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EPISTEMOLOGY AND pHILOSOPHY OF SCIENCE 

22 
Patrick Suppes 

HINTIKKA'S GENERALIZATIONS OF 
LOGIC AND THEIR RELATION TO SCIENCE 

I have known Jaakko Hintikka for at least forty years and during that time 
he has written far too many papers and books for me to have any sense of 

having read most of them in any detailed way. However, I have found a 
relatively smaller subset that addresses his lively and interesting recent 
work on generalizations of standard first-order logic to a wider setting, 
especially in the applications of these generalizations to the sciences. 
Requiring that the papers be relevant directly to the sciences in itself 
restricts quite considerably the papers to be considered. There is still more 
than enough for me to cover. 

It is also important to state at the beginning that I do not have some 
general theses to set forth and defend, nor do I abstract from Hintikka's 
writings general theses on his part. What I find attractive is that he has a 
great deal to say, in detail, about many issues of interest to me as a 
philosopher of science. I consider a number of individual questions, not 
necessarily closely related, but all, in my judgment, of some importance in 
any general philosophy of science. 

I. IF LOGIC AND SET THEORY 

I have long been associated with the use of set theory to analyze scientific 
theories. My ideas about this, with many detailed examples as well, are set 
forth in my recent book, Representation and Invariance of Scientific 
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Structures,' but I have been publishing various parts of it and preliminary 
editions of this book have been widely used. It is also clear that the implicit 
general framework for my analysis of scientific 'struchlres has been standard 
axiomatic set theory. I say all of this, not to talk about myself, but to set the 
scene for introducing Hintikka' s alternative. This framework, that I have 
been mentioning is certainly, with exceptions' that can be easily noted 
(which will be mentioned explicitly later), the set-theoretical setting that 
dominates the writing of modem mathematics. Most branches of pure 
mathematics are provided a setting that is naturally either set-theoretical or 
category-theoretical in character. But these two approaches are too closely 
linked to distinguish in the present discussion. It will, I think, be satisfac~ 
tory just to refer to the standard set-theoretical view of modem pure 
mathematics. 

As a breath of fresh air in philosophical discussions of modem logic, 
Hintikka has recently written a whirlwind of papers on independence­
friendly (IF) logic, which is a generalization of first-order logic that does 
not require a linear ordering of quantifiers in the sentences codified in the 
usual first-order logic notation. This kind oflogic in earlier forms has been 
known as logic with branching quantifiers and sometimes also as Henkin 
quantifiers, after the logician Leon Henkin. Hintikka and his collaborators 
are the ones, however, who have made extensive use of this framework in 
recent writings about the philosophical foundations of logic. This applies 
to IF logic as an alternative to standard axiomatic set theory in some form, 
to logic as inquiry, to logic as reasoning, and all the way to the logic of 
quantum mechanics. I will comment on each of these endeavors. One thing 
that has not been discussed very much in Hintikka's many publications is 
how his notion of independence; as in IF logic, relates to the various notions 
of independence. in probability theory. I will comment on the varying 
concepts of independence later. 

It is too much for me to undertake a 'systematic discussion of IF logic 
here, but the intuitive content of it can be easily and naturally expressed. It 
also leads to a way of expressing many things to which I am very sympa­
thetic. Instead of writing down the formal syntax of IF logic, which 
Hintikka mentions as being rather tricky, we can think of always writing 
down the formal sentences by replacing the quantifiers with Skolem 
functions, so that the dependency questions that arise in the linear ordering 
of quantifiers can be avoided and the natural expression as intended is just 
expressed by the Skolem functions, which show the dependence. 

