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1. Introduction 

The remainder of this book, not to speak of the extensive contemporary 
literature on probabilistic and statistical theories of learning ([3J, [4], [6), [71, 
[16]), exemplifies a particular methodological approach. The common method, 
in brief, is to formulate assumptions about learning in terms of stimulus and 
response probabilities, and to derive consequences of the assumptions, i.e., 
experimental laws, by applications of the standard calculus of probability 
theory. As in the classical applications of probability, e.g., to gambling, 
statistical mechanics, or genetics, we do not ordinarily begin by asking 
whether the application of a probability model can be formally justified. 
We simply take it for granted that probabilities can be assigned to any 
events in which we happen to be interested; then we proceed to manipulate 
by standard techniques the quantities we have designated as probabilities. 
Conceding that this somewhat informal procedure will continue to characterize 
most day·to-day research work, we nevertheless find that some considerations 
suggest the desirability of a more exact analysis. Modern approaches to 
probability theory and its applications (see. e.g" [9J) repeatedly illustrate the 
value of formulating explicitly the sample space associated with any particu· 
lar probability model. An exact formulation often makes transparent the 
solution to a problem which, stated in less exact but more intuitively familiar 
terms, has seemed full of blind alleys and hidden traps. Even in the most 
elementary cases, learning theory involves complications of a higher order 
than those ordinarily encountered in urn problems. One must deal with proba­
bilities of responses in populations of subjects or in samples of subjects who 
have experienced particular sequences of events during an experiment, .. in­
dividual probabilities," "expected probabilities," and so on. It is a rare investi­
gator in this field who has never fallen into errors of derivation simply 

1 This research was begun while the authors were Fellows at tbe Center f.or Advanced 
Study in the Behavioral Sciences during the academic year 1955-56. Subsequent re­
search bas been supported in part by the Group Psychology Branch of ONR under 
Contract NRl71-034 with Stanford University. 
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because the usual informal definitions and incomplete notation did not make 
dear the formal interrelations and distinctions among the various .. proba· 
bilities" involved in a particular problem. 

In the \TIore [8J which the papl!!!' i" drawn. 
the writers have undertaken to 5peli out in detail the sample space assumed 
by users of linear models for learning, to mo.ke clear just how events 
and probabilities are and explicate the relationships among the 
various and conditional probabilities. Some of the by-products 

our may be of more interest than the analysis itself. 
These include set·theoretical not hitherto applied in 
learning theory, which are useful for exact of theorems 
obta.ined by less formal methods; new theorems concerning limits of response 
proportions over sequences of and various results of experimental 

formulas for statistics of data and pre-
concerning simple interactions-that fall. naturally out 

t.;o:nce:rnilmr the scope of primarily to 

clarify theories of simple and ap· 
,-,w~a" .• v" rather than to new. Thus our treatment 
of such as response and reinforcement has been kept as close as 
possible to others in the literature (e.g., [3], [4]. [7), 
[11], [17l). 

By simple learning we refer to the changes in behavioral probabilities 
which occur as a function of trials in the following type of situation. Each 
trial of a series begins with a presentation of the same stimulating situation 
(a ready signal, conditioned stimulus, or the like). The organism responds 
to the stimulus with one or another of a set of alternative actions (responses). 
Then the trial terminates with the occurrence of some one of a set of 
outcomes (e,g" reward, nonreward, unconditioned stimulus and response, 
knowledge of results). In contemporary learning theories, it is assumed that 
if other parameters of the situation are fixed, the co.urse of learning is 
determined by the trial outcomes. These outcomes can be classified, relative 
to any given response, according to their effects on response probability. 
We shall speak of events which increase the probability of a given response 
as reinforcing events for that response and of events which leave response 
probabilities unchanged as instances of nonreinforcement. The latter would 
be expected to occur, for example, on trials of a human learning experiment 
when the subject received no knowledge of results. 

We shall consider only models in which it is assumed that the change in 
response probability generated by a reinforcement is a linear function of 
probability on the preceding trial. Also, for reasons of simplicity and with 
little sacrifice of immediate experimental applicability, we shaH consider only 
the case of a single learning parameter. In some special cases, as will be­
('.orne evident in tater sections, the model presented here is identical with 
the appropriate .. equal " case Bush and Mosteller's model [31 and 
with the linear model derived from stimulus-sampling theory that has re-
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ceived appiicatiol1 On the other hand. our treat~ 
than any hitherto nl!hlil~hf~cl with respect to the range 

of possible rliiiMtltl?liIJn~i1t schedules. 

The main 
which our 

this section is to discuss the three primitive notions on 
and to define a number of 

some mathematical concepts 
these we tum first. 

To begin use the familiar notation of elementary set theory: 
A )( means that A is a subset of 0 the empty set (as weU 
as the number A B designates the intersection of seis A and B, that 

the set of atl elements common to A and A B designates the union 
of sets A and that the set of all elements which belong to at least 
one of tl:e two sets also make use of the notation for the 

.:u A mea.ns that 3J is a member 
means that x is not member of A. We use the 

the set of all elements $ satisfying the prop-

an & 0 x < 6} 

is simply the set We use the notation (Zl.Xt,···, x.) to 
I, designate the ordered whose first member is Xl> second member ~1I. 

etc. Similarly. the notation <Xl. Xa. "', XII, .. ,) designates. the infinite se­
Quence whose first term is Xl. second term X'h etc. 

A family q of subsets of a set X is a if and onlY if f1 is nooempty 
and for every A and B in 

(i ABe '3. (ii) )[ e 

where A is the COlnplerOe!lt of A relative to 

= {x: x eX & x $ 

that is 

A fie!d g of subsets of )( is 11 Bmy!l field if for any sequence (,<i1> A2, ' . , ,A .. , •• , > 
of element:; of 

For explicit reference we formalize in a numbered definition· 
the standard notion of a measure on a field. The axioms are 
those of last axiom, that the probability 
measure is continuous from above at zero, is easier to verify in constructing 
measures than the axiom that the measure is countably additive. 

DEF!I'!I'nON 2,1. Let X be a set and g a of X. Then til 

''''Glued junctir}1t P is a (mE, if, tlte following 
a.xioms are satisfied: 

Pl. F(w every A P(A) til:i 0; 
At'iom PZ. POO "'" 1; 
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Axiom P3. For every A mid B in 

Axiom 
0/ q, Le., AlI'H every and 

then 

Some further mathematical notions 
explained by 
As in any 
one point .... '''''''''''pr.t171 

learning ~xnel'im 
experimenter's ..,,.,~rn""'" 

and what 

A B == 0, then 

+ 

=0, 

for the set of response 
one of the Ai occurs on 

Bush and Mosteller's we shall indicate 
by 01, 02, .. "Dc the set of or events, e.g., 
reward, that may terminate a trial. 

Now if we considered the outcome of any experiment 
could be specified a sequence of ordered i), where i is one of 
the first r positive and j is one the first t positive integers (in-
duding, perhaps, zero), For in a T"maze experiment the experi­
menter might recogtlize 

A 1 = 

and four outcomes, 

= 
Oa­

== confinement in 

::= confinement in 

Then the outcome of an 

turning left, 

goal box, 

by a sequence like 

indicating that on trial 1 the animal turned right and was unrewarded, on 
trial 2 the animal turned and was on trial 3 the animal 
turned left and was etc. 

A sample space of these sequences of observables would serve 
the experimenter adequately, but nct the theorist. In a theory of learning 
we wish to be able to talk not about what the subject and the experi· 
menter do on each trial but also about that occurs. The reason for 
distinguishing different outcomes OJ is that are thought or 
suspected to different effects on model. learning 
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is represented a linear Ii'ansforrl1atioD 
take :account of the effects of a 
bility of a r,,"ponse, \ve shaH need 
I:hetical events. If the resp.')ns~ in 

( 1) E!: L~e event that lib is 

of the response probabilities. To 
procedure upon the proba. 

to' deal with three kinds of hypo­
Is AI. these are 

( 2) Ell (,k *- the event that some alternative response is reinforced; 
( 3 ) the event that nr)Ee of the Ai are reinforced on the given triaL 
The of n reinfcrcenv::!1t '~""':vithin the \vill become 

Introducticn at the axioms in the next sec-
ticD.. It 
response to 
ment " of <it response 
to an increment in 
a property of the 
temporary 

in our usage, it is not necessary for a 
ill order to 00 reinforced. "Reinforce­

the occurrence of an event which leads 
that response. As we shall see, it is 

of all others associated with con· 
that if the probability of some 

must decrease. 
Eo, 

of each other response 
r + 1 "reinforcing events ": 

~le shall fOn~;'V,7 the usual cDnvention that El~ is the event 
representing reinforcement of A 

Now we are 
outcome of an 
comprises 1:1 response, an 
ing event, and may be 
let X be the space; 
triples, e.g., 

2, 

of the space. The 
Each trial 

trial outcome, and a reinforc-
(i, j, k). Formally, 

then any element x of X is a sequence of ordered 

The reader may be bothered at thIs the fact that the elements 
of X are infinite sequences while any ad 12a! experiment comprises only a 
finite sequence of trials. In older to deal with limit processes it is advan-
tageous to follow our each x be an infinite sequence. We 
shall get around the probabilities in terms of 
certain subsets .of 'which can be defined by reference 
only to finite sequences of t::ia!s. 

Intuitively, a set of a space is a subset restricted on a finite 
number of dirnenstons. In the case of the space X, this meal'l!> re· 
striction on a finite number of trials, For the set of all sequences 
having response cylinder set; or the set of all 
sequences having events on all of the first 10 trials; or the 
set of all sequences in which occurs and is reinforced on trial 100. The 
set of all sequences in which responses occur alternately over the 
first 50 trials would be a union of two sets, one beginning with Al 
on trial 1, A2 on trial 2, etc" and the other with nu trial 1, Ai on trial 
2, etc. The set of aU sequences in which there are 7 El's and:3 Ea's in each 
successive block of ten trials c,vould 1:.;e a countable u.nion of cylinder sets. 
Only a few of these cylinder of suflkiently frequent 
occurrence in our analysis to these are 
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AI,,,, the set of all sequences 
Et.n, the set of all sequences 
,x", the set of all se;u",;r<:es 

response A! on trial It; 

event E", on trial n; 

events as a given S0qu~nce ::m the first n trials (the notation 
reinforcing 
[x],. would 

be more but the bracket" :are omitted for simplicity). 
It would seen:. natura: 

we shaH limit cons!Q",[c,tj,':'r, to 
However, in this report 

for which there is 
a one-to-one 
events such 
o ~ j ~ r; 

bet,ve",,\ observed trial outcomes and reinforcing 
of given OJ,,, is unity for 

in U1e di,CUS<3;Ol1S of Definition 3.1 and Theorem 
5,1. we shall make nc further L'efeYGGCE to the events 

The second 
of cylinder sets (to be exact, 
field of cylinder of X. 
over the 
formally, "the; 

To reduce the 

(2.1) 

(2.2) 

(2.3) 

(2.4) 

(2.5) 

of response 
arnoHnt of 

ITI:,n = P( 

measure P defined on the field 
the sf0aHest Borel field containing the 

say, is the probability measure 
response A.l on trial n, or, less 

L~"fj on trial n~ n 

5haH frequently use 

The first of these, the in the whole sample space, will be 
interpreted experimentally either as t'!.e of .Ill,,, for a population 
of subjects, all of whom are aSSUiTn"d to be represented by the same model 
for a given experimental or ~;s the probability of Ai,,, over all se· 
quences that could be an Indefiniti: number of repetitions of a 
given experimental routine with a subject, The second te!"m, the 
probability of AI,,, given the £eqtlence of responses and reinforcing 
events, will as the response probability associated 
with a particular on trial 11-, In Bush and Mosteller's notation ([3], 
po 85), VI,,, corresponds to our jh,,,; to Oili:' (il1 the case 
of two response alternatives); and corresponds to our P;c,n. 

