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Heuristics and the Axiomatic
Method

Patrick Suppes
Stanford University

THE PLACE OF THE AXIOMATIC METHOD

Over the last 100 years a variety of arguments have been given for using the
axiomatic methed in mathematics and in science. There is not uniform agreement
that the method is always appropriate or useful. However, there is, I think,
general agreement that the use of such methods has revolutionized the presenta-
tion of mathematics and has had significant impact in the empirical sciences as
well,

Various arguments in favor of giving an explicit axiomatic analysis of struc-
tures in a given discipline have been given. The standard argumenis concentrate
on matters of clarity, explicitness, generality, objectivity, and self-containedness
(Suppes, 1968).

Arguments of another sort are sometimes found in physics. I quote one
example from quantum field theory (Bogolubov, Logunov, & Todorov, 1975).

I is widely believed that axiomatization is a kind of polishing, which is applied to
an area of science after it has been, for all practical purposes, completed. This is
not true, even in pure mathematics. Admittedly, the modern axiomatization of
arithmetic and Euclidean geometry marked the completion of these disciplines
[although at the same time it stimulated a new science—mathematical logic, or
metamathematics]. For most areas of coniemporary mathematics, however, such as
functional analysis, axiomatization is a fundamental method of exploration, a
starting point. {Of course, the system of axioms may be modified as the subject
develops.] In theoretical physics, since the time of Newton, the axiomatic method
has served not only for the systematization of results previously obtained, but also
in the discovery of new results [p. 1].
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What I want to do in the present chapter is rather similar. The argument I want to
concentrate on is sometimes stated very informally, but it is often implicit and
behind the scenes. It is that the use of the axiomatic method has a positive
heuristic value in understanding a subject, in solving problems in it, and in
formulating new problems. At the most satisfactory level, this chapter would
contain some conceptual ideas about the heuristic value of the axiomatic method
and would then go on to present detailed empirical evidence in support of or
against these conceptual claims. As you might imagine, I am not able to provide
any detailed empirical data, but what I have to say should in principle be testable.

I also want to make clear that my analysis is not meant to be a panegyric for
the axiomatic method. Application of the method in some parts of science has
had a negative effect. I should also mention that, in spite of the fact that axioma-
tic methods have certainly been developed and applied mainly in pure mathemat-
ics, I consider on an equal basis the physical and social sciences.

When Axioms Are Appropriate. The preceding quotation from a well-known
treatise on quantum field theory represents one important viewpoint. [ now want
to move to the social sciences. Economics uses mathematical methods, and in
particular axiomatic methods, to a much greater extent than any other social
science. As some of my economist friends put it, you have to know some modem
mathematics in order not to become technologically obsolete as an economist. In
a subject like economics that has been developed over many years, that has close
ties to politics in many of its intellectual roots and that often reflects strong
national biases, the virtues of the extensive use of mathematical methods, and
especially axiomatic methods, are apparent. Economists from all parts of the
world converse easily and clearly about their basic assumptions when they oper-
ate within the axiomatic frameworks that are so much a common part of contem-
porary work in economics.

For different reasons the use of axiomatic methods has played a similar
positive role in sociology. For over 100 years sociology has been almost over-
whelmed with large-scale, high-sounding theories. Inside some of these theories
are some interesting and original ideas, but these creative seeds have often been
lost in the mounds of chaff. What is happening in sociology reminds me of what
has sometimes been said of the 17th century; Newton’s Principia was not only a
work marvelous for its deep results but also for its intellectual purity and aus-
terity. The speculative and overwrought ideas of Descartes and others about the
nature of matter and of physical phenomena, exemplified most strikingly in
Descartes’ Principles of Philosophy, were replaced by something that was sub-
stantial and solid throughout. The modern tendency in sociology represents a
corresponding move from Cartesian method to Newtonian analysis. Good exam-
ples of modern work are Coleman (1964), Fararo (1973), and Blalock, Agan-
begian, Borodkin, Boudon, and Capecchi (1975). These three works are of quite
a different sort. Coleman’s treatise is an early and influential book in the ex-
tended application of mathematical methods to standard problems in sociology.
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Fararo’s book is closer to being a standard textbook, and the multiple-authored
book edited by Blalock et al. provides reprints of many current articles relevant
to mathematical and axiomatic studies in sociology. The material in these three
volumes is a far cry from the kind of philosophical sociology that is still very
prominent in many parts of Europe and that was dominant throughout the world a
few decades ago. The mathematical methods in sociology I am referring to have
the heuristic virtue of forcing those who use them to achieve a certain degree of
explicitness and precision of formulation. It is too easily forgotten how important
it is to convert certain subject matters from vague qualitative discussions to
disciplined mathematically based discourse. It is also too easy to think that this is
a problem that has only been faced by the social sciences. A litile reading in
Descartes, Boscovich, or any of a number of other authors provides evidence that
physics had a similar problem before the 19th century.

