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CHAPTER I

INTRODUCTION

The research to be reported in this dissertation is conce.rned with

the construction and evaluation of a number of theoretical models that

specify, in a precise way, how a child might solve a set of simple addi­

tion problems> These models will be described in Chapter II. An exper­

iment designed to provide a basis for evaluating these models, and using

first-grade children as subjects, will be described in Chapter III. The

remainder of the dissertation will be concerned with a description of the

results of the experiment, and an analysis of the goodnesscof-fit of the

various models to the experimental data.

The primary motivation of this research is twofold. on the one hand,

it represents an attempt to discover the extent to which a precise, quan­

titative model, which is based on hypotheses regarding specific processes,

can provide an adequate account of individual differences in performance

data obtained from a simple mathematical problem solving task. This is

of some interest for its own sake since, with one exception, (Paige &

Simon, 1966), models of this type that attempt to handle individual dif­

ferences do not appear to exist. The approach of Paige and Simon resembles,

at least in spirit, the approach of this dissertation, but there are cru­

cial methodological differences, which will be discussed in Chapter II.

Suppes and Groen (1967) have approached group data in a way extremely

similar to the approach of the present dissertation toward individual data.

However, nothing was conclusively proved, and this research may best be

viewed as a pilot study for the present dissertation.
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This research also represents an attempt to begin to isolate some

process variables that might be important in the study of how mathematics

is learned, and that might have some relevance to mathematical instruction

and to the nature of individual differences in mathematical ability. The

basic notion is to use the models, and their fit, as a means of uncovering

regularities in the data. The hope is that, from these regularities,

inferences can be made regarding the crucial process variables that account

for the data and the nature of the variations between individuals in the

type of process used.

A process may be viewed as a mechanism internal to the organism that

is postulated to account for a set of data. A process variable is a

statement of how a process varies as a function of tasks, individuals,

other processes, or their various interactions. A process taxonomy is a

classification of processes, process variables and their interrelation­

ships. The broad goal of the strategy outlined in the preceding paragraph

is to establish some results that might contribute to the construction of

a process taxonomy relevant to mathematical learning and instruction.

Task and Process Taxonomies in Mathematics

Melton (1967) has made the distinction between a process taxonomy and

a task taxonomy. While the former has to do with inferred processes within

the organism, a task taxonomy deals with tasks and with operationally

defined task~variables. It is important that these not be confused. For

example, the standard classification of learning situations into condition­

ing, rote learning, selective learning, skill learning, concept attainment

and so on can be identified as major classes in a task taxonomy. Each

class can be defined in terms of a set of experimental paradigms. However,
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Melton points out that these have also been arranged in a process taxonomy.

Thus, conditioning and rote learning were thought to be heavily weighted

by a process of simple associative learning (the formation and strengthen­

ing of S-R associations) while selective learning, concept attainment,

skill learning and problem solving were thought to be heavily weighted by

a process of discovery and selective strengthening of S-R associations

(by theorists of a behaviorist bent), or by 'understanding' or 'organiza­

tion' (among cognitive theorists). These process distinctions were

originally thought to be strongly correlated with the task distinctions,

but are now frequencly considered relative at best, and sometimes com­

pletely false (Melton, 1964). For example, rote verbal learning was

originally thought to be a matter of simple associative learning. However,

recent accounts have emphasized the importance of mediators (Underwood,

1964), short-term memory processes (Atkinson & Shiffrin, 1967) and complex

information-processing procedures (Simon & Feigenbaum, 1963).

The problem of distinguishing between a task taxonomy and a process

taxonomy is as important in pedagogy as in experimental psychology. While

it is possible to construct a task taxonomy that is free from process

assumptions in certain areas such as computer-aided instruction where the

tasks are well-defined (e.g., Groen & Atkinson, 1966), this is not the

case in areas such as curriculum development. The contents of a curriculum

may be viewed as an elaborate task taxonomy. However, a curriculum must

be teachable. This cannot be determined by purely empirical research.

For example (Suppes, 1967), if it is hoped to determine by this approach

the optimum sequence of topics in the first two grades of elementary school,

it can be shown that the mathematical constraints on the possible sequences
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of topics are not sufficient to reduce the number of possible sequences

to a manageable amount for the purposes of experimental comparison. Hence,

it would seem that the decision regarding what should be taught depends on

assumptions regarding the interrelationships between tasks, processes, and

individual differences.

Often, these assumptions are unstated. In the case of mathematics,

Suppes (1967) points out that the clear and definite structure that is

characteristic of most parts of modern mathematics can be misleading. The

very clarity of the structure can lead to the view that anything beyond

this structure that needs to be considered in analyzing and deciding how

mathematics should be taught can be discovered by appropriate use of

" t "to 1
~n U~ ~on.

As a result of this reliance on intuition, many teachers and currucu-

lum writers have tended to adopt an informal process taxonomy that places

a heavy emphasis On a distinction between rote learning and understanding.

This taxonomy is often used as a partial rationale for importnat curriculum

. decisions. For example, in the Report of the Cambridge Conference on

School Mathematics (1963), the proposal is made to virtually abandon drill

(Which is viewed as a process of rote learning) and replace it by problems

which illustrate new mathematical concepts. While practice in fundamental

skills such as addition is necessary, sufficient practice may be obtained

by giving problems that involve addition but illustrate these new concepts.

On the other hand, the use of problems involving the use of mathematical

principles, and teaching techniques such as the method of discovery, are to

lThe Report of the Cambridge Conference on School Mathematics (1963)
relies on this approach to a great extent.
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be encouraged because they foster mathematical understanding. The dif­

ficulty is that a proposal such as this cannot be objectively examined in

terms of a dichotomy between learning by rote and learning by understand­

ing, As Suppes (1965a) has pointed out, what is meant by understanding a

mathematical concept is not well defined from either a process or a task

point of view, Drill is generally held to be an example of rote learning

because it is similar, as a task, to the paradigms of rote verbal learn­

ing. The problems ~n regarding rote verbal learning as heavily weighted

by a process of the formation and strengchening of stimulus-response

associations have already been discussed.

A more sophisticated approach to the problem of constructing a pro­

cess taxonomy relevant to mathematics is to approach it from the point of

view of transfer of traini!~. For example, Suppes (1965a) considers that

the most promising direction to develop some analytic insight into what

is meant by 'understanding a mathematical concept' is to develop a

psychological theory of concept transfer and generalization. The problem

with this is that the usage of the word 'concept I by mathematicians is

not equivalent to the usage of the term in experimental psychology.

Broadly speaking, it is generally defined in experimental psychology as

some categorization of a set of stimuli. However, a mathematical concept

such as the concept of relation does not fit this definition.

A distinction that goes back to the time of Thorndike (Thorndike &

Woodworth, 1901) and Judd (1908) is that between specific and non-specific

transfer. Following Bruner (1960, p. 17) specific transfer may be viewed

as the extension of habits or associations to tasks that are highly sim­

ilar to those in which the original learning took place. On the other
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hand, non-specific transfer consists of learning initially a general idea

(to Judd, a principle) which can be used as a basis for recognizing sub­

sequent problems as special cases of the idea originally mastered. The

notion of specific transfer was used as a rationale for the mathematics

curriculum of the 1930's and 1940's, which was very heavily influenced by

the views of Thorndike. Indeed, the current attitude toward the relative

importance of drill and methods that promote understanding can be viewed

as a reaction against the older curriculum and the views of Thorndike.

However, it is unclear whether the distinction between specific and non­

specific transfer is particularly fundamental. In particular, a number

of recent studies on the effect of overlearning on transfer, using a

paired associate paradigm involving tasks with dissimilar responses,

indicate that negative transfer decreases as a function of the amount of

overlearning and may change to positive transfer under high degrees of

overlearning (e.g., Mandler, 1962; James & Greeno, 1967). This can only

be explained on the assumption that something other than a simple associa­

tion is being learned and influences transfer in a non-specific way.

A somewhat different approach utilizing notions of transfer is due

to Gagne (1965). Gagne's basic aim is to construct a reliable task

taxonomy for a complex learning task. He begins by considering the knowl­

edge which a teaching procedure is trying to produce. This defines a

final task. Beginning with this final task, he considers what an individ­

ual would have to know if he were to perform this task successfully, were

he given only instructions. The knOWledge needed for this defines a new

set of subordinate tasks for each of which the analysis is repeated.

Proceeding in this fashion, Gagne generates a hierarchy of learning tasks.
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This may be a useful procedure for specifying a curriculum and exploring

it in a purely empirical fashion" However, Gagne also attempts to use

this to discover what are the dimensions of learning phenomena that are

important to the task" To do this, he introduces a hierarchy of eight

different kinds of learning, ranging from classical conditioning through

chaining and verbal association all the way to concept learning, principle

learning and problem solving. He then labels each element in his task

taxonomy with an element of his learning hierarchy, subject (apparently)

to the constraint that a given type of learning cannot be subordinate

(in the task taxonomy) to a type of learning below it in the learning

hierarchy. The problem with this appraoch is that it is unclear how use­

ful a classification the learning hierarchy represents, and how realistic

the constraints regarding the interdependencies are. For example, concept

formation cannot depend on principle learning, in Gagne's classification"

Moreover, the classification is, as Melton (1966) points out, only a

slightly more analytic refinement of the traditional classification out­

lined in the first paragraph of this section. Finally, major disagreements

with the details of his classification are possible. For example, Gagne

classifies Harlow's experiments on learning sets (e.g., Harlow, 1949) as

concept learning. On the other hand, Bourne (1966), in an analysis of

conceptual behavior considers concept formation as involving attribute

learning and rule learning (Which Gagne would class as an example of

principle learning)" He considers the work on learning sets as instances

of rule learning.

7



Algorithms, Heuristics and Process Models

The discussion in the preceding section serves to illustrate two

things. The first is that it is extremely difficult to set up a task

taxonomy that is free of underlying process assumptions. The second is

that process assumptions used in mathematical instruction have tended to

be labels referring to unknown and undefined processes. Broadly speaking

it seems reasonable that a process taxonomy adequate for mathematical

instruction should have the following desirable properties: it should

provide a framework for suggesting and formulating experimental and

theoretical investigations of mathematical learning and performance; it

should provide a basis for decisions regarding mathematical instruction;

and it should consist of generalizations from a set of adequate process

theories, firmly grounded in experimental evidence. Following Glanzer

(1967), an adequate process theory can be viewed as one that satisfies

. 2
the following requirements:

1. It should be a detailed specification of a process. In other words,

it should detail a series of events that carry the organism from one

state to another.

2. It should be a specification of a process within the individual.

3. The intra-individual process should be available to experimental

manipulation.

In this section, an attempt will be made to consider an approach poten-

tially based on adequate process theories, and to indicate how the

research to be reported in the remaining chapters fits in with this

approach.

2Glanzer is primarily concerned with R-R theories of perception.
However, his remarks have general applicability.
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This approach is based on a consideration of problem solving proce­

dures. An immediate difficulty is the fact that no really consistent view

exists among mathematicians regarding what is a problem and what is not a

problem. Moreover, the notion of a problem is difficult to define without

introducting assumptions regarding the processes required to solve a prob­

lem. For the purposes of this dissertation, a problem will be viewed as

any task in which an individual is required to elicit an observable

response, and for which a criterion exists by means of which the response

he elicits can be categorized as either correct or incorrect. A response

to a problem will be called a solution. A problem solving procedure is

a process that yields a solution. It is convenient to distinguish between

two types of problem solving procedures: algorithms and heuristics. Fol­

lowing Newell, Shaw and Simon (1956), a heuristic can be'defined as a

procedure that may yield a correct solution to a given problem, but offers

no guarantee of doing so. In contrast, an algorithm is a procedure that

is guaranteed to generate a correct solution to a given problem (assuming

that such a solution exists). As Feigenbaum and Feldman (1963) point out,

a heuristic can be a rule of thumb, strategy, trick, simplification or any

other kind of device that drastically limits the time required for solution

and the possible number of alternative solutions that must be considered.

It is possible to make a task distinction that corresponds, in a very

rough kind of way, to the process distinction between algorithms and

heuristics. This is the distinction, suggested by Polya (1966) between

routine and non-routine problems. Given a curriculum in which it is

assumed that the ability to solve a problem correctly is determined by the

knowledge of certain concepts and principles, then a problem is routine
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for a given individual if he has been taught these principles and concepts.

Otherwise, it is non-routine. A non-routine problem is probably always

solved by some heuristic procedure. On the other hand, it is important to

note that the fact that a problem is routine does not guarantee that an

algorithmic procedure will be used, or even that it will be solved through

the use of the principles and concepts the solution is supposedly based on.

For example, in an unpublished experiment by Suppes, Groen, and Jerman,

the results of which have been partially reported by Suppes (1965b), a

number of fourth-grade children were given a series of problems that were

supposed to reQuire the use of the commutative, associative and distribu­

tive laws of arithmetic. These children had already been taught these

laws in the classroom. The prob~ems all consisted of eQuations with either

one or two blanks on the right-hand side (e.g., 2x3 = 3x_). Differences in

learning and error rates were found in this experiment that could only be

explained by assuming that, in problems with only one blank, most subjects

were using a heuristic device that involved comparing the numbers on the

left-hand side of the eQuation with those on the right, locating a number

on the left that did not appear on the right, and entering this number in

the blank space.

There were scattered investigations of problem-solving procedures

during the 1940's, most notably the investigation by Brownell and Moser

(1949) of different subtraction algorithms, the speculative analyses of

insightful problem solving by Wertheimer (1945) and Duncker (1945), the

investigation by Luchins (1942) of the effects of preparatory set on prob­

lem solving, and the developmental studies of Piaget (e.g., Piaget, 1952).

