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1. Imiroduction

The remainder of this book, not to speak of the extensive contemporary
literature on probabilistic and statistical theories of learning ([3}, [4], [6], (7],
[16]), exemplifies a particular methodological approach, The common method,
in brief, is to formulate assumptions about learning in terms of stimulus and
response probabilities, and to derive consequences of the assumptions, i.e.,
experimental laws, by applications of the standard calculus of probability
theory. As in the classical applications of probability, e.g., to gambling,
statistical mechanics, or genetics, we do not ordinarily begin by asking
whether the application of a probability model can be formally justified.
We simply take it for granted that probabilities can be assigned to any
events in which we happen to be interested; then we proceed to manipulate
by standard technigues the quantities we have designated as probabilities.
Conceding that this somewhat informal procedure will continue to characterize
most day-to-day research work, we nevertheless find that some considerations
suggest the desirabifity of a more exact analysis. Modern approaches to
probability theory and its applications (see, e.g., {9]) repeatedly illustrate the
value of formulating explicitly the sample space associated with any particu-
lar probability model. An exact formulation often makes transparent the
solution to a problem which, stated in less exact but more intuitively familiar
terms, has seemed full of blind alleys and hidden traps. Even in the most
elementary cases, learning theory involves complications of a higher order
than those ordinarily encountered in urn problems. One must deal with proba-
bilities of responses in populations of subjects or in samples of subjects who
have experienced particular sequences of events during an experiment, *‘ in-
dividual probabilities,”’ ‘‘expected probabilities,’’ and so on. It is a rare investi-
gator in this field who has never fallen into errors of derivation simply

1 This research was begun while the authors were Fellows at the Center for Advanced
Study in the Behavioral Sciences during the academic year 1955-56. Subsequent re-
search has been supported in part by the Group Psychology Branch of ONR under
Contract NR171-034 with Stanford University.
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because the usual informal definitions and incomplete notation did not meke
clear the formal interrefations and distinctions among the various * proba-
bilities " involved in a particular problem.

in the more extensive report [B] from which the present papsr iz drawn,
the writers have undertaken to spell out in detail the sample space assumed
by users of linear models for simple learning, to make clear just how events
and probabilities are defined, and to explicate the relationships among the
various probabilities and conditional probabilities. Some of the by-products
of our investigation may be of more general interest than the analysis itself.
These include set-theoretical techniques of derivation, not hitherto applied in
learning theory, which ars useful for establishing exact proofs of theorems
obtained by less formal methods; new theorems concerning limits of response
proportions over sequences of trials; and wvarions results of experimental
interest—eo.g., formulas for sequeatial statistics of learning data and pre-
dictions concerning simple two-person interactions—that fall naturally out
of the systematic analysis.

Concerning the scope of the investigation, we have attempted primarily to
clarify theories of simple learning already under active development and ap-
plication rather {han to generate anything essentially new. Thus our treatment
of such concepts as response and reinforcement has been kept as close as
possible to others appearing in the contemporary literature (e.g., [3], [4], [7],
{11], [17h).

By simple learning we refer to the changes in behavicral probabilities
which occur as a function of trials in the following type of situation. Each
trial of a series begins with a presentation of the same stimulating situation
(a ready signal, conditioned stimulus, or the like). The organism responds
to the stimulus with one or another of a sst of alternative actions (responses).
Then the trial terminates with the occurrence of some one of a set of
outcomes (e.g., reward, nonreward, unconditioned stimulus and response,
knowledge of results). In contemporary learning theories, it is assumed that
if other parameters of the situation are fixed, the course of learning is
determined by the trial outcomes. These cutcomes can be classified, relative
to any given responge, according to their effects on response probability.
We shall speak of events which increase the probability of a given response
as reinforcing events for that response and of events which leave response
probabilities unchanged as instances of nonreinforcement. The latter would
be expected to occur, for example, on trials of 2 human learning experiment
when the subject received no knowledge of results.

