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Abstract. We examine student performance 1 computer-based calculus and linear algebra
courses offered by Stanford University to pre-college students of high mathematical ability.
Our analysis puts special emphasis on modeling student performance over time and on
capturing long-term trend effects. The sequential nature of students’ responses to course exer-
cises is characterized through the use of stochastic and nonlinear models. We find that student
performance varies widely within this group for a variety of different measures, including error
rates, times to completion, progress rates, and latency of response. In addition, we measure the
informational efficiency of the courses through a Markov order analysis of student response
sequences. For the performance measures studied, the 75th and the 25th percentile of sampled
values differ by a factor of approximately two. We also find that there 1s little correlation
among the performance measures, which suggests that student performance 1n this ability
range may not be well characterized by any single performance measure or ability parameter.

Keywords: calculus, computer-assisted instruction, distance learning, gifted education, linear
algebra, nonlinear analysis, stochastic process models

Introduction

Over the past decade, there has been a phenomenal rise in the number of
computer-based mathematics courses available, and this increase has made
possible the collection of large amounts of data on student performance.
Standard educational assessment techniques can now be greatly augmented
by computers’ ability to record exact response times to exercises as well
as sequences of responses and response times. Emphasis is placed on the
latter because with modern data analysis techniques, we can begin to explore
temporal dependencies in student performance over an entire course or
beyond. Thus a more global picture of the overall performance of a student,
as well as of the pedagogical effectiveness of the courses themselves, can
emerge. In addition, sequential data can also shed new light on the cognitive
processes underlying the learning of mathematics.
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With this in mind, we studied individual student differences in perfor-
mance in a group of computer-based advanced-placement calculus and
university-level linear algebra courses, which were offered by the Education
Program for Gifted Youth (EPGY) at Stanford University. As the name of
the program suggests, these students had all demonstrated a high degree of
mathematical ability before beginning the courses. Their level of ability was
evidenced in particular by their age at the time they began the courses — the
average age of students beginning the first calculus course was 14.9 years
old, well before the age most students begin an advanced-placement calculus
course. These courses were run by the students on their home computers, and
the software was equipped to record the details of their actions while running
the course and then transfer the data to Stanford.

This study examines these data and compares performance characteristics
across the student population in each of these courses. We find that student
learning rates and patterns vary dramatically, and often range over an order
of magnitude. These observations are all the more striking considering that
students are selected for this program if they score within a narrow band of
standardized test results: most students in this study broadly scored within the
top three percent nationally in mathematical ability. These differences suggest
that in the high-ability range, learning patterns and rates are highly diverse,
and therefore student needs vary widely.

In addition, we present a number of methods of data analysis, which,
though long in use and familiar in the statistical literature, have not been
widely applied in educational measurement. Central to our analysis is the
characterization of overall student performance according to their progress
“trajectory”, and its underlying stochastic process. Nonlinear methods of
time series analysis are used to study its dynamics. We also examine the
short-range dependencies in the answer sequences in the course, and test the
stationary character of these dependencies. In addition, we also give the more
usual characterizations of student performance — exercise and test scores — as
well as the distribution of response times, and compare all of these measure-
ments with each other. We found that when these measures are taken together,
they provide a high-dimensional characterization of student ability which
cannot be reduced to a single performance measure or ability parameter.

There are other important individual differences in gifted students that
have been reported in the literature, but were not accessible in our computer-
based, but nonexperimental environment. A primary example is achievement
motivation, recently reviewed in detail by Dai, Moon & Feldhusen (1998). We
also have not studied the role of individual differences in pairings of students
solving together complex mathematical tasks, as reported in Fuchs, Fuchs,
Hamlett & Karns (1998). A component of general intelligence that was
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studied throughout the twentieth century is gifted spatial ability, as separate
from general mathematical giftedness. Some striking individual differences
have been found, as reported, for example, in Humphreys & Lubinski (1996)
and Gohm, Humphreys & Yao (1998). Many, but certainly not all, math-
ematicians feel that by the time able students reach the calculus and linear
algebra, easy spatial visualization of concepts and problems is very beneficial.
In the research studies known to us, none have reported on spatial abilities
related to student performance at this level. Our current data do not permit us
to make such a report, but we consider the subject an important one for the
future.

The EPGY calculus and linear algebra curriculum

EPGY has offered computer-based multimedia courses in mathematics since
1992. The project’s primary focus is to make advanced mathematics instruc-
tion available to very bright students who ordinarily might not have access
to such curricula. The three-course sequence in Advanced Placement (AP)
calculus was the first set of courses produced by EPGY, and the early success
of students completing these courses on the Advanced Placement exami-
nations encouraged the subsequent production of several university-level
courses that assume the calculus; Linear Algebra was the first of these to be
produced. The performance of students on an early version of the calculus
series, which at the time was called Dfx, was studied in an earlier paper
(Suppes & Ager, 1995).

The instructional model is quite similar in each of the four courses studied
here (Calculus A, B, C, and Linear Algebra). Each course is primarily
conducted on personal computers at students’ homes or schools, using multi-
media CD-ROM-based software. Students are presented with a series of
lessons, often corresponding to sections in a companion textbook, which
are generally composed of an audio lecture accompanied by a synchronized
video presentation. Lectures are usually followed by a series of exercises and
quizzes based on the contents of the lesson. In some cases, concepts are
presented to students through a step-by-step series of questions that reveal
important identities and relationships. In addition, Calculus A and B students
also complete exercises on the derivation system, a symbolic computation
environment which allows students to make use of specified rules and opera-
tions to complete problems in the manner of a proof. Screen shots of sample
exercises are displayed in Figure 1.