However, the current interest in the nature of the algorithms and
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heuristics used in problem solving appears to have developed from four

more recent sources: the analysis by Polya (1954) of mathematical rea­

soning, which was probably the first to emphasize the heuristic nature of

many aspects of mathematical problem solving; the development of computer

programming, which forced a much closer examination than before of the

precise algorithms that could be used to solve a problem; the attempts

initiated 'by Newell and Simon (1958) to devise computer programs to simu­

late human problem solving; and the analysis by Bruner, Goodenow and

Austin (1956) of strategies for solving concept formation problems. Taken

together, the work arising from these four sources is often held to rep­

resent the information processing approach to problem solving. (e,g.,

Forehand, 1966). However, these sources also can be viewed as representing

distinct, though complementary approaches. The work of Polya is an

informal analysis of plausible mathematical reasoning by a mathematician

mainly concerned with non-routine problems. Heuristic programming is only

an extremely small subset of computer programming taken as a whole. Com­

puter simulation can be characterized as a general technique for investi­

gating human problem solving that uses a computer program as a precise,

well-defined model for the problem-solving process. However, much of the

work that has been done has been concerned with heuristic procedures. The

approach of Bruner, Goodenow and Austin can best be seen as a refinement

of the work of Wertheimer and Duncker, and does not make explicit use of

computer simulation techniques. Neither does the more recent work of Bruner

(Bruner, Olver & Greenfield, 1966), which has become more global, less

experimental, and highly influenced by the work of Piaget.
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Bruner's global cognitive approach has provided the beginnings of

one type of process taxonomy that might be relevant to mathematical

instruction. This taxonomy has been outlined extensively by Bruner

(Bruner, 1964; Bruner, Olver & Greenfield, 1966, Ch. 1). It is consid­

erably more sophisticated than the primitive ones reviewed in the

preceding section. In particular, it rejects the dichotomy between habit

and 'understanding'. Unfortunately, it is far too complex to be adequately

discussed here.

The beginnings have also been made in establishing a taxonomy based

on processes less global than those of Bruner, and more specifically

related to computer simulation. While some of this has been frankly

speculative (e.g., Berry, 1963; Suppes, c965b), a rigorous and detailed

attempt to establish a process taxonomy that accounts in a specific way

for the difficulty of routine problems in elementary school arithmetic has

been made by Suppes, Hyman and Jerman (1966). This attempt was initiated

for a number of practical reasons connected with a need for homogeneous

sets of drill problems. Its purpose was to predict the difficulty of a

problem from its structure. A number of quantitative process variables

were constructed on an intuitive, a priori basis. For example, one such

variable was the number of steps required to solve a problem; another was

the magnitude of the answer. It was ass-umed that these variables combined

in an additive way to determine both the difficulty of a problem and its

response latency. From this assumption, a linear model could be derived

(for a given set of problems) in which the process variables were the

independent variables and either problem difficulty or response latency

was the dependent variable. By means of a step-wise linear regression
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technique, tese models were separately fitted to error and latency data,

and the weightings of the variables were estimated. It should be empha­

sized that this research represented an attempt at constructing a taxon­

omy rather than testing a theory. Once the a priori process variables

had been specified, the estimation technique was certain to produce a

number of variables with a high weighting. The problem of whether these

were actually the most relevant remained open. Another problem with the

research lies in the fact that the weightings were estimated from group

data. The extent to which it was legitimate to infer that the weightings

were valid for individuals remained, again, an open question.

At the beginning of this section, a number of desirable attributes

for a process taxonomy were listed. One of these was that a process tax­

onomy should be a generalization from an adequate process theory. The

reason for the a priori nature of the assumptions of Suppes et al., was

that no adequate process theory existed. Unfortunately, it is far more

difficult to formulate and test an adequate process theory than it is to

make a priori assumptions about process variables. As a result, it would

seem unreasonable, in the near future, to expect an adequate process

theory to cover a wide range of phenomena. Instead, a more reasbnable

and realistic role for a process theory would seem to be to provide a

theoretical underpinning to a process taxonomy. This dissertation can be

viewed as being related to investiagtions of Suppes, Hyman and Jerman in

precisely this fashion. In particular, an attempt will be made to do two

things. In general, the variables postulated by Suppes et al., can be

divided into three broad categories: perceptual, memory and operational

(or transformational). An attempt will be made in this dissertation to
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disentangle the role of these three variables in the procedure an individ­

ual uses in solving a simple additon problem. Also, since this disserta­

tion proposes to examine individual data separately, an attempt will be

made to evaluate the extent to which group mean data reflect individual

performance.

In conclusion, a brief indication will be given of why simple addi­

tion was chosen as the problem solving task to be examined in this dis­

sertation. Simple, routine problems have occupied a peculiar position in

the psychology of problem solving. A stimulus-response theorist (e.g.,

Staats & Staats, 1963) would put them in the category of complex human

behavior. A cognitive theorist would tend to view them as trivial. How­

ever, simple routine problems often have algorithmic solution procedures

that are likely to be used. It is usually considerably easier to write

a computer program for an algorithmic procedure than for a he'Qristic

procedure. Hence, from a process point of view, routine problem solving

can be considered as a limiting case of heuristic problem solving. Addi­

tion problems can be solved by means of extremely simple algorithms.

Hence, addition can be viewed as a limiting case of far more complex

problem solving tasks.



CHAPTER II

MODELS FOR COUNTING ALGORITHMS

The models to be proposed in this chapter deal with addition prob­

lems of the form:

m+n

subject to the constraints:

O<m<9,O<n<9.

(1)

(2)

These will be the only restrictions that are absolutely necessary. How­

ever, because the apparatus to be described in Chapter III allowed only

one physical response to be measured accurately, the problems actually

discussed will have the following additiona.l constraint:

m+n<9.

The models to 'be presented later in this chapter are similar to

'computer simulation models in the sense that each model could be formu­

lated as a computer program. However,' the approach to evaluation will

be somewhat different from the approach usually adopted in computer

simulation studies. As a result, it will be necessary to begin this

chapter by considering what these differences are and justifying briefly

the approach embodied in this dissertation.

15



The Evaluation of Goodness of Fit in Computer Simulation Models

As Hilgard and Bower (1966, p, 421) point out, one of the major

problems associated with computer simulation models lies in evaluating

the goodness of fit of the model to the data, The favored method for

testing the validity of a simulation model is 'by direct comparison of

the statements of the subject while thinking aloud with the output of

the computer program, Hilgard and Bower point out two drawbacks to this

method, The first is that the format and content of the subject's think­

aloud statements may be determined in part by incidental, selective

reinforcements by the experimenter, For example, an experiment by

Verplanck (1962) shows that, by incidental reinforcement, the subject's

motor responses and the content of his verbal rationalizing of them can

be shaped almost independently of each other, A second is that most of

the standard statistical techniques of data analysis are impossible to

apply. Two other drawbacks can be added to this list, The first is

that, even if no incidental learning occurs, the fact that the subject

is thinking aloud may change his problem-solving procedure from what it

would be if he were not thinking aloud, The second is that, with young

children such as those used as subjects in the experiment to be reported

in Chapter III, the use of verbal protocols is an extremely delicate

technique, No useful responses at all may be elicited or, worse still,

the results may be totally misleading,

This last difficulty may be overcome by using a more elaborate ques­

tioning technique, However, this increases the likelihood that the

subject may use a technique different from the one he would normally use,
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Moreover, unless extremely elaborate precautions are taken, it is very

harrr toavoirr the possibility of unconscious prompts, incirrental learning

or other experimenter-inrrucerr artifacts such as those describerr by

Rosenthal (1966),

An alternative approach to the use of verbal protocols is to make

use of error rrata, This has the advantage that statistical analyses of

goorrness of fit can be performerr (e.g., Simon & Feigenbaum, 1963) and,

more importantly, enables the use of experiments not so susceptible to

experimenter-inrruc~rrartifacts. However, error rrata are not generally

useful vhen one is interested in inferring the nature of a successful

procedure in which no errors are marre. Although error rrata are analyzerr,

this rrissertation makes extensive use of a thirrr approach. This is

baserr on the notion that, while a number of rrifferent algorithms may

exist to solve a given problem, rrifferent programs usually have rrifferent

running times. Hence, it is possible to discriminate between different

members of a collection of alternative programs for a given problem on

the basis of their running time. 'This suggests the following generali­

zation: the time requirerr to solve a problem should be a function of the

number. of steps in the problem-solving procerrure. Hence, rrifferent

procerrures for solving a given set of problems should result in system­

atically rrifferent response latencies.

Previous Research

A consirreration of previous research is not particularly helpful in

the task of constructing process models for arrdition problems. While a

number of sturries of classroom arrrrition have been performed (e.g., Knight
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and Behrens, 1928), these have all been empirical, normative studies

designed to determine which problems tended to be most difficult for

children. The interpretation of these studies for the purpose of infer­

ring underlying processes is almost impossible because the bulk of them

tended to use elaborate, composite indices that were composites of

various response measures. Buswell and Judd (1925) review a number of

studies of this type. They feel that these studies cast doubt on the

contention of Thorndike (e.g., Thorndike, 1922) that the process of

addition consists of the setting up of bonds or connections between

numbers. They go on to state that, while the ultimate objective in

addition may be Some such simple process as this, it is perfectly clear

that the mental processes used in addition are very much more complex

than such an association formula would imply. Unfortunately, the studies

cited by Buswell and Judd do little more than point to the existence of

this complexity. The only normative study to make any systematic use

of process assumptions is one by Brownell (1941). Unfortunately, the

relevance of Brownell's results is limited by the fact that he is mainly

interested in how performance can be arranged along a dimension from

rote to meaningfulness, and does not systematically define his process

assumptions. However, some of Brownell's results will be cited later

in this chapter, since they are important in making some of the assump­

tions of the models plausible.

With a few exceptions, addition problems do not appear to have been

studied by experimental psychologists (Thorndike's work in this area was

speculative rather than experimental). There have been a few studies of

counting behavior (e.g., Beckwith & Restle, 1966), but it is difficult
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to establish the relevance of this work to the study of simple addition

problems.

A few studies of elementary arithmetic have stemmed from the tradi­

tion of information theory. Birren, Allen and Landau (1954) found that

the total time for mentally calculating a string of operations was a

function of the count of the individual operations. Thomas (1963) devel­

oped a difficulty index based on a summation of the logarithms of the

sums of all digits in a single digit operation. He found a linear

relationship between this difficulty index and the solution time.

Danserau and Gregg (1966) proposed an alternative difficulty measure

based on the number of steps required to solve a mental multiplication

problem and found that this, too, fitted the solution time. Although

this investigation restricted itself to one subject, and the times were

measured with a stop-watch, this result does point to the importance of

considering alternative theories and disentangling correlated predictions.

A study by Sternberg (1966) used much the same strategy as that

proposed in the preceding section. This study was an attempt to infer

the process subjects used in performing a sorting and classification

task. The approach was to make highly specific process assumptions as

bases for latency models. The predicted latencies turned out to fit the

observed latencies extremely well. The fact that this strategy has had

some success in uncovering the processes used in a simple problem-solving

task ,;ould seem to be worth noting.

The only study of routine mathematical problem solving to consider

detailed process assumptions is the investigation by Paige and Simon

(1966) of cognitive processes in algebra word problems. This study,
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however, is mainly concerned with the computer simulation of the process

by which a word problem is translated into algebraic form and how the

correct solution procedure to the algebraic problem is selected. It

does not consider computational procedures in any detail. Also, solution

times are not considered. Instead, the model is fitted by a process of

matching verbal protocols, although the fitting procedure does make use

of a number of supplementary operations.

Addition and the Natural Numbers

The purpose of this section is to examine whether any assumptions

that might be suitable for forming the basis of a model are suggested

either by the way the properties of the system of natural numbers are

developed in mathematics or the way these properties are taught in the

e.lementary curriculum. Formally, addition is a binary operation defined

on the set N ~ (0,1,2, ••• ) of natural numbers. Hence, the treatment

of addition depends on how the properties of natural numbers are developed.

There are two standard mathematical approaches. One is essentially set­

theoretic, while the other is essentially arithmetic. In this latter

approach, the natural numbers are defined directly' in terms of a set of

axioms that make only minimal use of set-theoretic notions.

The set-theoretic approach is based on the notion of the cardinality

of a set. Intuitively, two finite sets have the same cardinality if they

have the same number of elements. This is unsatisfactory from a formal

point of view, since any notion of counting must involve the ordinal

properties of the natural numbers, and one purpose of this approach is

to define these in terms of more primitive notions. Formally, two sets
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X and Y have the same cardinality if the two sets are in one-one

correspondence. More precisely, X and Y have the same cardinality

if there exists a function, f, from X onto Y with the following two

properties:

1. For each x in X there exi.sts a unique y in Y sucb that y

2. Each element of Y is the image of a unique element of X.

f(x) •

Every set, then, can be uniQuely labeled on the basis of its cardinality,

in such a way that all sets of the same cardinality have the same label

and sets of different cardinality have different labels. These labels

are called cardinal numbers. Broadly speaking, it is then shown that it

is legitimate to represent the cardinal number of a finite set by a nat-

ural number, and then.the standard properties of the natural numbers

are defined and developed in terms of the properties of the sets they

represent. Addition is defined in terms of union of sets. In particular,

let X and Y be disjoint sets and let C(X) denote the cardinality

of X. Then C(X) + C(Y) is defined as C(X U y).

The arithmetic approach is based on ordinality rather than cardinal~

ity. FolloWing MacLane and Birkhoff (1967), the set N of natural num-

bers may be intuitively described as follows: N contains an 'initial'

number o·, there is a successor function 8 from N into N such that

8(0) = 1, 8(1) = 2, 8(2) = 3, ... ; and finally N is 'generated'from

o by 8. This intuitive notion can be formalized in terms of a set of

axioms. These axioms occur in various forms, the most standard of which

are the Peano Postulates. These can be stated in the following form

(MacLane & Birkhoff, 1967, p. 36): N is a set with one unary operation

8 (The successor function) and one nullary operation" select 0" such
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that for m, n in N

1. Sn = 8m implies m = n.

2. Sn is never O.

3. Any property holding for 0 and holding for Sn whenever it holds

for n is true for all natural numbers.

