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Since the early 1960s there has been an interest in developrnent of proof 
checkers and interactive theorem provers. The initial interest was no doubt 
simply concern with the question of demonstrating that an application in 
this area was possible, even if not practical. My own interest in the subject 
began early in 1963, almost as soon as our work in computer-assisted in­
struction in the Institute for Mathematical Studies in the Social Sciences 
at Stanford University began. In order to take account of limited machine 
capacity, the early work concentrated on developing a logic course for 
elementary-school students (Suppes, 1972). In the late sixties the interest 
began to focus on more powerful proof checkers that could be used for 
teaching logic at the college level. Since 1972 the introductory logic course 
at Stanford has been taught entirely at computer terminals. Various aspects 
of this course have been reported in a number of publications, including a 
number of articles in this volume (Goldbert & Suppes, 1972, 1976; Kane, 
1981; Larsen, Markosian, & Suppes, 1978; Moloney, 1981; Suppes, 1979; 
Suppes & Sheehan, 1981b). 

Beginning in the early 1970s we had the idea of developing a more 
powerful interactive theorem prover that could be used for proofs that 
were not from the standpoint of the user put into explicit logical form. In 
the development of this theorem prover we concentrated on axiomatic set 
theory, as a subject close to logic but still one with proofs ordinarily given 
informally. In fact, it is generally recognized that it would not be practical 
or feasible to ask students or instructors to produce proofs that satisfied 
explicit formal criteria. I want to be clear on the point that no one, or prac­
tically no one, has ever suggested that the formal proofs characterized ex­
plicitly and completely in mathematical logic were ever 11leant to be a prac­
tical approach to the giving of proofs in any nontrivial mathematical domain. 
The characterization of proofs in this formal way is meant to serve an en­
tirely different purpose, namely, that of providing a setting for studying 
proofs as mathematical objects. 
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Since 1974 the undergraduate course in axiomatic set theory at Stanford 
has been taught entirely at computer-based terminals. The effort at pro­
ducing the programs, especially the programs embodying the interactive 
theorem prover in its various versions, has been the result of the extended 
work of many people. This work is reported in various publications; see, for 
example, Suppes and Sheehan (1981a) for details and references. In two 
other papers in this volume, Kreisel (1981a, 1981b) sets forth some of the 
mathematically aspects of interactive theorem provers, for ex­
ample, the possibility of an essentially automatic unwinding of complicated 
existential proofs, to produce explicit bounds for parameters of interest. 

My interest lies elsewhere. I shall discuss the significance and future edu­
cational prospects of interactive theorem proving under three headings. 

I want to look at the technological aspects, with my interest being 
from an instructional standpoint. There are of course other areas of 

technological interest robotics), but Iny own knowledge and concerns 
lie primarily in educational applications and I shall so restrict the tech­
nological Second, there are, I believe, some purely pedagogical 

possible with the use of interactive theorem provers, and they need 
to be stressed. I want to consider psychological of interactive 
theorem proving. Here I have in mind the of a proof 
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One alternative approach to offering a regular lecture course in these 
situations is to have students study at their own pace and merely give them 
at appropriate intervals objective tests to evaluate their progress. Such an 
approach is feasible and has in fact been tried in various places for various 
levels of mathematics courses. But it does not seem to have as promising a 
long-run future as does interactive theorem proving, for the obvious reason 
that the heart of the courses like axiomatic set theory is the development of 
the student's skill at giving proofs that use the concepts at hand. Too much 
of the standard conception of the content of such a course is lost when stu­
dents are not required to give proofs that are in fact checked by some means 
or other. 

Still another approach is to provide computer facilities for the routine 
presentation and evaluation of exercises in large mathematics or mathe­
matically oriented courses such as calculus, introduction to physics, and 
introduction to chemistry, There is fairly widespread use of computers in 
this capacity at the present time. Again, the argument for using computer 
facilities is technological and by that I mean the use of technology for 
improvement in productivity. 

The intermediate undergraduate course in axiomatic set theory exem­
plifies how my own productivity can be improved. In any given term, the 
enrollment of this course at Stanford has been somewhere between 3 and 
14 students (for detailed data, see Suppes & Sheehan, 1981a). It is the kind 
of course that is difficult to offer on a regular basis because of its small 
enrollment. As it now stands, I give this course as an additional course load 
every term. This means that for the convenience of students the course is 
offered all three terms and not as it probably would be otherwise once 
every two years. 