Periodically, students take online and written exams, which are graded by
EPGY instructors, and all students are required to take a written final exami-
nation, which is submitted to EPGY via mail. Students are given three days to
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complete the final exams as they are of substantial length and difficulty. Each
course in the calculus sequence was designed to be run within a 3—4 month
time period so that it would be feasible for a student to complete enough of
the sequence in an academic year before the Advanced Placement exams in
mid-May. The Linear Algebra course was designed to take 4-5 months on
average for students to complete.

In addition to the software, students maintain regular contact with their
assigned EPGY instructors. At a minimum, students must submit a data file
to their instructors every week via email. This data file allows instructors to
assess an individual student’s strengths and weaknesses in detail and provide
help when necessary. It is these data which provide the basis for most of the
results of this study. If students have questions or trouble with the course
material, they may contact their intructors by phone or attend optional help
sessions through the “virtual classroom”, an online conferencing environ-
ment which allows simultaneous discussion among instructors and students
using a shared whiteboard. These sessions are used extensively as the AP
examinations approach to give students any additional preparation that may
be needed.

While the presentation of EPGY’s courses is designed to closely replicate
a classroom setting, the software allows students to gain a much greater
degree of freedom and control over the information than is usually possible.
Students may repeat lectures and lessons as many times as they wish, and may
run the software at any time of day or day of the week. Students may start their
courses on the first of any month and are often given leave from the courses
for vacations, illness, or other mitigating circumstances. Students have up
to a year of active participation to complete their courses successfully. We
found that this level of freedom helps produce the wide differences in student
performance that are evident from the data we report.

Student selection

The students in this study were selected from a pool of students who success-
fully completed courses begun on or after January 1, 1997, through February,
1999. The earlier date was selected because few important modifications or
additions to the courseware have been made after that time. Also, improve-
ments in EPGY’s data-keeping system have allowed us to keep detailed
records in an easily accessible format since then. We selected for particular
study those student records which were relatively complete, i.e., missing less
than five percent of response records. Unfortunately, this cut the number
of students under consideration by a large percentage, since students often
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Table 1. Breakdown of total student mumbers in each coutse by age
and sea. Ages are caleolated al the nme students began the courses

Student Demographics

Caleulus Linear
A B c Algebra
Total 54 24 23 23
Male 42 20 19 21
Female 12 4 4 2
Average Age 14.9 t4.9 16.3 163
Stundard Deviauon 1.7 1.7 1.4 1.2
Minimum Age 10.4 1.7 12.0 12.2
Maximun Age 18.1 172 18.4 18.0

do not complete their courses or fail to send in data regularly (A single
missed report might disqualify a studenr from consideration). Also, in many
cases, sludent data were corrupted, either becuuse the clocks in the students’
computers were incorrectly set, or email reports were not processed success-
fully. Once these selections were made, the student sample included a total
of 54 students in Caleulus A, 24 in Calculus B, and 23 in both Calculus C
and Lincar Algebra, for a total of 103 ditferent students.! This Jimited the
number of complete student performance records to a greater extent than we
had hopred, although we were stll able (o observe a high degree of variation
in student performance wmonyg the remaining population.

Students applying to the EPGY program must present evidence that they
score witiin the top fifteen percent of mathematical ability, based on stun-
dardized 1ent scores, ncluding the SAT, PSAT, ACT, and AP exams. or other
commonly recognized achicvernent and aptitude tests. In our sample, it was
the case that most (over 90%) of the students submitted test scores that placed
them in the upper 3% of mathematical ubility. However. this characterization
ol students” ability is incomplete Tor a variety of reasons, First, these tests
vary widely in scope and intent, and are normed against different populations.
In addition, these tests in many cases were not intended tor students of a
young age ox many were in our sample (see Table 1) other tests of busic
skills sufter from ceiling eftects when applicd o gifted populations. Because
the students in our sumple submitted a wide variety ot diiferent standardized
tests, we did not consider a detailed study of performance and admissions test
data to be approprinte.
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Instead, we consider students’ age at the time they started the courses as
a more relevant characterization of their abilities. As a rule, EPGY allows
any student who is ready to begin calculus by their junior year of high
school, based on demonstrated ability, to begin the calculus sequence. Table |
displays the age distribution of the students. The average age of students in all
courses is no higher than 16.3, which normally corresponds to sophomore or
junior standing in high school. It is very rare for students to begin a university-
level linear algebra course at this age, which is not usually taken by students
until their second or third year of college. Thus it is age, rather than entering
test scores, that we use as a more reliable overall statistic in classifying
students’ giftedness. [n our study, we often found (as will be shown later) that
there is a negative correlation betwcen age and various performance measures
we study, which gives further credence to the appropriateness of this measure.

Main results of individual differences
Trajectories

The first measure of performance that we studied was students’ rates of
progress throughout the courses. This can best be seen by plotting a chart
of the student’s position in the course as a function of time, which we denote
as a “trajectory”. Progress was measured both in terms of hours of computer
time spent answering the exercises of the course, as well as the number of
days since the course began. The first type of trajectory, which we label a
“computer-time” trajectory, gives an accurate assessment of how marny hours
were required to complete the course exercises, regardless of how many days
it took since the student began the course. The second type, or “calendar-
time” trajectory, measures how many days it took for the student to reach any
point in the course, regardless of how much computer time was required.
From a theoretical viewpoint, the first measure is of greater interest, not
only because the reporting system allowed us to measure computer time
with a higher degree of precision, but because this measurement gives us
a much finer-grained picture of the rates of student progress at various
points in the course. Calendar-time trajectories are of greater interest from
an administrative standpoint, since differences in overall completion times
affect instructional resource allocations.

