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PREFACE

The major results of this dissertation are theorems to the ef-
fect that certain classes of relational structures are not axiomatizable
by universal sentences, Some of the particular classes considered are
theories of measurement in the sense of the Scott-Suppes definition;
others are theories of measurement according to a natural generalization
of this definition, Part of the significance of the results is that
they are closely related to problems of proving representation theorems
in measurement theory. Ideally, one would like to have a finite list of
universal axioms which are both necegsary and sufficient for guarantee-
ing the particular representation in which one is interested, The re-
sults of this thesis show that in many cases we are forced to settle for
more modest achievements,

What follows under the four headings below are some intuitive

gtatements of results whose precise formulations appear in the thesis.

(1) On Additive Conjoint Measurement

Given a relation <X1, 0o o s xn>‘2 <y1, voas yn> , one cannot
find a finite list of universal axioms which are both necessary and
gsufficient to guarantee a representation by real-valued functions,

@i, i=l, ..., n, such that, for all appropriate Xl’ rees By Yys eees ¥

n

]






1 It
(xls P Xn> > <y13 sao Yn> = I CP]-_(X]-_) z 'z Cpl(yl)

i=1 i=1
(2) On a First-Order Segment of Decision Theory
Let C be a set of consequences, and let § = {Sl’ voes Sn}
be a finite list of statesg. Let acts be viewed as n-tuples of elements
from C . Then, on a preference relation, R , between acts, there can
be no finite universal axiomatization which is both necessary and suf-

ficient for the existence of a probability function p on & aund a

utility function u on € such that, for all s wwns Co»
ci, ve s c;l e C,
n n
1 ¥ — = 1
ey wevs € ) Ry coes cl) 51 u(e,) pls;) > izl u(e;) plsy)

(3) On Difference Systems of Measurement
Let D be a four-place relation on a set A , Let T be the

binary relation {(abDba A baDab) . Let T be the axiom

(Za,b,ced) [ 1(aIlb) A T(alc) AT (bIc) -
(da,b,c,ded) [ 1¢aIb) Al(alc) A abDed A cdDabl .
Then T is a necessary axiom for measurement on an interval scale.
Moreover, no finite list of universal axioms may be added te T in

order to obtain necessary and sufficient conditions for measurement

on dn interval scale.

iv






(4) On Multidimensional Scaling

et D be a four-place relation on a set A . Let p be a
metric. in Euclidean n-space, In multidimensional scaling one is in-
terested in representations by vector-valued functioms f such that,

for all a, b, c, deA ,
abDed «— p(f(a), £(b)) < p(f(c), £(a)) .
For both the "dominance" metric and the ordinary Euclidean metric there

can be no finite universal axiomatization which is necessary and suf-

ficient for the above representation,
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1., DNotation and Bagic Concepts

CHAPTER T

PRELITMINARIES

Let's begin to immerse ourselves in the needed notions of logic,

set theory and model theory by coming to terms with notation. Here is

a.brief beginning list:
"iff'
Tgp!
'"Dom(F) "’
"Rog (£)'

TA]_'T

10
tP (A) T
e

1 1
Ria

'(XsY)'
"(X,y>'
'<X1’ eney X >‘

Mmi, 1 <i<n'

for

for

for

for

for

for

for

_fof

for

for

for

for

for

'i_f,

and only if'

'such that'

'the

'the

A X A

'the
set

'the

'the

'<X1’

'the

domain of the function Ff'

range of.the function £

Iy

power set of A'
set of real numbers'

relation R, restricted tc the
Al

interval {teR /x < t <y}'
ordered pair {{x}, {x,y}}'
<X2, LRI ) Xn>>|

projection functions from

R™ into R given by

Hi(<xla cens Xn>) =X

1
i




We shall be dealing with relational structures of the form
o= (A, Rl’ veus Rk>’ where A 1is a non-empty set and Rl’ cans Rk
are relations on A of orders ml, ‘e mk s, respectively, The set A
is the domain of the relational structure N , dnd the sequence
(ms ..., m) ié the type of M . We shall let 'S(W)' denote the
domain of M; '|m|' will refer to the cardinality of the domain of the
relational structure M, If ¢ is a sentence of first-order logic,
then 'o tr ' will indicate that ¢ is true in the structure M ,
The homomorphisms in Tarski.[15] are not the same as those in Scott-

Suppes [9]. We shall deal with homomorphisms in the sense of the latter

paper,
Definition

Let M = (4, Rl’ ceas Rk> ~and h = (B, Sl’ e Sk> be two
relational structures of type (ml, cens mk> . Then a function f 1is

a homomorphism from M onto N iff

(i) Dom(f) = A, Rng(f) =B , and
m,
(11)  For all iefl, ..., k} and all (x;, ..., x_ ) €A e,
- i
<x1, e xmi> eR, iff (f(xl), cees f(xmi)) es; -
If also,

(iii) £ dis 1 -1,

then f is an isomorphism between I and N ,



If K 'is-'a clagss of relational structures, all of which are’of
"a fixed type, then we shall follow Tarski [15] and let " I(K) be the
class of all isomorphic images of members of ‘K, We shall let H(K)
be the class of all structures W for which there exists a structure
heK and a homomorphism h from N to M, Similarly, Hfl(K) will
be the class of all structures M for which there exists a structure
NeX and a homomorphism h from M to n . ‘Finally, TSR)'  will
denote the class of all substructures of members of K . Where K is
a unit class (M} , we. shall write "I’ instead of TI({M})' , etc.
The structure M is embeddable in h iff msH_ls(h) .

Now we are ready to start dealing with theories of measurement,

Definitions (Scott-Suppes)

A relational structure N is a numerical relational structure

iff () =R . Let K be a class of relational structures of type

<m1, cens mk> . Then K .is a theory of measurement iff I(K) CK

. . , -1
and there exists a numerical relational structure N st KT H ™~ s .

Note that if "N is a numerical relational structure and K = Hﬂl'S(h) ,
then K is a theory of measurement which is closed under substructures,
That is, I(K) S X and S(X) CK .

Now that we have so many definitions at hand, perhaps the reader
would like to see a proof of something., In Scott-Suppes [9], p. 116,

‘there is the remark that "the class of all countable relational systems




of .a given type is a theory of measurement; however, the numerical
relational system required is so bizarre as to be of no practical value,"
As a little exercise.in set-theoretical methods of proof, let's consider

an. impractical generalization of the above.statement,

Remark
Let w, be a cardinal mnumber. Let K be a class of relational
structures of type (ml, coas mk) st , for every Mek, ImL‘f wa . Then

w
there is a relational structure N - such that |h| <2 @ and K C IS(l).

"Proof: We may assume MeK — S(M) Elwa . By this assumption K
%
is a set and, hence, can be indexed by an ordinal « of cardinality

%
<2 . Thus, let K = {mwlyea } . Introduce distinct elements aX

for yeaﬁ- TEeWw Define R as follows, where M = A RY, Y.
] o ' ; Rh : 3 > Y Y’ 1%+ Rk »

R_-h = {(a'}j 3 eon e a']-Y_I >/(ils on s i > GR_.E and 'YSO!"}. .

1 my mh
. - - e . o - . —_— o
Let A = {aﬁlyea R Tewa} , N = (A, Rl, cens Rk> . We shall now show
that KCIS(N) . Pick any MeK . Let g {a}/ SeAY}' ,

Y
6

¥ * - -
h. = <A. 3 R ge? e A
' Loa’ Rk'rA'
between mY and N¥ . Hemce, Hwels(h),

> . Then the map .§ » a! is an isomorphism

ged,

2. Axiomatizability of Theories of Measurement

.Let K be a class of relational structures all of the same type.




Let % be a set of sentences in first-order logic,

Definition. (Tarski)

KeACA [‘E is axiomatizable (in the extended sengse)] iff there
is a set - of sentences such that for all models M (of the appro-
priate type)

MeR «— & tr M

To indicate that K ig finitely axiomatizable, or, in other
words, that there is a unit set ¥ as in the above definition, we shall

write 'KeAC' , The notion of universal axiomatizability (in the ex-

- tended sense), denoted by TKeUCA' , is obtained from the above defini-

tion by stipulating that % be a set of universal sentences. Finally,

KeUC is definable in the obvious way. Tarski.[15] has elegant criteria

characterizing classes in UC In [16], Vaught develops a beautiful

A"
characterization of classes in UC .

Since we shall almost always be dealing with measurement-
- theoretic classes whose members are finite relational structures, we

need to use a slightly modified version of the apparatus set up by

Tarski and Vaught. The following well-known result shows why,

Theorem 1
Let K be a clags of finite relational structures of a fixed,

finite type. Then the fellowing are equivalent:




(i) @Ekew) [Mek = || <kl A I(K) SK
(ii) ReAC

(iii) ReAC,

So long as the cardinalities of the models in our theory'of
measurement X 'are unbounded; we know that Ke}:ACA . Therefore, what

we consider is axiomatizability in the following sense:

Definition
_ Let wd be a cardinal number. A class K of similar relational

structures is axiomatizable up to W, [KeAC(wa)] iff there is a sen- |

tence ¢ st , for all models M (of the appropriate type) for which
[m| < w
D"

g tr Me ek

We define ‘KeUC(w&)"by stipulating that ¢ be a universal sentence,
Scott and Suppes mention in [9] that Vaught's characterization of

classes in UC also works mutatis mutandis to provide a characteriza-

tion of classes in Uc(wo) . In the following theorem to this effect
we write 'Sﬁ(WD’ to indicate the class of all relational structures
N in S(W) such that lhl <n . We also write 'K(wa)' to stand for

'the class of all models MeK st || < w' .