Another thing to stress about these low-enrollment courses is the high 
cost of instruction per student hour if the course is taught by a regular 
member of the faculty. Under various assumptions we will a distribution 
of costs, but for a university like Stanford it is a robust conclusion that a 
course that has an enrollment on the order of ten students will cost more 
than $10 per student hour to provide instruction (in terms of 1980 dollars). 
This fact of life is reflected in many state institutions by requirements that 
courses at each level have a certain minimum number of students in order 
to be offered. This practice is the custom at present in many state universities. 

Keeping small-enrollment courses in mind, I want to say something of a 
more general nature about the need for productivity and improvement in 
education. There are several ways of addressing the issue. One is to look 
at the data in 1870 for American elementary and secondary education and 
for college education and to compare the ratio of students attending school 
or college to the ratio a 100 years later in 1970. They are directly available 
in the Historzcal Statzstics of the United States, (U.S. Bureau of the Census, 
1975), and they show essentially no change over a 100-year period. In 1870 
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there were 4,077,000 school students and 201,000 which gives a 
ratio of 20.3. In 1970 there were 41,934,000 students and 2,131,000 teachers, 
producing a ratio of 19.7 (Part 1, pp. 375-376). In 1870 there were 52,000 
college students and 5,553 estimated faculty, for a ratio of 9.4. In 1970 
there were 7,920,000 college students and 729,000 faculty, for a ratio of 
10.9 (Part 1, pp. 382-383). As I have done in the I like to contrast 
these data with those for agriculture. In 1870, an agricultural worker pro­
duced enough food for 5.1 persons, but in 1970 the corresponding worker 
produced food for 47.1 persons (Part 1, p. 498). There is essentially an 
order of improvement in the productivity of agricultural work­
ers and essentially no improvement in the productivity of teachers. 

I of course, that with the increase in productivity of agricul-
tural workers there has been an increase in labor required in the production 
and processing of food once it has left the and in the manufacturing 
of farm equipment. Even when these data are taken account of, I think we 
must find the gains in productivity in agricultural labor enormously im-
1''''',''''",''1"'<7P and standing in great contrast to what has in education, 
namely, no at all. 
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If we do not become concerned with this issue of productivity, the academic 
and teaching profession is set for a long slide into genteel poverty. 

The specific ways in which computer facilities can be used to increase 
productivity are described in a variety of articles in this volume. But just 
as in the case of farming, there is no end to the potential technological 
increases of productivity. Without any doubt the present level of applica­
tion will in the future be regarded as quite primitive. The current genera­
tion of interactive theorem provers is certainly still too awkward to use and 
too restricted in power to be really satisfactory. 

2. PEDAGOGICAL ASPECTS 

Quite apart from any questions of productivity that might result from 
the use of computers for instruction, there are purely pedagogical argu­
ments supporting such usage especially in the area of mathematical and 
elementary-language skills. The general arguments not peculiar to the use 
of interactive theorem provers are stated in terms of individualization, self­
pacing, and opportunity for active responses. These general arguments I 
have stated on numerous occasions, and I shall not repeat them here (e.g., 
Suppes & Morningstar, 1972, chap. 1). It is worth noting that the students 
taking the two Stanford computer-assisted-instruction courses, Introduction 
to Logzc and Axzomat'lC Set Theory, have especially liked the features of indi­
vidualization and self-pacing. 