Computer-time trajectories
In order to plot the computer-time trajectories, the individual exercises in
each course were first ordered according to their position in the course, where
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Table 2. Total number of unique questions per course. along wiih the
average, muiimuwn, and maxiwwm number of quesnions answered by
cach student

Nomber of Course FExcercises

Calculus [inear
A B C Algebra

Per Course: 1380 1142 539 403
Per Studenr:

Average 1498 1162 501 351
5.D. 271 32 26 31
Mimmum 1187 1017 463 314
Maximum 2401 1322 550 415

this position wus denoted as the percentage of the course exercises a student
must have completed to reach o given point. All exercises were given equai
weight in this percentage ordering, i.c., the individual exercises were evenly
spaced in the [0, [00] percent interval of overall course completion. The
measurcment of these times also included any cxercises a sludent may have
repeated; at various points in the courses, the program scis students back to
the beginning of a lesson to repeat the material if they did not correctly answer
enough of the questions in that lesson. The total numbers of distinct questions
per course are displayed in Tabte 2.

Tn this table, we sec that the number of questions that each student actu-
ally answers is quite variable, especially in Calculus A and B. Not only are
some students trequently required 1o repeat material, but some students are
often allowed wr skip exercises once they have demonstrated that they have
mastered the relevant material. This often happens at the beginning of a
course, where students who have taken EPGY courses in the past are able
1o skip introductory exercises refuting 1o the software itseif that they have
seen hefore.

Exercise completion times were recorded to the accuracy of a second.
Only the time between when students are tirst presented with questions to
when they answer is recorded, It should be noted thar students normally
have two chances (o answer questions cortectly: if the first answer is wrong,
information is displayed on the type of answer format cxpected by the
computer, and students are then given the chance to re-enter their answers.
Becuusc it is also impossihle (o tell if a student is attending to the question
during this entire (e interval, the measurement includes any possible time



87

Table 3. Completion tmes for each course, i bours of computer time. Note the wide degree
of vanation in the distributions plotted 1n ibe boxplots. Minimum and maximum times differ
considerably; the 75th and 251 percentiles generally differ by factors of 2 (For an explanation

of the haxplot notation, see Appendix A)

Total Computer Time to Complete Courses (Hours)

Calcilns ] Linear }
A B C Algebra i
1
Asvrave Time 13.9 19.3 223 102
sSD. 6.7 11.2 139 6.7
hlaximum 42.6 50.8 62.7 23.3
7% 16.7 22.1 253 14.5
AMedian 125 158 Ay 4 7.9
255 9.3 10.9 [HN 5.2
Mirinmm 2.9 2.0 .2 3.2
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off-task, such as getting up from the computer to answer the telephone, take a
break, etc. We rejected any data sets where it appeared that an inordinate
amount of time was taken on any single question. Time spent watching
lectures, doing homework, or using the derivation system is not included in

these trajectories,

Table 3 shows the distribution, mean, and standard deviation of the
completion times in hours for the students studied in this sample. The differ-
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Figure 2. (continued on next page) Three sample student trajectories, with corresponding
fitted power functions. Student 1 is a Calculus A student with a steadily increasing rate of
progress. Student 2 1s another Calculus A student with slower progress. Note that at several
points 1n the course, Student 2 was required to review lesson material. Student 3 is a Calculus
C student whose rate of progress 1s highly variable, and not as steadily increasing or decreasing
as with Students 1 and 2. Also note that Student 3 began the course near the 10-percent mark,
a common event in Calculus C, as students who have taken prior EPGY courses are permuitted
to skip the introductory exercises. We see that the fits are quite good 1n the cases of Students
1 and 2 In general, the fits for all students were no worse than that of Student 3.

ences between the minimum and maximum time for each course differs by at
least a factor of 5, and at most, in the case of Linear Algebra, by a factor of 23.
The 75th and the 25th percentiles differed by a factor of around two, a factor
that also arose in a prior study of EPGY student performance (cf. Stillinger
& Suppes 1994). Students were often able to answer questions extremely
quickly, sometimes hundreds of exercises in a few hours of computer time.”
As can be seen from the distributions, even discounting the most extreme
scores, the range of student completion times were spread quite widely in
each course. There was also no significant correlation between completion
times and student age.

Three sample trajectories are plotted in Figure 2. In the first, we see a
student who completed the course very quickly (all questions were completed
in less than 6 hours). Also, the rate at which the student answered the
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Figure 2. Continue.
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Percentage of Course Completed Number of Course Exercises.
403 1380 1142 539
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Frguse 3. "Average” trajecteries for each course. Curves were found by averaging total student
latenicies over cach percentage block of exercises in the courses. The number of course exer-
cises 18 listed above the trajectory for each course on top of the graph Note the negative
correlation betwecn time and number of exercises for the calculus courses.

