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Hierarchical Learning of Boolean Functions

Patrick Suppes and Shuzo Takahashi

1 Introduction

The learning of Boolean functions has been the focus of a number of papers in com-
puter science in the last few years, many of which have been stimulated by the work
of Valiant [3, 4]. We also mention especially the recent long article by Blumer et
al. [1] on learnability for various classes of concepts including especially Boolean
classes. The thrust of most of this theoretical work has essentially been to show
under what conditions concepts can be learned in polynomial time or space. It is
of course important to show that learning is feasible for as wide a class of concepts
as possible. However, it is also important to focus on detailed results of a very fini-
tistic kind, which are characteristic of learning theory as applied to human behav-
ior, and are of intrinsic interest also in machine learning. In this paper we consider
conditions under which a hierarchy of Boolean functions can increase in signifi-
cant ways the rate of learning of a given Boolean function of n variables. In this
context we also compare serial and parallel hierarchical learning, with, as might be
expected, the most dramatic effects being produced by parallel hierarchical learn-
ing. Because in general the results are better for parallel than for serial learning
the reader might wonder why we include a systematic study of serial learning. The
reason is that even under serial learning conditions hierarchical learning can often
lead to dramatic improvement in the rate of learning.

There is some literature on hierarchical learning, but the results are not closely
related to ours. We refer the reader to Rivest and Sloan [2], and the references given
there.

There are three distinct psychological processes involved in our theoretical ap-
proach to hierarchical learning. They are (i) stimulus sampling, often given in the
form of a pattern; (ii) concept sampling; and (iii) function formation—meaning
forming some function of the concepts sampled. In some contexts it may be use-
ful to refer to function formation as hypothesis sampling. In any case, process (i)
brings in information from the world outside, but (ii) and (iii) are essentially inter-
nal.
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With probabilistic assumptions about each process, a variety of measures of
learning can be defined and many of them have been used in the literature. Because
we are interested in comparing a number of different assumptions about each pro-
cess in terms of effects on the rate of learning, we have chosen as the comparative
measure we compute the expected number of trials to learn the concept in question,
eithcr with no residual response error in the model or with some specified lower
bound on the probahility of an error or the expected number of trials. By and large
we do not analyze possible processes of function formation, in spite of their interest
for a general theory of learning. We comment on this point in more detail later.

1.1 Relation to neural networks

1t is important to emphasize that hicrarchies, as defined and used in this article, are
not neural networks, except in the most trivial sense. The reason is simple. In the
hierarchies we consider there are no hidden units. Each level of a hierarchy can
provide reinforcement or feedhack on learning any Boolean {unction occurring at
that level. This assumption is made for all the different cuses we consider.

On the other hand, wide variations in sampling assumptions asre made. The
most important dichotomy is hetween (i) the assumption of sampling of input to
a Boolean function at one level of a hierarchy being independent of such sampling
at any other level, and (ii) the assumption that the sampling distribution is given at
the lowest level of the hierarchy, the level of stimulus patterns, and this distribution
then determines the sampling at all higher levels.

We underscore the point that it would be a mistake to suppose that sampling
assumption (i1) is almost always more realistic than assumption {i). In the teaching
of a complex hierarchical subject like mathematics or a foreign language, students
in general sample arlificial exercises at each level of learning, essentially indepen-
dent of their distribution of cccurrence as components of real-world problems to be
encountered later.

The hicrarchies we consider are not neural nets, but it is obvious that a neural
net could be added at each node by so formulating the learning of each Boolean
function at a nede of the hicrarchy. This we have not done, for reasons that will
become clear later.

2 Some Preliminaries

A Boolean function of n variables is a function from {0, 1}" to {0, [}. We use
variables F, G, H, Fy, F3, etc. for Boolean functions. A pattern is an element in
{0,1}™. WVariahles p,q,p1, ps, etc. are used for patterns. When there are n vari-
ables, then there are 2" patterns, and Boolean functions can also be defined by sub-
sets of the 2" patterns, For this reason we shall sometimes refer to Boolean func-
tions as concepts defined by subscts of the patterns. The usual convention is that the
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Boolean function has the value 1 for the patterns that are instances of the concept,
and O otherwise.