Here isa simple example to show that what I have just said is not as 
complicated as it may sound. Suppose that we want to say that for every x 
there exists a y and for every z there exists a u for some F(x, y, z, u). Then 
we can immediately write this as a quantifier-free expression with Skolem 
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functionsfand g as F(x,f(x), z, g(z». Now such Skolem functions can be 
very natural and useful in eliminating quantifiers. In fact, it is an important 
mathematical technique in logic to have such an elimination of quantifiers 
within a classical framework. One is, of course, still left with the problem, 
at a more conceptual level, of saying what functions are the Skolem 
functions. For the present, I leave that aside. What Hintikka is emphasizing 
in this advertisement for IF logic is its greater flexibility and strength, and 
this seems appropriate. I should also note that he discusses the semantics of 
IF logic in the context of his earlier work on game-theoretic semantics and 
this, too, has some applications to the obsession in current economics with 
game theory, but I shall not pursue this topic here. . . 

There is an important issue, from a scientific standpoint, about the kind· 
of flexibility on independence and dependence permitted in IF logic. The 
example I have given is too simple. We may want to have dependency 
between the arguments of various functions; every possible variety of such 
dependence can be exhibited in quite natural physical relations. So, for 
example, we can have constraints on the motions of particles or non­
idealized bodies, such that two constraints can be independent or such that 
they are highly dependent, and there can be nesting, hierarchical relations, 
and the like, among these dependencies. IF logic gives much greater 
flexibility in expressing this than does ordinary classical logic. On the other 
hand, Ido not want to overemphasize this flexibility, for I might be 
mistaken as saying that all the kinds of independence and dependence that 
arise in scientific contexts can be expressed at the level of logic. This is 
certainly not the case. The substantive expression of dependencies depends 
upon something more than logical structure. Probability provides excellent 
examples to be discussed later-and physics just as many. 

Hintikka points out the most obvious logical failings of the standard 
axiomatizations of set theory within first-order 10gic.2 Almost everything 
he has to say about these failures, including the absence of a definition of 
truth-problems of many natural statements being independent of the ax­
ioms, and so forth-l accept, but, more importantly, these views are 
accepted quite widely. On the other hand, in my own perspective, these 
purely logical matters have turned out to be not very important for the use 
of the language of set theory as the standard formulation for characterizing 
mathematical and scientific· structures. 

The applications of logic, especially in science, have usually a rather 
special and particular character. So, for example, general discussions of 
truth will not be of much interest in analyzing specific problems in the 
framework of specific physical theories, economic theories, and so on. So, 
what I thin~ is as yet missing from Hintikka's method of IF logic is how the 
apparatus can be used to settle some significant questions in particular parts 
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of science. This is the kind of thing he does not discuss in his general paper 
just cited on axiomatic set theory. On the other hand, some applications are 
evident in two areas. One is that of game-theoretic semantics and the other 
in the applications to quantum mechanics. The latter I examine later. 

I leave this question about the general framework now, saying that I do 
not think there will be much changing the general use of set-theoretical 
language in mathematics and science, except where special needs for that 
change are found, as they can be found in the foundations of mathematics 
and also in the logic of quantum mechanics. . 

II. LOGIC AS INTERROGATIVE INQUIRY 

One of the important generalizations of classical logic, in tenns of fonnu­
lation, is Hintikka' s work on the development of the logic of questions and 
answers, as a new game-theoretic way of thinking about semantics. In the 
present context, without going into the details ofthis approach to semantics, 
I want rather to examine Hintikka's interesting paper "Presuppositions of 
Questions-Presuppositions of Inquiry. ,,3 Here Hintikka discusses, 
especially, presuppositions of questions that may be asked. He emphasizes 
the point in several places that the question-answering methods developed 
and the discussion of presuppositions, as well, have application to empirical 
work in the sciences. This kind of idea goes back, in a general way, to 

. Francis Bacon, as Hintikka remarks. But the popular notion of the scientist 
putting questions to nature, for which answers are then sought, but not 
necessarily given by nature, is a familiar way of fonnulating some aspects 
of scientific method. Hintikka has something more ambitious in mind. He 
wants the fonnal structure of questions and answers, as he has developed 
them in numerous publications, especially in his discussion of the presuppo­
sition of questions, to provide an apparatus that may be used by the 
scientist. 

