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FREE-VARIABLE AXIOMATIC FOUNDATIONS
OF INFINITESIMAL ANALYSIS: A FRAGMENT
WITH FINITARY CONSISTENCY PROOF

ROLANDO CHUAQUI' AND PATRICK SUPPES

§1. Introduction. In treatises or advanced textbooks on theoretical physics, it
is apparent that the way mathematics is used is very different from what is to be
found in books of mathematics. There is, for example, no close connection be-
tween books on analysis, on the one hand, and any classical textbook in quantum
mechanics, for example, Schiff, [11], or quite recent books, for example Ryder, [10],
on quantum field theory. The differences run a good deal deeper than the fact that
the books on theoretical physics are not written in the definition-theorem-proof
style characteristic of pure mathematics. Although a good many propositions are
proved in the books on physics, there are almost with exception no existential
proofs, and consequently there is no really serious systematic use of quantifiers.
Another important characteristic is the free use of infinitesimals. In fact, most
results would not lose anything, from a physicist’s point of view, by leaving them
in approximate form, i.e., instead of strict equalities or inequalities, using equalities
or inequalities only up to an infinitesimal.

The discrepancy between the way mathematics is ordinarily done in theoretical
physics and the way it is built up from a foundational standpoint in any of the
standard modern views raises the question of whether it might be possible to
construct quite directly a rigorous foundation that reflects a significant part of
this standard practice in theoretical physics. Other parts of standard practice in
physics, for example, the use of physically intuitive but nonrigorous arguments,
are not present in our system.

To reflect the features mentioned above that are characteristic of works in
theoretical physics, the foundational approach we develop here has the following
properties:

(i} The formulation of the axioms is essentially a free-variable one with no use
of quantifiers.

(ii) We use infinitesimals in an elementary way drawn from nonstandard analy-
sis, but the account here is axiomatically self-contained and deliberately elementary
in spirit.
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(iii) Theorems are left only in approximate form; that is, strict equalities and
inequalities are replaced by approximate equalities and inequalities. In particular,
we use neither the notion of standard function nor the standard part function.
Such approximations are not explicit in physics, but can be viewed as implicit in
the way infinitesimals are used.

By limiting ourselves to a fragment with these three features, we are able to prove
the consistency of our theory by finitary means (§2). The proof first reduces the
system to a fragment of the theory of rational numbers with infinitesimals, and
then uses Herbrand’s theorem for this fragment. The fact that the theory can
be reduced to rational numbers is typical of nonstandard analysis, where many
proofs and computations have an algebraic character. It is also to be noted that
the axioms are true in models for nonstandard analysis.

The kind of system we propose satisfies at least in part a central goal of Hilbert’s
program of proof theory, namely to give an axiomatic foundation of analysis suffi-
cient for the expression of geometry and physical theories but which can at the same
time be proved consistent. This concern for including the foundations of physics
runs throughout Hilbert’s career and is expressed in one of his last publications
on the foundations of mathematics ([4], p. 472 of the English translation). We
certainly have not covered as much ground as possible, for extension to functions
of several variables is needed, but the direction we have taken is a constructive one
that should be able to encompass a large portion of current theoretical physics
and be at the same time finitarily consistent. On the other hand, our system is
not nearly as finitistic as Mycielski’s system [6]. More generally, we think that
finitistic constructive systems cannot directly reflect the way mathematics is done
in much of theoretical physics, as our system can.

We give a brief summary of the contents of the paper. In §1 we present the
axioms and in §2 the finitary consistency proof, using Herbrand’s theorem. The
rest of the paper gives a flavor of what can be done in the system: §§3 and
4 on differentials, derivatives and continuous functions, §5 on the nonstandard
principles of overflow, §§6 and 7 on integrals, and §8 on series and transcendental
functions. It may be added that differential equations may be treated in the present
system without major difficulties. For examples on differential equations and more
detailed proofs, see [12].

§2. Axioms. We assume full first-order logic with equality, where the variables
range over numbers, but the axioms are almost free-variable in form. Constants
for numbers include 0, 1, and vy, which stands for an infinite natural number.
Constants for functions include +, -, / (division, I (the identity function introduced
by I(x) = x), and C,, where 7 is any constant term, introduced by C,(x) = .
We have the binary predicate <, and the unary predicates Inf and .#". Later on
we shall introduce expressions for derivatives and integrals. The formula Inf(x) is
interpreted as “x is infinitesimal” and .#(x) as “x is a natural number (finite or
infinite)”. Internal formulas are those where neither Inf nor expressions defined
from Inf occur. Other formulas are external.

We have the full set of open axioms for an ordered field, including 0 # 1. Instead
of introducing the absolute value, we add a function J with the following axiom.
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Axiom 1. (1) x >0 - d(x) = L.

(2) x<0 —>5(x) =-1.

With this function, we can define |x| = §(x) - x. The function é is internal.

We also have the axioms for Peano arithmetic, but with a schema for a minimum
operator restricted to open internal formulas replacing a schema of open internal
induction. It is well known that the two schemas are equivalent. The minimum
schema is the following. We adopt the convention that the variables are in a list
and that k is the first variable in that list. When we write ¢ (x) we mean that x
is substituted for the first variable. Since we only use open formulas, & is always
free for x.

AxioM 2. Let ¢ be an internal open formula, where neither /4 nor min occur
and xi,...,x, are the distinct free variables in , except for the first variable. We
introduce an n-ary function symbol min, with the following axiom:

N (x)ANp(x) —»H (mgn(xl,...,x,,)> /\n'gn(xl,...,xn) <x

/\<p(min(x1,...,xn)).
@

We may omit the variables x1,...,x,, when they are clear from the context.
This axiom implies Herbrand’s minimum axiom as presented in [3]. In order to
imitate Herbrand’s case, for each formula ¢, with the same restrictions as for our
axiom, we must introduce an (n + 1)-ary function symbol ¢, such that (as usual,
we omit the extra variables, and use use n and m as variables for natural numbers)

(1) Ep (0) = D;

(2) =) Ap(n+1)Ae,(n) =0—>e,(n+1)=n+1,

(3) (=) Ap(n+1) Aey(n) =0) — e,(n+ 1) = g, (n),

4) ep(n)=m+1—e,(m+1)=m+1ANe,(m) =0.
The function &, can be defined by

() = TR

Using our minimum axiom, it is not difficult to prove (1)—(4). Itis well known (see,
for instance, [3]) that (1)—(4) imply open induction. Thus, our minimum axiom
also implies it. The axiom of open induction, which in our case is a theorem, may
be stated as follows:

OPEN INTERNAL INDUCTION. Let ¢ be an internal open formula, where neither
A nor min occur. Then

((0) AVx((#(x) Ap(x)) = @(x +1))) = Vx(#(x) — ¢(x)).

We need a sort of Archimedian axiom. We introduce an operation symbol li,
which is internal. The expression li(x) is interpreted as “a natural number > x”.

Axiom 3. #(li(x)) ALi(x) > x.

We also need a maximum operator, introduced by recursion:

Axiom 4. Let t be a term where min does not occur and x., . . ., x,, are its distinct
free variables, except for the first one. We introduce an (n + 1)-ary function symbol
max., (n,x1,...,X,) with the axioms
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(1) max.(1,x1,...,x,) =1,
2) #m)Atn+1) < t(max.(n,x,...,%,)) = max,(n+1,x1,...,%,) =
max,(n, x1,..., Xm),
(3) #m)Atn+1) > t(max, (n, x,...,x,)) = max,(n+ 1,x1,...,%X,) =
n+ 1.
4) #(n) —» #(maxt(n,x,...,%m)).
We also need the recursive definition of 3 _:
AxioM 5. Let ©(k) be a term where min does not occur and x1, ..., x, are its
distinct free variables, except for the first one. We introduce an (n + 1)-ary function
symbol Y7 | (k) with the axioms:

1

(1) Z’L’ k) =1(1),
k=1
n+l n
(2) /V(n)ﬂZr(k):Zt(k)—%T(n—%l).
k=1 k=1

With the J§ function, we can define sums restricted to certain properties. We
define 4,(x) = (§(x) + 1)/2. Then

J(x)—{l if x >0,
"0 otherwise.

Let 7 and o be terms. Then

Zr(i)él(a(i) —x) = Z T,.
1=0 1=1
a(i)>x

In these last two axioms, which are axiom schemas, the new variable is #n. We
prove the usual properties of sums and maxima by epen induction, in particular,
the identity axioms for max and . In order to be able to use open internal
induction, we require that in these two axioms 7(k) not contain min. On the
other hand, since » is a variable, we may replace it by min-terms.

For instance, we need to prove by induction a lemma about the maximum
operator, which shows that it has the right meaning. From now on, the variables
n, m, p, q, i, J, k, v, jt, n are restricted to natural numbers, i.e., elements of .%.

LemmMa 2.1. Let T be a term where min does not occur. Then

v (mrax(v)) /\mrax(v) <vAVk (k <yor1 (mrax(v)) > r(k)) .

The proof is by open internal induction, which, as we know, is a consequence
of Axiom 2 (see [12] for a proof).

In order to develop Taylor series approximations, which we shall do in §9, we
need to define by recursion natural number powers and factorials:

Axiom 6. (1) x! = x,

(2) #(n) - x"! = x"x.

Axiom 7. (1) I =1.
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Q) (n+Di=nl(n+1). ‘

While the max and 3 -axioms schemas are each an infinite collection of axioms,
one for each term 7, the power and factorial axioms are particular formulas, where
x is a variable, so that x” has two variables, x and #, and n! one variable. Thus,
we could have terms with min substituted for x or n. We would also add other
terms defined by open internal induction.

The axioms for infinitesimals are the following.

Axiom 8. Inf(x) AInf(y) — Inf(x + ).

Axiom 9. Inf(x) A =Inf(1/y) — Inf(xy).

Axiom 10. x # 0 AInf(x) — ~Inf(1/x).

Axiom 11. Inf(x) A |y| < |x| — Inf(p).

Axiom 12. Inf(1/x) A—=Inf(1/y) — Inf(1/(x + »)).

Axiom 13. ~Inf(1/x) A =Inf(1/y) — =Inf(1/(x + y)).

Axiom 14. —Inf(y) AInf(x) — |x| < |y|.

Axtom 15. #(vg) A Inf(l/V()).