guestions increased as he went through the course. which is, surprisingly,
not unusual among the student performances analyzed here. The sccond
trajectory showy the progress of a student who took much longer to conplete
the questions, and whose pace gradually slowed as the course went on. Such
progress is more in line with our expectations for most students in the course.
Also, the student often had to repeat lessons before the computer allowed him
to progress. Finally, in the third trajectory, we see variable rates of progress
for a student in the Calculus C course. This is not at all unusual for students
in this course. as well as in Linear Algebra. Many students consistently found
scclions of the course to be of varying difficulty, which accounts for the
variable changes in progress rate. This indicates that sections of the course
may be too easy or tou difficult for students given their overall progress in the
course. Figure 3 gives a comparison of the “average” trajectories of students
in each of the four courses studied here. We see that overall complction times
vary greatly, alihough nor in proportion to the number of course exercises.
The curves in Figure 3 were derived by averaging the amount of time
students spent on cach percentlage subset of questions in the course, where
these average times were lhen concatenated 10 give a composite trajectory
of all students in the sample. In general. students take the longest amount of
computer time to complete Caleulus C, and the shortest anount for Linear



91

Algebra; interestingly, the ordering of course completion times does not
correlate with the number of exercises in the courses. This runs counter to our
experience that students actually take the longest amount of calendar time to
complete Linear Algebra (see “Calendar-time trajectories” below). Also, the
inflections in these curves show the relative levels of difficulty of each section
in the course. We can see that although the curve for Calculus A (M040) is
quite smooth, the curves for Calculus B, C, and Linear Algebra clearly show
periods where student progress slows and accelerates. This indicates that the
difficulty of the questions in these courses is unevenly distributed, and that
perhaps certain sets of problems should be made easier or more difficult to
match the average level of student capability at those points.

Prior research on student trajectories has shown that student progress
through computer-based courses may be described by a power function of
the form y(f) = b* + c, where ¢ represents time, y(f) represents course
position as a function of time, and b, &, and c, are scale, shape, and posi-
tion parameters, respectively (cf. Macken, van den Heuvel, Suppes, and
Suppes (1976), Malone, Suppes, Macken, and Zanotti (1979), Suppes (1992),
Suppes, Fletcher, and Zanotti (1975), Suppes, Fletcher, and Zanotti (1976),
Suppes, Macken, and Zanotti (1978), and Suppes & Zanotti (1996)). A
derivation of this model from basic, yet substantive, assumptions regarding
the nature of information acquisition may be found in Suppes & Zanotti
(1996).

The parameter k is important, since the shape of the power function is
most sensitive to values of this parameter. Figure 4 shows power curves with
various values of k to illustrate the degree to which changes in the value of
this parameter can affect the shape of the curve. Note that each of these values
of k was actually realized by some student in the sample (although values of b
also varied greatly for these students). We should note that student review of
material after all lessons were completed, as shown at the tail of Student 2’s
trajectory shown in Figure 2, was not counted as part of the trajectory in this
fitting procedure; however, repetition of exercises in the middle of the course
(as in the intermediate ranges of that same trajectory) were included. Tables 4
and 5 show the distributions of k and b for students in each course.

In fitting these curves, the value of ¢ was set to the point in the course from
which the student began, in case this was not the beginning. The remaining
two parameters were fitted using a nonlinear least squares fitting procedure,
by solving for the zeroes of the partial derivatives with respect to b and & the
following sum for each student:

n

3 (@) - bif )’

=1



92

Sensitivity of Trajectory Curves to Parameter k

Percentage of Course Completed

100 T T T

80 |- k=15 k=1.3 k=11 =10 -
60 =

k=0.9

40 + -
20 k=07 N

0 | I | i

0 20 40 60 80 100

Tmme (hours)

Figure 4. Shapes of various theoretical trajectory curves for different values of k. b=1,¢c=0
for all curves Curve shape 1s highly sensitive to changes 1n the value of k.

where 7 is the total number of exercises completed by the student, ¢ is the
cumulative amount of computer time elapsed on completing exercise Z, y(z,)
is the student’s actual course position at time #,, and ¢ is given. Analytical
solutions are available for the minimizing value of » for any given k; line
search techniques were then used to find the minimizing value of k.
Correlating the parameter settings of the best-fit parameter curves with
other data, we found no significant correlation with student age or average test
or final exam score in all four courses. As we might expect, there was usually
a negative correlation between values of 4 and k for each student and average
student response latencies; surprisingly, however, in Calculus B, a positive
correlation was found between k and the average latencies. In this case, a few
data points where high & values were correlated with high average latencies
had extremely low & values; indeed the b values had a strong negative corre-
lation for this course in relation to the other courses (+ = -0.74). This shows
that, contrary to our expectation, the value of b for a parameter setting can
sometimes be as important as £ in determining the shape of trajectories.
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Table 4. Estimated parameter values of k for each course. Note again the wide variation
between minimum and maximum values. The 75th and 25th percentiles also differ by 0.2-0.4
in each course

Values of Parameter k

Calculus Linear

A B C Algebra
Average 0.91 0.74 097 1.18
S.D. 0.19 0.14 034 0.40
Maximum 1.68 1.09 2.19 2.47
5% 1.02 0.83 1.11 1.34
Median 0.88 0.72 0.91 1.10
25% 0.80 0.62 0.70 0.96
Mimimum 0.59 0.58 0.64 0.59

= 25 U

Calendar-time trajectories

The total length of time required for students to complete the courses, meas-
ured in days, also varied greatly. Figure 5 above shows a typical progress
curve for a student who worked on the course consistently. Long flat areas
show periods of days in which the student did little or no work. Table 6 shows
the minimum, maximum, and average student completion times for each
course. While the average completion times are very close to the suggested
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Table 5. Estimated parameter values of b for each course. The large maximuom value for Linear
Algebra has been omined from the boxplot. Again, the 75th percentile différs from the 25th
percentle by about » {actor of 2 for cach course