From these axioms, all .the properties of natural numbers bay be derived;

in particular, properties of addition and multiplication. Addition of

nand m is defined in terms of the n-fold iterate of S. This is

defined as the result of applying S n times and is denoted by sn.

Formally, it can be defined as follows:

o
S (m) = m;

The sum of two natural numbers m and n can then be defined as:

(4)

In terms of this definition, the successor function S is the function

defined by S(n) = n + 1 for all n.

It should be noted that neither of these approaches defines explicitly

a computational algorithm that states explicitly how addition problems of

the form (1) can be solved. This is because both these approaches are

concerned more with proving properties of the addition operation than.

with constructing computational procedures. However, the two approaches

do suggest different ways in which the answer to a simple addition prob-

lem might be constructed. The set theoretic approach suggests taking two

sets of cardinality m and n, respectively, and finding the cardinality

of their disjoint union. The second approach suggests an intrinsically
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simpler way. It suggests that addition problems can be solved by 'select­

ing a zero' and successively applying the successor function (intuitively,

iterating by one's). This will be the basic notion behind the models of

the next section.

In modern elementary curricula, both approaches are used informally,

but only the set theoretic approach is developed systema,tically. For

example, in the Suppes curriculum (Suppes, 1962) the first notions are

set theoretic. Cardinality, however, is defined in terms of the number

of elements in a set (which involves counting and hence can be viewed as

an informal application of the arithmetic approach). Addition is developed

in terms of the disjoint union of sets. It is not the intention of this

dissertation tO,discuss the validity of this general approach. ROl,ever,

it is important to lnake two observations that appear to hold for almost

all curricula (old-fashioned as well as modern). The first is that a

precise algorithm for solving problems of the form (1) is not taught.

The second observation is that problems of this form are considered to

be elementary 'number facts' that should be memorized. This latter atti­

tude can probably best be viewed as a relic of the old arithmetic curric­

UlUlU. This was very highly influenced by Thorndike's notions Of specific

transfer, which formed the basic rationale for the view that all addition

could be generated from a knowledge of the 'basic addition combinations'

together with a few simple rules. These combinatiOnS were viewed as

simple stimulus-response associations, with a partic41ar addition prob­

lem as the stimulus and the anSWer as the reSponse. Thus, adding twenty­

three to twelve was viewed as being produced by the associatiOnS 'two

plus three is five 1 and 'two plus Qne is three. i WhUe the intensive
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drill that was characteristic of the older curricula has been dropped,

efforts are still made to encourage memorization through the use of

devices such as flash cards.

Five Counting Models

For a problem of the form (1) subject to the constraints (2) and (3),

it is possible to distinguish between five different procedures, all

based on counting, that might be used to solve the problem, In order to

distinguish between these procedures, it is conveni.ent to consider a

counter on which two operations are possible: setting the counter to a

specified value (it is assumed that this automatically erases the previous

value of the counter); and incrementing the value of the counter by one.

The addition operation is performed by successively incrementing the

counter by one a suitable number of times. The operation of this counter

is illustrated in Figure 2-1.

It should be noted that the two operations defined for this counter

correspond to the two operations defined by the Peano Postulates. Incre­

menting the counter by one corresponds to using the successor function,

while setting the counter corresponds to the 'select zero' operation

(from a pure counting point of view, the value to which the counter is

set corresponds to the zero element). Furthermore, the counter defined

by Figure 1 is, to all intents and purposes, simply a schematic represen­

tation of addition as defined by equation (14). Also, it should be noted

that the ability to use the counting procedure defined by Figure 1 demands

only that a child be capable of what Brownell (1941) has called rote

enumeration of the natural numbers excluding zero (e,g., saying "one, two,
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SET COUNTER
TO 0

HAVE x
ONE's BEEN

ADDED?

NO

INCREMENT
COUNTER
BY ONE

YES EXIT WITH
o+x IN

COUNTER

Figure 2-1. Example of' a device which sets a counter
to a and adds x to a by increments
of' one.
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three, four" or "three, four, five"). A normative study by Brownell

(1941) showed that well over 90% of all children entering elementary

school could recite the numbers up to 10.

Using this counter, an addition problem of the form m + n =

can be solved in the following ways.

1- The counter is set to O. m and n are added by increments of one.

2. The counter is set to m (the left-most number). n (the right-most

number is then added by increments of one.

3. The counter is set to n (the right-most number) • m (the left-most

number) is then added by increments of one.

4. The counter is set to the minimum of m and n. The maximum of m

and n is then added by increments of one.

5. The counter is set to the maximum of m and n. The minimum of m

and n is then added by increments of one.

Using the conventions of Algol (McCracken, 1962), these processes

can be written more formally in the form of computer programs. To do

this the following variables are needed: m, n, Sand i where m and

n are the two digits in the problem:

m + n ;::

The following procedures will be assumed to be available to the computer:

1- Input (m,n). Inputs the values of m and n. (m is the left-most

digit in the problem).

2. Max(m,n). Finds the maximum of m and n.

3. Min(m,n) • Finds the minimum of m and n.

4. Output(S) • Outputs the value of S
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8 + 1;

8 + 1;

8: =

8:

step 1 until m do

step 1 until n doFor i: = 1

Output (8);

The programs are as follows:

Model 1

Input (m,n) ;

8: = 0;

For i: = 1

Model 2

Input (m,n)

8: = m

For i: = 1 step 1 until n do 8: = 8 + 1;

Output (8)

Mode13

Input (m,n)

8: = n

For i: = 1 step 1 until m do 8:

Output (8)

8 + 1

Model 4

Input (m,n)

8: = min(m,n)

For i: = 1 step 1 until max(m,n) do 8: = 8 + 1

Output (8)
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Model.5

Input (m,n)

S: = max(m,n)

For i: = 1 step 1 until min(m,n) do S: = S + 1

Output (S)

Predictions of Models

To derive predictions from the five basic models proposed in the

preceding section, it is necessary to make three assumptions regarding

the time taken to perform the operationso (1) The time required to set

the counter is assumed to be a random variable ex that is independent

of the value to which the counter is seto (2) The time required to

increment the counter by one is assumed to be a random variable ~ that

is independent of the number of times the counter has been incremented 0

(3) It is assumed that ex and ~ are mutually independento

Suppose that the counter is to be set to a certain value and then

incremented x times by oneo Then the total time T taken by the

counter to perform these operations is given by the equation:

Equation (5) provides an expression for the time taken to perform an

addition problem of the form m + n = Corresponding to the models

proposed in the preceding section, x is determined as follows:

Model 10 x = m + n

Model 20 x = n

Model 3. x = m



Model 4. x = max(m,n)

Model 5. x =min(m,n)

For practical purposes, it is inconvenient to consider (5) as it

stands. a and ~ are random variables, and so is T. To treat T

directly, it would be necessary to consider its distribution together

with the distributions of a and ~. Little is known about the form of

latency distributions (cf. McGill, 1962). The little that is known is

sufficient only to indicate that it is extremely unsafe to make ad hoc

distributional assumptions. (For example, while the Gamma Distribution

is often used to fit group data (e.g., Woodworth and Scholosberg, 1948,

Ch. 2), it has recently become evident3 that the Gamma Distribution does

not fit individual subject data because the observed data have too high

a density at the extreme tail of the distribution.) As a result, it is

more convenient to work with means. Since ~ is assumed to be indepen-

dent of x, it follows from (5) by taking expectations that, for problem

i and model j,

E(T .. ) = E(a.) + x ..E(~.) .
1J J 1J J

(6)

Since, from now on, means will be used exclusively, it is convenient to

denote E(T) by t, E(a) by a, and E(~) by b. Then equation (6)

becomes:

a. + b.x ..
J J 1J

under theicomputed for problemis the value of xwhere x ij

assumptions of model j.

3 This problem is discussed by Snodgrass, Luce and Galanter (in press).
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Equation (7) is an expression relating the mean latency of a success-

ful response to an independent variable, xij ' which can be directly

determined, for each model, from the problems in a par&meter-free way.

is only intended

The equation itself involves two free parameters, a
j

model. It is important to emphasize that Equation (7)

am for each

to apply to correct responses. There are no grounds for assuming that a

subject is using the algorithms corresponding to the five models when he

makes a wrong response. If a set of experimentally determined average

success latencies t'
1

then the parameters am can be estimated

and the goodness of fit of the predicted latencies t ij to the observed

latencies t' can be evaluated for each model j by means of a regres­
i

sion analysis. An experiment to determine average success latencies that

are sUfficiently stable to enable the analysis of individual subject pro-

tocols will be described in Chapter III. A regression analysis to analyze

these data will be described in Chapter V.

A broad idea of the different implications of the five models can be

gained in two convenient ways. Both make use of the fact Equation (7)

makes extremely strong, parameter-free predictions regarding the variation

in response latency between problems. Moreover, these predictions will

be different for different models. The first way is to view t in

Equation (7) as a surface generated by m and n. Since, for a given

model, a and b are assumed to be constant, the value of t is a

monotonic function of x. As a result, the shape of the surface can be

determined by examining x as a function of m and n. A convenient

way to represent a surface is by means of a set of level contours. A

level contour joins together points of equal value. Figure 2-2 shows
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contour diagrams for the surface generated by each modeL The solid lines

are the contours, Points joined by solid lines indicate points with

identical values of' x, and hence witb identical tbeoretical values of t,

The contours have ben },abeled by values of' xo Since t is a monotonic

function of' x, tbe larger x is, the larger t will be, This assumes,

of course, positive values of a 8,nd 'b, However, since a and bare

expectations of random variables ths,t are times, negative va,lues of a

and b are assumed to be impossible,

The second way is by indicating the raIL'k: order of the various prob­

lems as predicted by each modeL This order is, aga,in, completely

determined by the value of x the model assigns to each problem, These

rank orderings could be read off the graphs of Figure 2-2, They are

included here because they are easier to compare with observed data,

The predicted rank order of problems for eacb model is shovn in Table 2-L

Rank 0 indicates the problems wi th the lm-rest predicted latency (the value

o was chosen in order to make the rank of a problem the se~e as its

x-value for a given model) 0 It should be noted that here, as in a number

of subsequent tables and graphs, ron denotes "be problem m + n, For

example, 5 + 4 is denoted by 540
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TABLE 2-1

PREDICTED RANK ORDER OF EACH PROBLEM FOR THE FIVE MODELS

Model 1

Rank Problems with Given Rank

° 00

1 01, 10

2 02, 20, 22

3 03, 30, 12, 21
4 04, 40, 13, 31, 22

5 05, 50, 14, 41, 23, 32
6 06, 60, 15, 51, 24, 42, 33

7 07, 70, 16, 61, 25, 52, 34, 43
8 08, 80, 17, 71, 26, 62, 35, 53, 44

9 09, 90, 18, 81, 27, 72, 36, 63, 45, 54

Model 2

Rank Problems

° 00, 10, 20, 30, 40, 50, 60, 70, 80, 90
1 10, 11, 21, 31, 41, 51, 61, 71, 81

2 20, 12, 22, 32, 42, 52, 62, 72

3 30, 13, 23, 33, 43, 53, 63

4 40, 14, 24, 34, 44, 54

5 50, 15, 25, 35, 45
6 60, 16, 26, 36

7 70, 17, 27
8 80, 18

9 90
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TABLE 2-1
PREDICTED RANK ORDER OF EACH PROBLEM FOR THE FIVE MODELS (cant.)

Model 3

Rank Problems

° 00, 01, 02, 03, 04, 05, 06, 07, 08, 09

1 10, 11, 12, 13, 14, 15, 16, 17, 18

2 20, 21, 22, 23, 24, 25, 26, 27

3 30, 31, 32, 33, 34, 35, 36
4 40, 41, 42, 43, 44, 45

5 50, 51, 52, 53, 54
6 60, 61, 62, 63

7 70, 71, 72
8 80, 81

9 90

Model 4

Rank Problems

° 00

1 01, 10, 11

2 02, 20, 12, 21, 22

3 03, 30, 13, 31, 23, 32, 33
4 04, 40, 14, 41, 24, 42, 34, 43, 44

5 05, 50, 15, 51, 25, 52, 35, 53, 45, 54
6 06, 60, 16, 61, 26, 62, 36, 63

7 07, 70, 17, 71, 27, 72
8 08, 80, 18, 81

9 09, 90

Model 5

Rank Problems

° 00, 01, 10, 02, 20, 03, 30, 04, 40, 05, 50,
06, 60, 07, 70, 08, 80, 09, 90

1 11, 12, 21, 13, 31, 14, 41, 15, 51, 16, 61,
17, 71, 18, 81

2 22, 23, 32, 24, 42, 25, 52, 26, 62, 27, 72

3 33, 34, 43, 35, 53, 36, 63

4 44, 45, 54
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CHAPTER III

A STUDY OF RESPONSE LATENCIES IN SIMPLE ADDITION PROBLEMS

The experiment to be reported in this chapter was designed to evalu­

ate how well each of the models proposed in the preceding chapter could

account for the response latencies of children successfully solving simple

addition problems. In particular, it was designed to evaluate howade­

quately each model could provide a satisfactory prediction of variations

in individual response latencies as a function of the problem presented.

The main aim was to design the experiment so that the data from each child

could be analyzed separately, and yet comparisons between children could

also be legitimately made. As a result, an effort was made to minimize

inter-individual treatment variations. In particular, all children were

given an identical set of problems. Broadly speaking, the experimental

design consisted of giving all children the same set of problems to solve

on each of five days, the first of which was viewed as a pre-training

day. The only treatment variable was the presentation sequence of the

problems. In order to control for possi'ble undesirable se'luential effects,

the subjects were divided into four groups and a counterbalanced Latin

S'luare design was used.