We shall consider only models in which it is assumed that the change in
response probability generated by a reinforcement is a linear function of
probability on the preceding trial, Also, for reasons of simplicity and with
little sacrifice of immediate experimenta! applicability, we shall consider only
the case of a single learning parameter. In some special cases, as will be-
come evident in later sections, the model presented here is identical with
the appropriate ' equal alpha " case of Bush and Mosteller’s model (3] and
with the linear model derived from stimulus-sampling theory that has re-
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ceived frequent experiment 31 application {6]. On the other hand, our treat-
ment is more general than any hitherle published with respect to the range
of possible reiaforcement scheuu,es. ‘

g, Primitlve and Delinad Notlons

The main point of this section is o discuss the three primitive notions on
which cur analysis of simple learning is based, and to define a number of
other notions in terins of these three. However, some mathematical concepts
are required for this discussion, and to these we turn first,

To begin with, we use the familiar notation of elementary set theory:
AT X means that A is g subsef of X 0 designates the empfy sef (as well

as the number zero); A [} 8 designates the infersecfion of seis 4 and B, that
is, the set of all elements common te¢ A4 and B; A |} B designates the union
of sets A and B, that is, the set of all elements which belong to at least
one of the two sels (we also make use of the corresponding notation for the
intersection and union of families of sets); 2 € 4 means that x is a2 member
of the set A, and & & A means that » is not 2 member of 4. We use the
notation {z: ¢la)} lo designate the set of all elements z satisfving the prop-
erty ¢. For example,

{z: % is an integer & 0 £ & < 6}

is simply the set {0,1,2,3, 4,5}, We use the notation (a1, &4, -+, 22) tO
designate the ordered n-tuple whose first member is 2;, second member =z,
etc. Similarly, the notation (xy, 3, o0+, 2, -+ <) designates  the infinite se-
guence whose first ferm is 3, second term a4, etc,

A family F of subsets of a set X iz a field if and only if & is nonempty

and for every A and 5 in &,
(iy AlBed i) ded,
where A4 is the complement of A relative to X, that is
A={zzeX &z & A}.

A field &F of subsets of X is a Borel fizld it for any sequence }ig, As,ooe  Aayr o)
of elements of &F,

Udned.

For euplicit subsequent reference we formalize in 8 numberaed definition -
the standard notion of a probhability measure on a field, The axioms are
those of Kolmogorov [13], The last axiom, asserting that the probability
measure is continuous from above at zero, is easier to verify in constructing
measures than the equivalent axiom that the measure is countably additive,

Desvrvion 2.1, Lot X be o sef and & a field of subsets of X. Then ¢ real-
valued function P is g probability measure on F if, and only if the following
axioms are setisfied:

Axiom Pl For every A in F, P(AY 2 6

Axiom P2, B(X)=1; ‘
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Axiom P3. For every A and B in T if A(yB =0, then
PALI B = FLA) + 2B

Aziom P4 If (A, As, oo, An, -+ {8 a decreasing sequence of elements
of F, i.e., Ana1 & An jor every n. and

o
£ oa

§ fin
3

3

J [
<

-

then
bm P(A =0,

i sz
Some further mathematical notions we want to introduce are most easily
explained by considering the first of our primitive notions, the sample space.
As in any probability medel, the sample space is to consist of a set of points,
one point representing each possibiz cutcome of an experiment, In a simple
learning experiment, the catcome for an} one subject is represented in the
experimenter’s protocol by an indication of what response the subject made
and what reinforcing procedure me. sxperimenter used on each trial. As
customary, we shall use the notation A4, ds, ---, A, for the set of response
alterpatives recognized by the e pF imenter; exactly one of the 4; occurs on
each trial. Also, fellowing Bush and Mosteller’s notation, we shall indicate
by Oy, @y, <+, O, the set of experimenier-defined operations or events, e.g.,
reward, nonreward, knowledge of veﬂ-lh that may terminale a trial.

Now if we considered oniy ohservables, the cutcome of any experiment
could be specified by a sequence of ordere d couples {f, />, where ¢ is one of
the first r positive integers and § is one of the first ¢ positive integers (in-
cluding, perhaps, zero). For exampis, in a T-maze experiment the experi-
menter might recognize twoe response allernatives,

Ay = turning right, Az = turning left,
and four outcomes,
;= receipt of food in right goal box,
€ = receipt of food in left goal box,
(s = confinement in empty right goal box,
), = confinement, in empty left goa! box.
Then the outcome of an experiment could be represented by a sequence like

A3, LW, <22, -

indicating that on trial 1 the animal tourned right and was unrewarded, on
trial 2 the animal turned right and was rewarded, on trial 3 the animal
turned left and was rewarded, etc.