Theorem 2 (Vaught-Scott-Suppes)
Let K be a class of similar relational structures of finite

order. .Then 'KeUC(wQ) iff

(i) S(K(wa)) CK
(i)  I(R@Y)) €K and

(iii) dWnew st for all st |M] < W,

i c
if Sn+1(WD C K, then DMK .

For the most part, we shall be interested in taking a fixed
numerical relational structure N and then considering the class K

. , , -1
of all finite relational structures in H

S{(n) .. Then we shall use
Theorem 2 to show K#Uc(wo).. The reader can eaéily satisfy himself
that, for each such result we obtain, there is the corresponding result
that H-ls(h)éUC . Since we shall be interested mainly in classes K

such that MeX - |m| < W it will be convenient for us to use the

0 3
- phrases 'K is axiomatizable' and 'K is universally axiomatizable' to

mean KeAC(wO) and KeUC(wO) » respectively,

3. - Intuitive: Comments

As Stevens says, '"Measurement is possible only because there is
a kind of isomorphism between (1) the empirical relations among proper-
ties of objects and events énd (2) the properties of the formal game in
which numerals are the pawns and operators the moves.," ([10], pp. 20-

21.) The formal definition of a theory of measurement given by Scott

-7 -



and Suppes is an attempt to render mathematically precise comments:such
as Stevens', If K.EIHﬁls(h) -is a theory of measurement, then the mem-
bers of K reflect part (1) of Stevens' statement and the numerical
relational structure N reflects part (2).

A much disputed subject has been that of the measurement of
subjective entities. Insofar as the extreme viewpoint that there can be
no meaningful measurement of pérceptions is concerned we have very con-
vincing refutations available right at our fingertips thanks to psycho-
physical results such as those dealing with cross-modality matching
(see Stevens [111). ‘One can, for example, under suitable laboratory
conditions, make measurements of and reasonably accurate predictions.
about subjects® perceptions of the strengths of different vibrations
applied to their fingertips.

In [13] Suppes and Zinnes attémpt to provide theoretical‘criteria
for the existence of measurement. in general ~- be it objective or sub- : -
jective. . So. that we may have something specific to talk about in dis--
cussing some of the intuitive aspecfs of their formal approach,. let us
consider the four-place relation A on the real numbers given by
xyhzw 1ff =x-y < z-w . Let N be the numerical relational structure
(R, AY ., The intuitive idea of a homomorphism h from an empirical
relational structure (A, R) , R-EZAA' into 8(N) is that h provides
a means of assigning numbers to the entities that are described in the
structure A, R) ., A paradigm that one might: keep in mind is the case

where A" is a sel of tones-and the relation R . is viewed as’ holding




for a quadruple {a, b, ¢, d) of tones in A 1iff a particular indi-
vidual has judged the difference in loudness between tones a and b to
be not greater than the difference in loudness between tones ¢ and d .,

A representation theorem (see [13], pp. 4-8) for a theory of
measurement K_EZH_ls(h) is a result to the effect that certain axioms
suffice to guarantee the membership of a relational structure in K ,

In our paradigm the intuitive idea behind such axioms is that if they
are satisfied by an individual making judgments about tones, then we
have a means of quantifying his perceptions. Thus, part of the Suppes-
Zinnes criteria for meaningful measurement is that there be a representa-
tion theorem with axioms holding in empirical structures determined by
experimental data. What is really desirable is the situation where an
empirical structure satisfies axioms which are strong enough to guarantee
one of several kinds of uniquenéss results, Then the Suppes-Zinnes
“theory asserts that measurement has been achieved by means of a particu-
lar kind of scale (cf., Stevens [10], p. 25 and Suppes-Zinnes [13], pp.
8-15),

With respect to the particular case of the relation =x-y < z-w
and the numerical relational structure h , ﬁobody has, as yet, succeeded
in finding a finite axiomatization that is necessary and sufficient for
guaranteeing membership of finitary structures {4, R , R EIA4 in
H-lS(h) . Sufficient but not necessary axioms appear in. Suppes-Zinnes

“[13)}, For an infinite necessary and sufficient universal axiomatization

see Scott [8]. The question as to whether or mnot one can find a finite



necessary and sufficient universal axiomatization has been answered
negatively by Scott and Suppes [9]. In the next chapter we shall. con-
gider a proof of their theorem, Then we shall proceed to look at simi-

lar results for more general measurement-theoretic classes,

- 10 -




- CHAPTER II
ESSENTIALLY ONE—DIMENSiONAL RESULTS

1., The Numerical Relation for Difference Systems of Measurement

We now turn to {9], where Scott and Suppes indicate a proof of

the following result:

Theorem 3

Let A be the four-place relation on R given by =xylzw iff

x-y < z-w . Let K be the class of all relational structures

M =<{X, D) , where D EIXA , lm| <w, and mer18(<R, A)) . Then K

is not axiomatizable by a universal sentence.

Our goal now is to establish the above theorem by using a lemma that

will come in handy later,

Terminology:

Let m be an odd number. Let positive numbers P., ,.., P
1 m

be given. Then the a's generated by the P's are the 2m numbers

determined as follows: a, =1 . For 1< j<m+1, a, = a5 1 + Pj

1 - h|

" If m+2<j<2m and j is odd, then aj = a,

= g1 * P(j-1)/2 . 1If

1

m+2<3ji<2m and j is even, then aj = a + P(j-m-1)/2 . Figure 1

i-1

pictures the a's generated by the - P's ,

-1l -
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P P, Py Py Po-t Pn Pm+l P Pmiz P, Pmis Py Pm-3 R,y Pm~1
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a, az O3 Q4 0g T A4l Cmi2 Omi3 Omis Omis Omie Oms7 Om-3 9m-2 Qzm-1 9zm

FIGURE 1

The a's Generated by the P's




Given any model M = (A, D), D EiAé and any a wses A,EA ,

Ls

1’ 1

-u,a
to refer to the submodel

L <_|A|, let us write ﬂmﬁ}?
(A - {al, . a£} s D?A } {al’ . a£}> of M . We shall establish . .
Theorem 3 by showing that K fails to satisfy the third condition of
Theorem 2, To do this we need to show that, for all ne , there exists
‘a model MK such that |M| < W, and SH(HD_E§K . What we shall show
is that, for all odd. mew , m > 3 , there exists a model méK st |m[ = 2m
cand, for all ael{h} , MeX . One can convince hiﬁself with a minor
amount of effort that the above suffices to show K is not universally
axiomatizable. The construction of the model M, given m , will de-
pend upon selecting "nice'" distances Pl’ ceos Pm and then using the
a's. generated by the P's as the elements of 8(W) . TFor the rest of
the proof of Theorem 3, m will be a fixed odd integerlz 3.

In the following lemma, we shall be using distances Pl, e Pm
such that each .Pi is a power of two and is larger than twice the sum -
of.all the earlier Piﬁs . Because of the uniqueness property of binary
expansions these conditions enable us to impose a strong limitation upon
the number of equal;length relationships among intervals of the form

i

(2, , a,), where .a and a belong to the set of a's - generated b
k 27 ¥

k L

the P's . An interval such as (ak9 a&) will be referred to as an

atomic interval 4iff a£ - ak =_Pi , for some i, 1 <i<m,

- 13 -




. Lemma 1

Let P Pm be powers of 2 such that if 1.<i <m -1

i+2

1’ EEE)

and P, =27 , then P,
i i+

>
1 2 2

. Let A = {al, eens azm} be the set
of a's generated by the P's ., Let x, v, 2z, weA such that x>y,
z >w, 2 > X, and =x-y ='z—w . Then either

(i) (y, »x) and (w, z)} are atomic intervals or

(ii) (v, w) and (x, z) are atomic intervals or

> or

@iy, ®) =(aps 2 and (w, z) =Ka v oA,

- (iv) (y, %) = (al, am+1> and {w, z) = (am, a2m> .
Proof
Let £ = {(t, u)/t, uea, t < uISAam}
R = {(t, u)/t, ueh, a_,, <t <u]
§ = {(t, uw/t, uea, t < a,a < ul .

Then, for all t, ueA st t <u , (t, u) e EUR U S . Because z > x
and if (t, u)e8, (', uNeL U R , then u-t > u'-t' , we need only con-

sider the following cases:

(1) (y,x), (w,z) e& or (y,x), (w,z) eR .
(2) (st) ed » (W;Z) eR .,
(3) (Y:X)s (W,Z) es .,

We show first that case (1) is contradictory, It is clear from
-Figure 1 that no Pi can appear more than twice between any two points
;s ajeA . . And, because x-y and z-w have identical binary expansions,

we know that between x and y and between z and w there must be

- 14 -




the same powers P{ occurring the same number of times. Hence,. from
case (1) we may conclude that: (x, y) = {z, w) , and this contradicts

the assumption -x < z .

Case (2)

Let 4 be the 1eaét integer such th;t P& appears bétﬁeeﬁ X
and .y in Figure.l. Let g be the greatest infegefhsﬁch thaf Pg
appears betweén x énd y in Figure.l. If L =g, theﬁ (y,.x) and
(w, 2) are atomic intervals; qed; .Hence, we.may assume 4, <.g.. Theﬁ.