We need to characterize om- third and final primitive notion fl, The 
mathematical entity f} is a real nurnber between 0 and 1 with the in-
tended interpretation that it is the representing rate of learning. 
In statistical learning theories it is assumed that the value 
of fJ in any experiment is determined both characteristics of the organism, 
e. g., sensory acuity, and charnderlsUcs of environmental stimulus sources. 
In deriving experimental of the model developed in this paper, 
we assume always that fl is a fixed constant throughout an experiment; 
consequently. the model should be applied only to situations for which this 
assumption appears reasonable, of systematic variation in 
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value of the parameter () over a 
by Restle [16] and LaBerge U4]. 

of iearning trials have been discussed 

3. Axioms 

OUf three axioms for 
nition. 

learning are embodied in the following defi· 

, DEFINITION 3.1. An ordered quadruple X = p, 0, r) is a (single parameter) 
linear model reaming if, and only if. is the sample space. P is 
a probability measure on iB(X), fJ is in the half·open interval (0 < IJ ;;i I), and 
the following three axioms are satisfied foy every n, erJ€ry ~ fn X with P1J:,fi > 0, 
and every i k with 1 ~ i ~ rand 0 ~ k ~ r: 

Axiom 1. If:c e then 

"'" (1- +11, 

AximH 2. If:z: e i *' it, and k *' 0, then 

Axiom 3. :z:€ then 

The three axioms express concerning the effects of reinforce-
ment and nonreinforcement. The first two say, in effect, that when a 
reinforcing event occurs, the responSe class corresponding to it increases in 
probability and all others decrease. This is the same assumption utilized in 
a number of contemporary stochastic and statistical models for learning ([3J. 
[4}, [16]). The difference equations of Axioms 1 and 2 are derivable, in quite 
different ways, as special cases of learning functions which occur in Estes 
and Burke's set· theoretical model [7] and in Bush and Mosteller's linear 
operator model [3J; a general model elaborating the implications of this pair 
of equations for reinforcement theory has been reported by one of the 
writers {41. The third axiom expresses the assumption that response proba­
bilities are unchanged on nonreinforced trials. 

In empirical applications of the model defined by Definition 3.1, the term 
P,I!'I,ra is to be interpreted as the probability of response A, for a particular 
subject on trial n. In principle the values of p .. "f'I can be predicted for all 
sequences and aU n, given PI,l, Y, and f} (see Theorem 4.1 below), In prac­
tice, however, it is impracticable to evaluate trial·by·trial probabilities for 
individual subjects, so in experimental tests of the model we usually deal 
only with the average value of P,d,.., over all sequences terminating on a 
given trial, i.e., with pi"", The latter can be predicted for all n, given the 
values of p •. !, r, and fJ, and sufficient information concerning probabilities 
of reinforcement and nonreinforcement (see Theorem 4.2 below), 

It may appear at first reading that because we define only one reinforcing 
event Et corresponding to each response Ah together with the event Eo. 
we will be greatly restricted-as compared say, with Bush and Mosteller 
[3]-in the variety of empirical situations we can interpret by means of 
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the model. this restriction is actually the reinforc-
ing effects of innumer:ab!e different (JL!tcomes of a learning 
trial can be in terms of the model. First, one should note that 
all experimentally outcomes which are assumed to produce 
the same effects will be represented by the same 
event Ek in if a trial which a given response 

several ways, each of which has a different 
, the different outcomes may be 

(k '* and Ee. To illustrate 
consider Ii 

situation, e.g" a and responses are followed by 
different Bu.sh and Mosteller's mode! to 
this hypothetical one of operators, and Q2, 
to represent the effects of the two amounts of reward. Then + al 
would be the 
would be the new 
era tors lead to 

= 

where V~," is the second 
trial n, 
that the reward on A.l trials 

occurrence, and + aa 
an occurrence. These op-

response on 
same situation, we assume 
events E2 , and Eo with proba-

bilities Cu. Cu, and C1U, rf>'on~'r!'l , whereas the reward given on trials 
produces E1, and 
Using results of a later sedior:. 
interpretations the model 
biHty of an response: 

== (1 - fJ + (Jen ~, ficn 

where Pro and 
model. The cOl:re:spcmdenl:es 

Oil = 1 - f} + (lelo, 

aa "'" 1 - (J + 8C20 , 

Cu, c.~, and C~O, 
one can show that with these 

"'Yflr~,~"'1Ion for 

+ 
as in the Bush-Mosteller 
of the two models are 

al = Den, 

a2 = (JCn • 

It appears that 
Mosteller model 

any experiment which has an interpretation in the Bush-
one can find an in the present linear model 

which yieids the same recursive 
In view of this wonder why the two models are 

not identical, at least for this The reason is that Bush 
and Mosteller's model is defined on a space consisting of sequences 
of responses, and observable trial 0 j. The model considered 
in this paper is of sequences of OJ, 
and also " " Ell, which mayor may not be in one· to-one 
correspondence with observable trial outcomes in a particular situation. the 
first chapter of book, Bush and Mosteller speak of "an abstract set of 
t events, "', EI "([3],p. 17), these events do not enter into 
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subsequent development of their model.) Only in situations for which there 
is a one-to-one correspondence between the outcomes, OJ, and events, Et, 
can an identity be established between the model elaborated here and an 
appropriate case of Bush and Mosteller's model. Our approach has been dic­
tated in part by our desire to establish general theorems and derivational 
techniques for a linear model defined on the most refined sample space that 
has been used with contemporary stochastic models. Also, on psychological 
grounds, we prefer to think of reinforcement as an event that occurs on an 
all-or-none basis. Thus in our formulation, varying the amount of reward 
can modify only the probability of reinforcement. 

4. General Theorems 

We turn now to some general theorems that do not lead immediately to 
experimental applications, but rather have the function of clarifying the 
structure of the theory. The first of these, intuitively rather obvious, says 
in effect that if the number of response alternatives. the learning parameter 
0, and the initial response probabilities are fixed, then for all sequences :r: 
and aU triais, the response probabilities pzl,n, if they exist at ali, are uniquely 
determined. In formulating the theorem, we make this idea precise by con­
sidering two models (realizations) of the theory for which X, 8, Y, and Pt.! are 
the same, but for which the probability measures, say P and P', are known 
only to be functions satisfying the axioms. 

THEOREM 4.1. Let x = (X, P, {}, r) and x' = (X, P, 0, r) be two linear 
models for simple learning such thai Pi,l = P:,l. Then for all :r: and n such 
that P"" .. -l > 0 and p~, n-1 > O. we have 

Pri, .. = P~l,,~ . 
PROOF. Suppose that the theorem is false. Let n be the smallest integer 

such that (for some i and x) P""n-l > 0, P~, 10-1> 0, and 

(4.1) 

By hypothesis of the theorem. n > I, and further, since n is the smallest 
integer for which (4.1) holds, 

(4.2) 

There are now three cases to consider: x eEI, .. ,:r: e Ek, .. with k '* i and 
k *- 0, and x e Eo,... Since the proof is similar for aU three cases, each re­
quiring application of the appropriate one of the three axioms, we consider 
only the first case: 

(4.3) x eEl, ... 

From 4.3 and Axiom 1 we infer immediately that 

(4.4) pzl ... = (1 - (J)Pzl,n-l + f} • p~,,, = (1 - fJ)P:n,"-l + (J " 

From 4.2 and 4.4 we conclude that Pn, .. = P~I, fit which contradicts 4.1 and 
establishes our supposition as false. Q.E.D. 
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The next theorem establishes the fundamental result that given the initial 
probabilities of response of the subject and the conditional probabilities of 
reinforcement, there exists a mode! satisfying both the probabilistic axioms 
.and the learning axioms. Moreover, nn special restrictions 011 these proba­
bilities are required to establish the theorem. The significant intuitive 
content of the iast assertion is that the model allows the experimenter to 
conditionalize the probabilities of reinforcement upon preceding events of the 
sample space in whatever manner he pleases. 

A preliminary definition is Deeded, introducing the notion of an experimen­
ter's partition of X. The intuitive idea is that the conditional probabilities 
of reinforcing events on trial n depend on any partition of the equivalence 
classes X,,-l and responses on the nth tria1. 2 The most general cases yet 
studied experimentally are those for which the conditional probability of a 
reinforcing event depends on the response .11 trials earlier. Such cases are 
treated in some detail in Section 5, It is important to emphasize that the 
results in the present section are in no w'ay restricted to conditionalization 
on a single previous response; the probability pattern of reinforcement may 
depend on any selected sequence of prior responses and reinforcements. 
Somewhat more formally, H(n) is an experimenter's partition of X (at trial 
n) if and only if H(n) is a partition of X and the elements of H(n) are cyl· 
inder sets defined in terms of the sequence of preceding responses and re­
inforcing events (up to and including the response on trial n). In line with 
2.5, for 1} Ii:: H(n), we define J'Ylk, .. = 171). 

Now the uniqueness theorem can be stated as follows: 

THEOREM 4.2. Given that (j) X is a sample space defined for r response 
alternatives; Cii) (j is a real number in the half-open interval 0 < fJ ;;;:; 1; (iii) 
the r real numbers Pi.l (initial response probabilities) saUsh the relations 
P'.l ~ 0 and 2:.P!.l = 1; and (iv) the numbers n:~k,,, (conditional probabilities of 

t 

reinforcement) satisfy the relations "1)!:," ~ 0 and :E "~k." = 1. where for every 
k 

n, "Ii is an element of H(n), an experimenter's partition of X; then there exists 
a unique probability measure P on $(X) such that (X, P. e, r> is a linear 
model for simple learning (i.e., the axioms of the present theory are satisfied) 
with the initial response being the numbers pi,l and the conditional 
probabilities of reinforcem.ent the numbers n:'I".". 

For a more elaborate formal statement of the theorem and for the rather 
lengthy proof, the reader is referred to [8]. 

Another useful general theorem that we shaH state here without proof 
(again an exact formulation with proof is available in [8]) expresses the idea 

. that the probability of a given response on tria11~ is fully determined by the 
sequence of preceding reinforcing events (together with the probability of 
the response on trial 1). 

, A partition of a !1t!flempty set X is a family of pairwise-disjoint, nonempty subsets 
of X whose union is equal to X. 
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THEOREM 4.3. For every cylinder set W .. defined in terms of the first n 
reinforcing events of x, if P(x,,) > 0, then 

It is important to be clear about just what is and what is not implied by 
this theorem. An implication frequently useful in derivations is that if we 
are given the first n reinforcing events, then no information concerning any 
of the first n responses can affect our predictions concerning the response 
on trial n + 1. On the other hand, if we are not given the preceding re­
inforcement sequence, then information concerning preceding response oc­
currences may very substantially modify our predictions concerning the 
response of a given trial. Thus, for example, we may infer that 

but it is not in general true that P(Al,;l+l I A l ,,.) = P(A 1,71+1 I A2,,.) or that 
P(A1.n+l I At.n n E1,n) = P(A1,n+l ! E1,n). (See Section 8, below.) 