A sample space consisting of these ssquences of observables would serve
the experimenter adequately, but net the theorist. In a theory of learing
we wish to be able to talk not only about what the subject and the experi-
menter do on each trial but alsc aboutl learning that cecurs, The reason for
distinguishing different outcomes &) is ordinarily that they are thought or
suspected to have different effects on learning. In a linear model, learning
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number of dime 2 e X, this means re-
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Only a few of these cylinder sets re pmqerai: egvenis of sufficiently frequent
occurrence in our analysis to require specizl nolation; these are
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value of the paramester § over 2 series of learning trials have been discussed
by Restle [16] and LaBerge {14].

3. Axloms

Qur three azioms for simple learning are embodied in the fellowing defi-
nition.

- Dermrrion 3.1, Ax ovdered guadruple v = (X, P, 6, ) is a (single parameler)
lincar model for simple learning if, and only if, X is the sample space, P is
a probability measure on FB(X), 8 is in the half-open interval (0 < 6 £ 1), and
the following three axioms are satisfied for vvery n, gvery 2 in X with Pen >0,
end every i end Ewith 1Ssisrand 05k 2 r:

Axiom 1. If & € Ein, theu
Patner = (L = O)Pain + F .
Axiom 2. If £ € Exs, i %% and k= 0, then
Prinar = (1 = Opxin .
Azxiom 3. If @ € Eu», then
Batnsy = Prin .

The three axioms erpress assumptions concerning the effects of reinforce-
ment and nonreinforcement. The first two say, in effect, that when a
reinforcing event occurs, the response class corresponding to it increases in
probability and all others decrease. This is the same assumption utilized in
a number of contemporary stochastic and statistical models for learning ([3],
(4], [16]). The difference equations of Axioms 1 and 2 are derivable, in quite
different ways, as special cases of learning functions which occur in Estes
and Burke's set-theoretical model [7] and in Bush and Mosteller’s linear
cperator model [3]; a general model elaborating the implications of this pair
of equations for reinforcement theory has been reported by one of the
writers [4]. The third axiom expresses the assumption that response proba-
bilities are unchanged on nonreinforced trials.

In empirical applications of the model defined by Definition 3.1, the term
Dz is to be interpreted as the probability of response A for a particular
subject on trial . In principle the values of ... can be predicted for all
sequences and all #, given pi:, #, and & (see Theorem 4.1 below). In prac-
tice, however, it is impracticable to evaluate trial-by-trial probabilities for
individual subjects, so in experimental tests of the model we usually deal
only with the average value of p. » over all sequences terminating on a
given trial, i.e., with pin. The latter can be predicted for all n, given the
values of i1, 7, and &, and sufficient information concerning probabilities
of reinforcement and nonreinforcement (see Theorem 4.2 below).

It may appear at first reading that because we define only one reinforcing
event FE; corresponding to each respomse Ay, together with the event Ey,
we will be greatly restricted—as compared say, with Bush and Mosteller
[3}]—in the variety of empirical situations we can interpret by means of
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the model. However, this rﬁsitricit%m is only apparent; actually the reinforc-
ing effects of innumerab rent experimental outcomes of a learning
trial can be represented in terms of the model. First, one should note that
all experimentally distin ‘qa le outgomes which are assumed to produce
the same effects on r?c;(‘ probabilities will be represented by the same
event £ in the model Seccnd, if a trial on which a given response A
occurs may terminate in several different ways, each of which has a different
effect on response probabiiity ,t e different outcomes may be represented
by different probahilistic combinations of E;, E:(k + 1), and E». To lustrate
this last consideration by means ¢ .f a simple example, consider a two-choice
situation, e.g., & T maze, in which A; and As responses are followed by
different magnitudes of reward. Applying Bush and Mosteller’s model to
this hypothetical situation, ons might define a pair of operators, ¢ and &,
to represeut the affects of the two zmounts of reward., Then Ghp=aup 4 a
would bz the new pr'(}hab» ity of A: after an 4; ocourrence, and G = aaff +aa
would be the new wprobabiiity o 4

G

of an A: after an 4; occurrence, These op-
erators lead to the recursive ex;-rehsion

Prar = (g~ a2z + @o)Pn + @2 + (@ — o) Vi

where Vin. is the second vaw moment of the 4, response probabilities on
trial #. Applyving our linear model to the same situation, we might assume
that the reward given on 4, trials produces events £, E,, and E; with proba-
bilities ¢, 013, and ¢y, respectively, whereas the reward given on A, trizls
produces E, £y, and E; events with probabilities ¢y, ¢15, and cas, respectively.
Using results of a later section (Theorem 5.5), one can show that with these
interpretations the model yields the following recursive expression for proba-
bility of an A: response:

Pner = (1 = 4 oy - Frgy + t’?"'a(-}pn + Gesy <+ Hog = "an) Vs ® oy
where s and Vi, have the same interpretations as in the Bush-Mosteller
model. The correspondences betwszen parameters of the two models are
=1 — 8-+ 8cip, a = fen
ey v 1L — 8 -+ fcs, Gz = fcu .
It appears that for any experimnent which has an interpretation in the Bush-
Mostellsr model one can find an inferpretatinn in the present linear model

which yields the same recursive expression for pia.
In view of this paralle isrr, ne might wonder why the two models are

not identical, at least for s !;y’pe of experiment. The reason is that Bush
and Mosteller’s model is defined on 2 sainple space consisting of sequences

of responses, Ai, and ebservable irial outcomes, O; The model considered
in this paper is defined on 2 sample space consisting of sequences of A, Oy,
and alse * reinforcing events,” Ky, which may or may not be in one-tc.one
correspondence with ohservabls tr:a& cutcomes in a particular situation. (In the
first chapter of their bceck. Bush and Moesteller speak of ** an abstract set of

173

i events, £, E;, -+, B, (13Lp. 17, but these events do not enter into the



FOUNDATIONS OF LINEAR MODELS 145

subsequent development of their model.) Only in situations for which there
is a one-to-one correspondence between the ouicomes, {;, and events, E,
can an identity be established betwegen the mode! elaborated here and an
appropriate case of Bueh and Mosteller’s model. Our approach has been dic-
tated in part by our desire to establish general theorems and derivational
techniques for a linear model defined on the most refined sample space that
has been used with contemporary stochastic models. Also, on psychological
grounds, we prefer to think of reinforcement as an event that occurs on an
all-or-none basis. Thus in our {ormulation, varying the amount of reward
can modify only the probability of reinjorcement.

4. General Theorems

We turn now to some general theorems that do not lead immediately to
experimental applications, but rather have the function of clarifying the
structure of the theory. The first of these, intuitively rather obvious, says
in effect that if the number of response alternatives, the learning parameter
8, and the initial response probabilities are fixed, then for all sequences z
and all trials, the response probabilities ., if they exist at all, are uniquely
determined. In formulating the theorem, we make this idea precise by con-
sidering two models (realizations) of the theory for which X, 8, », and py,1 are
the same, but for which the probability measures, say P and P’, are known
only to be functions satisfying the axioms.

Tueorem 4.1. Lot x={X,F,6,¢> and v ={(X,P,8,r> be two Iinear
models for simple learning such that piy = p1,. Then for ali & and n such
that Pen-1 >0 and Py p-1> 0, we have . .

f)zi,n = ﬁ.;-i, " .
Proor. Suppose that the theorem is false. Let # be the smallest integer
such that (for some ¢ and 2) Prn-1 > 0, Pl 4> 0, and
(4»1) pzd,‘n #* p;s,n .
By hypothesis of the theorem, # > 1, and further, since # is the smallest
integer for which (4.1) holds,
4.2) Prinot = Prin-y -

There are now three cases to consider: = € Ein, 2 € Er» with 25 { and
k#0, and x € E;, Since the proof is similar for all three cases, each re-
quiring application of the appropriate one of the three axioms, we consider
only the first case:

(43) .17»6 El,n .
From 4.3 and Axiom 1 we infer immediately that
(4.4) Pean =1 = Oana+6, pun=(1~=0psar+0.

From 4.2 and 4.4 we conclude that pe» = Pl s which contradicts 4.1 and
establishes our supposition as false, Q.E.D.
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1tal result that given the initial
le conditional probabilities of
th thn probabxhstxc axioms

The next theorem establi an
probabilities of response of the subject and
reinforcement, there exisis a mode! satisfyin
and the learning axioms. Ma?ecver, no spec
bilities are required ‘o establish the theorem, ‘The significant intuitive
content of the last asswnor is that the model allows the experimenter to
conditionalize the probabilities of reinforcement upon preceding events of the
sample space in wratever manner he pieases.