It has been said by a number of American mathematicians that the worst 
aspect of preparation of students beginning graduate studies in mathe­
matics is their lack of ability to write clear and rigorous proofs. Without 
having to agree that this may be the most glaring deficiency, we can still 
recognize the high desirability of improving student skills in giving mathe­
matical proofs. Due to the fact that an interactive theorem prover with no 
program bugs will accept only valid proofs, the wishful thinking often 
characteristic of students' proofs at an elementary stage of their education 
can be eliminated. It may be objected that current interactive theorem 
provers, as for example the one discussed in several articles in this volume 
now in use at the Institute at Stanford, are too restrictive and require too 
explicit a proof on the part of the student. This is a justified criticism but it 
must be placed alongside criticisms of fallible human instructors, some of 
whom are too lax, some of whom are too casual, and some of whom are too 
explicit in terms of some ideal intellectual and pedagogical standard. Over 
the next several decades we should be able to develop for elementary cours­
es at the level of axiomatic set theory interactive theorem provers tailored 
to a particular subject matter and tailored to the mathematical level aimed 
at by the instructor or by the curriculum author, so that the proofs have 
exactly the facilities desired. 
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Let me give one simple example of the kind of modularity one may aim 
at. The first hundred theorems in the course on axiomatic set theory are 
quite trivial with a few exceptions, for example, the Schroeder-Bernstein 
theorem. The interactive theorem prover available later in the course is 
powerful enough to prove most of these theorems in one step. This is not 
what we want from the students. We want them to exercise ingenuity at a 
very elementary level in becoming acquainted with the concepts introduced 
at the beginning of the course. For this purpose a more powerful theorem 
prover should not be avaIlable in proving the initial segment of theorems. 

Another pedagogical aspect ot interactive theorem provers that should 
not be neglected is the potential for structuring elementary students in 
their thinking about proofs. Many elementary students undoubtedly have 
problems with how to get started. The good interactive theorem prover can 
contain hints and suggestions for the individual student. Of course, the 
ideal theorem prover will follow the student's construction of a proof and 
at any point be able to give a useful hint as to what to do next or if nothing 
seems obvious recommend that the student start over. We have not yet 
reached this stage in the development of theorem provers in the Institute 
and it is obviously a rather difficult task once we reach the level of the theo­
rems in the course in axiomatic set theory; at the level of the logic course it 
is much more feasible. 

One of the striking things about mathematics textbooks is their absence 
of sophisticated and sustained discussion of how students should attack 
problem solving or theorem proving. I would certainly include my own 
textbook on set theory (Suppes, 1960). There are occasional insightful 
remarks, but there is not any systematIC attempt to provide direct training 
In the skill of finding proofs. It is rather like one approached instruction 
in tennis or football by requiring always that the game be played. Most 
training regimes do not proceed in this fashion. There is an effort to isolate 
particular skills, for example, hitting a smooth and powerful backhand in 
tennis, running a zigzag downfield in football, or blocking a charging 
lineman. What is needed pedagogically is much more such concentration 
on a particular point in theorem proving. The kind of computer environ­
ment I have been talking about provides an excellent opportunity for this 
by offering students a number of proofs at which the critical steps that 
have been omitted are of a similar character. Just as students can be trained 
to hit a better backhand, so they can be trained to make better use of an 
inductive hypothesis. Compared to the very good training we now have in 
particular sports, the development of materials for proving theorems or 
finding counterexamples to conjectured statements, as the case may be, is in 
a relatively primitive state and I do not want to claim we have done much as 
yet in this direction at Stanford. 

What I have said about providing hints, suggestions about how to get 
started, where to go next in a proof, etc., come under the general heading 
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of individualization mentioned earlier but represent particular problems of 
individualization that require detailed ideas about a particular subject 
matter and the particular skill of finding mathematical proofs. 

3. PSYCHOLOGICAL ASPECTS 

There are as yet few if any papers written on psychological aspects of 
mathematical proofs. Years ago I published a paper dealing with the most 
elementary and trivial aspects of proofs as studied in the behavior in young 
children (Suppes, 1965). But what was said in that paper was in the frame­
work of stimulus-response theory and can scarcely be regarded as develop­
ing a theoretical basis for the psychology of proofs at the level of the logic 
or the set-theory courses. 

The virtue, of course, of the stimulus-response theory given in the earlier 
paper is its completeness as a psychological theory. It is obviously too 
simple but it did cover in its own artificial way all aspects of the giving of 
proofs. What I can say here certainly cannot serve to replace that version by 
an adequate richer one. I shall stress only two aspects that seem to me im­
portant and that are worth further investigation. One is to relate proofs to 
language under the general heading of proofs as conversations. The other 
topic I would like to say something about even if only in fragmentary 
fashion is that of the mental representation of proofs. 