Subjects

The subjects used in this experiment consisted of the entire popula­

tion of the first grade of an elementary school in the Menlo Park School

District, which serves a predominantly upper middle-class suburban com­

munity in the San Francisco Bay Area. On of the subjects was unable to
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complete the experiment because she suffered a broken leg. Another sub­

ject's data was unusable owing to a malfunction in the apparatus. With

these two exceptions, all other subjects (a total of 37) completed the

experiment.

The subjects had an average age of about six years and ten months.

The average Binet IQ (administered either at the end of Kindergarten or

the beginning of Grade 1) was about 125. The age, sex, home room and

Binet IQ of each subject is listed in Table 3-1. The principal reason

for using first-grade children as subjects in this experiment was that

they ahd already been taught addition but had possibly not received

sufficient practice in solving simple addition problems for the solutions

of a large number of problems to be memorized. Also, a preliminary test

of the models developed in Chapter II, using group data, gave a very

tentative indication that one of the models fitted group data obtained

from first-grade children (Suppes and Groen, 1967).

The subjects in the present experiment ha.d been taught arithmetic

in first grade, using the Greater Cleveland curriculum, which makes use

of the modern approach involving the use of set theoretic notions. Enqui­

ries of the teachers revealed that neither teacher had specifically

taught any of the addition algorithms discussed in Chapter II above.

There had been some drill with flash cards.

Materials

The problems that were used as stimulus materials consisted of all

problems involving the addition of two one-digit numbers with a response

between 0 and 9. In other words, the problems that were defined at the



TABLE 3-1

SEje, AGE, HOME ROOM.AND BINET IQ::OF EACH SUBJECT.

Agel
Home Binet

SUbject Sex Room IQ

1 M 6.10 2 123
2 F 6.8 1 122
3 F 6.10 2 119

.4 F 6.11 1 112
5 M 6.8 2 132
6 F 6.7 1 122
8 M 6.10 1 132
9 F 6.10 2 132

10 F 7·0 1 153
11 M 7·3 1 132
12 M 6.6 2 131
13 F 6.5 2 110
14 F 7.4 1
15 F 6.10 1
16 F 7.5 2 125
17 F 7·0 2 116
18 M 6.8 1 123
19 M 7·0 2 124
20 M 7.8 2 122
21 M 6.6 1 122
22 F 2
23 F 7·5 2 142
24 F 6.11 1 125
25 M 7·1 2 106
26 M 7.4 1 116
27 F 7·1 2 144
28 F 6.8 2 123
29 F 6.11 1 91
30 F 7·5 2 111

31 M 7.0 1 131
32 F 7.4 1 111
33 F 6.9 2 168
34 M 6.10 1 142
35 F 6.10 1 140

36 M 7.2 2 126
37 M 6.11 1 128
38 F 7·5 2 133

1
years and months
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beginning of Chapter II. A complete list of all these problems is given

in Table 3-2.

Three different random presentation sequences of 55 problems were

prepared. Each sequence contained exactly the same set of problems.

They differed only in the sequential order of the problems. The random

ordering was constrained in such a way that the following sequences did

not appear:

1. two adjacent problems with the same solution,

2. m +n followed immediately by n +m ,

3. m +n followed immediately by m +k ,

4. m +n followed immediately by k +n

On each day, a subject was presented either with one of these ran­

dom sequences (denoted by 1, 2, 3) or with one of these sequences in

reverse order (denoted by lr, 2r, 3r). These sequences are listed in

Appendix A.

Apparatus

A slide was prepared for each problem. The slide was presented to

the subject projected onto a screen by means of a Kodak Carousel Slide

Projector. The subject had in fron of him a response panel with ten

buttons marked 0 to 9. The subject made his response by pressing one of

these buttons. He could take as long as he liked to make his response.

The button he pressed then became illuminated, and remained illuminated'

until the next problem was presented. Both the slide projector and the

response panel were connected to a Beckman Timer. This measured the

response latency (defined as the time between the presentation of the
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T.IlJ3LE 3-2

SET OF ALL POSSlBLE 2~DJGITADDlTJON PROBLEMS

WlTH A l~DlGJT SOLUTION

0+0 o + 1 o + 2 o + 3 o + 4. o + 5 o + 6 o + 7 0+8 o + 9

1 + 0 1 + 1 1 + 2 1 + 3 1 + 4. 1 + 5 1 + 6 1 + 7 1 + 8

2 + 0 2 + 1 2 + 2 2 + 3 2 + If 2 + 5 2 + 6 2 + 7

3 + 0 3 + 1 3 + 2 3 + 3 3 + 4. 3 + 5 3 + 6
+0-

4. + 0 4. + 1 4. + 2 4. + 3 4. + 4. 4. + 5f-'

5 + 0 5 + 1 5 + 2 5 + 3 5 + 4.

6 + 0 6 + 1 6 + 2 6 + 3

7 + 0 7 + 1 7 + 2

8 + 0 8 + 1

9 + 0



problem and the occurrence of a response) with the accuracy of one

hundredth of a second. It also controlled the timing of the slide pro­

jector. The slide projector presented slides automatically, with an

interval of 2~ seconds between the subject's response and the presenta­

tion of the next problem. During this interval the solution to the

problem was flashed on the screen.

Procedure

The experiment was performed in a soundproof trailer located on the

premises of the school. Subjects went from their classes to the experi­

ment in the course of the normal school day. Each subject was run in

sessions lasting at most 15 minutes each on five successive days. The

procedure on each day was identical except for the order of presentation

of the stimuli. However, the first day was viewed as an initial pre­

training day, the function of which was to familiarize subjects with the

apparatus and with the task. While the data from this day were recorded,

they were not used in the evaluation of the models.

Each day began with a preliminary task, in which the subject was

shown the numbers from a to 9 in a random order. On the first day,

and on subsequent days if he seemed uncertain of what he was supposed to

dO, the subject was told that his task was to press the button that was

the same as the number he saw on the screen. It had been hoped originally

to repeat this task once so as to obtain a stable measure of individual

response latency, so that differential effects due to the positions of

the pushbuttons could be evaluated (the subject was alway's required to

put the fingers of his preferred hand on a marker in the middle of the
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response panel, and was always required to use his preferred hand). Un­

fortunately, it was found that subjects became bored when an attempt was

made to repeat this task. As a result, the task could only be presented

once and can best be viewed as an attempt to ensure that the subject was

properly warmed up to the experimental situation before he started solv­

ing the addition problems.

After this preliminary task, the subject was told that he would now

be shown some slides on which there were two numbers and that his task

was to "press down on the button that is the same as the answer you get

"hen you add the two numbers together." He was then presented with a

sequence of 55 slides, each of "hich had on it a different problem of

the form m + n = On the first day, but not on subsequent days, the

subject was told, if he seemed to be uncertain of what to do, to punch

the button that was the same as the 'missing number.' On the rare occa­

sions when this happened on days other than Day 1, the subject was just

told to do the same as he had done the day before. The experimenter sat

behind the subject, so that he could not be Seen unless the subject

deliberately turned around. The subject's response and response latency

(to the nearest one~hundredth of a second) were displayed on a display

panel (visible only to the experimenter) and could be recorded while the

ans"er to the prOblem "as being displayed to the subject by the apparatus.

In order to control .for effects due to a particular ordering of the

proble]])s, subjects were divided into four groups of equal size, with an

identical proportion of males and females in each group. The assignment

of individuals to groups is shown in Table 3-3. On the first day, all

subjects were given either Sequence 1 or lr. During the remaining four

days, the counterbalanced design indicated in Table 3-3 was used.
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TABLE 3-3

(a) Presentation Sequence on Last 4 Days

Group A

Group B

Group C

Group D

Day 2

2

2r

3

3r

Day 3

3

3r

2

2r

Day 4

2r

2

3r

3

Day 5

3r

3

2r

2

(b) Assignment of Subjects to Groups

Group A Group B Group C Group D

2 5 1 4

6 9 3 11

10 13 8 14

12 15 17 16

21 18 19 20

23 24 22 27

25 26 28 29

32 33 31 30

37 34 35 37

38
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CHAPTER IV

PRELIMINARY ANALYSIS

The regression analysis to be presented in the next chapter was

based on the mean latency of a successful response, computed over the

last four days of the experiment for each subject and each problem. The

first day was not considered because the subject was not familiar with

the task, hence any systematic differences in response latencies on the

first day might have been due to practice or warm-up variables. In com­

puting the mean latencies, two types of observations were omitted;

responses that had excessively long latencies, and responSes on which

errors occurred. The first two sections of this chapter will examine

these omissions and the effect they might have on the subsequent analysis.

The third section will discuss the results of the preliminary reaction

time task, in which the stimuli were numbers and the task of the subject

was to press the button corresponding to the number. While the individual

data are not too reliable, even when averaged over the last four days, it

is important for the purposes of the subsequent analysis to have some

overall estimate of the response latency as a function of the specific

response made.

Extreme Values

An outlier or extreme value is usually defined by statisticians (e.g.,

Miller, 1966, p. 213) as a single observation or single mean which does

not conform with the rest of the data. Conformity is usually measured

by how close the observation lies to the other observations. A variety of
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statistical techniques exist for detecting outliers (e.g., Anscombe, 1962;

Miller, 1966, p. 213). However, these techniques are all based on fairly

strong assumptions regarding the normality of the underlying distribution.

It was pointed out in Chapter II that latencies are not, in general, nor­

mally distributed. They are almost always highly skewed (e.g., Woodworth

& Schlosberg, 1948, Ch. 2) and with individuals there are grounds (e.g.,

McGill, 1962) for assuming that the distribution has a high degree of

kurtosis, owing to a high concentration of probability density at the tail.

Since an approach based on statistical considerations appeared to be

unwise, an approach was adopted that was based primarily on psychological

considerations. It became apparent during the course of the experiment

that subjects sometimes tended to become bored with the task. In fact,

the main. reason the experiment was not of longer duration, so that more

stable means could have been obtained, was that pilot subjects became

extremely restless on a sixth day with the same task. It seemed reason­

able to assume that boredom was a main factor in generating excessively

high success latencies. It also seemed reasonable to assume that an item

of behavior that was highly correlated with boredom, was the subject

turning around in his chair and looking at the experimenter after he had

been presented with the stimulus but before he had made his response.

Although it was impossible to detect this behavior every time it occurred

(the experimenter had to record the data by hand, and hence was unable to

watch each subject continually), 14 occurrences of this behavior were

observed (6 of them with subject 24). The minimum success latency among

these observed values was 10 seconds (subject 12 on Day 3). Since it was

important to detect as many responses generated by lack of attention as
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possible, even at the risk of including some data not due to this factor,

it was decided to view all success latencies of 10 seconds or above as

outliers.

In general, there are two standard ways of dealing with outliers:

trimming and Winsorizing. Winsorizing consists of changing the value of

the outlier to the highest value remaining in the sample. Trimming is

simply discarding the observation. In this case it was felt more advis­

able to trim the outliers. To have Winsorized would have implied the

assumption that the extreme values generated by lack of attention would

have still been high if the subject had been attentive. Also, the fact

that the main analysis was going to be based on means rather than on raw

observations meant that the trimming procedure would result in a less

stable final data point but would be unlikely to involve the discarding

of a final data point, which is usually one of the chief drawbacks of

trimming.

The result of applying this trimming procedure is shown in Table

4-L This table has been divided into two sections. The first lists

subjects who had at least 1 but less than 3 outliers. The second section

lists the outliers of two subjects (Subjects 12 and 25) who had a consid­

erably greater number of points of this type than any of the other sub­

jects. It can be seen from this table that only 12 subjects (out of a

total of 37) had any outliers at all. Half of these had only one outlier.

Only 2 subjects had more than 3 outliers. It can also be seen from this

table that, with the exception of Subject 25, the vast majority of the

outliers occured during Day 4 and Day 5. Only 4 occurred on Day 2 while

10 occurred on Day 5. This tends to lend some support to the contention

that the majority of the points reflect lack of attention.
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TABLE 4-1( eo)

SUBJECTS WITH BETWEEN 1 'and , OUTLIERS

SubJects Number Problems on· Day Response
with of' which of· Latency

Outliers Outliers Outliers Occurred Occurrence (sees)

2 1 4 + 5 3 14.9

6 2 7 + 0 4 11.5

0+ 1 5 16.2

9 1 4 "3 2 10.4

11 3 6 + 2 4 13.4
!} + 3 5 10·3
5 + ;~ 5 17·5

13 1 'I .. 2 5 12.3

14 1 8 + 0 3 16.0

21 1 4. + 4 3 11.2

29 , ;2 .. 6 4 10.2

·2 .. 5 5 10.6

6 + 1 5 10.6
-

31 3 0+4 4 13.1

2 + 6 4 11.9
4 .. 4 5 10.8

1 8 + 0 . 2 10.0
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TABLE 4-1('b)

SUBJECTS WITH MORE THAN. 3 OUTLIERS

Subjects Number Problems on Day Response
with of which of Latency

Outliers Outliers· Outliers Occurred Occurrence ( sees)

12 12 3 + 4 2;4 18.3;16.5
4 + 5 2;3 11.4;15.7
4 + 3 3;5 22.0,10·5
3 + 6 3 10.0
6 + 0 4 12·5
6 + 3 4 11.4
0 + 3 4 11.8
2 + 5 5 10.3
5 + 3 5 17.6

25 24 2 + 4 2,3 10.4,15.0
3 + 2 2 12.1
o + 4 2,4 10.3,18,7
o + 8 2 13.7
o + 6 2 11.3
4 + 2 2 10.8
6 + 2 3 12.1
5 + 3 3 10.1
4 + 0 3 13.0
3 + 0 3 10.5
4 + 3 3 10.4
8 + 1 4 12.6
5 + 2 4 13.4
7 + 2 4 11.4
4 + 5 4 10.7
6 + 3 4 14.3
3 + 6 4 15.4
2 + 5 4 12.8
4 + 4 4 11.3
5 + 1 4 12.9
1 + 4 4 11.9
o + 2 4 12·5
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Errors

The frequency distribution of errors is shown in Figure 4~1. The

number of errors each subject obtained is shown in Table 4-2. In the

cases where subjects made more than one error on a problem, Table 4-2

also shows the number of problems on which at least one error occurred.