The last of the general theorems we shall present makes clear in precisely 
what sense the linear model possesses the property which Luce [15] has de­
signated "independence of irrelevant alternatives." The substance of the 
property in the present case is: Given that the response made on trial n of 
an experiment belongs to a subset T of the set of possible responses, the 
relative probabilities of any two responses in the subset are the same as 
their relative probabilities in the complete set. The theorem proved below 
guarantees this property for P!,n. (By an analogous derivation it can be shown 
that the property holds for prl,n.) 

In order to express this theorem, we define PT(AI,,.) as the conditional 
probability of A, on trial n given that the response on tri;:tl n belongs to 
the subset T: 

Pr(A£,n) == P(4I, .. I U AJ,n) . 
JET 

If, for example, the response on trial n of an experiment involving three 
response alternatives, Al. A2, and Aa. is known to be either Al or A" then 
T = {l, 2}, and P:r(A2,n) is the probability of A2 given that either Al or As 
occurred. The theorem takes the following form. 

THEOREM 4.4. If i e T and 

then 

PJA) P(AI,n) 
l\ I,n = 1': P{AJ ... ) 

JeT 

PROOF. By definition of conditional probability, 
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I U AM) == :SAt ... n MAl.n) 
PH p()Jr.4J•Il ) 

We note that the numerator of this fraction is zero unless i = j, and the 
union of events in the denominator may be replaced by a summation since 
the events are mutually therefore the right side of this last ex­
pression reduces to 

Q.E.D. 

In the <;""''lUII!'" cited above, we would then have 

=--"-':':';';;"'-
pl,n + Pa .... 

An theorem can be demonstrated an obvious application of the 
same technique to the conditional P"'i,,,. 

Perhaps the most important appiication of Theorem 4.4 occurs 
in connection with the theoretical treatment of response times (see Chapter 
2). If, for example, the responses available to a subject during any interval 
dt of a T-maze are Ai turning A2 = turning right, and 
A3 = not running, and if we' select from the experimental protocol only those 
intervals during which turning responses occurred, then 4.4 enables us to 
make predictions about the relative probability of left and right turns. If 
we can further assume, as does in Chapter 2, that response proba-
bilities do not intervals when only As occurs, then we can 
use a standard waiting-time model to latency distributions for Al and 
A 1 • 

One should note finally that there is no reason to expect 4.4 to be appli­
cable, say, to predicting choices on trial n of an experiment in which three 
maze paths have been available to the subject for n - 1 trials and then one 
of the paths is blocked. The use of a linear model for simple learning pre­
supposes that the same stimulating situation, as defined by the experimenter. 
recurs at the beginning of each trial of a learning series. The change in 
the situation entailed by blocking a maze pathway cannot be represented in 
the linear model, but may be taken account or in a stimulus-sampling model 
({7}, (14), [l61). 

6. Recursive Expressions for Moments 

Recursions are obtainable for all moments the conditional response proba­
bilities P,,,,,fI. with no restrictions on the probabilities of reinforcement other 
than those specified in Section 4 (see [8D. these general expressions 
take forms which are not and have no immediate 
experimental applicability. For our purposes. consideration of two 
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special cases will suffice to illustrate how experimentaliy useful expressions 
can be derived. The first of these is the case that has been termed .. deter­
m:nate reinforcement" [4J; in this case, Eu events are not permitted, i.e., 
P(Eo•n} == 0 for ali 'i, but otherwise probabilities of reinforcement are un-
restricted. 

We shall require notation a partition XIl 

sets of sequences having the same responses and 
first n trials. 

7ft = {X'tI: :x: IS X} , 

and for the moments of p"'l.n, 

(5.1) VD.I,,. ... ~ p! •. nPz,n-l • 
Xn-l 

the sample space X into 
reinforcing events on the 

In an earlier report, we used ai"I,n for these moments, but here we shall 
foHow the usage of Bush and Mosteller in the interest of conformity with 
the practice foHowed in other chapters of this volume, The first moment is 
of course simply that is, V1,1 ... = PI,", 

To simplify the exposition we shall first derive a recursion for only the 
first moment in the determinate case, then proceed to deal with the general 
vth moment in a case which includes Eo events. The first recursion takes 
the following very simple form: 

THEOREM 5.1. If for all n, P(Eo,'II) = 0, then 

(5.2) 

PROOF. Since UAJ,>I;' X, UEk.n = X, and U $,,-1 =: X, we can write the 
identity J II )';,,-1 

p,,"+1 = P(A,,"+l) = P(A,,'Hl n UAJ,n n U E", .. n U ,'Z7n-l) _ 
J " lC,,_l 

Since all the unions are over disjoint subsets of X (mutually exclusive 
events), the right·hand side of the last expression can be distributed, yielding 

Now if E, occurred on trial n of a given sequence :c. i.e., :c e E1,1I, the 
conditional response probability 

P(AI •n+l lEt,,. n Ai ... n $"-1) == Pzt,'JHl 

can be replaced by its equivalent from Axiom 1; and if any other reinforcing 
event EIt, .. occurred. i.e., z e Et ... (k '* i), the conditional response probability 
can be replaced by its equivalent from Axiom 2. When we make these sub­
stitutions, our expression for PI,fI+1 becomes 
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= Z {(l - O)P"i," 2: I: n A;,1l n + () ~j P(E"" n A),,, n ~n-l)} 
Xn_1 J k 

== 1: {o - O)P,d,,.P.r:,n-! + OP(E" .. n .:11tH)} 
Xn_l 

= (1 - fJ)PI,II + 
It should be noted that 5.2, only on the hypothesis P(Eo,,. = 0), 

holds for the determinate case regardless of how the probabilities of rein­
forcement may depend upon trials or upon preceding events. This general 
expression can be used to generate testable predictions concerning 
long-term response in determinate situations (see Section 7, below). 
However, most experimental of the model involve special re-
strictions on the probabilities of and in fact very often the 
functional form prescribed for by the experimenter is such that 5,2 
can be solved explicitly, detailed quantitative predictions concerning 
learning rates and asyml-itotes. To illustrate the derivation of special cases 
of let us consider the case of "contingent reinforcement with lag" 
(discussed in detail in {4J). 

To express the restriction on probabilities of reinforcement, 
we shall represent by 'frj~(jJ, n) the probability that reinforcing event E", will 
occur on trial n given that response A j occurred j) trials earlier. These 
probabilities are ordinarily completely determined by the experimenter. If 
II > 0, we say that there is a lag jJ in the probability pattern of reinforcing 
events. Formally, the restriction can be stated 

(5.3) P(Ek.n I W n AJ,n-~) = P(EI::." I Aj,"-~) = 'frJt(II, n) • 

where W is any n -- 1 cylinder set (Le., one restricted on the responses and 
reinforcing events of the first n - 1 trials) such that P( W n AJ.,.-\l) > O. 
Now to obtain a recursive expression for the case under consideration, we 
need only use the relation 5.3 to expand P(EI.n), viz., 

P(EI,,,) = Z P(EI.n n Aj.,,-~) = P(EI,,. 1 AJ,n-lI)P(AJ.n-") 
; 

= 1: 'frjl(V, n)PJ,r.-lI, 
J 

and substitute the result into 5.2; this yields 

(5.4) 

The recursive relation 5.4 wiU be recognized as a linear difference equation, 
numerous special cases of which have been examined in detail elsewhere 
([3), [41. (71). If the coefficients 'frJI(II, n) are all independent of j and n, i.e., 
1fJl(v, n) = nit we have the simple ~contingent case of the linear model, 
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/11,11+1 = (1 - O)PI, .. + (l"l • 
familiar through numerous experimental applications ([3J. [6]), This case will 
be developed in detail in a later section, If the coefficients are independent 
of n and if v = 0, we have the simp!e"~6ntingent case, also occurring fre· 
quently in the literature. Both of these cases will be recognized as identical 
to corresponding .. equal alpha" cases of Bush and Mosteller's model ([3}. 
chap. 5). If the coefficients are independent of n, but v > 0, we have the 
simple contingent case with lag, which has not been studied in detail. 

Although explicit formulas for response probabilities are apt to be cumber­
some in this last case (see [4D. we can derive from the recursive expression 
5.4 various experimentally useful relations involving the arithmetic means 
of the response probabilities over trials. The...~ means are defined as follows: 

(5.5) 

Of course, PI(N) represents also the expected proportion of At occurrences 
over N trials in a population of subjects whose learning is described by the 
model. We shaH limit ourseives here to one asymptotic theorem, which will 
serve to illustrate the technique of derivation. 

THEOREM 5.2. In a simple contingent case with some fixed lag II independ­
ent of n, and with two response alternatives (r = 2), 

(5,6) lim pl(N) = 1t'21(V) 
N-.. 1 - 1t'l1(V) + 1t'21(v) 

PROOF. Summing both sides of 5.4 from 1 to N and dividing by N, we ob-
tain 

We need not worry about assigning values to PJ,fI-li for n < JI, since the 
result is independent of the particular assignment c.bosen. By algebraic rear­
rangement, we then infer 

~ f p + P',N+l - PI,t 
N".l I," N 

Now taking limits as N -. 00, the second term on the left vanishes, and we 
have without difficulty 

or, writing Pi for lim PI(N). 
N~ .. 

(5.7) for i::= 1 •.. " r. 
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Thus whenever the sy"'em of r + 1 equations consisting of 5.7 together with 
2:: PJ =: 1 has a nontrivial solution, the limit. of p;(N) exists and is independ· 

J 
ent of (J and the initial probability /11,1, In particular, for r"'" 2 and i ... 1. 
we have 

- 7rn(v) + 1!21(;;)(1 - .Pd = __ "':':':~.L-__ 
1 - 7ril(V) + l'r21(V) • 

We can thus of responses in advance of 
run with any fixed lag v; what is even more interesting, if 

of reinforcement are fixed, the predicted long-term 
response v (i.e., are the same for experiments 
run with different values of 1/). In a test of this prediction (de-
scribed in [6l), were run in a guessing situation with l'rll(V) = .66 and 
7f31(V) = 1.0. of lJ O,).J = 1, and J) = 2 all yielded 
response proportions close to the calculated asymptote 

over the last trial block of the series. 
The utility of Theorem 5,1 for analytic purposes can be particularly well 

illustrated by it to a new problem of a not envisaged at the 
time the model was formulated. Let us consider a simple two-
choice guessing in which the subjects have been instructed, or 
have learned by experience, that the best strategy is always to predict the 
event that has occurred more often the preceding series. Under the 
experimenter's arrangements, the two outcomes of a trial. 0 1 and 02, 
occur (let us say) with fixed probabilities n: and 1 11:, which are of course 
unknown to the subject. We shall assume that the subject can recall at any 
time the outcomes of the k immediately preceding trials; at the termina­
tion of trial n, he recalls the outcomes of trials 11. n - 1, "', n - k, which 
we shall designate for brevity the" recall span." If upon the occurrence of 
the observed outcome on trial n. the majority of the 0 i in his recall span 
are 01'S, the subject interprets this state of affairs as an E1, i.e., a rein­
forcement of response AI. SimilarlY, if the majority of the OJ in his recall 
span are 02'S, the result is reinforcement of response Az. When the OJ in 
the recall span are equally divided between 01'S, and 02'S, responses Al and 
AD each have probability .5 of being reinforced. (There are other, perhaps 
equally plausible ways of handling ties, but assumption of one rather than 
another has little effect on testable properties of the modeL) Now we can 
write down an appropriate expansion of P(El •n) for any given recall span. 
If, for example, k = 1. then we have 

P(El.,.) = P(Ol.~ n Ot,tI-1) + t [P(Ol.n n O2, .. -1) + P(Oa.n n 0 1,11-1)] 

- ~, + ! {n{1 - n) + (1 - = n. 