The constant &g is an infinitesimal introduced by gy = 1/v. It is clear that we
have Inf(gg) and gy > 0. We introduce =, which means “approximately equal”,
as a defined notion, i.e., x ~ y if and only if Inf(jx — y|). The symbol = is not
internal. We also introduce the following expressions as definitions: x = oo if and
only if Inf(1/x) A x > 0. The expression x = oo, which is not internal, can be read
“x is positive infinite”. We write x < oo for = Inf(1/x) V x < 0. The expression
x < oo, which is not internal, can be read “x is not positive infinite”, that is, “x is
nonnegative finite or negative”. Similarly, we write x > y for ~Inf(x — y) A x > y.
The expression x >> y, which is not internal, can be read “x is strictly greater
than »”. Thus, “x is infinite”, is expressed in symbols |x| = oo, “x is finite”, i.e.,
not infinite, in symbols |x| <« oo, and “x is noninfinitesimal”, in symbols |x| > 0.

We also add open external induction, although we could manage without it.
As for internal induction, we introduce a minimum operator instead.

Axiom 16. Let ¢ be an open formula (not necessarily internal ), where neither N
nor min occur and x, . .., x, are the distinct free variables in , except for the first
variable. We introduce an n-ary function symbol min,, with the following axiom:

N (x) Aplx| Alx| < oo =H (min(xl,...,x,,)) Amin(xy,...,x,) < x
@ @
A (min(xl,...,x,,)> .
©

Just as for internal open induction, this axiom implies a form of Herbrand’s
minimum axiom and, also, a form of open external induction. Open external
induction, which in our case is a theorem, may be stated as follows:

OPEN EXTERNAL INDUCTION. Let ¢ be an open formula, where neither A4 nor
min occur. Then

(p(0) AVx((#(x) Alx| € 00 Ap(x)) = p(x + 1))
= ¥x (A (x) A fx] < oo = ¢(x)).
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We need to introduce derivatives and integrals at least for all elementary func-
tions. One problem is that we cannot prove that the functions defined as inverses
of other functions (such as the exponential) are defined on all numbers. The most
we can prove is that for any number there is an approximately equal number where
the function is defined. We must, then, complicate the definitions of derivatives
and integrals to allow for this possibility. In order to have the transcendental
functions defined on the right domains, we use Taylor series in §9.

The domain of inverse functions is the range of a function (for instance, in
the case of the exponential, its domain is the range of the logarithm). Terms,
however, are defined everywhere. So, a function in our system is determined by
two terms, say 7 and o, where min does not occur, and an open formula, say ¢,
not necessarily internal: the argument is a value o (u), for a certain u that satisfies
¢ (u), and the value is z(o(u)). If a function f is represented by a pair of terms
7, g, and a formula ¢, in this fashion, and x is the variable for the argument
of the function, we sometimes write f(x) instead of z(x) and x € dom f, for
Ju(p(u) A x = a(u)). It is clear that, in case o (u) is u and o (u) is u = u, then
the domain contains all real numbers. We allow = and ¢ to have other variables
besides x and u, but # may not occur in 7 and x may not occur in ¢. The derivative
and integral of f will then be associated with the pair of terms and the formula
which constitute /. If f corresponds to zo(p, then the term z(x) will be denoted
just by f(x), a(y) by faom(y), and ¢ (y) by @ (y).

The expression x € I, where I is an interval, may be used as an abbreviation
for the appropriate inequalities. For instance, if / = [a,b] then x € I means
a < x <b,and if I = (a,b) then x € I stands for a < x < b. We shall always
assume that the endpoints of I are @ and b. We also use informally the subset,
intersection, and union notation. For instance, [a,b] C ¢ if for every x € [a, b]
we have @/ (x). We also introduce the image of a set by a function, x € f(4) if
there is a y € 4 such that x = f(y). \

We say the a term o is monotone on the interval I if, for every x, y eI, x < y
implies o(x) < o(y) or, for every x, y € I, x < y implies a(x) > o(y). We say
that a term o is Lipschitz on the interval I if there is a finite M such that for every
x,y €1, x ~ y, we have that |o(x) —a(y)| < M|x — y|.

We shall use the following abbreviation. We say that f is a function on the
interval I if the following conditions are satisfied:

(1) There are finite a1, by such that [a1, 5] C vy and I C J, where J is the
interval with endpoints fgom(a;) and faom(b1).

(2) The term f4om is monotone and Lipschitz on [a;, b;].

(3) For all x, y € [a1,b1], if x % y then faom(x) % faom(¥)-

We shall also use the letters g and 4 for functions in the sense introduced above.

Let ¢ < d, ¢, d finite, v an infinite natural number, du = (d — ¢)/v, and
uw, = ¢ + idu, [c,d] 2 [a,b]. So the u,, for 0 < i < v — 1, form a partition of
the interval [c,d], what we call a geometric subdivision of [a, b] of order v. We
always assume that ¢ and d are finite and v is infinite. Notice that a geometric
subdivision is determined by three numbers: the endpoints of the interval, c, d,
and the infinite natural number v. So when we informally quantify over geometric
subdivisions, we are formally quantifying over three numbers.
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Let f be a function on [a, 5] and u the geometric subdivision of [¢,d] D [, b]
of order v ~ oco. We shall call v a selector for f and u on [a, b] if v is a geometric
subdivision of [a1, b;] such that for every i such that a < u; < u,.| < b, there are
s with a1 < v, <by and faom(v,) € [, u,41].

Recall that the min terms can be avoided in this situation. We have the following
proposition, which is one of the reasons for introducing functions this way:

ProrostTioN 2.2. Let f be a function on [a, b]. Let u be a geometric subdivision
of [a,b]. Then there is a selector for f and u on [a,b].

Hence, for every x € [a,b] there is a y € J such that fiom(y) =~ x.

ProoF. Let M be the finite number in the definition of Lipschitz for the interval
[a1,b1]. Lete <du, b— Umin,, 5 — 1> Uming,sq — - Assume that f4om is increasing.
Notice that

vo
umlnukzb = Zal(ul - b)51 (_5(1’{1—] - b))u])
1=1

and similarly for Uming, >q> SO that we can define £ without min. Letv, =a; + je/M,
vi = i(M(by — a1)/e, and d = ay + vie/M. We prove that for every i such
that @ < u, < b, there is a j such that f4om(v,) € [u,,u,11]. In fact, we take
j=mings, (). This j works, because, since fom is increasing faom(v,—1) <u,
and

1>
‘fdom(vj) - fdom(vj—l)I < Ml”} - U]—l\ < MH =e< Uy —u.

If f4om 18 decreasing, the proof may be obtained similarly.

In order to prove the second conclusion, we take u to be the geometric sub-
division of [c,d] of order vo. Let x € [a,b] and n = min,, >,. We have that
d = u,, > x. Hence, by Axiom 2, u, > x. If n =0, then u, = ¢ < x, and, hence
u, = x. If n > 0, then, again by Axiom 2, x > u,_1. But u, =~ u,_;, and so
u, =~ x. Therefore, in any case, u, ~ x. By the previous part of the proposition,
there is an faom(y) 10 [ty, tn21]. But faom(y) =~ u, =~ x. O

Notice that, given M, we can construct that j such that fgom(v,) € [u,, 4,211

By the differential of f, df(x,y), we mean the difference f(x + y) — f(x).
We now introduce the derivative: For each pair of terms, z(x, xj,...,x,) and
o(¥,¥1,---»¥m), each open formula ¢(y,z1,...,2,), where the variables are as
displayed, and each variable x, we introduce the (n + m + p + 1)-ary opera-
tion (tap),. If t is written as the function f(x), we write f'(x) for the term
(T0@)x (X1, s Xy V1o vy Vims 215 o5 Zp)-

Axiom 17. Let f be a function on I, where |a|, |b| < co. Then, if for every x,
y such that Inf(y), y #0, x, x + y € I ndom f, we have that

df (x,y)/y =~ g(x),

then, for every x € I nidom f, f'(x) =~ g(x).
For the integral, we assume that f is the function on 7 determined by 7, ¢ and
¢ as above. Then, we introduce the (n + m + p + 2)-ary operation symbol

/ (to@) dx(X1,.. ., Xns Y1, oo oy Yms 215+ -5 Zp)s
t
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which is called the integral of f with respect to x. We also write [ (to)dx as
IR
' Before we state the corresponding axiom, we will introduce a few abbreviations
and explanations. Let f be as above. We shall approximate definite integrals on
the interval [a, b] by sums, that is, by the nonstandard counterpart of Riemann
sums. Since we may have the function f undefined on part of the interval [a, b],
but only defined on the range of another function represented by the term f4om,
we need to be able to choose points in each interval [u,,#,,,] where f is defined.
We have seen in Proposition 2.2 that this is always possible when f is a function
on [a,b]. But this was done in the proof with min-terms, and we cannot use
min-terms inside sums. Fortunately, since f4om is monotone, we can choose this
number without min-terms:

Let v be a selector for f and u on [a, b], which is a geometric subdivision of the
interval [a;, b;] of order v;. Then, for every i/ < v there is a v, such that f dom (U ;)
is in the interval [u,,1,1;]. Let the functions § and §, be as introduced before. If
fdom 18 strictly increasing, then the term

v1—1

Zal(fdu!ﬂ(vj) ) (ut—rl fdom( ))
X 01 (_5(fdom(v_1-—1) - uz))f(fdom(’”j)) f(fdorn('vk))

where k = ming, _(,,)e[u,u,,]- Lhis can be easily proved using Axiom 2. For
strictly decreasing terms, we have to change v,_; to v, and then get k as the
last j < u such that faom(v,) € [y, 1], i, K — 1 =miny(, yep, ,, u,,- This also
is proved using Axiom 2. We denote faom(vi) =t,. We also need to find a value

= fdom(v)) in [a, tnm,,.,] and tp = faom(v,) in [thmu, ., —1,5]. The formula
is smnlar with the obvious replacements

We now define the “Riemann sums”. We need six parameters: c, d ci, dy, v
and u, which in fact may be summarized as two geometric subdivisions. If u is the
geometric subdivision of [c, d] D [a, b] of order v and v is a geometric subdivision
of [¢1,d] of order vi, which is a selector for f and u on [a, b], we abbreviate

> flue = Z £(2,) du

a<u, u, H<b
Recall that f(z,) is an abbreviation for the term

n—1

251 (fdom(vj) — U )51 (uz—H - fdom(vj))

7=0

X 81 (=0 (faom(v,—1) — 1)) f (faom(v))),
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when fgom is strictly increasing, and for the term

u1
Zal(fdom(vj) - u,)&(uhq - fdom(vj))

X 51(_5(fdom(vj+1) - ul))f(fdom(vj));

when fgom is strictly decreasing. We are now ready to introduce our axiom. We
use the notation introduced above.