The kind of learning process we study here is what is called in the literature
supervised learning from examples only. This means in classical learning terms
that the learner is only presented examples and is informed after each trial what is
the correct response. We can assume that on each trial the learner guesses whether
a given pattern is an instance of the concept or not, that is, whether the Boolean
function has the value 1 or not for this pattern. Note that under the assumption of
feedback we are making here it is not important whether the response is correct
or incorrect. What is important is the assumption that the learner internalizes the
correct answer.

We can now note a familiar result, but one that is important for comparison. If
the learner is asked to learn an arbitrary Boolean function purely from presentation
of examples, then in general there are for n variables at least 2™ trials required. To
achieve this lower bound of 2", we must assume that the learner is perfect in the
sense of remembering and correctly registering the feedback on each trial. Then
there is no way that the learning can be speeded up without the introduction of in-
formation that goes beyond the pure presentation of examples. This means that for
a function of 1000 variables, which could easily arise in a vision system, the learn-
ing of patterns would require 2'%% trials, obviously an unfeasibly large number.
Valiant and others have emphasized learning restricted classes of functions that will
not require such an exponentially large number of trials. The analysis that we give
of hierarchical learning is similarly motivated but moves in a different direction.

We introduce some further notation useful in studying hierarchies. The vari-
ables z,y, z, 1, T3, etc. take values in {0,1}, and f, g, h, f1, fa, etc. are function
symbols with certain arities. A(f) denotes the arity, or number of arguments, of f.
Terms are recursively defined from variables and function symbols. For each term
t, we define a set (J; which contains all function symbols in ¢. This can be recur-
sively defined (we omit the precise definition). For example, fort = f(z,y), Q; =
{f}, and fort = f(g(z1,22), h(z1,x2,23)), Qr = {f, g, h}. Also Q]| is the car-
dinality of Q;. For each term t, the number of distinct variables in ¢ is denoted by
V;. For example, fort = f(z,y), Vi = 2,and fort = f(g9(z1,x2), h(z1, T2, x3)),
Vi = 3.

Throughout we use, with or without arguments or subscripts, IV for nonhier-
archical learning, S for serial hierarchical learning and P for parallel hierarchical
learning.

3 Serial Hierarchical Learning

In this section we compare nonhierarchical and serial hierarchical learning of
Boolean functions. Intuitively the comparison of nonhierarchical and serial hier-
archical learning in the framework we have defined is straightforward, given that
in the present analysis we are concerned with perfect learning. Later we shall con-
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sider learning to a particular statistical criterion, of the sort discussed by Valiant.
The nonhierarchical learning of an arbitrary Boolean function of n variables is just
learning the correct response to each of the 2™ patterns. The hierarchical learning
depends upon learning each function in a corresponding way. In other words, each
individual function, at any level in a hierarchy, is a special case of nonhierarchical
learning. More explicitly for each term ¢, V; and S; are defined by

NtZQV'

St = Z 2A(f)
fEQ:

These two quantities are used to measure the rates for nonhierarchical and serial hi-
erarchical learning, as just mentioned above. For example, for t = (f(z,y), Ny =
22 =4and S; = 22 = 4,fort = f(g(z1,22), h(z1,22,73)), Ny = 23 = 8 and
S; = 2%+422+2% = 16,andfort = f(g(z1,72,73),g9(x2,23,24)), Ny = 2* =16
and S; = 2% + 23 =12

Note that the quantities /V; and S; measure exactly the rates of learning under
the assumptions that sampling is without replacement and that at each level of a
hierarchy only relevant concepts are sampled. There is no need to say sampling is
uniform. The only requirement is that on each trial a pattern is sampled that has
not been sampled before. When studying perfect learning under the nonreplace-
ment assumption, what actual distribution is used for sampling does not affect the
number of trials for the results we are now computing.