Values of Parameter b

Caleulos . Linear
A B C | Alsebra
Avernge L3 144 T 154
=0, 417 (i 4 AL0
Alazimum %3 259 174 1039
TH ] 10,0 9.6 167
helecdiai 106 138 Gd B3
5% .7 T4 11 54
Minimum 24 (o | 1.5 1.9

—L
£l
B

progress schedules given by EPGY, the minimum and maximum completion
times again differ by about an order of magnitude. Because the program was
entirely self-paced, students could complele the course in as little or as mach
time as could be allowed.” It should be noted, however, that students were
allowed 1o take vacations from the course; the statistics we report here would
include this time away, This accounts for some of the high maximum times.
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Figure 5. Typical student progress trajectory measured 1n calendar time for Calculus A.

and why students were allowed to continue past one year, which is normally
the maximum time students are allotted to complete any EPGY course.

What is most interesting about the calendar times is the nearly complete
lack of correlation with computer times, with the exception of the Linear
Algebra course, where there is a negative correlation. This shows that students
who take longer to answer questions are just as likely to complete the course
in the same number of days as those who answer questions quickly. See
Appendix B for correlations with other performance measures.

Error rates

Overall student error rates were also studied; in general, these did not vary
greatly for the calculus courses, although there was greater variation in Linear
Algebra. Table 7 shows the minimum, maximum, and average values of
average error rates on computer-based exercises. Table 8 gives summary
statistics for average test and final exam scores for each course. Calculus
C has online tests, which were counted among the regular computer-based
exercises; Linear Algebra has a midterm but no final exam. Average test
scores for these two courses were not reported.

There was generally a correlation found between students’ average exer-
cise scores, test scores, and final exam scores. For Calculus A and B, the
correlations were stronger between exercise and test scores (r = 0.42 and
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Table 6. Completion times for each course, in days of
calendar time. Again, minimum and maximum time differ
by orders of magnitude. Average completion times are
close to EPGY’s suggested progress schedules

Course Completion Times (Days)

Calculus Linear
A B C Algebra
Average 110 100 103 155
S.D. 69 45 89 94
Maximum 466 188 395 373
75% 121 133 107 218
Median 92 90 85 117
25% 76 54 53 85
Minimum 30 30 30 33

0.32, respectively); for Calculus C and Linear Algebra, strong correlations
were found between final exam scores and average exercise scores (r =
0.53 and 0.56, respectively). (Recall that no average test scores were avail-
able for Calculus C and Linear Algebra.) In addition, as was expected, a
negative correlation was found between the number of exercises completed
and average exercise score in Calculus A and B (r = -0.74 and -0.26, respec-
tively). These are the courses where students are regularly set back in the
courses to review lessons should their exercises scores be too low.

Also, there was in most cases a slight negative correlation between age
and exercise and test scores. That is, younger students generally had better
test scores than older students. In Calculus A, these correlations were not
significant (-0.06 < r < 0); in Calculus B there was a negative correlation
between age and test scores (r < —0.31 for final exams), but a slight positive
correlation with exercise scores (r = 0.11). In Calculus C and Linear Algebra
the correlations were generally insignificant, although there was a negative
correlation between age and exercise scores in Linear Algebra (r = —0.33).
Again, see Appendix B for a complete listing of correlations.

This last finding deserves comment, especially in light of our earlier
remarks on using age as an indicator of giftedness. One would certainly
expect positive correlations between various performance measures and
students’ age. The opposite result may be explained by some bias that may
arise in the selection process. These students were not approached by EPGY
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Table 7. Student error rates for computer-based exercises as a percentage. Again, the 75th
percentile differs from the 25th percentile by about a factor of 2 for each course, except
Calculus C, where the ratio between the percentiles 1s well over 4. The boxplots reflect the
large degree of spread in the error rates for this course, which consistently appears to be the
most difficult of all the four courses by the performance measures studied here

Error Rates, Computer-Based Exercises

Calculus Linear

A B C Algebra
Average 7.6 8.8 14.9 123
S.D. 3.8 4.3 12.6 74
Maximum 17.3 17.8 48.1 26.5
75% 9.9 11.2 24.0 17.5
Median 7.6 9.0 10.6 115
25% 7 5.8 5.3 6.8
Minirnum 1.2 0.5 05 0.4

to participate in these courses; rather, they or their parents usually contacted
EPGY because they felt that their educational needs were not adequately
being met. It has been our experience that the greater these perceived needs
are, the earlier will a substitute educational program be sought; thus the
youngest students who come to EPGY to study mathematics well beyond
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Table 8 Student coior rutes 1n online and offline tests, and “take-home™ finul
exams, expressed as percentages

Stodent Error Rates, Tests and Finai Exams

Calculus Linear

Exercises A B C  Algebra
Test Scores Average Ervor Rate (%) 177 163 n/a a
Standard Deviation 7.7 73 nfa nfa

Minimum Frror Rate 4.4 3.6 nfa nfa

Maximum Error Rate 347 372 n/a n/a

Final Exams  Average Error Rate 13.9 89 180 4.4
Standard Deviation 9.5 7.7 150 53

Maximum Error Rate 420 330 600 22.0

Muiumuom Feror Rate 0.0 0.0 0.0 0.0

their current grade level are usually the very brightest. We plan to pursue
follow-up studies to test this hypothesis.