PL and P&+l must appear between x and y . Hence P& and P£+1

must appear between z and w . If 1 <4 <ol , then P Ei%éil‘

2
occurs between P, and P -E.in (w, z) Iif mHl £ é‘m—l' then
4 1+ > e 7 =* = >

7 4+1 7
tradiction, given the definition of 4 . Hence,

m+24+1 - m+3 mt

PL_(m-l). occurs between P and P in (w, z) ; but this.is é con-.
2 - :

g > > 1 >4 This means and P occur in
- m+1

7 =72 2 ' LY
7 3

(w, z). Therefore, P1 occurs in (w,.z) and 4 =1 . Similarly,
.

ged.

g =m- 1 . Therefore, {y, x) = (al, am?..and :<w, z>==(am+1,.a2m

Case (3)

A

a a < X, w<a a
¥y ] - 3 — m, o

o et <z, Algo

+1

Z-w=%x-y<z-vy ., Hence y<w, Thus (y, W)e£,”(x, z)eR and
w-y=z2z-x, So, as in case (2), either (y, w), (x, z) are atomic
and we are done with the proof.or'else (y, wy = (al, am> and

(e, 2) =

iz Then .(y, x) ={a;, a ) and (v, z) %'(ém,_a >

m+l® P2 2m
ged.

-.15 -.



We now proceed with the construction of the model M . Figure 2
shows why, for m =353 I fails to be a member of K . Any homomorphism
from M onto a subsystem of (R, AY must preserve the distances

P P P between a and b and also the distances

3’ T4

P2 between ¢ and d . Therefore, in order that

1’ Pz!

v, P

i By

belong to K , the distance from a to b in M wmust equal the dis-

3,

tance from ¢ to d im M., By constructing M so that (a,b) 1is
shorter than (¢,d) , we ensure that ﬂ#K .
Let A be as in Lemma 1, Let a =a., b=a,c=a

1’ m m+1°

d = .51211-1 . Let BO = {(x,y,z,w) eAa/x -y <z - W} . Let

B1 = {(x,y,z,w) eAé/x -y z - w and <x,y,z,w> is not a permutation

of {a,b,c,d)} . Let B,

Let D = By U B, U B, and take M = {A,D) .

= {<b:asdac>: <b,d,é.,c>, <Csd3“aab>a <C,asd’b>} .

Claim: m#K
Proof by contradiction. Suppose there is a homomorphism
f:A - R st , for all =x,y,z,wed , (x,y,z;w> eD iff

f(x) - £(y) < £(z) - £(w) . Then

flay) - £ap) = £lap 9) - £a,.,)

f(a3) - f(az) = f(am+5? - f(am+4)

£(a) - £(ay) = £ay,) - (o,

flag) - £y, )=F(ayy g) - £layg ) - |
Hence, f(am) - f(al) = f(aZm) - f(am+1) . Therefore, {d,c,b,a) eD .

* Contradiction. qed.

- 16 =~




A

- ..

FIGURE 2
For the special case m =5 shown above, ;m¢K' because, as in the general..

case, length (a,b} in M is less than length (c,d) in. I



a.
Claim: For all aieA , Lek .

Proof: Pick €& > 0 such that
2e<min {(z - w) - (x - y)/(x,y,z,w) GBO}

We shall define a homomorphism
f: A - {ai} - R according to which of the three following

cages holds:
(i) ie {1, m, m+l, 2m} .

Then, for all =x,v,z,w €A - {ai} . (x,y,z,w) gD = x -~ y <z - W,
a.
Hence the identity function £ embeds T

ged.

(ii) 1 <i<m, Then define £ by

a, +e, if j<i
f(aj)={J

aj , 1if 31 >1

Suppose X,V,%,W SA - {ai} , and <{x,y,z,w) €D . We shall show that
f(x) - £(y) < £(=2) - f(w) . Wote first that, if <(x,y,z,w) eBO , then

f(x) - £(y) < £(z) - £(w) , because

N
1

w < £(z) - [f@w) - €l

Sz-w-e< () - £W)
Hence, if (x,y,z,w> el

0 3

fx) - f(¥) <x+e-y<z-w-¢<E(E)- W

- 18 -




Suppose now that (x,y,z,w) eBl .
Then % -y =z - w , We may assume that x - y >0 , so _x.?:y an§
z>w ., If z =x, then f(x) - £f(y) = £(z) - f(w) . Thus, we may
assume z > x . Then, by Lemma 1, we may conclude that

e f(x) - £(y) = £(z) - £(w) , because, for any atomic interval (t,u) ,

where t, u¢ {ai} , £(8) - f(uw) =t - u .

Finally, suppose that <{x,y,z,w) ¢B, . To show that
£(x) - f£(y) < £(2) - £(w) it suffices for us to verify that

Cf(b) - f(a) < f(d) - £(c) . By.thé definition of f )
- £(b) - £(a) ;-b - (a*f.e) <b-a=d-c¢= f(d).— f(cS .
Hence wé.ﬁavé completed'the proof that, for all x,y;z,w eA - {ai}‘,
if (x,y;z,w> eD , then £(x) - £(y) < £(z) -lf(w) .

Now suppose that x,y,z,w €A - {ai} and f(x) - £(y) < £(2) - £(w).
We must show (x,y,z,w> €D . If. zZ ~W<XxX-y ; then, as above,
f(z) - f(w) < f(x) - f(y) , which is a contradiction, Hence,

x-y<z-w. If x~-y<z-w, then {(x,y,z,w) €D . ' qed,

Thus, we may suppose that x -y =z - w . If (x,y,z,w) 1s mot a
permutation of {a,b,c,d) , then <x,y,z,w> eBl & D . qed. Hence, we
may assume that (x,y,z,w) is a perﬁutation of {a,b,c,dy .

Since X -y =2z - w ,

either (x,v,z,w) ¢ {{(b,d,a,c), {b,a,d,c), <c,d,a,b>, (c,a,d,b)}

or <XsY=Z:W> € {(a,b,c,d), (a,c,b,d), <d,b,C,a>, <d,C,b,a>} B
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The 1atter case is ruled out, since £(a) - £(b) > f{c) - £(d). Hence =

&

(X,¥,2,w) eB2 S D, ged,

fiii) m<i and i¢ {m+ 1, 2m}

In this case we define £ by

a, s if j<i
() ={ J

4 +e, if j>1
Then, as was done above, one can verify that, for all x,v,z,w €A - {ai} s
{x,y,z,w) €D iff £(x) - £(y) < £(z) - £@w) .
Hence we have completed the proof of Theorem 3, Let us now turn to some
related results pertaining to measurement theory and decision theory.
We shall consider a well-known subclass of the structures of thé

form & = (A,p) » where A 1s a non-void set and p: A2 - R,

Definition (Suppes-Zinnes [13], pp. 48-49)
R = {(A,p) is a B.T,L, (Bradley-Terry-Luce) system iff, for all
a,b,c €A ,

(i) 0 <P

ab
(ii) Pab + Pba =1, and
(1i1) Pab . Pbc _ Pac
- Pba ' Pcb Pca
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Corollary 1

Let K be the class of structures {A,D) such that A £ 8§ )

‘AI < Wy D EZAé , and there exists a B,T,L, system R = (A,p> such

that, for all =x,y,z,w €A ,
xyDzw -~ iff P < P
_ Xy — zw

Then. -K - is. not axiomatizable by a universal sentence,

2, A Corollary about Additive Conjoint Measurement

In Chapter 6 of a forthcoming work by Krantz, Luce, Suppes, and

Tversky [2], tentatively titled Foundations of Measurement, structures

of the form (A1,=,..,1Ah3_2 Y are considered, where “Al’ e s An" are

non-void sets and > is a binary relation on A x ... xAn . A five

1

axiom representation theorem is given providing sufficient conditions

for the existence of real-valued functions ®, on Ai*"i =1, ..., 1,
such that
(1) For all Pys 4y eAi s
n n
(Pl, 4 n3 pn> z <ql, as N qn> lff iEI cpl(Pi) z i%]- Cpl(q.l) .

Let us now look at the kind of first-order language we shall
need in order tp deal with questions of axiomatizability concerning

structures of the form (Al, cens An,_z > . We consider a language &
in which there are n wunary relation symbols Ri’ i=1, ..., n, aund

one (2n)-ary relation symbol - 3 ., Each Ri- corresponds to the
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membership relation for the set -Ai s, and S corresponds to the rela-

tion 'Z . We now shall use Theorem 3 to establish:

Corollary 2

Let K be the class of all finite models (A, A v An’ B)

19

in &£ such that if A ‘An are non-veid, then there exist repre-

1?2 e
senting functions cpi:Ai - R as in (1). Then K is not axiomatizable

by a universal sentence,

Proof:
As before, given an odd m > 3 , we need only find a model

m=<A, A .» A, B) such that |A] = 2m, M4K , but, for all aeh ,

1, oo
ek . Let A be as in Lemma 1, Let D < Az’L be as in the proof of
Theorem 3. Let Al = A2 = A, Ai = {al}, 3 <i<mn . Define the rela-
2n

tion B C A by
(Pls cacy Pn: qls 250y qn> €B iff (Pls ql, qZ’ P2> eD .

coes A, BY

Now 1?? = {a, Al .