3.1 Proofs as Conversations 

I imagine a helpful but not too helpful tutor prompting or providing a 
framework for a student to think about a proof. The tutor asks questions 
but are not pivotal from the standpoint of the conceptually essential 
points; rather they provide pointers to the next step to be taken. Sometimes 
instructors give such proofs in class with the students providing all the 
essential thinking but with the instructor playing the role of organizer. A 
good class directed this way develops a conversational relation between 
instructor and student with the conventions of this conversation understood. 
Students learn quickly for the most part what are the kinds of things the 
instructor expects the students to supply in the way of conceptual thinking 
about the problem at hand, and what is to be left to the side as understood 
between instructor and class. These understood matters can range from the 
trivial to the profound. On the trivial side, obvious steps of logical infer­
ence will be omitted or skipped over without explicit justification. At a 
different level subtle questions of existence or consistency may simply be 
ignored. 

Proofs are now done in such a conversational mode by the interactive 
theorem prover at the Institute. There is a continual dialogue between 
the program and the student exemplified in Figure 1, a proof of Cantor's 
theorem. In this figure, the input of the student is italicized. As you can 
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see, most of the talking is done by the program. And this is the way it should 
be so that the student is not caught up in a large amount of routine input. 
From the standpoint of the ratio of input of the two "individuals" in this 
conversation, it looks as if a modern-day Socrates is leading the way for 
a modern-day Meno, but the intellectual situation is quite different. Socrates 
asked the substantive leading questions. Here the program by and large 
asks only the trivial and provides the framework within which the student 
can and must think about the proof at hand. 

FIGURE 1. Interactive proof of Cantor's theorem. 

Derive: 
A < pow(A) 

*vERIFY (1) *A::::; pow(A) 
Will you wish to specify? (No) * 
Usmg *tHEOREM (Number or Name) *4.1.10 
Usmg *tHEOREM (Number or Name) *4.21 
Usmg *defINITION (Number or Name) *map 
Using *defINITION (Number or Name) *znJectzoN 
Usmg *gO 

*wp (2) *pow(A)::::; A 

*21 et 
(variable) *fbe such that 
(3) *zrIJ(fJ and dom(fJ = pow(A) and rng(fJ zs a subset of A 

WIll you wIsh to specify? (No)* 
Usmg *tHEOREM (Number or Name) *4 2 1 
Using *defINITION (Number or Name) *map 
Using *dtifINITION (Number or Name) *zrlJectzoN 
Using *gO 

*let 
(variable) *D be such that 
(4) *(A x)(x zn D iffx zn Z and x lS not zn znv(fJ(x)) 

Will you wish to speCIfy? No * 
Using *aXIOM (Number or Name) *sepARATION 
Schema· 

(E B)(A x) (x III Be-x in A & FM(x» 

Replace for FM *x zs not zn znv(j)(x) 

WhICh vanable mdlCates the parameter places? *x 
Usmg *gO 
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A < pow(A) 
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VERIFY Using: Th. 4.1.10, Th. 4.2.1., Df. map, Df. injection 
(1) A ::; pow (A) 

WP (2) Pow (A) ::; A 
2 LET Using: Th. 4.2.1, Df. map, Df. injection 

(3) IqJ(f) and dom(f) = pow(A) and rng(f) sub A 
LET Using: Ax. separation Instance: x not in inv(f)(x) for FM 

(4) (A x)(x in D ~ x in A & x not in mv(f)(x» 

*3,4vERIFY (5) *D zn dom(f) 
Will you wish to specify? (No) * 
Using *tHEOREM (Number of Name) *powERSET 
Using *defINITION (Number or Name) *subSET 
USING *gO 

*3,5vERIFY (6) *f(D) in A 
Will you wish to specify? (No) * 
Usmg *defINITION (Number or Name) *subSET 
Using *tHEOREM (Number or Name) *range 
Using *tHEOREM (Number or Name) *3.109 
Using *gO 

*3,5tHEOREM (Number or Name) *3.10.58 
3,5 Th. 3.10.58 

(7) Inv(f)(f(D» = D 

*4,6,7 conTRADICTION 
Will you wish to specify? (No) * 
Using *gO 
4,6,7,2 CONTRADICTION 