The story is somewhat different in psychology, which has always been more
data bound and experimentally bound than either economics or sociology. The
earlier attempts at axiomatization in psychology were more in the spirit of De-
scartes than Newton. Leibniz said in a famous phrase that Descartes’ treatise on
physics, the Principles of Philosophy just mentioned, was a roman de physique. 1
have said the same of Piaget’s attempts at axiomatization in psychology and have
called them a roman de psychologie (Suppes, 1973, pp. 6-45). 1 would say the
same also of the earlier work of the learning theorists of the 1930s and 40s, for
example, Tolman and Hull. Do not misunderstand me, novels are not necessarily
bad; they have a place even in science. The speculative system of Descartes
played in its own way a major role in the development of physics in the 17th
century. The same can be said, in an even more positive way, about the work of
Piaget, Tolman, and Hull.

Since 1950 there has been a great variety of axiomatic work in psychology,
most of it closely linked to experimental data. I am thinking of the work in
learning theory, decision theory, measurement theory, formal models of percep-
tion, and psychophysical processes, to mention what are perhaps the most impor-
tant areas. On the other hand, the story has not been one of unmitigated success.
Much of the work in contemporary cognitive psychology is not even mathemati-
cal in character, let alone axiomatic. There is no doubt a feeling among many
cognitive psychologists that it is premature to think of the development of cogni-
tive structures in mathematical terms. I do not think these cognitive psychol-
ogists holding the views [ attribute to them are entirely wrong. They are just
misguided!

HEURISTIC VERSUS NONHEURISTIC AXIOMS

I assume for the remainder of this chapter that for many scientific theories it is
appropriate to attempt to give a thorough axiomatic treatment. What I want to do
is to classify various axiomatic analyses as heuristic or not. By an axiomatic
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analysis being “‘heuristic,”” I mean that the analysis yields axioms that seem
intuitively to organize and facilitate our thinking about the subject, and in partic-
ular our ability to formulate, in an ordinarily self-contained way, problems
. concerned with the phenomena governed by the theory and their solutions.

In considering these examples, I have in mind that the axiomatic method is
relatively neutral regarding its heuristic value. It seems to me that there are
examples, well-known in fact in the literature, that do facilitate our thinking, On
the other hand, there are also well-known examples that represent a sophisticated
mathematical foundation of a discipline, but that are formulated in such a way
that they prohibit natural and intuitive ways of thinking about problems, es-
pecially new problems in the discipline. By calling some axiomatic analyses
unheuristic, I do not mean to suggest that they do not have value for other
reasons. [ do mean to suggest that they do not represent the kind of transparent
and conceptually satisfactory solution we should aim at whenever possible.

First Heuristic Example: Field of Real Numbers. The construction of real
numbers by Dedekind cuts or as equivalence classes of Cauchy sequences com-
pletes an important 19th-century program on the arithmetization of analysis, but
the resulting objects, taken as the real numbers in a literal fashion, are unnatural
to deal with. In contrast, the standard axioms for the field of real numbers using
the least upper-bound axiom for completeness seem very natural and intuitive.
The axioms express the algebraic content of the rational operations on the real
numbers in a simple and elegant way (I recognize, of course, that there is a slight
variance on how the axioms are formulated in this respect, but these minor
variations are not of concern here). Moreover, the least upper-bound axiom, to
the effect thai every nonempty bounded set of real numbers has a least upper
bound, also seems easy to comprehend, even though it has a very different
character from the other axioms. Elementary proofs in real analysis can use these
axioms in a way that is easy for students to understand and for instructors to
explain. Part of the heuristic value of the axioms is, I believe, that all but the
least upper-bound axiom can be formulated with free variables only. This leaves
the algebraic structure transparent and easy for the student to manipulate.