The most extreme sort of example favoring serial hierarchical learning over
nonhierarchical learning is given by:

= h(g(f(x17x2)7 f(mg,w4)),g(f(m5, a)s), f($7, :Ug))) (D

and

For this ¢,
N, = 28 = 256,

while
S =3x22=12.

More generally, for any term ¢ with nn variables, which has a similar structure. Ny =
2™ while S; = 4 log, n.
The most extreme example favoring nonhierarchical learning is given by:

t = h(g1(fi(z1,22), fo(x1,22)), g2(f3(21, 22), fa(z1, 22))). 2)
For this ¢,

while
S, =7 x 2% =28.

A less extreme yet interesting example, also of interest for parallel processing,
is given by:
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t = h(g1(f1(z1,x2), f2(x3,24)), 92(f3 (x5, x6), fa(z7, 28))). (3)
For this t,
Ny =28 =256,
while
Sy =17x2% =28

Figure 1 shows the hierarchy of ¢ as defined by (3). And more generally, for any
term ¢ with n variables, which has a similar structure, i.e., n is a power of 2, N; =
2™ while S; = 4(n — 1).

h
/ \
g1 92
AN N
fi fa f3 Ja
/ N\ / N\ / N\ / N\
X1 X2 X3 X4 X5 X6 X7 X8

Figure |: Hierarchy defined by Equation (3).

3.1 Sufficient conditions for S < N

We now examine sufficient conditions for S < N (henceforth we omit the subscript
t from the notation), that is, for

> 24 <oV, 4)
feQ

First of all, it is easy to show that

Theorem 3.1 If V <3, then N < S5.

Thus our main interest is in the case V > 4. It is difficult to analyze (4) without a
further simplification’ . We start with the following simple (rather crude) estimation
of S as the basis of our analysis of 5 < N:

Yoreq 2t < Q2™ (5)

1We might also consider some structural assumptions, such as the depth of terms is 1. However,
it seems that such cases are already as difficult as the general case, without further simplifications as
exemplified below.




56 P. Suppes and S. Takahashi

where M = max{A(f) : f € Q}. Then, a sufficient condition for S < N (= 2")
is

[@[2¥ £ 2% (6)

Now two cases may be considered: M = 2 and M/V is constant, i.e., M = hV
for some constant h.
These two cases are further analyzed in the following two subsections.

3.1.1 Analysis of S < N in the case M =2
Putting M = 2 and |Q|/V = k where 0 < k, (6) becomes
4kV < 2V, )

It is easy to show that a necessary and sufficient condition for (7) (for V' > 4) is
k < 1. Thus we obtain

Theorem 3.2 Fora binary term with at least 4 variables, if the number of the func-

tion symbols in the term does not exceed the number of the variables in the term,
then S < N.

It is also interesting to consider the ratio r = S/N in the case S < N. For this,
replacing k by k/r in the above argument, we obtain

Theorem 3.3 For a binary term with at least 4 variables, if |Q|/V < r, then
SIS 7
3.1.2 Analysis of S < N in the case M = hV
Putting M/V = hand |Q|/V = k where 0 < h < 1 and 0 < £k, (6) becomes
KV < 20-RV, ®)
Let us consider the function
$(V) =201V _ V. ©)

The function ¢ has its mmimum at

1 k
mh k) = Ty Tog2 % A= h)loga"

Hence, the inequality (8) holds for all V if and only if
¢(m(h, k)) 2 0,
which 1s equivalent to

k < (elog2)(1 — ). (10)
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Thus we obtain

Theorem 3.4 A sufficient condition for S < N is that (10) holds. (Notice that if
(10) holds for h and k, then it holds for any h' < h and k' < k).