Axiom 18. Let f be a function on [a,b]. Suppose that a < b < ¢, |a|, |c| < o0.
Under these hypotheses we have that the condition:

If for all geometric subdivisions u, v’ of [a, c] such that ch”b ~ 0, % ~ 0, and
all selectors v for f and u on [a,c] and V' for f and u' on [a,c] we have

(1) Zaflrlt3y ol o, 3 /sl
c—b c—b

and 2 Slwe]l | 2 S ]
¢ fluw N € flu v
(2) bL'—b ~ bc—b 2

implies that, for every geométric subdivision u of [a, ¢}, such that
selector v for f and u on [a,b], we have
b c c
PR I M
() L L2t~ e,

4 20, and every

c

and
(b) Js f ~y 2b f[u,v]'

c—b c—b

§3. Consistency. We can use familiar results in nonstandard analysis (see, for
instance, [5], [1, Chapter 1], or [2, Appendix A]) to establish the validity of our
axioms in a system of nonstandard analysis and thus show the relative consistency
with classical analysis (and ZFC) of our system of axioms when the function
symbols have the usual interpretation, members of *R are assigned to numerical
variables, Inf(x) is interpreted as x is an infinitesimal, and /' (x), as x € *N.
The proof consists of easy verifications. Notice that we have neither the notion of
standard functions nor the standard part function, so that we cannot characterize
real nuinbers and all our functions are internal (but cannot be proved standard),
in the usual nonstandard sense.

In the rest of this section, we give a finitary proof of consistency, using Her-
brand’s theorem. We first show that the theory with the axioms for derivatives
(Axiom 17) and for integrals (Axiom 18) is a conservative extension of the theory
without them. Suppose we have a proof of a statement ¢ where ' does not occur
in which there is a line y, with an instance of Axiom 17. In the conclusion we
have that x € dom f and x € I, i.e., x = fgom(y) for a certain y € [a,b;]. Let
z = f4om(¥ +€0) — faom(y). Then z =0, but z # 0. Replace f'(x) by df (x,z)/z
in y,. Then the new statement is derivable from the infinitesimal axioms. It is
easy to see that the minimum and maximum schemas are transformed by this
substitution into schemas of the same kind.

We may notice that we could have introduced, instead of Axiom 17, a condi-
tional definition of f/ by putting f'(x) = df (x,z)/z instead of f/(x) ~ g(x) in
the conclusion of the axiom. We did not do this because, although it would have
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simplified the system, the standard derivative of a standard function f is not, in
general, df (x, z)/z. Since we do not use standard functions, this would not have
been a problem in our system.

The argument for Axiom 18 is similar, but somewhat more complicated. Let
u be the geometric subdivision of [e;, e2] D [a, ¢] of order

li € — €
1 Voc_b .

du _ e —e1 <l
c—b vic—b) " w

Find v;, aj, and d; as in the proof of Proposition 2.2, determining a selector v
for f and u on [a, c]. In the conclusion of the axiom replace | b f by Zz flu,v],
[ f by 35 flu,v], and f; f by > flu,v]. The new line is a consequence of
the infinitesimal axioms.

Thus, by eliminating the axioms for derivatives and integrals, we reduce the
theory to the theory of a field, which may be taken to consist of algebraic numbers,
plus infinitesimals.

Construction of the finite model. We know from Herbrand’s theorem that the
theory is inconsistent if and only if there is a conjunction of closed substitution
instances of the axioms which is inconsistent. We also have to include instances of
the equality axioms for the field operations. The corresponding equality theorems
for the operations defined by recursion are proved by induction, so that we do not
need to include their instances. We consider a particular conjunction of substitu-
tion instances, say y, of the axioms with constant terms. We use the expression
the terms in the instance for terms occurring in the substitution instance .

We shall construct a model, for every instance v, whose universe is a finite set
of rational numbers, and for which the field operations and relations have their
natural meanings. Also, natural numbers will be represented by natural numbers
in the model. We thus show the consistency of . As we shall see, the instances
of the equality axioms for the field operations will be automatically satisfied, so
we do not need to worry about them. The models for the instances y are sort
of finite approximations or fragments of the nonstandard fields constructed by A.
Robinson in [9].

The model is constructed in two steps. We first associate to each of the constant
terms in the instance, say z, an expression 7* of the form

Then
=~ 0.

agvy’ + aivy' + -+ apvy"

(x) ;

bovy” +bivy' + -+ by’
where ay, ..., a,, b, ...,b, are positive rational powers of rational numbers and
POy ... »Tn, S0,---,S, are specific nonnegative rational numbers. We assume that

o <ri <---<rt,and sp < 5] < --- < 8. The numbers n and m are specific
natural numbers, not variables. This association will have the properties that the
* operation commutes with the field operations and preserves the equalities and
inequalities. For brevity, we shall call functions of the form (x) algebraic functions
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of vo. In the second step, we associate a rational number with each term. The
universe of the model is a finite set of rational numbers.

The association will have the property that 7 = ¢ can be proved with the field
axioms if and only if 7* = ¢*, so that z* is a sort of normal form of . Thus, the
equality axioms for the field operations are satisfied.

The construction of the model is based on the well-known fact that if r, > s,
then an algebraic function of v, tends to +oo, if s, > r, it tends to 0% or 0,
and if r, = s, it tends to a,/b,,, when vy tends to +oc. These limits can be
constructively approximated.

It is to be noted that algebraic numbers that are not rational, and rational
powers that are not integer powers appear only to eliminate the minimum operator.
Without this operator, we only get rational functions of vy.

In the first place, given the field axioms and taking €9 = 1/v, all terms are
equal to rational functions of vy. That is, a term is equal to

ap+ aivog+ -+ + a,vg
b0+b1v0+-~+bmv6"’

where aq,...,a,, bg,...,b, are terms constructed from 0, 1, 4, min, and max
terms, » -terms and natural number powers. Notice that the terms inside the J
function, min, and max., and > and powers can be set in the same form. Thus,
we have to eliminate the terms with J, min, max, ), and powers.

The > -terms. We shall associate effectively to terms of the form
g()
2 =)
=1

an algebraic function of vy, where g(vo) is an algebraic function of vy and the (i)
are algebraic functions of vo. The symbolsd, max, >, or powers may occur in (i)
and g(vo), and min may occur in g(v), so that the transformation to algebraic
functions of vy must be done recursively.

If a 5"-term does not occur in an instance of Axiom 5, the sum axiom, associate
an arbitrary number. In case an instance of Axiom 5(1) occurs

we set

On the other hand, let m, m + 1,...,m + g be a maximal chain of terms m
normal form from the instance y of the form

m+j+1 m+y

S =S i) +rlm+j+1).

=1 =1
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Then we set

(f;fu)) — (m)",
=1

and we let

* * *

m+j+1 m
( Z T(i)) = (Zr(z)) +t(m+j+1)

=1 1=1

The max-terms. We proceed similarly as for the 3 -terms. The term (max, (1))*
= 1. On the other hand, let m, m+ 1,...,m + g be a maximal chain of terms in
normal form from the instance y occurring in formulas of y of the form

/V(m+j)/\r(m+j+1)§r(max(m +j)> — max(m + j + 1) = max(m + j),
or
/V(m+j)/\r(m+j+1)>r(mrax(m—kj))—>m§1x(m+j+l)=m+j+1.

We then set (max,(m))* = m. Suppose that (max.(m + j))* has been set. Take
4 large enough so that for all vy > 4,

tm+j+1)<< (mTaX(m +J'))*

or, for all vy > 4,

tm+j+1) >'r(mrax(m+j))*.

In the first case, take (max,(m+ j +1))* to be (max,(m + j))*, and, in the second,
m+j+ 1

Other recursive definitions. The procedure is similar as for the } - and max-
terms. Take, for instance, the natural powers axiom, Axiom 6. We assume that
m,m+1,...,m+ g is a maximal chain of terms in normal form from the instance
w occurring in formulas of y of the form "l = ¢"¢, for a certain constant term
7, already in normal form. Then set (z™)* =z and (z"+!)* = ((z")*1)*.

The 6-terms. We shall find, in this case, a natural number u so that these terms
have constant values for all vp > ux. Suppose that 6(t) occurs in the instance,
where 7 is an algebraic function of vo. Then there is a x such that T > 0 for all
vo > u, or 7 < 0 for all vg > u. Let 6(z)* be 1 or —1, accordingly.

The min- and li-terms occur in instances of Axioms 3, 2, or 16. If a min- or
li-term 7 does not occur in an instance of one of these axioms, set t* =1,

If general, if a min- or li-term o occurs in one of these axioms, we shall take
o* to be either a definite natural number or an approximation of the number we
shall get when v, tends to infinity. More precisely, in the latter case, if n(y,) is the
actual minimum for vo, then n(vy)/c* we tend to 1, when vy tends to infinity,
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The least integer terms. We now deal with Axiom 3. Suppose that the instance
is
li(z) > = A (1i(7)).

We proceed by induction, so that we assume that t does not contain min- or li-
terms. We also assume that 7 is in normal form, say as t*. If t* tends to —oo
when vy — oo, then set li(z)* = 1. If t* tends to a number r, set li(t)* equal to
the least natural number > r. If it tends to +oo, then set li(t)* = z*. This last
setting is a good approximation, because if # is the least natural number > t*,
then n > t* > n — 1, and thus, n/7* tends to 1 as vy tends to co.

The min-terms. We now proceed to the min-terms. We assume that our min-
term occurs in an instance of Axiom 2 or 16. We first have to define a formula
¢* for each formula ¢ occurring in one of the instances of the min-axioms in
. Let min, occur in an instance of Axiom 2 or 16 in y, where ¢(k, xi, ..., x,)
is an open formula, and assume that no ./ or min occurs in ¢ and that its only
distinct variables are k and x1, ..., X,,. Assume that ¢(n,0q,...,0,) occurs in the
antecedent of the axiom, where n and o1, . . ., 7, are constant terms in normal form
(i.e., the transform * of a term). Terms with min may occur only in 7, o1,..., 0.
We have to determine an approximation for min, (o1, ...,0,), i.e., for the minimal
k (or minimal finite k, for the external min-axiom) that satisfies p(k,01,...,0,).
We write ¢(k,01,...,0,) as p(k,ay,...,a,), where a1, ..., a, are the maximal
distinct min-constant terms, and replace them by distinct new variables to obtain
@(k,y1,...,yp). Notice that in ¢(k, y1,...,y,) there are no min-terms.

For any formula 6, denote by 6" the formula obtained by replacing = by *,
for any term t occurring in §. We define (¢(k(y1,...,y,))* so that the formula

obtained by substituting n*, a,...,a, for k, y1,...,y, in (@k, y1,...,¥p))* is
(p(m,0,...,a,))*. Forinstance, if the term 7 (n) is hiwa(i),andh(n) isty(n)+
P p =1

1, for a certain term 71, then 7(n)* is

o(i) ] +o(ti(n) +1)*.

1=1

71(n)

We take 7(k)* to be

=1

All other replacements may be done similarly.