Second Heuristic Example: Kolmogorov's Axioms for Probability. To ap-
preciate the clarity and definite intuitive foundation Kolmogorov (1933) gave to
the concept of probability in his well-known axiomatization, one needs only to
examine the literature on the foundations of probability prior to his work. Even
basic general properties were not entirely clear. Certainly the appropriate gener-
ality was not obtained together with axioms whose conceptual foundation was
easy to understand. By formulating the axioms in terms of a measure on a c-
algebra of sets, with the sets interpreted as events, he provided an axiomatic
foundation that has dominated 50 years of probability theory. The earlier work of
Borel and Keynes, for example, lacked both clarity and generality. Also impor-
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tant in Kolmogorov’s treatment was the explicit introduction of random variables
. as the main tool used in advanced probability work.

To a remarkable degree, Kolmogorov's approach has simply obliterated in the
mathematical literature of probability theory the earlier foundational formula-
tions. Before Kolmogorov’s work it used to be said that probability was a subject
that could not be treated in a proper mathematical fashion because the founda-
tions were so unclear. The heuristic value of Kolmogorov’s work was to clear
away the underbrush of the past and leave a new and adequate axiomatic for-
mulation standing unsupported by any need for historical references to earlier
work. This elimination of the past is one of the great heuristic virtues of sim-
plification that the axiomatic method can achieve when used in the best possible
form.

It is also important to recognize that a brilliant piece of axiomatic work like
that of Kolmogorov need not be in any absolute sense final. It is just that it
provides a basis for going forward in a new and unencumbered fashion.

For many reasons, I do not think that Kolmogorov’s axioms are really the
natural ones for many physical applications, but this is 2 minor complaint in the
perspective of what was accomplished by his axiomatic presentation in the
1930s.

A Nonheuristic Example: Mackey's Axioms for Quanium Mechanics. Because
of its mathematical clarity and thoroughness, Mackey's (1957, 1963) axiomatic
foundations of classical quantum mechanics have been generally well-received
and cited often as the standard work on the subject. I take the view here that
heuristically this is a bad example of axiomatization. As might be expected, 1
hope that what [ have to say will be intrinsically more interesting than the rather
laudatory general things I said about the two previous examples cited as good
heuristic instances.

Let me first try to put in a general way my central objection to Mackey’s
axiomatization. There are two main points I want to make. First, the axioms
about the probability distribution of operators are formulated for single opera-
tors. There is no natural discussion about the causal development of a quantum-
mechanical system and, consequently, the way in which one would intuitively
think of a temporal sequence of operators being causally related. I expect, of
course, that these causal relations will be stochastic in nature, but they are
intuitively important to consider, indeed essential to the dynamical aspects of the
theory. Second, if we think in natural terms of the trajectory of a particle, for
example, we must think of it as a continuous sequence of operators being able to
ask at each instant in time in which Borel sets the value of the operator lies. [
submit that if physics had started this way, no serious complex problem would
ever have been solved. A more natural and intuitive way of thinking of trajecto-
ries of particles is needed. It might be said that Mackey is just cleaning up what
the physicists have said in an informal way. I think that a case can be made for
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this. My point is not to criticize Mackey’s work as introducing discrepancies
between the way physicists talk and the axioms he has given, but rather that the
axioms taken literally present a wrong picture of how to think about physical
problems in quantum mechanics.

1 mention at this point the more important of Mackey’s axioms. Briefly
speaking, Mackey proceeds in the following fashion for the time-independent
case. Let © be the set of observables and let S be the set of states; any structure
on the sets © and S is explicitly stated in the axioms. The function p(A, a, E) is
defined whenever A € 0, a € § and E is a Borel set of real numbers. Intuitively
P(A, a, E) is the probability of measuring observable A in set E when the state of
the system is a. The first axiom states in fact that for every A in © and ¢ in §,
P(A, a, E) is a probability measure in the argument E on the set of all real
numbers. The second axiom guarantees uniqueness of observables with a given
probability distribution, and similarly for states. It is a kind of extensionality
axiom for observables and states.

Ifp(A, o, E)=p(A’, a, E) for all @ in S and Borel sets E then A = A’ and if
A, a, E) = p(A, o', E) for all A in © and all Borel sets E then o = o', The
remaining axioms are more technical and are not given here. Properties as two-
valued observables are defined, and a certain partial ordering in terms of proba-
bility distributions on properties is defined. The final and most powerful axiom is
then the assertion that the set of all properties under the given ordering is
isomorphic to the partially ordered set of all closed subspaces of a separable
infinite dimensional complex Hilbert space.

