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1. INTRODUCTION

1.1, Statement of Problems

The prinecipal objects of the investigation reported here are,

first, to study agualitative probability relations on Boolean algebras,
and secondly, to describe applications in the theories of probability

logic, information, autcmata, and probabilistic measurement,

Several authors (for example, B, de Finetti, B. O. Koopman,
L, J. Bavage, D. Scott, P. Suppes ) have posed the following specific

problems:

(Pl) Given a Boolean algebra % and a binary relation 2 on %4 R
under what conditions on =% does there exist a probability

measure P on 24 satisfying
A 4 B &=» P(4) < P(B)

for all A, Be & 2

(P.,) Given a Boolean algebra 14 and & binary relation > on &4 s

5)

under what conditions on > does there exist a probability

measure P on &7 and a real nmumber 0< & <1 satisfying
A > B «= P(A)>P(B) +&

for all A, Be & 7




(P5) Given a Boolean algebra éﬁ?' and a gquaternary relation 2
on E£& , under what conditions on 2 does there exist a con-

ditional probability measure P on et satisfying
A/B R ¢/D <= P(4/B) < P(C/D)

for all A, B, C, De &  for which P(B) * P(D) > 0 ?

(Pﬁ) Given a Boolean algebra & and a quaternary relation >
on A , under what conditions on > does there exist a
conditional probability measure P on £ and a real

mumber O < & <1 satisfjing
A/B > C/D ==» P(A/B) > P(C/D) + &

for all A, B, C, De &£ for which P(B) * P(D) > 0 ?

Chaﬁter 2 answers problems (P2), (P3)’ and (Pﬁ)' The axioms
for entropy originally given by Shannon in 1948 have been replaced
several times subsequently by weaker conditions. In each case the
axiomatization of the basic information-theoretic notions is pre~

sented as a collection of functional equations. In contrast, a

néw approach is proposed here; an approach which is an application
of the techniques developed in the study of probabilistic relational
structures. We shall give axiomatic definitions of the concepts

of gualitative Information and qualitative entropy structvre; and

we ghall study some of their basic measurement-theofetic properties.
For this purpose we also set down axiomatization for the gualitative

probabilistic independence relations on both the algébra 6f events

and the algebra of egperiments.




Many methodologists have in recent years'been leaning towards
the view that as long as there is no satisfactory theory of the
provability theory of first-order formulas, the rather delicate
questions of induetive logic, confirmation theory and sciéntific
method are not likely to be satisfactorily answered. Here it is
argued that, if there is any.truth in this view, a purely quali-
tative treatment of the probabllities of quantified formuias is a
more promising line of attack than the quantitative theories
propagated by Carnap and others.

In the mathematical'theory of probability conditional

probabilities are conditional probabilities of events of the basic

algebra; in no sense are they probabilities of conditional events.

But it seems an interesting problem whether they couid be con-
structed in this second way. A definition of an algebra of such
conditional events iz given here which conforms to the intuitive
concepts used by probability. Once we have a qualitative theory
of probability, it is natural to ask if we can treat gqualitatively
all problems formulated in terms of a probability space. The al-
gebraic character of probabilistic automata makes this a promising
field of application, and in this work definitions of qualitative
probabilistic automata are suggested. As further applications
several empirical structures relevant in physics and social sciences
are studied.

The investigation has produced many new problems in this field,

and the main ones are listed in the conclusion.




1.2, Previous Results

There are several ways of introducing the concept of prdba-'
bility. In all of them, throughout the long history of the subject,

the intention has been to answer the following two basic questions:

(Ql) What are the entities, called events, which are supposed to

be probable?

(Q2)'What kind of function or relation, called probability, is

attributed to the events?

The main answers are usually referred to as measure-theoretical

(H. Steinhaus [1], A. Y. Kolmogorov [23]), limiting frequency

(R. von Mises [3], A. Wald [4]), subjectivist (B. de Finetti [5],
L. J. Savage [6]), logical (R. Carnap [7], H. Jeffrejs [8]) and

finally, methodological (R. B. Braithwaite [9]). Motivations for

some of these answers to questions (Ql) and (QE) are hidden in the
complex problem of raticnality.

The answer to guestion (Ql)_is algebraic: the set of events,
structurally speaking, forms at least a lattice, and almost always
a Boolean algebra, or, equivalently, a field of sets. There is
less agreement on whether the events themselves should be inter-
preted as sets, statements, or perhaps sets of statements. But
there is no obvious reason why all these should not be possible.

Question (QE) causes real trouble. In fact, fhis question

is Jjust what the foundations of probability are all about.




In this work we shall restrict ourselves to the study of the

relationéhips between the formai‘structufes of the measure-theoretical

and subjectivist approaches.

De Finetti's sﬁbjectivist probabiiity theory is writteﬁ in terms
of a binary relation = , defined on some Boolean algebra g7

of events. The intended interpretation of = , called the guali~

tative prdbability'relation, is as follows:

If A, Be 74 , then A 2 B means that.the event A
is (a priori) not more probable than the event B.
Tt is useful to define A % B as = B = A, and A ~ B
_a_s__A%B&,_B%A.

The celebrated axioms of de Finetti's probability theory impose

certain constraints on the gualitative probability relation, in order
to guaranteé the‘existenee of a ﬁumerical proﬁabilit& measure on &7
in the éfanda?d séﬁse; ﬁhis problem was callgd (Plj in Section 1.1.
It turned out that de Finetti's conditicns were:necessary; but not
sufficient; (P;) was finally solved for the finite case by C. H. Kraft,
J. W. Pratt, and A. Seidenberg in 1959 [10]. A more simple general -
solution was found by Scott in 1964 (D. Scott [11]).  Scott has also
obtained ‘a solution for infinite Boolean algebras (D. Scott [121).
The intended interpretation of the relation — in problem (PE)

‘15 as Follows: | '

A > B <> the event A is definitely more probable

than event B (A; Be L ).

‘Obviously > 1is intendeéd to be a semiordering relation; we shall

call it a gemiordered qualitative probabliity relation.
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Problem (PE) was raised by Suppes, and for finite_Booleqn
algebras was first considered by J. H. Stelzer in his doctoral
dissertation (J. H, Stelzer [13]), where a partial_solﬁtioq Waé:»
given, The solution is deficlent in that the necessary and suffi-
cient conditions are not stated purely in terms of the quélitative
relation > (see Stelzer [13], Theorem 3.14, p. 68); moreover,
the proof of the main theorem (ibid., Theoreﬁ.3.8, P. 52)-is.invalid.

.B. 0. Koopman [i&], A, Shiﬁony f15], and more recentiy P. Suppes
[16] and R. D. Lucé, investigated a more.compliéated case, consider-
ing conditional events. Well known is Koopman's rélatively-strong
and complicated system of axioms for the binary relaﬁion 2 , which
is interpreted as follows:

A/B v4‘ ¢/D e ﬁhéléﬁenf'A, giﬁen event.Bris not
more probablé than thé event C, given event D; where

A, B,C, De & .

- For criticism, applications to confirmation theory, and a
further review of this problem, we refer toHShimony_[IS]. We should
perhabé‘mention here that Koopman's approach has the following
defects. It contains axioms like A/B <& C/D =(Bc A ==Dc C},
so that the gqualitative probability relation imposes certain Boolean
relations on the events; This is ﬁnpléusible if < is not connected,

that is,

A/B % C/D Vv ¢/D 4;\/3 s

which for some reason is the only case Koopman is prepared to consider.




However, one of his axioms pretty well amounts to postulating
the existence of equi-probable partitions of arbitrary events, which
is impossible in non-trivial finite cases,

By far the best system of axiome known to the author for the

relation = s the qualitative conditional probability-reiation,

was given by Suppes [16]. Unfortunately, his axioms are necessary,
but not sufficient. This is obvious , since they are first-order
axioms; and even in the case of (Pl) a second-order axiom is needed.
Besides that, without sufficient conditions we have no way of repre-
senting one probability structure by another.

Problem (Ph) was first discussed in Suppes [16] (in connectian-

with the problems of causality), where necessary conditions are

given for the relation > s the gemiordered qualitative conditional -

probability relation. The intended interpretation is cobvious:

A/B > /D means that event A given event B is definitely more
probable than event C given event D.

As far as the author knows, no solutions to the problems (Pe),
(P3)’ and (Ph) have yet been given.

We would like to emphasize that we shall primarily be inber-
ested in the cases where the Boolean algebra &% is finite. For
atomless Boolean algebras, for instance, it is quite easily shown
that, under certain rather natural conditions on = s there is
cnly one. probability measure compatible with 4 in the sense of
problem (Pl). Such a result for GLalgebras was given by C. Villegas

[17] as & generalization of certain investigations of L. J. Savage.



In probability theory, or rather in its foundations, there
has long been a trend towards identifying evenis with formulas of
certain first-order formalized languages. Among principal pro-
ponents of this idea we can certainly count J. M. Keynes, H. Jeffreys,
H, Reichenbach, R, Carnap, and J. kukasiewicz.

It is of couwrse formally possible to ascribe probabiiity to
formulag, since, under rather gimple conditions, they form a Boolean
algebra., Yet a perfect solution to this problem for (quantified)
formulas is not.as simple as this makes it sound.

For example, if we investigate the theory of linear ordering -

structures, ?’ﬂ: = <M, <>, we can agk for the probablility
of the formula x <y for x, y e M, If we say, for instance,
that P(x <y) =1/2, then this should mean in the frequemcy
interpretation that by drawing in a given way the elements x, y
fram M,_ we cbtain pairs which in one half of the céses will satisfy
the formula x <. But, although P(x 5-y) may equal 1/2,
nevertheless P{ E{ }f(x < y)) can hardly be anything but O; .
for this universal sentence is false in any non-trivial ordered
set., How about the probability of ;? §{(x < y) ? It depends,
of course, on the structure QGQf in question. If Pt is a
suitable structure, then the formula will be true or false in it,
and hence will have probability 1 or O,

A theory that can only attribute brobabilities of 0 or 1 to
sentences is inadequate for almost all applications, But alterna-
tive approaches may lead to more satisfactory probability assigrments.

One way is to assume that we are glven a set of possible worlds




from which one world can be chosen at random. In this world we
perform.anotherﬂrandom}drawing,”this time of elements of the world.
Then the probability_ofla formula is equal_to the probability of”
its being satisfied by the double drawing. More technically, we
first draw a model ???f in accordance with a given probabil_ity.
measure Vv on:the famlly. qu of all models under considerafion;
and then from ;E%f, again in accordance with a probablility meas-
ure MZR,:_givgn_in j%Q€ » we draw a set of elements.

Every fgrmula ® has a probability “?ﬁ?(¢) in the selected
model 7¥ . Keeping @ constant, and allowing the model 44
to vary, we obtain a random variable -llﬁf(é)’ for which we can
compute the expected value E u,}?{(cb) with respect to the prob-
ability measure .V , defined on the family ﬂjq,. Hence, the

probability of the formula ¢ .1is given by

P(3) = ‘Ipp?yf('Z?f[G] )ad v, vhere
P [e] = {v: @ is true in ¥ under valuatio:n v} . |

In the case of conditional probébilities 3 the. condifional
expecta%ioﬁ would do thé'jéb. These ideas sre due to J. Zod [18].
Gaifman [19] also developed a theory of probabilities on
formulas of arbitrary"first—brdér lanéﬁages, énﬁ proved that a
rather natural way of extending to gquantified formulas = proﬁability
measure defined on molecular formulas was in fact unique. Scott
and Krauss EQO].fhen'géneralized Gaifﬁén's methodlﬁo infinitary
1anguéges.. Ryll—Nar&zewski'realized that assigning probabilities
to formulas is Just a special case of the well»known method of

assigning values in complete Boolean algebras.
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It should be pointed out that, whatever its other‘merits,
probability logic by'no means exhausts'the'?rdblems'in:prdbébility
theory. On the contrary, néafly all the methods and results of
the mathematical theory, especially thoée‘involving random varliables,
expectatipns, and limite, far.outstrip probabilitj logic., Never- '
theless, as menfioned above,'there'afe meny interesting reéults,'
several of them peculiar to this field.’ |

The author's aim will be to survey these developments from the
poinf of view of_qualitative prdbdbility theory, and to apply them
to probabilistic measurement theory.

Automata theory, as a part of abstract algebra, is a well-
developed diééipline,'whéreas probabilistic automaté“theory is
gtill in a more or lesé primitive state., The most important work
on this problem is due to M. O. Rebin and D. Scott [21] and
P. H. Starke [22]; and qualitative versions of some of their def-

initions will be given in Chapter 4.

1.3, Contribution of this Research

Most of the contributions have already been described; here
they are briefly summarized.

The central mathematical results are the solutions of (Pe),
(Pi)?,and (Ph)'

The author proposes a new interpretation of the conditional
event A/B. Systeﬁatic axiomatic-development of conditional prob-

. 4
ability theory has been done by A. Béhyi (23, 24] and A, Csaszar [25]7
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Tn the present author's opinion, the answer to (Qg) for the con-
ditional case cannot be satisfactorily answered if question (Ql)
for conditional events is not already answered.

Using the proof technigue of problems (P2) - (Ph) the author
succeeded in obtaining several representation theorems for‘informa-
tion and entropy structures, In connection with these strucfures

considerable attention has been devoted to the gqualitative inde-

pendence relations on events and on experiments.

In the final chapter certain results of probability logic are -
handled anew by qualitative methods. Qualitative probabilistie
notions are also applied to probabilistic automata theory and

probabilistic measurement structures.

1.4, Methodological Remarks

Cne of the more fruitful ways of analyzing the mathematical

structure 6f any'concept is what we here call the representation
method., | |

This method consists of determining the entire family of
homomorphisms or iéomorphisms from the analyzed structure iﬁto
a suitable well-known concrete mathematical structure. The work
is usually done in fwo steps: first, the existence of at least
one homomorphism is proved;.secondly, one finds a set or group of
transformations up to which the given homomorphism is exactly
specified. The unknown and aralyzed structure is thén.reEresenfed
by a better known and more famiiiar structure, so that eveﬁtually,

the unknown problem can be reduced to one perhaps alréady solved.

11



Another advantage of this method is that it handles problems
of empirical "meaning" and content in an extensional way. For it
is a rather trivial fact that any mathematical approach to such &
problem will give the answer at most up to isomorphism. Hence all
meaning problems are extramathematical questions. For exémple,
interpretation of the concept of probability is beyond the QCOpe
of the Kolmogorov axioms.

Yet, without permanently flying off on a tangent, we would
like to indicate by an example (anyway needed in the sequel) how
by using the idea of representation of one structure by another
one can handle the "meaning” problem inside mathematics.

The next two chapters will deal with certain mathematical
structures. The problems these structures pose are too difficult
to answer immediately, and we shéll therefore translﬁterthe problem
into geoﬁetric language by means of the representation of relations
by cones in a.véctor space. From this geometric language we trans-
late again into functional language, by means of the representation

of cones by positive functiocnals. Here the problem is sclved, and

we translate the result back into the original language of relations.
This is one of the most efficient ways of thinking in mathematics.

Tt should be hoted, however, that the translation is_not alwéys re-

versible. The representing structure méy keep only one aspect of

the original structure, but this has the advantage that the problem

may be stripped of inessential features, and replacéd by a familiar

type of probleﬁ;.hopefully easier to solve. Of course, essential

features may be lost. In spite of this, the method bf sequential

12




representation has proved its worth in a great variety of successful
applications.

Take as 2 concrete example the relational structure of the
qualitative probability < ﬁﬁt_,.=$‘ > whiech will be discussed
extensively in Chapter 2; any empirical content assigned ﬁo the
probability strqcture < & s =< > is carried through the chain
of homomorphisms: relational entity ~~\#geometric entity —~»
functional entity, to the probability measure P on- g?t . The
measure P may thus acquire empirical content on the basis of the
structure < EQf s = > which we assume already td have empirical
content via other structures or directly, by stipulation.

. 'In general, the empirical meaning or content of an gbstract,
or so-called theoretical structure (model) is given through a more
or less complicated tree or lattice of structures together with
their mutial homomorphisms (satisfying certain conditions), where

some of them, the initial, concrete, or so-called cbservational

ones, are endowed with empirical meanings by postulates.

Note that the hombmorphism is here always a special function.

For example, in the case of probability, P satisfies not only the

homomorphism condition (which is relatively simple), but also the.

axioms for the probability measure. Thus the axioms for the given

structure are essentially involved in the existence of the homo-

morphism. In this respect, the representation method goes far
beyond the ordinary homomorphism technique between similar structures,

or the theory of elementairily equivalent models.

13



The "meaning" of a given concept can be expressed extensionally.
by the lattice of possible representation structures connected mu-
tually by homomorphisms (with additional properties) and representing
always one particular aspect of the concept.

We do not dintend to go into this rather intricate philosophical
subject here. The only point of this discussion was to emphasize
the methodological importance of our épproach to concepts like

gualitative probability, information and entropy.

2, . QUALITATIVE PROBABILITY STRUCTURES

2.1. Algebra of Events

We start with some prerequisites for answeriﬁg the question (Ql)
in Section 1.1, Probability theory studies the mathematical proper-
ties of the structure < a(;} @ >, where oéL is a Béolean-algebra
and Q  1is a probability measure on<J;’; or the structure

A

points, Zﬂf is a field of subsets of § , called the field of

< Q,.t25 s P>, where Q 1is a nonempty set of sample

events, and P 1is a probability measure on Z%Z .

These two structures, <<i§) Q> and Jﬂ\ are closely related
by the Stone's Representation Theorem, which says that every Boolean
algebrs o@’ is isomorphic to a field of sets é“ZS ., that is,
(jﬁl « s ( =-E£%?).. .

Those authors who work with the structure -<<ﬁ§€ Q@ > do so
largely because no commitment is made on the character of the elements
of a Boolean algebra (it does not really matter whether they are

sets or propositions or something else); a further advantage is that

ik




one can treat the probability as a strictly positive measure, and
forget about the events of measure zero, which have no probabilistic
meaning anyway. On the other hand, the concept of a random variable
can hérdly be defined in this structure in a direct way. So for
applications tie second structure, J¢\ , is more conveniént. An
interesting attempt.to reduce the notion of a random variable to
that of a o-homomorphism of a field of Borel sets of real numbers
into a Boolean g-algebra was made by R. Sikorski [26]. Though this
succeeds, nothing more general is gained by it, as thus it really
matters little which structure we take as our primary object of
study.

There are good reasons to keep both structures in wmind; one
is that there is a probabilistic interpretation of the Stone iso-
morphism between the Boolean algebras Oci and fﬁz?. |

In particular, if we start with the model <oA%, Q> , and if
dy = t“/’l’s as above, then (see Halmos [27]) Z}ZS is the field
of closed~and-open (clopen) sets of a zero-dimensional (or totally
aiscomnected) compact Hansdorff space 9y which is associated with
the family of 21l prime ideals of‘OG;, and therefore also ultra-
fiiters of o(? . | |

Without loss of generality, we can think of Q as the set

s

of ultrafilters of.dﬁi . On QS we then can define random variables

in the standard way, so that from <dor, Q> we can get < 0, g, B>
by adopting the measure @Q into PS by iscmorphism. The converse .

should be obvious,

15



By analogy with mathematical logic, where the collection of .
all formulas of a formalized first-order language is, roughly speaking,
identified with a Boolean algebra, a theory iz identified with a
filter, a complete theory with an ultrafilter, and so on, we shall

provide similar, probabilistic identifications..

For this purpose let /A be a standard probability spaée.as
described above.,

In current textbooks of probability thecry it is customary
to consider the notion of the occurrence of an event as a monadic .-
primitive predicate 0.

If ©A means that event A occurs, then it 1s rather trivial

to check that the following formulas are valid for all A, B e 22? :

(1) eaq,
(ii) ACSB & ©A => @B,
‘(iiid) @A & OB =» @AN B,

o (iv) ®A V. eA .

Set~theoretically this means that the set of all events occurring

at a given trial forms an wltrafilter: \/ = {a: eaesae &7},
Neturally [\ = {7: 4 e V } is a maximal ideal, so that the

set of events which do not occur at a given trial forms & maximal
(or prime) ideal: A = { A mer&gAcell }. But then
ijj = Zﬁ& U ‘7 5 that is to.say, each trial (or experimentj
decompbses the algebra of eveﬁts 82? into two disjoint structures
Zﬁk'and §;7 .
If we call the outcome of‘a trial that element ® of © which
is the true result of the trial, then the principal wltrafilter ‘;7

16



is generated by the singleton {w} , so that we should write
V([m}) instead of v . l..S:'L_Itlilarly, the prime ideai A is

generated by Iy s 80 that we sghall write A(m) insté?d of A .

Therefore, any trial can be viewed as an ordered coﬁple

< V([a)]),- A(—{E}-) >, where o is the outcome of the trial.

Summarizing, we conclude that:

V ({®}) = the set of those events which occur at the outcame ®

of the glven trial.

i

the set of those events which do not cccur at the

ANE™)
' outcome « of the given trial.
Iet N/ (4) be the filter generated by 4; then since.

V) =n g o)),
' weh '
V (&) = the set of those events which occur in all outcomes weA.

Similarly, since A(A) = ﬂ_&(m).:

weh

A(A)_ = the set of those events which do not occur in any of

the outcomes cueﬁ.

Especially,

V(Q) = {0} ana  A(P) = (#) , hence

the only event which occurs at all possible outcomes is @ , and
the only event which failé to occur at any outcome is o .

The set of all principal ideals g= (A\(@a): At} s
‘isomorphic to 44 : 37 = oL , if we define in r:{f the Boolean

opeartions as follows:

7



N@wusy,
NN B),

Aw+ Aw
A - A®)
oW - AD .

Using the analytic properties of the sequences of ultrafilters,

we can give a rigorous definition of the frequency-interpretation

of probability, e
.The isomorphism @ ,. construéted by Stone, has also a proba-

bilistic. interpretation, If A eo@’ , then o(A) = {V :AeP&Ve QS} s

where, as pointed out before, QS is the set of all uwltrafilters -

of A¥ . Hence, @(A) is nothing else but the set of all experiments

(trials) in which A occurs., Obviously o(@) = g and w(ﬁ)‘= p.
Having this interpretation in mind, we shall freely use in the

sequel both the structures <dr, Q> and A =<, EL, P> .
Next we shall characterize set-theoretically the notion of a

conditional event., Remember that in probability theory one speaks

only about the conditional probability'gglgg event (PB(A)) and such

a thing as the probability of a conditional event (P(A/B)) does

not exist, since the entity, conditional event, is not defined.

On the other hand, appliéd:probability is full of interpretations
of conditional probabilities which encourage us to believe in the
existence of conditional events as independent entities.

The present study needs conditional events for several purposes;
rather than postulate their existence, we honestly set about giving

them a satisfactory set-theoretic definition.
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From the one~one correspondence between filters f‘ and idealsg
we Cbtain an isomorphism F = & s vhere the atams of F ave
the ultrafilters YV ({o}), wen.. |
Using the isomorphisfn between the lattice of ideals of &F
and the lattice of congruence relationg on 14 s We can introduce
the following equivalence relation on- 4 :
A= Bmod A\ <= AU B'-eA. (a, B el );%
N=(a:a=¢eanctf). '

By duality, we get the congruence relation also for filters: ]
A=Bmod Y <> AaBeY (4 Belf);*)
V={(a:a=08acecll ). |
In pé.rtiCular,'
A=Bmod \7(C) &> A=Bmod /A(C) &> AC = BC.
The probabilistic interpretation of the congruence relation = is. .

the following:

A=Bmod \{/({w)) &> the events A and B are indistinguishable,

given the outcome w. More generally, A = B mod V(C) <=3 the events A

and B are indistinguishable, given all the outcomes in C; that is,
BA €= 6B, given weC.

We can introduce this indistinguishability relation = into
the algebra_of. events % .by__p_o_nstructing quotient Boolean algebras
LYy v oo CE/A®@.

The reader will notice that

EUn @) = CE/ae) = (eg) = CE/g(9).

[LH}

#)
**)

A W B denotes symmetric difference, that is, A4 B = AB U 4B,

A<« B denotes Kﬁ U AB.
15



Therefore we shall rule out this pathological Boolean algebra:
by putting A £ p. |
_\ On the other hand, the ultrafilters W ({w}) and maximal
ideals /\ (Tw]) generate two-element quotient Boolean algebras:
a/V({w]) = (O, 1 }= %/A ({w}) where 1 correépoﬁds to
Viiw}), and ® to A (Tw)); that‘is,' [@l. = V(fw})‘ and
1. = AT, | |

We have given plenty of examples that show that it does not
matter whether we consider ideals or filters. Filters are more
convenient for conventional thinkersj we think in terms of occurred
events, rather than the non-occurred ones, ¥From now on, therefore,
we shall work only in terms of filters.