‘We then order the min-terms that occur in instances of these axioms in y, as 7,
7y,...,7, in such a way that if / < j, then 7, does not occur in 7,. The setting of 7,
is done by recursion on i. The recursion will be explained later. We first consider
the cases where no min-terms occur in 7,, i.e., the formula ¢ in the corresponding
axiom can be written ¢ (k), with no yi,...,y,. In the antecedent of the axiom
we have ¢ (n), and a min-term may occur in n. We have to consider two cases:
internal and external min-terms.



FOUNDATIONS OF INFINTESIMAL ANALYSIS 135

The internal min-terms. In this case, the formula ¢, as above, occurring in the
instance of the axiom is internal, i.e., it does not contain Inf. By the field axioms,
o (k)* is equivalent to a disjunction of conjunctions of formulas of the forms = > 0,
1< 0,7 >0, and r <0, where 7 is an algebraic function of vy with the coefficients
functions of k. This equivalence can be shown by noticing that: © = 0is equivalent
tot £0AT#0;7£0tor>0;7#0tor<0;7£0tor>0;and7 #0to
7 < 0. These forms may be reduced to two: 7 > 0 and r > 0, by multiplying by
—1, if necessary.

Let us call an algebraic polynomial an expression of the form a,v" +- - -+ a, vé“,
where tg,...,t, are nonnegative rational numbers and ay, . .., a, are nonnegative
rational powers of rational numbers. We define similarly algebraic polynomials in
several variables. We can then simplify further the terms 7. If ¢ = 7'/7”, where
7/ and 7" are algebraic polynomials, © > 0 can be replaced by (z' > 0A 7" >
0) A (¢’ <0AT” <0). Thus, in the end, (¢(k, ai,...,a,))* can be taken to be a
disjunction of conjunctions of formulas of the forms 7 > 0 and r > 0, where 7 is
an algebraic polynomial in vg and &, a1, ..., 0,. In order to define the minimum
for such disjunction of conjunctions formulas we first determine the minimum for
each atomic formula of the forms 7 > 0 and 7 > 0. The procedure is the same
for both types of formulas, so we consider only 7(k) > 0. We prove by induction
that, for large vy, the expression t(k) > 0 is equivalent to an expression of the
form

P (kv + Py_y (k)vg"™ + -+ + Polk)v > 0,

where P, (k) is an algebraic polynomial in k. We have two main cases, and one
special case. The main cases are

(1) P,(k) >0, for certain k,

(2) P,(k) <0, for all k,
and the special case is that P,(k) = 0, for certain k. The special case will be
reduced to the two main cases. Notice that it can be determined effectively which
case we are in: take ko large enough so that P,(k) has a constant sign for all
k > ko. Then examine all k < ko, which are finitely many.

Suppose (case (1)) that there is a natural number k such that P,(k) > 0. One
can find effectively a minimum such k, say k. For this kg, there is a u such that
(ko) > 0 for all vy > u, and 7(m) < 0 for all m < ky. Set (min;~,)* = k.

Suppose (case (2)) that P,(k) < 0 for every natural number k. If, for large vy,
there is no k such that t(k) > 0, set (min,»o)* = 1.

Assume, then, that there is a minimum natural number % such that 7(kg) >0
for vy sufficiently large. We claim that k&, tends to infinity when v, tends to infinity.
Suppose not. Then there is 2 maximum such ko, say ». Find u large enough so
that 7(p) < 0 for all p < m and all vy > u. Thus, (m) < 0 for vy > u, which is
a contradiction, proving the claim.

Then, we proceed as follows. Divide both sides of the inequality z(k) > 0 by
—P,(k). We get the equivalent inequality
Ppoi(k) 4, Py(k)

th -

Pu(k) ° Pu(k)




136 ROLANDO CHUAQUI AND PATRICK SUPPES

We have three cases for the algebraic functions —P,(k)/P,(k) of k, for i =
0,...,n—1, as k tends to oo. The algebraic function may tend to oo, to a finite
nonnegative number, or to a negative number or —co. We need to compensate
those terms which become negative for large k& with the terms which become
positive. However, the indices 7 in the second case may be disregarded, because,
if —P,(k)/P,(k) tends to a finite nonnegative number, we must have i < n and,
since ¢, < t,,

It P, (k) f
}0 mvo -

—00,

as vy tends to oc. It is clear that, if there are no i with —P,(k)/P,(k) —
as k — oo, then 7 < 0 for all large enough v, Thus, we need at least one term
which tends to co. We then consider the cases where —P, (k)/ P, (k) tends to oc or
becomes negative, and we assume that it tends to oo, for at least one i, 0 <i < n.
Recall that one of the terms that tends to oo must be made larger than or equal
to all terms becoming negative,

Let my,ms, ..., m, be such that

ﬁ%—:—({i—f — oo of the same order as Z—:k"",

fori=1,...,J, where k tends to oo, and let g1, ¢;,. .., be such that

P, (k . N c
0 (k) becomes negative of the same order as —k’,
P, (k) ds
for large k and s = 1,...,1.

In the next few statements, we write ~, in an informal manner, for approxi-
mately equal for large v;. In order to compensate all negative terms (s =1,...,/)
with the m, positive terms, we must have

m, (k) fm, ~ Pq. U‘-) K

v/ las

P,k T TRk

for large vy. That is,

__[I,lmzN h.:'
bk dk

Hence, if p, > A,

kPr hs ~ .tqs_tmt
)

b s K ’
and’ if_pl < hS;
bics Ks—r ~ v””!*t‘“
>~ Wy .
a,d,
Let

4. = b.cs (tm, —tas )/ (hs—py)
v = alds
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in the first case, and

(aldx ) (f.:, —fm[)/(Pz —hy)
Ay =
b,c;

in the second case. So, for an r such that k ~ v} (maybe except for a coefficient)
will compensate all g, against a certain m,, We need

P+t 2 rhs+tqs5

for s=1,...,/. Thatis
tg, —1 .
{ rz S if pe > b,
b, —tgg .
r< o i p<hs,

for s = i,...,[. If there is no r that satisfies all these inequalities, then the term
m; cannot compensate all ¢,. If there is such an r, take r, to be the maximum of
the terms (z,, — t,,,)/(p; — hs) with p, > h,. Notice that , > 0, because the first
negative term is —vé", that is, q; = »; but ¢, is larger than all the ¢,, , i =1,..., /.
Also, b1 = 0. Now, p, > 0, since —P,, (k)/P,(k) — oo. Therefore

lyy —lm, _ lg —lm
p—h D

If no r, exists for i =1,..., j, then 7 < 0 for all k, for sufficiently large vy. So,
since we assume that 7 > 0 for some k, we take r to be the least r, such that r,
exists. Let r =r,, for a certain i = 1,..., j. Then let 4 be the maximum of A4,;,
fors=1,...,1

If kq is the minimum which satisfies 7 > 0, then 4v] < ko < Avj + 1, so that
ko/Avj tends to 1 as v, tends to oo. Notice that, in this case, any natural number
p > Av}, satisfies 7(p) > 0.

We now deal with the special case where P,(k) = 0 for certain k, say ng. If
also P, (k) > 0 for other k, let kq be the least such. If ny > ko, then take k; as
the minimum and proceed as in case (1). If ny < ko, pick u large enough so that
the truth of 7(ng) > 0 is fixed for all vy > u. If 7(ny) > 0, then take ng as the
minimum; if not, ky is the minimum.

Now suppose that P, (k) < 0 and that P,(n) =0,..., P,(n;) = 0. We examine
t(n,) for i = 1,...,d and find yu large enough so that its sign is determined for
all vg > . If 7(n,) > 0 for a certain 7, then n, is the minimum. If z(n,) < 0 for
all i and sufficiently large v, then we proceed as in case (2), and determine that
the minimum is asymptotically approximated by Avg.

The case for T > 0 can be dealt with similarly.

We have, then, that there is a large # such that the same minimum or minimum
approximation works for all vy > u. If we have a conjunction of formulas of the
forms T > 0 and 7 > 0, we must make an analysis of the different combinations
of cases in order to determine an approximation. Case (1) has to be divided into
two subcases:

(1a) There are only finitely many ks such that P, (k) > 0.
(1b) P,(k) > 0, for all sufficiently large k.

> 0.
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In both subcases, we can take vy large enough so that = > 0 only for k’s such that
P,(k) > 0.

If we have a conjunction of formulas of the form t(k) > 0 and 7(k) > 0 in case
(1), then we can determine effectively whether there is a & which satisfies all the
formulas, and then determine its minimum. If there are formulas in cases (1a) and
(2), then we can find a v, large enough so that the minimum for the formulas in
case (2) (which is of the order of v}, for some positive rational r) is larger than all
the k which satisfies the formulas in subcase (1a), and, hence, there is no number
which satisfies all the formulas in the conjunction. Finally, if all the formulas are
in cases (1b) and (2) (or only in case (2)), take the largest A for the largest r
such that Av} is an approximation for the minimum of the formulas in case (2),
and take vy large enough so that for all £ > Ay}, the formulas in case (1b) are
satisfied.

If we have a disjunction of conjunctions, then take as an approximation to the
minimum the least that satisfies one of the conjunctions in the disjunction.

Finally, in order to obtain the * transform, in all terms in the instance v, replace
min,, by its approximation thus determined.

The external min-terms. As was mentioned before, the elimination of external
min-terms has to be done simultaneously by recursion with the internal min-terms.
We assume, then, that we have an instance of Axiom 16 with ¢ as the main formula
(ie., min, is the main min-term). We also assume that ¢ contains no min-terms
and that ), J, and max have been eliminated.

We assume that the terms have been put in normal form, which are algebraic
functions of vy. As we did before, we replace the terms in ¢ by their normal
starred forms to obtain ¢*. In order to determine the truth of ¢*, which may
contain Inf, declare a term ¢* infinitesimal, i.e., say that Inf(z*) is true, if t* has
Sm > Iy, 1.€., a higher degree denominator, and no min-terms.

Let py be a natural number such that |a,/b,,| < po for all terms a,, b,, m
the instance where no min-term occurs and s,, > f,. We take vy large enough
so that all inequalities in ¢*(k) are determined when replacing & by any of the
numbers 1,2,..., po + 1. Examine the formula ¢*(k) for k =1,2,..., po+ 1. If
it is true, with the conventions adopted above, for at least one of these numbers,
let min, be the minimum for which it is true. If it is not, let this minimum be
provisionally equal to 1. Replace, then, this minimum term wherever it occurs by
the corresponding number.

The recursive procedure for elimination of min-terms. Suppose, as above, that
the min-terms in instances of the min-axioms in y are 7i,...,7,, ordered so that
7, does not occur in 7, if { < j. We replace 7, by t* definitively or provisionally. A
term 7, is provisionally replaced if it is in an external minimum axiom provisionally
replaced by 1 by the procedure given above, or if a provisionally replaced term
occurs in it. A term is definitively replaced if it is not provisionally replaced.