The last axiom also makes clear another heuristic weakness. The correspon-
dence between operators and observables is left at the postulation of a one-to-one
correspondence. Clearly, not much real physics counid be done within this frame-
work. What is important from the standpoint of physics is the derivation of the
important correspondences and the provision of tools for the derivation of others
that may be wanted. Thus, the various arguments that are given for the standard
operator for position and the standard operator for momentum need to be, I
would claim, incorporated directly into the axiomatic framework in order to have
a heuristically acceptable set of axioms.

In criticizing so severely Mackey’s axioms from a heuristic standpoint, [ am
not suggesting that it is either obvious or easy how to replace them by axioms for
quantum mechanics that are heuristically of the right sort. Mackey (1963) him-
self agrees with this point: *‘It is not yet possible to deduce the present form of
quantum mechanics from completely plausible and natural axioms [p. 62].”” My
view is that, given the way in which classical quantum mechanics developed
historically, only a rather radical shift in our thinking will lead to a heuristically
transparent formulation. ‘

Starting with a quotation from the treatise of Bogolubov et al., on quantum
field theory, I have stressed the heuristic value of the axiomatic method in
simplifying subject matters so as to make discoveries easier and the exposition of
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subjects pedagogically more accessible. It seems to me that Mackey’s treatment
fails on both these points in spite of the other virtues of his classical work.

AXIOMATIC ANALYSIS OF QUALITATIVE
DERIVATIONS

It is widespread folklore in physics and engineering that if one gets diverted into
proving theorems nothing of real interest will come out from a physical stand-
point. The focus of physics should be on sclving problems and not on proving
theorems. Leave that business to the mathematicians. We could agree that there
is a proper division of work here and that, moreover, without any consideration
of division of work it is still better and more useful to have the solution of a hard
problem than the proof of a trivial theorem (or vice versa).

It is also a standard claim that graduate students in physics and in engineering
are not expected to be able to prove theorems. It is not a part of their training.
When physicists discuss axiomatics, it is sometimes called physical axiomatics,
because it is not meant to have the status of a genuine axiomatic analysis.

There is little doubt about the importance attached in engineering and physics
to students’ having the ability to derive from qualitative principles an appropriate
differential equation. Such derivations are considered an essential part of prob-
lem-solving skills. Good teachers have a lot of important things to say about how
one is to think about such derivations, but the systematic theory is quite un-
developed. Indeed, it is a common thing to juxtapose the quite informal state of
such problem solving to formal theorem proving. However, I think this is a false
division. We should be able to give an axiomatic analysis of such qualitative
derivations in the same spirit that we analyze other systematic phenomena. Now
it is quite true that this axiomatic analysis could miss the heuristic spirit that
seems so central to Jearning how to make such derivations, but it should be an
important criterion of evaluation that the axioms do not miss this heuristic spirit.

I want to be clear that the giving of such an axiomatic analysis of the founda-
tion of qualitative derivations in physics, engineering, and other sciences does
not constitute a heuristic analysis, but I think that it is an important and essential
step that will guide students in their attempts to give proper derivations.

What I am asking for corresponds in many ways to the analysis of the concept
of mathematical proof, but I am not interested here in the direction so charac-
teristic of proof theory, namely, the reduction of proofs to an explicit form
consisting of a large number of elementary steps. I am interested more in the
analysis of mathematical proofs as they are presented by good writers in text-
books and treatises. This latter kind of analysis, which is what many mathemati-
cians expect, I think, from proof theory, is nearly as undeveloped as the analysis
of qualitative derivations.
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Mathematicians are generally aware of the rigorous and explicit theory of
proofs that has developed since Hilbert, but they are not always sensitive to the
_ differences between this explicit formal theory and the actual practices in giving
* proofs in mathematics. As we move from mathematics to sciences, awareness of
this gap assumes a different form. In the classical tradition of problem solving I
have alluded to, there is no concern at all for formal proofs. In spite of these
differences, I think there is a natural and homogeneous common ground that can
be occupied by a theory of informal mathematical proofs and a theory of qualita-
tive derivations in engineering, physics, and the other sciences.