Muarkov analvsis of student error rates

Order analysis

A question which grises in examining the sets of student responses to ques-
tions is wirether cosrectness of response 1s dependent on prior responses, i.e.,
on the recent history of correct responses. If such a dependence exists. then
mtormation from prior questions may influence student error rates on curmrent
questions, This may ¢r may not be desizable. depending on the context in
which the question is asked. In the context of assessment or evaiuation of
student konowledge within an aceelerated curriculum, or nmmediate review
of lecture material, the nuxiium elficicney of information Leansmission is
optimal. Thut is, guestions en an examination should cover the maximal
simount of material in the fewest nuimher of questions. In a computer-hased
curticulum, aduptive movement algorithins and preblem-selecting technigues
may he used o achieve a high degree of efliciency based on the current
sel of student responses. While suche algorithms [vature prominently in the
design of EPGY s K-7 mathematies curriculum, they are not in any mean-
mmgtul sense part of the caleulus and Linear Algehra courses. The questions
are (ixed, although students may be iorced to review sections where they
aot i fow score, A study of this sort to find depenrdencies may indicate how
well-tailored to average student Jearning rates these (uestions are,
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On the other hand, in cases where guestions are meant to elocidate a
concept or theorem hy forcing students to complete steps in an overall
(guided) derivation, such o dependence 15 lughly desirable. I the sequential
presentation of the questions is critical 1o the student’s ability w correctly
answer all the guestions, then information must be carred over from one
guestion to another. Thus the conceptual dependence of guestions on prior
questions should be reflected in a dependence in student errors on responses
to prior questions. While the dependence may be strongest on the question
immediately prior to the current question, there may also be dependence
to arhitrary numbers of questions in the past. The measure of the order of
dependence can thus serve as a measure of the complesity or the conceptual
interrelation of steps in a derivation.

Unfortunately, it was impractical to sort the questions by their pedagogical
intent, as might be desired from the above comments. Rather. we examined
the entire sequence of student responses for each student for dependencies,
without regard for the types of questions (i.e.. evaluative, explanatory) that
were asked. For the test of first-order dependence, the null hypothesis is that
the sequence of correct answers is 4 Bernoulli phenomenon, independent of
prior responses. Predicting a correct response would then be like predicting
the oulcome of a coin toss. Against this we test the hypothesis that there is
i dependence on the correctness of the prior response. Second-order depend-
ence. where the response o the next question depends on the result of the
prior fwo questions, may then be tested by comparing the result to the hypo-
thesis of first-order dependence. Higher-order dependencies are treated in an
analogous fashion, by comparing them to the hypothesis that the order is one
less than the order under consideration,

To perform this analysis, we treat the series of student responses as a
Markov chain. According to this model, the state space is defined in terms
of the recent history of student responses. If the model has order n = |1,
then the state space is the space defined by the Cartesian product [0, 1)7,
where 0 denotes an incorrect and | a correct response. Thus, in the case of a
second-order Markov chain, we would use the notation (1.0} to denote that
the prior 1wo responses were correct and incorrect, respectively (where a |
denotes a correct response and a 0 denotes an incorrect response). By looking
at the entire sequence of responses in terms of their correctness for a given
student, transition probahilities may be estimated for any order of interest
according to the frequencies of such transitions in the student history, Based
on this assignment of probabilities, statistical tests may be applied to find the
highest order that may meaningfully be aseribed to the sequence of correct
responses.



100

Statistical tests for determining the order of this Markov process are
found in Suppes & Atkinson (1960). To summarize, a x test is used, where
for comparing the Bernoulli hypothesis to the first-order hypothesis, x*
calculated as

2
(nu nJ >
an :
n;/N
where i, j € {0, 1}, N is the total number student responses, n,, represents the
number of state transitions from state { to getting response j; n, = Z SRy n

=Y n,. The degrees of freedom for the x? test are equal to (m — 1), where
m is the number of states. Since m = 2 for this case, there is one degree of
freedom in this test.

For testing the second-order hypothesis against the first, x? is calculated
as:

2
(nz]k o ”]k)
=) .
12} bl
n n
Lk ]k/ J

66299

where k € {0, 1}, n,x is the number of state transitions from state “ij
(recalling the state notation described earlier) to getting response k, n,, = _,
ks Bk = 9, Ny, and n, is defined as before. For this test there are m(m —
1)? = 2 degrees of freedom. Note that this latter test can easily be generalized
to tests of any order.

In calculating the numbers of response transitions, all reported student
responses were used, including student review. The transitions between
groups of exercises were not used in the calculations, since these points
formed a natural break in the series of exercises.

The sequence of responses for the students in this study showed that
there is usually a Bernoulli or first-order dependence among responses. Using
95% certainty as our criterion for these tests of hypotheses, most students in
Calculus A and B showed a second-order dependence or less, while most
students in Calculus C and Linear Algebra showed a first-order dependence
or less. Rarely did any student show more than a second-order dependence.
Table 9 shows the percentages of students falling into each category.

From this, we see that for the overall set of exercises, the order dependency
is low, often independent. Since the majority of questions in the courses are
quizzes and review exercises, this is a welcome finding, since this indicates
that the questions in a lesson are approximately independent of each other.
This is not to say that questions in an individual lesson are not conceptually
related; they most certainly are. However, the information content of sequen-
tial questions does not overlap. Thus even if a student is told if their answer is
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Table 9. Percent of students whose response sequences slispliyed Bernoulli, first,
and second or higher-order dependence on prior fesponses

Results of Order Analysis
Course Bemoulhe  First-Order  Second-Order  Third-Order+
Calculus A 3% 35% 5% %
Caleulus B 33%- 459 22% 0%
Caleulus C 40% 475 Q9% s
Linear Algebra 9% R {155 %

wrong (as always happens), or whether an explanation of the question vccurs
after an incorrect response (as generally does not happen with quiz and test
questions), the questions cover a varied and wide enough range of informa-
tion that this does not affect performance on later questions. Thus from an
evaluative standpoint, the questions seem Lo cover an appropriate range of
information.