We are also interested in the ratio 7 = S/N in the case S < N. This can be easily
obtained by replacing k by & / r in the above derivation, that is,

Theorem 3.5 If the following inequality holds
£ < (elog2)(1-h), (11)

then S/N <r.

Note that e log 2 is about (yet bigger than) 1.88. As an instance of (11),if M/V <
0.60 and |Q|/V < 0.56, then S/N < 0.75.

In spite of starting with the rather crude estimation (5), the numbers we obtained
for h, k, and r look reasonable. Now let us consider what kind of improvements for
h, k, and r can be made. First of all, notice that Theorems 3.4 and 3.5 are valid for
all V', and do not reflect the following fact:

If V gets larger, then (8) holds for larger h and k.

To use this fact, let us consider the following condition:

C(h,k, Vo) ifand only ifforall V > Vo, kV < 20=R)V, (12)

Note that if we want to consider the ratio r = S/N, then simply replace k by k/r.
Simple properties of this condition are:

o For all A and k, there exists Vy such that C(h, k, Vp).

o If C(h,k,Vp),h < h,and &’ < k, then C(h', k', V).

o If we expect V} to be small, then both & and & must also be sufficiently small.
o If we expect h and k to be large, then V; must also be sufficiently large.

e Even though h is large, if & is sufficiently small, then V4 can be reasonably
small.

o Even though k is large, if A is sufficiently small, then V4 can be reasonably
small.

Next we pose the problem: Given V4, find a simple relation between h and & such
that C'(h, k, V).

Theorems 3.4 and 3.5 were obtained by considering ¢(m(h, k)) > 0, but this
does not give a good result in the case m(h, k) < Vp, which is equivalent to

k < ((1 - h)log2)2t—MVo, (13)

In this case, a sufficient condition for C'(h, k, Vp) is ¢(Vy)} > 0, which is equivalent
to
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k< ‘%2(141)'«.,_ (14)

Combining (13) and (14}, we obtain

Theorem 3.6 /f
k < min{(1 — h)log2, i}Q(I‘h]Vﬂ,
Vi
thenforV > W
S < N.

Substituting k/r for k, we obtain
Theorem 3.7 ff

1
A’,/r < Inil’l{(l _ h) tog 2, _‘/_'H}2(I—h)‘v"u1
o

thenforV > VW

3.2 Uniform Sampling with replacement of stimulus patterns

Let Ex be the expected number of Lrials to samiple all stimulus patierns under non-
hierarchical learning when the samphng distribution 1s uniform with replacement,
and fet By be the conresponding expected number {or serial leurning with the sam-
pling distribution uniform with replacement for each function it uny level of the hi-
crarchy. Thus, for example, i" we consider the hierarchy of Figure 1, the expected
number of trials 1o sumple all patterns for each of the 7 binary tunctions is 25/3, so
24 = 58.3. These numbers follow at once from the fullowing familiar results.

Let I be the cxpected number of trials under the uniform distribution to com-
pletely sample with replacement all V patterns. First, the sampling may be repre-
sented by the Murkov chain whose transition matrix is given by:

01 2 j 3+1 N-1 N
0 1

1 N-L
1 N N
j 2 N—s

N N

M- el
N 1

The probability distnbution of the number of trials in the slate y < & ix given by:

rao=(3) (-4)
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Hence,
oo (=) .\ n—1 .
— _ J JyY_ 1 N
EN,]—ZnPNJ(n)_Zn(ﬁ) (1_ﬁ>_1~i_N—j'
n=1 n=1 N
So, the expected number of trials for completely sampling all N patterns is:
N-1 N-1 o N o
7=1 1=1 k=1
For =4 1 1 1. 25
Ey=414+=-4+>+->)=—
vl =

as stated above. (Note that learning for any given function in the hierarchy is itself
nonhierarchical, just depending on the number of patterns to be sampled.) In con-
trast to Es = 58.3 for Figure 1, the nonhierarchical learning of 28 patterns under
uniform sampling is

