-¢) T P(by) q(l)

'Vl

and from Eg. 6 we obtain the desired solution for E(Aqt) by substitution.
The qglé do not have to be computed and stored for each branch i but

2
can be taken from a table, since they follow a regular pattern. {This

becomes apparent if the tree is developed for some additional levels.)

APPENDIX B: Iterative Parameter HEstimation

Since the number of response sequences is iérge (420 items x 2k
subjects = 10,080) for the current éxperiment, and the computations had
to be carried out in floéting pgint'arithmetic (which is very'slow'on
the integer machine PDP-1), an iterative technique that uses only a sub-
set of the daté at a time had to be designed. .In order.to.keep computing
time within realistic bounds, the amount of reséonée.sequendeé being
analyrzed had to be kept in fast access memory during fhe.esﬁimation.
.This limited the number of subjects on which the estimate could be based
to eight. The idea of a memory buffer with & fixed_size eight was im-
plemented according to the following rules for_selecting a subject's
~set of responses:

(1) If a subject passes day 14 and the buffer is not full; he is
. admitted; | . .
(2) if a subject passes day 14 and the buffer is full and some
other subject has passed day 24 (i.e., will receive nc further
study trials), that subject is kicked out and the new subject

is admitted;
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(3) if neither (1) nor (2) was true, then the subject is put on a

walting list;

(4) a subject is always admitted if he has been admitted previously
and has never been pushed out of the buffer.
These rules lead to the simulation of a memory buffer that will only
process new information once the old information is completely analyzed,
-In order to make use of the information from past subjects, each time a
gubject is pushed out, the item parameters are updated according to the

following weighting relation:

1Tild < (Wold ﬂzld + Wcurrent-ﬁ;urrent)/(wold + Wcurrent)
(x7)
Wold <= WOld + 1
old ., .. ; current , ..
where . indicates the old item parameters and T indicates the

dtem parameters estimated from the data of the subjects currently in
the memory buffer. The updating relation (17) constitutes simply a
"moving average.” The factor w1 counts the number of subjects being

pushed out, and was initialized to 0. The number of subjects currently

in the buffer is counted by Wcurrent. Since the size of the memory

buffer is eight, the maximum value of Wcurrent is eight. The item com-

ponent is then given by the weighted average of old and current components:

old old current current
W T, + W o1

S i 3
T old current : (18)
W + W . .

Estimation of the subject component péo Each response seguence

-Rij-bf subject j and item i is stored in bits O to 13 of one computer

“word, Bits 1k to 17 contain the number of trials in the sequence. Thus
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all response from eight subjects can be stored in a matrix of 8 X 420

= 3360 memory locations. A maximum-likelihood estimate of the subject

parameters, given fixed item parameters depends only upon the j-th row
of that matrix, while the item parameter estimation of ﬂi congiders
only the i-th columns, Therefore, the same subroutine can be used in
order to estimate pj and Ty by changing the direction of the iteration
from SCahning columns (for subject components) to scanning rows (for
item components). In the estimation of pj the likelihood 1s computed
over items 1, 1 + 1, ..., 1 + r, with initial values i =1 and pj equal
to the wvalue from the last iteration:

itr

£, c(p.) = o 4R, |, .
i(x),3 Py fre1 prglmae Byl

where Ty is the weighted averagé of 0ld and current item parameﬁérs‘as
computed by BEg. 18. Now the subjéét parameters are varied syétematically
by A = .08 according to the up-and-down walk described in”Figure'185
Thig roﬁtine'first détermines the change in likelihood undér variation
of aj, then retaining the improved aj, it réenters the up-and-down
routine, this time varyiﬂg cjn The routine can be used with as many
parameteré as desired. It is a simplified version 6f the ALGOL-Direct-
search pfocedure by Kaupe (1963). The up-and-down walk is repeated for
i=1+r+ 1,1+ 2(f+1),retc,, until all items have been analyzed.

We chose r = 4 for the paréﬁetef estimations of the experiment, i.e.,
105 wvalues of aj and cJ were computed in a given iteration. Kach time
a walk was completed, a new sfarting poiht was calculated as the moving

~average of all previous estimates. Observatlon of the iferation preocess
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max ﬂ PN (p )
r),Jl " d i
.= p. + A
pJ pJ
tem = £, Up.
1(r);J(PJ)

595 \\\\\\\ié
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ten l(r),a(p,})
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I

(Parameter is
increased by A)

END | EmD
(Parameter is {Paremeter is
decreased by A) unchanged) ¢

Figure 18. The "ﬂp-and-deu Walk"
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showed that the subject parameters stabilize quickly, and that far less

than 420 items are necessary in order to estimate the individuasl subject

parameters rather accurately. For this reason item seguences longer
than three responses were ignored since the computing time for the like-
lihocd function rises exponentielly with the item response frequenéy.
The flowchart in Figure 19 summarizes the process.

Estimation of item parameters (ﬁi). The algorithm presented in

Figure 19 can be generdlized to search for a maximum—likeiihood estimate
by scanning data in a particular column. The iikelihood function has
to be changed slightly:
J+r
zl,J(I‘} (ﬂ—l) = -IH' B(Rl,]!|p;}=,ﬂ1) g
Jd =J
If we substitute £, . ) for Z, . ,) In Fi ufe 19, and make
1,3(x) (7g) T iy 5 (py) dn Figure 19,
a few changes in the indexing relations, the process is completely de-
gseribed. In order to save some computation time, an item-response
counter was incremented by one each time a subject made a response on

it. Whenever this counter reached & threshold, a new estimate on the

item parameter was made, and.the counter was reset to 0.

APPENDIY C: ILesson Plan

After a subject had gone through a list of TS- or T-items, z new
list had to be prepared for the next session. On a_TS—day the items
are selected according to the procedures RCP, OEM, and ACP. On test
days the words are taken in predetermined order. Finally the list is

randomized. Figure 20 illustrates the basic design.
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Select response seguences of items

i, i+1, ... , 1+ r from subject j.

/

Search iteratively for the maximum
max £, : -
i(r),J (pJ)
P
J
according to the "ip-and-down" walk.

. Update subject parameter p, as the
moving average: d-

J

p.k + p.
b = i
=] k+ 1

No

STOP

Figure 19. Estimation of the jth subject parameter




Determine for which student

a lesson plan hag to be_mede.

Get subject™s day number &
word-condition assignment

list.

Test-day

Study-day

RCP - list

Flrst test-day

Second test-day

!

Select firstl
half of the
1list,

Select gecond
half of the
listf

l

Randomize the .
selected items

|

Store on

disk

NO | Is thig
' subiect?

the last

YES

END

Select 35 items that have been
presented least. If several
have been presented equally
often, then select randomly.

v

QEM - list

Select 35 items with the smallest
number in the "0EM-counter." If
items have an equally small count,
then seliect randomly.

i

AOP - 1ist

Compute payoffs from ¥gs. 5, 6, 8
using weighted parsmeter estimates
from Bq. 18 for every item. Select
the 35 items with the highest pay-
off. ‘

Tigure 20. Program "Iesson Plan"
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