We deal with 74,...,1, by successive changes. We first obtain p, as above, and
apply the procedures for the min-terms z1,...,7, (internal or eternal) outlined
above. Those that are definitively replaced are eliminated from the list to obtain
Til,++.,Tim. LOOK again at the terms of the form a,/b,, with the degree of the
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numerator less than or equal the degree of the denominator, and, as above, find
a natural number p; such that |a,/b,,| < p; for all these terms. Declare a term
o infinitesimal if it contains no min-term and has a higher degree denominator.
We have p; > po. If p1 > po, repeat the procedures for external and internal
min-terms with 71,...,71,,. Those that are definitively replaced are eliminated
to obtain 7ay,. .., Tom,. If p1 = po, stop.

Repeat the same procedure until stopping, i.e., until p, = p, for a certain 4.
The procedure must stop, since, for p,;1 to be larger than p, at least one of the
terms 7,1,...,T;m,, 52y 7,, has to be changed. This can happen either by

() 7y being an external min-term which is assigned a number greater than
1, while it was assigned 1 before, or
(ii) by a term occurring in 7, being changed.
Thus each term can be changed only a finite number of times before being defini-
tively replaced. Since there are only finitely many terms, the possible changes are
finite, and so there must be a p; = pg41.

Notice, also, that in the case of internal min-terms, they are replaced either
by natural numbers or by expressions of the form A4vj. In the second case, the
replacement Avj is not, in general, a natural number. Since the min-terms will
have to be assigned natural numbers in the model, the assignment for the model
will change. This final change, however, causes no problems, because Ai}é will be
an infinite number larger than the p,’s, so it will not affect the assignments of the
external min-terms.

The model. We now proceed to the construction of the model. We have associ-
ated, by the procedure indicated above, to each term an algebraic function of v,.
Let

L_]a
p
for all a,, b,,, with r, = s,,, of the algebraic functions associated to terms in the
instance. Since there are only finitely many terms, it is always possible to find such
a natural number p. Find vy large enough so that the following conditions are
met:
(1) All replacements for 6 and max can be done within an approximation of
1/(2p).
(2) All fractions li(z*)/7*, when 7* — oo, are closer to 1 than 1/(2p).
(3) All fractions min,~/4v{;, when this replacement applies (for internal min-
terms), are closer to 1 than 1/(2p).
(4) All algebraic functions with r, > s,, are larger in absolute value than 2p.
(5) All algebraic functions with s,, > r, are smaller in absolute value than
1/(2p).
(6) All algebraic functions with r, = s, are closer to a,/b,, than 1/(2p).

Let v(z*) be the numerical value of the associated algebraic function t*, using
this vo. In the model, put all the natural numbers less than or equal to ug, where
o is a natural number larger than the largest v(¢*). The property ./ is interpreted
as the set of natural numbers < zo. We now define the interpretation I(z) of each
term 7. If 7 does not contain li or min, then I (z) = v(z*). If r = min, or 7 =li(s),

<p

—_— H

m



140 ROLANDO CHUAQUI AND PATRICK SUPPES

then I (7) is the actual natural number which is the minimum of the numbers < ug
which satisfies (k) or which is > o*, respectively. All terms are formed with
the field operations operating over min- or li-terms and terms without min or
li, so we complete the assignment by determining that I(z + o) = I(z) + I(0),
I(t-0)=1(z)-I(0), I(t—0)=1(t)—I(0), and I(z/o) =I(z)/I (o).

Declare a term 7 infinitesimal, i.e., say that Inf(z) is true, if the associated
algebraic function t* has s,, > r,, i.e,, a higher degree denominator and, hence,
|1(z)| < 1/2p; declare it finite if it has r, = s,,, i.e., an equal degree numerator and
denominator and, hence, |7(7)| < p + 1; and declare it infinite if it has r, > s,
i.e., a higher degree numerator and, hence, |I(z)| > 2p. It is easy to check that
all the infinitesimal axioms are satisfied:

Axiom 8. This is satisfied because the sum of two algebraic functions with
higher degree denominators also has a higher degree denominator.

Axiom 9. Suppose that the algebraic function x* for x has a higher degree
denominator and (1/y)* has a higher or equal degree numerator. Then y* has a
higher or equal degree denominator. Thus, (xy)* has a higher degree denominator.

Axiom 10. It is clear that if x* has a higher degree denominator, then (1/x)*
does not. ’

Axiom 11. Suppose that x* has a higher degree denominator, and that v(|y*|) <
v(|x*]). Then, by the selection of vy, y* also has a lower degree numerator.

Axiom 12. Suppose that x* has a higher degree numerator, and y* has a lower
or equal degree numerator. Then x* + y* = (x + y)* has higher degree in the
numerator.

Axiom 13. If both x* and y* have a lower or equal degree numerator, then so
has x* + y*.

Axiom 14. If y* has a higher or equal degree numerator and x* has a higher
degree denominator, then, by the choice of vq, v(|x*|) < v(|y*|).

Axiom 15. Tt is clear that 1/vy has a higher degree denominator.

This completes the finitary proof of consistency.

84. Differentials and derivatives. We now begin the development of the calculus
of one variable from the axioms introduced in §2. As is customary, we use the
abbreviations (f + g)(x), (fg)(x), %(x), and (f o g)(x).

We have introduced the derivative f/(x) of f(x) in Axiom 17 in §2. We say
that f is differentiable at x € dom f if

vy (Inf(y)/\y #0Ax+yedomf
=17 < oo n L2« ().

We say that the function f on I is differentiable on the interval I if and only
if for all x, y, if Inf(y), y # 0, x, x + y € I Ndom f, then |f’(x)| < oo and
df (e 0)/y = f'(x).

Similarly, the function f on I is continuous on the interval I if and only if for
all x, ye I'ndom f, if x = y, then f(x)~ f(y).
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TueoreM 4.1. If f is a function on I that is differentiable there, then f is
continuous on 1.

PROOF. Assume x =~ y, x, y € dom f N 1. Then, Inf(y — x). Hence, since
f'(x) is finite,

fO) = fx)=df(x,y —x) = f'(x)- (y —x) = 0. O

Moreover, with a slightly stronger condition than differentiability we can prove
that the function is Lipschitz continuous, i.e., there is a finite M such that for every
x,y €I Ndom f, x = y, we have that | f(x) — f ()| < M|x — y|. In the usual
nonstandard analysis, differentiability is enough to prove the following theorem.

THEOREM 4.2. If f is a function on the interval I that is differentiable there, and
if there is a finite N such that |f'(x)| < N for every x € I Ndom f, then f is
Lipschitz continuous on 1.

ProoF. Let x, y € I, x = y. Then

[x — ¥l
Thus
If(x)_f(y)| < |f'(x)|+1 < N +1.
lx — ¥l
We let M = N + 1 and obtain |/ (x) — £ ()| < M|x — y|. O

We can prove the following theorem for derivatives, using Theorem 4.1 and
some easily-proved algebraic properties of differentials.

THEOREM 4.3. Let f and g be differentiable on I. Then:

(1) f + g is differentiable on I and, for every x € I, x € dom f, we have
(f +g)(x) = f'(x) +g'(x).

(2) With the additional hypothesis that | and g are finite on I Ndom f, we have
that f - g is differentiable on I and, for every x € I, x € dom f,

(f-8)(x) = f(x)-g'(x) +g(x) - f'(x).

(3) With the additional hypotheses that f and g are finite on I Ndom f and
|g(x)| > 0, for x € I, we have that. f /g is differentiable on I, and for every x € I

(1)' (x) ~ gx)f"(x) - f(x)g'(x)
g

We can also prove the chain rule:
THEOREM 4.4 (Chain rule). If f is differentiable at g(x) and g is differentiable
at x, then f o g is differentiable at x and (f o g)'(x) = f'(g(x))g’(x).
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Proor. Assume the hypotheses of the theorem, and let Inf(y). Then

dg(x,y)fy = g'(x),

ie, dg(x,v) =g'(x)+e1y, where £; ~ 0. Hence, since g’(x) is finite, by Theorem
4.1, Inf(dg(x, y)). Therefore, if dg(x,y) # 0,

df (g(x),dg(x,))
dg(x,y)

~ f'(g(x)).
Thus, in any case

df (g(x),dg(x,y)) = f'(g(x))dg(x, y) + eadg(x, y),

where e; ~ 0. But, by the definition of composition,

df oglx,y) = flglx +¥)) - flg(x)).
On the other hand, g(x + y) = g(x) + dg(x,y). Hence,

df oglx,y) = f(g(x) +dg(x,y)) — f(g{x)) =df (g(x),dg(x,y)).

From these equations, we get the conclusion of the theorem. O

§5. Theorems on continuous functions. We abbreviate x < y v Inf(x — y) by
x < y. Similasly, x > y V Inf(x — y) is abbreviated by x > y. For continucus
functions f, we use the following abbreviations: f(x) = y means 3z(z = xAz €
dom f A f(z) = y); f(x) £ y means Iz(z = x Az € dom f(z) < y); and
S(x)Z y means 3z(z ¥ x Az € dom f A f(z) 2 ). If f is continuous and we
have z = 2/, with z, 2/ € dom f, then f(z) ~ f(z’), so that we can replace 3 by
Y in these definitions.

We have the approximate intermediate value theorem:

THEOREM 5.1 (IVT). If f is a continuous function on [a, b} and f{a) SO0 f(b),
then there is an x € [a, b} such that f(x) ~ 0.

PrOCOF. Let u be the geometric subdivision of order vq of [a, 4] and let v be a
selector for f and u on [a,h]. Suppose that fyom is increasing. (The proof for
decreasing fyom is similar.) Assume that faom(v,) = @ and that fuow(v,) = b.
If f(fdom(vy)) =~ 0 or f(faom(vp)) = O, we are done. So we may assume that
F(faom(vg) > 0 and f(faom(vp)) K 0. Let n = ming ;. ysoses,. We have
f(fdom(vq)) >0, and, thus, by Axiom 2, f(fdom('vn)) >0and0< p<a<qg <.
Then n —1 > 0. Suppose that f(fgom(va-1)) > 0. Then, by Axiom 2, n — 1> n,
which is impossible. Therefore, f(fdom(vn-1)) < 0 £ f(fgom(vn)). Since f is
contimuous and fyom(vy_1) = faom(va), it follows that f{ faom(v,)) = 0. O

We say that f(x) is a near maximum (minimum) for f on [a,b] if for every
y € [a,b]lwe have f(y) £ f(x) (f(¥) 2 f(x)). In order to simplify the statement
of this and other theorems, we introduce the following abbreviations. From now on
we assume that u is the geometric subdivision of [a, 5] of order v. For a discussion
of geometric subdivisions in our sense, see [12}. If v is a selector for f and u on
[a, b], we take v = Upsming, pa — A0 V) = Milly, >p, —min,, >4 —1. Recall that
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the mins in these formulas can be defined without min-terms by using sums. We
also denote dv; = faom(v/,;) — faom(v]). We have that dv] ~ 0.