256

1
En(8) =256 o
k=1
which is a much larger number. Explicitly,
EN(8) ~ 1567.3
More generally, for the same hierarchical structure of binary functions as that of

Figure 1, but for arbitrary n,

Es(n) = 2 (n~1),

for uniform sampling without replacement, and for the nonhierarchical case

En(n) = 2”:2:; % ~ 2"(nlog2 + 0.577),
since it may be shown from well-known results that for any n > 0
21
nlog2 4 0.577 < kz_; T

4 Parallel Hierarchical Learning

We turn now to a brief treatment of parallel hierarchical learning. The general as-
sumption is that at each level of the hierarchy all functions at that level are being
learned simultaneously, i.e., on the same trials.
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To provide some immediate intuitive comparisons, consider the hierarchy of
Figure 1 with 8 variables. As discussed earlier, ;V, = 256 and S, = 28, but P, =
12, i.e., just 4 trials for each level of the hierarchy, of which there are 3. For that
same structure generalized to n variables, as previously noted N, = 2™ and S, —
4(n — 1}. We state the result for P; as a theorem.

Theorem 4.1 With learner control of pattern selection at each level for the hier-
archical pattern of Figure 1 generalized to v variables, P, = 4log, n.

ProoF.  The proo! is quite simple. The four selected patterns for parallel pro-
cessing at the initial stage and recursively then for each next ievel have the simple
form of presenting the same values to every binary function at a given level. For
example,

1Ty T3Tgq4 v uunnnn Bn—1Tn
11 11 11
10 10 C e 10
01 01 ... 01
00 g0 . 00

Finally, it s easy to see that for this special hierarchy the number of levels 1s log, n.

The reduction from Ny = 2™ to P, = 4log, n 1s drumalic, but of the sort re-
guired for massive paralle) networks like the human visual system to be feasible.
Of course, the strict condition of learner control of pattern selection at each level of
a hierarchy will never be satisfied in nonexperimental natural cnvironments where
the disiribution of stimulus patterns s not under learmer control. Moreover, this
natural distribntion alse lixes the sampling at every level of the hicrarchy.

Even under desirahie sampling distributians such as the umfurm distribution,
whether independent sampling occurs al each level or only once at the bottom level
can, as would he expected, make o big difference in the rate of learning. Referring
once apn to the lype af ierarchy shown n Figure | genceralized to r variables,
we make the following specifie additional assumptions to ilustrate the impact of
this variairon in sampling patlerns.

(i) The 27 stimulus palterns are divided into 22 classes and each class contains
exactly 2% patlerns.

(i) For each class the functions f,2 = 1,...,2" ! at the (irst level above the
bottom are the same Boolcan function for all patterns in a class.

(iil) But 2ll 16 hinary Boolean funclions are used by the various classes, with a
uniform distribution across classes.

For serial hierarchical learning with independent uniform sampling for cach bi-
nary [unction at every level the expected number ot trials for complete lewrning is
given above, namely, 4{r — 1), and tor parallel processing under the same sampling
assumption, 4 log, 7.

In contrast, when sampling occurs only at the lowest level of the hierarchy—a
realistic assumption tn many eavironments—, but is uniformly distributed at that
level, and the hicrarchy satisfies conditions (i)-(iii), then the expected number of
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trials for complete learning is bounded from below by

x| =

o
=
n
M

£
1l

1

since a necessary condition of learning is that at least one stimulus pattern must be
sampled from each class.

The nature of this example shows that even with parallel hierarchical process-
ing, if the sampling pattern is determined only by sampling at the lowest level of
the hierarchy, then in relatively simple cases learning will take exponentially many
trials. The strongly contrasting results for independent sampling at each level of
the hierarchy suggest why the teaching of any complex subject is broken up into
independent stages of learning.

Stanford University, USA
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