(8) Not pow (A) ::; A 

*1,8difINITION (Number or Name) *less pOWER 
1,8 Df. less power 

(9) A < pow(A) 
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These proofs as conversations are very messy objects and not suitable 
to be studied, for example, within the framework of current proof theory. 
They are intelligible but not easily intelligible. We have, as pointed out for 
example in Blaine (1981) or Suppes and Sheehan (1981a), a review function 
that prints out a "cleaned-up" version of the proof in a fashion that is easily 
understandable at a glance by someone familiar with the subject at hand. 
The review function as it now operates is not in final form. The proofs and 
review function as shown by the version of the proof of Cantor's theorem in 
Figure 2 are certainly easy to understand, but our objective in the future is 
to have these proofs written in more formal and elegant English. 
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FIGURE 2. Review version of the proof of Cantor's theorem. 

revIEW 
A < pow (A) 

VERIFY Using: Th. 4.110, Th. 4.2.1, Df. map, Df. injection 
(a) A ::; pow (A) 

WP (2) Pow(A) ::; A 
2 LET Using: Th. 4.2.1, Df. map, Df. injection 

(3) Inj(f) and dom(f) = pow(A) and rng(f) sub A 
LET Using. Ax. separation Instance: x not In inv (f)(x) for FM 

(4) (Ax)(x in D ~ x in A & x not in inv (f) (x» 
3,4 VERIFY Usmg: Th. powerset, Df. subset 

(5) D in dom(f) 
3,5 VERIFY Usmg: Df. subset, Th. range, Th. 3.lO.9 

(6) feD) in A 
3,5 Th. 3.10.58 

(7) Inv(f)(f(D» = D 
4,6,7,2 CONTRADICTION 

(8) Not pow (A) ::; A 
1,8 Df. less power 

(9) A < pow(A) 

As we are able to provide the kinds of hints discussed earlier, proofs as 
conversations will move more toward a natural ideal level, but it is not 
essential that these conversations have all the marks of a conversation be­
tween two persons. The computer should probably remain austere and re­
lentlessly focused on the problem at hand in whatever it has to say. Here are 
some samples of what we might expect from a good computer tutor: 

"Why not try beginning with the hypothesis of the theorem and see 
what you can do with it?" 

"Maybe you ought to try a reductio ad absurdum proof?" 

"Maybe you ought to try an indirect proof?" 

"Do you see any previous theorem that would be really helpful in trying 
to prove this theorem?" 

"Why did you try to eliminate all those quantifiers to get some simple 
algebraic expression in front of you?" 

"Have you tried drawing a figure to represent the assumptions?" 

"Try a proof assuming continuity and then see if you can eliminate it?" 

"Try a special case for dimension two. It may be misleading but it should 
be suggestive." 

In a general way it seems quite feasible to study proofs as conversations by 
protocol methods of the sort made well known by Newell and Simon (1972), 
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3.2 Mental RepresentatlOns of Proofs 

Current information-processing models in psychology of short- and 
long-term memory suggest rather tidy registers or buffers in which infor­
mation is stored in an orderly fashion. It is recognized on all sides that the 
models are too simple to represent subtle connections in our minds between 
a variety of procedures and data. Some of the network models for process­
ing language aim at a better level of complexity but it is still the case that 
none of the models presently available could prove the hardest five theorems 
in the first hundred theorems of the set-theory course. 

The tidy models that have been proposed for various cognitive func­
tions do not give at the present stage of development much hint as to what 
is involved in the mental representation of mathematical proofs. The un­
tidy and surface appearance of chaos to be found in Figure 1 is undoubtedly 
only a small sample of the chaos of mental representation characteristic 
of our thinking about complex objects like mathematical proofs. In all 
likelihood the mind is organized in such a way that it is able to select signifi­
cant pieces of information or significant procedures from what appears 
to be a cognitive chaos. 

Considering the intellectual importance that is attached to the solution 
of outstanding mathematical problems, it is remarkable how superficial 
and primitive the information is about how these problems were solved. I 
do not mean, of course, the actual form of solution which is there for the 
world to look at and check but rather the thought processes by which the 
solution was found. 