Substituting into 5.2. we find 
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pl.n-u = (1 - fJ) P •. ,. + (hr; 

that is. in this case proceeds exactly as in the usual case of k.., O. 
If, however, k ... 2, we have . 

P(Ex.,,) == peDl." n 01.,,-1 n Ol,IH) + n 01 .• H n O2 ... -2) 

+ n n Ol.n-~) + P(02 ... n 01."-1 n 0 1, .. -,) 

= n3 + 371:':1(1 - n;) = -- (1 - n)(l -- 2n)] , 

and 5.2 becomes 

= (1 - 8)Pt.n -(1- - 2n)J -

Now the rate of learning is still but the asymptote is greater 
than n if n is greater than and less than 1t' if 11: is less than 1/2. It is 
apparent that in learning rate is predicted to be independent of the 
recall span, but the asymptotic probability of AI deviates further 
from 1t toward unit.y or zero (for 1'1: > 1/2 o. TC < 1/2, respectively) as kin-
creases in tends to unity or zero in the limit as k becomes large. 

A second case immediate interest is that in which EIJ events 
are permitted and all of reinforcement are contingent upon the 
response of the given trial This model has been tested by Atkinson 
[11 in a two-choice guessing situation with no knowledge of results given on 
"Eo trials," and severa! investigators (see (6D in T·maze experiments 
with nonreward on " Eo trials." Mathematical properties of the model are 
very similar to those of Bush and Mosteller's" unequal alpha" case as ap­
plied to situations with "experimenter-subject controlled events" (t3]. pp. 
286-88). 

THEOREM 5.3. If the conditional probabilities of reinforcement P(Ek, .. I AI,,,) 
for 1 ~ i ~ ,. and 0 ;;; k ~ r are fixed constants TI.",;;, independent of trial m.m· 
ber and preceding events, then 

(5.8) PI,'II+l == (1 - {})PI,n + (J 2:. PJ,1Irr:JI + fJ 1': rr:iG VI"},,. • 
J J 

where the VI,I},,, are cross-product moments tkjined analogously to Vl.i" .. i.e., 

(5.9) V1,i},,, == 2:: Pz.,,,P"'J.,,Pz ... -1 • 
"1\1_1 

The theorem takes a particularly convenient form when r = 2: 

(5.10) pl,n+1 = (1 - {J)Pl,1I + O[Pl,n1t'll + (1 - Pl.,,}11::n1 

+ I( V:.1."nlo + V1.1, .. 1t1Q - V:I..l,!l11:%O) 

=' (1 - e + (hr11 - (Jn21 + fJrr~f))pl.'" +' fJ1tn + O(nllJ ...:. 1t':o) V,.l, ... 

PROOF. The proof follows that of Theorem 5.1 up to the point of substi­
tution in terms of the learning axioms; then an additional term must be 
included to take account of Eo trials. We obtain 
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"'" 
/11,"'+1 = 1: ::E {[(1 - !})P:£I, .. + f}]p(E', 11 n n ,1;1"-1) 

It''_l J 

+ (I - O)PJ:!.,.P(E",,, n AJ •11 n ~" .. i) 

+ Pzt,nP(Eo,n n AJ,n n ~"-1)} 

After the term fJP"I,,,P(Eo,,, n n .2',,-.) has been added and subtracted, 
we have the over 0,1, "',r} 

n n 

when the indicated summations have been carried out and the last term on 
the right expressed in terms of 5.9. Yvhen r = 2, the quantity :z 1t:;o Vi,!),,, 

J 
reduces to 

:z {n:1CP!I,,, + i!'2G P"'l ... (l - PZ1,n)}Pz,n-l = 1!10 V%.l,,, + i!'ZO Vl,l,n - n'20 Vs,i,n , 
X,,_l 

where we have let i = 1, establishing 5.10. The difference equation 5.10 can 
not be solved explicitly, but bounds on the asymptotic response probability 
Pl ... can be obtained by the use of methods that have been discussed elsewhere 
[1, 3]. 

With the restriction to r = 2, the case under consideration is a convenient 
one with which to illustrate the treatment of higher moments of the condi· 
tional response probabilities. 

Tw!:ORilM 5.4. 1/ the hyPothesis of Theorem 5.3 is satisfied. together with 
the restriction r = 2, then 

·[trn V,,-m,n + (rrl.l - n:u) Vw-m+l,n) 

+ (1 - (1 - 6)~1 (n'2!1 V .. ,n + (n:I\) - 1!1O) V .. +1, .. } • 

where v runs aver the positive integers (and tile r(J$jxmse subscript has been 
dropped, it being utlderstood that the moments are for At). 

PROOF. Beginning with the defining equation 5.1 for the vth moment, we 
introduce the unions of the responses and reinforcing events on trial H, and 
tben apply the learning axioms a.s Thus: 
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V,.I,II+l == ~ P;I .... +lP., ... 
x" 

.... Z k ~ P~(AI.,,+1 I Et.1'I n AI ... n :C"-l)P(Ek.,. n A}.OJ n :e1l-1) 
111131 II J 

== k 2! {[(I - (j)PzI,,, + fJ]''f1:Jfpz) ... _1 
1("'_1 J 
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+ (1 - fJ)~P!I ... 2:: trJtPd,n-t + P".!,ntrJOP"J.n}PfIJ.n-l • 
li:"o, 
.1<'1'0 

To simplify this last expression, We Use the binomial expansion 

[(1 - fJ)P;ef ... + til" == (1 - (j)ep!!." + ± (':)(1 - fJ)lI-mfJmp:;;: 
IIld l 

and both add and subtract the term 

this yields 

VV.l ...... l"" .E {(1 -
le"_l 

(1 - f))"Pel ... trjOP!;fJ,II; 

+ [1 - (1 - fI)"]P;I. ,. rrjGPzJ.,,} P"" .. -l • 

Now for the special case r = 2, we can leI: i == 1 in the last expression and 
simplify further: 

VV,l.II+1 == (1- O)"VV.l.1I + .E {i:. (::')(1 - O)V-fJmP~i.:[1l:'llPZ1,1i + 1f31(1- Pltt,n)] 
)1111_1 "'-1 

+ [1- (1- 8)~IP;1.1\{;ru.lP,n.,. + It'20 [1 - PZ1.n)J}p",.n-l • 

or, dropping the response subscript as before, 

'II 

V,. ... +l == (1- fJ)·y ..... + .E (~)(1 - O)-um[rrn V"'_+l." + 1f21(V",-m,,. - Vv-m+l,n)] 
",.1 

+ [1- (1 - 8)"][11:10 V"+l.fI + 1I:20(Vv,~ - VV+l,,.)] • 

establishing the theorem. 
When, for example, v == 1, equation 5.11 reduces to 

V1 • .,..1 ... PI,,..l - (1 - 0) Vn + O[rr21 + (1t'u - it'21) V1•n] 

+ 6[11:11 VI, .. + (If 10 - 7t'20) Vs, .. ] 

== flrru + (1 - (J + 0it'11 - fJrrSl + {}nZO} VI, .. + 6(11:10 - Ifa\) Vi ... ; 

and when v ... 2, equation 5.11 becomes 

V.,.,..1 .... (1 - tll2 V, ... + 2(1 - 6)6[1f21 VI, .. + (it'u - 7ru) VI ... ] 
+ 61[11:'1 + (l'I'11 - 1f31) V1,n} 

+ [1- (1- fJ)t][it'ao VI," + (it'1II - IfJQ)V" .. j. 
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In general, these difference cannot be solved, since the vth moment 
on trial 1t + 1 is a function of the (v + l)st moment: on trial n. But in the 
special case n'1O = rr~n. the term in vanishes from the expression for 
V,,""'l, and the eLl] can be solved successively forv-l,2,··" 
yielding explicit formulas for moments of all orders in terms of n,8, and 
PI,I, 

6. Some Random Variables 

In this section we define some useful random variables and assert some 
obvious theorems about them. Certain theorems of experimental 
interest are in Section 8 for conditions of reinforcement. 

Since this paper is partially we a rather explicit treat-
ment of several elementary To begin we recall some familiar 
facts about random variables. A random variable is a (measurable) function 
defined on the sampie The common notation for the probability that 
a random variable U has a certain value u is P( U = u), and if X is the 
sample space, this is to the probability 

:c IS X & = u}) . 

For the expected value of a random variable 
tion E( U), and for a conditional eX1oec:ration 
space, E(UI V). 

we use the standard nota' 
some event Y in the sample 

A random variable is discrete if the set of its possible values is countable, 
i.e., either finite or denumerable. If U is a discrete random variable, then 
its discrete density is the function q such that for any possible value u of U 

= P(U= tl). 

All the random variables considered here are discrete. We shall not introduce 
an explicit notation for their discrete density functions, but it is well to re­
member that the quantities computed, e.g., expected values and variances, 
are defined with respect to these density functions, 

Corresponding to events AI,,, and ili,n we now introduce ranciC?m variables 
denoted by corresponding letters. 

DEFINITION 6.1. If x e X, 

A!.,,(~) = {~ if x e AI,,. 
otherwise 

and 

Ek.n(X) = {~ if x e E"'.n 
otherwise . 

We shall also be interested in sums of the random variables A" .. , 

:I Problems of measurability will not arise here. 
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DEFINITION 6.2. If::c e X, 

Some obvious general results concerning these random variables are formulat· 
ed in the following theorem. The main object of the theorem is to relate 
expected values and variances to probabilities of events in the sample space. 

THEOREM 6.3. 

( i) P(A I ... = 1) = P(AI.") = PI,,. , 

(ii) E(A!, .. ) = P(A t ,,,) = i)I, .. , 

(iii) var (AI.,,) = P(Ai,,,)[l - P(A!,n)] = .fll,,,(l - PI,n) • 

(iv) E(A",.A'.n+l··· A1,'Hr) = P(A.,,, n Ai,M! n , .. n AI,,, ... ,) , 

.. <oN 

(vi) var (SI, .. ,N) = 2.:: P(AI,I1tHl - P(AI, ... )] + 2 2.:: cav(At.JA/.I:) . 
",m,,+1 n<J<.k:;;n+N 

PROOF. A few remarks will suffice. Assertions (i) and (ii) are obvious. 
Assertion (iii) is derived as follows: 

var (AI.,,) = [1 - P(AI,,,»)2 P(A •. ,,) + [0 - P(AI.")P [1 - P(AI, .. )] 

= [1 - peAl, .. )] [P(A/.n) - P2(A 1.,,) -I- p2(A 1.n)] 

= [1 - P(A1.n)]P(Ai,n) = (1 - PI.,,)h ... 

Assertion (iv) follows at once from the fact that the product of the various 
possible values of the random variable is zero except when they all have the 
value one. Assertion (v) may be inferred from Oi) and the familiar fact that 
the expected value of a sum of random variables is equal to the sum of 
their expected values. Finally, (vi) is a consequence of (iii) and the familiar 
relationship between the variance of a random variable which is a linear 
function of certain random variables and the variances and covariances of 
these latter random variables (see [9]). Q.E.D. 