THEOREM 5.2. If f is continuous on [a,b] and a < x < b, a and b finite, then
there is a near maximum on [a,b]. In fact, if u is a geometric subdivision of order
v & oo, v is a selector for f and u on [a,b], and n = maxf(fdm(%))(vz), then
[ (fdaom(vn)) is a near maximum of f on [a,b].

There is a similar theorem for minima.

ProOF. Let u and v be as in the second part of the theorem. Then f(faom(v.))
> f(faom(v))) for all 1 <i <v,. For any x € [a,b]Ndom f we have x mfdom(v;)
for some j, 1 < j <.

By taking v = vy, we prove the first part of the theorem. O

We have the following theorem on local maxima, that is, in fact, an approximate
version of Rolle’s theorem.

TuroreM 5.3 (Rolle). Let f be a differentiable function on [a,b], a < x < b,
a and b finite, and let f(a) = 0 = f(b). Then there is an x € [a,b] such that
f'(x) =0,

Proor. Let u be the geometric subdivision of [a,b] of order vy, v a selector
for f and u on [a,b], and n = max,(s, ) y(n). Let faom be increasing. (The

proof for f4om decreasing is similar.) Then

U aon D) . (s}

and
df(fdom(v;lq) dvn 1)

'd'U,,_1 (fdom( ))

We have dv,, dv.,_; >0, faom(v}) + dv, = faom(v},1), and faom(v)) — dv,_, =
fdom(vn—1). Then
f(fdom(vrl;) + d’UrIl) - f(fdom('u);))

dv!, <0
and
f Foom(oh) = vy ) = f Faom(@h) o
—dv),_, -
But
(fdom( )+ d;’;l) — f(fdom( )) ~ f/(fdom(’ufg))
o S Saom(vn) = v, ) = f(faom(vy))
—dv,_, '
Thus, f’(fdom(vrll)) ~ 0. O

From Rolle’s theorem we derive an approximate version of the mean value
theorem:
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THEOREM 5.4 (MVT). If b —a > 0 and f is a differentiable function on (a,b),
then there is an x € (a,b) such that

Proor. Let h(x) = (b — a)(f(x) — f(a)) — (x — a)(f(b) — f(a)) for every
x € [a,b] N dom f, with domA = dom f. We have h(a) = h(b) = 0 and
W(x)~ (b —a)f'(x)—(f(b) = f(a)) for all x € (a,b) Ndom f. We can apply
Rolle’s Theorem 5.3 to £ and obtain an x such that

(6 —a)f'(x) = (f(b) — f(a)) = 0.

Since b — a is noninfinitesimal, we obtain the result. |

We say that the function f is nearly increasing (decreasing) on the interval I if
and only if for every x, y € I with x <y we have f(x) < f(y) (f(x) = f(»)).
As corollaries of MVT, we obtain:

COROLLARY 5.5. If f is a continuous function on [a, b), differentiable on (a,b),
and, for every x € (a,b), f'(x) 2 0 (f'(x) < 0), then f is nearly increasing
(decreasing) on [a,b].

ProOOF. Let x, y €[a,b], x <y, and y — x > 0. By MVT, Theorem 5.4,

fO)=f&) = f12)y —x) 20,

for a certain z. Thus, we have proved the conclusion for the case y > x.

On the other hand, if x = y, since f is continuous, f(x) ~ f(y), and, hence,
f(x) < f(»). Thus the corollary follows also in the case x = y. 0

COROLLARY 5.6. If f is a differentiable function on the interval I, and f'(y) =0
for every y € I ndom f, then f(x) ~ f(z) for every x, z € I Ndom f.

Proor. If x ~ z, since f is continuous, the result is clear. So, let x % z. The
constant function Cy is a derivative of f on 7. By MVT, Theorem 5.4, for a certain
v

f(x) = f(z) = Co(v)(x — z) = 0. O

We shall need the next theorem for defining inverse functions. We say that a
function f is strictly increasing (decreasing) on [a, b] if, for every x, y € [a,b]N
dom f, we have

(1) x <y implies f(x) < f(¥) (f(x) > f(»)), and
(2) x %y implies f(x) % f ().

TaEOREM 5.7. If f is a differentiable function on the finite interval (a,b) (that
is, finite and continuous on [a,b]), and f'(x) > 0 (f'(x) < 0) for all x € (a,b) N
dom f, then f is strictly increasing (decreasing) on [a,b]. Thus, if

y=gx)ox= 1),

for all y € [a,b]Ndom f, then x1 = x; and x1 = f (1), x2 = f(y2), for certain
¥1, ¥2 € [a, b1 N dom f, implies g(x1) ~ g(x2).
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Moreover, if y = f(x), x € [a,b] N dom f, we have that

dg(y,z)/z = 1/f"(x),

for every z =0, y+z = f(u), for a certain u € [a,b]Ndom f.

The last two conclusions of the theorem say that the inverse of f restricted to
[@,b] in its domain is continuous and differentiable. We cannot prove, however,
that the domain of the inverse of a function whose domain is an interval is also
an interval. By the intermediate value theorem, Theorem 5.1, we can only prove
that for every ¢ in the interval between f(a) and f (b) there is an x ~ ¢ such that
the inverse is defined at x.

Proor. We have to consider two cases. First, let x, y € [a,b] N dom f with
x &« y. It is clear that y — x < co. By the mean value theorem, Theorem 5.4,
there is a z between x and y such that

f(y) —f(x) zf'(z)
y—x
Since 0 <« y — x < o0, we obtain f(y) — f(x) ~ f'(z)(y —x) > 0.
Second, assume that x < y with x ~ y. Then
) —f(x)
y—x

> 0.

~ f1(x).

If f(y) = f(x) <0, then
f) - fx) <0
y—Xx
and so f'(x) <0, contradicting f/(x) >> 0.

We now obtain the derivative of the inverse function g. Let y +z = f(u).
Then g(y +z) =u = x + v =~ g(y) = x, by the first part of the theorem. Thus,
v~ 0and y 4z = f(x +v). Therefore

+z— (x +v)— fx
_y y_ [ ) =S e,

z
v v v
0

2

ie., since f'(x) s
v/z = 1/(f(x).

This is equivalent to dg(y,z)/z ~ 1/ f'(x). O

Recall that differentiable means that f’ exists and is finite. For each finite
natural number #n, defining by external induction, we say that f ) is an nth order
derivative on I if and only if one can define a sequence of functions (terms)
FU, ..., f® such that each is a derivative of the preceding on dom f. Then
the following is a theorem.

THEOREM 5.8 (Taylor). Let n be a finite natural number and %) a kth derivative
of f, for k =1,2,...,n+ 1. Assume also that the following conditions hold:

(1) x € [a,b]Nndom f — |f(x)]| < oco.

(2) £t is continuous on [a, b].

B)a<c<d<b(ora<d<c<b)andc,d € domf.
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@ a<x<b—plx)=r )+ D) x—c)+ fDe)x—c)+ -+
FOe)(x =),
(5) x € [a,b]Ndom f — f(x) = p(x) + Ru(x).

Then :
ersVEANNCICIRC

where e is a near maximum of | "tV on [¢,d] (or [d,c]).

The proof is similar to the one in [7]. This theorem, as all our theorems, is
a theorem-schema. In the case of Taylor’s theorem, it may be better called a
metatheorem, rather than a theorem-schema. The metatheorem would be more
explicitly worded: “if one has a definition of the nth derivative for the function
(i.e., the term) f, then the following theorem can be proved...”. Thus, it applies
to cases where one can actually define, typically by a recursive definition for finite
n, derivatives up to order n + 1.

ProOF. Let ¢ be a near maximum of f*Y) on [¢, d], which exists because
fU*Y is a continuous function on [c, d]. Assume, first, that 4 > ¢, and define

1

Ry (d)] 5

g(x) =(7+—1)!fi""”(9)(x — o)+ plx) = f(x)
1 n+1 n+
Z(n—l—l)!f( J(e)(x — )" — R, (x).

We have 0 = g(c) = g'(c) = --- = g"(c), and
£ U() = £ (e) = ) 2 0.

Then, by Corollary 5.5, g™ is nearly increasing, and, hence, g (x) > 0, when
x > c¢. But gD (a) = 0, and, hence, g~V (x) > 0. By external induction, we
prove that g (x) 2 0 for all k < n. Hence, g(d) = 0, and thus

1
<
Rn,c(d) ~ (n + 1)!

FON ) ),

If we take e; a near minimum of f"*1 on [c,d], we can prove similarly that

1
> (n+1) ERPAYES!
Rn,c(x) ~ (n + 1)'f (el)(x C) .
From these two inequalities we obtain the result for ¢ < d. The case d < ¢ is
treated similarly. O

§6. Overflow and undertow, We can prove the foliowing principles of undertow
and overflow:

TueoreMm 6.1 (Undertow). Let @ be an internal formula, where neither min nor
N oceurs, Then, if there is a v = oo such that for all p =~ oo with u < v we have
@(p), then min, < .

Proor. Let m = min,, and assume that m is infinite. Then m — 1 is also

infinite. We have (v), and thus, by Axiom 2, w(m) and m <v. Hencem—1< v
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and, by the hypothesis, ¢ (m — 1). Thus, by Axiom 2, m < m — 1, which is a
contradiction. O

In order to make the following and other statements more understandable, we
introduce the maximum of all & < v such that ¢(k):

M =v— min .
ax‘P(V) v cp(v—k)/\kSv(V)

It is easy to show from Axiom 2, that
pm) Am <v — (p(Max, (v)) Am < Max,(v) < v).

THEOREM 6.2 (Overflow). Let ¢ be an internal formula where neither min nor
A occurs. Then, if there is a finite m such that for all finite n with m < n we have
p(n) and v = oo, then Max, (v) ~ .

PrOOF. Let u = Max,(v), and assume that u is finite. It is clear that u > m.
Then u + 1 is also finite, and z + 1 > m. Hence ¢(u + 1). By the consequence
of Axiom 2 for maximum stated above the theorem, # > ux + 1, which is a
contradiction. O

We prove by overflow:

PROPOSITION 6.3. If x| < 1/n for every n < oo, then x =~ 0.