I werﬁut 827A.¥ VZZZ/§7(A) (A £ 9), then -ZQZ/A can be

interpreted as the Boolean algebra of conditional events, condi-

tionalized by event A, Hence for any Be £, B/A is a con-

ditional event, equal to the class of events, indistinguishable from

“event B; given the outcomes in A.

By considering 827A (A £ §) we restrict the set of possible
outcomes to the set A. Naturally, &Z/a = £ , so that condi-
tionalization by  is trivial., The conditional event B/A +takes
care also of the fact that the probability of the event B depends §nly
on the intersection of B and A, Thus, if B/A = C/A, then AB = AC,
which is obviously true. If BNEEL = {(BNnA: Ac L3, for
Be £% , then it is easy to check that the folloﬁing isomorphisms

are valid:
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A(B) = &Z/A(-ﬁ) =BNEE = %/V(B). Hence, the study of
‘ w B is the study of the same probability structure as bhefore,
but with the set of possible outcomes restricted.
Wow naturally, in order to défine a suitable meaéure P¥ in
&Z/ B, given the probabllity space A » we have to réalize that

the conditional event A/B is a sure event if- and only if it always

W

occurs, that is, if A ¢ VJ (B). Moreover, since P¥*(4/B) = P¥(C/B)

if A/B = C/B, we must have P%(A/B) = P*(C/B) if P(AB} = P(CB).

Due to the fact, pointed out before, that P¥(Q/B) = P¥(4/B) = 1, .

PIANB

if A év (B), we are bound to accept P*(A/B) as simply 6

(P(B) > 0).

To sum up, if we are given a probabilifty space A , then any
restriction of the set of possible outcomes leads to conditio_nalization
and therref-ore to an appropriate conditional measure.r

Tt is clear how to interpret the following Boolean operations

in the set of conditional events C4/B:

A/B+C/B=AUC/B,
A/B * C/B

i/B = A/B

Similarly, the meaning of the identities A/B = AB/B, AB/BC = 4/BC

ANnc¢/B,

should be clear endugh.
| The reader may wonder where the multiplicative law for conditional
prpbabilitiés is hidden. Tt can be checked that
. | 352/3 nce (¢Yc)s/c, | (2.1)

which means that we can assign isomorphically A/C/B/_C = A.B/C/B/C
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to A/B N C. We can also check that the measure in (-€€VC)//3/C

P*(AB/C

" shouwld be BRI/ C

{once we are given the measure P¥* in %/ C)

and that this measure is just the same as P**(A/B N C) in
/B n C; hence
P*(A/B N C) « P*(B/C) = P*¥(A N B/C) , - (2.2)
if ‘“the appropriate algebraic existence conditions are satisfied.
We proceed analogously as in the case of P¥%,
Note that (2,1) together with (2,2) state a simple fact, namely,

that iterated restriction of the domain of possible cubcomes &

by B, and then C, amounts to the simultaneous restriction of Q by

B and C; that is, its restriction by B N C. (2.2} is the most

important relation betweén two conditiional events, conditionalized

differently. To take the set (A/B: 4, Be £f, B % £} -and look
for some structure in it is not reasconable; for what can we expect
to get in the set 1}:&?%7A , which is not even a lattice? To take
© the direct sum GE%EEZ/A is much more reasonable. We shall
reserve a place fo;ﬂ;iscussion of_this algebraic construction in

Section 2.6 on qualitative conditional probabilities. Our main

concern in this section was to give set-theoretic definitions

of the notions of occurrence, trial, and conditionél‘event, and

to explain the main relationships betﬁeen probaﬁility measures on
Boolean algebras and fieids of events. An_intérestiﬁg notion of
conditional probability is presented in H. P, Evané and S, C. Kleene
[281; on the other hand, a radical attempt to unéover some structure

in the set of conditional entities can be found in A. H. Copeland [29].
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2.2, Basic Facts about Qualitative Probability Structures

In this section we discuss the results of Scott [il, 12]:éon-
cerning the @ioblem (Pi); The genefél method.applied here-gOes'?ack
to é theorem of Mazuf.aﬁd Orliéé.[BO] (seé p. 174, Théofem‘Q.hl);:5 '.
This theorem is a simple generaiization of thé Well?known.Hahﬁ-Bahach'
theorem on the extention of linear functionals in normed linear
gpaces, Mazur and Orlicz's Théorem gi&es'iﬁ.rather good ﬁérms a
necegsary and sufficient canditibn fof”the solvéhility of a.system
of linear inequalities, As:éh application one'éouid hope to solve
problems related to ours, provided that they involve shdwing the
existenéé 6f'a.1iﬁear fuﬂctibﬁal én é given set which would homo-
morphically match a relation defined on this set. Because of its‘.
importance, we shaii presently"quote the generaliZed version of
this theorem. .

- Before we proceed to the details on the relation between

ordered structures and linear functionals we shall recall briefly

a couple of notions from the theory of ordered vector spaces needed .
in the sequel,
A real vector space equipped with en ordering compatible with . -

its. linear structure is called an ordered vector space. . More

specifically,_given_a_real vector space zzbiand a binary relation <

on & , then the couple < 2ﬁ}=4 > ig called an ordered real

vector space if and-only 'if

(1) A is reflexive, transitive, connected, and
antisymmetric;

(11) \‘/Vl, Vs Wez/p{vlgk vy => vlr-'l-w = v2+w] s
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TRy + -
____.(.111) V Vqs Vys O € RBe {vl 4 V= o v, 4 Q] .
An equivalent definition can be given in terms of a cone. By

a positive cone in a vector space, we mean a nonempty subset 6 EV’

such_that the follqw_i_ng geometric properties are satisfi_ed for all
v, W€ 7/;/ ‘. o
'(a_) 'v,we(f’a;v-%we,g; '
() ceREavel maavel
(e) veC &_-_’ve((:_=-;>_v=0;
@ vel v owel .
Tk_le_ link between the ordering relatipn R and the cone C _

iz given by
v{\_wé-)-w,—veé for all v,_‘we,V.__

Hence, the motion of an ordered vector space can be given equiv-
alently in terms of the structure < /Z’W, € > . The reader will

remenber our discussion of the translation of relation-thecretic .

notions into geometric ones in Section 1.4. ITF 6 satisfies

only (a) and (b), it is called a wedge. Hence, in particular, a
wedge is a convex subset of 7/;1/ . If the ordering 24 in Zj/
allows us to congtruct a supremum and infimum for each subset of V »

then < 2}/, = > 1is called a lattice-ordered vector space.

) Re* denotes the set of non-negative real numbers.
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Since there is a close relationship between the ordering and
the topologlcal structure of the ordered vector space, this is
reflected in the specific nature of linear mappings on these spaces.
Thus we can translate the geometric notions into functional omes,
as pointed out in Section 1.4, This fact is hidden in thé Mazur

. and Orlicz generalization of the classical Hahn-Banach Theorem,

THEOREM 1 (Mazur Orlicz) Tet ﬁyp‘be a vector space and <Ik}/ = >

&8 complete lattice—ordered vector space. If ¢ : rﬁi———a}}/1§ a .

mapping for Which

@(v + W) =R ¢(v) + @{w) for all v, w ¢ 2}’;

olav) = ag(v) forsll ae Re, v e 2%,

;Q}b then there is a linear

e

and if (v, }: c ¥ {Wl}lel

mapping ¢ Z —_— lvﬁ/such that
(i) wi_\®(v) for all i e I,
(11)  o(v) X olv) for all ve ¥,
if and only if
for any {il, Iys e in} cI and {al, Ops eoe O } c Re

it is true that

n
kéiak R cp(kil P vik) '
There are several known proois of this theorem. We shall use
the argument of V. PthK [31].
The necessity of the inequality is cléar éince ¢ -is a linear

mapping.
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To show the sufficiency, suppose that the inequality holds.
g . .
For given v € L s - and {11, ey 1n} cl & { al’ Cze, e ar-l] < Re+

the following 1s true:
n n
2% Wik"%’ P (v b % vik) +olv)
thus
_ n n :
-o(-v) | o {v+ Z % vik) - kil o W:T'k .

Since <V 3 4 > isa complete lattice-ordered vectoi' space, we .

2. 5 @
can define ¥ : 25— /¥ vy

n n
v(v) = inf (9 ({vg = v, ) - = v, } .
i€l k<n e R N

C(k ¢ R&
We can show very fast that y(av) = ay(v) for v e & < € Re,

Tn addition, if i e I, &, e Re, 1<mn, and j eI, &
N 4 ) >y )

. . € B, k<m,

and Vys Uy € ¥ , then

n n m m
o(vyd T oy w, )~ Taw, +olv.+ B W, )= B w, >
A Tk 2 o K OJ 4o KO3

n oom _ n m
2 olv, v, + Lo w, + LB w.,)- T W, - B W.
S R 1:=J,0[k iy k

=1 Yk
= \l!(vi + vg) .

Hence, ﬂr(vl + v2) 2 ‘JI(V:L) + \J,f('vg) for vy, v, € 7/0/ .
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Using the assumption of the theorem, we can derive the existence of
oM —s 2// with the required properties. Q.E.D.
The following corollary is a simple consequence of the pre{rious

thecrem:

COROLLARY 1 If <7%, || || > is & normed vector space a__Iid_. & : ¥ —>Re

is a functional on 1* s then there is a linear functional : P V — Re
~such that B(v) < o(v) <|[lv]| for all ve y/

if and only if
8(vi.) < | = v |
E<mnm k k < mk

5
holds for all {vk}kSmg:L .

This corollary can be used to find out what kind of conditions should
. - . . 7 _
be imposed on & wedge é‘ in L ~in order to.guarantee the existence

o

of a linear functional ¢ ~on Z/ s and positive on (Ij .
. " g +
Foranywedgebofbc/weset E'= E-(mv:ve & };
that is to say, we remove from é “those wvectors whose negative

counterparts are also in t} .

S + .
For § _c;_f/c‘/ we define Cl$] as the set

;E_im O, v, iV, € S 5 0 >0, 1< m}, and call it a positive .
linear closure of S . We set [ S = int (|}, ir S g.?}/.

v €

Now we are ready to state a theorem proved by Scott [12]:

THEOREM 2 (Representation_ Theorem) Let C‘ c V/ be a wedge of the

normed vector space < 22, | | > . Then the necessary and sufficient
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condition for the existence of a linear functional © 7)’——-—-; Re

such that for all v e & :
) e < vl
(11) ve & == ofv)>0;
(111) ve & = o(v) >0

i_s__' EPE following:
00 . ’ o g
jfki}:'L:l[ ki is convex & ki < | &
' | + ® ‘
& &f= Ctuv ki] & “ki"‘(f | >0 for
i=1 o
al.l i'—" l, 2, ae e ] .

Proof:
"I, et ¢ :0 —3Re satisty (1) - (ii1). Then C'= (ve &: olv) > 0},

If ve define k, = (ve& :o(v)> 1/1) for 1=1, 2, ...,

o<
then ki is convex and ¢ = C+[U ki]' (1) & (1) imply:
. i=1 :

vek, & wel = 1/1 < o(v) +o) < | v+wl, thus
/i < ||ki+fj .

IT. let (k)% be a sequence of convex sets in V/ satigfying

i‘i=1
the conclusion of the theorem. Iet us define 63._ :2}’—-—; Re

for i=1, 2, ... as follows:

Hki+t ", if ve_ki;

Gi(v)= 0, if v e f_',-ki;

-, otherwise.
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If v

ke_ki for k<m and weé s then

I, + &1 < I Ynes «

- 1/m * w | , because
k<m '

ki is convex, Clearly 61 satisfies the conclusion of Corollary ‘l.
let us define linear functionals Py :V——) Re such that

Si(v) < cpi(v) < vl (ve ), ac_cordiﬁg to Corollary 1, and put

g, (v)

Co(v) = %
=1 21

Then ¢ satisfies (i). Qpi(v)?_o for v ¢ o implies (ii).

By virtue of the definition, 8;: (v) > uki +E 1>0 for ve k.
thus o(v) > 0, for v ¢ U k, , so that (iii) also is true for o.

et | rue ror g
Q. E. D.

COROLLARY 2  ILet g1/ be a wedge of the normed vector space

<17, | | > with counteble basis B, that is, & = C'[8] U (0).
Then v g C+ RS Y || v+ & || >0 is the necessary and sufficlent

———————— i e arras | e e

satisfying (i) - (iii) of Theorem 2.

Proof: Put T=BNEY ; then C’+ = Cf[U(V“‘C 11,

veT
. . _ +
since if - w = ):,_Oikvk g_(“j s Where vkeB and OLK>O _
k<m
for k._<_ m , then 3 K S m [Vk e C7 1 . Thus
o T 0 o
R . X +
wo=a (vk + .5 i.ﬁ—{- v ), which means that we C [vk
o fo xgm % |
k ko

29
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If the basis B of the wedge &i in Corollary 2 is finifte, then

[v+& | >0« v£-E .

‘ ,
But it is always true that v e &' == v £ -& . Thus in the
finite dimensicnal case, the functional ¢ always exists.

Theorem 2 has basic importance., We can translste binary relations

- &
on Z}/ into cones in Z/ as explained earlier, and then show the
existence of a linear functional on.&9/ satisfying certain monotony
conditions,

Ag an impoftant conseguence, we shall prove, using Scott's

unpublished notes, the following theorem:

THEOREM 3  Let <&, R > be a structure, where 4 is a Boolean

algebra with zero element ¢ and unit element @ , and < is a

binary relation on ex such that

p 2 9, p 2 4 eand
A= Bv BR A forall A Bell .
Further, let

: +
E(R) = (% alB -A.):Ai'—% B, & @, € Re &
& A, B el for i<m )}, where
i’ i - 7 =

Fa

A denotes & vector in the normed vector space of all continuous

functions on the Stone space ‘QS gf25z with EEE usual supremum norn.

Then fg; there to exist a probability measure P on f%ﬁ such that

A X B, <= P(A) <P(B) forall A, Be &F,
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it is necessary and sufficient that there exist relations ‘%i on

&4, i=1, 2, ..., such that, for all A, Be CF-,
3 2 — p— — aemaas
‘(1)A%B'@A413'f_m~somei,

| (&) WV, o /nsli/m = (E}; - B) cERNT, =

k<m

By —-’\nh}; for k<m and A, Bke%, k_'gm.

Proof:

I, Put- A, B &= P(B) - P(&) > /i, 1i=1,2, ,uu..

. EYR) = CHUGB-3+E(R2):8R 4)]. Ths,
i 'kn = 'Z)' is the convex set, generated by the set
U{E - /l;) + t’ ( ‘%')' : B2 A} , then the conclusion of Theorem 2
is verified, as is easily seen. Therefore we obtain a linear

functional @ :V—-—-;Re such that @(v) <|lvll for v e 7},-, and
AR B = ¢4) < o),
AAB => g(a) < o(B), if A Bell .

Since @{Q) >0, o(A) >0 for Ac EX , we can put

~ l!,\\ A ~
P(4) =£‘-—§-’——- , and, in view of A 2 B L= A R B s also
p(Q) _
P(4) = P(A) . Q. E. D.
Remarks:

(1) The technique of identifying elements of a family of sets with

- vectors in a vector space V/will be used over and over again., In

31 -




. ’
our case assigned one-one to the element A ¢ _}t—’/i is the characteristic

function of the corresponding cloged-and-open subset of the Stone
space QS of & . This characteristic function, which is in the

vector space l-'a/(QS), generated by the set 0 will be denoted

S,
throughout the paper by A . (See the discussion of the Stone space

~

in 2.1.) 1In particular, if A, Be &€ , then A+ B is the sum
in Z/C’(ns) , and is equal to (A U .B)" s proviged AN B = P .

If f’ﬁ = [:C\x : A e ), +then clearly & s Z/‘V(QS).

(2) We shall keep in mind the well-known fact that each finitely

additive probebility measure on A is the restriction to EX of a
unigue linear functiocnsl @ : ZY(RS)——)Re with @(v) < |v|| for
V. € 2/‘?/(38) and Q) = 1; and that the_ restriction_o_f every such

functional is .a measure.

2(3) Theorems:1ike

A2AB & B=C == A= C ;.

R o AL %)
'ASB & ¢=_D =»AUCLXBUD, if A|C,B]D

are easy consequences of the rather complicated conditions (1) and (2)

of 'I'heorem 3.

COROLLARY 5 let < &€, R > be a structure, where &€ is a

countable Boolean algebra with zerc element 9 and unit element 0 ;

let < be a binary relation on &L such that i A, ¢ <. A,

and A= Bv B= A for all A, Becll .

&.*).A_I_B means Aﬂ'B=ﬁ3.:; "
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Then using the notation of Theorem 3, the necessary snd sufficient

pohdition -‘i_‘_p__:_c_": the existence of ‘a probability measure P on &Z guch that

A= B «=» P(A) < P(B) forall A, Bef

]|E-§+5(__;)l| >0, if B} A, (A,.Be%).

Proof follows from Coroliary 2.
If the Boolean algebra 5&’ is finite, then the condition in

Corollary 3 boils down to a rather simple one, namely,

o A n oA
N4 4,2 B] = B R34 , if T A = = B,
i<n 1=1 i=1

whe;'e_Ai, -Bi el . for 1 <m.

COROLLARY 4 Iet <, C£, R > be a structure, where @ is &

nonempty finite set; e is 1_:_11e_ Boolean algebra of subsets of £

and % is a binary relation on &Z .

Then the necessary and sufficlent conditions for the existence

of a probability measure P such that <q, &£ , P> is a finitely

additive probability space and

AR B <> P(A) < P(B) forall A, Be &l

are JEE‘? following:

) g2,

(11) 63 A,

(ii1) AR Bwv B 4 A,

(iv) i\{n (4,2 B.] = Bn.a. A, if
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s, = U e U oana= Y BB s..e
i<n T i<n *  1,5<n . b5, <n -

_ = A st

& A RA N L NA = BBy L NE,

- <
where A, B, A, B, e ¥ for 1=1,2, ..., n and "/ A,
. i<n

denotes the symmetric difference of the n sets Ay, Ay »evy A

(For two sets A, and %2, A Q A, is Qf course (Al n A2) U (Al n AE)')

1 1

Proof:

First of all, the system of identities of symmetric differences

”~ ~

B, , vwhere 4
1 . Co

= Ai_= =
i S n i S n

of sets in (iv) is equivalent to
denotes the characteristic function of the set A (Hére the Stone

space of &, is identified with 0.). "Secondly, (iv) is equivalent to

AR = 3o+ E(R) >0 (4, B ).
. For (a). assume (iv) and that | |

A 2 B, but that

C ( %\)” = 0, Then

]
]
= >
+

A-B = z Qk(Ak - Bk) for some m and for some
k<m .

o >0, Bk-—-%Ak, k<m.
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Since the characteristic function 4 -~ B is integex_'.-valued',
we may assume that the scalars Otk are at least rational. _By clearing
fractions, transposing, and allowing repetitions, we may even assume
that. e = 1 for all k < m. Hence
5 A +B = % B +4A.
n ¥ o

k< k <

But since VW Bk=3 Ak, by (iv) we get B = A which contradicts 4 3 B,
k<m

(b) Clearly (iv) follows from [B- A+ E(K )| >0, if 4 3 B.

Another easy consequence of Thecrem 2 in finite case is the -

following corollary: -

COROLLARY 5 E‘t W/lﬁe g' finite-dimensional real vector space

and let < M, 2 > bea finite binary reletional structure, where

PpEMc ) and M is a set of vectors with rationsl coordinates

with respect to some fixed basis of _yi/Then there exists a linear

functional cp:zy-l——:;Resg_l_c_lg%t for all v, we M
v A v o 9(v) < 9w
if and only if
(1) v<w v w<v,

@) Vv, 3 ) = wo v o, if T v,
i<n i<n i<n

wvhere v, w, Vs Wiey-/ for i=1,2, ... n.
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As we have seen, the conditions to be imposed on the Boolean
algebra E¥ enriched by a binary relétion"*% in order to get
& probability measure solying the problem (Pl) are rather simple
in the finite case., On the other hand, the infinite case is utterly
unintuitive, There may be some hope”for simplifying the conditions
in the infinite case, too, but we shall not deal with this problem
here,

It is worth noting that Thecrem 2 is genersal enough fo be used -
n proving various representation theorems, important in algebraic

measurement. theory.

The structure <0, £¥, =& >, satisfying the conditions

(1) - (iv), in Corollary b4, will be called a finite gualitative

probability structure (FQPfstructure). This notion can also be

defined in terms of a strict ordering relation -3 ; 1in which
case, the axioms for < Q, €&, =3 > to be a FQP-structure, are

as follows:

(1) g3 o
(11) = a3 ¢ ;
(iii) A2 B = — B3 A ;

{1iv) i\{n [, Bl => B A ,

where A, B, A, B, ¢ CEZ  for 1<i<n and

A, =
i

~
B. .
n i '

1

P
IA ™
A M

n
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If we pub
A~B <> (mA-3 B & —mB3 4),
A23B <= (A3 Bv A~DB),

for all A, Be Z£ ', +then the above definition becomes equivalent
to Scott's definition, spelled out in Corollary 4; simply because

A B <» —B=3A. We shall freely use both definitions.,

2.5. Additively Semiordered Qualitative Probability Structures

In Section 2.2 we discussed the general framework for the solution
of problem (Pl), and we pointed out that the method used was general
enough to be applied to other similar problems. The main task of
this section will be to give the solution to problem (Pg).

The notion of a semiorder comes up when a set et is being
ordered by some relation )—- and, it is not always known whether

two elements from E¥ are indifferent. More precisely, a couple

. *
< 225, > > is called a semiorder structure iff ) it satisfles
the following conditions for all A, B, C, D ¢ et
(1) — A >4 ;
(ii) A > B & C > D =3 AV Dwv C. B ;

(iii) A > B & B ¥ C == A > Dwv D &= C,

The cdncept of a semiorder 1s due to R. D..Luce [58], and the

axioms (i) - (iii) were given by Scott & Suppes t55].1

*
) iff 1is short for if and only if
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If a semiorder structure < &F, > > satisfies also
’ *
(iv) A >B = AUC > BUC, if 4, B C, )

then we shall call it an additive semiorder structure.

In this section we shall deal with finite additive semiorder

structures < Z%Z, 7~ > ; = the interpretation of the formula A > B

for A, Be ot will be: event A ig definitely more probable than
event B.

| (We prefer to use the symbol > 1instead of JEI'beCause of
the possible confusion with the strict qualitative probability .
relation discussed in the previous section. )

We assume the motivation for a semiorder relation > to be
known. Perhaps we should point out that semiorder is an adequate
notion for representing algebraic measurement problems, in which
the given measurement method has limited sensitivity, so that'localll'

the transitivity for > does not hold. In psychology one talks

sbout the so-called just noticeable difference (jnd), whose appropriate

numerical measure is a fixed positive real number & (which can

be normalized to 1 by choosing a suitable uvnit)., Hence &€ 1is a
measure of the threshold of the measurement method.
For more sophisticated measurement problems we have to assume

that jnd is not constant, but varies from one measured entity to

another. ¥or this purpose, Luce [32] introduced the notions of lower

and upper jnd measures £ and & which, in fact, define a jnd interval

- “
Yo | Bmeans AN B=g ., The other notation from set theory

and logic is standard,
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about each possible result of measurement.
Bearing all this in mind, we turn now to problem (PE)' For

methodological reasons we prefer to start with the following definition:

DEFINITION 1 A triple <0, £¥, ™ > is said to be a finitely

additive semiordered qualitative probability structure (FASQP-structure)

if and only if EEE following axioms are satisfied:

S0 ¢ 1s a nonempty finite set; 7 4 'ig the Boolean

algebra of subsets of Q and > is a binary

relation on 4 3
S, e p
8 — A A

S, C>™B == C »A, if AcB;

3
a vl
Sy 1% n [Ai P B_i &-, — Ci -— Di] “-—-%.-[An}Bn-uan}-Dn] B
where 4, B, C, A, B, C,, D, eff for 1<i<n; end
b (Ai_+ Dl) = z (B + c,) . (4 denotes the
i<n i<n : .
characteristic function of the set A.)
Remarks:

(a) &As poinfed*ouf-before, the formula in axiom §)'that concerns
characteristic functions can easily be translated into a system of

identisies among sets, by means of the following fact:
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A, = x Bi.._for_m_<_n, if and only if

A, A = U B B
i,j<n J i,j<m
i< 1<
[ ]
. U 5 <nAilA12"’.Ai = BlB_z"'Bm;
ipsigseee,i < “m

' L} - < ves .
ll<12 <1m

S
h=3
=
b=
Il

$, if m<k<n,

ipsig e < 1 e Tk

i i <I'.<-

1l<12 1,

A, B el , 1<i<n, 1<j<m.

Thus the FASQP—structure is given by axioms which contain as

primiti{res only the relétion > and the algebra CE over @ .
(b) Tor the purposes of this section we shall define:

A~B &= (—A >B & — B > A4) ;

A~B & VC(AEC <= B~ (), wvhere

A, B, Ce Z¥ .