Only two subjects made no errors at all, However, the overall error

rate is low. 27 subjects had less than 10 errorS out of a possible 220,

while only 4 sUbjects had 15 or more errors. The subject with the great­

est number of errors was Subject 20, who had 22 errors - an error rate

of about 10%. Subjects 25, 4 and 29 also had 15 or more errors. It will

be recalled that Subject 25 had the largest number of outliers. However,

there does not seem to be any correlation between the number of errors

and the number of outliers as far as subjects are concerned. For example,

Subjects 4 and 20 had no outliers at all,

Since an error results in one less observation from which a mean can

be computed, it is important to consider the subjects and problems that

might have unstable means due to too few observations, Table 4-3 lists

all cases in whcih the mean success latency was based on two observations

or less. 18 of the 37 subjects had problems that fell into this category,

However, 14 of these had only either one or two means that were based on

two observations or less. There were very few cases of means based on

only one observation, and the few that occurred were mainly concentrated

in the data of Subjects 20 and 25, each of whom had four problems where

the mean had to be based on a single observation. Fortunately, there

were no cases where a mean had to be deleted altogether because all the

responses to a problem were either errors or outliers.
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TABLE 4-2

TOTAL ERRORS FOR EACH SUBJECT

Number of

Subject Total Problems on
Errors which an

Error Occurred*

1 1
2 5 4
3 1
4 15 11
5 3
6 1
8 14
9 4

10 1
11 7
12 4
13 5
14 3
15 0
16 9 8
17 9 7
18 2
19 7 6
20 22 11
21 10 8
22 3
23 6 5
24 6 6
25 17 10
26 1
27 9 8
28 9
29 15 13
30 12 8
31 3
32 13 10
33 10
34 8 7
35 2
36 13
37 9 8
38 2

* when different from total errors.
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TABLE. ·4-3

PROBLEMS WHOSE. AVE.RAGE SUCCESS~TENCY

WAS BASED ON .LESS TJJ:!\N3 (lBSERVATIONS

Subject Problem
Missing

Errors Outliers
Observations

2 4 + 2 2 2 0

4 2 + 6 2 2 0

4 + 5 2 2 0

5 + 4 2 2 0

6 + 2 2 2 0

12 3 + 4 2 0 2

3 + 6 2 1 1

4 + 3 2 0 2

4 + 5 2 0 2

13 7 + 2 2 1 1

16 2 + 5 2 2 0

17 2 + 6 2 2 0

6 + 3 2 2 0

19 6 + 1 2 2 0

20 2 + 3 3 3 0

2 + 4 2 2 0

2 + 5 3 3 0

3 + 2 2 2 0

3 + 4 2 2 0

4 + 3 3 3 0

5 + 3 3 3 0

21 0 + 3 2 2 0

2 + 0 2 2 0

23 7 + 0 2 2 0
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TABLE 4-3

PROBLEMS WHOSE AVERAGE SUCCESS LATENCY

WAS BASED ON LESS THAN 3 OBSERVATIONS (cont. )

Subject Problem
Missing

Errors Outliers
Observations

25 1 + 2 2 2 0

0+4 2 0 2

0+8 2 1 1

2 + 1 2 2 0

2 + 4 2 0 2

3 + 2 2 1 1

4 + 2 3 2 1

4 + 5 3 2 1

5 + 4 3 3 0

6 + 3 2 1 1

7 + 2 3 2 1

28 2 + 7 2 2 0

29 2 + 7 2 2 0

4 + 3 2 2 0

30 3 + 4 3 3 0

4 + 3 3 3 0

31 2 + 6 2 1 1

4 + 4 2 1 1

32 2 + 3 2 2 0

3 + 5 3 3 0

34 2 + 5 2 2 0

27 3 + 4 2 2 0



Table 4-4 shows the total errors that occurred over all subjects on

each problem. As in Figure 4-2, since some subjects had more than one

error on given problems, the number of subjects with at least one error

is shown in a separate column when this total is different from the total

errors. The problems with the highest error rates were: 2 + 5, 5 + 2,

2 + 6 and 5 + 3. These four problems all had 13 errors out of a possible

148. This represented an error rate of slightly under 9%. On the whole,

it is safe to conclude from the results presented in this table that there

were no problems with an error rate sufficiently high to arOuse concern

that the mean success latency (averaged over individuals) might be based

on a drastically smaller sample than most of the other problems.

Response Times

There are two reasonable a priori hypotheses that might be made about

the response times to a single digit. The first is that the responses

involving pressing buttons in the center of the panel should be faster

than responses at the two sides of the panel, because the subject's ini­

tial position is with this hand resting at the center of the panel. This

involves the assumption that the only component of importance is a motor

component. Alternatively, it is possible to assume that this response

time is really more influenced by the time it takes a subject to make a

discrimination among the keys, and find the correct one. This results in

the prediction that digits at the edges of the panel should involve a

faster response time than digits in the center, because the keys are

easier to locate.

The average response time to each digit is shown in Figure 4-2.

This average was taken over the responses in the preliminary task on the
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TABLE 4-4

TOTAL ERRORS FOR EACH PROBLEM

Number of
Subjects

Number of SUbjects
Problem

Errors with * Problem
Errors with

Errors Errors

0+0 0 4 + 0 2
0+1 3 4 + 1 3
0+2 1 4 + 2 13 11
o + 3 4 3 4 + 3 13 8
0+4 1 4 + 4 4
0+5 1 4 + 5 7 5
0+7 1 5 + 0 0
0+8 3 5 + 1 3
0+9 2 5 + 2 8

5 + 3 11 9
1 + 0 0 5 + 4 9 6
1 + 1 5
1 + 2 2 1 6 + 0 2
1 + 3 2 6 + 1 6 5
1 + 4 4 6 + 2 12 11
1 + 5 3 6 + 3 7 6
1 + 6 1
1 + 7 4 7 + 0 4 3
1 + 8 4 7 + 1 3

7 + 2 4 3
2 + 0 5 4
2 + 1 2 8 + 0 1
2 + 2 3 8 + 1 4
2 + 3 9 6
2 + 4 7 6 9 + 0
2 + 5 13 9
2 + 6 13 11
2 + 7 7

3 + 0 1
3 + 1 2
3 + 2 6 5
3 + 3 7
3 + 4 11 7
3 + 5 6 5
3 + 6 10

*When different from number of errors
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last four days of all subjects. These results would seem to bear out the

second hypothesis as far as the overall group data was concerned. The

lowest response times were to 0, 1, 2 and 9. The highest were to 3, 4

and 5. The responses to 6, 7 and 8 had only slightly higher times than

the response to 9. It should be noted that these mean response times had

a range of only 0.29 seconds. Also, most of the addition problems used

in the main part of the experiment required responses that were greater

than or equal to 3. It can be seen from the graph that the response times

for these latter digits had a range of only 0.15 seconds. The i~portant

matter, of course, is how small these differences are compared to other

differences revealed by the analysis. It will be seen in the next two

chapters that there are systematic differences in response times to addi­

tion problems that are much larger than the differences observed in this

preliminary task.

Mean Success Latencies

As was pointed out at the beginning of this chapter, the analysis

to be presented in the next two chapters is based on the mean latency of

a successful response, computed over the last four days of the experiment

for each subject and each problem. Table 4-5 gives a summary of the

general characteristics of these mean success latencies for each subject.

For purposes of comparison, Column 1 gives the mean overall reaction time

for each subject. Columns 2 and 3 give the mean and variance of the aver­

age success latencies. It should be noted that this variance was computed

from the mean success latency to each problem rather than from the raw

observations. Finally, in order to give some notion of the range of mean

latencies encountered, the maximum and minimum mean success latencies of

each subject are given.



TABLE 4-5

GENERAL CHARACTERISTICS OF SUCCESS LATENCIES FOR EACH SUBJECT

Mean Mean Variance /II..aximUlll Mean MinimUlll Mean
Reaction Success of Mean Success Latency Success Latency

Time Latency Success
in in Latency Problem Time Problem Time

Subject Seconds Seconds (seconds) (seconds) (seconds)

1 L65 2·52 .43 2 + 4 4.74 7 + 1 L58
2 L60 3.01 L24 2 + 4 5.90 9 + 0 L60
3 L73 3.04 .42 3 + 6 5·07 3 + 4 L82
4 L80 3.55 2.33 5 + 4 8.09 8 + 1 L96
5 L60 2.69 .54 2 + 4 4,55 8 + 1 L7°
6 L96 3.56 .52 4 + 1 5.14 0+9 2.01
8 L93 2.96 .87 4 + 5 6.07 0+0 L68

'Jl 9 L98 3.09 ·51 4 + 3 5·01 6 + 1 2.13
'D 10 L29 L67 .28 3 + 2 2.11 5 + 4 L54

11 L32 2.25 .47 7 + 2 4.46 o + 2 L42
12 2.16 4.40 L37 4 + 3 8.21 o + 0 2.50
13 2.15 2,86 .39 2 + 6 5.45 4 + 4 L97
14 2.03 3.17 .42 4 + 3 3·07 o ... 9 L64
15 L83 2.87 .64 6 + 3 5.38 9 + 0 L93
16 L24 L61 ·51 6 + 2 2.39 0+8 L26
17 L54 2.29 .23 3 + 2 3.71 7 + 1 L58
18 L87 2.76 .43 6 + 3 4.56 9 + 0 L88
19 L54 2,31 .24 2 + 6 3.42 1 + 7 L53
20 2.59 3.44 .58 3 + 2 5.68 7 + 0 2.39
21 2.33 3·02 ·59 0+1 5.35 1 + 8 L86
22 L52 L95 .12 5 + 3 3.48 9 + 0 L38
23 L60 2.45 .20 1 + 6 3,70 0+0 L49
24 L60 2.87 ·77 3 + 4 6.01 0+0 L61
25 2·70 5.44 L36 4 + 5 8.65 7 + 0 3·03



TABLE 4-5

GENERAL CHARACTERISTICS OF SUCCESS LATENCIES FOR EACH SUBJECT (cont.)

Mean Mean Variance MaximUlll Mean MinimUlll Mean
Reaction Success of Mean Success Latency Success Latency

Time Latency Success
in in Latency Problem Time Problem Time

Subject Seconds Seconds (seconds) (seconds) (seconds)

26 1.43 2.25 .33 3 + 4 4.10 9 + 0 1.57
27 1.92 3.83 ·72 5 + 3 5.67 0+0 2.07

0\
28 1.51 2.08 .32 2 + 7 3.81 0+8 1.33

0 29 2.00 3·22 .43 3 + 4 5·03 0+2 2.12
30 1.47 2.40 .62 3 + 4 6.99 6 + 1 1.58
31 2.06 3·59 1.06 2 + 6 6.52 0+0 2.14
32 1.54 1.97 .08 6 + 3 2·71 1 + 8 1.60
33 1.30 1.58 .05 2+4 2.27 9 + 0 1.23
34 1.77 2.93 ·59 6 + 2 5.65 6 + 0 1.87
35 1.73 2.54 .23 0+1 3.80 0+0 1.69
36 1.56 3.07 .53 3 + 6 4.90 0+0 1.45
37 1.72 2.40 ·51 3 + 4 4.39 0+3 1.55
38 1.52 2.66 .38 3 + 5 4.21 0+0 1.94



CHAPTER V

EVALUATION OF THE FIVE MODELS

This chapter will report the results of a regression analysis

designed to evaluate the goodness of fit of the five models described

in Chapter II to the mean Success latencies obtained from the experiment

described in Chapter III, The first section will describe the method of

analysis that was used. The second section will describe the result of

applying this analysis to individual data. It will be seen that the

main outcome of this analysis is that either an individual's data is

fitted by Model 5, or it is not (with one exception) fitted by any of

the models. The final section will consider the group means of those

subjects who are fitted by Model 5. This will lead to the discovery of

some detailed inadequacies in the model. Modified models to take these

inadequacies into account will be considered in Chapter VI.

Method of Analysis

The method of analysis that will be discussed in this section is

the standard regression procedure for fitting a straight line. It will

be recalled that Equation (7) stated that, for a given model j and

problem i

It will be assumed that j is fixed so the subscript j can be

dropped, to avoid unnecessary notation. Then (7) can be rewritten as

t.=a+bx. (8)
l l
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From a formal point of view, t i , a, and b are all unknown in

this equation. However, the mean success latency for problem i can

be viewed as an estimator of t
i

, Let i range from 1 to n. In

the experiment reported in Chapter III, there were 55 problems, hence

n will be 55 in most of the analyses to be reported in subsequent sec-

tions, Let the mean success latency for problem i be denoted by Yi'

Then Yi can be viewed as differing from t
i

by an error term e
i

,

The standard first-order linear model can then be obtained from (8):

~a+bx.+e.
l l

The purpose of the regression analysis is to obtain estimates a' and
n 2

b' of a and b by minimizing Lei' It is easily shown (e.g.,
i~l

Draper and Smith, 1966, Ch. 1) that this minimum is attained when

a l ;::: y _ b1x }

(10)

(n)

where x and yare the means of x and y • Given that a' and b '

have been estimated, the predicted value of Yi given Xi is

y" ~ a' + b' Xi
i

(12)

The evaluation of the adequacy of the regression is based on the

fact that
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In other words, the total sum of s~uares about the mean can be decomposed

into a residual sum of s~uares and a sum of s~uares due to regression.

This gives rise to the analysis of variance described in Table 5-1.

In terms of the notation of this table, two useful ~uantities can be

defined:

R
2 SSR

(14)
SSm

,
~

F
MS

R (15)= 2
s

The analysis of variance of Table 1 can be viewed as defining a parti-

tion of the total sum of s~uares into SSR and SS. Both R2 and F

are measures of the relative extents of the contributions of SSR and

SS to SST' R2 does this more directly. It is the proportion of the

total variation about the mean y accounted for by the regression.