PrOOF. By overflow, we have that u = Max| /> x| () is infinite. Hence, [x| <
1/u=0. J O

§7. Hyperfinite sums. We now start the study of hyperfinite sums, which were
introduced in §2. The development in the present section is much influenced by
[8]. In order to conform with the usual notation, u, v, etc. are terms with variables
for natural numbers. Thus u is a term z(k). We write 3. u, for Zj_lﬁ” Ujim.
In order to simplify the notation, we write a sum of the form

v
Dot vttt

=1

simply as Y %, #,, including the finitely many terms with ordinary addition in
the ) -term. Strictly speaking, this may not be possible, since the terms v, may
contain min. We shall be careful, however, that the operator min occurs only in
finitely many terms of the sum. The theorems of this and the next sections should
be understood with } -terms interpreted in this way.

The usual properties of the sum can be proved by internal induction. We begin
with the theorems on approximately equal infinite sums. For the rest of the paper,
we assume that u,, »,, ¢, are internal terms where, as was mentioned above, min
occurs in at most finitely many of them. We need the following lemma.

Levmma 7.1, Suppose that for all i with 1 <i <v, we have u, =~ 0, t, > 0 and
v, /t, = u,. Then

-——Z:=1 Y x0
z;=] L
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In particular,
Swh
Z: s
Therefore, with the additional hypotheses |3, | 1,| < oo, we obtain

v

Zv,- ~0 and iu,z‘, ~ 0.

1=:1 1=1
PrOOF. Let n be finite. Then, since v;/t, = u, ~ 0, we have |v;| < (1/n)t; for

i <v. Thus
v vV 1 v
Sul<S sl
=1 1=1 i=1
Since 3 ,_, 1, is positive and n is arbitrary, by Proposition 6.3

E.vzl U
Yo h

The theorem behind the theorems for integrals is the following. A similar
theorem, but proved in normal nonstandard analysis, appears in [2, Theorem
IX.1].

THEOREM 7.2. Suppose that for all i with 1 < i < v we have t, > 0, t, = 0,
u, 2 v, /t, and |u;) < M < oo, and assume that y,,_, t, < co. Then

~0. ]

v

y
% ult,N§ .
1=1

1=1
Proor. We have

v

o

i=1

Si\ul!tl SMZv:tl < o0
1=1 =1

so that "), u,, or any partial sum is finite.
We shall prove the approximate equation

v v
(*) § v R E ut,.
1=1 =]
u>0 u>0
Similarly, it can be shown that
v v
% v, R E ut,
=] 1=1
u<l u<0
and, since
hd v v v ¥ v
v,zZv,+ZU, and § u,t, —Zu,t,—}- § ut,
1=1 =1 =] 1=1 =1 =1
u>0 u<Q u>0 u<0

we obtain the conclusion of the theorem.
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We now prove approximate equation (). For any natural number m, consider

Z .
u>1 /m
Assume that m is a finite natural number. For 1 <i <v and », > 1/m, we have

v, /t, = u,. Since u, > 1/m, u, is not infinitesimal. Then v, /u, ¢, =~ 1, and so, since
u,t, is finite,

wt,(1—1/n) <v, <u,t,(1+1/n),
for every finite n, 1 <7 < v, and u, > 1/m. Thus

(1—~)Zu1t,§2'v,_( )Zull‘,

u>1/m u>1/m u>l/m
Thus
1 v v
I_ZS;W Zluzl‘z<1+—,
ué_l/m ué_l/m

and, hence, by Proposition 6.3

Z v,/ Z ut, ~ 1.
u>1/m u>1/m

But the denominator here is finite. Therefore

Z Zum

u>1/m u>1/m

and, thus

o= Z Z wiy| %0,
1 -
u>1/m u>1/m

is true for every finite m. We have, then, z,, < 1/m, for every finite m. Hence, by
overflow, we can find an # ~ oo such that 0 < z, < 1/# ~ 0 and hence

Z v, = Z ut;.

u>1/71 u>1/;7

We have 0 < u, < 1/ implies that #; ~ 0. Hence, by Lemma 7.1,

zv: wt, ~0 and Xv: v; = 0.

1=1 1=1
0<u<l/n 0<u<l/n
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Thus, we have

v v
o= u+ Z U,NZUZNZM

=1 =1

u>0 u>1l/n 0<u<1/n u>1/;7 u>1/;7
E ut, + E u,t, = g ut, O
=1
u>1/y 0<u<1/17 u>0

We also have the following useful lemma, which implies approximate versions
of the fundamental theorems, which we give below.

Lemma 7.3. Let u, and t,, for 1 <i <v, be terms such that u, =~ x and t, > 0
Jor every i with 1 <i <v. Then

St
Yot

Proor. We have u, = x +v,, withv, ® 0 fori =1,...,v. Then

Zu,t, —E (x +v,)t, —th, —|—Zv,t,

By Lemma 7.1,

E:}?I vl ~ 0. O
Zz:l L

We already introduced in §2 the abbreviations for sums, > f[u,v]. ff uis a
geometric subdivision of order v of [d,b], d < a < ¢ < b, and v is a selector for
f and u on [a,b], we also write g, = minys, (,)>, and g, = ming,  y>.. I
faom is increasing, we write dv, = faom(v;1+1) — faom(v,) for p, < j < p. For
faom decreasing, we introduce similar notation.

The next results give approximate forms of the fundamental theorems of cal-
culus in their versions for sums.

CorOLLARY 7.4. Let f be a continuous finite function on the interval [a,b] D
[x,x +ylwithy =0, y >0, and a, b finite; let u be a geometric subdivision of
order v == oc of [a,b] such that du/y = 0, and let v be a selector for f and u on
[a,b]. If z € [x,x + y]Ndom f, then

x+y
Lo S g,

and

S flu,v] = S0 flu, 0]

5 ~ f(z).

Proor. The second conclusion is obtained as follows. Suppose that x € [u, 11,1]
(as we have mentioned before, one can define this j). By the assumption du/y ~ 0,
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it is clear that a < u;, < x <u,;; < x +y. We then have

Xty x x4y
S Sl => " fluvl = flu,v]+ f(t) du.
Let p =min,,, >,,. We have

Z du, + (u;+1) = x)+(x+y —up) = y.

X<ty Uy 11 <xX+Y

Hence, by Lemma 7.3,

Z: 0,x<t 1y <x+y f(t)du, + f(tj)(”ﬁrl - x)+ f@)x+y-— ”p)

Y
Now
; i Sflu,v]+ f(t])du
Y
Z:’:O,x<u“ul+]<x+y f(tl)du + f(tj)(u]+1 - x) + f(Z)(x + y - up)
y
SO —w) @)y )
y y
Since du/y = 0 and f is finite,
f(tj)(x - u}) ~ 0~ f(z)(x +y— up)‘
¥y y
The first conclusion is obtained similarly.

151

O

CoROLLARY 7.5. Let f and F be functions defined on the finite interval [a,b]
and such that dom f = dom F. Let u be a geometric subdivision of [a,b], and v
a selector for f and u on [a,b). Assume that f is finite and continuous on [a, b],

and that dF (x,y)/y =~ f(x) for all x, x + y € [a,b]Ndom f, y ~ 00. Then

b
> fluvl~ F@') - F(a),

where a’, b’ e dom f, a’ = a and b’ ~ b.
Proor. We have

Zif[u,v]: 3 flt)au.
=1

i=
a<uy,uy 1 <b

Let fyom be increasing (the proof for fy,m decreasing is similar). By Theorem
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7.2 we have

SUrwelr Y Fam(v))dy,

La<Jj+l<pp
~ Z dF(fdom(“j);‘h'])'
MaZ ) +Hl<pp

By internal induction one can prove that for every m, u, <m <=,

m—1
Z dF(fdom('U/s d'UJ) = F(fdom("’m)) - F(fdom(v,ua))-
1=l
Thus
F(fdom('“y,,)) fdom 'bya Z fu, 0] O

88. Definite integrals. We already introduced in §2 the definite integral in Axiom
18. As usual, we assume that all functions, unless explicitly expected, do not
contain min. We now prove that if f is a continuous finite function on [, 5] and
b and a are finite, then the definition of the integral gives what we need:

Turoreum 8.1. If f is continuous and finite on [a, b], u is a geometric subdivision
of la, c] such that - d" =~ 0, and v is a selector for { and u on [a,c], then

LBr+hf i
(1) L—bb c—b’
and

L f Y fluv]
) cb—bN "c—b ’

Proor. We must prove that if # and #’ are geometric subdivisions of [4, c] and
v and v’ are selectors for f and w and ', respectively, on [a, c], then

) o Sl 0]+ 55 flwel | 3 fl0]
c—b c—b ’

and

@ Yp flwv] 3y fIe, ]

c—b  c—b

If ¢ — b = 0, then the result is immediately obtained from Corollary 7.4. So
assume that ¢ 3> b. We must prove

b c c
(1) Do flwol+ Y fluvl=" fluv],
a b a

(2) DA D IVA RSt
b b
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Since ¢ — b % 0, from these results we obtain the premises (1) and (2) of Axiom
18, for integrals. The result (1) is easy to see, so we prove (2). We may assume
that u is a geometric subdivision of order v of [¢,d] and ', of order u of the
same [c,d], and let v and v’ be the corresponding selectors. (If the intervals for
u and u’ are not the same, we may change them to make them equal.) Let «” be
the geometric subdivision of [¢, d] of order vu, and v” its selector. It is clear that
du” /du ~ 0. Let ¢, ¢/, and " be the numbers selected according to the definition
on page 129. Let

Uit

=Y S+ FE)du" + f (8 _y)du”.

Then, by Corollary 7.4,
f@) =Y fldu,
1

for b < u, < c¢. Then, by Theorem 7.2

D=3 ( f) [w,v] =Y flu vl
b b 1 b
Similarly, we prove that
DS " =)y ST ),
b b
and, hence

> flwvl= ) fIW, ],
b b

which is what was to be proved. O
We can prove the usual theorems on integrals in an approximate form.
COROLLARY 8.2. Let f be continuous on the finite interval I and let a, b, c € I,

a<c<b. Then
b c b
[r=fr+]r

This is an immediate corollary of Theorem 8.1 (1).

TueoreM 8.3 (Fundamental Theorem 1). Let f be a continuous function on the
finite interval I anda € I. Assume that y =0,y #0,andx, x+y €l. If z€dom f
with z in the closed interval between x and x + y, then

faeryf_faxf
y

Proor, Assume that y =0,y #0, x, x+y €I, and y > 0. The case y < 0
is done similarly. Let # be a geometric subdivision of [¢,5] D [x,x + y]and v a

~ f(2).
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selector for f and u on [a,b]. Then, by Theorem 8.2,

I A D DA (%)
y y ’

and, by Corollary 7.4,
S fluol
¥y

TueoreM 8.4 (Fundamental Theorem 2). Let f and F be functions on the
finite interval [a, b] with the same domain, and let [ be continuous. Suppose that
dF (x,y)/y = f(x) for Inf(y), y #0, for x, x + ¥ € [a,b]Ndom f. Then

f(2). O

b
f f~F() — Fla),

where b' = b and a' = a.