Claim: 'méK .
Suppose the contrary. Then there are functions ®, as in (1), Hence,

(2)  For all  pys Pys G35 9, €A

{pys 990 Ips Py? €D IEE @ (pg) + 9, (p,) 29, (q)) +@,(q,) .
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Pick any as 4 eA .

i >
Since (ak, a%, ak, a& D ,

0y (a) +0,(a,) > @ (a,) + 0, (a)
That is,

o) (a) - 0y (a)) Z@(a) - @,(a,) .
Also, (a,, a, a,, &) eD . Hence

¢1(a&) +o, (8 ) > () +-m2(a%)
Thus, wz(ak) - wz(a&),f $l(ﬂ£)"'$l(a£)
Hence, $1(ak) - ®1(a%) = ¢2(ék) - ¢2(a&) >
. o for all 1 <k, 4 <2m . o
In particular,
9y (a) = @y (2 + By - By
| for all 1<k < 2u .

Therefore, by (2),

For all Pls pz! q]_’ q2 EA

But then the function f = - ®; homomorphically embeds <{A,D) in
(R,A), which is a contradiction. Hence, m¢K. ged,
Now, by establishing the following claim, we shall complete the proof

of Corollary 2,
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Claim: TFor all asA , mex .
a
Since.. M leK , We may assume a X al . We know that there is a functiomn

f embedding (A - {a} , Dyy {a}> in (R,4) .
=0, all 3<i<mn,.

Let cp1=cp2=—f, ¥,

Then, for all p,, q, €A - {a} ,

n
(Pys wes Pys Qg wovs @) B HEE T 9, () 2 T o9;(qy) .

Hence, M eK, ged.

3. A Corollary Pertainiﬁg to Decision Theory

We ghall now use\fheorem 3 tp pfove a non-axiomatizability
result related to decision theory., OQur framework will-be a first-ordex
rendering of only a small portion of the theory developed in Savage [7],
Let us now consider the version of Savage's representation theorem which
is stated in Luce-Raiffa [3], pp, 300-304, A collection & of acts is
given; members of & are functions defined dn a set & of states and
having values in a set C of consequences., Events are subsets E of
8 . There is a binary relation > of preference between acts, Savage's
representation theorem provides powerful second-order axioms guarantee-
ing the existence of a probability function p defined on the events
and a utility function u défined'on the consequenceé such that the

following holds:

(3) Let {Ei} 1 <i<m and {E}} 1 <j<n be two partitions of § .

. Let A, A" be acts such that A(s) = c;s for all seE, and A'(s) = c3 s
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for all seE& . Then
m n
A>A" iff T u(e) p(E;) > T ulel) p(EL
: . N ]
i=1 j=1 .
Suppose now that we consider only a finite set of states
8 = {sl, aees Sn} . Each act may then be viewed as an n-tuple
<c1, cees cn) of consequences.. We might wonder about the question of

finding axioms on a binary relation > between acts such that functions

p and u exist satisfying (3). Then we would have:

&) For all Cls weos €0 ci, cees c;.ec
: : n _ n
1] L] . . o 1
<Cl’ ceos cn> 2‘<c1, cees Cn> iff .E u(ci)p(si).z .Z u(ci)p(si) .
i=1 i=] )
In proving that there is no first-order universal axiomatization giving
necessary and sufficient conditions for the existence of a probability

and a utility function satisfying (4), we lose no generality'by dealing

. . . n P
with the binary relation > on € as a (2n)-ary relation on C .

Corollary 3

Let 8 = {Sl’ e s sn} be a fixed set of n states, Let K
be the class of all finite models (C,R) such. that R_Eiczn and there

exist real-valued functions u on. C and p on & such that
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1) P(Si)zoy i=1, ..., n

. i ‘
(ii) = P(Si) =1, and
i= £
(iii) Fer all ‘cl, sees Coo ci, cees c; eC,
{cy c , c! c') eR " iff - ; ule,)p(s.) > ; ulc!)p(s,)
1P oo S Cpr e O i/P\830 2 i/PL8y

i=1 i=1

Then K 1is not axiomatizable by a universal sentence,

Proof:
Let A and D be as in the proof of Corollary 2, Let R.EZA2n
be givén by:

Rl

e <pl,'..o, P> s ---» 97 €RLEE (pq» dys 90 p2>-eD .
Let M = {A,R) .
Claim: méK .

Suppose the contrary. Then there exist functions p and u

satisfying (i)-(iii}. It follows that, for all Pys Pys 915 4y eA ,
{Pys> 9qs 9ys Py €D Lff  u(p) p(sy) + ulp,) pis,)
> ulqy) p(s) + ulay) pls,)

Let cpi : A~ R by cpi(a) = ufa) p(si) , i=1, 2,

Then, for all Pys Pyr 990 9y A
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Thus, eXactly as was done in the proof of Cbrollary 2, we may reach a
contradiction,

Hence, méK. ged.

Claim: For all ach , MTeK
Qhoose g homomgrphlsm- f from (A - {a} ’ DTA . {a}) into (R, A> .
Let u = -f . Define p : &~ R by p(sl) = p(SZ) = , p(sj) =0 ,

_ 2
3<3i<n. Then, for all pi, ies P Qs -ees 4 €A - {al ,

) <p]:3' - ] ‘Png qu o'y : qn>€R iff <p1, q]-, qz, P2 > €D
. . " _ < _
LEf £(p)) - £(q) < £(z,) - £(p))

iff u(pl) + u(pz) > U(ql) + u(qz)

n 1 .
LEf T u(p)p(s;) > % u(a)dp(s;)

Hence;'"méeKj' qed.

Thus, we have completed the proof of Coroliary 3.

. 4, - A Simple Representation Tﬁeorem with Universal Axioms

In the previous éection we showed that within a certain frame-
work.for talking aboﬁt a preference relation on acts one cannot find a
finite list of universal axioms which give-necessary'aﬁd sufficient
conditions that the ordering of acts be in accord with the principle

of maximizing expected utility. -Other criteria that have been proposed
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are discussed and chardcterized in Milnor [5]. We now mention that
Walde‘minimax_criterion may be viewed in terms of a representation
theorem, The following result states that there is a universal.senteqce
which is a necessary and sufficient condition that a preference.relation
on acts be in accord with the Wald criterion. WNote that, with respect
to the class K below, the number of states of nature is fixed, al-
though structures in K may have domains (sets of conseguences) ofl
arbitrary finite or countébly infinite cardinalities. We need the con-
dition that the number of ététes of néture be fixéd in order to know
that the members of K are of.éhe game type. This éondition also means
that (i), (ii), and (iii) below are equivalent to a single universal

axiom,

Theorem 4

Let n be a fixed.positivé.integer > 2, Let K be the class
of all structures (A, < ) such that A is a non-empty denumerable set,
< 1ig a binary relation on A" , and there exists a function u : A - R

such that, for all Cys aans Cpa ci, cees c; el ,

<C1’ caes cn> < §c1, cees cn) .1ff min {u(cl), _,.,-u(cn)} <
C . ' [ - .
min (u(e)s oos ule)}
Then X - is axiomatizable (up to wl) by a universal_sentence, - More-

over, for .a given structure in K , the function u is unique up. to a. .

monotone (non-decreasing) -transformation.




- Proof: It is straightforward to show that the following is a finite

universal axiomatization for K ,

(i) < 1is tranmsitive and connected

(ii) <a1; s ai) _<_“<b1; b1'>

I A

A <a1: L] al>f (azs --e!.3-2>-57..- <3.n, ...,.an>

A by s ,,.,.bl>5 (bys vvvs b0 S oin Kb s iy b
§ _;' (ags ays «oos 30 < 8bys by ey )
' (iii) Let U,.T be permﬁtations of .{l, 2, iees ﬁ}; Then

Qags ays voes 2 ) < Cbps Byy s b D = Kag gy e 2p )

S ey e Py -

5, . A Numerical Dissimilarity Relation Imposed by the

Absolute Value Metric

Some terﬁinolbgiéal:clafifiéatioh may'be in order with regard
to the above heading. The name Tsimilarity relation'ris sometimes used -
to denote relations that are reflexive and symmetric. For this reason
we have chosen to use the phrase ‘'dissimilarity relatiom' in order to
refér to relationénthat are in some manner related Eo judgments about
.éimiiarifies and diséimilaritieé between objeéts.  Wé'éhali.now coﬁsidef
.the dissimiiarity relation !x - yl‘f IZ'—'QI Onlthe real ﬁumbers.' Our

goal is to prove,
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Theorem 5
Let A be the four-place relation on R given by xyAzw
iff |x - yl‘f |z - wl. Let K be the class of all models I = {A,D}

4

guch that |m| < wo » DEA , and M is homomorphic to a substructure

of {B,A) . Then K is not axiomatizable by a universal sentence.

Proof: As before, let m >3 be an odd integer. ZLet A,a,b,c,d be
as in the proof of Theorem 3. We shall construct a model M = (A,D)
such that méK , but, for all xeA , WeK .

{<X’Y3Z:W> GAZ'-/I.X - _V| < lZ - Wl}

Let B0 = . .
By = {(X,Y;Z,W> eAA/Ix -yl =]z - w| and (x,y,2z,w) is not
a permutation of <(a,b,c,d}} o
B2 = {(a,b,c,d),.(é,b,d,c>, (b;a,c,d>;‘<b,a,d,c>,.
(a,c_,_b,d_), (a,c,d,b), (c_,a,b,d>,_(c',a,d,b>} .
Let D=8, UB UB, . Take T = {A,I_))__.
Claim: m¢K .