The relation =~ +(called the indifference relation) is reflexive

and symmetric, but not transitive. The relation ~ (called the
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indistinguishability relation) is reflexive, symmetric, transitive,

and monotonic; that is (C~A & A ~3B) == C »B.

| Sometimes we shall need the set N(A) , called the neighborhood
of the event A, which is simply the set {B e &% : B~ A} . Note
that for A, Be £ , N(A) =N(B)<%=>A~B. 'In L we get

an induced weak ordering %’

AP>™DB <=3 A > 3B EC{B,CEN(A)&C>-B]V
ED[A, D¢ N(B) & & >D] .

We shall seldom use these last two notions, even though they-
are very important in semidrdered structures.

In the sequel we shall discuss also the gquotient structure
< Qfm, b/~ >-/é >  abbreviated by <0, 5&, S > : in this

structure =/~ will be written as & .

{(¢) There is no doubt that the axioms SO - SJ+ are consistent and
independent. It is enough %o put' Q = (0, 1}, 2%5 = {A : A E:Q},
and define P in an obvious wéy. Then this triple becomes a model

for the axioms So - Sh'

(d) The crucial axioms are 8, and 8. Axioms Sl and 85 will

later impose the so-called normaligzation condition on the representing

measure. Su in fact, will be used over and over again; and we
need Sl to prevent the axioms from being satisfiled by a trivial

structure.
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(e} The definition of infinitely additive semiordered gualitative -

probability sturctures, which can be represented by probability

measures on 825 and by jnd-meagures (see Theorem 6), does not
cause any fundamental difficulties, The axioms (particularly the
analogus of axiom Sh) are, however, extremely complicated, and
much less intuitive than those given above; this can be-checked'
by a glance at Theorem 3 and Corollary 3. The infinite case will
therefore be omifted-here. As usual, in This case the topological
properties of » may be of considerable help in simplifying the
solution.

Iﬁ the.following theorem we examine fhe content of thé above

definition.

THEOREM 4 let <Q,& , & > be a FASQP-structure. Then

for all. A, B, C, D ¢ (o 2 the following formulas are satisfied:

(1) A>»B&C»D = (A>Dv.C&B);

(2) A»B&C&™A = (D=Bv C%D) ;

(3) A*B&B-C =>» (ArDv D#C) ;

(4) A& B <> AUD®BUD, if A, B| D;
(5) A%B%Eb-ﬁ-

(6) AcB===>—-1A>-B

(7 -—.ﬁ5>-A&—|A.>-Q;

(8) A>B&B»C -—-——}-A}—C

(9) A>-p ¢=>Q>~A
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(10)

(11)

(12)

(13)
(14)
(15)
(16)

(7).

(18)

(19)

(20)
(21)
(22)
(23)
(24)
(25)
(26)
(21)
(28)
(29)

— A=
—A=Q =» Q>A4;
Y o ; A 3
. A.> Bl = B > A s  if z A, = & B,
i< ntl 1 .1 ntl nt+l i_<_'n+1l i<l i
and Ai,Bie&Z, 1<i<ntl

A>B
A»>3B
A>B

AUB

'Azﬁj

AcB

AcB

AgB

AgB

:AEB

A~B

A~B

f = Axp;

&C»>D => AUCS>BUD, if A] C&B| D;
&C>D = AUCSBUD, 1f AjC;

= — B> A ; -
>CUD%(A>~C B»D), if CJ_D&AB»fD;
& Br~p = A~B; H

&A>p = B>p;

&EB~p => Axp;

—_—

<> A=~B;

& B~ => A~3B;

<> A-B>0, if BcA;

< AUC~BUC, if A B| C;.
<= A~B.;

& A=C == B> C;
&EB~p => A~p;
&A~Q => B~Q ;

<> AUC~BUC, if A, B]| C;

& C~D = AUC~BUD, if A|C&B]| D;

(30) < Q, 28, » > is FASQP-structure ;
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(31)

(32)
(53)
(3k)
(35)
(36)
(37)

A>=BvB»>AvA~B, andeach of the formulas excludes

the other two;

(A>B&BaC&C >D) wmmp 4 »>D ;
(A>B&B>C&Bx~D) =3 (—A=D v'—-.'czja);
A>B == —mB™A;

A~B == -ﬂA->B&—|I§v$A;'

A'}B&B-}-C =3 AHC;

| ®
<EE, o~ > 1is a weak ordering structure.

Proof:

(1) (a) Suppose that A >B & C D& —A »D ., 1In 8, Pput

n=2 and A1=A, Bl-—-B, A2='C_, B2_=D, Cl_-=A, Dl=
C,D2=B. Then since A1+A2+D1+D=B+B + C, +

we have C *B .

(v)

‘A]_=

Dy

Thus

Suppose that A »B & C »DP & -— C »B . As before, put

D. Then obviously we 'get again

A1+A2+D1+D2 = Bl+B2+Cl+C2'

AxD.

(2) (a) Assume that A B &C ™A & —DB; put A . =4,

1 B

Again'the condition on characteristic functions is setisfied. Hence

using Sl{» we get the conclusion. "
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(b) Proof is the same as in (a).

(3) - Use the same technique as in (2).

A, Dl==-BUD, B].:B'_' Cl_=AUD. IObv;'.Lously,

(1) Put A

Al + Dl' -=-Bl + ‘Cl ¥

since ‘4, B _l_ D.
Using 8 ve get ‘he conclusion in both directions.’
(5') Use Sh with n=1,
(6) AcB inplies B=AUAB. Now

PUASAUBB =B <« @ +~AB holds in view of ().
Finally, since - ﬁ') >4 (as we can check from 55), ‘we get the
conclﬁsion. |

(7) If p%A, thenby S p>p , which is a contradiction.

5 >

For the second part use (5), and then the first part of the theorem (7).
(8) Follows from. (3) by putting D= A .

(9) Use (5).

(10) The assumption implies that A>pfv § »A . 1In view of (7)

we get AP .

(11) Use (T7) and the definition of = .

(12) In s, put ci=Di=p for 1<igmn-l1, and D =A

n+l ’
Cn = Bn+1 . Clearly from the assumption we get
% (A, +D)y = & (B, +0,)
i<n i 1 i<n i i
Naturally we have al VY (a. | “B .
aturally we have also i<_n(1>-Bi&—-;Ci>-Di) and An Bn

Thus, by S), we have Bn+l>.- An+1 .
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(13) Follows from (12).
(14) Follows from 8, ; for

| (BD)A + A+ 6 + (B U D)A“ = % + B + (AU C)A + 8 P i 'AhL ¢
Now A>B, C,D, —p »BD by the assumption. Hence AUC®BUD.
(15) A>»B &« B&A by (15). Now if B A were the case, then

by (13) we would have 0 &Q , which is contrary to S, . Consequently,

b2
- B >A.

(16) (&) Clearly (4B) + (AUB) +C+D = (CUD) +A+B+p,
| if ¢} D,
Assume AUBSCUD and ABS @, and let —A %C . Then by §)

we get immediately B »D .,
:(b). Proof is similar to-the proof of (a).

(17) Tet A~pP & Ba® and —A~B. Then A»BvB¥A;

go, by S A»p or B»>pP, which is a contradiction.

5 2
(18) B=AUZEB. Thus A >p-«>AUAB=3B%AB by (4). Finally,
in view of 85, we get B>0 . |

(19) Iet AcB&Bafp and — A~p . Then by (10)° A > P and
by (18) B >p , which is a contradiction.

(20) Use the definition of =~ , and (5).

(21) Use (5) and. (20}).

(22) B+ ("ﬁA)A -2 +;3 , if BcA . Use (12) twice.

(23) Use (5) twice.

(24) Use the definition of ~ , and _(20). .

(255 AcB =>-ﬁg'}_&, so C»>A =>C >B by 85' Thus B >C .
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(26) Assume that AcB&B~@P , and —A~fP ., Then AxB &A=

in view of (19) and (17). Since —Mm A ~ B s We have two cases:
(a) Jylc~a&c>Bl.

From A c B 1t follows by S, that C A , which is impossible.

3
The case C=~ A & B»™C would lead to B>™p ..
(v) ]C[CmB&,C>'A]. |
Hence, C »P eand also C~ @ , since B~ fp . But this is a
contradiction, The case C=~B & A >C leads to A% @ which is
also impossible.
(27) A~0 e A~ 9® by (24). Use (26) and again (24).
(28) Tet A, B| C . Then
A~B &> A/~ =B/~ & 4/~ U0/~ =B/~ U O/~ &=
AUC/~=BUC/~&> AUC~BUC,
(29) A_«QB = A/~ =B/~, C~D =3 C/~=D/~. Assuming
A L C & B'L D, weget A/~UC/~=B/~UD/~. Hence we have
also AUC~BUD.
(30) Use the fact that ~ 1is a congruence relation.

(31) - (37) are tfivial consequences of the previous cases, Q. E. D.

Theorem 4 illuminates the intuitive content and the adequacy
of our definition. Defore we proceed to the formal justification

of the definition by proving the so-called Representation Theoremn,

we shall quote an easy consequence of Theorem 2, due to Scott [11]:

IEMMA 1 %EE Z}/ be.g_finite—dimensional real linear vector space

have rational coordinates with respect to a given basis; further,
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“let N= {-v:veN (ie. ¥ is symmetric).

Then there exists a linesr funectional @ : /—>Re such that

Pv) > 0 <= v el for all v e W
if and only if
(@) veM or -velM;

(B) v. = 0 & A (vi e M) -v €M ; where

3

v, V; € N, 1<i<m.
The proof is given in Scott [11] and for brevity will be omitted
here.

THEOREM 5 (Representation Theorem) Iet < Q , &€, » > be a

structure, where Q 1is & nonempty finite set, 142 is the Boolean

algebra of subsets of © , and > is a binary relation on cE .

Then <@ , Z& , ™ > is a FASQP-structure if end only if there

exists a finitely additive probability measure P and a real number &

such that < @q , L , P> is a probability space and for all A , B eCE:

A>B &> P(A) > P(B)+& , where 0< & <1 ;

2

A~3B => P(a)

[l

P(B) .

The theorem remains valid if the representation is given in

the form
A¥B <> P(A) > PB) +& , where 0< & <1

A~3B = P(a) = P(B) .
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If € =0, then the FASQP-structure reduces to a FAGQP-structure

(finitely additive gualitative probability structure), such as discussed

in Section 2.2.
Proof:

T. 'The exlstence of a probability measure P on ££ and a real
aumber & .
Suppose that < Q , &, & > is a FASQP-structure. Then in

view of Theorem 4(30) < ﬁ , &t , & > is also a FASQP-structure.

. - . . o *)
Let us define Q=0 U {em+l} y wherg €1 éq, | 8] =n,
e 4 . tﬁ *%)
R o= Eel, s eens em} , E= {em+l] . Then any element A of L&

~

can be uniguely represented by its characteristic function A which

We shall consider now s a vector

~

A = < A(el), A(ee), cees A(em), A(em+l) >
in the m+l-dimensicnal real linear vector space l}LYdO) , generated
by vectors ({ei}) s 1<i<ml. It should be clear what is

o~ P

meant by A+ B and o - A in Z}Yﬁo) , if a 1is a real number

¢
and A, Be E£ . (For the time being we use the same variables as
we used for the elements of Z% ; this is for simplicity of notation.)

The reader should consult Remarks (1) given after Theorem 3 in Section 2.2,

) ]A| denotes the cardinality of the set A.

*%)

Variables A, B, C, B, .... are now running over the
algebra £F . '
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let us put

~ ~

N = {A-B-E: A Be¥% } U {(B-A+E:4A Be £ ) and
M = {(A-B-E: A BellgAy*B} U{B-A+E: A Bell &g —4%B).

Then surely P #McNc v’(ﬁo) 3 N is finite and symmetric, and

contains only rational vectors with respect to the basis

L.

~ mt+l -
(({e;D) }i=l . For, .. €M by S, L is finite, and

furthermore, v ¢ N <= -v ¢ § for any vev/(do).
If veN, then veM or =veM, since A¥ B or
~3AVYB, where A, Bc % and v=A-B-FE or v=B-A+E,

‘Therefore the condition (a) in Lemma 1 is satisfied.

Now the condition 7 [v, € M] in (B), Lemma 1, is eguivalent

i<p-'i
to the condition _
v. =4, - B, -E & A, ¥ B, (2.1)
L 1 €T 1 1 :
or viﬂBi—Ai-!-E&—'lAi%—-Bi; (2.2)

. that is to say, some of the vi's have the form (2.1} and the rest
D1

 have the form (2.2). If we relabel the sequence [-vi} so that
i=1
the first k elements (k < p) have the form (2,1) and the

remainder the form (2.2) , then we get an alternative version

of (2.1) and (2.2):

vi=Ai-Bi-E&Ai>-Bi, 1<i<k
~ ~ ~ e ‘ (2'3)
or vi=Bi-Ai+E&-—-—,Ai>-Bi, ktl < i< p-1,
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where k 1s some natural number O <k < p-1.

The condition zZ vy = 0 1is equivalent to
i<p
k ~ ~ ~ P-l ~ A ~
Z:(Al—Bi-E)+ Z(Bl-Ai+E)+v=O,
i=1 i=ke+l P
that is,
v+ (p -2k + 1)*E + T (Ai - Bi) +
’ _ 1<1i<k
z (Bi - Ai) = 0 . (2."")

ktl < 1< p-1

Since v? € N we get two cases:

A) v_.=A -B -E:
p P P

-~

" Since E cannot be written as a linear combination of the

. AT
elements of 2}162) (which are generated by vectors [([ei}) )i=l

actually belonging to (A : Ae & }), E cannot occur in {2.4)

the same number of times negated and unnegated., Therefore

(p-2k-1)E~-E=9, that'is p =2k + 2 . Thus the equation

(2.%) can be rewritten as follows:

-~ k A -1 A A k . p-1 A
A+ ZA + = B = B + IB + ZAi. - (2.5)
p i i=k+1

1=1 ©  i=k+l T Poog=1

Using the substitution

A, =4A, , B, = B, for 1<i<k,
1 — —
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kd
i

*
Bl =8 0 B = B

Ci =B ¢ Dy 7 A4

for k+ 1= -k-1>1 2 1,
we get from (2.5) the following formula:
k+1 A ~ k+1
z(c, +A7) = =
i i -

(p, + 5%) . (2.6)
3=1 =1 + 3 |

The conditions

A ¥ B, (1<1<k) and — A ¥ B, (k1<1<p-1)

in (2.3) are now eguivalent to the following condition:

\- 4 * o ¥ . .
1wy BT B &0 =G & Dy R0,

Finally, Tems 1 gives us -v_ € ¥, that is, BP'- Ap"+ EeM,
. . * . ¥
which is eguivalent to \Ak+l }- Bk+l s
B)Y v.=B -A +E:
“p " Tp p

For similar reasons as before, p = 2k and then (2.4) becomes

k. ~ ’ P k ~ :P ~ . .
ZA + £ B = IB + = A . (2.7)
i=1 i=k+#1 * i=1 T d=k+l -
Now if we put
¥* - %
A, = A, , ‘B, = B, for 1< i<k and
1 1 1 1 - .-
C; = Byype» Dy =4, for 1<i<k=p=~-k, then (2.7) becomes
k ~x ~ k Ay A ' _
T (A, +C) = 3z (B, +D,) . s : (2.8)
. 1 . . 1 1l
i=1 i=1 .
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The conditions A, % B, (1<1<k) and ~ A, # B, (k1< 1<p-1)

in (2.3) are equivalent to the condition

* % %
i.\;’k [Ai'i-Bi& - D, >—c1] & Ak Bk

Iemma 1 gives us -vp e M, that is, AP - BP -EeM, which is

equivalent to Dk>— C, -

Finally, joining the cases A) and B) and changing the notation, "
k+1 A ~ k+1 A -
2k +.2 , 2 (A + C, ) = = (B + D, ) morecver,
. i=L i=l

Ll

we get for »p

V . . w ) .
1% ke[ ¥ By & — Dy SC T dmplies [Dy 3 Oy =e A, W B,

Similarly, for p = 2k we obtain

and i % k[Ai>—1~3i & — D, ¥ C,] implies [Ak}Bk%»Dk'?.-Ck] Yy
that is, for n = p/2

i<n[Ai>—Bi&Ci>-Di] & An'?-Bn%Cn%-Dn, l.f_

™
—_
=
+
=
S
1

2

and (B) in Lemma 1 allows us to use the conclusion of ILemma 1. That

The above reduction of axioms S, and Sh to the conditions (a)

is to say, 82 and S; are the necessary and sufficient conditions

for the existénce of a linear functional m': Zﬂfﬁd)—mpRe such
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that o@(v) > 0 «=>v eM for all vel,
Since E ¢ M (axiom SE)’ we have @(E) > O , and since

-E # M., it follows that @(-E) = -@(E) < 0 ; hence ¢(E) > 0,

L4

It A, Be &£ , then
A¥XBeA-B-EcMe0(4) > 9(B) +cp(ﬁ) .

Consequently, - Sl ‘gives us - @(Q) > ¢(P) + ¢(E) » 0 , so that .

we can pubt

~

CPO(R) - ol
| (@)
In order to simplify the notation, we tran.slaté \‘th.e. result from
the vector space qu/(ﬁo) into the Boolean algepra Z‘k (c.f. .
Section 1.4 and Remark (1), given after Theorem 3, in Section 2.2)
by putting ¥(A) = tpo(:&) . We also define the jnd-measure &
to be V(E) .

In view of S, we have 0< £ <1. Obyiously

(1) wd) = 1,
(11) Al B = ¥(AUB) = (&) + ¥(B) .
Clearly for A | B we have y(A U B) = tpo((A UnB) ) =
Po(A +B) = o (8) +9,(B) = w(a) + y(B) .
After :i:rans'.la‘bing into the new nofa‘c;,‘ion we get also

| (111) & £ 3 :<=.=>'w('A) >y(B) + & .

54




Now we shall prove that ¥(A) > 0 for Ae £t . Assume
that y(A) <O for same A ¢ 8 . Obviously A = 2 (A &9 would
give Y(A) > & , and P A is impossible in view of Theorem 4(7)),

and A # p . Therefore we get two cases:

a) BRA&BYP for some Be L€ . Hence V(B)> & , so that

¥(B) - v(a) >€  vwhich means B ¥ A . But this is a contradiction,

Case B~A & P> B contradicts Theorem l}(?)).

b) B=~pP & A¥B for some B¢ oo . Thus, in view of 83 we
have A , which is impossible., The case B< P & B¥ A would

contradict the consequent of S, . - Hence the assumption V(&) <O

3

leads in all cases to a contradiction., Consequently, we ha_ve i_‘or
A€ % :
(iv)  ¥(8) > 0.
Finally, if we put P(A) = ¥(A/~) , where now A e && ,*)
then P is & real valued fTunction on.% and the conditions
(i} - (1v) are: satisfied if we ‘i_'eplace ¥ by P aﬁd' the algebra Zé

by 2 A Moreover,
(v), A~B == P(A) =P(B), if A, Be £ .

Thus on the basis of (1) - (v), <Q , € , P > is a probability
space, and P is the desired finitely additive probability measure

of Theorem 5.

II. The probability measure P on & and the existence of a

real number € (0< & < 1) imply the axioms Sl - Slt .

*)

Variables A, B, C, D, ... are now rumning over % again.
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Tet <0, £ , P> be a probability space such that

A>Be» P(A)>P(B) +& , where 0< & <1, sand
A~3B =>P(A) = P(B) , forall 4, Be ZE .

One can easily check that:

1 = P(@) >&  implies S, ;

.——|-P(A) > .P(A) .+ £ implies 8, ;
AcB =P(A) < P(B) and P(C) > P(B) +& > p(a) + &

together imply S and finally, if we put mo(({ei})A) for.

% 3
1<1 <m, we get the linear functional from Lemma 1,

The condition

then implies

[v(a;) + ¥(D,)] = [W(B) + w(c,)] (2.9)

bN =
i<n i<n
and thus the condition
vV [A, >~B & =—C >D] & A %B
i<n i 1 i i n n

gives us

1

T P(A)> = P(B))+ (n-1)E
i<n . i<n *. - -
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s P(C) > £ P(D,)+(n-1)+&
i<n * T i<an *

P(a) > P(B)+E .

Adding together these inequalities and subtracting eéu&lity {2.9)

from the result, we get
P(Cn) > P(Dn) + &,
~which implies C_ >-'Dn .

Thus the proof of éhe Representation Theorem is complete.

A question arises of what group or set T pf transfurmations
the prqbability measure in Theorem 5 is unique up to; or in other
words, 'how many' different probability measures can we have, once
a binary relation >‘ in a FASQP-structure is given. We might expect
some periodic functiéné with period £ to be the eiéments of the
unknown set T , The complete answer does not seem to be simple,-
and we fherefore leave it as an open problem. Some further dis-
cussion of this subject will be given in Chapter 5.

We pointed out that the intransitivity of the relation =
reflects the inability of a measurement method (or apparatus) to
distinguish or recognize two different magnitudes of the measured

quantity, when their difference is below the sensitivity of the
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nmethod. More refined measurement methods are needed to make these
magnitudes distinguishable, This amounts to considering a lattice

of relations {asi] 1eT where ~ is finer than r-zj iff

AziB =% ij B for all A, Bet (i, J e I) & ‘The set

{=.1

2ieT then characterizes the class of measurement methods from

the point of view of sensitivity.

In psychology there are prcblems in which =~ is not constant,
but varies with the entity on which the measurement 1s performed.
In perticular, if A e £€ , then  £(A) and E(A) characterize
the change in probability necessary for indifference = to become
preference >‘ . | o |

.I.f .ﬁe -put for A ¢ 3{

E(a) = Max {P(B) -P(A) : A~B&Belt };
_ _ _ (2.10).
- E(a) =Max{P(A).—P(B):AzB&Be% ),
then -
(1) 0o < €y, &) < 1;
(1) A=3B =>P(B) - &£(B) <P(A) <P(B) + E(B);
(iii) A > B &> P(A) > P(B) + E(B) ;
(iv) P(a) <P(B) + &(B) <=P(a) <P(B) + E£(a);
(v). P(a) <P(B) =» [P(A) + E(A)<B(B) + E(B)vV

CP(a) + . £(B) <P(B) + &) ;

(vi) AcB => &1} < T .
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This is easily checked. . Consequently, Theorem 5 can be proven-also

for the varisble jnd's - £(&), £(A) , given in (2,10). It

is an open problem how to give a representation of <@ , e, > >

intermsof P, £ , & , without assuming the condition (2.10)

a priori,

2.4, Quadratic Qualitative Probability Structures
n [34] Imce and Tukey gave a formal presentation of what

they called conjdnt measurement structures. Such structures are

linear, Here;. by constrast, nonlinesr (quadratic) measurement

structures will be introduced for proba'bility._ More concretely,

given a f1n1te Boolean algebra Z A of subsets of § and a ‘o:mary
relation = *) on the set of Cartesian products of elements |
from £4, we shall give the necessery and sufficient conditions
for the exlstence of a probablll‘ty measure P on % sﬁch fhat

forall A B, c De%
Ax.B < CxD <> P(4) - P(B) < P(C) - P(D) .

As wil be seen later ) the appearance of Cartesmn products
AxB, CxD here is not essential; we could as well consider

the ordered couples < A, B>, <C, D> , Structures of this

) For typographical simplicity, we use the same symbol that
was used in Section 2.2 for a different ordering.
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sort differ from Luce's conjoint meaéurement structures in three
respects: they are finite, the representing function has a special
property, namely, it is additive, and finally, the representation
is guadratic and not linear, Since most of thé laws of clagsicsal
physics can be represented (using the so-called n-thecrem) by
equations between a given (additive)_empi:ical gquantity and the
product of other (additive) empirical éﬁantitie:s (possibly with
rational exponenfé), such a structuré is éf basiclimportance in :
algebraic measurement theory.

Tor instaﬁce, fér Ohm?é'law'we'Might hope to'give, for the

gystem of current éources é. .
y { 1}1 <n

and resistors _{ri}i <m’

a representatipn theorem in the form:
< ey, -ri->-=$ <oy Ty > = I; "Ry < I Rj ,

where on thé-righf.we have well-known physical quantitieé, namely,

current and resistance (i <n, J< m) . |
This is a digression. Returning to quadratic probability

structures, the reader may wonder in what way the formula

AxB 2 Cx D _(A_, B, d, De?€ ) in (2.12) can be interpreted.
There are éeveral partia; interpretations which will be dis-

cussed in the sequel:

(a) Qualitative probabilistic independence relation | :

Al B <=sMBXx0~AXB,
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where, as usual, 4, Be ££ and ~ 1g the standard equivalence

relation induced by 2,

(b) Qualitative conditional probability relation =

A/BR ¢/D<&> ABxD 2 CDxB, 4f fx0 3 BxD,

vhere A, B, C, D et and -3 s the strict counterpart
of | . The entities A/B, C/D can be consideéred here as

primitive,

(¢) Relevance (positive and negative dependence) relations C, ©C
AC B <> Ax3B 3 AB x Q ;

AC Be=>ABx0-3 AXB,

where A, B ¢ 7 A These notions may be of some help in 'analyzing'

causality problems. It is imrﬁediately obvious that A C+ B%A/Q = A/B

and AC_B <&»AB 3 A0 .