Proor. Suppose that a and b are finite, and let » be a geometric subdivision
of [a,b] and v the corresponding selector. Then, by Theorems 8.1 and 7.5, since
b — a is noninfinitesimal,

b b
/ fRY fluv)l~F@b') ~F(a'). O

§9. Series and transcendental functions. We first introduce convergence of se-
quences. Just as previously, v stands for a term with a vaniable for natural numbers.
If i is a natural number, u, is a term with the variable replaced by i. We say that u
v-converges to x if for every u <v, u ~ oo, we have u, =~ x, and that 1 v-converges
if there is some x to which it v-converges. We say that the sequence u converges
if it v-converges for every infinite v,

A series is just a sequence v such that v, =37, u,. Then the series converges
when it converges as a sequence. We have the following easy proposition:

PROPOSITION 9.1. The series _,_, u, v-converges if and only if the tails 5. _ n
are infinitesimal for all infinite u < v, and it converges if and only if the tails are
infinitesimal for every infinite u.

From this proposition, we derive the comparison test:

TueoreM 9.2 (Comparison test). If v & oo and for every n =~ oo, n < v, we
have |u,| < |vy|, and the series Y ,,_, |v;| v-converges, then the series 5" | |u,| also
v-converges.

ProOF. We have, by Proposition 9.1, that 377 [v,| = 0 for every infinite u <v.

Then .
OSZ]H,] 5211;,\ ~0

T=u

for every infinite # (or z < v). The result is obtained from Proposition 9.1. O
We also have:
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THEOREM 9.3 (Nelson [8]). If v & oo, |u;| < oo for every i < oo, and Y | |u;]
v-converges, then Y ,_, |u,| < oo, and hence the series y ;| |u,| v-converges to a
finite number.

PrOOF. We have that Y _, |#,| <1 is true for all infinite numbers n. Then, by
undertow, Theorem 6.1, the minimum m must be finite. But

—

3

lu,| < (m — 1) max(m).
1 2tz |

Il

1

Hence the sum

v m—1 v
Dl =l +>
1=1 1 1=m

1=

is finite. U
We assume that we have proved by internal induction (which is easily done)
that

x>0—(y>x—y">x").
We also can give an easy internal inductive proof of the inequality, for s > 0,
(14+5)>1+vs.

Also, if s is noninfinitesimal, then 1/s is finite. Hence, if v is infinite, then 1/v ~ 0
and 1/(vs) =~ 0. Thus, vs is infinite.

Suppose, now, that r > 1 and v = oco. We have that r = 1 4 5, with s > 0.
Therefore

> (1+s)" > 14vs = oo,

i.e., r’ = oo. Hence, we also have that if » < 1 and v = oo, then r” ~ 0.
We prove by internal induction, as usual, that for r > 0 and a > 0

Then, if 0 < r < 1 and a is finite, the series >, ar’ converges to a/(1 — r),
which is also finite. Thus, we prove the ratio test:

THEOREM 9.4 (Ratio test). If u, > 0 is finite for every finite i, and there is an r,
0 <r <1, such that u,,/u, = r for every infinite u < v, then the series >, _ u,
v-converges to a finite number.

ProoF. Let u~ oo, u <v. Then u,1/u, ~r <r+ % < 1, where » is a finite
number.

Lets =1+ % Then we have u,,1 < su, for every infinite u < v. Hence, by
undertow, Theorem 6.1, the minimum number m such that u,,; < su, for every
m < p < v is finite. By induction we prove that u,,, , < u,,s? for every p <v —m.
Since u,, is finite, the geometric series E;=o ums? (v — m)-converges to a finite
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number. Then, by the comparison test, E;;O Upmp also (v — m)-converges to a
finite number, and so ) ; 1, v-converges to a finite number. O

We need a few theorems about series of functions, in our case of terms with
a variable, say x. The following are not in every case the best theorems that can
be proved, but they are enough for our purposes.

THEOREM 9.5. Suppose that the series Y . | u,(x) v-converges, v = oo, for every
x in a finite interval 1, and that u,(x) is continuous on I for every i, 1 < i < v.
Then %, u,(x) is continuous on 1, for every p <v. _ .

Proor. Let x, y € I, x = y. For every finite #n, we proved by external induction
that

n

() 3 u)
1=0

1=0

| =

<3 o) - w ()] <

pel)

By overflow, Theorem 6.2, there is an infinite # such that for all infinite u <7

S w0 =S )
=0 1=0

It > v > u, we are done. Assume that # < g4 <v. Then

<= =~0.

T =

H H 1 1 H U
Zuz(x)—zuz(y) < Zut(x)_zul(y) + Z ut(x)_ E ul(y)
1=0 1=0 1=0 1=0 1=y+1 1=n+1
7 L H { L
< Zm(ﬂ-Zm(ﬁ + Z ul(x)j[‘*_ Z u(p)
1=0 1=0 1=n+1 | r=g+1
~ 0. O

We assume that the definite integral has been extended to a lower limit ¢ and
an upper limit b, both finite, with @ > b, as it is usually done.

For development of the transcendental functions, although we shall not use it
here, we also need a theorem about power series, whose proof is in [12]:

Tueoresm 9.6. Let I = (—r,r), where v is finite, and suppose that the series
S la X" v-converges on I, v = co. Then:

(1) The series S v aix' "t and 31 (a, /(i + 1))x'T! v-converge on any

(2) The series S, a,x* is differentiable, and

n 4 n
§ ax | (x)~ E ‘qix' L
=1 =1

Jor every n <v and any |x] < r.

(3)

x| <r.

n

a n
i } al +1
E ax =~ " X s
0 1 i+1
=

Jor every n < v and any la| < r.




FOUNDATIONS OF INFINTESIMAL ANALYSIS 157

We can now define the main transcendental functions. We first introduce the
natural logarithm by the following axiom:

logx:/ 1ah‘.
1t

We consider log as a function, take logy,, (x) = I(x), the identity function, and
Plog(x) < 0 < x < co. In the usual way, we can obtain the main properties of
the logarithm.

By Theorem 8.3, log’(x) ~ 1/x, for every x with oo > x > 0. Then, if we
take any interval [a,b], with 0 < a < b < oo, log’ is bounded on the interval
by a finite M. Thus, by Theorem 4.2, log is Lipschitz continuous on [a, b]. Also,
1/x > 0 for x > 0. Thus, by Theorem 5.7, log is strictly increasing on all its
domain. Therefore, log can be f 4o, for a function f. We then define an “almost”
exponential function:

aexp(x) =y < x = logy,

with aexpgom = log and @aexp(x) — 0 < x < oo. Using Theorem 5.7, we
get that aexp is differentiable on its domain, and we can calculate its derivative,
aexp’ ~ aexp. Thus aexp is increasing.

In a similar way, we define the arctan:

arctanx—/x;dt
o 1+227

As above, we consider arctan as a function, with arctangem (x) = I(x) and @arctan (x)
— |x| < co. We take = = 4arctanl. As for the logarithm, by Theorem 8.3,
arctan’(x) ~ 1/(1 4+ x?) for any finite x. So that arctan can be f4on. Thus, we
define the inverse, the almost tangent:

y = atanx < x = arctan y.

We extend this function periodically by taking atan(x + nn) = atan x, where » is
any integer. The domain atangey, = arctan and @ (x) < |x| < oo.

The definitions of the inverse functions (almost exponential and tangent) are
justified by Theorem 5.7. We must use the same theorem for obtaining the deriva-
tives. With the definitions introduced here, the proofs of the approximate form
of the algebraic properties of these functions are the usual ones.

We cannot prove, however, the inverse functions, i.e., the almost exponential
and tangent, have the right domains, i.e., all finite numbers for the almost expo-
nential and the finite numbers different from (27 + 1)z/2 for the almost tangent.
The most one can do, for the almost exponential for instance, is to prove that for
any finite number x there is a y &~ x in its domain (see the remark after Theorem
5.7), which is probably sufficient for most uses in theoretical physics. In order to
obtain functions defined everywhere, we use Taylor series approximations.

As an example, we take the series for aexp. We observe that, by the ratio test,
if x is finite, the series Y. o x'/i! converges. Since logl = 0, we have that if
x ~ 0, x € domaexp, aexp(x) ~ 1. We then show, by external induction, that if
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x ~n+1and y = n, where n is a finite natural number and x, y € domaexp,
then aexp(x) ~ aexp(y) aexp(1), and aexp(x) is finite.

We first prove, using Theorem 5.7, that, for every finite x and dx =~ 0 such that
both x and x + dx are in the domain of aexp,

aexp(x + d;ci — aexp(x) ~ aexp(x).

Thus, we can take aexp’ = aexp. By a recursive definition, for finite » we have
aexp™ = aexp, and we prove, by external induction, that for every finite
aexp™ (x + dx) — aexp™ (x)
dx

We then have aexp™ (0) ~ 1. By Taylor’s Theorem 5.8, for every finite »
n xl
aexple) - 30 % <

il
1=0

~ aexp” D (x).

aexp(|x])[x]"! 1
(n+ 1) T

By overflow, Theorem 6.2, the same is true for every 4 < v, for a certain infinite
v.
Let p = o0, and let m be a finite number such that m > 2|x|. Hence |x|/n < 1/2
for every » > m. We have
[ o G A N £ R 1

! m m+lm+2 u

Therefore, we have proved that, for every infinite x4 <v

"=

aexp(x) =
1=0

Since the series 3 ., x*/i! is convergent, we have that this is true for every infinite

We now define the exponential function:

¥o xl
— X — -
expr=et=3 T
1=0
for all finite x.
Let x be finite. Then there is a y = x such that y € domaexp. Thus, by

Theorem 9.5,
x! y
=35 Y = senl)
— il

By the definition of aexp we conclude that aexp(y) = z < y = logz. Hence, for
any zj such that e* = z;, we have that there is y = x such that aexp(y) =~ z;. Let
aexp(y) =z. Then z ~ z; and y = logz ~ log z;. Thus, x ~ logz,. On the other
hand, if x &~ logz, and y = logz,, then by the Taylor approximation of aexp we
have z; = aexp(y) = ¢*. Hence, we have proved that e* =~ z; < x =~ logz;.
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In the case of the trigonometric functions, it seems simpler to define first an
almost sine and an almost cosine by the formulas:

2
2atan 3 1 —atan” 7

asinx = ————=— acosx = ———=
1+atan? 3’ 1+ atan? 3’

with their domains the same as the domain of the atan. We then use Taylor series
to give a definition of sin and cos on all finite numbers. The procedure is similar
to that described above for the exponential function.
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