Suppose f embeds M in <{R,A). We first show by induction that f
must'be strictly monotone on {al, e azm}. Singe (al, aZf ajs al) #D s
we know f(al) % f(az) . Suppose f(al) < f(az), k>3, and

f(ai) < f( ), for 1 <i<k-2 ., We shall show. that

%141 =+

f(ak_l) < f(ak) . Suppose not, Then
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f(al) < f(ak) =0 < f(ak) - f(al) < f(ak—l) - f(al)
co= 5@ - fap| < [ ) - £
= (ak, 15 A1 a1> eD '
* Contradiction
Also,
f(ak) < f(al) =0< f(al) - f(ak)‘s f(ak_l) - f(ak)
= (al, ak, ak—l’ ak> eD
* Contradiction
‘Hence, f(ak-l) § f(ak). - ged, |
Similar reasoning shows that if f(az) < f(al) , then
i(a

) < f(a < f(az) < f(al). But, because f is strictly

om ome1) < e

_monotone, one can show, as in the proof of Theorem 3, that we must have

l£@a) - fa)] = [£Ga,) - £@a_ .
Therefore, '(c,d,&,b)-eD.r
. % Contradiction
Hence,'fméK. qed.
a4
Claim: For all aieA , M "eKk .
Let ¢ ? 0 be. such that
2¢ < min {|z - wI - Ix - y[/(x,y,z,w) € BO}

Define f on A - {ai} exactly as was done in the proof of Theorem 3,

Then £ is strictly increasing; moreover, for all =,y,%,w g¢A - {ai] s
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(xyy,2,w) € By = |£G) - £(0] < [£(2) - £@)]
and (x,y,z,w) ) B1 - 1f(x) - f(y)l = ]f(z) - f(w)l
Finally, one can check that ]f(a) - f(b)l < If(c) - f(d)l and

|f(a)'- f(c)‘ < If(b) - f(d)| . Therefore, for all =x,v,z,w €A - {ai} s
{x,¥,2,wy €D = ]f(x) - f(y)l < lf(z) - f(w)1 .

Now suppouse that x,y,z,w €A - {ai} and ]f(x) - f(y)llf If(z) - f(w)l .

We need only show that (x,y,z,w) ed . If |z - w| < Ix - yl , then

{z,W,%,y) ¢ BO and, by the above, |f(z) - f(w)l < If(x) - f(y)[ ,

which is a contradiction. Hence, |x - yl < Iz' - W] . Suppose

(X, V,z,w) éD . We shall obtain a contradiction. By our supposition

ix - y[ = lz - wl and (X,y,z,w> is a permutation of {a,b,c,d) .

 Since (x,y,z,w) ¢ B2 , Wwe may ;onclude that <{x,v,z,w) € 1{b,d,a,c),

(b,d,c,a), {d,b,a,c), {d,b,c,a}, {c,d,a,b), {c,d,b,a), {(d,c,a,b),

{(d,c,b,a)} . From this it follows that |£(x) - £(y)| > |£(z) - £(w)]
' % Contradiction

ged,
This completes the proof of Theorem 5. For convenience in deriving the
higher dimensional results of Chapter III, we note the following conse-

quence of the above proof.

Lemma 2

For all odd m > 3 , there exist ' 2m  real numbers

0 < a. <a_ <

<<
1 2 a0 a

o and a -four-place relation D on
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X = {al, vevs a, ) st the model M = (X, D) 1is not in K , yet, for

2m

all ¢ >0, every 2m - 1 element submodel of M is homomorphic to
a substructure of (R, AY by a homomorphism f such that, for each

aieﬂ(f) , f(ai) € [ai, a, + ¢€)

6. A Corollary Pertaining to Utility Differences

Stfuctﬁreg of the férﬁ {A, Q, R> ’ whefe“:A :is‘a non-void set,
Q E;Az , and ﬁ.EIA4 are consiaéred.in Supﬁes—winét [12]. The sét A
haéuas its intended interpretation a set of alternatives; Q 1is inter-
preted as a preference relation en A and R as a relation holding
between alternatives x,v,z,w iff jthé’differencé:iﬁ préfeféﬁééibétween
x énd .y‘ faiis td exéeéa the differéﬁée in ?reféfenée'séfwéen z and
W ; Suppes:éﬁ&-Wiﬁet preséﬁt.én axiomatiﬁation.éufficieﬂf for“the'
exisfeﬁce oﬁ ‘A Tof:a repreéénting utiiity function ‘u- whicﬁ is'ﬁniqdé'
up.to.a 1inear:trénsformétiéﬁ. Aé is élso the.céée{ig'fhe von'Néumanﬁ
and Mbrgeﬁstern ;ppfoach tb utility, fhe aﬁioms are stated outsidé the
framework of a first-order 1énguage, The folléﬁiﬁg‘fééult rdiéé out the
possibility of a finite universal axiomatization within a first-order

language.

Corollary &

Let K be the class of structures (A, R, Q> .such that A 1is

' o ‘ _ Lo g . . : ‘
a non-void finite set, RC A , QC A" -and there exists a function

u:A - R st , for all =x,v,z,w €A ,
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(i) © xQy iff  u(x) > u(y) * and

(1)  xyRzw iff |u(x) - u()| < |u@) - u)]| .

Then K is not universally axiomatizable,

Proof:
Let A, D be as in.the prébf of Theorem 5. Let E c A2 be
given by xBy iff x>y . Let I =(A, D, E) . Then méK : but,

for all aeA , nlex . , ged,

7. An_Eightuflace Dissimilarity Relation

The intuitive background béhind the next theorem is a special
kind of conjoint measurement sitﬁation, We may imagine that a subject
is considering various objécts, each of which is sﬁlit into two barts,
and that he is making dissimilarity judgments on the basis of how much
there is of some specific quality ﬁithin each of the tﬁo parﬁs of the

objects under consideration.

Theorem 6

Let ® be the eight-place relation on the real numbers given by

Xy Yy Xy Yy )] 2y 2y Wy W, iff

Jos, - %+ Gy - 3P <y - 2P 4wy - wt
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Let K be the class of models M = {A, D) such?that
|m| < Wy - D EZAS and Me I-I"1 SR, 0)) . Theni;K is not axiomatizable
by a universal sentence,

One can prove Theorem 6 by judiciously selecting powers of two

for Lemma 1 so that if ., aﬁ’ Bl, BZ are any distances between pairs

: ) 2 2 _ .2 2 _
of a's generated by the P's and qi + aé 7151 + 52.,_then 'QIif Bl
or—ai =.52 . ..Then one can proceed: along the lines of the proof of

Theorem 5,
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CHAPTER IIT
GENERAL RESULTS IN n-DIMENSIONS

1. - The Ordinary n-Dimensional Fuclidean Metric

In this.chapter we give up the idea of embeddings only into the -
real numbers and turn to questions of embeddings in R' . We shall be
concerned with the dissimilarity relation An imposed by the Euclidean
metric in R , which we shall demote by —"r | or simply by '—' |,
-Definitions
Let n be a positive integer,

et x = (Xlg e aa XI'J.), Yy = <y13 . | Yn> GRn

n o 2
L o(x, - v.)
i= J J

Let An be the four-place relation on R given by xyAnzw iff

n n
<
X;¥ T E,W

Let K_ be the class of all models M = (X, D} , such

that [M| < Wy » D ElX4 , and M is homomorphic to a substructure of

n

{(r", An> .

We shall be after the result that none of the classes X ,

n=1, 2, ,,. 1is axiomatizable by a universal sentence.

The enterprise of multidimensional scaling involves the hope
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that one can measure "psychological distances" by using mathematical
distances. One would like to represent objects as points in R so
that experimental dissimilarities between the objects are reflected by,
the distances between the points representing the objects. An embedding
in R may be thought of as having the meaning that there are n
properties on the basis of which discriminations between the objects

are being made., As an example, let us suﬁpose that- M is an empirical
relational structure stemming from experimental dissimilarity data,
Suppose that h 1is a function which homomorphically embéds M in the
relational structure (Rn, An> . Then we may think of h as indicating
gomething to us about the relative importance of the n stimulus prop-
erties. . An extreme situation would be the case where Hl(x) is constant
for all =xeRng(h) ; here we would have grounds for concluding that the
first property of the stimuli had no influence upon the behavior of the
subjects in the experiment,

Now let's turn away from psychological intuitions and consider
some mathematical ones, viz., the geometric intuitions that lie behind
the proof of Theorem 7 below., We want to show that the classes K.n
fail to satisfy the third condition of Theorem 2, We shall build up
models M - out of points such as 8,5 «..» a,  in Lemma 2, Our aim
will be to show that any homomorphism h from WM into (Rn, An> must
be such that h(al), cens h(azm) are collinear, because, given this,
we may then use our one-dimensional results to prove that m¢Kn . In

order to build ‘M so that the coilinearity property holds, we shall
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adjoin n _elements bl, i bn to the domain of the model for the
one-dimensional proof and then we shall appropriately extend the four-
ﬁlace.relation -D to the new domain,

Figure 3. shows the ideas behind the models used in the proofs
for K.2 and MK3 . In the case of K2 we adjoin points bl and b2
to 81y vews By and extend the relation D by stipulating that each.
of the ai's bé equidistant from ‘bl and b2 . This condition

obviously forces the collinearity of h(al), ...5 ba, ) , for any

2m
homomorphism h ., Similarly, in the case of K3 » we arrange things

so that, in RB., h(al),',.., h(aZm) must be on a line perpendicular
to the plane of the equilateral trianmgle having vertices .h(bl), h(bz),
h(by) .