7. Some General Limit Theorems 

It is of intrinsic interest to know how responses and reinforcing events 
are related under very general conditions of reinforcement. The following 
four theorems describe in a precise way the kind of asymptotic matching 
relationships which obtain between them. 

The first theorem asserts that for a given outcome 3J of an experiment. 
the limiting ratio of the sum with respect to n of PZ!.Ti (or; alternatively, 
the expected number of AI occurrences for all subjects having a given reo 
inforcement sequence) to the sum of EI reinforcements is 1. provided that 
there are no Eo trials and that E, trials do not stop occurring after some 1i. 

(It does not matter how rare the density of these EI occurrences is, so 10ng 
as there is no n beyond which their probability is zero.) 
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THEQREM. 7.1. 1/ x $ Eo, .. for every 1t alld if 

dil)erges as N ~ 00, then 

(7.1) 

PRooF. In view of the obvious E(A i ... I Xn-l) = PZ!,,,, we need deal 
only with the second term in 7.1. Since:.r; $ by hypothesis, we have 
immediately from our axioms 

(7.2) = (1 - fJ)P;r:, .. + fJE,,(x) , 

where E,,(x) is a random variable defined in the preceding section. (We have 
dropped the subscript i throughout the proof.) Clearly equation 7.2 becomes 
identical to that of the first or the second learning axiom as E,,{x) equals 
unity or zero, respectiveiy. both sides of 7.2 from 1 to N, we 
get 

N N N N 
(7.3) :E pz,,. + pZ,N+l - P"',l = 2:: P",,, - tJ ~ pr,,, + (J :E £,,(31) • 

,.-1 1'h.1 nell ",-1 

From 7.3 we may immediately derive 

(7.4) P;r:,l -' P:r:,N+l 
N 

f} 2:: £,,(x) 
H-I 

provided only that we choose N large enough to have E,,(3I) = 1 for at least 
one n ~ N. Since 

E .. (::c) 

diverges as N - 00, the second term on the right-hand side of 7.4 has zero 
as a limit as N - 00, and the theorem is proved. 

The second theorem asserts a corresponding result for the ratio of the sum 
of the mean probabilities P(AI.") of responses and the sum of the mean prob· 
abilities P(E!.n) of reinforcements. It should be noted that if the quantity 

1 N 
N~t(E~,,,) 

is bounded away from zero as N - 00, then the theorem holds; it is not 
necessary that the limit of this quantity exists. 

THEOREM 7.2. If 



FOUNDATIONS OF LINEAR MODELS 159 

and 

diverges as N -+ co, then 

(7.5) 

PROOF. 

is zero, 
Theorem 5.3 and the hypothesis that the probability of Eo trials 

Pt.!l+l =- (1 - (})Pl.n + fJP(EI.") . 

The same sequence of operations is applied to this difference equation as to 
the corresponding equation of the previous proof, and the theorem is proved. 

We next consider the same kind of theorems when Eo trials are possible. 
For this purpose, we introduce some notation whose intuitive meaning is 
clear. If 3: is a experimental outcome, i.e., a sequence which is a 
member of X, then 3:* is the subsequence of :c which results when all Eo 
trials, aDd no others, are deleted. Clearly, 3:* is a well·defined sequence 
only if the number of trials in 3.: is infinite; this condition is equiva­
lent to the divergence of the sum 

as N -I> 00. Fonnally, we have: 
DEFINITION 7.3. If 3:, Y e X and the sum 

,v .. 
.:E l: EI:,,,(;X:) 
""1 k-1 

diverges as N ~ 00, then x* = y and only if. there exists an increasing 
sequence t:p 0/ positive z'ntegers such that for every n 

( i) 'Yn = 3.:""(11), 

(ii) Eo.n(Y) = 0, 
(iii) if Eo.,,(x) = 0, then n is in the range of'll. 

Condition (iii) of the definition simply ensures that the subsequence y generated 
by rp from x does not omit any non-Eo trials. 

Analogously to the first theorem, we then have a corresponding limit theo­
rem for the subsequence x*. 

THEOREM 7.4. If 
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PROOF. In order to apply the argument used in the proof of Theorem 7.1. 
we need to prove that 

(7.7) 

But 7.7, like 7.1, follO'.vs at once from our basic axioms and the fact that 
:c* e Eo.,. for all n. Q.E.D. 

The analogue of Theorem 7.2 requires some additional notation. We shall 
let At. ... be the set of all sequences which have the ith response on the nth 
non-Eo trial. Similarly, Ek~" is the set of aU sequences which have the kth 
reinforcing event on the nth non-EQ trial. The simplest restrictive hypoth· 
esis under which the theorem may be proved is that the probability of the 
set of sequences with only a finite number of non-Eo trials is zero. 

THEOREM 7.5. If the restriction just mentioned is satisfied and 

diverges as N","", co, then 

For a proof, which involves operation on countable unions and intersections 
of cylinder sets, the reader is referred to [BI. 

It will be useful to summarize the experimental implications of the four 
theorems proved in this section. By virtue of Theorem 7.1, we can predict 
that for any experiment in which Eo trials do not occur, the proportion of 
AI occurrences will approach the proportion of E, occurrences for each in­
dividual subject as the number of trials becomes large. Similarly, by using 
Theorem 7.4 we can predict the same result for any experiment in which Eo 
trials do occur, provided that we delete the Eo trials from the subject's pro­
tocol before computing the proportion of responses and reinforcing events. 
Corresponding predictions concerning mean proportions of Al responses and 
Ei reinforcing events for populations of subjects follow from Tneorems 7.2 
and 7.5. Experimental applications of Theorems 7.1 and 7.2 are illustrated 
in [6]. 

8. The Noneontingent Case 

Of the various special cases that may be derived from the general linear 
model, the constant event-probability. noncontingent case is the simplest from 
a mathematical viewpoint and also has been the most studied experimentally. 
We can conveniently illustrate numerous derivational techniques and at the 
same time assemble a variety of experimentally useful results by giving a 
detailed analysis of this case, which we now define in the obvious manner. 

DEFINITION 8.1. A linear model x = <X, P, 0, r> satisfies the simple tlOn-
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contingent condition il. and nnly if. /01' every k there is a nt sltch that for 
every n, and for every 7( in an experimenter's partition H(tt), if P(YJ) > 0 then 

and P(Eo,,,):= o. 
That is, Eo's are not permitted, and the probability of each reinforcing event 
is constant over trials and independent of preceding events. 

In order to simplify our notation, we shaH adopt the following conventions 
throughout this section. We shall be concerned with probabilities and various 
statistical quantities associated with some arbitrarily selected response AI 
(and its reinforcing event E,). When only At is explicitly involved in a deri­
vation. we shall drop the SUbscript i, yielding An for the event "AI occurs 
on trial n"; peA,,), or p .. , for II probability of AI on trial n "; and so on. 
Also. in the interest of brevity, we shall omit from the numerous theorems 
to follow the standard hypothesis "if X = (X, P, 8, r> is a simple noncontin· 
gent, linear model." 

Moments of the Response Probabilities. A recursive expression for the raw 
moments Vv,,, of the response probabilities is obtainable by the same tech­
nique used in the proof of Theorem 5.4. 

THEOREM 8.2. If v is a positive integer, then 

" (8.1) V~.'I"l = (1 - e)" V~, .. + n Z (,!;) (l - o) .... mOIlI V" ......... 
m-I 

Since the first and second raw moments will frequently be required in later 
derivations, we include explicit expressions for them here. For the first 
moment, we have 

(8.2) VI,,, .. ! = (1 - fJ) Vi ... + 0.,. , 

or equivalently 

P'I+l = (1 - fJ)P .. + On • 

It can readily be shown by induction that this difference equation has the· 
solution 

(8.3) 

For the second moment we have 

(8.4) 

and it can be shown by induction that this difference equation has the solu­
tion 

(8.5) 

_ [n(~ = ;)6 _ (no - PI)2J(l - O)~(..-I) • 

Asymptotic moments appear so ubiquitously in experimental applications of 
the model that it is desirable to introduce special notation for them. 



162 ESTES AND SUPPES 

DEFINITION 8.3. If lim V ..... exists, then _ .. 
V"... lim V",II. n .... 

It is an obvious consequence of 8.3 and 8.5 that VI = rc and 

V _ [2(1 - Q)n: + 6] _ :i + Orc(l- 1t'} 
:-n' 2-8 -x 2-0' 

Taking these results together with the recursive relation of Theorem 8.2, 
we see immediately that asymptotic moments of all orders exist for this case 
of the linear model. 

Concerning such properties as dispersion, skewness. etc., central moments 
are usually more instructive than raw moments. For the distribution of re­
sponse probabilities, central moments are defined in the standard manner: 

DEFINITION 8.4. If v is a nonnegative integer, then 

p" .... == :I: (P.:." - p .. )"P", .. -1 • 
Xn_t 

To obtain a usable recursive expression for the vth central moment, we pro­
ceed as follows: 

= :E {1t'[(1 - fJ)P", .. + (j - (1 - fJ)p .. - 8x]' 
Xn-l 

+ (1 - x)[(l - (J)P3!.'Il - (1 - 8)P" - Dn]"}P.1l,n-l , 

where we have substituted for p",n+l in terms of the axioms and for PtI+l in 
terms of 8.2. Expanding the bracketed terms by the binomial theorem and 
simplifying, we arrive at 

THEOREM 8.5. For v ;;,;; 2 (of course, PO,lI = 1 and /Jl,lI = 0 for all n). 

,u,,"+l = (1 - fJ)vlJ.t; .... + x(1 - 7t){ (;)(1 - (J)II-2{j2/J._2.1I 

+ (;)(1 ~ O)t'-363,u,_a."Hl - n)2 - 7t2] 

+ (:)<1 - Q)Hn4/J'~4.n[(1 - 7t)S + x31. 

+ ... + (:) 6*'[(1 - 11:)"..1 - (- 11:) .... 1] } _ 
. 

Specialization of Theorem 8.5 yields relatively simple expressions for the first 
few central moments. For the variance, 

(8.6) 

Or, in conventional notation, 

(f~+1 = (1 - 6)2t1~ + n(l - .,.)172 • 
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Asymptotically, 

(8.7) 

For the third central moment, 

(8.8) + ;r(l-

and asymptotically, 

(8.9) 

As one might expect, the distribution 
downward when rr > 1/2, skewed 
rr == 1/2. 

response probabilities is skewed 
when 11: < 1/2, and symmetrical when 

For the fourth centrai moment, 

(8.10) tl4.Ml:=: (1 -

and "'~1"'n"t()tjr'''' 

(8.11) _ rr)lr 1 - 3(1 - tJ)2 ]} 
, 1- {l- 9)2 • 

The of two cases are immediately apparent. If IJ 
tends to 0, aU the central moments vanish; i.e., for every n, all density of 
the distribution of response probabilities is concentrated at the point pz,,,=Pl. 
If fJ == 1, the central moments reduce to those of a binomial distribution; i.e., 
for all n Ei 2,. 

p.~.~ = 71:(1- 71:) - 71:)V-1_ (- 71:)0-1]. 

This last relation can be shown to be the solution of a recursive expression 
given by Kendall ({l2], p. 118) for central moments of the binomial distribu­
tion. For 8 values intermediate between zero and unity, the distribution of 
asymptotic response probabilities has a smaller dispersion and less skewness 
than a point binomial distribution having the same mean. 