(a) Qualiitaﬁive conditional independence relation | :
AC| B/Ces AT xBC~ABC X C, if 3 C),

where A, B, C e L

Since, as can be seen, there are several important interpretations

of the formula Ax B ® € x D, we shall study the structure of

the 'quadratic' relation =} in considerable detail.
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DEFINITION 2 A triple <, &£ , 2 > is said to be a:

finitely additive quadratic qualitative probability structure

(FAQQP-structure) if and only if the following conditions are

satisfied:

% Q0 is a nonempty finite set; EE is ’@. Boolean algebra -

of subsets of Q@ ; and = . is a binery relation on

(AxB:Actl aBeclf .

cN pxa3 axa;
Q, pxA= BxC:;
QB AXB<% BXxA;

Q AxB F CXDVv CxD AxB;

Q5 i<n(AixBi%Aa‘xBB_)=¢_AaXBB.%Aann;
L 1 . n n. .
% i'<_n(ci?‘Di_’e‘ E; xFy) =B xF R C XD ;
where i\vén(;éxn—% AixBi); T (C.xDi) = (EixF)
1§n 1Sn

4, B, C, D, Ai’ Bi’ Ci’

D;s B,y Fy € l% (1<n); ap are

permutations on {1, 2, ..., n} , and (C x D) denotes the

characteristic function of the set CxD.

Remarks:

(1)  We define

ARB &2 Ax0= BxXa;

AXxB2 CxD&=>—CxD= Ax3B;
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AXB~CxDe&e2AXxB=CxD & CxDP=AxB;

; (A X B),(mi,:qb) = 1 , if @ ehd & W, eB;
otherwise (A x B) (wl, wé) = 0 (wi, @, € Q) .

(1ii) The formula concerning characteristic functions in axiom Q6

can easily be translated into a system of identities among sets;

a similar transformation was made in the case of the qualitative

probability axioms listed in Section 2.2. Thus the axioms for =<

contain as primitives only the relation .= and the algebra £¥ . -

The content of the above definition is laid bare in the following

"easily proved theorem.

THEOREM 6  let < , &€, R > be a FAQQP-structure. Then

the following formulas ave valid for all A, B, C, D, B, F ¢ C¥ :

(1)

(6)
(7)
(8)
(9)

A .

A

A
Q
A

it

XB';“AXB;

X B~3BxA;

‘XBR3CXD&CXDIEXF=>AXBIEXTF ;

XCIBxC&AXxDABxD, if #x0ACxD;
XBACxD&EXCAFxB=>AXxEF xD, if Pxo=3BxC;
XBAC xDESB X ARD x C ; |

XAI3BXN &CXNA3AxD=>AxCA3BxD;

X033 BxNaesAXASBxB;

XB~CxD=>(A%4CeD3B) ;

(10) (AXARIFXF&AXE R DXDgEXESIDXF)=s AXE=DXF ;

(11) A Be>AxXx B4 x B ;
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(12) PR32 &P 3B=>Px03AX3B;

(13) i\v;n(Ai x By A C, x Di) & E/n(cy X DS.-..%'AOA X Bﬁ.)
= - 1 i 3, 1

=>4, x B %_Cy XDy , if .Y (Bxa c, XDy ) s
’ n 1 n n 1 1

where Ai’ Bi, Ci’ Di EDZ_ (i Sn)', and o, B, y, & are

permutations on {1, 2, ..., n} ;

(14) 1If A%OB@Axn% BxQ , then <0 ,&&, -_{\o>

is a FQP-structure.

Theorem 6 will be useful in several ways. In particular, the
properties of _u willube derived from it.

Before we proceed to the representation theorem,fdr FAQQP-
structures, we must give a brief review éf.tensor products of
ordered vector spaces.

The tensor product of two vector spaces _Z/l and 202 is,

roughly speaking, the set of formal sums

. . - : . . . . ¥
iznai(v:.L@wi) , where O, € Re 3 v, € 2/1 . Z}Le/

for i< n;

this is made into a vector space by considering the following
. 7 Q-
fqrmulas.to bg_vaild fornallr.v,_vl, Vo € L7y s Wy Wiy W, € ?DE .

and & € Re :

(Vl+v2)®w=vl®w+v2®w;
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v ® (wl+w2) =V @ W *V Q@ W,
a(vew = () @v=ryv@ (m
) Zﬂf and’ wz/ are equipped with cones - 61 ,- , 62
respectively, inducing orderings in %/ and 7)’ "ﬁe shall

call the couple < y'/ S ,}/ (‘: > a tensor product of the

ordered vector spaces < 7}/ 5 > and < ﬁ/ & >

iff 5= { = cx(v @w) v, € fl&wie 62 &.,ozie.Re

:L<n

for i< n}.

The tensor product of ordered vector spaces is again an ordered
vector -space; and in: partlcular, if < VJ % >, < ﬁ/ -% >
are the given ordered vector spaces and . < 2/0’ ® 2/9.« >_ §

is their 'ordered' tensor product, then

(1) O-%lv & 0--——'32W%0-'-%V ®@ v ;

(i) v, @ ¥ o= v, Q w2===> (vl Al v2®w 2 l) R
where Vv, Vs Vo € /Zl y W, Wl’ v, € 7}2/

The well-known natural isomorphism between the space of

1y . ' 24, 7% o
bilinear functionals on /Z'l X 4 5 and the space of linear

functionals on /bg; ® '2/;/, @( 2}5, ?ﬂ'e/) = ( 2};® "72’) ’

turns here into an isomorphism between the space of order-preserving

Pbilinear functionals and the space of order-preserving linear

functionals.,
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For finite dimensional ordered vector spaces < /I ’ éfl >,

?,Q/ 3 ’ - il ,./j} ’c 1 , . 3
< V5, Ey>, am (K@ V) =am P - am Py ae
< 19']/_(3 ’2}5 y (‘i > 1is the 'ordered' tensor product.of /l’;_’ _

and /Zf; > then

. C={Z v, W, ': v % L% )j,l f(V.)'g(w.)ZO} ,
i_<_nl.' i _feCl Vgecfa 1<n i i ="
where ti denotes the dual cone in 29’: and 2}1 is the dual

vector space of /29; for i=1, 2.

THEOREM 7 (Representation Theorem) Iet <0, E¥, 2 > bea

structure, where 15 a nonempty finite set; ¥ is the Boolean

algebra gif“ subsets of Q , and = is & binary relation on

{AxB:_Ae%&Be%}.'

Then <Q , £, ® > is a FAQQP-structure if and only

if there exists a finitely additive probability measure P such

that <@ , A s P> s g' probability space, and for all
A, B, C, De E¥, |
AxBRCxD<E>P(a) * P(B) <P(C) * P(D) .
“Proof:
I. Sufficiency
{a) Translatiq_n of the prob_lem from the language of relations

into geometric language.
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We shall first represent the Boolean elements A ¢ 74 by

~ el ~ ~
vectors A = < A(wl), A(a)2), ceey A(wn) >, where Q= {0, @ oo, cnn] s

| @l =n, and Al@) =1, if we A, A(w) = 0 otherwise.
Defining A+ B, o * A In an obvious way, we generate a vector

~

space ?}’(Q):V , Where '{A:A'e% }.SZ"/ and dimy/-_——n.

Defining A3 B<>A=B » We can generste a cone’ é in [l

fl

by using the set {% - R : AR B & A, Be ¢ )} ; +this furnishes y/
with an ordering structure, corresponding in a cne-one way to the
ordering in bZ - | o

The Cartesian product A X B ‘wili be repre-.'sented by the
tensor produét E@% .in | 2}/®72}/ .

Putting. E@ﬁ-..ka ®5<€=%»A X BaC x D., we get an ordering

on % V7. This completes the translation,

(b) Translation of the problem from geometric language into
functional language.

Translating Qf-t and Q6 into geometric 1anguage of tensors
and using_ Corollary S5, we have the necessary and sufficient con-
ditions for the existence of a linear functionai Ve V@p";-aRe

such that
AQBRCED&(A®B) < y(ic@D),
for all A,B,C,De%. .

In view of the isomorphism of the space of positive linear
functionals on 7/y® p’ : ,5'( '&9—@ y/) = ‘ﬁ( WQI, ?)/) P)

we can pick up & bilinear functional o : ’LG";( 7}/———) Re ,
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corresponding to Vv and put
A@BC®D < g4, B) <¢lC, D)
for all A, B, C, De &f .

Now Q, compels @ to be non-negative: ¢(A, B) > ¥(p, C) =0

~ ~

on {A@B: A,Be 7 A } s Q‘l allows us to normalize @

o
S
I
p=4
o>
-

cp(ﬁ, ﬁ) >0 ; and Q, forces ¢ to be symmetric: o(A,

>
The last step remains, but it is an important‘one. It is to
show that ¢ can be split into a preduct .of t\_fo linear functionals:
oA, B) = f(A) - g(8) . It is an eleme.ntary fact from linear
algebra that this can be done if and only if the rani; Qf ¢ is
equal to one, As ’7/”(9) @I Z}(Q) = Z}(ﬂ x Q) ,. this .can be
expressed glso in terms of the matrix of qo . Because of the
symmetry of © , £ must be Iéqual to g . Axiom. Q5’ translated
into geometric language, determines the values of cp(:ﬂ\x, %) on a
system of curves which nowhere intersect each other;, as one can
check from Theorem 6(4,5), and from countably many similar con-
sequences of Q5. Since cp 1s symmetric and linear with respect
to each of the arguments, the curves must form a system of symmetric
hyperbolas (cf. Aczél, Pickert, and Radd [35]1). In fact, since
\he(’ty@pu)*i }’}’*@?}’*, V= 5 :f‘ngi, where

i_<_n

fi’ gi ¢ LY* for i <n. Thus \Lf(ﬁ@%) = fi(ﬁ)‘gi(g) .

Z.
i<n
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n

In view of the above argument, fi a&,j'fj s 8y ;'Bi,J.gj .

where ' B, ., €Re for 1i,j <n; and the normalization

1,3 ° i,

of ¥ dimplies f=fi=f,j; g¥gi¥gj for i,,jf_n'; and

il

thanks to symmetry, we further get f = g as stated above,

Hence we get for all A, B, C, D ¢ ZZ?
A@8R0@desrd) - £(B) <£(®) - 2By .
(c) Translation of fhe_problem from functional language back
to- the language of relations.
We switceh from A ¢ i and f : "—3BRe to Ac gt
and P : & —3Re by translating tensors E@% into Cartesian

products. A X B and putting

P(a) = f£(B) . forall Acll .
£(8)

Then clearly < -,ZTZ , P > is a probability space and

(2.12) is satisfied.

I1. Neée_séity.

It is a roqt_ine' matter ‘to. ,S:how, that the axioms Q, - Qe in
definition 2 are necessary. Q. E. D. |

It should perhaps he pointed out t-hat FAQQP-sfructures
exemplify an important class of fintie quadratic measurement struc-

tures not previously discussed in the literature.
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2.5. FProbabilistically Independent Events

As is welle=known, probabilistically independent events pley
an essential role in the definitions_of information and enﬁropy.
The independence relation between events is defined entirely in
terms of the probaﬁility measure P ; P(AB) = P(a) - P(B) . One
"wonders whether it is possible to give a definition of a corresponding
binary relation ﬂ on - et in terms of the qualitative:probability
relation = on Zﬁt . It is trivial to see that this is not
possible in terms of FQPéstructures, but, as has been pointéd out,
such a relation can be defined in terms of FAQQP-structures by'

putting

A Be>ABxQ~AXB forall A Bc&l . (2.13)

This definition not only is important for qualitative informa-
tion and entropy structurés, but also can be relevant in applied
probability theory, where one dces not care too much gbout the
underlying probability structure <0 , ﬁ%ﬁ, P>, but emphasizes
rather the analytic properties of random variables. Under these
circumstances the independent random variables could be handled
using the basic properties of u s without explicit réfereﬁce

to the probability measuré P that satisfies the condition

.A.ﬂ_ B <= P(AB) = P(4) . P(B) .

In this sectlon we state a theorem about the basic properties

of ﬂ .

70




THEOREM 8

given (2.13) the following formulas are valid when

Ir <0, 2% ,= > is a FAQEP-structure, then

ali.variables

run over %

(1)
(2)
(3)
(%)
(5)
(é)
(7
(®)
(9)
(10)
(11)
(12)
(13)
(14)
(15)
(16)
(17)
(18)

(19)

(20)

LA

ol A,

Al aes(a~avan~p)
Ala=a]B;

AlB&a| Ba(A~pvB~p);
Al BasAcB=>(A~pvB~Q);
A| B& A~B=3AB~AB ;

Al B&B| A,

Al Be>a] B ;

Al BesE | 3 ;

Al B=>8B3B, if A0 &pP3B;
AJ]_B==>(¢—%A&¢—%B-§¢—3AB) s

AlB&3B] c=>(aB | Ceal BO) ;

AlB&Cc| pD=(A=C& B=3D=2AB= (D)

AlBaae=>alBUC, if B| C

AlBsaafjc=>allBnc, if BuUC

n

AlBaAflc=>(BRCce=2AUBRAUC)
Al B&a| c=(4BR ACe>B3C), if
A~C&AB~CB=={(aA] Be>C] B) ;

(AiBi%Aa.BB_)% A, B-B = AB ,

11 n'n :

i<n

isn(Ai-”_Bi &Aaiﬂ_BEi&O-%AiBi) ,

permutations on {1, 2, ..., n} .

L

.
3

s if AJ,'Q
g4

and o, B are




The proof is a routine application of Theorem 6. We shallﬁuse
this theorem throughout Chapter 3, It is rather disappointing
that the qualitative independence relation ﬁ s Which plays a
central role in probability theory, has such complicated propertieé.

Tt was Marczewski [36] who argued that probebilistic independence
has a different nature from the notions of algebraic, logical, and
set-theoretic independence. The fact that this is not precisely
true was demonstrate@ by Maeda [37]. | |

The independence relation | can be extended to any (finite)
family of events (A}, . < (& with more than two elements in

such a way that the following equivalence is preserved:

(4, }_[I_@-% wt, < ) A) T Tewpr .

iel 161

It is sufficient to put

(1) (A, B) | = a | B;

(ii) {A}_H_@#I CI{{A}ﬂ_ AA JJ_/\ Ad .

iel 1eI 1eI iel-T 0 +

It can be shown easily that

(1) {A]_IJ_=§A _”_ A s

iel i,Jjel
ifd

(2) {A}_[L==>{B}_”T V{B—AvBi Ai};

iel
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3 gl e Y gl 1,

iel 1eJ

(&) {A}—”— - 1 I, cTar | 1, [/\A L/\ap .

-1eI 2~ ieI

We shall not need these rather general properties; further

details about JI are therefore omitted.
o iel

Perhaps we should point out that the I-place relation ll
. iel

enables ﬁs @o_treat probébilistic independence in lattice-theoretic
terms., In pérticular, the lattice-~theoretic notion of independence
coincides under certain reasonable conditions with the probabilistic
relation ﬂ « As mentioned before, this is contrary to what

Marczewski [3¢] maintains.

2.6, Qualitative Conditional Probability Structures

The first part of this section is devoted to the study of
some simple algebraic features of the relational structure < £ s 4 > R
where for A, B, C, De O , A/BRC/D is interpreted probabilis-
'tically as follows: event A given event B is not more probable than
event C given event D, As stated in Section 2.1, the conditional
event A/B is defined set-theoretically as an element of the
quotient Boolean algebra ﬂ/ B = w/ V{(B) , where Y/(B)
is the filter generated by the nonempﬁy event B.

We shall be concerned with problem (?3) of Section 1.1, the

basic interplay between the qualitative conditional probability
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structure < , EX s 2 > and the probability space <@, % s P> .

In particular, a representation thedrém is proved,

DEFINITION 3 Atriple <0 , &%, ® > is a finite qualitative

conditional probability structure (FQCP-structure) if and only if

the following axioms are satisfied for all variables running over

€, provided that in the formula A/B =3 C/D the events B and D
{a:8ecl &g/ a/n}:

are elements of %0

T, @ is & nonempty finite set; EE  is the Boolean algebra

of subsets of &, and = is a quaternary relation on o H

T, B2 a/e;

T, H/AB/C;

T. A/B= AB/B ;
T, A/BRAC/Dv /DR 4/B;

i b (a/ /M 4= /\ B =
5 0<k<nAko<1<k k/0<1<[3k1

**"/\A/A—Q, /\B/B

O<:|.<n O<1<n1

for all permutations B on {1, 2, ..., n}; moreover, if in

the antecedent -3 holds for scme k, then -3 holds in

the consequent;

\?i/< n[Ai/Bi-_% ci/Di] %Cn/Dn% An/Bn » U
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Remarks: -
(1) A/B3C/D of course means — C/D= A/B, and

A/B ~ ¢/D means A/B=0C/D & C/DA/B., |

E/B denotes a vectqr ;p the quotignt vector space 1L2g ; Tor
details Of'ffl}égrwe refer the reader to Theorem 10. In f&ct,. :
/B can be identified with the partial characteristic function
of A: [A/B](w) -1, if c‘,-oleAB., [A/Bl{w) =0, if we AB,
and is undefined elsewhere. Thus axiom T6 can be stated purely in
terms of elements of 4 A and the relation =% ., Note that

the set X ~ ﬁ(’) s an ideal.

(ii) As one can see immediately, the crucial axioms are T_ and T.,

5
corresponding to multiplication and addition laws of probability

respectively. If we admit that A/B e /B, then T, is trivially

3

satisfied and =X is a binary relation on the set of conditional

events {A/B: Ac & & B¢ nyo} .

(iii)' We are uéing the same symbols in several different senses

in the present work. In particular, <Q , cr, = > has several
different meanings in different contexts. This leads to typographical.
simﬁlicity. There is, of course, always the possibility of designing

some more ingenious symbolism,

(iv) The definition of an infinite gqualitative conditional probability

structure to be represented by a probability measure on ZQZ would
be apparently quite messy and completely unintuitive. Some topological
properties of = could make the formulation more agreeable. But

_this will be not our concern now.
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Before we turn to some further details about the FQCP-structures,
we should perhaps first exemine the power of Definition 3 by listing

its main consequences.

THEOREM 9 et <@ &Z’ % > be a FQ,CP-structure. Then

the follow:.ng formulas are valid for all varlables running over %

provided that in A/B, B 1is restricted to %’O :

(1) A/B~ A/B ;
(2) A/BR0¢/D & ¢/t E/F—bA/B% E/F

(3) A/B~ ¢/D=>C/D ~ A/B ;

ws

(4) A/B~ C/D & C/D ~ EfF =2 A/B ~ E/F ;
(5)  4A/B= C/D & ¢/D- E/F =»A/B3 E/F
(6) | A/B C/D & é/Dea E/F =—-=>A/B% B/F ;
(1)  A/B= O/D & C/D 3 B/F =>A/B= E/F ;

e

(8) ~ 1is an equivalence relation;

(9) A/BC/Dv ¢/D-3 A/Bv A/B~ C/D and each of the formulas

excludes the other two;
(10) a/c3B/Ce=>AUD/CIBUD/C, if A B| D;
(11) A/C~B/Ce>AUD/C~BUD/C, if A, B| D;
(12) AcB=>a/C4 B/C ;
(13) AB/B=R A/B ;
(k) - A/B ~ AB/B ;

(15) l/c 2B /D & AE/C < BE/D =4 U A2/C 2B U 132/13 , if

.Bl_]_B H
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(16)

(17)
(18)
(19)

(20)
(21)

(22)
~(23)
(24)
(25)
(26)
(27)

(28)

AU A, /¢ 3 Bl‘UBE/D@'[Al/CdBl/D VAE/C%B'Q/C] 5.

i A A

BB~ pfa ;

wE~pla, i£ A B;

(1) A/B 4 C/D < AB/B 2 CD/D ;
(i1) A/B ~ C/D<=>AB/B ~ CD/D ;
(i11) A/B R ¢/D<=>AB/B < CD/D ;

= ' ;
A /B, Cy 32/3202 & B,/C; 3 B,/C s A B /C) 2 AB/C, ;
Al/BlCla’a 132/(:2 & Bl/Cl.-.& A2/13202=>A1131/cl=i A2132/02 ;
A.L/BlCl-fs'-Ae/Bace & 153l/cl - B2/02=-A1B1/Cl~1- A232/02 ;
A/BC 4 B/C, & B /0 4 A/BC =>AB/C SABJC, ;
A{/B,C; < A/BC, & B,/C; = B,/ C, =>A,B /C; AB,/Cy
Al/BICl—-’\ 32/02 & Bl/ClA A2/B202 ———->AlBl/cl-% 191232/02 ;
Al/glcl ~ A2/8202 & Bl/cl ~ 132/02=-L-»Al]3l/cl ~ A2B2/02 ;
A/B,C) ~ 132/(32 & B,/C; ~ A2/B202=>A1Bl/01 ~ AB/C, ;

O;vk/<n[ﬂk/ /\ Ai%BB/ /\B-]=‘>

0<i<k k0 <i<p,’

X
By //\ B, R A/ /\ A, , if

n0<i<B 0<i<n’

/N a /8~ /\ B /B, andifinthe

0<i<n 0<i<n

antecedent -% holds for some k , then in the consequent

— s —

— also holds;

o




For notational convenience we introduce three vectors of relations

T, A, =, defined as follows: I’=<4_,~,% ,'% , S >,
A=<'-%’~-"%,—-%,‘%>’ =<%’~,-%’-%’-%>.,

with coordinates I‘i s AL, Ei s for 1i=1, 2, ..., 5 respectively.

I1]

1

In the following six clauses we assume Aj < B,j c Cj for j=1, 2;

then for all 1 =1, 2, ..., 5,

LTl

(29)  A)/B| T, Ay/B, & B)/C) Ay By/Cp=a£)/C) =, A)/C,
(30) A1/Bl ry 132/02 8-°_ Bl/Cl Ay AE/BE-)-Al/cl EN Az/.ce_
(31)  A)/C Ty A)/Cp & By/Cy Ay By/Co =>4 /B) =5 A/B, 5
(32)  &,/C Ty A,/Cy & BY/C, Ay A/B) = B,/C) =; A/B,
(33)  A/C Ty A/C, & AYB, Ay B/C)=>4/B) =; B/C,

(34)  A)/C; Ty A/Cy & Ay/By Ay A/B=>B/C) =, B/C,

L L]

e

-

In the following we assume A C Bl 5

may denote any one of the following relations: < s - y ™~

cC&AcB, cC; furthermore,

Then, :
(35) 4/B) : A/B,«>B,/C: B,/C;
(36) /B, : B/C<e>4/B, : B,/C;

(37)  B)/C: A/Bj+=> 32/0 : A/B)

‘e

(38) AC/BD : AB/CD<4=(C/D :.B/D :
(39) AC/BD : C/D<=>AB/CD : B/D

(40} B/D : AB/CD<=(C/D : AC/ED ;
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(41)
(42)
(43)
(4k)
(45)
(46)
(¥7)
(48)

(49)

(50)
(51)
(52)

(54)

(55)

A/A~ B/B ;

p/a 3 B/B ;

o/a~9/a ;

QfA~ /B ;

A/B R ¢/Dea>C/DRE/B ;
A/B4 /o o
AB/0 R A/B ;

AB/C R A/EC ;

: is to be read as any one of | , = , ~ « Then,

AB/Q : AB/A<=SA/B: A/B; |

A/BC : D/E & A/BC : D/E = A/B : D/E ;

"A/B : c/le & A/B.: C/TE =2A/B : ¢/D;
: A/B : A/BC <> A/EC : A/B ;
(53) -

Y< n{Ai/Bil_% Ci/Di] =$'Cn/Dn = An/Bn » U

/D, ;

A/B, = i

5 = L
i<mn i<nmn

_[A1[A4A2/A% veo 2 An/A&:Bl/B%BQ/Ba cen R Bn/B]ab

Il n

=>a/aB /B, if A=/4 & B=_U B, & A | &,

i=1 ' j=1 T
BiJ.Bj for iiéj"lfi:'js.ni.
If A $*Be>AQR B0, then <0 ,Lf, =X> isa

FQP-structure;
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(56)

(1)
(2)

(3)
(4)
(5)

(6)

(1)

(9)
(10)

0 <1 < nlhy/Ay = By/Bp 4] =5 / By ™ BBy for
all permutations B on {1, 2, ..., n} , wvhere A, C A,
B, B, (1=0,1, euo, n), and AO/An+l ~ BO/Bn+l 5
and if in the antecedent =3 holds for some k » 80 does
it in the consequent.
Proof:

Substitute in Th-‘ and use the definition of ~ ,

Since ?A/B + E/D + ﬁ/F = 8/13 + i,EE/F + _K/B , and (by assumption)
A/B S c/D' & ¢/D =R E/F , Te giveé us A/B RE/F ,

Use the definition of ~ .,

Use (2) twice. _

Obviously by (2) we have A/B=2.E/F ., If A/B~ E/F were the
case for some A, B, E, and F, then E/F 2 A/B would be true,
and hence by (_2) E/F = C/ D also, contrary to the assumption.
Clearly A/BRE/F . If A/B~ E/F were true for some

A, B, E, and F, then also E/F % A/B; Thus by (5) ve get

E/F 3 /D, contrary to assumption.