There is a final historical point I want to make on the place of the axiomatic
method in the kind of analyses I have just been discussing. It is commonly
observed that the explicit role of the axiomatic method in mathematics is less
important now than it was at the turn of the century. The detailed discussion of
axioms and consideration of their independence, consistency, and completeness
were the focus of intensive inquiry especially in the foundations of geometry.
The lack of current concern for such questions can be seen in the lack of attention
they receive in the treatise of Bourbaki covering so many parts of modern
mathematics. As developments of particular disciplines have matured, the em-
phasis has shifted from explicit axiomatic methods to the identification of basic’
structures. It is this identification of basic structures without regard to the finer
points of the axiomatic assumptions that is characteristic of Bourbaki and many
other systematic treatises in modern mathematics.

It seems to me, on the other hand, that the rather primitive status of the theory
of qualitative derivations or the theory of informal proofs is precisely a subject
calling for a sustained attempt at axiomatic analysis. We should anticipate in-
teresting results of the sort that should contribute to the development of better
heuristics in both theorem proving as it is actually done informally and in prob-
lem solving as it is now done in the gquantitative and mathematically oriented
empirical sciences.

CONCLUDING REMARK ON THE DISTINCTION
BETWEEN HEURISTICS AND AXIOMATICS

It is possible to take a line that says that what I have urged in the preceding
section blurs the distinction between the axiomatic analysis of informal proofs
and derivations and the codification of heuristics for the activities of giving such
informal proofs and derivations. It is possible to take this line but I think it is
important to maintain the distinction. The axiomatic analysis of qualitative deri-
vations of differential equations in a given domain can aim at a kind of informal
rigor characteristic of contemporary mathematics, especially characteristic of the
kinds of discussions of such matters in modern probability theory, for example.
On the other hand, I see the development of heuristics as being more psychologi-
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cal and much more incomplete. The real preblem is to develop a useful heuristics
that is, on the one hand, not a collection of general banalities but, on the other
hand, is not simply an axiomatic analysis of the process that is the focus of
inquiry.

To make this distinction more vivid, let me consider an example in my own
experience. I am responsible at Stanford for a computer-assisted instruction
course in axiomatic set theory. This is an intermediate undergraduate course
giving students their first introduction to the subject. Proofs are given in an
informal style but the computer program the students address in giving their
proofs must construct internally a formal representation. We also have for certain
parts of the course, and we hope in the future to have in more parts, hints that are
given to the student about constructing a proof of a given theorem. Our objective
is to have contingent hints that are based on an analysis of the student’s proof and
that give him advice on how te complete it. In constructing a computer program
able to give such contingent hints we have no intention of being able to provide
an adequate analysis of every proof a student might give. Some of the theorems
are rather hard and some of the partial proofs will be too deviant for the heuristic
program to understand them. In contrast, the informal proof procedures are
meant to be complete in the sense that a student knows that he has available
machinery adequate to giving the proof. Moreover, we know from our own
experience that & variety of proofs can be constructed for any of the theorems
assigned by using the informal proof procedures available. I would expect this
contrast to continue. It is why I think a deeper theory of heuristics than anything I
have suggested should be to a large extent psychological in character.

Another way of putting the matter is that a virtue of the axiomatic method is
that it brings an unusual and sometimes startling degree of explicitness to the
analysis of a subject matter, and I do not think of heuristics as doing this. If a
heuristic achieves a total degree of explicitness, it passes from being a heuristic
to being an algorithm. The contrast I have in mind, put still another way, is that
axiomatic analysis primarily deals with the analysis of a subject matter, Heuris-
tics should deal with a process or activity. We are as incomplete in the formula-
tion of heuristics as we are incomplete in the formultion of rules for learning or
performing any finely tuned skill. Readers of Polya can increase their skill in
problem solving just as readers of a good manual on tennis can improve their
game. But in both cases the rules that are formulated are only hints at how the
skill should in fact be exercised. From simply reading the statement of rules
about serving or hitting a good backhand in tennis it would be impossible, in
fact, to play the game well. Not only are the rules quite incomplete in statement,
but a person must actually practice in a nonverbal and active way the skills
themselves in order to acquire any competence. Exactly the same thing, it seems
to me, is true of heuristics. We cannot hope to teach each other at a deep level
how to discover new theorems or to solve new problems in any detailed way. We
can only provide heuristics to point in certain directions that make us perform
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more efficiently and more effectively. The rules of heuristics are as incomplete,
fragmentary, and insufficient as are manuals of any other skill, from tennis to
glass blowing,
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