Most of the theorem provers that have been written for use by com­
puters have been written in the computer language LISP. We might say, 
"",Well, we shall try to model the internal language of the mind with LISP." 
It seems to me that this is a mistake. There are lots of reasons for thinking 
the mind is not using anything like LISP. Elsewhere Suppes (1975, 1980) I 
have advanced the thesis that it may be in principle unknowable, and cer­
tainly is unknowable in any reasonable future, what the machine language 
of the mind is. Our very concept of machine language as we currently think 
about it is undoubtedly wrong in major ways. In this discussion of the 
unknowability of the internal machine language of the mind, I have sug­
gested that we should proceed with English or whatever is the relevant 
natural language. We do not have all the control structures in place for 
English but we can get at other ways of talking about proofs and we can 
study in a very explicit way that part of the mental representation that can 
be portrayed in English. This is not meant to be an argument for what is 
called in current cognitive psychology a propositional representation of 
knowledge. I think at the least we should augment the English by visual 
representations that seem to be a familiar part of the representations of 
proofs by many people. These visual representations vary from person to 
person but they can be externalized rather easily and should be. What I 
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have said is not to say much but I think it holds some promise for being in 
the direction. In Suppes (1980) I apply it to elementary cases of arith­
metic but I see no reason why extensions cannot be made rather directly. 

Jussi Ketonen has pointed out to me in discussions an important conse­
quence of good psychological models of proof construction. If we had 
confidence in the fundamental theory of these models, we would then be 
in a to urge that they the write-up of proofs in the mathe-
maticalliterature. As it now stands, authors a variety of psychological 
heuristics that are more or less private to find a proof; they then 
encode it into the standard conventions of the printed mathematical litera­
ture. An interested reader must then decode that rather difficult mathemati­
cal printed prose into his own psychological model in order to understand 
the proof at any very level. It can be claimed that an enormous amount 
of intellectual effort is spent in this encoding and decoding process. How 
much more efficient it would be from a standpoint both of learning mathe­
matics and of new mathematics if these wasteful coding steps could 
be avoided or at least curtailed and we could share rather 
directly our mental re'pn::se~ntatlonls. 

The of away from relying on highly formal written 
traditions for proofs has been by van der Waerden (1961) in 
his of the causes of of ancient Greek mathematics. He 
out that as in the oral tradition of 
intuitive to be found in Apollonius 
and others purpose of a written record. 
Once there was a break in the oral extensive commentaries of the 
sort of Greek mathe-
matics in the fourth were there seems 
to be a new to encourage of mathe-
matical and scientific work in a rather informal style. The best do 
not have the of conversations but do a 
move in the right direction. the next we can to 
have methods of both as conversations and as mental representations 
that will mark real from the past. 

3.3 Role 

In about the psychological model of how we find 
proofs, there does seem be one very element of truth in classical 
assOCIatIon Without being able to offer any it seems reasonable 
to hold that some probabilistic of association are essential to 
nnlGlng proofs. of association are not, of course, 
ranaODa, but neither are deterministic In many cases, the 

at the of a search for a 
nnlOlng the III a short time. 
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larity between remembering proofs of well-known theorems and finding 
new proofs of new theorems. Not very many people remember all the 
details of proofs to well-known theorems they are generally familiar with. 
If they are asked to show somebody a proof, they work it out by principles 
of association that are not in and of themselves, I suspect, radically different 
from the way in which we amplify our memories of a past event. Let me 
illustrate what I mean by this last point. There is a considerable body of 
data to show that the way in which we remember the past consists of asso­
ciating one event to another. Thus, if someone asks me what was I doing on 
the day that the astronauts first walked on the moon, I have at the begin­
ning only a rather meager recollection. But starting with that meager recol­
lection, I then associate to further events and from these events to more 
still. At the time the question was asked, none of these further events was 
at all in my conscious awareness and, in fact, could be recalled only by a 
process of association. 

Something of a very similar nature operates in the case of proofs, I 
think. Thus, if somebody asks me to prove the Schroeder-Bernstein theo­
rem, the first nontrivial theorem in the course in axiomatic set theory, I 
find I do not carry the details of the proof in my mind but I do have some 
general ideas of the function one constructs, mapping one set into the 
other to prove the theorem. I remember there is such a function, and then 
I begin to search for its properties. Pretty soon I am thinking in terms of 
proper subsets and with a little bit more work rediscover the proof. What 
is important to remember is a couple of key ideas, and that is true of finding 
new proofs as well. There is a lot of routine work to a new proof but what 
is crucial is one or two key ideas. Once we have those key ideas, by hook or 
crook, meaning by probabilistic association, we then can often fill in the 
details in a relatively routine way. What is needed to develop a more de­
tailed psychological theory of proofs is some detailed ideas about how to 
state such principles of association. 