Covariance in the Response Sequence. We now consider the doublet, tri­
plet, and quadruplet probabilities. 

which may be used to check the experimental adequacy of the model with 
respect to sequential effects. It is to be emphasized, for those who like for­
mulations in terms of random variables, that in view of Theorem 6.3 the 
following theorem could just as well be expres..~d in terms of expectations of 
random variables. namely, E(A"+lA,,), E(A~+2A"+1.4,,), and E(A"+3A,,+!tA"+lA,,). 
Our method of derivation may be compared with that· which is used when 
the random variable approach is followed and expectations are first taken 
with respect to a fixed sequence of responses and reinforcements; the former 
appears somewhat more direct and simple from a mathematical viewpoint. 
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THEOREM B.B. For every n, the probabilities of two, three, or four stlccessive 
At evettls are given respectively by: 

(8.12) 

(8.13) 

(8.14) 

P(An+1 nAil) = (1 - fJ) v2," + Un Vl,n • 

P(A,,+! n A""l nAn) = 87rP(An+1 nAn) + (1 - fJ)3 V3, .. 

+ 2(1 - fJ)2{hr: V" .. + (1 - 8)fJ2rc VI,n • 

P(An+3 n An+2 n A n ... l nAn) = 8rcP(An+2 nAn+} n A .. ) + (1 - 8)tV"" 
+ (1 - fJ)4f)(5 - 30)/! V3,,, + (1 - 0)302rc[3(1 - 0) + 47r] V2 , .. 

+ (1 - IJ)203rc[(1 - D) + 2rcjV1, ... 

PROOF. For part ( i ) 

P(A., .... ! n A" .. ) = k 23 P(AI,'!+l n E", .. n A>i," n :e"-l) 
"n-l I: 

+ 23 7rkP(At,""'l ! Ek ,,, n AI,,, n :e"-l)]PCA" .. ! :r:"-l)P.,,"-l 
", .. , 

= k [(1 - fJ) P(AI, .. I :en-l) + fJnt}P(AI,,, 13JfI-l)P~,"-1 
" .. _1 

= (1 - fJ) V2,1,,, + Oni V1,i, .. _ 

For parts Oi) and (iii) the proofs are similar in principle but rather lengthy, 
and we omit them here (see [8]). 

The same methods used in the proof of the preceding theorem may be ap­
plied to obtain terms like P(AI,n+l n Ai'_,,), where i =1= i'. The cases studied 
in the theorem are of especial interest because the results also hold for the 
simple contingent model, where P(Ek.n I At.,,) = 7rlk. To extend the results 
to this model, one need merely replace 7rt by 7r1!. Naturally the raw moments 
V",I ... are different, but the same expressions in terms of the moments hold. 
Unfortunately, this ready generalization does not hold for such terms as 
P(AI,"+1 n AI"") or similar .. mixed" triplets or quadruplets. 

The results of Theorems 8.2 and 8.6 may be combined to yield asymptotic 
results in terms solely of (J and 7rt for the doublets, triplets, and quadruplets 
of Theorem B.B. We shall not formulate these results as a theorem because 
of their lengthy form. Even the doublet term is a bit cumbersome, 

I' peA n A ) - (1 - fJ)rr!{2(1 - fJ)rri + 8] + 0 2 
1m I,"+t I," - 2 0 7rt 
ft~~ -

_ 2 + rcl{l - rrl)fJ(l - 0) 
- 7rt 2 _ () • 

It is clear, however. that even asymptotically, the probability of an AI given 
an AI on the preceding trial is greater than 7r! by an amount which depends 
on D. 

The covariance of the random variables A.. and A .. +m is of interest in its 
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own right and also as a term entering into the derivation of an expression 
for the sum S,..l'l. As a preliminary to calculation of the covariance, we 
require the following theorem concerning probability of the compound event 
A ... n An+",: 

THEOREM 8.7. For every n and every integer m, the probability that 
an A. response occurs on both tria! n (md trial n + m i$ given recursively by 

(8.15) n = nP(A,,)- - P(A""'l n A,,)J(l - 0) ... -1 • 

PnOOF. The proof induction on m. For m = 1, we have an 
identity. now the theorem holds m. the usual tech-
nique in order to prepare for of the axioms, we have 

-(1-
+ 6;r,]P(.:I:n.",_1 n AI,,.) 

n A",,) + (JrcIP(A!, .. ) • 

Applying now our inductive hvnni'h.".,iQ to the last expression, we obtain 

P(A •. "":"'.l n 
== (1 - O){n'iP(A",.) - - P(A!,,, ... , n AI,,,)J (1 - 8)"H} + nn:,p(A,,'lI) 
= n(P(A; ... } - [rctP(A •• ,,) - peAI,n+! n Al,n)](l -I})'" . Q,E.D. 

Using the results of Section 6, we may rewrite this theorem in terms of 
expectations of random variables: 

(8.16) - [nE(A,,)- (1'" fJ)"'-l • 

Applying the usual definition of a covariance and making the appropriate 
substitutions from 8.3, 8.16, and Theorem we have, after simplification. 

THEOREM S.B. For elN!ry n and every positive integer m, 

(8.17) cov (A" ... ""A,,):= rc(1- n) e(~ = ;)"'[1- (1 - 0),<·1-1)] • 

As one would expect, the covariance tends to zero as fJ ....... 0, f] ....... 1, or m ....... oo. 
An outcome one might well have failed to anticipate is that for aU n the 
covariance is independent of PI,I. the initial probability of an A, response, 
but depends in a very simple wayan the variance of the response probabili· 
ties. Referring back to 8.6, we see that coy (A"...",A,,) = (1 - U)"'i1~. 

Using 8.17 together with 8.6, we can now write an expression for the 
serial correlation coefficient with lag m, conventionally defined as 

r.(N) == 1 Ni:."'{ cov (A~+".A,,) } 
N - In nul [var(A I1",m) var (A,,)jl!~ 

== E { COY (A" ... ...A.r;) } 
[pn+m(l - P" ... ",)P,.(1 - Pn)]111 • 
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where the expectation is' taken over ft. An explicit formula for r",(N) can 
now be obtained simply by making the appropriate substitutions; asymptoti· 
cally it reduces to a simple exponential function which is independent of 11: 

and which tends to Jero for large m, viz., 

THEOREM 8.9. In the limit as N ...... 00, . 

lim rm(N) = rm = (J(t - 0)'" 
2-fJ 

PROOF. We let n -I> 00 in 8.17 and 8.S. Then 

l ' l' n'(l - 1/:)0 
1m t!3.M·!I!. = 1m t!1, .. = 2 _ fJ ' 

limpn+m = limp" = 11:, 

and we have 

r. == E{ n'(t - ;~(! - fJ)'" / [1t2(1 _ n)2]!/2 } == fJ(~ = ~". 

This statistic may prove useful estimating the parameter (J from asymptot­
ic data. It is interesting to note further that although empirical values of 
r ... are free to vary between -1 and + 1, the model prescribes a much nar­
rower range of variation. By differentiating rift with respect to tJ we find 
readily that at any given lag In, rm attains its maximum at the point 

1 1 
6= 1 + ---ym2 + 1 

m m ' 

and that the maximum value of r ... is given by 

- _ m + 1 - V m2 + 1 (- 1 + Y m2 + 1 )'" r".- 11 m-l +m2+ 1 m 

At m = 1, we find from this last formula that 

'I -(2 #) (-1 + 'V"'Z')== (-1 +V2):. 

Thus, since r", ~ 1"1, r.,. is bounded between 0 and approximately 0.17. 
Computation of the serial correlation coefficient rm for asymptotic data is 

greatly facilitated by the exceedingly simple relation obtaining between it 
and the conditional probabilities of an A, response given an A, or a non-Ai 
response, respectively, on the preceding trial. This relation is 

rill == lim [P(AI, .... ". I AI, .. ) - P(A"" .. ". I Ai, .. ») , ,,-
where Al represents the set of all responses other than AI. and of course the 
ex.pression on the right can be directly estimated from the asymptotic condi· 
tional response proportions. To demonstrate this relation, we need only sub­
stitute into the right-hand side from 8.15 and 8.2, using the obvious relation 
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and take 

[ 
(1 - 11')0(1 - on'1 0''''-' n- n:-n'- I' -) A 

2-6 .J 

8(1 _ ())fIt. 
------'''----::----........ ---- == 2-1J 

which we recognize as the for r", found previously in Theorem 8.9. 
We are now in a position to a general formula for the variance of 

the AI response frequency in the block N trials following any arbi-
trary trial n. 

THEOREM 8.10. 

(8.18) vat (Sn,N) "'" Nrr(l - rc) - (1 -

_ (11: _ P.)~(l _ o)Sn [1 - (1 - 6)!N] + 2(1 - O)rr(1 - i'f~ 
6(2 - fJ) 2 - fJ 

. [N _ (1 - fJ)NJ 271:(1 - rr) 
+ fJ - 0(2 - fJ)l 

• (1 - e)ln+lU - (1 - 8)N-1I [l - (1 - 8)NJ • 

PROOF. Since Sn,N is the sum of N random variables A".", (m= 1. 2. "'. N), 
we can use the wen-known expression for the variance of a sum of random 
variables: 

N 

var (Sn.N) == l:: var (An ... ",) + 2 .:E COY (A"+JAn+,t) • 
m-l l:fii}<.t$,Jf 

From Theorem 6.3 we have var (AM"') = P(A •• ",) - P3(A .. +",); subslituting 
for P(A ... m) from 8.3 and summing over m, we obtain 

:£ var (An ... ",) = Nn:(l - rr:) - (1 - 2,.)(n- - Pl)(l - 8)" [1 - (Ie - fJ)N} 
..... 1 

_ {tt _ Pl)2(1 _ 6)'" [1 - (1 - fJ)IN] • 
. 1- (1 - 0') 

Then we substitute for cov (An"'.IA"+k) from (S.17) and sum over j and k, 
obtaining 

rr:(l - rr:)(l - 6) .i: COy (An.JA lI+.t) = 2 (J 
l:SJ<lIiSN -

. {N _ 1... + (1 - fJ)N _ (1 - U)~"[l_ (1 _ (1)11'-1][1 _ (l-/)N]} 
IJ (} U(2 - 8) • 

Entering these two sums in the general formula for var (S .. ,N). we arrive at 
8.18. Q.E.D. 
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A number of special cases of 8.18 are of experimental interest. To obtain 
an expression for the variance of the AI frequency in N trials at the limit 
of learning, we take the limit of var (Sn,j\') as n -) 00, 

(8,19) var (8 ... N) = lim var (8"".,) 
".....,. 

= N11:(l - 11:) + 2(1 - 6)n:(1 -- "')[N _..1. + (1 -IJ)N] 
2-0 (J (} 

== 71:(1 - 7I:){NfJ(4 _ 38) - 2(1 - 0)[1 - (1 - O)NJ) 
(2 -- 0)0 • 

If 6 == 1 or if fJ -. 0 in 8.19, var (8"",11'") reduces to Nn:(l - 1/:), the variance of 
a sum of N independent random varhlbles. 

Letting n = 0 in 8.18, we obtain an expression for variance of the A, fre­
quency over the first N trials of a series. 

. 2(1 -- 0) [ (1- mN] 
(8.20) var (SO,N) == Nn:(l - rr) + 2 __ (j 11:(1 -- 11:) N -- 0 + -":'-~Q~ 

_ (1 - 2,.)(1/: _ Pd (1 -- (1 -- (1)NJ __ (n: _ Pl)2 '[1 -- (1 - O)2NJ 
fJ 0(2 -- (I) 

-~~ ~)~)(1 - fJ)[l - (1 -1J)N-1l(l- (1 - 0)N1 . 