There are a number of useful and interesting lines of inquiry he begins 
in this investigation, emphasizing as he does the important contrast between 
definitory rules and strategic rules. He also emphasizes that, for any 
complex situation, there will not be feasible, optimal strategic rules (feasible 
in the sense offeasible computation). 

In this context, Hintikka has an interesting discussion of reducing all 
experimental scientific questions to yes-no questions. Although he does not 
explicitly mention quantum m~chanics here,this is a standard mathematical 
move in analyzing the foundations of quantum mechanics. The basis is that 
any observable can be replaced by an equivalent set of yes-no questions. 
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Intuitively,· it is easy to see how this could be done. Suppose we want to 
predict the trajectory of a particle in classical mechanics or the time­
dependent sequence of probability distributions of a particle in position 
space in quantum mechanics. Classically, let us think of having a very fine 
finite grid of cubes in the (x, y, z) coordinates.4 Then we can ask for each 
one of these small cubes, whether a given particle can be found there. Of 
course, we ask this in terms of space-time trajectories, really. So, we are 
actually using four-dimensional space, but this still does not change 
anything. We can get, in principle, a yes-no answer for each small four­
dimensional cube. It is easy to see, however, that, although this procedure 
is theoretically equivalent to a very fine approximation of writing down a 
standard expression for the trajectory, it is something very different in terms 
of intuitive representation or computation. It is not a way you will find 
anyone using to do actual computations in quantum or classical mechanics. 
So, to move from the general framework of yes-no questions, as discussed 
by Hintikka, to their detailed application in physics, for example, would be 
a big step. And, in fact, I would expect him to shift away from yes-no 
questions in turning to scientific details. He does this for the kind of 
applications in logic and ordinary discourse he discusses. So, my point is 
that there is both a theoretical resonance with the question-answer 
procedure and something as far removed from ordinary Socratic questions 
as quantum mechanics, but it does not mean this provides a good route to 
answering complicated quantum mechanical questions. 

Consider now this matter of questions from a related angle. Here is an 
interesting quote at the end of section 4 of "Presuppositions of Questions" 
I want to comment on. 

This strategic power of experimental questions can be considered as the 
epistemological explanation of the success of early modem science. The 
methodological "secret" of scientists like Galileo and Newton is not their 
empiricism, but their use of experiments, especially controlled experiments. 
Such experiments can be thoufht of, it was seen earlier, as wh-questions with 
a functional (genera]) answer. 

There is something in this, but think of Newton's work on the inversesquare 
law of gravity and the marvelous results he was able to obtain about the 
dynamics of solar bodies. In this context the role of experimental questions 
was very limited. First of all, Newton himself essentially made no 
astronomical observations of any importance. And, he certainly did not, in 
the context of astronomy, conduct any controlled experiments. What he did 
was have marvelous ideas about mathematical models to fit the data that 
had been collected-some of it over hundreds of years-by astronomers of 
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many different times and places. Moreover, I emphasize again, in the 
ordinary sense of things, there are no really good controlled experiments in 
Newton's work on astronomy. Of course, there is another sense in which we 
can discuss Newton's asking of questions, but I want to express some 
skepticism about the ordinary logical formalism of questions that Hintikka 
introduces in this article. Interesting though it may be for the purposes he 
mainly uses it for, it does not seem to have much direct use in any actual 
astronomical inquiries or investigations of the kind Newton conducted. 

It is worth noting in this connection the beginning of Book ill of 
Newton's Principia (1686/1946), which is about his detailed astronomical 
calculations for the "system of the world." Newton states four rules of 
reasoning in philosophy. The first two concern causes. The third, universal 
qualities of bodies, such as extension and impenetrability, and the fourth, 
induction in experimental philosophy. Now, my only point is that these set 
the tone of Newton's qualitative way of looking at what he is doing. A 
better example of Newton's use of specific experiments that he himself 
made is, of course, to be found in his Optics. and in many ways, this work 
better supports Hintikka' s remark. 