I also think it is part of the vagaries of association that we do not pro­
ceed in some nicely structured top-down fashion. On occasion we get the 
general idea first and then work out the details. But in other cases we may 
have a good grasp of details for main parts of the proof but are lacking 
that critical idea at a general level or even how the parts should be put 
together. 

Prompts to fruitful association would be an invaluable feature of a 
sophisticated theorem prover. Something could already be done in ele­
mentary courses even without a scientifically satisfactory theory of asso­
ciation. 

3.4 Skill Traznmg 

Interesting and important psychological information about how mathe­
matical proofs are found and put in good order could be obtained from 
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extensive records on the education of mathematicians. It is a sad fact that 
we know a great deal about the training of violinists or pianists or 1500-
meter runners but nothing comparable about how mathematical skills are 
acquired. It is, of course, possible to be romantic and think that mathe­
matics is different from music or track, but my own view is that there is no 
reason to think there is any large conceptual difference. It is obvious that 
there is a substantial genetic component, probably greater in music than in 
mathematics. But it is also equally obvious that a rigorous training program 
is absolutely essential to becoming a first-class musician, and the same is 
true of mathematicians. It is also true that world centers of mathematics 
train relatively large numbers of first-class mathematicians and, because of 
the nature of the dissemination of mathematical knowledge, serious stu­
dents appear from nowhere ready to run with the best in the competition 
for the proving of important theorems. Still it is true, as I have empha­
sized elsewhere, that we are much more sophisticated at the present time 
about the training of musical or athletic skills than we are about the train­
ing and development of mathematical or other mental skills. 

A proper use of interactive theorem provers could lead to much better 
training. It could be provided without having a satisfactory fundamental 
psychological theory of how mathematical proofs are found. But just as 
progress has been made by extensive academic study of skills in other areas, 
I am sure that benefits would result from a deeper psychological under­
standing. 

3.5 Some Cognztzve Models 

To give a sense of what I think is lacking in current psychological re­
search on problem solving as directed to elementary mathematical proofs, I 
would like to say something about three different efforts, one by Greeno 
(1978), another by Anderson, Greeno, Kline, and Neves (1980), and a 
third by Smith (981). The Greeno and Anderson efforts are directed to­
ward theorem proving in high-school geometry; the analysis of Smith to­
ward introduction to logic, especially the CAL version developed at Stan­
ford. 

All of these authors use at least nominally the idea of production systems 
as developed initially by Newell (1973) and his collaborators. The basic 
grammatical form of a production is that of a conditional in imperative 
form. The antecedent of the conditional states a condition, the conse­
quence of the conditional formulates an action that IS to be performed if 
the antecedent is satisfied. From a logical standpoint or from an abstract 
computational standpoint, this is a rather limited framework and there is 
nothing magical about it. It is not clear why this framework has been so 
seductive for psychologists. It is worth noting that very seldom is anything 
like a detailed presentation in an elementary production language given 
in any of the articles I discuss here or others that they cite. The reasons are 
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obvious. It is as tedious as trying to read or write a program in assembly 
language. What is needed is surely a more sophisticated approach to sym­
bolic computation as performed by students in the kind of problem­
solving efforts being discussed here. In any case, the actual choice of the 
method of representation is not too critical for two reasons. First, it is 
highly doubtful that we can know what the actual representation is inter­
nally in the mind (or, if you will, brain) of the human problem solver. I 
have expressed this doubt elsewhere and will not amplify it here. Second, 
from a computational standpoint, we know there are many different equiv­
alent ways of expressing computational power of any given degree. With­
out very strong evidence of the psychological reality of the particular form 
of production used, there is little reason to take seriously the particular 
choice made. The view I have come to hold as expressed in Suppes (1980) 
is that it is best simply to use English and it is very likely that this is a crude 
approximation to the internal representation for many cases. 

Greeno, in his long article, gives an excellent survey to begin with of the 
history of psychological theorizing about problem solving. In the part 
where he focuses on material currently of interest to him, namely, stu­
dents solving problems and proving theorems in high-school geometry, he 
emphasizes in the context of the current literature, productions, planning, 
and the importance of subgoals. Much of what he says here seems sound, 
but it is rather like the economic wisdom set forth in a political platform. 
It is hard to disagree with it, but it does not cut very deep from a technical 
standpoint in relation to the phenomena at hand. Greeno describes a com­
puter simulation called PERDIX, after the apprentice of Daedalus, but it 
is not clear that PERDIX or any of its likely successors would actually have 
the conceptual power to prove theorems in elementary geometry of even 
moderate difficulty. 