Finally, dividing the right side of either 8.19 or 8.20 by N2, we find that for 
large N, the variance of the proportion of A, responses in Ntrials is approx­
imately equal to 

n(1 - n) (4 - 3D) 
N 2-0 

The approximation fails when 8 ~ 0. but it should be relatively good over 
the range of 0 values commonly observed experimentally. 

Covariance of Responses and Reinforcing Events. In the simple noncon­
tingent case, the probability of a response given that it was reinforced on 
the preceding trial takes the following very simple form: 

THEOREM 8.11. If 1/: > 0, then 

(8.21) P(A"+1 I En) = (i - fJ)P{An) + 0 = (1 - (J)p,. + fJ • 

PROOF. 

P(AII+l n En) =: l; P(An+l n En n Xn-l) = .'E n:P(A»+l I En n Xn-l)Pz,n-l 
X,,-1 1(,,_1' 

== 2! n(CI - fJ)P(A,.1 Xn-l) + O)P .. ,1I-1 = [(1 - O)P(A,.) + OJ1/: • 

And obviously 
)(11_1 

1 
P(An+1 I En) = -PCAn+! nEIl) = (1 - fJ)P(A,,) + {} 

n 

== (1 - tJ)P" + f) . Q.E.D. 
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More generally. the probability of a response given that it was reinforced 
on the vth preceding trial can be expressed as follows: 

THEOREM 8.12. If IJ is a positive integer find n > 0, then 

(8.22) P(A"H IE .. ) = (1 - {j» P(A .. ) + 0(1 - 0),,-1 + [1 - (1 - 0)'-1]1C • 

PR.OOF. The proof is inductive. We know from 8.21 that the theorem holds 
for v = 1. Preparatory to introducing our inductive hypothesis, we apply the 

. learning axioms as follows: 

peA""", ... l n En) 

l[ 1 ... - ~ 2:: P(An+lf+l n Elt, ..... ", n Z" ... l<-l)J 
1C X"+>_I~E" I< 

== l..[~ ~ P(A""'>"'ll, E/<, .... > n 3hH>-1)P(Ek •II+> \ .t:n+>-l)PZ,"+1f-l] 
n E".t 

== ! [~HI - 8)P(A,,+~ j .'CII ... V-l) + 61C]PZ." ... '_I] 

" - ! (1 - 8)P(A" ... > I En) + OnJ·n 

== (1 - fJ)p(AnH I En) + Ore • 

Applying the inductive hypothesis, we infer 

P(A""'Y+l ! E",) == (1 - 8){(1 - fJ)'P(A",) + 0(1 - 8)>-1 + [1 - (1 - O)'-lJn-) + 01C 

== (1 - O),,+xP(A .. ) + 0(1 - 8» + [l - (1 - 0)V];r . Q.E.D. 

Similarly, we have for the probability of a response given that some alter· 
native response was reinforced on the vth preceding trial: 

THEOREM 8.13. If)J is a positive integer, iTA: > 0, and i *- k, 

(8.23) P(AI,lIH 1 Ek,n) = (1 - O)'P(AI, .. ) + [1 - (1 - O)"-l];rj . 

The proof is analogous to that of Theorem 8.12. The difference between 
the conditional probabilities of 8.22 and 8.23 has been used to estimate 0 in 
a number of experimental studies [6]. 

We conclude this section with two theorems concerning the repetition of 
"correct" and "incorrect" responses. The first of these specifies the prob· 
ability of a response given that it occurred and was reitzforced on the preced­
ing trial: 

THEOREM 8.14. Provided P(EII nAil) > 0, 

(8.24) P(A'l+l IE" n AI<) = (1 - 0) ~~.71 + (J • 
I, .. 

~, 

i 

1 
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PItOOF. 

P(AII+l n EI'! n A .. ) = P(An+1 n En n An n $11-1) 

,..!: - O)P(A"lx"-l) + (J]rt:P(A .. ! X,,-l)Pz ,n-l 
)1,. .. 1 

Since P(An+l ! En nAn) = n n An)/P(E .. n An) and P(E" nAn) = 
. P(E .. I A .. )P(A .. ) = 1'1: V1,n. we infer 

P(A,,+l I b.."'n n A .. ) = ..:..;..L=--.;..~:.t.::...":""';:;"':-'::':'::'L = (1 - fJ) +6. Q.E.D. 

The second of these theorems specifies the probability of a response given 
that it occurred but was not reinforced on the preceding trial: 

THEOREM: S.15. Provided P(E",n n > 0 and i '*' k, 

(8.25) n Ai.,,) = (1 - fJ) V2
,( .... 

Vi,f,,. 

The proof is analogous to that of the preceding theorem. 
Since the difference between the two conditional probabilities of 8.24 and 

8.25 equals O. the difference between the two corresponding conditional rela­
tive frequencies provides an additional estimator for this parameter. It is 
instructive also to compare such pairs of conditional probabilities as those of 
8.24 and 8.21. Except when 1'1: equals 0 or 1 (d. 8.3 and 8.5), V2 ,n is greater 
than VI,,,, and consequently the probability of a response given that it occur· 
red and was reinforced on the preceding trial (8.24) is greater than the 
probability of the response given only that it was reinforced on the preceding 
trial (8.21). This is true even though the effect of a given reinforcing event 
on the probability of a response is independent of whether that response or 
some other occurred on the given trial. The difference between 8.21 and 
8.24 reflects the additional information concerning the response sequence in­
corporated into 8.24. When one wishes to obtain a direct measure of the 
effect of a reinforcing event, one must always control for sequential informa­
tion, and when this is done the effect will always be found to be independent 
of the sequence. Thus we should expect the model to predict that in a two­
choice experiment with simple, noncontingent reinforcement, the effect of an 
El event on the probability of an Al response would be the same on trials 
when Al occurred as 011 trials when A, occurred; and this expectation can 
readily be verified. By 8.12 and 8.24, we find immediately that 

P(Al.''''' l I El.1t () AI,n) - P(A1.,,+1 I Ai.,,) 

== (1 - fJ) ~2.U + 8 - {(l - fJ) V2
•
1
,n + OX!} = 0(1 - 11:1) • 

111,1,3 V1.I,1t 
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and further application of the same methods, we can show also that 

- P(At,"+lj 

_ (1- 6) VI • t , .. -1' ViI •I , .. +- fj _ {(I _ fJ) VI •I ... -_ V"t." + (htl} 
1 - ItI.l,tI 1 - Vt.l,,. 

9. Applications to Two-Person Interactions 

a natural extension of the notions and axioms of Sections 2 
and 3, we may the linear mode! to learning involving several 
subjects with the probabilities of reinforcement each depending on the 
behavior of the others. Several recent researches have provided evidence 
indicating the fruitfulness of this line of development. For Bush 
and Mosteller ([3], chap. 12) have analyzed a study of imitative behavior in 
terms of their linear model. and Atkinson and Suppes [2]1 and Estes [5] have 
derived and tested predictions from statistical learning theory for behavior 
in simple two-person games. The two-person game has particular 
advantages for expository purposes, and we shall use this situation to illus­
trate the technique of the linear model to handle multi-person 
interactions. 

As might be expected, we restrict ourselves to situations which from the 
standpoint of game [181 may be characterized as games in normal 
form with a finite number of strategies available to each player. Each play 
of the game constitutes a trial, and a player's choice of a strategy for a 
given trial corresponds to the selection of a response, in the usual terminology 
of learning theory. To avoid problems having to do with the measurement 
of utility (or, from the viewpoint of learning theory, problems of magnitude 
of reinforcement), we assume a unit reward which is assigned on an aU-or­
none basis. Rules of the game are taken to be such that on each trial the 
two players exhibit their choices simultaneously (as in a game of matching 
pennies) and that for each player, given the choice of the other on the trial, 
there is exactly one choice leading to the unit reward. Thus over a series 
of trials each player is in effect assuming the role of a subject in a simple 
learning experiment with determinate reinforcement (d. Section 5 above or 
[4J), but with his probabilities of reinforcement depending on the other player's 
responses as well as his own. 

The set of reinforcement probabilities prescribed by the experimenter may 
be conveniently summarized in a matrix analogous to the "payoff matrix" 
familiar in game theory: 

, See also Chapter 3. 

.. 
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where 1'1 is the numbel\ of responses available to the .. row player," player 
A. and 1'2 is the number of responses available to the "column player," 
player B. However, it should be noted that the entries in the payoff matrix 
are not values of various payoffs to the two playen, but rather probabilities 
of receiving the unit rew'ard. a typical alJ,btj. the number 
af} is the probability that player ~4 wins when A makes response i and B 
response j; correspondingly, is the that player B wins when A 
makes response i and B makes response j, In the example of matching 
pennies, the unit payoff is one penny and the matrix might be 

If 
H (t 0 
T \0,1 

T 
0,1) 
1,0 ' 

signifying that the row wins a penny if both choose heads or both 
choose tails. whereas the column player wins a penny if one chooses heads 
and the other tails. For purposes, the cell entries can be modi-
fied; in one [5], for the matrix was changed to 

1,0)' 
0, 1 ' 

so that whenever the did not " " player A received the unit 
reward; when both made response 2, player B received the reward; and when 
both made response 1, each had probability 1/2 of receiving the reward. It 
should be emphasized that although one usually thinks of one player's win­
ning and the other's losing on any play of a game, this is not a neces­
sary restriction on the model. In theory and in experimental tests of the 
theory, it is quite possible to permit both or neither of the players to be 
rewarded on any trial. It however, essential for appropriate application 
of the particular model given here that on a nonrewarded trial the player be 
informed (or led to infer) that his other choice, had he made it under the 
same circumstallces, would have been successful. 

Just as for the one-person linear the axioms are independent of 
the selection of any particular probabilistic scheme of reinforcement, and 
they can be applied to more complex interactive situations than the simplified 
two-person game considered here. 

We tum now to a rapid recapitulation of formal developments correspoilding 
to those in Sections 2 and 3. The result of any trial may be represented by 
an ordered quadruple (il' klo kz), where £1 is the response of A, i2 the 
response of B, k i the reinforcing event for A, and k2 the reinforcing event for 
B, with iIt hl = 1, .. " 1"1 and iz.kz "" 1, "', 1"2. Our first primitive notion is 
then the sample space which is the set of all sequences of such ordered 
quadruples. As before, our second primitive notion is a countably additive 
probability measure P on the Borel field' $(X) of cylinder sets. Our third 
and fourth primitive notions are the learning parameters fJA and Os for play­
ers A and B, respectively. 

Definitions of response and events, of equivalence classes of 
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sequences, and of their probabilities are obvious extensions of the definitions 
given in Section 2 for the one-person model. Thus we have 

A~::', the set of all sequences having response A, for player j on trial n; 
Ek~~, the set of all sequences having reinforcil'lg event E/t for player j on 

trial n; 
p~;~ = P(A\:~), the probability of the event Ai:~; 
oX'" the set of all sequences agreeing with a given sequence oX in the re­

sponse and reinforcing events of the first n trials; 
oX;;), the set of aU sequences agreeing with a given sequence x in the first 

n responses and reinforcing events for player j; 
~:~. the probability of the equivalence class :;c';;); 
p~{~" = P(Al;~ I x;;21), the probability of response A, by player j on trial n 

given the first n - 1 responses and reinforcing events for that player; 
ow, the learning parameter for player j-i.e., ow = (jA if j:= 1, and 

(Jw = {}Jj if j = 2. 
We are now in a position to state our axioms. 