Stationarity

The ahove results on order are predicated on the stationarity of the sets of
state transitions over time. That is, the probability of responding correctly or
incorrectly on a given question with a given recent response history should
be independent of where in the course the student is. To test this hypothesis,
a x? test of homogeneity was used, modified from the one given in Suppes &
Atkinson (1960). For each block of 100 consecutive responses, the transition
frequency between states was compared 1o the overall [requencies for the
entire sel of responses. To determine if there are significant differences in the
overall sets of responses. a x* value for each row in the transition table for
first-order states as

2
) ’iu.]

X = Zm(r}hu—.

= ni, /1,

where [, j € |1, 2}, t ranges over the number of blocks of 100 consecutive
responses, n,(1) is the number of responses j while the student is in state ¢
during block 1, n,(1) = LJ, n,, (1), and n,,, n, are defined as before over the
entire set of responses. The overall x* value is the sum of xf and x%. The
number of degrees of freedom is then tallied as mim — INT — 1), withm =2
as before and T being the number of complete blocks of 100 exercises. Again,
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Tuble 10, Numnbers of students whose response sequences

were stalionary, based ou a 954¢ confidence criterion on
9

the x= test of homopueneity

Results of Stationarity Analysis

Course Stationary ~ Noo-stanonary
Culeulus A 31 23
Calculus B 14 10
Calculus C 15

Linear Algebra 21 2

in tubulating the numbers ot state transitions, tramsitions between cxercises
spanning dilferent lesson groups were not counted.

Using wgnin 4 95% confidence criterion in our x* test, the student
response sequenees were stationary for the majority ol students, Table 10
shows the numbers of students in each course whaose response sequences
were stationary. In general, most students had stationary response sequences,
although in the calculus sequences o substantial number did not. This shows
us that in these courses, the distribution of exercises where first-order Markov
properties apply are not evenly distributed through the courses.

Response latencies

Another performance messore of interest was the distribution of the Iengths
of time students spent answering questions in the course. In the current study
we have found that a legnormal distribution fits the data well. Before we
look to the shapes of these distributions in detail, we first discuss the overall
average latencics of students in each course.

Average latencies per studeint

We have found that averuge latencies of students vary widely both within und
across courscs. These averages were ohtained by abserving muany hundreds
of response times for each student. In general, the time required for students
to answer each question becomies longer as the courses are more advanced;
although the avernge latencies for Lingar Algehra are less than that for
Calculus C. Table 11 shows the distribution, average, and standard deviation
of the average latencics tor students in each course. The maximum times are
many times greater than the minimum times; there is also a high degree of
variability in relation to the wverage across all courses.
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Table 11. Distributions of latencies per student in each course, in seconds. Note again the
factor of two separating the 25th from the 75th percentile in each distribution

Student Average Latencies

Calculus Linear
A B C Algebra

Average 33.5 57.8 158.1 94.0
S8.D. 16.9 33.3 96.7 62.0

Maximum 112.2 163.5 427.5 217.7

5% 39.6 62.9 206.3 1319
Median 30.7 57.8 142.8 70.1
25% 21.0 33.8 96.0 49.1
Minimum 7.7 30.2 27.8 9.1

In general, no strong correlations were found between average latencies
and student age, average percentages of correct response on computer-based
exercises, and overall student calendar time in the course. However, a negative
correlation between age and average latencies was observed in Calculus B
(r = -0.31), and in Linear Algebra, a positive correlation between overall
calendar time and average student latency (r = 0.48).
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Distributions of latencies per student

Prior research has indicated that a gamma distribution fits the distributions
of average latencies well when individual exercises are taken as the unit of
analysis (cf. Stillinger & Suppes (1994)). In this study, we find that this does
not carry over to the distribution when the individual student is taken as the
unit of analysis, as we have done here. The lognormal distribution fit the
observed distribution of latencies for each student much better than did the
gamma distribution, as was previously found. The density function of the
lognormal is given by:

—(nx—p)® -
' 0

otherwise

Thus, a random variable X has a lognormal distribution with parameters p
and o if and only if In X has a normal distribution with parameters w and
o. It should be cautioned that p and o do not retain the same meanings for
the lognormal distribution: p is not the mean nor is ¢ the standard deviation.
Rather, o should simply be understood as a shape parameter and u a scale
parameter. Figure 6 shows two representative latency histograms with fitted
lognormal curves for two students in Calculus B.

Table 12 shows the minimum, maximum, and average parameter settings
for best-fit lognormal distribution parameters for students in each course.
Note that small variations in parameter p change the scale of the distribution
significantly. As can be seen in the table, there is quite a large difference
in minimum and maximum p-values in each course, especially in Calculus
C and Linear Algebra. This parallels the findings in the last section of the
order-of-magnitude differences in the averages of student latencies.