We now begin the proof of

Theorem 7

let mn be a positive integer and let Kn be as defined at the
beginning of this chapter. Then :Kn is not axiomatizable by a universal
sentence,

The first thing we shall consider is the proof of an
n-dimensional analogue to the theérem that the locus of points in.a

plane that are equidistant from two distinct points i1s a straight 1ine,

Lemma 3

Let - qi, ceis Q) ~be n distinct points in Rn ‘gsuch that
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q,» qj = Q> Qs for 1 #7,kEL . Let x,v,z e®" such that, for

all i, j < mn, qisx = qj’X’ qisy = qjay’ qisz = qj"z .- ‘Then x, y, and

z are collinear,

3 . ‘s .
Note that beyond R~ one needs to impose some conditions in

addition to qi_# qj, i £3 and Qg% = qj,x, qi?y =4 9452 = qj,z
in order to force collinearity of x,.y, and z . To see this, take
gy = €3,0,0,0), q, =¢2,0,0,/5), q, = (1,0,0,2/2), q, = (3//2,0,0,3//2),
x = 0,3,4,0), y = (0,5,0,0), z = {0,0,5,0) .

Now let <§hXZ=1 be any sequence of elements in {-1,1} . .Let
v be any positive real number, - Define the pairs_ <mﬁ’ pﬁ> of complex

numbers, for & =1, 2, .., as follows:

<1T11, 3.'11> = <0) V>

_(¥3 ¥
2 2 2
B Sl i i Wl |
ft1 Zm‘h

S A )
M1 /Y T Vg T Mg

One can prove by induction that m, and n -areé real numbers,

Define ra%eRh+1 , &

0, 1, 2, .'.. bY uO <O>’ al = <m13 g1n1> >

a‘h = <09 g‘&m%’ g‘ﬁ"ln'?i’ CRCIE | §2n3, €1n2>

' | 1 )
Given # , let <ri>i=1

be the sequence of #+l points in R

defined by
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1l
L]
th

-2
]

Hj(ri) j"—" 1, .o e &-i'l'l

Hj(ri) =11 (di_l) , for § = R-i+2, ..., R+l .
Lemma 4
Let veR, v >0 Let g be points in R&+1 such
’ e 17 v Gy :
that q; qj_= v, 1 # 7 . Then there exists a 1-1 function T on
Rﬁ+1 into itself such that both T and its inverse preserve lines and

Euclidean distances and there exists a sequence <gi>i—1
4

elements from {-1,1}. having the property that, for rl, cees r&+1

as above, 7T(q;) =r;, 1 <i <A+l . Further, if PeR™"  and

P,r, =P,r n , 2 < 3§ < AH

ry 5 1 = Spaaog Magaoy

The only trick involved here is to take 7 so that

=2, ..., B+l , then Hj(P)

Hj(T(qi)) =0, 1 <j<®#+2-1 , Then, by induction, one can verify that

there is a sequence (§i> so. that T(qi) =T, 1 <i<#$&+l . Since
T preserves lines, it is clear that Lemma 3 follows from Lemma 4,
Lemma 5

For all n > 2 and, for all v > 0 , there is a real number

m, 0 <m < v£f3 , and there are points g, Qis eees 9 €Rn such that

(1) M () =0, M(g) =0, 1<i<n

(il) g.s 9. = V, 17(:_]

]
W
a

o
-
IA
o
IA
=

. -2
() G40 =V -
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Lemmas 3, 4, and 5 provide us with sufficient machinery for

establishing

Lemma 6
Let n, m be positive integers such that m is odd. Then
‘ ) _ 4 S
there exists a model = (B, E) , iB] =2m+n, ECB, H#Kn such

that there exists a submodel m, of M such that 2m < ]mbllf 2m + 1 ,

moéKﬁ and if N . is a submodel of mb such that 'lhlz 1ﬁb|'—'1",

then hek .
n
- The proof'df}Theorem 7 follows immédiately from Lemma 6;

Pick any n , m as aboﬁe; let A = {al, i aZm} and ‘D be

EIRERE bn so that a, < b1 < ,., bn .

Let B = AU [bi; .J.,"bn} . Let L be a real number larger than a

as in Lemma 2, Choose b

2m -’
Apply Lemma 5 with v = 2L and obtain points g, qq» cees qnekn ’

meR , Choose v > 0 so that va, < m . For each xeB , define

* 1
x eR as follows:

% )
For 1<1i< Zm , let a; = (Yai, Hz(q)s v Hn(q)> .
For 1<i<n , lec bt - q. .
- = i i
et E = DlJ{(x,y,z,w> eB4 - Aa/ xk, yE.< g*, w*} .
Let M = (B, E) . We shall now verify that M satisfies the conditions

in the statement of Lemma 6.

Claim 1: MK .

Suppose the comtrary. Then there is a homomorphism f:B. - " such that,
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for all x,v,z,w €B ,

(x,y,z,w) €E iff E(x), £(y) < £(z), £(w)

For i =1, ..., n , let qi = f(bi) s and, for i =1, ..., 2m , let

[ 5 i
a f(ai) . Because (bi, bj, by » bL) and (bk, by, b, bj) eE , if

1.#1i, k #4 , we know qi, qé = qé, qi , 14 j» k #4 . Also

qi» & = q&, al , 1<4, j<n, 1 <k<2m. Hence, by Lemma 3,

f(al), ...y £(a,-) are collinear. Therefore, there exist points

2m
(xl, veas xn> . (yl,...., yn> eRn_,'and numbers aieR s 1 < i‘f 2m
such that. f(ai) ='<x1 + W Yqs eens X + a&yn) . Let. z = t§1 yi'
and define g;A “+ % by g(ai) =0z . Then, for all a, s aj: s a, gA ,

1

(aj;, 208y, 3,) €D LEf E(a), £(a,) < Flap), £(ay)

iff

[[Jne =]

n
2 N2 2 e
Tt (o Qﬁ) = El Ve (o qt)

t=1 t

if |gap) - 8| < letay) - 8y

- Therefore g 1is a homomorphism from (A, D) into (R, Al>.

Contradiction, Thus we have established Claim 1.

Lemma 7
There exists € > 0 such that if f is any map from A into
R for which f(ai) e [ai, a; +¢€) and if f* is the map from B into

‘R" oftained from £ by f£(b) =gq, ,1<i<n,

1

f*(ai) = (Yf(ai), Hz(q), e Hn(q)> » 1 <i<2m , then, for all

- 43 -




(x,y,z,w) 634 - A4 R

Xk, yki < zk; wk | iff  fR(x), £A(y) < £*(z), £*(w)

Proof:
bH

. We shall indicate how one can

]

Take e <.min.({!ai - aj|/ii# ity {;u« -

Pick any (x,y,z,w} B4 - A4

verify that

x¥, yk < zk, wk - £ (x), £H(y) < £%(z), £F(w)
and ‘ ‘ :

- x¥, Y* = Z*’ Wk - f*<x), f*(y).

fe(z), f*w) .

At least one of =x,y,z,w 1s a member of B --A ., Since u,v =v,u,

all u,veRFz; we may'éssume that {x,y,z,w) is of one of the following

forms:‘ _

.(i) a;, aj, bk’ b& . -

L t'(ii) ai,-aj, a, s b&

(iii) ai’_bj’ 8 3, .

(iv) a5 bj’ ak’_bL

(v) a s bj, bk’ b%

(vi) bi’ bj’ as 3y

(Vi) by, by, 2, by

AL by, by by, by

Because ai*, aj* <L, 1<1i, 3<2m,L< ai*, bj* <'2L ,

l1<i<2m 1<j<n,; and b*, b* =2L, 1 <4, j<n, all of the
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above cases other than (iv) may be dealt with quickly and easily, As to
(iv), we need only note that, because of our choice of ¢ , everything

works out nicely.

. ' ) 2  —2 2 | ——2
% % * * :
a,*, bj < a,*, b& iff (yai) + q,qj < (yak) + q4s9,

iff a, <a
1

k

iEf f£(a,) <'f(ak)

. 2 —2 2 —2
iff . (Yf(ai)) + q:qj < ('Yf(a-k)) + Q:q{’

iff £*(a)), f*(bj) < f%(a)), f#(b&)

qed,

Claim 2:
For all ie {1, 2, ..., 2m} , M 1eKn ]

_Proof:

Choose & > 0 as in Lemma 7, and apply Lemma 2 to obtain a
homomorphlsm f. from <A - {ai} ’_DTA - {ai}> onto a substructure of
) . Let f* be obtained from f as in

a.
: . . i .
Lemma 7, ‘Then f* is a homomorphism from I onto a substructure of

<R’,A1> st f(aj) e [aj, 3ite

- {r", An> L. Pick ANy X,V,Z,W € B4 - {ai}

If (x,y,z,w) & 34 - A4 s then

(x,¥,z,w) €& iff x¥, y* < z¥, wk iff £*(x), £*(y) < £%(z), £*(w)
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If (x,y,z,w) QA& , then

(x,y,2,w) ¢E iff (x,y,z,w) e iff [£(x) - £&)| < [£(2) - £

iff TG, B0 < TR, W .