“The assumption implies A/B = ¢/D & ¢/D < E/F ; we can therefore

use (6).

Check (1), (3), and (4).

Use T) and the definitions of < and ~ .
Since A/C + B/C + D/c = B/c + A/c + D/C and 4, B| D,
we have A/C + (BUD)A/C .—-\ﬁ/.c + (AU D)A/C; 50, using Tgs

we get the equivalence.
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(11) Use (10) twice. "
(12) AC B implies B =AU BA and also B/C + f/C = &/c + (&) /¢ .
Since f/C S BA/C by T,, msing T, we get A/C = B/C.
(13) Since ABc A, we can use (12).
(14) Use (13) and T5. ‘
(15) 1r B | B,, B/c + A/e+ R /c+ (B UB)/D =
= B/D+ B,/D + (A, UA)/C+ (a8,) /¢ 5 by T,
B/c "-‘-’*-AIAQ/C , ‘and so, using the assumptions, we get the
conclugion via T6'

(16) (i) Suppose A, U Ae/c 3B U BE/D and not Al/C 3 B;L/D .

Then by T, Bl/D -3 Al/C . Since |

ﬁ/c, + _(Al_,u AQ)A/C + ﬁl/D + §2/D = ﬁl/c +ﬁ2/0 + (Bl U BQ)A/D +
+ fBlBa)A/D » Ty gives AQ/C'-% B,/D .

(ii) Suppose A, U A2/C = B, U_BE/D and _@3 A/C3B,/D .
Then by Tl|. we have BQ/ D 4 A2/ C . As before, the assumptions

and T, give Al/C =2 Bl/D .

(17) #/B=R B/2 by T . But also p/a 3 /B .

(18) 4A/B ~ AB/B by (14). Since A | B, we have A/B~ f/B.
Finally, using (17) and (4) we have A/B~ g/0 .

(29) (i) A/B 4 C/D -»AB/B 2 A/B=R2¢/DL CD/D (Use (13), Ty

and (2)}). But also AB/B= CD/D == A/B = AB/B =2CD/D= ¢/D .

(ii) Use case (i) twice.

(iii) Contrapositive of (i).
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{20} Special case of T put n =2 and take B to be the iden-

5:

“tical permutation on {1, 2} .

(21) Special_case_of-TS:

permutation on {1, 2} .

put n=2 and take . B .to be the reversed

(22) - (27) Special cases of T5

(28) Use T and prove by contradiction. |

(29) - (34) Special cases of (22) - (27).

(35) - (40) Proofs are analogous to those of (29) - (3h). :

(1) From (39) we get CD/CDAD/D and fram (40) D/D=CD/CD .
Hence putting D = we have /0 ~ ¢/C for any C .-

(42) f/a~ p/o= a/a ~ B/B, .hence /A3 B/B .

(43) /A~ p/a~afa .

(44) /A~ a/a~3B/B~a/B.,

(45) Since -‘E/B'+ ﬁ/ﬁ + ﬁ/D = E/D + ﬁ/b#ﬁ/ﬁ s e use Tge

(46) g/a <X A/B«>A/B1 /0 .

(47) Ac/a 3 a/c<>c/a< /o by (38). |

(48) From (38) we get AC/D < A/CD'Q c/p=R /D , and
Q/D ~ 0/0 . Hende (46) gives us the result.

(49) - (51) Use (35) - (40). |

(52) &/B= A/BC&> 0/D =R C/AB «=>C/AB = C/Be=A/BC R A/B .

(53) 1If. An/Bn% Cn/Dn » let'us put E, = A F, =B

i1 ? i+l ’

G, = ¢ Hy =Dy, for 1<i<n-l and E_=A ,

i i+l ? i i+l

Fn Bl ’_,Gn = Cl P) .Hn = Dl-' Then from the_assumpti?n

4 2 |
we. get [Ei/Fi Gi/Hi] » and hence by T,

i<n

Gn/Hn=$ En/Fn , which is impossible.
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(54) Assume B /B .;Al/A - Then B,/B 3 Bn/B.% Al_/A..%Ai/A_
=$B,/B34,/A forall i=1,2, ...,n. BSince
Bi/B— + eae Bn/B'+ A/A = Al/A . An/A + B/B, and
B/BA/A, by '(53) we have B/B- A/A which is impossible.

12 TE’ Th’ and T6 reduce to Scott's axioms fgr FQPj

(55) Axioms T
: structureé, if we put @ for B in all terms of the form A/B .
(56) Trivial éonsequence of (28). Q. E. D.
' Notice that Theorem_9 is also_a congequence of Définition 2
and Theorerﬁ 6, if we put A/B= C/D equivalent to AB X D= CD X B .
On the othér hand, if we let AJl B mean A/B~ A0, then
Theorem 8 béédméé'ércénéequénce of Definition 3 and Thebrem'9;
This interplay goes further. We can put A C, B <> a2 R A/B
and A‘c_"j_%éA/B‘% A/9 , and also A/c Il B/C <> a/C ~ A/BC ;
thence wé can derive the:basié'prOperties of these notions in
qualitative terms. Again, we can put A2 Be&>A/N =2 B/ ,
AR B/Ce>A/2= B/C and A/B< Ce>A/B<C/Q , and handle
the qualitative (ébsolute) prdbabilitynrélation as a special case

of qﬁalitative'conditional probability relation.

let <9 ,#%, P> be a finite probability space and let #°

be a partition of © . Then the function P(A/P) = deﬁ '"P(A/B)
Be

is called the global conditional probability measure of the event A,

given the experiment (partition) ¢’ ., Note that the value of this

measure is a function and not a real number, and that the following are true:
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(1) 0<PHP)<L1, _‘ |

(11)  PAUB/P) = P(4/P) + (/@) , it Al B,

(111)  P(a/ P) if Aecf ,. R

(iv) P&/ P)
A, Bell , ema f" is a partition of .

]

]
2> b
-

P(a) , if V [Bef? == B ﬂ_ Al , where

M

One might wonder 1if there is such an entity as a 5loballx

conditionalized .event: A/{Q . Such 'events' would be part:.cularly

.iriteresting because #e know that iteratlon of condltlonaliza‘tlons
by events (... (AO/I-L_L) / A ) / ...) / A does not lead to anything

newv, since th:Ls is eq_ual to A / /\ A . But we might hope ”to
‘ N ) . i=1 - o o

get some new entities by changing the conditionalizing entities. 7
We know that the Boolean closure %[g’) ] of [‘) is.a Boolean B
subalgebra of % H and vice versa, any Boolean subalgebra A?'
of % ‘defines exact_ly one part.ltlo_n ﬂ cof Q, ﬂ 'be:Lng
Just the set of atoms of Og’ . (Remenber that we are working
now with finite ‘Boolean _elge‘bras.)_ Therefore it seems ,reasopab;}.:e.
to consider: A/[J ~as an element of the quotient Boolean algebra
m/ %[@ ] , vhere analogously to the case of A/B (where we
relativized the set of possi?i)le, outcomes to_ B), we now re],ati_vize
the set of. possible events to the Boolean aige‘ora 4 {ﬁ ] . The
symbol A/ﬂ . then becomes a legitimate setmtheoretic entity, with

a clear pro'b__abilistic meaning:

A/f® = the set of events indistinguisﬁa‘ble from the event 4,
o "'gi'ven the events in the aglebra ELLP] , generated
by the experiment J') . |

We snall come back to this problem in Section 3 5.
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The notion of a globally conditionalized event plays an important
role in advanced probability theory, and it may be of some methodological
interest to study a gqualitative probability relé'tion on thése entitiés.
But beyond stating the. problem, we shall not dig deeper into the

matter here.

We now turn to the representation theorem for FQCP-structures.

THEOREM 10  Let <@ , £&, | > be a finite structure, where

0 is a nonempty finite set; Ex is the Boolean algebra of subsets

of 9, g_ﬁx;_c,"_i < is g quaternary relation on A Let

CE = (a: g/a3 am) .

0

Then <0 , &, | > 1is a FQCP-structure if and only if there

exists a finitely additive conditional probability measure on %

such that <0 , £%, £# , P> is & conditional probsbility

space, and for all A, C ¢ ce and B, D¢ %’O:
A/BS ¢/De>P(4/B) < P(¢/D) .

Proof:
1. The existence of a conditional probability measure on % .
Suppose that < , £F, 2 > is a FQCP-structure. Let us
défine m reai n-dimensional vector spaces 7)]3/ (m = l %Ol 3
n=}a|, Be %O ) as follows: The basis of Ug is the

1t

set (<{{w}) , B>) where as uswual, the hat denotes

weh?
the characteristic function of the given set, written in the form

of an n-dimensional vector:
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A= < A(wl), Alm,), ees Alw ) >
- . : n
whgr_e Q= {wi}i=_l . .In particular,

<{(AUB)", C> = <A, C>+<3B,C> for A| B, and

A

a<i, ¢> = <o, ¢> for A, Bl ama Ce £F .

In fact, in the ordered couple < A, C> , € is just an index
Prom %’0 . Weput A/C for <A, C>, in order to simplify
the notation.

IF we take the (external) direct sum 2‘}/= _ @ ?/G’A/
Ac %O

o_f all indexed vector spaces yA/ for A e ZEE) s then the vectors
in Var_e .m=tuples

< vy/hys _v?/A_27 Tt ?m/ & >, where (A, = %o

and v, € /WQ) , for i=1,2, ..., m. The operations in /// :

satisfy:
(i) < /A IVE/AE, coes vm/Am >+ < wl/Al, WZ/AE, ceey W A > =
= < vy + wl/_Al, vy + WE/AE’ ceey V. F WH/Am >

(11) @ <vy/hy, /by eeey v /A > = <av /A, av /A G eees av /A > ;

where V., W, € VV(Q) for i=1,2, ..., m, and a € Re .
Obviously 7/0A/ = Zt/dA/ , if %)AV is the subspace of vectors
i i i o

of of the form
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< O/Al: O/Aéx cons O/Ai_]_: V/Ais O/Ai+l: seey O/Am>- ’»
where Vv € zﬁjh) , i=1,2, vee, m .
We can in g oné-bﬁe way assoclate with the entity A/B a vectof..

< Q/Al,:..., ﬁ/B;....; O/Am.> from ’ZU%;, and put

A/BR C/DES<O/A, «uvy BB, ..., O/A >R< O/A); wees C/Dy weny O/A >,

go that the problem is finally-formulated in the geometric language
of vector spaces. Tn particular, the set of conditional entities
{(A/B: Aec &L & B¢ Z9fb] is 'translated' into a nonempty finite
set of vectors”frqm 1%ﬂ/awith rational coordinates‘with respect |

to the basis
(< O/Ay, vouy Of8; 1, ({0})/Ay, O/A, 1, «ers O/A > : @ e &i=1,2,..., m}.

Having done this, we are ready to use Corollery 5. In fact,
translating Th and T6 into vector language, we get the necessary
and sufficient conditions for the existence of a linear functional

/A Z%—-}Re . sﬁch that
A/BR /D «sv(/B) < ¥(¢/D)

is satisfied for all A, Ce £& , B, De LF,

Ty 3 here we put

A/B for <O/A, veey B, oo, o/Am_> and C/D for
< O/Ai, , C/D, wee, 0/ > . T, implies ¥(3/B) > w(B/C) = 0

1
¥ can be normaslized by defining

cp(E/B)- = M

¥(8/2)

and T. forces V¥ +to be strictly positive for ﬁ/ﬂ . In particular,
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Theorem 9(14) gives us ©(4/B) = ¢((4B)"/B) . Suppose AC B and
CcD; then putting A@D3C@Besr B/BRG/D, we can translate

the countably many consequences of T_ into consequences of Q5

5
(Definition 2 in Section 2.4). Then, as in the case of the repre-
sentation of FAQQP-structures, we apply the theory of nets (Y. Aczél,
G. Pickert, and F. Radd [35]). = In particular, A/A~ B/B is

translated into A@B~ B@A ; if A/ cB cC for i=1, 2,
then A/B, < A2/132 & B,/C; < BQ/CQ%A:L/C:L% A-2/02 is translated
into A} X B, A, x B, & B, X C,=RB, X Cy=> A X C,=R A, xC .
Hence, as for FAQ,QP—strﬁctures , there must exist a linear functional
gl /))/(Q) —3Re (see the construction in the proof of Theorem T

in Section 2.4) such that
o(4/B) < o(C/D) «=>£(R) » £(B) < £(8) * £(B)

for ell A, Ce&4 , B, De ¢F, such that AcB, CcD.

Hence for some 1 : [0, 1] — [0, 1], n(cp(ﬁ/B) = =x- , 1if.

Ac B, By the additivity of ¢ on /Af}/and of £ on %) we
find n to be a constant mapping; and after normalization of f
it becomes even the identity mapping. Thus, for AcBc C we |
have o(3/0) = o(¥/B) « o(F/c) .

We can now collegt the results of our proof in the following
conditioﬁsi | |
(1)  0<o(A/B)<1;

(11)  o@/0) =1,
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(111)  o((a UB)Y/C) = oB/C) + o(8/C) , if A] B;
(1)  o(3/B) = ¢((4B)"/B) 5 | |
(v)  o(d/c) = o(i/B) - 9(3/C) , if AcBcC.

f

It is éasy to show thaf.(iy) & (v) imply
9((4B)"/¢) = o(A/EC) * o(3/C) .

Finally, if we put P(4/B) = o(A/B) for A e &%, Be %’0 ’

we get the desired conditional probability measure for which

4/B< ¢/D<> P(4/B) < P(C/D) forall A, Cell, B, Delf,. (2.14)

II. DNecessity.

It is a routine matter to_chgck that the conditions TO - T6
are also necessary for the existence of a conditional probability
measure P m15£ . Q. E. D, | |

‘One of the basic.questions of Representation Theory 1s the
proﬁlem of the unigueness of the repfesenting function, Thét is
to say, we would like to know the_strugture of the class of measures P
éatisfying the representation conaition (2,14},

Unfortunately in no structure here studied is the answer very
simple. For example, in the case of the finite qualitative probability
structures (FQP-structures), we can think of several apparently
unrelated measures that represent the ordering = . Given one
measure, we can construct ancther by, roughly speaking, moving
~its values a little bit, keeping the additivity law valid, and

at the same time not violating the validity of the inequality.
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This constructiop can be made in uncountably ﬁany ways_showing no.
particular structure. Similar problemérwill appear with qqalitat?ve
information and entropy structures.

Tt is known that in atomless Boolean algebras the representing
measure is unique. On the other haﬁd,'atqmless Boolean algébras
are not the most importent ones.

lThe problem of uniqueness in general nonlinear mesasurement
structures éertﬁinly‘deéefvesﬁsomé further study.

Another problem is o ind those conditions that must be
imposed on the structure < , 3%?, =< s ﬂ_> in order to find
a2 probability measvre P on EZ  such that
(i) A< B<>P(A) <P(B) ;

(ii) = A || B<>P(4B) = P(A) * P(B) , where A, B et ,

) Yet”another ciasé éf questions arises, when we want td represent
the various possible combinations of the 'relations' A4 B, A.HIB,
A/B 2 C/D, A/C ﬂ B/C,. A“G+ B/C, .A/C.C_ B/C, etc., by an adequate
probability meésﬁre. | o | - . o

These problems are outside of the scépe of this work.

- 2.T. . Additively Semiordered Qualitative Conditional Probability

. Structures
In this section the solution of problem (Ph) will be discussed.
In particular, the basic properties of the guaternary relation %’
will be presented. The intended interpretation of the formula

A/B >*C/D will be:. event A given event B is definitely more probable
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than event C given event D. IFf we put A/B> C/D <=
&3 [A/B. >C/Dv - C/D >4/B] , then an equivalent structure
is obtained.

Since (Ph) is a generalization of (P3) and (Pa), cne may expect
that the properties of > will resemble saimewhat the properties
&f 2  in problem (P3) and of ~ in problem (PE).' In addition,
the proof of the representation theorem will be a combination of
proof techniques used for representation theorems of semiordered
and caditional probability structures.

The relation >- s called the semiordered qualitative conditional

probability relation is at least a semiorder. The additional -

properties are dictated by the probabilistic interpretation.
Perhaps we should point out that some of the notions discussed

in Section 2.6 have their 'semiorder! countefparts.. For instance,

AC% Bea/B>8/0 , ACS Ben0>A/B (AcPf amd Be Uf)

are the semiordered relevance relations.

We shall not try to speculate about the use of these notions.
Maybe they will have same importance in a rather éeneral gqualitative -
theory of causality.

Muach recent work in inductive logic and methodology of science

has been concerned with rules of acceptance or rejection (of scientific

theories). The simplest rule studied allows a hypothesis or theory,
represented by the event A, to be accepted iff P(A) > 1 - €.

(0 < € <1/2), or in the conditional version, P(A/B) > 1-€. .
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In terms of FASQP-structures or semiordered qualitative conditional

probability structiures this rule-gets & more polished and symmetric -

form:

(i) ‘A is acceptedep A= Q ;
A is rejected<¢=> A~ ;

(ii) .. A  is accepted-given. B&=A/B ~ /0
A is rejected given B<&=>A/B =~ p/o .

Since = is not transitive, one cannot hope to desecribe too
much with i, The set of all accepted events does not form even
a filter (it is true that A~Q & AcB=>3B=0 , but
A= &Ba~Q=p»AB=0 1is falge) which is an obvious algebraic
requirement of a deductive system! The only possible way to remove
this weakness while retaining the rule, is to think of b4 as a
kind of lattice rather than a Boolean algebra; in thils lattice
~ Wwill still have the probsbilistle interpretation, but the rep-
resentation theorem for this new structure may fail., After all,
the acceptance and rejeétion predicates are .supposed to be meant
for (empirical) theories; and the set of these forms at best a
Brouwerian algebra. Moreover, we hardly would want to consider
numerical probabilities for evaluating the degree of acceptance,
since we defined_the=notions of acceptance and rejection in terms
of inequalities, -Thus, considering 2%? as a lattice and =~ agsg a
probabilistic indifference relation, we may conceivably get a

deductive system of accepted.thecries. -But we shall not deal
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further with this rather delicate philosophical problem, TIn' generzl,
threshold-type statements are always rather weak from the point of
view of thelr content.

We turn now to the definition of FASQGP-structuz_-es.

DEFINITION k4 A triple <0 , &%, - > is a finitely additive

semiordered qualitative conditional probabiiity structure {FASQCP-

structure) iff the following axioms are satisfied when all varigbles

run over EE ; provided that, in the formula A/B »C/D ,  the

tr——

events B and D are elements of f/ﬁ’o ={Ae ¥ : qp/a~am):

RO 2 is = nonempty finite set; £ 4 is the Boolean algebra of
*

subsets of @ , and > is a quaternary relation on t%
.Rl Q/ Q >' p/ a;
R, - A/B 4B ;

R, A/B~ AB/B ;

R, C/D >B/E=>C/D>A/E, if ACB;

R o:z:nw AN S NN AT R N

0<i<k kO<1<B

= /\ A /A - /\ B.,/B, for all permutations P
" 0<i<n 0<i<n - - T

O<i<

for k=1, 2, «ve, n-1;

93




R, V. _[a/B, >0/D, & E/E - 0/E] =

=>[A /B > C /D =+E /F >G/H] if

sz [A/B, +8./H,]= =& [C/D, +B./F.];
i<n 7 ¥ i. i<n i i'i
Remarks:

(i)~ A/B~ C/D is of course equivalent to

‘V’E 7l&/B ~ E/[F&> C/D ~ E/F] , wvhere A/B=~ C/D
2

means .—;A/B >C/D & - C/D >A/B ; several other notions

can bé introdﬁced as in the caée of FASQP-structures.
(ii) The assumption = Bk+l/ /\ B; > /\ B, / B, (2..Z_L.5)
0<i<k 0<1<k ,

for k=1, 2, +v., n-1 1in axiom R_ is a little bit strong,

5
since & + P(Bi/ci) E:P(Ei/BiCi) is enough, too. Because

there is no way of representing a formula & + P(a/B) = P(¢/D)

in terms of -~ s We have to leave out the case of equality.

(iii) Axioms R, = R are just the combinations of axioms for

FASQP—struqtures,and FQCP-structures. Certain axioms are given

also by Suppes [16]. As expected, axiom R6 is the qualitative

version of the'addition law, whereas R_ provides the multiplication

5
law. Naturally, all important properties of the relation -

are hidden in these two axioms.
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THEOREM 11  let <@ , &£, > > be a FASQCP-structure. Then

the following formulas are w_ralid for all variables running over 7 A 3

provided that in A/B, B is restricted E?. 48

(1)
(2)
(3)
(%)
(5)
(6)
(7)
(8)
(9)

o
A/B, = 0C)/D & A /B ¥ C /D = [A/B >c /D, v A/B, Cl/Di] ;
Al/Bl} c/n & c/'D - E/F = [A)/B, & AE/BE v A,/B, & EfF] ;

A/_B &o/D & E/B }—33/13 =>AUE/BrcUGD, if A] E;

AU E/B&CUG/D ==[4/B EC/D B/B&G/D], if ¢ G,

A/B &C/D&>T/D=1A/B ; |
ACB=>—4/C>~B/C;

A/B > ¢/D &-C/ID > B/F = A/B >-"E/F' ;

~ A/B:~ B/C => A/B > p/C ;

V'i < n{Ai/Bi > Ci/Di] = Cn/Dn - An/Bn » if

A/B - C/Dé=> n/n = C/ID. , if BcCA;

AA>p/B ;

¢/D & A/B =3 C/D = /F ;
Y N YL,

- /B0, B0, 5
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(1&)” ._'Al/Blc:l > B,/C, & B)/C; > A /B C => AB,/C) > ABJ/C, ,
if - A/BC, >B/C, ; _‘
(15) A/B>C/D=>AUE/B>CUF/D, if FcE&LE] 4;
The proof goes along the same lines as the proof of Theorems b
and 9 sbove.
Note that all 'addition laws' go through smoothly (remember
that < €, > > 1is a finitely additive semiordered structure),

whereas the 'multiplication laws' sometimes fail. TFor instance,

there is no simple counterpart of the theorem
~ : = =4
A,)/Cy ~ A, /C,=> [A)/B, Az/_Bz%Be/.Cz B/¢1
if A B, cC (i=1,2), which is valid for qualitative

conditional probability structures., If A X B >C X D denctes
the semiorder version of the quadratic qualitative probability

relation, then, as one can check easily, the transformation
Al/Bl S Ae/BBMAl X Bl>- A, x B, for A, C Bi (1 =1, 2)
is valid, but not conversely! Therefore we cannot hope to give a
representation theorem in a complete form.. The  inequality .
P(4/B) > P(C/D) +;£', (Q < & ‘S_l) behaves with respect to
multiblication quite irregularly. for example, the standard

cancellation law; AXBA(CxXD&LCXERF xB=p AxEL FxD

is valid only under very special conditions.




. More'speci'fieaﬂy, we are able to show the following theorem:
THEOREM 12 (Representatlon theorem) Iet <Q % >' > be a

f:n.n:.te structure s where Q is a nonempty finite set; ke is the

Boolean algebra of subsets of Q and - is a q_uaternary relatlon

on & let &4, = (a: ﬁpﬁ/n~A/n}

Then < Q 1%’ }- > is a FASQCP-structure if and only if there

ex1sts a flnltely addltlve probabillty megsure P on % and a

real number ¢ such 'bhat all varlables 1‘11__1:1 over ZZ a;r_@ T‘EE

event B in A/B is restricted to &?O s the following conditions

are satisfied:

(1) a&/B~c/D  P(4/B) > P(c/D) + € and 0< £ <1;
(2) p/e) =
(3) 0<P(4/B) <1

(&) P(AU B/0) = P(4/0) + (3/0) , if Al B
(5) P(AB/B) = P(4/B) ; )

IA e

(6) _0X< Ry A) > 23,/ /\ B)+E ]

0<i<k KO<1<B

=2 /) Ay /A )> P( /N Bﬁi/3°)+£

" 0<i<n 0 0<€1i<n
:f‘or all permutatlons B on {1, 2, ..., n}, E’
I /\ B) < 2 N B, / By) + €

0<i<k

for all k=1, 2, ..., n-1 ..