A few remarks on how these distributions were fitted are in order. The
parameters were first estimated using the maximum likelihood estimators for
the lognormal:

=

Y X, [27:1(111)(,—«,1)2]1/2

==, 0 =
n

n

where X, represents the ith of n total observations of student latencies. From
this point, an iterative binary line-search technique was employed to find any
local points with lower x2 values; this process was halted when the estim-
ates of the bounds of the best parameter settings were both within 0.01 of
the previous estimates. For the most part, the maximum-likelihood estimates
gave very good approximations to the final estimates; generally they were
within 1% of the minimum found through the search technique. The laten-
cies considered were those ranging between 1 and 300 seconds; any values
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Figure 6. Two sample histograma of student luencies in the Calenlus B course with
fitted lognormal density cugves. The distrilwtion 1 the upper figure has pummeters
(o) = (266, 1.10); for the lower figure, (p, o) = {2180, 1.15).
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Table 12. Mimumum, muximum, aod average parameter settings for
best-fit lognormal distribution curves to student latency histograms

Fitted Lognormal Parameter Values to Latency Distributions

Calculus Linear

Parameter A B C Algebra
0w Average 2.62 2.82 3.80 3.17
s5.D. 0.35 0.35 0.59 Q.75
Minimum 1.76 2.05 2.13 .66
Maximum 3.35 3.47 4.68 440
o Average 1.15 1.29 L.51 1.24
5D. 0.10 0.12 0.18 0.13
Minimum 0.54 1.10 1.13 1.02
Muximum 1.34 1.45 1.82 1.60
x°  Average 6.45 4.66 7.38 479
S.D, 2.14 .45 307 1.65
Minimum 2.93 247 2.26 2.33
Maximum 1191 8.36 14.61 8 36

over 304 were discarded. Such values accounted for less than 1% of the total
ohserved latencies: by discarding these, we also filtered out a large number of
responses where students were intermupted for significant periods of time {rom
solving the problem at hand. The x? values were calculated by grouping the
observations up Lo 100 seconds in groups of 5, and the observations above 100
seconds in groups of 25: this insured that enough (> 5) observations would be
in each “bin”™ for the x? siatistic to be meaningful. Thus there were 28 “*bins™
altogether, giving us 28 — 2 = 26 deprees of freedom for the ¥* stulistic
$ince two parameters were estimated trom the data. Therefore, even the worst
fit muong all the distibution fittings (x° = 14.61) wus well within 1 95%
confidence region that the fitted densities malched the ohserved frequencies.

Conclusions

The one outstunding feature of our statisiical analyses 1s the high degree
of variation in student performance. While our data sample of students was
small, the consistently high deviations in measured values feads us to helieve
that, at the high end of student achievement levels, many different leaming
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Table 13. Ratios of 75th to 25th percentile for many performance
measures studied in this report

Ratios of Performance Measures

75th to 25th Percentile
Calculus Linear
Measure A B C Algebra
Computer Time 1.8 2.0 2.2 2.8
Parameter k 1.3 1.3 1.6 1.4
Parameter b 1.8 2.7 2.3 3.1
Calendar Time 1.6 2.5 2.0 2.6
Error Rate 2.1 1.9 4.5 2.6
Response Latency 1.9 1.9 2.1 2.7

rates and patterns are manifest. Generally, we have found that the upper
quartile differs by a factor of approximately two from the lower quartile of
performance on such measures as total completion time, trajectory parameter
values, and calendar time to completion, and error rates. Table 13 shows the
ratios between the 75th and 25th percentiles for a number of the measures
studied in this report. This degree of variation suggests that an individualized
curriculum may best meet the needs of students in this ability range.

Also of note is the low degree of correlation between the performance
measures studied in this report (see Appendix B for tables of these corre-
lations in each course). Notably, performance measures do not generally
correlate with student age, and where some degree of correlation is present,
the correlation is usually negative with the level of merit of each performance
measure. Thus, younger students often perform better than older students. In
some cases, a degree of correlation is to be expected, e.g., the best trajectory
parameter fits generally correlate with each other and with total computer
time, and the number of exercises correlates with the average exercise scores
(as students are often required to repeat exercises when their scores are poor.)
Also, in most courses, a slight positive correlation was found between the
average exercise scores and the final exam scores. Otherwise, the correlations
found are consistent with the hypothesis that the performance measures
collected here are approximately independent of each other, indicating that
a full characterization of student performance cannot be reduced to one or
two parameters. .

As we have seen from the Markov order analysis of the student trajectory
data, we can find quantitative measures of the efficiency of information
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presentation 1n the course exercises, and the stationarity analysis suppests
methods of identifying sections of the courses where these order proper-
ties are suboptimal. Other findings in this report may be used to evaluate
and improve upon the existing courses in a number of ways. First, the
average trajectory measures in each course can help us to identify parts of
the course that are relatively too easy or too hard given their context in the
course. Second, the use of order analysis can help te ensure that questions
are fulfilling their pedagogical intent, be they evaluative questions or ques-
tions designed to introduce a new concept. Third, error analysis allows us
10 identily chullenging and trivial questions in the course, and ensures that
a proper distribution of questions of varying levels of difficulty is present
throughout the courses.

Notses

1. Soniwe students ek mere than one of these courscs.
[t should be mentioned that students are allowed 10 “browse” ahead 1n the course to
preview cxercises before they take them officizlly; however, students arc not alivwed to
browse aheid to preview guiz guestions. In all, though, it could not be deterrmined from
the avarluble dita whetlwr students had presvicwed the exeresses or not. Also, all students
wilh extremely Iow completion tinues {isd respectable enor rales on the excrelse queslions.
3. Tuwon was billed monthly for (he calculus courses, however, regardless of how much
material students vosered Thus, students (and their parents) had a strong ticentive to
tinish the courses carly.

1=
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