But the point I am getting at is this: In spite of my appreciation for what 
Hintikka has done about the logic of questions, which gives a good account 
of many kinds of reasoning and of dialectic, he has not as yet carried out 
detailed developments to analyze or reconceptualize his work in any detail 
so as to have it fit with actual experimental methods in any branch of 
science. There is also another point. If we talk in general about experimental 
methods, something much broader has to be considered. It is important to 
emphasize the pragmatic doing of experiments. Being a good experimenter 
often means developing better instrumentation, which Newton remarks on, 
by the way. This is a matter not of questions, but of actual construction of 
something new. Running experiments is like building a house or making a 
pair of shoes. There are a great number of practical skills that are fundamen­
tal to the real endeavor and that go far beyond any logic of questions. As far 
as I know, Hintikka has not yet developed his ideas about such pragmatic 
considerations. 

There is, however, one rather direct extension of his view about ques­
tions and answers and the logic of inquiry to consider. This is Bayesian 
inductive methods, which do have a deductive framework. As the saying 
goes, all a subjectivist about probability needs is a prior distribution and the 
outcomes of observations from properly designed experiments to compute 
mathematically the appropriat~ posterior distribution. This is all, in princi­
ple, that induction consists of. There are many things about this Bayesian 
picture that are close to Hintikka's model. I think that with a little pushing 
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and shoving here and there, the two could be made very congenial to each 
- other. This would immediately bring Hintikka' s views closer to a well­

known methodology in experimental work. Both sides could in all 
likelihood profit from further common developments. 

m. LOGIC AND GOOD REASONING 

In an important and sensible paper on this topic, Hintikka has lots of useful 
things to say about why the model of purely formal logic made prominent 
in the nineteenth century by Boole and Frege has not provided a place for 
many of the things that were traditionally thought to be important aspects 
of logic.6 Hintikka draws the desirable distinction between the definitory 
and strategic rules of logic. The simple example to clarify this is that it is 
easy enough to understand the definitory rules of chess. It is quite another 
thing to understand the strategic principles of the game. What one long 
tradition expected from logic was the latter rather than the former, that is, 
the development of good methods of reasoning, not in the sense of simply 
being formally correct principles, but in the sense of being practically useful 
for inquiry. 

This move ofHintikka, with which I am entirely in sympathy, is a move 
in the direction of something congenial to the actual practices of scientists 
and of mathematicians, it might be said. So, it is worth examining more 
carefully his ideas in this direction. To begin his analysis in a systematic 
way, Hintikka makes the good point that Aristotle, the first formal logician, 
whose main results are to be found in the Prior Analytics. was actually 
concerned with strategic aspects of reasoning, which he thought of 
dialectically as an interrogative process. But, just as good lawyers never like 
to ask a witness a question whose answer they do not know, so Aristotle 
was interested in the kinds of questions that can be asked in a dialectic 
procedure such that the answer to a question is fully determined logically 
by earlier answers. Of course, as Aristotle makes clear in The Posterior 
Analytics. and as Hintikka fully recognizes, no one can expect to receive 
only logically necessary answers, in the sense of being 10gical1y implied by 
earlier questions and their answers. 

I want to emphasize that in this analysis of logic as good reasoning, 
Hintikka is making the excellent point that, in the teaching of logic, the 
emphasis on strategic rules has been neglected in favor of the purely formal 
rules of inference that guarantee logical validity. He goes on to make a 
number of suggestions of a positive nature about how to think about 
strategic rules. The main focus of his suggestions centers around his use of 
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interrogative logic, with a claim that certainly has some justification. It is 
that such logic represents a natural generalization to the kind of inquiry to 
be found in the sciences and in many other walks oflife. He also makes, in 
this connection, the point that, as his own work has shoWn, such aninter­
rogative approach can be used as a fonnal basis oflogic, but it also is easily 
extended in a seamless way to nonlogical inferences that satisfy weaker 
canons of rationality. He appends to the article a useful study; an earlier 
article by Hintikka, Halonen, and Mutaten7 is full of detailed developments. 