However, R2 may be ~uite low in cases where the regression accounts

for significant portions of the data but the data have a high variance.

The individual means from the present experiment are a case in point.

A more useful measure of the significance of the regression is F. It

thencan be shown that if
2 2

E(s)=cr

2 2 ( -)20- + b L. X.-X
l

(16)

Hence, broadly speaking, F can be viewed as a measure of the extent

to which the estimated slope parameter b' leads MSR to differ from

2s. Viewed as a measure of the partition of SST' F has the advantage

of verifying the presence of small but reliable linear trends in the

presence of large, but random, residual error.



TABLE 5-1

ANALYSIS OF. VARIANCE

FOR FIRST ORDER LINEAR REGRESSION

Source Sum of Squares Degrees Mean
of Freedom Square

(L:x )::y. )
Regression SSR = b' (L:x.y. - ~ ~) 1 MS = SSR

~ ~ n R

Residual SS = SS - SSR 2 2 SSn - s =T n - 2

2

Total SST
2 (L:yi)

= L:y. - n - 1
( corrected ~ n

for mean)
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Up to now, no assumptions have been made regarding the distribution

of e i . The standard assumption will be made that the e
i

are indepen­

dent, identically distributed random variables, and that each e
i

is

normally distributed with mean o and variance 2
0- Then F provides

a test of the hypothesis that b; 0 since, under this null hypothesis,

F will have the usual F distribution with 1 and n - 2 degrees of

freedom. It is useful to be able to make hypothesis tests even if these

distributional assumptions are not completely satisfied.

. The goodness of fit of the regression line can sometimes be analyzed

further by partitioning the residual sum of squares into a lack of fit

sum of squares SSL and a pure error sum of squares SSE' This reflects

the fact that if E(s2); 0-
2 if the model is correct, then

E(s2) 2 l:B
2

; 0- + --+ if the model is incorrect where B on-2 l

equal to E(Yi) - E(y;). Suppose tha,t there are n.
l J

is a bias factor

repeat observations

at the point and let j ; 1, . o. , k. Then

SS ;
E

where is the mean of the observations at x.'
J

SS ; SS - SS •L E

has n. - k ; n
J e

degrees of freedom while has n - 2 - ne

can then be compared with an appro-

are computed indegrees of freedom. The mean squares MS
EMS Lthe usual way. The ratio F;-­MSE

priate point of the F distribution with

and

n - 2 - n e
and n

e
degrees

of freedom. If this F is significant then the model is judged
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inade~uate. This procedure will not be used to any great extent because

its correct interpretation depends on the assumption that the independent

variable is correctly assigned. As a result, it is not of much use in

directly comparing the proposed models. Also, while the test diagnoses

a lack of fit, it does not specify what the lack of fit is caused by.

In the cases where the cause is diagnosable, it will be seen that the

lack of fit in the data is painfully apparent to the eye, without the

need to resort to a statistical test. As a result, this test will only

be used as a final step after the more obvious causes of lack of fit

have been pointed out.

In general, if the distributional assumptions regarding the resid­

uals, e
i

, are satisfied then the least s~uares procedure gives the

minimum variance, unbiased estimates of a and b. If the assumptions

are not met then the estimates are still unbiased but do not have mini­

mum variance. In the case of non-homogeneity of variance, the minimum

variance estimates can be obtained by means of a somewhat complicated

weighting procedure if the form of the non-homogeneity can be specified

in advance (e.g., Draper and Smith, 1966, p. 77). However, this makes

the models somewhat hard to compare. Since the aim of this research was

to test a set of models rather than to obtain extremely precise parameter

estimates, it was decided not to use a weighting procedure. The main F

test for the significance of the slope parameter is e~uivalent, in the

case of straight-line regression, to a test based on the t distribution

and it can be shown (Scheffe, 1959, Ch. lO) that hypothesis tests based

on the t-distribution are extremel.y robust under assumptions of non­

normality. In the case of group mean data, the residuals can be directly
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examined for the extent to which they satisfy the general assumptionso

While the F test for significance of regression is fairly robust under

deviations from these assumptions, this is not necessarily true either

for confidence intervals or for the test of 'lack of fito '

Fit of Models to Individual Data

The regression analysis described in the preceding section was

applied to the mean success latencies of each subject, with the inde-

pendent variable x specified by each model in turno Thus, five regres-

sion analyses were applied to the data of each subjecto In order to

decide which model provided the most adequate account of the data, two

criteria were used:

1. Wlrlch model maximized the value of the F ratio defined in Equation

(15) .

20 Whether the F test for the significance of the slope parameter

with 1 degree of freedom in the numerator and 53 degrees of freedom

in the denominator was statistically significant at the 001 levelo

Hence, a maximum value of F was considered acceptable only if it

was greater than 70170

In connection with the first criterion, it must be pointed out that,

for a given subject, the total sum of squares and the degrees of freedom

of the residual sum of squares will be the same for all modelso As a

Hence a modelinversely proportional to the reSidual mean square

result, the value of F will be directly proportional to

2
s 0

2
R and

that maximizes F will maximize R2 and minimize 2s 0



The second criterion was used in order to eliminate subjects whose

maximal F reflected random error rather than the fit to any model.

While this F test is formally a test of the null hypothesis b = °
against the alternative hypothesis b of 0, it can also be viewed as a

test of whether or not a model accounts for a significant proportion of

the total sum of squares. The .01 level of significance was chosen

merely as a convenient cut-off point that would screen out some of the

more dubious fits. The attitude was adopted that a model would not pro­

vide an adequate account of the data of a subject if its F was less

than the critical value but might tentatively be considered to provide

an adequate account, subject to more careful scrutiny, if the F were

greater than the critical value.

The outcome of applying this analysis to the data of each subject

was that either an individual's data was fitted most adequately by

Model 5, or it was not (with the exception of one sUbject) fitted ade­

quately by any of the models. The detailed results are shown in Table

5-2. This table is divided into two sections. The first gives the

results of all subjects who had a maximum F on Model 5 that was sig­

nificant at the .01 level. It can be seen that the F for Model 5 is

clearly the maximum for all these subjects. The only model that com­

petes at all is Modell, which generates a significant F in 6 of these

subjects. However, the F's generated by Modell are considerably less

than the F's generated by Model 5. (In both sections of this table,

a dash indicates an F of less than unity.) Model 5 provided an ade­

quate account of 20 of the 37 subjects. The results of the remaining

17 subjects are listed in the second section of Table 5-2. None of
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TABLE 5-2

VALUES OF F FOR EACH SUBJECT AND EACH MODEL

(a) Subjects with maxim= F on Model 5 significant at
1% level

Subjects with no significant maximal F

Model 5

25·0*
28.0*
48.0*
37.0*
22.0*
11.2*
12.6*
13.2*
13·7*
13.5*
39·5*
38.0*
25.0*
7.5*
8.1*

26.0*
8.1*

18.1
36.0*
58.0*

on Model 5

1.1

F
Model 3 Model 4

2.2

1.3

1.2
2.8
1.8

Model 2

1.6
2.2
1.0

10.2*
2.3

8.2*
7.6*
7.1
2.8
5.1
7.6*
4.4
2.9
5·9
6.3

Model 1

8.5*
3·9
3.2

10.3*
4.9
2.1
1.8
2·5
1.9

2
4
5
8
9

15
17
18
20
24
25
26
27
28
31
32
35
36
37
38

(b)

Subject

Subject

1
3
6

10
11
12
13
14
16
19
21
22
23
29
30
33
34

Model 1 Model 2

2.1
14.2* 4.7

1.8

1.1

F
Model 3 Model 4

3.4

5·1
1.6 5.9

5.6

2.0

2.2

1.1

Model 5

3.8

9.2*
6.1
4.5
6.6

6.4
6.8
3·0
6.6
4.1

Note: Blank denotes F < 1. Asterisk denotes significance.
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these obtained a significant F on Model 5. With the exception of

S~bject 11, none of these s~bjects obtained a significant F on any of

the other fo~r Models. S~bject 11 obtained an F of 14.2 on Modell

as opposed to an F of 9.2 on Model 5. Nine of the remaining subjects

had maximum, though non-significant, F's on Model 5. Four had no mean­

ingful maxima at all, since all the F's were less than unity. There

were two subjects whose F' s were maximized non-significantly by Model 4.

However, the slope parameters estimated from this Model for these sub­

jects were negative.

All told, the results of Table 5-2 would appear to lead one to the

conclusion that the only model out of the five proposed in Chapter II

that accounts for the data in any significant way is Model 5. There are

two possible grounds for doubting this conclusion. The first is the

possibility that the superior fit of Model 5 was due to the fact that

Model 5 was based on only 5 values of the independent variable x whereas

the other models were based on 10 values of x. In order to check this

possibility, the entire analysis was repeated using only the problems:

1 + 6, 6 + 1, 1 + 7, 7 + 1, 1 + 8, 8 + 1,

2 + 5, 5 + 2, 2 + 6, 6 + 2, 2 + 7, 7 + 2,

3 + 4, 4 + 3, 3 + 5, 5 + 3, 3 + 6, 6 + 3·

These problems were selected because Model 1 placed six of them at each

of the points x = 7, x = 8, x = 9; while Model 5 placed six at each of

the points x = 1, x = 2, x = 3. The result of this analysis produced

a set of F values that were, on the whole, somewhat lower than those

that resulted from the previous analysis. However, 14 of the 20 subjects
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listed in Table 5-2a obtained an F greater than 8.4 (which is the

upper 1% point of the F distribution with 1 and 16 degrees of freedom).

+n every case where Model 5 .had been superior in the previous analysis,

either the F for Model 5 was greater than that for any of the other

models, or the model with the greater F had negative estimated para­

meter values. In fact, there was a widespread tendency for all models

other than Model 5 to result in the estimation of negative parameter

values. However, the fitting of Model 5resulte.d in positive parameter

estimates for all subjects with an F greater than unity. Both the

negative parameter estimates and the lowered values of F were at least

partly due to the fact that the latencies for 1 + 8 and 8 + 1 were

excessively low in many subjects. The lower F's are also almost cer­

tainly due in great part to the fact that only about one-third of the

available data was being used. Hence extreme values would have more of

an effect on the residual mean square. This analysis was performed

solely for the purpose of checking the possibility mentioned at the

beginning of this paragraph. It can be safely concluded that the fact

that Model 5 specified only 5 values of the independent variable did

not have much bearing on the general results.

The second possible ground on which the conclusions drawn from

Table 5-2 might be doubted is that the problems for which Model 5 pre­

dicts high latencies were problems which had relatively large numbers

of errors and outliers. A subject could conceivably have a high mean

latency on a problem because of a fortuitously high observation if the

mean were based on, say, two observations. This factor could be par­

tially responsible for the fits of Subjects 20 and 25. However, the
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error rates of most of the remaining subjects are probably too low. In

particular, it should be noted that SUbject 38, who obtained the highest

F of all, made only 3 errors; and that Subject 15, who was the only

subject to make no error at all had an F of 11.2. Finally, it can be

observed that the fit of Modell would be at least as good as the fit

of Model 5, on the whole, if the high mean latencies were due solely to

this cause.

Another test of Model 5 against Model 1 results from the fact that

the two models give correlated predictions. Suppose that Model k is

correct. Let a'.(k} and b'.(k} be the parameter estimates obtained
J J

by fitting Model j if Model k is correct. Under this assumption,

the result of fitting MOdel j would be a straight line with intercept

Figure 5-la is intended to give some idea ofa ~ (k) and slope
J

the relation of

b~(k}.
J

a5(1} to It is a plot of

t
i

, as computed from the equation

as a function of

(they are E£! computed

In this graph, a
l

and b
l

are arbitrary values

from empirical data). To avoid a multiplicity

of points, values of t
i

for problems with identical values of x
i5

are averaged together. The figures in parentheses denote the number of

points over which this average is taken. For example, the points with

x
i5

= 4 are

5 + 4 t = al + 9bl

4 + 5 t = al + 9bl
,

4 + 4 t = a l + 8bl
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5
x

i5
as

a function of Xu (values of \5 for all prob­

lems with same value ofxil averaged together).
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Averaging,

Similarly, Figure 5-lb is intended to give some idea of the relation

to It is a plot of computed

from

as a function of

identical values of

Again, the values of

are averaged together.

for problems with

It can be computed by means of a regression analysis with artificial

data that:

1.

2.

If Model 1 is correct then

If Model 5 is correct then

+ 4.75bl
and b5(1) ~ b

l
,

b
and bi(5) ~ Z.

In practice, if a model k gives a reasonable fit then these relations

would be expected to hold approximately upon substituting b'
k

for

and a'
k

for An inspection of Table 5-3 indicates that Prediction 1

does not stand up very well. On the other hand, Prediction 2 is approxi-

mately satisfied. In particular, the slope parameter b'
1

is always

between one-third and one-fifth of the value of b5. Since Model 5

cannot be assumed to be sUfficiently correct to precisely verify these

predictions, this rough agreement is encouraging.