97




_The proof is a cdﬁbination of the proofs of Theorems 5 and 10.

From a measurement-theoretic viewpoint FASQCP-structures H
are quife complicated.' We can éay néthing about the ﬁniéueness‘
of the.representing méasure, except ﬁh@t some perio&ic.tranéformétions
(with perid& S ) should lead.to new méasurés, éaﬁisfying conditions
(1) - (6) in Theorem 12. | R

'.In closing this chaptér,'we can §laim that thé.methodology
described in Section'l.h.ﬁas tﬁrﬁed'dut to be ﬁery.uéeful iﬁ proving
all the baéic measuremehf-théoretic theorems about probabilistic
relaﬁional étfucfﬁres. Tn the next ﬁﬁo chapters we shali'present

some further applications of this method.

3., APPLICATIONS TO INFORMATION AND ENTROPY STRUCTURES

3.1. Recent Developments in Axiomatic Information Theory

Information theory deals with the mathematical properties of
commnication models, which are usually_defined in terms,of.concepts
like chaﬁnel,-source, information, entropy, capaciﬁy, code, and
which satisfy certain conditions and axioms.

Our knowledge in this fiéld has‘expanded prodigiously since

'€, E, Shannon gave in 1948 the first sufficiently general definition
of Information and entropy. An indication of this expénsion can
be gained from the survey and extensive bibliography in R. S. Varma
and P. Nath {38]. In particular, the last ten years have secen a
considerable interest in the abstract axiomatic treatment of the

concepts of information and entropy.
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Shannon's original axioms for the entropy measure have been
replaced several times subsequently by weaker conditions. (see -
Fadeev [39], Khinchin [40], Tveberg [41], Kendall [42], and others).
The weakest set of axioms known seems to be that given by Iee [43].

Renyi [#:], on the other hand, has extended the notion of
éntrqpy by using the concept of a generalized probability distribution.

The above characterizations of entropy all.involve essentially
probabilistic notions.

Ingarden and Urbanik [45, 46, 47], and de Feriet and Forte (481,
have given axiomatic definitions of entropy and information measures
without using probability measures, Similarly Kolmogorov [49, 50]
has shown that the basic information-theoretic concepts can be
formulated without recorse to probability theory; |

Ingérden and Urbanik need to assume for their definition of
entropy a sufficiently large pseudometric space of finite Boolean
rings, in order to be able to state the continuity of the entropy
measure. On the other hand, Kolmogorov uses the concepts of recursive
function and random sequence., Still another approach is known in
coding theory.

Quite recently, several information-theorists have tried to
construct. the information-~thecoretic notions by using techniques
from statistical decision theory. TFor example, Belis and Guiasu
[51] propose a notion of a 'qualitative-quantitative information
measure,' defined in terms of utility. The idea is simply the

following: Given a probability space <@ , 2%5, P>, they
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introduce, besides the probability measure P on the algebra of
events Y7 , a utility function U, which assigns to each

' . 7 . =
element of a partition-nft~ of { a non-negative real number:

the entropy medsure H of the partition fa.is then given by

H(P) = - = U(a) » P(a) * log P(8) .
Ae '
Weiss [52] gives an axiomatic system for subjective.information :
which is almost identical with the theories of probability and
utility of Savage [6] and Pratt, Reiffa and Schlaifer [53].
In a related field, that of semantic information theory (in
the sense of Bar-Hillel and Carnap [54]), there have also been.
advances (see especially Hintikka [55, 56]1). |
As-cén.be seen even from this cursory review of recent develop-
ments, there is available an immense wealth of axiomatic material
dealing with purely logical and foundational aspects of information
theory. The aboveementioned foundational attempts are all directed
in the main towards axiomatizing the basic information-theoretic

notions in the form of functional equations. In this paper another

approach is proposed. We shall advocate, instead of. the analytic

approach, an algebraic approach in terms of relational structures.

The latter approach is more relevant to measurement or, generally,

epistemic aspects of information, unlike the former which tackles

the a priori, or ontological aspects of information-theoretic

problems.,
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In fact, the main purpose of this”chapter is to give axiomatic

definitions of the concepts of gualitative information and gualitative

entropy structure, and to study some of their ba51c proPerties.

The chapter culminates in proving certain fepresentation theorems
which elucidate the relations these notions bear to the standard

concepts of information and entropy.

3.2. Motivations for Basic Notions gg_Information Theqry

The standard notion.of information 1s introduéed usually in
order to answer the following somewhat abstract question: How much
information do we get about a point w e & from the news that
belongs to a subset A of O , that is we A and ACQ ?
It is rather natural to assume that the answer should depend on,'
and onlyrbn, the size of A, that is to say, on P(A), where P
is a standard probability measure on the Boolean algebra Z4 of
subsets of' . - In other words, the answer should be given in
terms of a real-valued function I , defined on the unit interval
[0, 1] . ~Hence, the amount of information conveyed by the statement
we A will be IcP(4) , Jor in a simpler notation, 'I?(A) . It
is also natural to require I +to be non-negative and continubﬂs"
on [0, 1] . Now, if we are given two independent experiments
which are described by stﬁtéméntsn-w €A and weB (A, B eﬁz;
w e Q), then it is reasonable to expect that the amount of information
of the experiment described by ®w ¢ A& we B , that is w e AN B,
will be the sum of the amounts of infofmainn.df the.expefiments

taken separately.
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‘Given a probability space dﬂ\ =<Q ,8,P>, let All'B
mean that the experiments with outcames w e A and w e B. are
probabilistically independent (4, Be gt } ;3 then we can collect . .

our previous ideas in the following assumptions:
(1) The diagram

24 P [0, #]

is commutative, that is, I<P = IP', and I is continuous;

(i1) Aj]_Bmg-IP(AnB)=IP(A)+1P(:B)',"11* A Bett .

It is a very well-known fact that the only real function IP
which satisfies the conditions (3.1) is Ip(4) = - a « log P(4) ,
vhere ¢ is -an arbitrary positive real constant., It is a.matter
of convention to choose a unit for measurement of the amount of
information which makes « =1,

Let us now assume that we are given several experiments in
the form of a system of mutually exclusive and collectively ex-

haustive events, JO =_{Ai]2=l » Where

n o | “
\J/ A, =0, and A, NA, =& for 143 and i, j<m ' .
i=li 1_ . R - . - X -

* . .
3 ~)Variables i,"J, k, 1 will always run over the set of
positive natural mumbers (1, 2, 3, ... } .

102



What we may well ask is the ‘a\fer‘age émount of infofmatioxi bonveyed

by the system of experiments ~ .

‘Bince we are assuming the probabilistic frame A s there is
nothi:rig more natural than to take the average a‘moun’q of information,
called the entropy H , to be the expected value of the amount of

information:

___ym ,fén%““) S, ﬁheré i'l;(A)'g'g'log_ap(_g) . G2)

‘The entropy measure H is usually characterized by & system of
functional equations using more or less plausible ideas about the
properties of H. | |

Iet [P be the set of all possible partitions of the basic
" set of elementary events § - of the structure A . ‘The elements
of lFD 'will be called for simplicity experiments, for i e ’P) s
where A'e 6) is an event, representing a possible vealization
of the experiment fp "+ ' Then the functional equations for H have

the folléwing form:
(i) The diagram

<Py Py weuy B> | | (3.%)

(0,11 x [0,1]% «.. x [0,1]

is commutative, that is, He< P, P, ..., P > = H,, and

H is continuous;
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(11) H((4, A})) =1 if P(A) = P(A) ;

(111) H([B| An B, AN BIP ) = 5H(H) + P(B) » B({4, K}) if A} B;
here A, Betf and [B]| ANB, AN BIP is the experiment
which is the result of replécing B . in the partition JD :
by two disjoint events AN B, AnB. It is assumed,

of course, that B ¢ 03 .

It was Fadeev [39] who showed, using Erdos' famous number -

. theoretic 1e:ﬁma about additive arithmetic func{;ions (see Erdos [571),
that the only function Hf which satisfies the conditions (3.3)
has the form (3.2). |

what has been said so far is pretty standard and well‘known.

In the sequel we shall point out a different and probabiy new ap-
proach,. Instead of constructing functional equations and by proving
the validity of the formula (3.2) and showing that they adequately
mirror our ideas about the concepts of information and entropy,

.we_propose here to approach the problem qualitatively.

Following de Finetti, Savage [6], and others, we shall assume
that our probabilistic frame is a qualitative probability structure
(FQP-structure) <0 , &, & >, vwhere A2 B means that the
event A is not more probable that the event B (A,_B e ¥ ) .

In the general case there is no need to associate the binary relation4
with any subjectivist interpretation 6f probability.

The question arises whether we can ihtroduce a binary relation =¥
on the set of experiments ED in such a way that this relation will

express sabisfactorily ouwr intuitions and expériences gbout the
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 notion of entropy. In other words, we would like to say -under what

conditions on < we have:

—..é . &> Experiment ﬂ does not have more entropy
1 2 1

than the experiment ﬁ2 .

In a way this question belongs to measurement theory.(see Suppes
and Zinnes [58]). When we study any property of a given family of
-empiriecal objects; or a relation among these objects, one of the
‘basic epistemological problems is to find under what conditions
the given property or relation is measurable; more specifically,
what are the necessary and sufficient_ conditions for there to exist
‘a rezl valued function on the family of empirical objects whose
" range is a homomorphic image of the set of empirical objects in
“geeordance with the glven property or relation?

" Inthe case of entropy this amounts to knowing the restrictions
40 be imposed on = in order that H, of (3.2) exists and further-

more satisfies the following homomorphism condition:
P20 =) s 80, 1 £, B 6w

It is a trivisl matter to notice that the relation s{! has to
be reflexive, transitive, comnected, and antisymmetric with respect
to the relation < (defined by 031 & 632 > 631 '-4'@ & @ < Ji s
it {2,

linear ordering modulo the relation ~ , But these trivial assump-

ﬁ; € P ). In other words, < nas at least to be a

tions are obviously insufficient to guarantee the existence of so

_c_omplicated a function as % .
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Likewisze we can introduce a binary relation '%3 on the Boolean

algebra ot , &and consider the intended interpretation
A 4°B «= Event A does not convey more information than event B.

Again, we shall try to formulate the conditions on 4: which allow
- us to find an information functlon I, (HP)‘ satisfying both (3.1},
-and the following homomorphism condition:

A4 BeI(A) < L(B), if 4 Bell (3.5)
Hence our_prdblém is to discover scome conditions which, though
expressible in terms of % (%) only, allow us to £ind a function I,

(Hy) satisfying (3.1), (3.5) . ({3.3), (3.k)).

This approach is interesting not only theoretically but also from
the point of view of applications. In social, behavicral, economie, and
biological sciences there is quite often no plausible way of assigning
. probabilities to events.  But the subject or system in question may be
pretty well sble to order the events acc&rding to their probabilities,
informations, or entropies in a certain qualitative sense.

Of course, it is an empirical problem whether the qualitative
probability, information, or entropy determined by the given subject
or system then actually satisfies the required axiams. Buft in any
casé, the.qualitative approach gives the measurabiiity conditions
_fpr the analyzed probabilistic or.information—theoretic‘property.

3.3. Basic Cperations on the Set of Probabilistic Experiments

VIn Section 3.2 we stated that the main algebraic entity to be
used in the definition of an entropy structure is the partition
of the set of elementary events @ . We decided %o call.parﬁitions

experiments and the set of all possible experiments over & has been
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denoted by ED « For technical reasons we shall assume sometimes
that every partition contains the impossible event P .
We can, alternatively, analyze gualitative entropy in terms

of Boolean algebras generated by experiments (partitions of the

sample space). Experiments are the s ts of atoms of these Boolean
algebras, and there is therefore a one-ome correspondence between
them. PFormally we get nothing new,.

If we are given two partitions J%_, JZ s Wwe can define

the so-called finer-than relation ( @ ) between them as follows:

(e fa@\%egg HBE@(AEB) - - (3.6)

An eciuivalent' definition would be:

ﬁlg 0?‘3 “\VA (A € ,@2===>A= U Bi) for some B, 's

1<k

i<k.

from 1! <

We have in particular,

-'.' S %, E: A§J ABE, ABC} = , K,.Aﬁ, AB) = {p, K: A} .

Now, given a relation on a set, it is natural to ask whether
it is possible to define some kind of lattice operations induced
by this relation. The answer here is positive., The first operation

of interest is called the product of experiments:
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ﬁl-@={AnB:Ae/i&Be JZ} (ﬁ,ﬁzeﬂm) (3.7)
or, more generally,
.-i—rﬂi:[n Ai:IV1<n(A€@)}°

i jo 1" f; is the greatest experiment which is finer than both J)

and that is s

o

(1) J":f)'&-.j7 /3 /JE, |
(ii) ‘Pcdo & ,Pc: joabﬁc dﬁ.

2
Obviously ..0 [ /)a‘:#—.p 'pl .

The dual operation is called the sum of experiments and is

defined as follows:

(f-‘) + j") = | I (" s Where T—[ denotes the standard

"1 2 7 &
-
g2 -

Je E‘ﬁ?

generalization of the operation to sets of experiments. A

more conerete definition is the following:
7 )~ (U a . .
Jl+-602 = | : Ai.ﬂL_L}_AE}_...iAn isamax1mgl
: - i<n .

. _chain of overlapping events in ﬁl U ﬂ% }, where Ai.i qu-;

'ﬂAij_Aj, i, § <n.
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ﬂl + (102- is the smallest experiment coarser than both Wl

and thet is,

25
@ Re A+ G e L+ R,

(11) .(Pl_cdp& (ﬁegd)_—.%.ﬁ+ f@ﬁ.
Agein it is ciear that fl « @%ﬁ + Jg = ﬂe .

- The partition 0/'= {fp, ) is called the maximal experiment

and the partition (L= {{o) : ® e} U {§} is called the minimal

eg_cperiment. Clegrly @g /O _c_z(?/ for any f) € I]:b .  Equally

straightforward are

Py =P aa PO =07,
W-Q =U - and j°+(4 ‘=f) .

The total number of experiments e over a finite set &

with n elements is given by the following recursive formula:

n
. : - n
eg=1¢& e 4 = (i)ei .
o i=0

The reader can easily check that the strucbure
< P,. L\V, 77 » + 5 * , @ > satisfies the lattice axioms.
Unfortunately, it is not a Boolean aigebra, so there is no hope
of getting any useful entropy measure on it without further assumptions.
The help will come from the independent relation || on experiments.

 The structure <@ , [F') » ©€> in which the product and sum-

of experiments are defined will be called the algebra of experiments
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over the set of elementary events § . The reader may be familiar

with the following chain of isomorphisms:

[FD g Tattice of equivalence relations on { ¥ Lattlce of -
complete Boolean subalgebras of /A # Iattice of subgroups
of a finite group & l"..attice of subgraphs of a topoiogica.l
graph = Finite geametric system of lines and pencils ¥ Lattice

of modal operators on _&t satisfying the modal axiom system S5'

Any one of these structures could be used as the underlying
algebraic structure of the entropy measure. For example s In

graph representation, the entropy measure could be viewed also

as a measure of the relative complexity of graphs:

Hp (?’) = - ZﬂP(A) * log,P(a) , where P(A) = H}I- , Aef,

and {° is the partition of the set of vertices V of the graph ?
In the same wziy we can talk about the éoﬁlglexitx of a group. By

the complexity of a mathematical structure we mean here a function

of all thé elements of a (complete) set of invariants of the given

structure.

5.1&_. Independent Experiments
- oeFmNITION 5 Let (0 =<0, g€, * > be a FAQQP-structure

. anci 1ét <, P » ¢>f’be the algebra of experiments over 0 .

A TR . S rpie———— ——

- 1f ‘and only if

Ae ] eBe £y=»pal B, foran a3l
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Bome of the basic properties of independent experiments are

stated in the following theorem.

THEOREM 13 If <0, %, 4 > is a FAQ@P-structure modulo ~
and <9,]P , > is the algebra of experiments over Q , then
the following formules are valid for all /[°, fi, £, eﬂ:D

W ELP R

2 pLP =0

(3) Al =01 ¢

(4) ,flllf’&f’_f}_—.b/lltfy

6y rle=pl fs |

6 Al Ol P Fy s Ol O L Pt s
(7) j” J]_f'& [’2 "f’=->f J JL(J, if AUB=0,

O ae , Be J7 '

8) Ji_u- /Z ) ‘¢é v 410 ) VA VAN ROE

9 LLFe PLP, == L Ce= = 1) 5

(20) flﬂfg&ﬁs ﬁ%-—_&»lﬂ2=ﬁ/,

The proof is a simple application of Theorem 6, The assumption
that <@, £, | > is a FAQQP-structure is inessential. We
could as well assume any FQCP-structure or even any other structure
in which the relation | is defined for e#ents.

The reader will notice that the relation H_ on P is not

unlike the disjointness relation J_ on % . In particular,
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Z=/V(B:4UB=08& A| B} . Ifwe define similarly:
P = MEQ{Q} and £, A= (P o) 5 then
fla |
_we,get a Boolean algebra of those experiments, fqr vhich @
exists, If # exists, then it is uniquelyhdetermined, as we
can easily check using Theorem 13(9). Analogously, ﬂl A /"2
is uniquely determined, provided that it exists.

It is unfortunate that the independence relation ﬂ_ on [FD
génerates a Boolean algebra which is only a propér subset of the
lattice {}D . We would hafdly-want to rule out those experiments
- which have no complements according to definition given above;
for the entropy measure 15 is defined on the whole set P .

On the other hand, it is highly desirable to have on ED a richer
structure than a laftice.

- . In the following'chapter we shail make some use of the 'partial’
Boolean algebra < W) ,Av s N, =, é}/, CZ’ > in the Representation

Theorem of qualitative entropy structures.

%3.5. Qualitative EIntropy Structures

As already mentioned in Section 3.2, we shall develop here a

qualitative theory of entropy based on gualitative probability

theory. The only primitive notions used will be the gqualitative
entropy relation = and the independence relation [ , both

relations over_ﬂ:b » the set of experiments.
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In this ehanter we shell use the'follorwing notation:

It Ae &, the experiment (A, A} is called a Bernoulli

e efiinénf; the wvariables 'ﬁ, 4_" 432, eoe Will run over Bernoulll
exper:iments';" Familiar enough is the fact that each experiment

- P H:D can be written as a product l I {/3 _ _Where the family
i<n '

{ 031}1 <= is so chosen that no subset of it is sufficient for

the Jjob. This representation, unfortunately, is not unigue.

Ebcperment 0/‘) is called (Locally) equlprobable if and only if

VA, B C % (4, B € ﬁ =>4~ B) , The variables for equipro'bable
experiments will be 5 (E (_C, y wree

‘ We call two experlments equ:.valent modulo ~ 4 in symbols,

i’ £, it and omly ir £ = Byl a1 (i3, a1 (e (13,1 A1),

vhere V< o8 ~ B & B, f’) and the right-hand side of the

equat:.on is an experlment. The relat:s.on ~ on P is clearly an
equivalence relatlon.

We define as before:

fs Qe G B2,

L= //Oa‘a"' i3 =1
ﬁ/= {ﬂ: Q} ’
‘d/- {{o}): w e ).

et (- 0 f)& (r=F - m&plwe&-,fl,f ~0)
letB={f)e : = HJD J)[f 00 f]], andlet09 enumerate
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B, cotns B = {031}1 <x - Then we define:
P =< gy Aoy eoes G >, where, if J" 09' (iefy, 2 ..., x}),

‘then d, =1, and v,j;én. &1<J< k(dj = 0) ; ot_hgr’wise

&3 é’l+é2 for some Q’l’ @2 EP « lLet 0/ =<0, 0 s0s, 0>

"be the zero vector. In other words, (° e‘U/(B) s Where B

]

is the basis of the k-dimensional vector space v"(B ) « Now

we are ready for the following definition:
permvITIoN 6 Let Q =<0,2£, R > be a FAqP-structure
or a FQCP-structure. Then the quadruple <9, P , 2, > 1s

said to be a finite qualitative quasi-entropy structure (FQQE-

structure) over @ if and only if the following conditions are

satisfied for all variables running over | P :

EO_

' “:D is the algebra of finite 'enrperiments over - § ; H_ -denotes

’b_h_e probabilistic independence relation o___n' P , and %’

a binary relation on [FD H

El PEPE%JJ%JJJ_’
g, (¥B, iz B= ¢ ,

By ’%[)2 fggﬂl’
E \iv</n( P Q) = R34,

=
IAM
]

" :
IA M
=

Remarks:

(1) In axiom E., the formula concerning characteristic functions can

5,
easily be translated into a system of identities among experiments.
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(i1)

‘There is no doubt that the axioms E. ~ £ are consistent

0 5
and independent. The crucial axioms are Eh and ES' Axioms El
and E, give the so-called normalization conditions, whereas E3

- forces us to consider equiprobable classes of events, rather

than evenits themselves.

(iii) The definition of an infinite gualitative quési-entropy

structure for purposes of representation by an entropy measure
on [FD does not cause'any fundamental difficulties.' The FAQQP=~
structure or the FQCP-structure must of course be replaced

by an infinite one; otherwise, we proceed as in the finite

case, In fact,'the axioms afe prodigiously conplicated andi

far less intuitive than those given above. This case,will

" be omitted here.

(1v)

(v)

.Ip axiom EE’ we must assumeKthe”existence of an eguiprobable
experiment tg ,  for we need this axiom to show that the
entropy measure H is strietly positive for at least one _
element from E) . An alternative axiom might be §<‘5CZ' P
but this would rule out soﬁe élémentary algebras E) .

Note that the (global) entropy relation = - depends on two

factors: on the underlying algebra of experiments and the

independence relation u defined on this algebra (this relation

is hidden in axiom E.). We do not give here the link between

5
the FQQE-structure (macro-structure) and the FAQQP-structure

(micro-structure).
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- The following easy theorem displays the content of the above
~definition:
- THEOREM 14 let <9, P » <%, | > be a FQQE-structure or

a FQCP-structure. Then for all variables running over- [FD and

A B, Ce £

(1) ﬂ%’ﬂp;

(2) wru PPy
&) L2 (o2 =0 <5
(%) [J<f&f‘%f-_¢>f @:

(5) =~ is an equivalence relation;

6) =0

(7) V%:' (4, &) < (4, BB, BB} <% (A, 3B, EBC, EEC) %' cende U
O Al P B PLEy £
ORVE VR NA YR RN AT SN A
AYAT Y |

0 N4 Fpe - O fi=> 0 3, 1
/LA By

1) “ Vi<.n(‘foi%'di)"}wn’$"faﬁ’ i

JlasJaenl el s

_:I.Sn - 1<nmn
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(12) Vi <nlfy v B) =18} oy * B o n » A

By gns Bilign € P .

The empirical content of Theorem 14 should be clear.

THEOREM 15 (Representation Theorem) Iet <9, P , =2, >

be a structure, vhere © is a nonempty finite set; P is the

'set of partitions of @ ; j]_ is the independence relation on P

Wrrwrw  —mreen et

in the sense of Definition 5; and <X is & binary relation

Then < Q, I]:D H_ > is a FQQ,E-structure if and only if

there exists a quasi-entropy function HP -3 Re satisfying

the following conditions for all f"l, J’E e IP

() f’ =) < BB ;

) L F=us - W)—H(W)+H(ﬁ7),
(111) £ = £, =8 F) < H(ﬁ) 5

C(iv)  H(Y)

=O;'
(v) | H(@) =1, .if. J3~£

Proof: There is no question of the conditions' not being necessary,
-and we prove here only their sufficiency.

et <4, IP -{‘ J_|_ > bea FQ,Q,.E-structure.'over‘ O . let
’m B) be the k-dimensional vector space, described Just before

Def:.nltlon 6 Ve can obvmusly make P a finite subset of l”(B )
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~

by assigning to each f € ":b a vector 7 y Wwhere

(Pi ©® ﬂe)" = 5‘""1 + 332 . In'a similar way —-\{' can be
represented on '1}1 E}) . Having done this, we are ready to
use Corollary 5 taking advantage of Eh’ ES’ and E3 to switch to

. ‘quotient structures. The corollary answers us that there is a
linear functional ¥ : TD}(EB) —3>Re , and thus another
functional @ : E)-f—>3e , such that the coﬁditions'(i), (i1),
and. (iv) of Theorem 15 are satisfied by "o . El.forces © to be

non-negative on W) , . and also to satisfy (iii).

Finally, E, gives o({s, A}) >0, if E~E ., Hence,

.by putting
w(P) - 2l
o((A, A}
we get the desired guasi-entropy function. Q. E..D.