Claim 3:
Let {cl, eeos c&} and {dl, eeos dL} be two sets of distinct elements
from B --A , Then

C-l’ esay Cpr - h . dlg c-n,d
m GKn iff m eK

- Proof:
We may assume that there exists & , 0 <& <4 so that

'Cl=dl, Y Ch=d& and {C"P'H'].’ +s e a3 C{;}n{d‘h‘l'l, asay d&}.—.o_

Because of symmetry we need only show that, if f 1is a homomorphism

€12 0 G n
from N onto a substructure of (& , An> , then
dl, cees d& : n
m ek . Define the function g:B - {dl, ceos dL} into R
by

- £(x) , if xed(f)
g(x) = S ‘ o
f(dj) . if x = cj, f+1<3<4.

d
We shall show that g  is a homomorphism from M

1, ..-,d

L

‘onto a, sub-
n . ' :
structure of (R , An> . Pick any x,v,z,w €B - {dl, ..,,-d&} o«

First, suppose [x,y,z,w} n {cl, e c&} =q .
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Then

(x,y,z,w) eE 1ff £(x), £(y) < £(z), £(w)

iff  g(x), g(y) < g(z), gtw) i

Now, suppose [x?y,z,w} n {CI’ cees C&} #8 .

Then (x,y,z,w) eB4 - A4 and, hence,

(x,y,z,w) eE iff X%, y¥ < z¥, w¥

i

For. ugB - {dl, vees d&} define u by

_{:14 s if u% {cl, cens c%}

d., if X = cj, kR+1<3i<4

Then g(u) = f(ﬁ')

.Because ci*, cj* = di*, dj*' and, for teB - [dl, ey d&, s ;.., c&},

£, ci* = t¥*, dj* , we know that

X%, yk < z¥%, wk  Iff x'¥, y'* <z"'%, y'*

Hence,
(x,¥7,2z,w) €E «— (x', y', z', w') €E
— {£@x'), £(v'), £(z"), £(w')) ed
— (gx), g(y); g(z), gw)) eb .
d1’ -c.,. dl&
Therefore, g 1is'a homomorphism and eKn . ' qed.
At this point we are ready to show the existence of the submodel %
o |
mo of M ., We distinguish three cases as follows: §
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. b
1) m 1 e K

n
| bis oeus b by v..s b
) @e<t<mynl Tl ant b
bls veus b
(3) m e R

In Case (1), we let Hb =M,

b.sy o..3 b
In Case (2), take mb -m? ) -1 ; and, in

by “.n;'bn
Case (3), take mo =M

Then 2m < Imbl <2m + n ; and, from Claims 1, 2, 3, it follows that
My ¢ K ; further, if Nes(My). , In} "= |m| - 1, then NeK . This
completes the proof of -Theorem 7.

The next situation we shall deal with is where measurement-
theoretic classes Kn are congtructed in terms of a dissimilarity
relation generated by another metric in Rpr which has received atten-

tion in the literature of mathematical psycholegy.

2. - The "Dominance" Metric

For convenience lel us now chaﬁge some of the referents of
some of the symbols used in the previous section of this chapter,
s . n
Given x = <Xl, vees xn>, y'='(y1, ceos yn> ¢ R, let

X,V .= max Ixi - yil . We shall present a proof of
1<i<n

Theorem 8

Let An be the'four-place relation on R given by xyAnzw
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iff X,ynus Z,w . Let K be the class of all finite structures be-

longing to H-lS ((Rn, Aﬁ)) . Then Kn is not axiomatizable by a j

universal sentence,

We begin with some combinatorial results.

Lemma 8:

Let n>2, LeR, L >0 ., Let & be a maximal collection of

points q; € BT st L> Hj(qi)‘z 0, 1< j‘f n , and 9y qj =L, i #]
_Then |£l = 2" and
n .
{ql’ saa q.zn} = {(31’ Y Xn> €R /Xi g {O:L}s 15 151’1}_

The reader is invited to verify Lemma 8 for the case n =2 ., We shall
show by induction that the lemma holds for all n > 2 ., Suppose that
the lemma holds for 2 < n <#& and that & is a maximal collection of
points in Rﬁ+1 .

Let-

"
]

q {<X13 sens Xk+1> €£/X1 <L, 1 <15k+l}

e
]
f
[
[ )

1 - {<le Xzs PR Xk+1> GS/Xl

-
I

1

’ —-{(xl, LT Xk+1> e£/x1 <L, x, L}

.
I

3 _.{(Xl, Eps «nes Xk+1> e£/xl <1, X, < L, X3 = L}

L}

It

-
-

- {<Xl’ B ] Xk+l> e‘s‘:/xls

ey = L0y s 1) 8,

&

X1 <L %
e SLexey s L}

.
-



. By the induction hypothesis, we know
f-2

Then & = AO U Al U..,. UA
-1

f+1

|a gzﬁ, la,l <277, ag] =277, o, Al <2 Also, (A <1

1
ftl . ; . :
and |A%+1|_5 1 . Therefore, le.f 2 . Also, since & is maximal

-1+
and there is a way to choose elements for each Ai so that |Ai| = 2% * 1,

1<i<#+l and !AOI =1, we know that |£] = ¥t and the above in-

equalities are actually equalities., Let
n . .
£j = {<X1, cees xj> ek /xie {0, L}, 1<1i<3}.
By the induction hypothesis, wé know that

) e A, = x

s ey X,

< =
i-1 L, 0 Lo

<X1’ veer Xy 1°

and

(x

LY < i<k
1417 e Xk+1> ey ; for L1<igk+1.

Using the above fact and the fact that if i # j, PeAi, quj, then

P,q =L , we may show that, for (x;, ..., ¥ ;) €A, where 1>2,

Xy T% = ... 5%, g0< } . Then we may verify that

AO = {<X1’ o0 vy Xk_]_l)/x-l =X2 = i = Xk-]—l = 0}
Therefore,
- k-+1 .
£ = {<x1, cves Xk+1> ek /x e {o, 1}, 1 <i <k},

ged,

Corollarz

Let Qs =ees qm be any collection of points in

B st g5 qj =L, 1i#j, and m is maximal, Then m = 2™ and there
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is.a translation T:RP - Rn such that
{r@a/1 < <m} = {xps oves x) E:Rn/_xje {0, £}, 1<j<n}.

- , . n
Now we are ready to characterize all collectioms of 2~ -1

distinct,.pairwise equidistant (by the "dominance" metric) points in

A1

Rn . Given ie {1, ..., n} , let map _Rn into Rn_1 so that if

.

A1
X = <x1, eees xn) , then % = (xl, vres X

X
i-1°

BRTIRERI A
Lemma 9
Let n> 2, LeR, L >0 . Let &£ be a collection of 2" -1

points q., ...s g
o 2"-1
and 90 qj_= L, i # j . Then there are numbers

ek™ st 0 < Mi(g) <L, 153<n, 151 2™,
igs Jgp 1S iy =n,
1.< jO < 2.1 such that .

i

i

, 10 A0 .

(1) {q 3 sess 4 } < {(X » essy X >/X.€{0,L}, 1 <i < n-l}
1 P 1 n-1 i T = T = T
(1) For 1<i<2™1, if i #j, , then I, (a) e {o,L}
' and | _ 0
(iii) If peR” and I, (p) =1.(q, ) , i # . , then
7 . : i 13, 0
ped iff p =q, .
3o

- Proof:

One can verify that Lemma 9 holds for n =2 . . Now suppose
that it holds for all n st 2 < n.< 5, and let &£ be a collection of
'2&+1-1 points in R&+1 gsatisfying the hypotheses of the lemma. Define

sets :Ai » 0<1i<#+l in terms of &£ exactly as was done in the proof
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A+l

of Lewmma 8. Then, since |£[ =2 -1, there exists h b 0.<h < A+l ,
st (a) If 0<i#h, then |4] = pfHl-

(b)  If 0#h, then [4)] =1

() . If h=0, then [A] =0

(d) If h#0, then |a] =210 1,

If h =0, it follows from Lemma 8 that

£ = {{x, ) er /x.e {0,L}, 1 <1< &} - {0, 0, ..., 0}

e Ep

so that q, €A, . . qed,

Then we may take i, = &+l and 1, "

0 o

Thus we may assume that le 1 . If h = #+ , then we may take

i =#f+l and j, so that q, e A, . 8o we now may assume tChat
0 0 ig © o

1<h<&. It follows from Lemma 8 and the fact that p,q =L , for
distinct p, qef , that, for all i, j, if i1 #h, 0<i<j, and
reAj , then Hi(r) =0 . Also, for reAO and i #h, Hi(r) =0 ,
Let £ = {Cr gy vves By

((Xl, vors Kps oeaes Xk+i> eAh)} . By our induction hypothesis,xwe

k+1-h
> eR /(&xl, s xheR)

know what Sh looks like, Let (yl, o yk+1-h> be the point of
+]-
Rk 1-h corresponding to the qj cbtained when Lemma 9 is applied
. 0
to £h . Let 16 be the index 1 < ib < #&+l-h corresponding to iO

in the lemma. If yi, ¢ {0,L} , then it is easy to verify that one

0] .
can satisfy the conclusion of Lemma 9 (for Rk+1) by choosing

_— .y . _
iy = h + iq and ig s© that qjo € Ah and

<Hh&1(qj0)’ cees Hk+1(qj0)> = (yl, veos yk+l#h> . We now need only
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deal with the case where Y1 € {0,L} . Therefore, by the induction
o , . T _
hypothesis, we know that there is some element

k+1-h
(pl, cees pk+1-h> € {O,L} such that

_ #+1-h
S'h = {O:L} = {<Pls sy Pk'!“l-h)} .