However, in spite of my positive attitude, I want to add that analysis at 
this level of generality constitutes a prolegomenon to future detailed studies. 
Holding on to the interrogative framework, I think it would be possible to 
enter into the details of various parts of science at an elementary level, to 
exhibit how such a framework can provide unification, and to show how it 
can also be used as a framework within which particular details about 
reasoning in a given domain can be amplified and learned. This extends 
beyond the sciences and certainly applies to many other domains of 
reasoning, from the law and government policy to architectural design. I 
would like to be able to be optimistic about the number of workers in the 
vineyard ready to follow out this general expansion of strategy analysis. 
within the framework of interrogative inquiry. I think it will be, unfortu­
nately, some time before it really happens. 

There is one aspect of this expansion that I think is important that 
Hintikka does not dwell on. This is the fact that learning to reason well 
about a particular domain depends upon a great deal of nonverbal learning, 
that is, experience that comes from many detailed encounters with the sub­
ject matter and, possibly, the environment ofthe domain such that much of 
what is learned is learned unconsciously and without any specific verbal 
fonnalization whatsoever. Think of the person becoming familiar with 
hunting, pruning, or guiding, tourists in a dense forest. What that person 
knows about the forest is mainly nonverbal and, above all, he is not even 
able to verbalize the fine points of his knowledge. Such nonverbal learning 
is needed to deepen, not only students' experiences, but our own under­
standing of how such matters work at the frontiers of scientific research or 
in novel applications in any domain of knowledge. So, I am not arguing 
against anything that Hintikka has to say about logic as good reasoning, but 
I am emphasizing something that is, in many ways, against too much focus 
on fonnality, which, fortunately, Hintikka is also saying. Hintikka mentions 
one fine example of such learning, already, in his discussion of chess. I 
would add only to his analysis of the chess playing my insistence that the 
deeper levels of analysis are never completely verbalized by a master chess 
player. The fonnal ruies of chess are easy for anyone to learn, but because 
of the complexity of the game, there are no closed sets of strategies. You 
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can choose the one you care for. It remains open-ended, full of associations 
that are unconscious, but built upon past experience and usable in the next 
game in ways you can only partly explain. 

N. INDEPENDENCE IN IF LOGICS COMPARED TO 

PROBABILISTIC STRUCTURES 

My comments are related to the important emphasis on independence in IF 
logics. Independence is necessary to get the generalization that is natural for 
classical logic. What I want to raise are some questions about the more 
detailed structure of this independence, especially how it relates to classical 
notions of independence in probability theory. 

Let us suppose, first, that we have a structure that is a classical prob­
ability space (n,:r, P) where n is the set of possible outcomes, :r is the 
Boolean family of events, and P is the probability measure on the family of 
events; The axioms are familiar and I will not state them here. For such 
spaces, slightly less familiar, is the definition of the concept of an . 
experiment. We call an experiment, with respect to the given probability 
structure, any partition of n, i.e., any collection of non empty subsets of n 
such that 

(i) the collection is a subset of the algebra ~ of sets, 

(ii) the intersection of any two distinct sets in the collection is empty, and 

(iii) the union of the collection is n itself. 

What we now defme is the important concept of mutual independence 
in the following way. 

DEFINITION 1 The n experiments M('), .•• , M(n) are (mutually) inde­
pendent if and only if for every Ai E M(') where 1 !> i !> n, 

Also, we can easily extend this definition to events. The n events AI' A2, 

... ,An are (mutually) independent ifand only if the n experimentsM(I), M(2), 

••• , M(n) are mutually independent, where 

M(i) = {Ai' - A;} . 

This definition looks rather different from the one given in several 
places by Hintikka for IF logic. So, I have again a natural question for him. 
How does he relate the concept of independence for IF logics to the 
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classical definition of independence of probabilistic experiments or events? 
The apparatus just defined is very quantitative in character. It is natural 

to move to considerations that seem more readily compared to the type of 
independence to be found in IF logic. The kind of qualitative properties to 
which I now turn relates to distributive properties and the like, such as those 
discussed by Hintikka in his article on quantum logic.s I list here some 
standard properties of the qualitative probabilistic independence of two 
events, taken from Suppes and Alechina:9 (I use the customary symbol .L for 
such independence.) 