A final set of results concerning individual data is presented in

Table 5-4. This table lists the value of R
2 for each subject. For

convenience, the value of F is also listed. It is clear that highly

significant F's need not account for much of the total variation.
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TABLE 5-3

PARAMETER ESTThiATES a' AND b' FOR MODEL 1 AND MODEL 5

OBTAINED FROM SUBJECTS FITTING MODEL 5

Model 1 Model 5

Subject a' b' a' b'1 1 5 5
sees sees se~s sees

2 2.06 .16 2.38 .49

4 2.58 .16 2.62 .73

5 2.26 .07 2.16 .42

8 2.05 .15 2·33 ,49

9 2.59 .09 2.69 .32

15 2.49 .02 2·52 .27

17 2.08 .04 2.07 .17

18 2.42 .06 2.45 .13

20 3.10 .16 3.08 .28

24 2.64 .04 2.47 .31

25 4.41 .17 4.65 .62

26 1.75 .08 1.86 .30

27 3·12 .n 3·32 .38

28 1.77 .05 1.87 .16

31 2.82 .13 3.20 ·31

32 1. 73 .04 1.80 .12

35 2.22 .05 2.36 .14

36 2.67 .07 2.69 ·30

37 1.85 .09 1.92 .36
38 2.16 .08 2.19 .37
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TABLE 5-4

VALUES OF R2

Subject F R2

2 25 ·31
4 28 .34

5 48 .47

8 37 .40

9 22 ·30
15 11.2 .18

17 12.6 .19

18 13·2 .22

20 13·7 .21

24 13·5 .20

25 39·5 .43
26 38 .42

27 25 ·32
28 7·5 .12

31 8.1 .13

32 26 ·33
35 8.1 .13

36 18.1 .26

37 36 .40

38 58 ·52

76



While it is not clear precisely what an adequate value of R2 should be,

it seems intuitively reasonable that most of the values listed in this

table are too low for the individual regression lines to have much pre-

dictive value.

Analysis of Overall Mean Latencies

The mean success latencies of the 20 subjects whose data were sig-

nificantly fitted by Model 5 were pooled, and an overall mean latency

for each problem was calculated. The regression analysis to compare the

5 models that was used in the preceding section was applied to these over-

all means, viewing each mean as a separate data point. Since each mean

was viewed as a separate data point and all 55 problems were used, there

were 55 separate data. pOints and so the va,rious degrees of freedom were

the same as before. This analysis yielded the following results:

Model 1: F 10.6, a' 2.41, b' 0.091 1

Model 2: F 3.8

Model 3: F 1.2

Model 4: F .07

Model 5: F 70.9, a' = 2,53, b' = 0.34
5 5

It is clear from this analysis that Model 5 fits these data far

better than any of the other models. This is not in the least surpris-

ing, since the data were obtained from subjects who were known to fit

Model 5 to some extent. What should be noted is that the value of F

is considerably higher than the highest value of F (58 for Subject 38)

obtained in the analysis of individual data.
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The value of b'
5

is very close to four times the value of

which verifies quite closely what would be expected if Model 5 were

correct. The value of R
2

for Model 5 is 0.57. In this connection,

it should be mentioned that the stepwise regression procedures used by

Suppes, HYman and Jerman (1966) to treat mean success latencies averaged

over groups of individuals tended to yield models with 4 parameters

(including the mean) but with values of R
2

similar to that yielded by

the present analysis.

To examine the actual goodness of fit, the mean success latency to

each problem was plotted as a function of the x specified by Model 5.

The resulting plot, with the mean success latency rounded to the nearest

tenth of a second, is shown in Figure 5-2. In this graph, a solid dot

indicates an observed mean response latency. The figures beside it

denote the problems whose mean success latency had the plotted value.

As in Figure 2-2, mn is used to denote m + n. Thus,

• 70, 90

signifies that the problems 7 + ° and 9 + ° both had a mean success

latency specified by the •• In the figure, 7 + ° and, 9 + ° both

had a latency of 2.3 seconds. The white dots denote the values predicted

from the regression line for each x. The dashed line is the regression

line resulting from the analysis just described.

It is clear from Figure 5-2 that the fit is poor. The regression

line passes beneath most of the points at x = 2 and x = 3 but over

all the points at x = 4 and a majority of the points at x = 1. As a

result, it seems reasonable to consider how the x-values of certain
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problems can be adjusted in order to change the slope of the regression

line, and to examine the effects of these adjustments on the fit of both

individual and group data. In the next chapter, some adjustments that

involve the assumption that the subject has memorized the correct response

will be considered. The basic notion will be that the time reQuired to

retrieve the correct answer from memory is short compared to the time

reQuired to compute the correct response by means of the algorithm spec­

ified by Model 5. The most reasonable problems to attempt to adjust are

those whose overall mean success latencies are lower tha.n they should be

according to the predictions of the model.

It was pointed out in Chapter II that Model 5 predicts a rank

ordering of problems according to success latency that is parameter-free.

This rank ordering was given in Table 2-1. However, the deviations from

the predicted rank orderings can easily be read off Figure 5-2. In gen­

eral, a problem with x = i has a lower rank order than that predicted

by the model if there is a problem with x = i - 1 that has a higher

overall mean SUCCess latency. Using this criterion, the following

problems are seen to have too low an observed rank:

(a) 1 + 1, 2 + 2, 3 + 3, 4 + 4

(b) 4 + 5, 5 + 4

(c) 5 + 3

(d) 7 + 1

(e) 8 + 1, 1 + 8.

Adjustments for these problems will be considered in the next chapter.
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CHAPTER VI

FAST LATENCIES AND MEMORIZATION

In order to account for some of the excessively short mean success

latencies observed in the plot of the overall means, which presumably

occur in the data of some of the individual subjects, too, it is conven-

ient to assume that those response latencies that deviate markedly from

the rank order predicted by Model 5 (in a downward direction) are faster

than they should be because the subject has memorized the correct response.

In other words, it could be said that an association had been formed

between the stimulus of the problem and the response consisting of the

correct solution. Of course, this need not be a "pure associative con-

nection" in the Thorndikean sense. A computer analogy might be that the

subject has the response stored in some form of memory, and uses some

type of retrieval algorithm in order to find the correct response. The

important point is that it is assumed that whatever process is responsible

for retrieving the correct response takes a length of time that is short

compared to the length of time required to generate the same answer by

means of a computational procedure.

To be explicit, suppose that the solutions to problems k
l

, k
2

,

, k have been memorized. Then, using the notation of Chapter II,
m

we have for problem i and model j

(l7)
otherwise ,

'i'j

Ctj + ~ jXij

'i'j is a random variable representing the length

'T. ••
lJ

'[ ij

where :r j < CXj + ~ j'
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of time required to retrieve the solution from memory. Note that 7
j

is assumed to be independent of the problem i. This assumption is

probably incorrect. However, it seems reasonable to assume that differ­

ences in retrieval time as a function of i are small compared to ran-

dom variations in 7. Much the same type of consideration lay behind

the notion of making the setting time a independent of i. In fact,

a and r are similar in that they cannot be viewed as 'pure' setting

times and retrieval times, since both are composites of sensory, percep-

tual and motor factors as well as Whatever internal process corresponds

to setting and retrieving. Since many of these factors influence a

and r in the same way, it can be assumed that

Var(r) - Var(a) •

Equation 6-1 could be directly transformed into expectations, and

fitted to the data as was done with Equation 7. However, this procedure

has the disadvantage of introducing an extra parameter E( r) into the

models. As a result, it would be extremely difficult to decide whether

an increased goodness of fit that resulted from fitting the model resulted

from the introduction of a memory assumption or merely from the intro-

duction of an extra parameter. To avoid this difficulty, it will be

assumed that

E(r) = E(a) = a •

Taking expectations on both sides, Equation 6-1 becomes:

t. = a
1

t
i

a + bX
i

if i = kl , k2, ... , km '

otherwise
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With this model, it is possible to apply exactly the same procedures of

analhsis as in Chapter V. There are the same number of parameters and

the same number of degrees of freedom.

Adjustment of 1 + 1, 2 + 2, 3 + 3, and 4 + 4

The first analysis of Chapter V was repeated with each Model modi­

fied by setting x equal to zero for the problems:

1 + 1, 2 + 2, 3 + 3, 4 + 4 .

The only model that showed any significant improvement in the value of

F was Model 5. The results for Model 5 are shown in Table 6-1. Model 5

denotes the unadjusted model while Model 5A denotes the adjusted model.

This Table gives the old and new values of both F and R
2

for all

subjects. Of subjects who had a significant maximum F on Model 5,

all but two (Subjects 9 and 36) obtained increased F-s on Model 5A.

The increases were usually quite large, and often two or three times

the magnitude of the F on Model 5. Also, a number of subjects who

were not fitted by Model 5 were fitted by Model 5A. These are indicated

by an asterisk in Part b of Table 6-1. This table also includes Subject

11 who was, it will be recalled, fitted best by Modell with an F of

14. The fitting of the modified Modell also resulted in an F of 14.

The result of fitting Model 5a to the overall mean success latencies

of the 20 subjects who obtained a significant maximum F on Model 5 is

shown in Figure 6-1. For purposes of comparison, the regression line

obtained by fitting Model 5 is also shown. As in the last section of

Chapter V, a regression analysis was applied to these overall means.
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TABLE 6-1

(a) Subjects with maximum F on Model 5 (unadjusted)
significant at 1% level

Subject F R2

Model 5 Model 5A Model 5 Model 5A

2 25 29 .31 .35
4 28 53 .34 ·50
5 48 93 .47 .66
8 37 68 .40 .56
9 22 20 .30 .29

15 11.2 25 .18 .33
17 12.6 21 .19 .29
18 13·2 26 .22 ·33
20 13.7 21 .21 .30
24 13·5 21 .20 .29
25 39.5 53 .43 ·50
26 38 42 .42 .44
27 25 58 .32 ·51
28 7·5 12 .12 .19
31 8.1 16 .13 .23
32 26 34 .33 ·39
35 8.1 12 .13 .18
36 18.1 12 .26 .18
37 36 60 .40 ·53
38 38 174 .52 .76

(b) Subjects with non-significant F in Model 5
or non-maximum F on Model 5. (* denotes
significant at 1% level)

SUbject F
Model 5 Model 5A

1 3.8 3
3
6

10
11 9.2* 12*
12 6.1 8*
13 4.5 10*
14 6.6 6
16 2
19 2
21 3
22 6.4 13*
23 6.8 11*
29 3·0 5
30 6.6 12*
33 4.1 7.0
34
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The analysis yielded the following results (again with the same degrees

of freedom):

Model lA F = 11.4, a = 2·50, b .08

Model 2A F = 4.7

Model 3A F = 1.8

Model 4A F = 0.3

Model 5 F = 71, a 2.53, b 0.34, R
2 = 0.57

Model 5A F = 166, a = 2·51, b = 0.41, ~ 0.76

Here, Model lA denotes the adjusted Modell, etc. The results obtained

in Chapter V for Model 5 have been inserted for the sake of comparison.

The results of this section can be summarized by saying that the adjust­

ment of the independent variable x to ° for these problems results

in a marked increase in the goodness of fit of the mean regression line

to the overall mean latencies. This is to be expected from Figure 5-2,

since these points were the worst fitting points to Model 5. What is

less expected is the fact that almost all the individual subjects show

an increase in goodness of fit, at least as measured by the value of F.

Other Adjustments

Table 6-2 shows the result of applying the same adjustments to 5+4

and 4+5 as were applied to the problems in the preceding section. This

adjustment was applied both alone and in combination with the adjustment

of the preceding section. The adjustment applied alone will be called

Model 5B and the combination of the two adjustments will be called

Model 5C. For all individuals, the F obtained under Model 5A or 5C
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was clearly greater than the F obtained under Model 5B. When Model 5C

was superior, it usually resulted in a considerably larger F. When

Model 5A was superior, the F for Model 5C was usually considerably

less than the F for Model 5A. This fact seemed to warrant the division

of the subjects into two groups: those who fitted Model 5C best and

those who fitted Model 5A best. The two sections of Table 6-2 corre­

spond to these two groups.

The overall mean latencies for each group were computed separately,

and the usual analysis applied to each group. The results were as

follows (there were 13 subjects in Group 5A and 14 subjects in Group 5B):

Group 5A Group 5C

Model 5A F 190, R
2

~ 0.78 F 48, R2 ~ 0.47

a 2.77, b ~ 0.45

Model 5C F 51, R
2

0·50 F 111, R2
~ 0.68

Plots of the overall mean latencies for each group as a function of the

x defined by each model are shown in Figures 6-2 and 6-3. The two most

interesting results in these graphs are the close fit between predicted

and observed values of 5 + 4 and 4 + 5 in Figure 6-2 (which deals

with Group 5A); and the fact that, in Figure 6-2 (which deals with

Group 5C) the mean latencies for 5+4 and 4+5 are approximately the

same as the mean latencies for 2 + 2, 3 + 3, and 4 + 4. These two

results would seem to give some support to the hypothesis that subjects

in Group 5A are using a counting algorithm to solve 5 + 4 and 4 + 5

while subjects in Group 5C are, on the whole, using a different process

which, whatever it is, is the same as the process being used on 1 + 1,

2 + 2, 3 + 3, and 4 + 4.



TABLE 6-2

(a) Subjects with maximum significant F on Model 5A

Subject F
Model 5A Model 5C Model 5A'

4 53 17 59
5 93 26 113
8 68 16 71

12 8 7 7.4
13 10 7 12
20 21 19 25
25 53 31 50
27 58 21 52
28 12 6 14
31 16 5 18
35 12 7 12
37 60 23 61
38 174 81 214

(b) Subjects with significant maximum F on Model 5C

Subject F
Model 5A Model 5C Model 5C'

2 29 52 44
9 20 22 26

10 7.6 9
11 12 19 21
15 25 62 66
16 2 7.4 7.7
17 21 31 34
18 26 47 51
22 13 27 30
23 11 28 28
24 21 30 33
26 42 47 30
30 12 18 18
32 34 35 40
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The remaining adjustments yielded decreases in the goodness of fit

as compared to the Fls of Model 5A unless combined with either Model

5A or Model 5C, depending on which group a subject was in. The results

of adjusting 8 + 1 and 1 + 8 are shown in Table 6-2. Model 5A'

refers to combining the adjustments of Model 5A with these two problems.

Model 5C' refers to the combination with Model 5c. It can be seen to

yield a slightly better fit than Model 5A or 5C to many of the subjects,

but a considerably worse fit to two of the subjects in Group 5C. The

situation with respect to the adjustment of 3 + 5 and 5 + 3 is that

it yields considerably worse fits to many subjects in both groups, but

a much better fit to a few subjects. The results 9f this latter adjust­

ment are shown in Table 6-3 (the original maxi~l significant F's have

been inserted for the sake of comparison).