Condition (iii) in Theorem 15 expresses the most important
property of the entropy measure, namely, its additivity. Unfortunatel&,
this proper%y is much weaker than (iii) in (3.3), Section 3.2, It

-ig trivial to show that there are many functions besides (3.2) which
satisfy the above conditions. This lack of specifiecity éxplains
- the 'quasi-~' prefix,

It is well known that the conditions (i) =« (v) in Theorem 15

together with the condition |

‘.ﬁ(.ﬂo) = £ fe P(a), .f: [0, 1] —»Re , f(%):%, . (3.8)
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for some f continuocus, are enough to specify an_enfropy measure
HP‘ in the form (3.2). |

In order to gﬁarantee the existence of a continuous.function £,
satisf&iﬂg‘tB.S); wénhéve fUrther.fo restricf.=§ s :éhd fé add
more 'interacting' cohditioﬁs between .'—‘)\\" and f‘a . |
Thé following neceséary conditioﬁs are'deidué candidafesz
(1) A%Béﬁ{A, K}%‘{B,”'ﬁ}, if A, B--qé.En-'Ej;' |
(2) A< B%{B,Ts}%' {a, &) , 1if '"E'~E<A, B;
G)Aéc&HM&ﬂmP%[wm@%),if¢4BeP,

B, cCAE~F, 3B, c30a, a8, C; |
(4) B C<= [Bl4B,2B]P < [C|ac,AC]P , i B, celf’ , .

AlB c, #2410 ;

G PRE = 1P = Il

It would be incredible if these conditions were ‘sufficient_._
At least three axioms or axiom.'schemas gimilar to E5 are needed
to guarantee the existence of the sum, multiplication, ahd loga-
rithm functions. in (3.2). Over and above that we néed the quali-
tative probability axioms, which we can assume to be gilven, of course.
Given these axioms, our representation theorem wpuld also
guarantee the existence of a probabllity measure P such that in
addition to (i) - (v) in Theorem 15 ‘i;re would have: |
(vi) H(P) + H({A, &) * B(B) = H([B| 4B, IB1P) , it Bel’ ,
Canda AlB, pa<e;

*
)See the notation in (3.3), Section 3.2.
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(vii) A= Be»P(4A) < P(B) ;
(viil) All Be>P(aNnB) =P(a) * P(B) ;
(ix) (f’lu_ Waé—'%’-VA, B(A ¢ 5191 & B e f‘)agAﬂ_ B) .
It seems to be an open problem to gpecify the relationship

between the macro- and micro-structures under the given very

rgstrictive finite conditions. On the other hand; in the next
section we shall éhow how easy it is to give 'represeﬁtatiqns'
when we have more topological properties available.
FQQE-structures chafacterize the mécro-properties of the
entropy from qualitative point of view. The reader mayrhawe
noticed the following striking formal similarity between the con-

ditional entropy measure and the {absolute) probability measure:

L A =ury ) =8 L),

A] B=>P(A - B) = P(8) ,
() 8(f - T =ully + 8l )

P(AUB) = P(B) + P(A~ B) ,
(3) 0<E() SH(A - L) () +H(L),

0<P(A) <P(AUB) <P(A) +P(B) .

This rather primitive one-one correspondence between
Ale,, 26, PYF aa alB, auB, a-3
econtains certainly some heuristic anticipation of & deeper rela-

tionship between the macro- and micro-structures: <, F) s H>

and <Q, Z&, P> . One can see also why the lattice operation
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P has so little use in entropy theory. | the_ more_ interesting
operation on P would be the campesitiee of ttro experiments,
ﬁjl A fe , defined in Section 3.3. The only'problem.here is
that < P s 0&/ , 7% s * » N > cannot be embedded into a Boolean
algebra, |

' We shall now turn to the prebfl.:eﬁl of conditional'entropy.
. Another interesting slmllarlty between the conditional entropy

and (conditional) probability is the follow:.ng
@) B/ L) =8 F - P -ulhy,
P(4/B) = P(4B)/P(B), P(B) > 0,
2) | Pr=su( By ) =ul/y),
. A Be>P(4/B) = P(4/0) , if P(B) >0,
) WYL L) =uE - PP -8 Fy)
P(a/BC) = P(aB/c) / P(B/C) , 1if P(BC) « B(C) >0 .,

We shall consider these similarities as a heuristic guide to
further developments of entropy structures. One can consider

the eﬁtity IP / J’ to be a partltlon (experiment) in
' w/ %[ J/J] Then f)l/ fg is the set of experiments
indietinguishable from f’l_ » Egiven J‘) >

As in the case of probability structures_ (see Section 2.4,
Definition 2) we shall study a kind of composition of entropy

structures. In particular, given the algebra of experiments

< 8, P » @ >, we shall study a binary relation 4 on P P
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and a special representation function V : EI ——=Re , which,

among other things, satisfies
<P, P> <, Uy>439(P) +¥(F) < W) + W)
for all ﬂl’ I:E,Z’ 6?1, éé r€ P .

There are several important partial interpretations of this

relation: First of all, the gqualitative conditional guasi-entropy

relation hopefully can be defined as
P O QY A< 1+ £y T, >3 < @, "6‘72’ >

Naturally, we can put

A <2 =< fl,ﬁ’><< Pps g >

and then the probabilistic indépendence relation _u_ on experiments

is given by

Ol Pye=< Py P> <P 5 0 >

Tt is cléar that we could also talk about positive and negative

dependence notions' similar to those introduced for probabilities.

The structure < P XP 3 % > also has independent importance
in algebraic measurement theory, where the atomic formula

< {‘) ’ Pe > A< C?l, 472 > may be interpreted as a comparison

of two empirical compositions of certain physical entities, which

is representable by an inequality between the sum of magnitudés

of a linear physical quantity. In thils paper we shall be interested
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only"in the entrggz: —interpretatibn.

DEFINITION 7 Iet @ =<0, &f < > be a FAQAP-structure.

Then the quadruple < f, [l s %’ 5 _U_ > is said to-be a Finite

qualitative quasi-entropy difference structure (FQQED-structure)

over @ if and only if the following conditions are satisfied

for all varisbles rumning over P

Dy ”:D is the algebra'gf fini‘be.'experiménts-'ové'rw 0 3 ﬂ_ i_s

the probabilistic independeﬁce re‘lafion "’6_1_1_ P a__.li(?. =3 5;? a
relation on I}:D X P 5
s fm< B P2R< Al s
D, <0, P>A<H, P>, it BE
'D5' <ﬂl’ WQ G?l’ 6?2>V< Q}_:d J‘)l’ ‘P2.>;
b, <, P,>3< c?l,a)>=><532,cg> _./"2,%_>;
Dy 'vl<n(<f c?>_<ft’ J>)==><f R ><L,q >
a”{’ i

1'1 i

wn Py
i

n 1

Qs -

by
n i<n

I/\M
II\M
I/\M

~ ~ ~ ~

'.""Where : ﬁai, K i, & _i, yi ] f:__gz‘ i = 1’ 2, oo‘o, .n
have the same meaning as in Definition 6.

The remarks to Definition 6 are relevant also to Definition 7.
The content of the definition should be clear; therefore we proceed

+o0 Theorem 16.

123



THEOREM 16 (Representation Theorem) let < 9, P , <, >

be a structure, where { 1s a nonempty finite set; P is the

set of partitions of @ ; H_ is the independence relation on

in the sense of the Definition 5; gd % ij_ a relation on

PP

Then <@, P <, 1[ > is a FQQED-structure if and only if

there exists a quasi-entropy function H i P—}Re satisfying

. the following c_on@itions for all ﬂl’ PZ’ a)l’ 42 € P E
8 <P, O>R< ), Gy>8E(P) - 1P <HE) - 1A, ;

(ii) H satisfies conditions (ii) - (v) of Theorem 15.

Proof: The necessity is obvious. For éufficienc_y, let <@ ,P ,. --\{ s >
be a FQQED-stfucture over @ . ILet v/( [B) be the k-dimensional
vector space, described in the proof of Theorem 15. We can transform

P X P into a finite subset of the (external) direct sum

M B) @ WB) .by assigning to each pair < ,d> a

i;"ector 3’3 @ & € V(B) 2 mB) . We fhen proceed

almost exactljr as does‘Scott (D. Scott [11], Theorem 3.2, p. 245),

80 that the ax:l.oms D lL’ D are Jjustified. As in Theorem 15,
the normalization conditions l’ D2 will allow us to construct
a function H (which exists on the basis of D5 - D5) with the

desired properties (i) and (ii) in Theorem 16, Q. E. D.
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Now if we put
G o= Y Q< Py - Py Fy>R< 8y -y Ay >

we can easily provelthé following theorem with the help of

Definition T:

THEOREM 17 - let <0, P-, ], I > ‘E.‘? a FQQED-structure over

a FQCP-structure. Then the fbllowing formulas hold, when all

variables run over P

(1) ~ isemn equivalence rela'bion, _

@ Clp < Bl res
3y R BB, i BeE
B B LL PP

S(5) -..ﬁ/,, s did

©  C7p, % f°2//~’2 ;

D Py PP ﬂe//ﬁl ;
®) Yy p5 PSPy
) L% P fos

(10) £ o, % fl ; -
W) A= lYPRPpP
(12) f@ =1 &/f fz/f’
W) L, =LS P T

(1%) ﬁ/ﬂz fl““flﬂ-/“’e’

125

(3.9)



(15)
(16)
(17)
(18)
_(19)

(20)

( 21)'

(ée)-

| (23)

PIP R )P £, B 1 3£y A 105 st
7, 6 La
Py Pty A= (PR s U @y R P [ 5
(£ P2 By & Fot ) =0y Potetly * @,
(fL* PRl - Ay 8 @, R0) = Pf £ 2§y & s
(P P P30y 58 Lo P52 @) —
ﬂ'fe/ﬁ;-%' W s |

PPyt A —
(P Py Py Gy s =20 @5 P55
(P Py P58 A58 Pl P35 @y by * (1) =
1P PRy Qs |
(P ey 28/ @y & 8y X RYRISPY Py R YR,

S

E@i&idi.& Vlsi<n /TTP 4, /TTCi)a—)»

j=0 3
n-1 n-1 | ,
Qn /TT QJ P /]_T(f"J where WO .
J=0 j=0 .

No more than with Definition 6 can we hope to show that

H( ﬁl/ ﬁ"e) = - s . P(AB) - _1'og2P(A/B) '  (3.10)

Ae d"“‘l,Be 07’2

without giving some further axioms to link ={* with the probability

relation % on % .
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‘It was Khinchin [40] who showed that the conditions
() BP, @) - (P =8P/ Py 5
() H(P) < we) , ar If’_l = Iél E
() H( LU () = B(P) ; |

imply the identity
CH(P) = -z P(A) * logP(A) ,
Ae
and therefore also the identity (3.10). In our case (a) is true
by definitipn, and (b) and (c) became valid by adding the following

two axioms: -

D7<pU{p}’O/ >~<ﬁ1ﬁ’ > .

Naturally C; must exist, otherwise the axiom D6 would be

vacuously true. Given that, D, --D7 imply the conditions (a)}, (b),

(¢) for finite gualitative conditional entropy relations.

3.6, Qualitative Information Structures

The readef may be éomewhat disappointed éfter reading fhe
previdus section by the very general énd rather ﬁeak naﬁure of the
results on entropy structures. It should be emphasized again; |
- however, ‘that we cannot expect simple results about fairly com-

" plicated continuous-functions in termg of re;ations on finite

domains.
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In this section, unlike the earlier cnes, we shall work with
infinite Boolean algebras; as we shall see, the results will be
somewhat stronger. We are able to give a definition of information

measure without any recourse to probabilistle notions.

The structure to be studied here is a Boolean algebra Zg '
enriched by two binary relations || and 2° ;  the relation Il

can be interpreted as follows:
A || Be> Event A is independent of event B (4, Be &% ) ,
and the < is interpreted as before:

o A B @Event A does not have more information than event B

(A, Be EL) .

The novelty here is that we give ax:i.oms. for _u_ , =¥ , and
Z which, without recourse to probébility theory, ensure the
existence of an information measure in the standard sense.

The need for a formalization of a notion of qualitative
independence to match the standard probabilistic notion has been
felt for a long time, but the author is not aware of any serious
attempts to solve this i)roblem. In this segtién wé shall try to
work out sﬁch a formalization. First, perhaps, we should turn

| fo the definitibn: |

DEFINITION 8 let Q2 be a nonempty set, 74 a nonempty family

of subsets of @ such that 1_1-_, s a Boolean algebra, and 1 a_,rlq.-‘%"

binary relations on 17 4
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Then the quadruple < @, EE ; <Re, > is called a qualitative

information structure (QI-structure) if and only if the following

conditions are satisfied when all varisbles run over b AR

I, ﬁ]i_A;

I, AlB=>3B]a;

I3 AlB=>B| a;

oI, AlB&a|lc=a]BUC, if Bl C; .
I, 24P ; |

I AP

I. A=Bv B<4;

Iy AIBEBLC=>A4C;

I, AlBealB=>(aspvBL ;.

T, A¥BesAUCEBUC, if CJ_A,B‘;

T,. A¥Be>ANC4BNC, if C| A B&cC<p;
I,, A<¥B&C<4<D=AUCSBUD, if B| D;

T IA{"lB.&C‘-‘(‘D.%PAﬂC%‘_'BﬂD, if AJLG&B_lLD_;
I, If A.ij__Aj for i#J &1, jf_n, then |

VB 3An+lvi =7 (Ai_ b : i Anﬂ)._,;
1._ If Aij_[_Aj for if-,j.&i,js.n, then

15

s HAm-lVi <n ﬂ By &8 Ap)
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Remarks:
(1)  All axioms bubt the last two, which force . to ve infinite,

are plausible enough., Axioms T b and I._ could be replaced

1 i5

by some kind of Archimedean axioms. Moreover, the reader may

find some relationship to Luce's extensive (measurement)

gystem.

(ii) The axioms can be divided into three classes: First, those
which point out the properties of ﬂ 3 secondly, the axioms
for < ; and thirdly, the interacting axicms giving the
relationship between ﬂ and < ., There is no dovbt about
thelr consistency.

(i1i) Instead of taking a Boolean algebra ct , we could consider
a complete complemented modular lattice; in which the relation
Would become a new pfimitive notion. In this case our axioms
for. L and < come rather close to diwension theory of

continuous geometry.

Tt is easy to“showlfhat Définition 8 implies.Theorem 8, 1if we
put A4 B&sB=eA (A, Belf) .

For purposes of representation we shall need a couple of
notions which will Be developed in the seguel.

et <Q, L, <& ,[|> vea QI-structure. Then ot & =
{[Alg : Ael]), where [Al,={(B: A< B} . For simplicity

we put [A] = [A]g . Now we define a couple of operations on 5f7£ :
(a) [A] + [B] = [A UB], if A1L31 and A “A&B ©3B;

(b) n - [A] = (n-2) - [A] + [A] , O - [&] = [#] ;
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(¢) [A] * [B] = [Al n Bl] , if 'Alj_L B, ‘and‘.. Alﬂ'-"'_‘A_&‘Bl ~ 'B‘;
(@ [a)% = (a7 (a1, 1a° = fo] .

12 axid‘Il3 will guarantee the correctness of the

above definitions, that is, that they do not depend on the particular

Axioms I

choice of representatives Al’—Bl' - The existence of the defined
7 ﬁgrms_ls ;mpllgd by_Ilh and 115. 7 Wéaken}ng_of the axioms Ilh
and 115 would allow us to define only partial operations + ,
SRR « o ‘ :
ne (=), *, () o Cys.
. .We put, as might be expected,

[A] < [Ble>B¥a (4, Befl ).

The reader can easily develop the algebra of the ordered
semiring R = <ys 11, [0, +, , < > .f In ';'par-.\
ticular, he can show that the operations < and ~+ .are com-
mrtative, associative, monotonic, distributive, and the zero and:

unit element act as usual. bbviously, theorems like

me* [Al<n-{Alessm<n, proﬁided_'[A]‘# 81 ; -
T {A}ns 5[A]m¢;_—,""‘> n<m, provided- [A] ?l: [Q] 5

(mtn) « [A]l =m + {A} + n « [A] ;.

[A](IH'I-TJ.) - [A]m N :jn.

« [A]" , are also true.

Our Representation Theorem for QI-structures is based on the existence

of a function ¢ rﬂ?-——-;Re- such that -
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(1) [A] < [Bleo([A]) < o([B]) ,

(11)  o([f1) = 0,

(i11) ¢(le]) = 1, _

(1v)  o([A] + [B]) = o([A]) + o([B]) , if A} B;
(v)  olal * [B1) = o([a]) - o((B]) , 1 &[] B.

There are several ways of shdwing the existence of @ :"_\D ~——>Re .

We prefer here to use the method of Dedekind cuts of ra,'tioﬁa,l' nuwbers.

In fact, the sets e = { _11111 tm* [Ul<n - [B]}] end
ek = ( %1 : [U1" < [B]"} form a Dedekind cut for fixed U elf ,

since

() me« [UJ<n- [BI¥Y n* (B} <m* [U] and

Rty B < o ey
(b) 232 < E and

sig

2
ecB&qec

B8

B

€ C

Big

* P * m P cos
B & q € CB:n < 3 by transitivity.

(e) c; = )‘D ; defines O and c;; = get of gll i'a‘cionals, defines + =« ,

The real number which is defined by the Dedekind cut ‘¢ A (cz )
will be denoted by #c A (#C:)_ . We shall define two real-valued

functions on |F\D as follows:

*
) V denotes the logical comnective 'exclusive or'
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..(1) ¢, ([U]) = u, where o<u<1 ,.
q)u([A}) =u: #‘CA .

(2). CP:,([U]) =v, where 1<v< + o,

o, ([A]) = v7a

In the following we shall omit the indices u and v in
functions cpu. and @, . |
Using the consequences of axioms 'Il - 115 » it is easy to show that

the conditions (i) - (v) hold for ¢ and ¢* . In fact,

| cp(tg]) < o[B])esu - foy < u - fopes {%_: ne[v] <m0 [4]) €

in

- f I—;: :m - [Ul<n -« [Bl}e=>[A] < [B] . Similarly things

nold for ¢, If A| B, then cp([A])+Ep([B]) =
=u °#cA+u -#cB = u-* (#cA+#cB) = n '#‘(C‘A‘*‘ cB) =
= ',#cA yp s and similarly for .

*o(1a]) = o([A U £1) = o([4)) + ([f]) , sinee B 4.

Hence, o([fl) =0 . Again, o ([f]) = ¢"(fang]) =
= *([A]) + o*([f1) =0, since P| A . 1In viewor olf] <o([2]),

we can hormalize both ¢ and cp* “by taking

[A *([a
Sy end Him ( Q] .
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Now the fact that o([4]) < o([B)e=0"([A]) < o*([B])
implies the existence of a one-one mapping n [0, 11 =10, 1]
such that 0¥ =1 6 o . | | |

Since [A] - ([B] + [C]) = [A] - [B] + [A] - [C] , we get
e([4] « ((B] + [C]) =o({A] « [B]) + o{[A] - [C]) , anmd so also
n"H*([A1) - *([B] + [C1)) + n" (g ([A]) * ¥([B])) +
+n7HeMIAD ¢ 9*([e])) .

For A% Q we get | 7 _

nTH@H(IB]) + o*([C]) = n”H@*([B1)) + n"H(eF([C])) .

But this is the Cauchy functional equation for n"l -in the

real interval [0, 1] . Using the standard method of solution

of linear functional eduations, we.get .n_l(¢*([A])) =.a . ¢#([A]) s
where «a 1is a real positive constant. The normalization of ¢

and ¢* gives finally ¢*([Al) = @([A]l) for all ([A] e %/-3 .

We can now prove

THEOREM 18 (Representation Theorem) let < &, ££, éQf,.ﬂ > be

a QI-structure. Then there exists a finitely additive probability
measure P om 22 su_ch 13131; < Q, ZZ-, P> .i? a probability
space, and

(1) A%B&=I(a) < I(B) ;

(2) Al B==>1I(an B) + I(a) + I(B) ;

(3) I(8) = - logP(a) .

Proof: We put P(A) = o([A]l) for A e & . Then from the
previous discussion of ¢ it is easy to see that (1) « (3)

are satisfied.
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Clearly all the axioms I, - I are necessary condltlons

1 13

for the existence of the information measure I. Axioms Ilh
and 115 are not pecessary. We 1eave open the prdblem of formulating
axioms both necessafy'and éufflclent for the exlstence of the
meastre T.

. Aware of the relatively complicated hecésééﬁj éﬁd:sﬁ}ficient
conditions for the existence of a prébabiliéj méagﬁré“ih.ﬁﬁ infiﬁite
_ Boolean algebra thJ{ ‘the author will not go here into further..
'details. ' | | “ -

T I(a) = -'log P(A) 1s called sometimes as self—information

of the event A. The next (sllghtly more general) notlon is the

so-called conditional self-information of event A, glven event B:

I(A/B) = - 1ogéP(A/B)“;' A Purther géneralizétion leads to the

conditional mutual information of events A and B, given event C

oo P(ABICY .
I(A:B/C) = log, P(A/C){P%B/C_) .

Naturally, we would like to give representatlon theorems also
for these more ccmpllcated measures, | o

In this last case, our basic structuré would bé‘fhé.séflof
complicated entities A: B/C A, B, Ce Zﬁf ﬁ-J.C) ‘and two binary
relations ﬂ and ‘$ _on this set of entities. In fact, it would

be enough to c0n31der the formulas Al Bl/C * A B2/C angd .

A/G\ IL. B/C - sinceethe;remaigdgr.can‘be,defined as follows:
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A:B <% C:D e A:B/0 < C:D/Q ;
A%ﬂBﬂA:A&B:B.;

CA/B¥ /DepAtA/BLC:C/D ;
Al B@A/Q_H_B/Q , where A, B, C, Def .

Some of the properties of the gqualitative conditional mutual

information relation <* are analogous to those of the gualitative

self-information relation. For example,

(4,:0,/E, & AE:(:2/}32'&-'Bl:Dl/El & Ba:De/Ee) => A B chl/El 4wA2132:02D2/E2 s
ir A/E | B/B scym | /e & aBy/e ey, 1-1,2.
o Wé do not intend to develop further details here, because of
the rather complicated nature of these prqpertie;._ Note that we
have several notions interacting here: conditional events, the
independénce relation, and the.mutual information relation. From
the point of view of algebraic measurement theory the problem is
to give measurability conditions for very canplicated relations

defined on the above-mentioned complex entities.

h,  APPLICATIONS TO PROBABILITY LOGIC, AUTOMATA THEORY, AND

MEASUREMENT STRUCTURES

4,1, Qualitative Probability Logic

In methodolegy of science, inductive logic, and in philosophy.

generally, it is customary to consider the probability of statements

rather then the probability of events. But even in the field of
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applied probability theory we quite often appear to speak of
probabiiities,of gtatements rather than of sets. For example,

ﬁe talk about the probability that the 'random variable ¢ is
.ﬁot greater than the random variable n ,' instead of taking the
pfobability of the set {cp e_fz' : t{w) <n(w)) . This case, indeed,
.is nothing to worry about, since_the appropriate translation from
statements into events is immediately obvious, The main problem
comeé in.when we want to talk of the probability of a statement.
containing,quqntifiers, -The”standard probability space,éﬁ\nz g

= < 9? 5?5, P > takes care at best only of the countable cases,

50 ﬁha‘c the logical operations ]x s \V_/x . are often not adequately
.repfesented by the og-operations in Zﬁt 5 especially, when x rumns
_.§ver aﬁmuncountable domainr_ Consequently, the problem arises of

hoﬁ to assign a reasonaﬁle probability to quantified statements.

The basic idea, following Scott and Krauss_[20], is quite simple.

We turn the Boolean algebra er, given in [ﬁ\ s into a complete
Boolean algebra by teking the quotient %/AP_ ,. modulo the
g-ideal E,ZSP of setg_qf measure zero. Then arbitrary Boolean
operatiops are admlitted. In addition, P turns into a strictly
‘stifive measure on 5?7 £§P « Therefore, 1f we assign homo=
mérphically'to every first-order formula an element of ZQV‘A;P , no
frouble will arise from using any sort of quantification., This should
_be clear enough. But the trick is not so innocent! Since Z%O’z;P

satisfies the countable chain condition, all Boolean operations
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actually reduce to countable onesj; therefore the quantified formulas
will get probabilities regardless of whether they are defined on

a counteble domain., Clearly some big Boolean algebras may be needeqd.
But then we may not be able to guarantee the exiétence of a probability
measure: Probability with values in a non-Archimedian field still
may exist, but fhen we are faced with a problem of interpretation.
In the suthor's opinion, the problem can be solved by considering

a qualitative probability structure <, £Z, | > for which,
eventually, we will be ﬁrepared to give up the validity of the _
representation theorem. In fact, the formula A4B for A, Be Z£
has a perfectly good meaning or content in the above-mentioned
fields, be it representable by a probability measure in the sense
" of problem (Pl) or not. In ﬁarticular, é%t can be arbitrarily big,
if needed. What matters now is only an apprOpriéte way of assigning
Boolean elements to formulas.,

For this purpose cousider a first-order language aC:=

= -<V,F,P,-—-,'v ,&,@,4—;, \7’, 3 >, where V
denotes the set of variables x, ¥, 2, V, Wy, .ss, F the set of
functors, P the set of predicates, and the'remaining symbols

stand for logical comtiectives and quantifiers in the usual way.
Simplifying the problem, without losinglgenerality, we shall con-.
gider just one two-place functor o ¢ F and one binary predicate
peP, We define recursively first-order.formulas over L
“in the well-known way. If needed, we may include among the logical

symbols also the identy predicate = ., We shall introduce Boolean
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models as probabilistic intended inbterpretations of 'df e The aim
is here to replace the ftruth values of ordinary logic by values in
EE; then a formula is valid if it has value O , and invalid if
it has value P . The various 'truth values' are_orderéd by the
gualitative probability relation < of the quaiitative probebility
structure A =<0, £% , 2 > wvhich will be held fixed throughout

this section.