DEFINITION 9.1. An ordered sextuple x = (X, P, fiAt OJJ. 1"1, "2) is a two-person 
linear model if and only if; (i) X is the sample space; (ii) P is a probability 
measure on 9J(X); (iii) f}A and Os are in the half·open interval (0 < ow ~ 1); 
(iv) the following two axioms5 are satisfied for every trial 1$, for j = I, 2, jor 
every x in X with P",71 > 0, and for every i ami k: 

Axiom TLl. If oX e Ei:~, then 

P~{~n+1 = (1 - f)W)pW" + (jU) • 

Axiom TL2. If x e E~~~ and i '* k, then 

Analogously to Section 3.1, these axioms say, in effect, that for a given 
player, when a particular reinforcing event occurs, the response class corre­
sponding to it increases in probability and all others decrease. In subsequent 
developments the superscript j will be mainly replaced by other devices. In 
any case it must not be thought of as an exponent. 

We may now formally define the special reinforcement scheme yielding the 
payoff matrix (at), blj). 

DEFINITION 9.2. For all n, 

and 

3 For a more detailed study of interactive situations it is desirable to state Axioms 
TLI and TL2 in terms of the full sequence x" of preceding responses and reinforcements 
for both subjects rather than in terms of xc,;l. Then t.l-te present Axioms TLl and TL2 
can be derived as theorems. Moreover, for investigation of the moments of the joint 
response probabilities p(Ai~~ n Al~;,,), the additional plausible axiom is needed that the 
response probabilities of the two players, given the full sequence x", are statistically 
independent, that is, 

A:riom TL3. P(A~~~'1>1 n A~~;""'I\x,,)=P(A~:~+llx,,)P{Ai~? ... tlx,,). 

r 
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We also need: 

DEFINITION 9.3. A two-person linear model has a simple payoff matrix if. and 
only if, lor Ivcr)' It ami lor every Sit W is an 11 - 1 c)'/inder set, 

and 
P(EC') I A(I) n A(2) n Wl = p(l<'(1) I A(t} n A('») j.n I 1,1'1, J.~ I .... J.n I I... J.n 

(provided, oj course, that P(Al;J n A~n n W) > 0) . 
The substance of this restriction is that the probabilities of reinforcement 

on any trial may on the responses of the two players on that trial, 
but not on preceding events. In the rema.inder of this section we consider 
only two-person linear models which have simple payoff matrices and exactly 
two responses for each player, 1"1 = 1"2 = 2. 

Finally, one last definition to continual use of the superscript j. 
We denote player A's probability IX and player B's by p, and we denote 
by r the joint probability of Al responses by both players (Le., the event 
Ail) n A12'). 

DEFINITION 9.4. 

Coming now to our first theorem of this section, we derive recursive ex· 
pressions for IX" and /iJ". A of the model that is enormously com­
plicating to the mathematics of two-person situations is that both all+l and 
fJn+l depend on the joint probability term rn. 

THEOREM 9.5. 

(9.1) iXn+1 "" [1- (JA,(2 - au - au)jlXn + fJ,ia22 - au)/iJ,. 

+ fJA(all + all - au - 0:22)r" + 0.1.(1 - an); 

(9.2) fJ"+l"'" [1 - fJs(2 - On D2z)J/iJ" + fjIJ(b~'!. - OI,1o)an 

+ 6B(011 + 012 - 021 - 022)rn + OB(l - On) • 

PROOF. It will suffice to derive the difference equation for a,,+l since the 
derivation for /iJn+1 is identicaL To begin with, we observe that the general 
form of a recursion for an is the same as that of the corresponding expres­
sion in the one-person model, viz., 

(9.3) 1X" ... 1 =: {I - fJ..)an + (J "p(EeJ) • 

as may readily be established by the same steps used in obtaining Theorem 
5.2. The term p{Ei~~) call then expanded as follows: 

(9.4) P{E{!,) = P(Ei:J n UA)~~ n UA}J:n) 
J j' 

== :E :E P(Ei:~ i A~~! n A~~~II)P(A~;~ n A)~:n) 
J }' 

, 
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0: ol1P{Af:J n Ae~) + a12P(A~!~ n A~~~) 
+ (l - au)P(A~~~ n AeJ) + (1 - (22)P(A~~~ n A~~~) . 

We next observe that 

(9.5) 

Similarly. 

(9.6) 

and 

(9.7) p(Ai~~ n A~~~}- P(Ai;J I A~~~)P(A~~~) 
... [1 - P(Ai!l.l Ai;~)lP{Ai:J) 
"'" 1 - P(A~) - P(At:~ n A~;J) 
:= 1 - p(A1~~) - P{Ai:~ + P(Ai;J n Ai~~) . 

Substituting into 9.4 from 9.5, 9.6, and 9.7, and simplifying by means of 
Definitions 9.2 and 9.4, we obtain 

(9.8) p(Ee~) := Ol1rll + ou(a,. - Til) + (1 - 021)(fJn - rn) 

+ (1- ou)(1 - a" - fJn + r .. ) 
:= - (1 - alS - a2~)all + (a'22 - ou)(1 .. 

+(011 + all - au - On)r .. + (1 - 011) • 

- Finally, substituting 9.8 into 9.3, we have 

a.. ... l = (1 - fI ",)a" - f) ",(1 - au - au)a" + 0 ,,(a:, - an)fJ" 

+ flA(an + an - a12 - a:2)r .. + fI",(l - (12) 

== [1 - fJ .. (2 - a12 - a2l) ja" + f} ,ian - Qu)i1n 

Q.E.D. 

The investigation of the asymptotes of an and (1It, or even the asymp­
totes of the mean probabilities (over trials) aN'; and ~, is difficult and 
complicated. The reason is not hard to find. The pair of simultaneous 
recursive equations of the preceding theorem contains three, rather than two, 
expressions depending on n. namely, a", fJ" and rIO. And, in the general case, 
a recursive expression for Tn in terms of these three quantities cannot be 
derived by any method known to us. Fortunately, without pursuing these 
questions, we may prove directly that an asymptotic linear sum of a.v and 
{J.v exists and is independent of (J A and (lJj_ Moreover, this linear relationship 
requires no restrictive hypotheses and may be compared in a straightforward 
manner with experimental data. 
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THEOREM 9.6. 

(9.9) 

where 

ESTES AND SUPPES 

Um [( - ag - ce)az; + (bg + cl)J1N) == cit - dg , 
if ... "" 

a'" 2 - €h2 - an 
b == a~~ - au 

c = an + an - a12 - 1122 

d = 1- a2: 

e = bZ2 - 012 
1= 2 - Ozl - 022 

g = OH .of- Va - On - bz~ 

1t=1-~2' 

PROOF. From ~fheorem 9,5 and the definitions of the numbers a to It above, 
we have 

(9.10) IX,..,- - a" '1.8 d 
fig -=-aa,,+IJ.n+Cfn+ 

and 

J1n+l -" fi,. 
---- = ea" -IS" + gr" + h. 

. iJB 
(9.11) 

Summing both 9.10 and 9,11 from 1 to IV and dividing by N, we obtain 

(9.12) 

and 

fiN+1 - Sl -= eal'l - ffh, + fif.", + h . 
NOB 

(9.13) 

Multiplying 9.12 by q and 9 .. 13 by c, and then subtracting 9.13 from 9.12, 
rearranging terms slightly, and letting N -> 00, we obtain the desired result, 
since the left-hand sides of 9.12 and 9.13 go to zero. Q.E.D. 

Application of this theorem can conveniently be illustrated in terms of the 
experimentai game situation cited earlier in which the payoff matrix takes 
the form 

(
t,! 1,!h 
1,0 0, 1) . 

The parameters o-f 9.9 can an be filled in directly from the matrix, yieiding 

and 9.9 becomes 

and thus 

a """ 1, C = §" e = 1, g = - !, 
b = -·1. d"", 1, f = 1, It = 0, 
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From this result, we can predict immediately that the long-term proportion 
of Ai choices by the II column subject" will tend to 1/2. To derive a pre­
diction for the .. row subject," we take the limits! of both sides of equation 
9.12. obtaining 

o == - aa + + cr + d • 

where 

and 

Substituting the known values of the parameters and the predicted value of 
if into this expression, we find 

We cannot evaluate r, the asymptotic proportion of .. Al matches" by the 
two subjects; but we know that it is positive, and further, since only 1/2 of 
subject B's responses are Al's, it cannot be greater than 1/2. Thus we ~an 
set definite bounds on the long-term proportion of Al responses by the ., row 
subject," 

.1. ~ a ~ .1. +.1. . .1. = 
2 2 2 2 4 

It would probably be possible, by taking into account other properties of the 
modeJ, to derive still sharper bounds on a. However, we already have the 
basis for a rather exacting experimental test since our asymptotic predictions 
for both subjects are parameter-free; i.e., they are independent of the (J. 

values of both subjects and of the initial response probabilities . 
By imposing various restrictions on the experimental parameters at; and bl). 

a variety of results can be obtained. We restrict ourselves here to the con­
sideration of one such case: choice of the parameters so that the coefficients 
of Tn in the two recursive equations of Theorem 9.5 vanish. Moreover, we 
compute only the asymptotes of an and fin, although it is not difficult to find 
explicit expressions for arbitrary n. The method of proof proceeds via con­
sideration of the mean probabilities iiN and 'DiIJ. Direct solution of the dif· 
ference equations is possible, but more tedious. 

THEOREM 9.7. Let numbers a to h be defined as in Theorem 9.6, and let 
c = g = 0 and al - be ¢ 0; then 

(9.14) 

and 

lim an "" bh + df 
n- aI-be 

• The existence of these limits is discussed by Lamperti and Suppes in Chains of 
Infi'nite Order and Their Application to Learni'ng Theory. Technical Report No. 18. 
Contract Nonr 225 (17), Applied Mathematics and Statistics Laboratory. Stanford Univer­
SitY'. Stanford. Calif., 1958 (to appear in Pacifio JourJlOl 01 Jtathematics). 
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(9.15) 

PROOF. From Theorem 
that c -g == I), we have 

(9.16) 

and 

ESTES AND SUPPES 

"I' D ah + de un 11"" == -:-'--':-'-_.. af-be 

9.5, the definition of a to h, and the hypothesis 

= - aa" + bB" + d 

(9.17) fJ"+l - fj" 1'0' 
fI A = ea" - J P" + It • 

Summing both 9.16 and 9,17 from 1 to N and dividing by N. we obtain 

(9.18) 

and 

(9.19) 

MUltiplying 9.18 by f and 9,19 h, adding the resulting two equations, and 
letting N -+ 00, we get lim [- afaN + df + beaN + bh] = 0 , 

whence 

(9.20) 

1i~= 

bh+df 
af -be' 

Since 9.16 and 9.17 are simultaneous linear difference equations with constant 
coefficients, we know that the asymptotes of a,. and {:In exist. Hence by the 
well-known theorem that if a sequence (Yl, Y2, •.. , y", ..• ) of numbers .con­
verges to a finite limit y, then 

. 1 fo7 

bm N:E Y" = y; 
N~ , n~L. 

we conclude from 9.20 that 

. bh + df 
hm an = if b . 
N .... '" a - e 

The argument establishing the limit of fin is similar in character. Q. E. D. 
Some experimental cases faIling within the province of this theorem have 

been studied by Atkinson and Suppes. (see Chapter 3). 
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