Since Model 5C produced a marked increase in the significance of

the regression line for a number of the subjects, it was thought that

other adjustments might have consistently resulted in more significant

regression lines for these same subjects. The results of the two addi­

tional adjustments reported in this section seem to indicate that this

is unlikely. Moreover, there is no evidence that the fit of a subject

to Model 5C is related in a significant fashion to any other variable.

The median error rate for subjects in Group 5A is slightly higher than

the median error rate for subjects in Group 5C; Group 5A contains the

three subjects with the highest error rates of subjects fitted by Model 5;

the average Binet IQ of subjects in Group 5A is somewhat lower than the

average for subjects in Group 5C; there are only 3 males in Group 5C
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TABLE 6-3

SIGNIFICANCE OF REGRESSION LINE

WITH 3 + 5 AND 5 + 3 ADJUSTED TO ZERO

Group 5A Group 5C

F F

Subj.ect Model 5A Adjusted 5A Subject Model 5C Adjusted 5C

4 53 44 2 52 72

5 93 40 9 22 27

8 68 26 10 7.6

12 8 16 11 19 25

13 10 16 15 62 107

20 21 15 16 7.4 11

25 53 30 17 31 19

27 58 34 18 47 26

28 12 5 22 27 5

31 16 10 23 28 22

35 12 11 24 30 18

27 60 85 26 47 22

38 174 61 30 18 22
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as opposed to 7 in Group 5A, However, none of these differences is

statistically significant, on the basis of appropriate Mann-Whitney

U-tests.

Model 5, and the modifications proposed in this chapter, fail to

provide an adequate account of all detailed aspects of the overall mean

success latencies presented in Figures 6-1, 6-2, and 6-3. It is clear

from an inspection of these graphs that the following problems (in addi­

tion to those mentioned at the end of Chapter 5) tend to result in

overall mean latencies that are low compared to the rank order predicted

by Model 5 or its modifications:

1 + 5, 6 + 1, 4 + 1, 3 + 6, 4 + 3 •

The fact that Model 5 and its modifications do not provide a completely

adequate account of the data is verified by the result of decomposing

the residual sum of squares obtained in the regression analyses of the

overall mean latencies for the various models considered in this chapter

into 'pure error' and 'lack of fit' sums of squares and computing the

ratio F
L

defined in Chapter V. As was pointed out in Chapter V, this

ratio can be used as a statistic to test the hypothesis that the lack

of fit mean square is significantly greater than the pure error mean

square. Significant F's (indicating lack of fit) at the .01 level

were obtained for every model. It would be possible to improve the

goodness of fit by making further adjustments similar to those just con­

sidered. However, it would be difficult to make meaningful statements

regarding these adjustments because of the large number of possible

combinations of adjustments that might conceivably be made.
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CHAPTER VII

GENERAL DISCUSSION

The results of the analyses in Chapters V and VI can be interpreted

as giving considerable support to the hypothesis that the algorithm

specified by Model 5 was being used by a large majority of the subjects

on some problems. These results are consistent with those two previous

studies. An analysis (Suppes and Groen, 1967) of an experiment origi­

nally designed. for quite a different purpose found that Model 5 gave a

good account of the observed rank ordering of the success latencies of

first-grade children to addition problems with m + n ~ 5. In this

study, only group mean data were analyzed. The rank ordering predicted

by Model 5 is also consistent with the results of a study by Knight and

Behrens (1928) who computed a rank order based on a composite measure of

'difficulty' which was partially based on a series of latency measure­

ments. Curiously, Knight and Behrens interpret their results as favoring

a vaguely defined version of Modell. However, Wheeler (1939) reanalyzed

their results and concluded that the ordering was more consistent with

what would be produced by Model 5. However, Wheeler does not give any

serious discussion of what might account for the ordering.

The lack of fit disclosed in Chapter V indicates that the subjects

were not using the algorithm of Model 5. An attempt to discover the

extent to which this lack of fit might be accounted for by means of

some simple memory assumptions was made in Chapter VI. It is reasonable

to conclude from this latter analysis that subjects have memorized the
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solutions to a number of these problems. In particular, most subjects

appear to have stored in memory the solutions to problems where the two

digits to be added are equal in magnitude. There is also evidence that

about one half of the subjects originally fitted by Model 5 have also

memorized the two problems with min(m,n) equal to 4.

It was pointed out at the end of Chapter VI that a lack of fit

remained after Model 5 had been adjusted for memory. There is a possi­

bility that some of the remaining discrepancies were due to the existence

of a perceptual process involved in determining the maximum of two num­

bers. Moyer and Landauer (1967) report the results of an experiment in

which adult subjects were asked to judge which of two numbers was the

smaller. Every possible pairing of the numerals 1 through 9 was used.

It was found that the decision time was an inverse function of the

numerical difference between the two stimulus digits. That is, the

latency increased as the difference between the stimulus digits decreased.

Moyer and Landauer concluded that their results indicated a decision­

making process in which the displayed numerals are converted into

analogue magnitudes, and then a comparison made between these magnitudes

in much the same way that comparisons are made between physical stimuli

such as loudness or the length of a line. A graph of the mean success

latencies obtained in the present experiment to problems with a minimum

of 1 and problems with a minimum of 0 as a function of the difference

between the two digits in the problem is shown in Figure 7-1. It can

be seen that, for a minimum of 1, the response latency appears to be a

decreasing function of the distance between m and n. This result

does not appear to hold for problems with a minimum of O. However, this
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may be due to a confounding with the response time. It was shown in

Chapter IV that the overall mean response times to presentations of the

single digits 1, 2, and 3 were several tenths of a second lower than

the response times to other digits. If a reliable correction for

response time could be made, there is a possibility that the response

latency to problems with a minimum of 0 might also be a decreasing

function of the distance between m and n.

While a perceptual process similar to that described by Moyer and

Landauer might account for some of the discrepancies in the model, it

is unlikely that it accounts for all of them. For instance, it is

clear from the graphs presented in the preceding chapter that the pro-

posed relationship does not hold for problems with a minimum digit

greater than 1. A number of alternative processes might conceivably

account for these discrepancies. One possibility is that some problems

are more likely to be memorized than others. As was pointed out in the

preceding chapter, this possibility is extremely difficult to evaluate

adequately. The only problems that clearly showed marked increases in

goodness of fit in many subjects as a result of the memory adjustments

discussed in that chapter were those adjusted in Models 5A and 5C.

There is, of course, the possibility that the response latency is a

complex function of the problem, depending on the time taken by the

subject to execute some retrieval process. However, it is difficult to

formulate one that would account in any detailed way for the deviations

from Model 5. Another possibility is that the mean latency may not be

a linear function of x. For example, the data might be better fitted

by a logarithmic function of x. However, it is unclear what the most
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appropriate non-linear function would be. The importance of these

possible factors can only be established by means of experiments in

which more stable latencies can be obtained.

The relevance of the results obtained in this dissertation to the

problems raised in Chapter I can only be decided. by further investiga­

tion. However, they would seem to indicate that the problem of the

precise nature of the procedure used by individuals in solving arith­

metic problems is open to experimental investigation by extensions of

the methods used in this dissertation. This d.issertation does result

in two encouraging findings. The first is that a simple model with

only two parameters can account for a large proportion of the variance

of the data of this experiment. The second is that individual differ­

ences are not as chaotic as one might have originally supposed. Since

5 models were fitted, it was originally thought that there would be

wide variation from individual to individual in the model that provided

the best fit. Instead, it was found that an individual's data was

either fitted by model 5 or not fitted by any of the models. This fact

may be of some promise for future research.
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CHAPTER VIn

SUMMARY

The research reported in this dissertation was concerned with the

construction and evaluation of a number of theoretical models that spec­

ify how a child might solve a set of simple addition problems, It

represented an attempt to discover the extent to which a precise, quan­

titative process model can provide an adequate account of individual

differences in performance data obtained from a simple mathematical

problem-solving task, It also represented an attempt to establish some

results that might lead to the construction of a process taxonomy rele­

vant to mathematical learning and instruction ,

The problems considered were of the form:

subject to the constraints

0< m < 9

m+n=_,

o < n < 9 m+n<9,

( 19)

Five different procedures, all based on counting, that might be used to

solve a problem of this form were considered in Chapter II. These pro­

cedures were described in terms of a counter on which two operations are

possible: setting the counter to a specified value; and incrementing the

value of the counter by one, The addition operation is performed by

successively incrementing the counter by one a suitable number of times.

Using this counter, an addition problem of the above form can be solved

in the following ways:
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1. The counter is set to O. m and n are then added by increments of 1.

2. The counter is set to m (the left-most number). n (the right-most

number) is then added by increments of 1.

3. The counter is set to n (the right-most number). m (the left-most

number) is then added by increments of 1.

4. The counter is set to the minimum of m and n. The maximum is then

added by increments of 1.

5. The counter is set to the maximum of m and n. The minimum is then

added by increments of 1.

Let a and ~ be random variables. It was assumed that the coun­

ter takes time a to be set to a value and time ~ to be incremented

by 1. It was also assumed that ~ is independent of the number of times

the counter is incremented. If a counter is to be set to a certain value

and then incremented x times by 1, the total time ~ taken by the

counter to perform these operations is:

a + ~x . (20)

This provides an expression for the time taken to solve an addition

problem of the form (19). Corresponding to the solution types proposed

above, x is determined as follows:

Model 1- x ~ m + n

Model 2. x ~ n

Model 3. x ~m

Model 4. x max(m,n)

Model 5· x ~ min(m,n)
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For practical purposes, it is more convenient to work with means. For

a given problem i, let

E(~). Then Equation (20)

t i be E(T), a denote

can be rewritten as:

E(a) , and b denote

(21)

In Chapter III, an experiment was described which was designed to

test the predictions arising from these models. The subjects consisted

of 37 children in first grade, Broadly speaking, the experimental

design consisted of giving all children the same set of 55 addition

problems to solve on each of 5 days, the first of which was viewed as a

pre-training day, Each day began with a preliminary task in which the

subject had to respond to the numbers from 0 to 9. The subject was then

presented wi.th a sequence of 55 problems of the form (1). Each problem

was presented by means of a slide projector. The subject responded by

pressing an appropriate button on a response panel which contained 10

buttons marked from 0 to 9. The correct solution was then displayed.

The subject's response and response latency (to the nearest hundredth

of a second) were recorded by the experimenter.

A regression analysis was presented which was based on the mean

latency of a successful response, computed over the last four days of

the experiment for each subject and each problem. In computing the

mean latencies, two types of observations were omitted: responses that

had excessively long latencies, and responses on which errors occurred.

An examination of these omissions revealed their effect to be minimal.

The method of analysis was the standard regression procedure for

fitting a straight line of the form (21). It was applied to the mean
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success latencies of each subject, with the independent variable x

specified by each model in turn. Thus five regression analyses are

applied to each subject. Each of these regression analyses yielded

estimates of a and b, together with certain statistics that can be

used to evaluate the adequacy of the model. To decide, for a given

subject, which model is the most adequate, two criteria are used in

this dissertation:

1. Which model maximized the F-ratio of the regression mean square to

the residual mean square.

2. Whether this F-ratio was significant at the .01 level.

The resu.lts of this ana.lysis were .presented in Chapter V. These results

indicated that the fitting of Model 5 resulted in significant maximal

F's for about one half of the subjects. With one exception, the rema.in­

ing subjects did not obtain significa.nt F I S on any of the 5 models.

Some subjects who obtained sigp.ifica.nt max.imal. F I S on Model. 5 also

obtained significant F's on Modell. However, a deeper analysis of

the data failed to uncover evidence that the markedly superior fit of

Model 5 was due to some artifact in the method of data analysis.

A consideration of the overall mean latencies of those subjects

who obtained significant maximal F I S on Model 5 led to the conclusion

that there were inadequacies in the fit of the model. Some modifications

to Model 5, that were designed to account for some of these i.nadequacies,

were considered in Chapter VI. These modifications involved the assump­

tion that certain problems had excessively short mean success latencies

because subjects had memorized the correct response. The result of
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applying this assumption to the problems 1 + 1, 2 + 2, 3 + 3, and

4 + 4 was a marked increase in the value of F for almost all subjects

originally fitted by Model 5. The application of this assumption to

the problems 5 + 4 and 4 + 5 (in addition to those just mentioned)

resulted in a marked increase in the value of F for about half the

subjects originally fitted by Model 5. In addition, a number of sub­

jects who had failed to obtain significant F's on any model in the

original analysis obtained significant maximal F's on Model 5 with

one of these two modifications. On the whole, about three ~uarters of

the subjects were significantly fitted by means of these modifications

to Model 5. Despite these adjustments, there was a remaining lack of

fit. In Chapter VII, some possible reasons for this were considered,

together with some general implications of the research.
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APl'ENDDC

PRESENTATIONORDEBS OFPBOBI.;EMS

Randomization 1

63 20 16 51 04 32

03 80 36 25 71 54
62 05 17 31 15 43

90 93 50 26 72 34

27 61 44 01 30 13
24 02 14 07 81 06

53 11 70 12 35 60

18 00 41 10 22 45
21 40 23 09 52 08

42

Randomization 2

20 42 03 22 54 23
01 35 18 43 00 71

32 04 52 27 15 09
26 09 30 08 36 24

81 44 06 29 40 61

02 53 07 90 51 14

70 63 17 60 12 34
80 31 45 11 33 10

41 62 21 13 72 50
16

Randomization 3

35 27 40 16 24 18

30 02 14 26 10 51
22 90 23 07 53 20

12 54 33 01 44 50

43 17 25 36 21 63

32 04 11 60 71 34
00 13 08 61 06 45 . r
03 41 80 72 05 42

09 52 81 15 62 70

31
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