Greeno makes the point that in the behavioristic heyday of psychology, 
the research tendency was to identify variables that could be correlated 
with learning or performance, for example, problem difficulty positively 
correlated with the number of words in the formulation. He emphasizes 
that the present line of attack is ainling at much more detailed models by 
attempting to give an analysis of the process by which the student actually 
solves the problem. What is missing, however, is all of the tough-minded 
substantive technical aspects of that process. As far as I can see, PERDIX 
cannot even be used in its present state to predict with any accuracy the 
relative difficulty of exercises for students. Certainly, in the rather long 
article of Greeno there is little evidence given that anything like an ade­
quate machinery is available in detail for solving real problems. To be for 
plans and subgoals these days is like being for God, mother, and country, 
but to solve real problems something more is needed. 

Anderson et al. are more ambitious. They assert that the simulation of 
students' behavior in proving high-school geometry theorems, especially a 
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simulation that has benefited from extensive protocol collection, works well 
and corresponds closely to what the students do. They also make it an ex­
plicit point to concentrate on learning. In one sense this more recent work, 
written after Greeno's long article, is full of details, which is commendable, 
but the details are not the least bit convincing in terms of the ability of the 
simulator to prove any interesting theorems. Performance, in short, seems 
still very poor. It is a virtue of this work to have laid out many details, but 
it has not included the next quantitative step exemplified in Blaine(19S1) of 
showing just what theorems can and cannot be proved by the simulator 
from some given list. The reader can only be left in the dark and I am, conse­
quently, quite skeptical of the claimed power of Anderson et al.'s simula­
tion. 

Smith's study is oriented toward work in artificial intelligence, and only 
slightly toward cognitive psychology. His work is the most recent of the 
three I am discussing and it is far from complete. Smith has a basic 
setup of the following sort. He introduces operators corresponding to the 
rules of natural deduction or inference in the logic course, he introduces 
macros corresponding to the putting together of these rules in a sequence 
to form a more complicated rule of what in would be called 
a derived rule of and he at a still more general level, 

I do not really disagree with what Smith has done, but I am 
that significant advance has been for the real issue of 

any problem of subtlety or difficulty has not yet been faced with this 
~PtJ~"L~""""'''''' We can be for macros, and just as enthusi-

and subgoals, but the tough process of nn'11-r1,n 
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having such a framework. As 

m ..... ", ..... ""."C' and Sheehan on the se-
nr.r.n,prtlPc of rules of inference in the axiomatic set-theory course, 

makes me skeptical of any of the ideas Smith has begun 
to material that is from a mathematical nontrivial. 

One of the deepest cntlcIsms of current theorem provers is 
that are not able to introduce new by definition. In the case of 
axiomatic set in standard the introduction of 
defined concepts is essential to any sustained of 
ideas. It is important to that I do not have in mind the intro-
duction of a concept for purposes in the context of 
a It is not so difficult to make this a of a theorem 
prover. What is more is to 

new or if the theorem prover used 1nf·p .... "'''lrnl'nh, as I have 

relDe;ltea uses. 
Ds'V'cnlOH)$.lI.cal models of Greeno and Anderson et aI., 

it is natural to be able to raise the question of their able to introduce 
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such new concepts in their simulation of behavior. Of course, we do not 
expect much from beginning geometry students in such matters but it 
would be useful to have a view for the future. To some extent, Anderson et 
al.'s concern for composition of productions leading to improved perform­
ance is a step in this direction, but from what they have written it is far from 
clear that we could expect within the present framework anything non­
trivial in terms of the introduction of new concepts. This is a point that 
warrants considerable further investigation. 

I may have seemed severe in my criticisms of Greeno, Anderson et al., 
and Smith, but I do not mean to be. I only mean to be critical in the way 
that they are properly critical of earlier mathematical learning theory. The 
claims on occasion were certainly exaggerated, and it is important to keep 
the claims in perspective. I think that what has been done in the work dis­
cussed by Greeno, Anderson, and Smith, represents progress, but the main 
work that we need for the study of students' or creative mathematicians' 
giving proofs has as yet scarcely begun. 
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