AP Lo . e fitl-h
Casgé 1: <P1’ vy Pk+1-h> # {o}
Let ® be the least positive integer such that Py = L . Then
one can show that, for 'ie fo, 1, ..., k+1} - {n, h+0}  if qui ,

then Hh(q) =0 ., Also, for all quh+e for which it is not the case

that - <Hh+1(q)5 cees Hh+1(q)> = <P1’ cens pk+1-h> one can show that
Hh(Q) =0, Therefore, we may saltisfy the conclusion of Lemma 9 by

choosing iy = h and so that qj is ‘the member of Ah+9 for

0
h+l(qj0)s PR ] H‘Pﬁ+l(qj0)> = <p1’ " s ey Pk+1_h> -

1o
which (H

- ged,

. , Sy k+1l-h
Case 2:° (pl, s pk+1-h> ef{0}
In this case one should choose i0 = h ' and jO so that
g. € A, . Then one can verify the conclusion of Lemma 9,

0

Qur next goal is to prove a collinearity result like Lemma 3

only for the "dominance" metric.

Lemma 10
Let LeR , L >0, n>2

. Let Qs oo d o € RF'St‘qi, qj =L, i #3j . Let x,v,z er™

Z -1
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: - . : . —_— , n e
st X,q; = x,qlg'y,qi = ¥»4ys 259 z,ql, 1<i<2-1, and"x,ql-< L,

¥,4qy <L, Z,4y <L . Then x, v, and z are collineér.'

Proof: Let & {ql, cees Qo }

2°-1

Let ¥

{xeRn/ X,q; = X,q; and %, qy <L} .. We need to show
that if x,y,z e€X , then x,y, and 2z are collinear. Because transla-
tions preserve lines, we may assume that 0 < Hj(qi) <L, for.

1<1ic< Zn-l and 1 < j <n. Hence, Lemma 9 is applicable. . Moreover,

we may assume that io =n , Let e

I, (q. ) . Note that, for all
_ igd ) =
AP x e, 0<x <L,1<

0
<n .. Let

N

X'o= {xel/ Xoqp =L/2} , W =¥ - KL

Claim 1: ¥ = {L/2}"

By Lemma 9, we know that, for all i , 1 <1i <n , there exist
is 3, 1<3, 3t <2™1 et Hi(qj) =0 and T (q;,) =1L . Because of
. . N o

this, one can show that, for all (xl, eoes xn> e X' , Xi =3

1 <i<n, Itis also straightforward to verify that {L/Z}n E{H' .

ged.

Now, for 1 < i < n-1, let c; map K" into {O,L} as

follows, given x = (xl, coas Xn>'€ K.

0, if Xy # xsqy

1. ,. otherwise
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Claim.2: For all x,y ¢ ' and ie {1, e n-13}, ci(x} = ci(y)_.
We shall show that, for all xeK" , <c1(x), cees cn_l(x), e) ef,

Buppose the contrary. Then there exists

| xed" st p(x) <C1(X)’ cees cn-l(x)’ 0) ¢£ and

q(x) = e, (®)y 0wy o (), L) ed .

) A x # g

X,
Therefore, X,9y = x,p(x) > IXi - ci(x)| = {j *
L - %x., otherwise ,

i

for al1 1 <i <n-1.
From this one can show that |xi - ci(x)| < X593 »

for 1 <i<n-1,

. Therefore, since x,p(x) = x,q(x) = x,ql,.xn = x,ql' and

L-x = X,qy Hence, X5y =-% , which is a contradiction, because

xel" . Now pick any x,y eX" . By the above we know that
<C1(X)5 saes cn-l(x)’ e> = qJO = <C1(Y>: ey Cn_l(Y), e) s SO
ci(x) = ci(y) » 1 <i<n-1. ‘ : ged.

Claim 3: If ¥" #8§ , then ee {0,L} .
Suppose there is an element xeX" ., Let

P(x) = c; (), ..vy ¢ (), e) & . As above, |x; - ¢, ()] <x,q ,

for 1 <i < n-1 , Therefore, |xn—e| =%,q; from which it follows

that  ee {0,L} . ged.
Note that if ¥" =8 , then our lemma follows immediately from

Claim 1; thus we may assume that X" # 8 . By virtue of Claim 2, we
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may write 'ci' to indicate the single member of {ci(x)/xeﬁ"} .

Because of Claim 3 and Lemma 9, we may distinguish the following two

cases:
(D) {egs coer ey 0) ef
(Cl, cees Co g L) &8
(I Ceps voes ey s O 48
_ ’-(ci, s c 10 L) ef
(I): Define c, =L .

2¢.-L 2¢ -1

— 1 n
Let B = {{Locy, ..., e ) + A () ..., 2

We shall show that ' ¥ . Pick any x = {x, ..., x ) eX' .

Yo <x<i},
Pefine ¢. =1L - ¢, .
L L L

For i <n , consider 4C., ..., C.5 .2u5 ¢ ., L> e£ . Since
. SO : 17 .7 i?- ‘n-1

(cl, cees Co oy 0) e& ) X = X, 4 #L/2 . Hence, IL - Xn] # X5qq 3

= X’ql .

and, therefore, |xi - Ei

A , if Ci=L
Let A = X3qQq - Then x, =
L - A, if ¢, 0,1<i<n-1 and

i
x = A ., Therefore, _
Zél—L ' 2¢_-L
Coxo= <L—c1, o,,,,L-cn> + A T e = > ed .
So ¥t < ¥ . l | 7 qed,
Note that X' © H , because we may choose A =;% ]

Therefore X C H,

In Case (II) one can similarly verify that all members of ¥
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are collinear.  Therefore, Lemma 10 holds,

The following trivial lemma will be useful for reference,

Lemma. 11 .
Let LeR , L >0 . Let {qs ..., a_ }={0, 23" - {0}" .
n : : :
27-1
Then
(i) 0sM(qg) <2L,1<i<m 1] <2-1.

(ii) s qj =2L , i # j

(iii)  For all =xeR st 0 <x <L, if peR" is given by

I,(p) =x, L<1i<m, then, for all 1<1i, j<2™1,q,p = a;.p
and L <'E;?E < 2L .

Let Lemma 12 be the lemma whose statement consists of exactly
the same symbols used in the statement of Lemma 6. Theorem 8 is an
immediate consequence of Lemma 12, which we shall now prove,

Pick any n, m as in the statement of Lemma 12, Let

A = {al, e aZm} and D be as in Lemma 2., Choose bl’ vees bzn_1

st a, <b <..<b . Let B=AU{fb, ....b }. Let L be
2°-1 27-1

be a real number larger than ay Let Qqs «esrs 9 be as in

Lemma 11, For each x¢B , define x*eR by

{(ais caay ai>’ if X=ai

. if x =b,
qJ » i

X*:

Let E = DU {(x,y,z,w) e‘.B4 - A4/ X%, y* < z¥, wk} . Let M= (B, E) .

At this point it should surprise nobody that the obvious analogues of
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Lemma 7 and Claims 1, 2, 3 in the pfoof of Lemma 6 may all be established,
Therefore, Theorem 8 holds,

Let us finish this chapter by noting that not every metric in
B" leads to classes Kn which fail to be umniversally axiomatizable, . '

For example, let p be the metric in ' given by

1, if x#vy
p(XsY) =
0, if x =y,

Let Kn be the class of all finite members of Hfls(Rn, An) , where
xyAnzw 1ff p(x,y) < plz,w) , for x,y,z,w'eRP . One can eéSily see
that K is universally axiomatized by the following axioms in a
language containing the four-place relation symbol D ¢

(1) abDaa 'is an equivalence relation.

(ii) ° abDed «— [abDaa V 1 (¢dbce)] .
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APPENDIX

The.theoremé présented'in the main body of this thesis have

~ gshown that it ié impbssiblé:to achieve various representation results
with a:fiﬁite number of necéééafy universal axioms., The theorem to
follow éstablishes thé impossibility of obtaining'é combined representa-
tion-uniqueness result by using a specific necessary non-universal axiom,

T , along with a finite number of necessary universal axioms,

Theorem

Let A be the relation x - y <z - w on the real numbers.
Let K be the class of all finite M= (A, D) , D EZA4 , such that R
is embeddable in (R, A) by a homomorphism which is unique up to a
linear transformation.

(1) K 1is not universally axiomatizable; because S(K) éiK .

(2) Let = be ﬁhe binary relation (abDaa A aaDab) on A .

" Let T "be the following sentence:

(Ha,b,ceA)(a ¥ b AadcAbzFc)- (Ha,b,c,ded)

(a¥ bAagfecA abDed A cdDab) |,
Then, for all MeK , T tr M .
(3) There is no universal sentence ¢ such that, for all

finite I,

MekK 1iff (@ AT) tr I,
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Part (1) follows from (2), which may be established by showing
that if T fails to hold in a structure MeK , then one can violate
the. uniqueness condition for membeféﬁip in K by defining homomorphisms
similar .to those involved in Lemma 2. Part (3) may_be‘proved by using
Theorems 15, 16 on p,_39 of Suppestinnes-[13], . These theorems enable
one to show that 1f M is a 2m-e1ement:model as_qonstructed in the
proof of Theorem 3, then, for every .asﬁ(HD , there exists_an'extensioq

noof. M’ st ek,
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