A nonempty set .8 +together with a mapping = : 8§ X & —» &
is called a Boolean set (JA -get) if and only if for all a, b, c e S

(1) | [a=a] =0 ;

(14) Ja=b -~b=al =0,
(iii) [a=bNb=c »a=cl=0, where a=Db = =(ab) .
We could think of several mappings = on S , and they would

.yieid different Boolean identity relations on 8 . If there is no
danger of confusion we shall use S +o refer to the struecture |
<8, => ,' and S, Sl,_Sg, ... will be varisbles for Boolean
sets. Hence, roughly speaking, a Boolean set is just an ordinary

set in which the natural identity is considered in terms of a

Boolean-valued logic.

* -_— .
) If A, Be ?£ , then A -»B denotes AUB . There
should be no confusion with the mapping f from A into B:
f:A—-)Bc
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If = denotes the striet equality = and C& 1s a two-
element Boolean algebra, then < S, => is equal to S .

Amapping R : 8§ X 3 —~»Re 1s called a Boolean binary relation

(A -relation) iff for all a, b, c, d € §
[(@=eNb=4a) —(akb —cRA)] = Q,
~ where aRb = R(a,b) .

It should be clear how one could define more general relations.
A Boolean relation R , defined on a Boolean set 8 , forms

a Boolean relational structure (A -structure) <8, R>,

Amapping £ : S X858 —=8 1is called a Boolean binary operation

( A -operation) iff for all a, b, c, d € S
“[las=eNb=4d) -7f(a,b)=fle,d)] = Q.

Tt is immediately clear how one gives a definition of Boolean

“ functions.

A Boolean set S, together with a Boolean relation R and a

Boolean operation f on it, defines a Boolean structure <S8, R, £ > ,
Now we are ready to interpret the language A ina Boolean
structure < S, R, £ >, and give a definition of the qualitative

probability formula ¢1f% @2 ; Wwhere O @2 are formulas of &L .

1’
We give values to variables X, ¥, Z, s+ ©of V in the
Boolean set S ;3 @ will denote a Boolean operation f in 3

and p will denote a Boolean relation R on S . Having done

this, we get a possible Boolean model e = < 3, R, £ > for L .
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If the values of x,y are’ X, ¥ €8, " then the value of the -
term @ x y is f{x,¥) .+ It is obvious how to extend this
definition recursively to all terms.

*
Now the valuation [ | ) of formulas of L _one)ﬂ

into L€ is defined recursively as follows:
(i) [ p'url"c‘2 b, = T_lR 72_, in pa‘.r"tl_cular, [T = 1. =

. L4
= T = T

1 2%

(i), . I=~0 ly': To ]a}p 5
(1ii) 'l'-'cbl‘-v’ o, ]a,,‘ = [ o ]Q), ule, lJ, PO
(iv.): | [Vx <I> !f .= N1 ‘PI(a)-. !f’ , | .if ‘D'(a) =. .[x.l..a]%p: ’ .

- 8es

where 'I.'l,h"l'.’ ’ 't‘ienote termé, d, &

5 1 d>2 _formulésl of £ , ‘and

[x!a]cb is a substitution operation in the metalanguage of oC .

We can put

o "{afé_@e%l?l elf-& I<1>2, ly ’

as follows: . formula - @

. and interpret o, =3\J, o) , in the model of

2.
is not more probable than formula ,@2 .
- Considering all possible valuations { !f - we may define

2,2 ¢, e | 0 Ef% [d)e'%f, "Ifor all ./ ,

and obtain a gualitative probability structure of first-order formmlas

< F , =% >, in vhich, hopefully, the mentioned methodological

*)

This ingenious notation is due to Scott and Krauss [20].
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problems of empirical sciences can be studied.
. Bometimes we start with a first-order theory _7/ and take

the class of all its models “\/I . Then clearly

@e,‘]’..,.[q:!ya-sz for all fe Mj"

Note that in a qualitative probability structure of formuias
< |]-— s % > we are given é priori a fixed structure A =
= <Q, 53, 4 > ;. and in the case of < F, <J’ > two
structures, A  and c)o . 'The choice of Qf is given by

empirical interpretation, but it is not clear, on the basis of

which criteria should we choose A .
One way of answering' this question would be to associate

with R a random relastion R* , that is, a mapping

R¥ : @ —— .ﬁo(s_ x 3) ,*) for which
\V{a,bes[_[m : aR&*}b} el 1.

The random relation RBR¥ 1is a random varisble which takes as
- possible values ordinary relations on S . . Now the randomization

may be dictated by the empirical interpretation. In particular,

we may be Torced to take & special & , and ZZ will be given

by the conditions of observation, The subtlety of the events we

: )If ‘A is a set, then .f (A) denotes the set of subsets of
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can observe will motivate us to choose an appropriate algebra
from the lattice of algebras over {0 ; ordered by the finer-than
relation: (#] € /4, . Finally, the probability relation =%
is given by the random mechanism of R¥, If the randomization
of R dis not possible, we have to choose Ja\ subjectively.

If <, ZZY, ﬂi > 1is a qualitative conditional probability
structure, then we can define the qualitative conditional probability

relation on formulas from Ef' as
o -_{ : ‘ :
‘I’l/q’e"_‘_l_fl/‘ye_ I‘I’l’/'q’e"‘"wll/_'we['

If we proceed in the same way as above and take a semiordered
gqualitative (conditional) probability structure, we can define
notions like acceptability, rejectability, and the like, If needed,
‘we can remove the condition that th be a Boolean algebra, . and
considef A as a lattice.

We shall not develop any specific details of these notions

- here.

4,2. Basic Nobtions of Qualitative Automata Theory

In this section an application of qualitative probability

" structures to prdbabiliétic automata.theory will be presented,
Automata théory.is considered as a part of abstraﬁt algebra.

Determiﬁistic automata theory is a vefy well developed discipline,

whereas probabilistie automata theory is still at the beginning

stage. An excellent review qf the subject can be found iﬁ

R. G. Bucharaev [59].
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Probabilistic automaba represent empirical discfete systems
in which statistical disturbences (noise) or uncertainties: have
to be taken into account. It is assumed also that the system has
two channels: the output end transition channels. |

From a formal point of view, a probabilistic automaton is
a many-sorted structure*) <=z 8, £, H> ,. where =, @, £ are
finite nonempty sets (the set of inputs, the set of outputs, and

the set of (internal) states) and H is a conditional probability

function assigning to each 'conditional event' (0,8")/ (e,s)
(where 0 €@, ec=, and s, s'e¢ ¥} the probability that
the automaton transits to state s aﬁd produces output C, given
~that the automaton is in state s with input e.

Fram a purely conceptual point of view, instead of taking H
to be a mepping as above, that is, H : Z X I —. (e x ), where
QEXG X £) denotes the set of probabilistic distribution functions
over O X I, we can consider H to0 be a more general sort of
mapping. In particular, we call the automaton < =, &, I, H>
Boolean if H : Z X & —> %6 X £, vhere [ is a Boolean
algebra.**) Then H((0,s')/(e,s)) = the Boolean (truth) value of
the statement that the automaton transits to state s' and produces
output o, given that it is in state s with input e. In the Boolean

algebra sz we can have a qualitative probability relation =$ »

¥
) By a many-sorted structure we mean a structure which has
several different domains (universes).
**j B
If A and B are sets, then A denotes the set of mapplngs
from B into A.
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and therefore we can consider the qualitative probability:formula
(Ol,si)/(el,sl)=%.(02,sé)/(e2,32) (0g, 0, €8, e e; e,

815 815 Sp sé € ©) with the obvious interprétation. Sirce we

- would not want to bother about the meaning of the algébra fo B

we shall proceed 1n a more stralghtforward way, namely, by rep1301ng
the function H by a qualltatlve probability relation, For this
. purpose, we have 1o consider input events (take Jjust the elements

of _K?(E)) and state events (take the elements of _KP(E)). More

specifically,

i l’ 0, e_ﬁ?(@ e e2 €=, 84, 8) E‘XED(Z), |

o ?j 8, € I, then (Ol,S )/(e ,s ) R (02,8 )/(e +5, )4h>

s
{4.1)
the output event Ol and the state event Si given
Anput ey .ggd state 8, are not more probasble then the

output event _O2 and the state event .Sé given input e,

4_and state 52 .

This is the intended inferprefatién which we shall deal with,
First comes the definition

DEFINITION 9~ A many-sorted structure < I, 6, 5, * > is

called a finite qualitative probabilistic awtomaton (FQP-automaton)

1f and only if the following conditions are satisfied for all

variables running over appropriate sets as explained in (k.1):

0

M Z, ® and ¥ are finite nonempty sets (input, outﬁut, and

state sets); and =% is a binary relation on
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B ) x‘jsz) X Z X £ , where the formula generated by =

is written as in (k.1);
M (B, (egs8) 3 (8,2} (ey8,)
M, ($,8)/(e},8,) R (0,8')/(e,,s,) ;
M, (0,,81)/(e,8,) & (0,,88)/(ey8,) v (0,,81)/ (ep,8,) 2(0),81)/(e1,5,)5
'Mu Vi < n[(o.i’si)/(ei’_‘?’i) ) (3,81)/ (e}581)] |

.(Oi,si)"_/ (ei’si) =

(Qn’sﬂé/(eﬁ’sﬁ)Fi (On’sn)/(en’sn)' 1L i g n

1
™

LE (@581 / (e¥,s%) .

We have mentioned many times that the characteristic function
occurring'ndw in Mﬁ,'cah aiways be eliminated. To be compietely
clear, wé'put {(O,S)“/el,sl](o,s) =1 iff oeO&s eS8,
otherwise zero. After those experiences obtained from mahipulations
with probebilistic relational structures, we might suspect that
this definition is just'the 'qualitative version' of the standard
definition of p:obabilisticnautomaton. In fact, the fdllowing

theorem can be eagily proved.

THEOREM 19. Iet <Z, 0, 5, & > be a many-sorted structure,

described by axiom M in Definition 9. Then it is a FQP-automaton

if and only if there is a function H: ZxZ—d&(@x5) suh

that < Z, ©, %, H> is a probabilistic automaton (especially,

H((o,s')/{e,8)) 1is non-negative and 5 H((o,s‘)/(e,s)) =1),
L . .  0e® - o '
s'ex
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and (011 Si)/(el’sl) %(Oe:sé)/ (82: 52)@1{((01:5:1)/(‘91:31) £
< Hl(opsp)/ (eprs,)) - |

Teking H in the probsbilistic automaton { =<3, @, %, H>
to be a special function, we obtailn, amongst_others,-the following
classes of automata:

(1) C is called a Mealy-automaton irf H((o0,s')/(e,s) =

= H(o/(e,s)) . H(s'/(e,s)) .

(i1) C  is called a Moore-autamston iff H(o/(e,s,s')) = H(o/s') .

(111) (C is called a probabilistic automaton with random output

. and deterministic transition iff.

H(s'/(e,s)) =1 s if zgf[s' =.f(e,s)] s and zero otherwise.

(iv) "(:_ is called a probabilistic automaton with rendom transition

- and. deterministic output iff

H(o/(e,s)) =1, if .:gf[o = f(e,s)] , and zero otherwise.

A special case of,ﬁhe_Mbore—automaton.is the Rabin-automaton

<= %, ¥, H> where Y ={s5:8 ¢ &g(s) =1}, where g is
a mapping from. ¥ to © .
The qualitative version of these automata is quite obvious.

' In the case of Mealy-automata we have to require that o/(e,s) || s'/(e,s);

and the appropriate axicams. can be stated easily by using the results
of Section 2.6 on qualitative conditional probabilities. Similarly,

the Moore-automaton is specified by the requirement: ofs! ﬂ (e,8)/s" .
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Notions like subautomaton, isomorphism and homdmorphism of
automata, reduction of states, direct sum and temsor product of
automata, are quite easily defined. Since we are not going to
develop any specific theory about the properties and mﬁtuéi relaw
tionships of.those notions, we shall not give any further definitions.
‘The notion of the event x realized by gualitative probabilistic
auvtomgton is also easy to define.

If somebody wants To study semiordered qualitative probabilistic
automata, he is welcome to do so. All obvious combinations of these
notions are hardly supported at the present time by any empirical
problem. On the other hand, from a theoretical point of view,

they represent a good source of mathematically interesting theories.

4.3%. Probabilistic Measurement Structures

The notion of a relational sfiructure is fundamental in most
current empirical theorieé. Various ordering structures furnish
the‘common idealization of a large number of mathematical, physical,
behaviofal, and other scieﬁtific conceptual structures in which
the notion of a relation occurs. However, in numerous instances
in which these relational structures are applied, the situation
or the problem is rather over-idealized. This is evidently the
case, for example, in measurement., If the relations are determined
by experiment or observation, undoubtedly they must be supposed to
. depend on chance. In repeated experiments or observations (under

fixed conditions) we do not get unvarying results, because  of
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‘noise,' an unavoidable phenomenon with statistical strugture.

For instance, it is quite common to deséribe the measurement of

ﬁéighﬁ of a given set of objects using an equal-arm balance system

by a binery relafional formula a Rb (object a is less heaVy.that
object b). Thié method is completely correct if the weight-difference
of objecté a and b is essentially greater than the friction in the
Ealance system and the statistical disturbance factors. But in

the case of precise measurement with relatively small wéight—differences
the relation R would ﬁot serve as an adequate notion for the meas-
urement problem. In this case we cannot use any more the 'yes-no'
éﬁswers giﬁen by aRb or PRa, for if we repeat the measurement
égt sevéral times, we may get”different resuits éontradicting each
6£her. The relation a R b. would hold with certain probability,
approximafed by the relative frequency of occurrences of a R b .
Therefore the relation R has to be replaced or interpreted as
“a.randam relation which takes as possible values the ordinary
" rélations. But then the appropriate order-homomorphisﬁ of this
(random) measurement structure into the structure of reals'must.
be.randam, too. In physies, clearly enocugh, classical quantities
have to be considered as randam variables, if their magnitudes are
small and the molecular or other fluctuations are tsken into dccount,

In econometrics or in psychology, especially in preference and

utility theory, it is a well-known fact that incqnsistencies may

occur in a subject's preference ordering., The reason for this is

simply that we are unable to perceive all relevant characteristics
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of the objects on which the preference is defined. Here again
the random or probabilistic relation is the appropriate notion.
A Boolean relational structure < S, R > is called a gqualitative

probsbilistic relational structure over <&, &£, & > 1iff

there is a random relation R¥ on § corresponding to R 3 22?
is the Boolean algebra over which < 8, R> 1is defined, and 4

' is a qualitative probability relation on I/ A . If we replace <

by.a probability measure P we get a {numerical) probabilistic

relational structure.

Note that qualitative probabilistic relational structures
are generglizabions of ordinary relationél structures.' In faét,
.all theorems and definitions of algebraic measurement structures
‘given, for example, in Suppes and Zimnnes [58] have probabilisﬁic-

counterparts. We shall take one.example.

DEFINITION 10 A qualitative probabllistic binary relational

structure < S, R> over <@, ¢¥Z, 4 > is called a qualitative

prdbabilistic semiorder_(QPS—structure) if and only_if the following

axioms are valid for all x, y, 2, w e 5 :

v, lxRxl~g;

1
v, [ xRy & zRw = (xRw v zRy) | ~ Q ;
'Vﬁ'“ | xRy & yRz = (xBw v wRz) | ~0 .

If <8, R> is a'QPS—structure, then
(1) I xRy & zRw 1L [ xBwvzRy | ;

(2) IxkRy &yRz 14 [ xRwv wRz | ;
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(3) xRy &yRz 1€ [ xRz ] ;
W) [xry 14 yBx ).

- The proofs would be worked in Boolean logic and then VE and

-,VB would be applied. In fact, the proof goes exactly the same way
as in ordinary logic, so that there is no need to repeat it here.
- Even the representation theorem goes through, 1f we rewrite

its proof into Beoolean terms:

THEOREM 20 Iet <8, R> be a finite qualitative probabilistic

structure over <@, ¥ , > . Then it is a QPS-structure

if and only if there is a random function U : S ——Ra ) and

a ranfom variable N > 0 such that 'fﬂ' all x, y e. S:

Uyl e [0 200 +ad~a )

The proof is analogous to the case of ordinary semiorder
structures. Note that [ U(x) > U(y) +n 1= {we@: Uc'n(x) >
> uly)+s)ell . |

As a consequence we get [ xRy 1 ~ [ U(x) > U(y) + r;-l which
‘turns into éqﬁélity in %/'v . o B

Choice theory also gets its probabilistid version ualong tﬁese

lines, A probabilistic linear ordering structure < :S, R> is

%)

Ra denotes the set of random real variables.

*E ‘.-_.
)If A, Beltdl , then A<>B denotes AB U AB ,
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represented by a probabilistic utility function U : 8 — Ra,

where

lIxBy|~lU(x)5U(y)| for all x, y ¢ 8.

The relationship between probabilistic and ordinary relational

- structures can be given nicely by the following commmutative diagram:

U
<8, R> -+ < Ra, < >
e . . : E
u
<8, R > - < Re, < >

where for x, yeS: IxRy l~10(&)<Uuy)1;
Ry <> ulx) < uly), and EU(x) = ulx), EU(y) = uly),

e(R) = Re‘ .

Roughly speaking, the ordinary relational structﬁres are the

'averages' of probsbilistic relational structures, |
- In ranking theory the well-known special sorts of prdbabilistic.

transitivities (see J. Marschak [60]) assure, in the qualitative
version, the following form: _
riet % S, R> be é éualitative probabilistic relational structure
over < 9, £#, % > and let A~A for some.Aew .
'i‘hen R is called |

(1)  weakly transitive iff (A4 | xRy & yRz L =>A< [ xRz 1) ;

" (ii) moderately transitive iff (A< | xRy & ¥Rz | =»

[ xRy &« yRz | $ [ xRz | ;
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(1ii) strongly transitive 1ff (A< | xRy & yRz | =
lXRyVYRZI%‘[x.Bz]; s

where x, ¥, z € 8 .

There are many interesting problems here which we cannot .

discuss in this work..

5.  SUMMARY AND CONCLUSIONS

551, 'Concluding Remarks

The main cdntribunion of this ﬁork is sﬁened in 10 definitions
and 20 theorems. We have been studylng in detall and under various
conditions the pr0pert1es of two blnary relations =%. and ‘& ;
the flrst one on Boolean algebras, and the second Ore on lattlces.
of partltions.' The results are qulte general and 31mple, espeolally
in finite structures. | | |

:Onr basio'concern nas to shon.that”probabiiiny; entropy, andr
'llnformatlon measures can be studied successfully 1n the sp1r1t of
representatlonal or algebralc measurement theory.

The method used here is based on the most general results
“ of modern mathematlcs, which state a one-one correspondence among
'relatlons, cones in vector spaces and the classes of pos1t1ve
functlonals."' . | 7

The main probiems,'snateé in Section l.i, heve‘been‘solred

in sufficient detail. In particular, we followed Scott in discussing



the coamplete answer for (P Y. Answers were obtained for (P2) and,
(P ) only in the finite case and ina special form. -
As applications, we solved simllar problems for entropy, informa-
tion, and aubomata.
As side problems, we discussed several conditional entities
like A/B, A/P, and ﬂi/f; in a set~theoretic fremework. We
studied also the basic properties of the indepéndence relation 'ﬂ »
and quadratic measurement structures. Various applications in
. logic, methodology of science, and measﬂrement'theory were indicated,
We have experienced the difficulties.of measurement problems
in the nonlinear case. Yet, only the sucoossful solution of such
“easés is likely to persuade anyone to the importance of algebraic
Mmeasurement theory, 8 theory-whlch at present is still in rather
a poor state.
As noted in Section 1. l, several people have tried to develop

'uéemantic information theory. In the author ] view, it can be wvery

well reduced to the standard information theory, because the set

of propositions, on which semantic information measures are defined,
forms, under certain rather weak conditlions, a Boolean algebra.

We do not think that there is much oftlearning about informstion
measures on propositions, before a.satisfactory theory of probebllity
on first-ordef longuages.is developed:'_frobabilities of quantified
formulas may then give something new. Beyond that there is the
prospect of studying entroples in first-order theories and, perhaps,

. of answering same of the methodological questions posed by empirical
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theories. But any such advances w1ll hawe to be preceded by‘eluci-
datlon of the structure of the 1ndependence relatlon on the set of

| quantlfled formulas, the structure of the set of condltlonal formulas,
and 80 or. It may be that a purely qualltative approach would be
more fruitful to begln with., Concerning these problems, in this
.study only the elementary facts have been suuted. _

The prdbability relation =$ is usually associaued with
subjectlvist 1nterpretat10ns.. The authcf has tried to show that
the interpretatlon is unimportant; what matters really are the
measurement-theoretic prqpertles ofrthis relation. Because of
uhis, vurious séﬁiorder versions of this relutiqn huve been also

éﬁudied.

5.2, Suggested Areas for Future Work, and Open Problems

"~ In this work several important problems have been left open,
and  cthers emerged during the research.

In particular we have not given any answer to the problem of
uniqueness of probability, entropy, and informstion measuwres. In
uroblem.(Ph)_we wure unable tp prove the multiéliqution law for
the conditional probability measure.

Our study is entirely algebraic; we have not tried to introduce
any topological assumptlons for the relatlons ‘{ “l 3 yet |
it is reasonable to assume that the answers to problems (P ),7
'(PB), and (Ph) in the infinite cage will lean heav;ly qu th?_;: .

topological properties of ’\{ in % .
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We have been studying the structures < Q, ﬁﬂf, 4 > and
<:9 F) ‘( > intrinsically, no doubt, mutual relationships |
between these structures haye also some importance in illuminating
the empirical notions of a micro- and macro-structure. Thinking
along these lines, we could consider the category of qualitative
probebility structures and study their basic algebraio properties
externally. B ” |

The structures <, o, 4, 1> ,7.<Q, o, 4, |>,
and <9, P, <, | > have not been studied enough. We do not
know, for instance, the necessary and sufficient conditions for
pairs <R, l|_> <L,]l>, " and <% _[|_> in order to
be able to find appropriate probability, information, and entropy
measures, respectively.

Yet another question is to determine the conditions to be
imposed on the structures < Q, £¥, & , | > and <9,|P 2, >
" to ensure that the representation by information I and entropy H

have the more specific form:

ALB <= £+ 1(a) < I(B), 0 < £ < +a, A, Bel,

"(Pl-’.-{f’e@' £+'H(cPl) 5" H( goe) , 0<E< +a,
{fl" J)EG_P."

This question is motivated by the problem that arises in algebraic -
measurement theory when, because of errors, ve have 11mited dis-

tinguishability. | S,
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A further generalization of the problem occurs when the error,
rather than being constant, is teken as a funetion & of the event A
or experiment JD |

Another prdblem is to find those condltions that must be imposed
on <0, %, ,1> o <a, P, s L > for the provability

| occurring in “the 1nformat10n or entropy measure to have a specific

distribution (Bernoulli, Binomial, Geussian, for instance). In
fhis case we might hope that the ﬁeasures will be uniéue up to some
reasonable group of transformatlons, moreover, the qualltative way
of proving theorems may be more straightforward.

We have not given tco many detalls about quadratic (or, generally,
ponlin_ear) ineasu.fement structures in phys.ics.'. Yet, there are
clear measuremént problems éonnecﬁed wifh the representaxioh of
such gquantities for which the x-theorem holds,

Some of the questions of probabllity loglc, probabilistic
automata theory, and probabilistic measurement theory appeared
to be 1mportant and we hardly could touch them.
| The suthor is clearly aware of the rather introductory character
| of this study to the vast field of open problems in the measurement-
theoretic appreach to the notions of probability, information
fheory, and methodologj of sciehce;'he.hcpes that further results

will be forthcoming.
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