1. If A .L B then B .L A; 

2. A .L n; 
3. If A .L B then A .L -.JJ; 

4. If B n C = 0, A .L B, A .L C then A .L (B u C); 

5. If A .L B n C, B .L C, A' n B' .L C, A' .L B', A::: A', B ::: B', 
C::: ClthenAnBnC:::AlnB'nC; 

6. If A .L B, B .L C, A .L B n C then C .L An B. 

Do these elementary qualitative properties have actual analogues in IF 
logic? If not, what are the salient qualitative independence properties of IF 
logic? 

V. APPLICATION OF IF LOGIC TO QUANTUM LOGIC 

In Hintikka's "Quantum Logic as a Fragment of Independence-friendly 
Logic" we have one of his most substantial applications of the ideas of IF 
logic to a scientific domain. 10 It is a domain standing ready-made for his 
kind of application, because of the contradjctions between first-order 
classical logic, as usually formulated, and quantum logic in anyone of 
several different forms. I will not -attempt here to review and give a 
technical discussion of quantum logic, but I will instead focus on a few 
points. First of all, I agree with Hintikka that he has successfully shown 
how his ideas of IF logic can be used to give a natural framework within 
which to interpret quantum logic. The philosophical significance of this is 
clear. Ordinarily, quantum logic is advertised as a logic that is separate from 
classical logic. In Hintikka's extension of classical logic to IF logic, 
quantum logic is now no longer a separate domain, but a subdomain of IF 
logic, and, therefore, of classical logic in this extended sense. 
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There is one main point I want to consider about IF logic and quantum 
mechanics. In the final paragraphs of his paper, Hintikka briefly mentions 
that, just as the received first-order logic can be embedded in a suitable 
probability logic, so can the extended IF logic be so embedded. However, 
there are some natural questions that arise and that have implications for the 
development of probability theory in a way that is suitable for IF logic. This 
can be stated in a concrete and simple way by considering what is needed 
for limited cases of quantum logic. 

I shall try to make this discussion explicit by a few simple elementary 
definitions. The basic· idea is that we generalize for restricted cases the 
concept of a set-theoretical structure that is a Boolean algebra to a quantum 
mechanical algebra. A Boolean algebra of sets is closed under 
complementation and union of any two sets of the algebra. In the quantum 
mechanical case, the closure under union is restricted to disjoint sets. This 
means that troublesome cases such as the joint observation of two 
noncommuting observables do' not need to be considered, since the 
disjointness eliminates any problem of considering their joint distribution. 
So, for example, the set-theoretical framework can handle all the elementary 

, cases of the noncommuting observables of position and momentum in 
quantum mechanics, but not the general case of any collection of 
observables. It is not critical to discuss the general case for the point that I 
want to make. 

So, to formalize these ideas, I first define explicitly quantum-mechani­
cal algebras of sets and, secondly" quantum-mechanical probability spaces. 

DEFINITION 1 Let 0 be a nonempty set. l' is a quantum-mechanical 
algebra of sets on 0 if and only if J is a nonempty family of subsets of 0 
and for every A and B in 1': 

J. -.A E" J; 

2. If A n B = 0 then A u B E" J. 

Moreover, if J is closed under countable unions of pairwise disjoint 
sets, that is, if A" A2, ••• is a sequence of elements of J such that for i '" j, 
A;nAj= 0 

00 

U Ai E" J, 
i= , 

then J is a quantum-mechanical a-algebra of sets. 

(Note that '....,' is the symbol for set complementation (relative to 0), and '0' 
is the symbol for the empty set.) 
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An obvious elementary theorem is that any classical algebra (or a­
algebra) of sets on 0 is also a quantum-mechanical algebra (or a-algebra) 
of sets on 0, but easy counterexamples can be constructed to show that the 
converse is not true. 

DEFINITION 2 A structure 0 = (0, :r, 1') is a finitely additive quantum­
mechanical probability space if and only if for every A and B in :r: 

PI :r is a quantum-mechanical algebra of sets on 0; 

P2. P (A) 2: 0; 

P3.P(0)=1; 

P4. If A n B = 0, then P(A u B) = P(A) + P(B). 

Moreover, 0 is a quantum-mechanical probability space (without 
restriction to finite additivity) if the following two axioms are also satisfied: 

P 5. :r is a quantum-mechanical a-algebra of sets on 0; 

P6. If AI' A2, ••• , is a sequence of pairwise incompatible events in :r, 
i.e., Aj n Aj = 0 for i '" j, then 

P t9J = tl P(AJ 

Again, we have the obvious and trivial theorem that every classical 
probability space, which I have not defined precisely, but follows the . 
obvious and standard line, is also a quantum-mechanical probability space, 
but not conversely. The critical differences between classical and quantum­
mechanical probability spaces, brought out in these two definitions, carry 
over naturally to the more general setting of ortho-complemented partial 
orderings of the sort discussed in Hintikka's article. But I do not need these 
generalizations to ask the relevant question, exactly how does Hintikka 
propose to handle probability in IF logics, in relation to what I am saying 
here? In the previous section, I brought up another, but related, question 
about probability and independence. 

The point of the quantum-mechanical probability spaces is that they do 
not assign probabilities where you do not want them, as in the case of joint 
distribution and.position of momentum. The classical space that satisfies the 
quantum-mechanical axioms would do so, and this would be undesirable. 
In the same way, IF logic is a generalization of classical logic and the 
probability structure that goes with such logics might have the same 
weakness of assigning probabilities when it is not desirable to do so. In 
other words, there seems to be a tension between the generalization of 
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classical logic, given by Hintikka, in tenus of probability on the one hand, 
and the reduction· in the scope of probability on the other hand in the 
quantum-mechanical characterization just given. Of course, Hintikka can 
answer by so restricting, in the same kind of way, the probability that goes 
with an IF logic when it is applied to quantum mechanics. My question to 
him is, "Is this the kind of restriction you think is natural and appropriate?" 

Of additional interest is how more detailed quantum-mechanical ques­
tions of dependence and independence relate to the structure of IF logic. I 
restrict the discussion to one simple but important case. This is· the de­
pendence between the probability distribution of position and that of mo­
mentum for an individual particle. As is well known, there is, for all but 
special degenerate cases, no joint distribution of position and momentum 
for a quantum-mechanical particle such as an electron or proton. So 
·discussion of any dependency of one on the other lies outside a classical 
probabilistic analysis, which would, if it were possible, be framed around 
the properties of the joint distribution of position and momentum, as is 
standard for the phase spaces of classical statistical mechanics. (A 
conceptually important special case is the existence of the joint distribution 
of position and momentum in the ground state of a one-dimensional 
quantum harmonic oscillator. Here position and momentum are probabilis­
tically independent.) 

Of course, an important probabilistic constraint does exist in the general 
case, namely, the Heisenberg uncertainty principle, which asserts that the 
product of the standard deviations Oq and op for position and momentum 
must be greater than a certain constant, namely, 

n 
f7q f7p ;;: 2' 

where n is Planck's constant h divided by 21t. 
But a much more detailed result is also available. By well-known 

methods due to Wigner, \1 it may be shown that the marginal probability 
density f(P) of momentum may be expressed as an integral of the position 
variable q by using the quantum state ¢/that isa function of q. 

f(P) =.l .j jlfr (q - !nu)e-;UP¢/(q +! nu)dudq 
21t 2 2 

(Details of this derivation are given in "Probability Concepts in Quantum 
Mechanics.,,12) Intuitively, this says that the distribution of momentum is 
a function of the entire distribution of position, a strong kind of dependence 
lying outside the framework of joint probability distributions. A dual 
integral formulation off(q) in tenus ofp may also be given. There may also 
be some interesting remarks to make about this example from the standpoint 
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of IF logic, but Hintikka is more equipped than I am to ascertain whether 
or not this is true. 

STANFORD UNIVERSITY 
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