A preliminary definition is medsd, introducing the notion of an experimen-
ter’'s partition of X. The intuitive idea is that the conditional probabilities
of reinforcing events on Erlai # depend on any partition of the equivalence
classes x,-: and responses on the mth triaiz The most general cases yet
studied experimentally are those for which the conditional probability of a
reinforcing event depends on the response v trials earlier. Such cases are
treated in some defail in Section 5. It is important to emphasize that the
results in the present section are in no way restricted to conditionalization
on a simgie previous response; the probability pattern of reinforcement may
depend on any selected sequence of prior responses and reinforcements.
Somewhat more formally, H(n) is an experimenter's partition of X (at trial
#) if and only if H(n) is a partition of X and the elements of H{(n) are cyl-
inder sets defined in terms of the seguence of preceding responses and re-
inforcing events (up to and including the response on trial #). In line with
2.5, for 9 € H(n), we define myp.n = HEr = 9).

Now the uniqueness theorem can be stated as follows:

Tueoren 4.2, Given that (i) X is o sample space defined for r response
alternatives, (ii) € is @ real number in the half-open inlerval 0< 8 £ 1; {ii)
the r real numbers p: (Iniiial vesponse probabilities) satisfy the relations
P20 and Z pia=1; and uv‘ the numbers wps(conditional probabilities of
remforcement) satisfy the relations mpen = 0 and 2_,-1:7zm =1, where for every
n, v is an element of H(x), an exper zmente;’ pgr!zimw of X; then there exists
a unigue probability measure P on ﬁu{ Y such that (X, P,0,¢> ts a linear
model for simple learning (i.e., the ax *‘Ms of the ﬁwseni theory are satisfied)
with the initial response probabiliiie g the numbers pu,; and the conditional
probabilities of reinforcement being t}e umbers mwokn.

For a more elaborate formal statement of the theorem and for the rather
lengthy proof, the reader is referred to [8).
Another useful general theorem that we shall state here without proof
(again an exact formulation with proof is available in {8]) expresses the idea
" that the probability of a given response on trial # is fully determined by the
sequence of preceding rmnfgrcmg events (together with the probability of
the response on trial 1),
2 A partition of a nonempty set X is a family of pairwise-disjoint, nonempty subssats
of X whose union iz equal to X
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TueoreM 4.3, For every cylinder set W, defined in terms of the first n
reinforcing events of z, if P(zs) >0, then

P(A(.I'H-l l Wn) B P(A.l,m—l l -":'u) = i’zl.n*l '

It is important to be clear about just what is and what is not implied by
this theorem. An implication frequently useful in derivations is that if we
are given the first # reinforcing events, then no information concerning any
of the first # responses can affect our predictions concerning the response
on trial # 4+ 1. On the other hand, if we are not given the preceding re-
inforcement sequence, then information concerning preceding response oc-
currences may very substantially modify our predictions concerning the
response of a given trial. Thus, for example, we may infer that

PlAistEi 2N E)=PlAys|Ews N Ein N AL,

but it is nof in general true that P(Aine | Ain) = P(Ayne | Azn) or that
PlAiner | Ain N ELy) = P(A1ne | E1n). (See Section 8, below.)

The last of the general theorems we shall present makes clear in precisely
what sense the linear model possesses the property which Luce [15] has de-
signated *‘independence of irrelevant alternatives.”” The substance of the
property in the present case is: Given that the response made on trial n of
an experiment belongs to a subset T of the set of possible responses, the
relative probabilities of any two responses in the subset are the same as
their relative probabilities in the complete set. The theorem proved below
guarantees this property for f:». (By an analogous derivation it can be shown
that the property holds for pzi».)

In order to express this theorem, we define Pr(A4:») as the conditional
probability of .4; on trial » given that the response on trial # belongs to
the subset T

Pz(Ai,n) = P(Ai,n I U A},n) .
JET

If, for example, the response on trial » of an experiment involving three
response alternatives, A, A, and A,, is known to be either A; or A, then
T = {1, 2}, and Pr{A:») is the probability of A, given that either A; or A,
occurred. The theorem takes the following form.

Tueorem 44. Ifie T and
2 P(Ajn) >0,
Jjar

then

= P(A(,n) = P(.n
Pl = S5 =S o
J&T JeT

Proor. By definition of conditional probability,
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P(At.n N U Aj,n)
ET

P(}éj; .4;.5)

We note that the numerator of this {raction is zero unless { = j, and the
union of events in the denominator may be replaced by 2 summation since
the events are mutually excwsive; therefore the right side of this last ex-
pression reduces {0

P(Ahﬁ ‘ U A},rs) =
Je&r

P(Ai n) ﬁ: 7 =
e = - . Q D.
= P\AL!Q = Pin
J&T JET

In the example cited above, we would then have

¢ % e ____;bﬁ,n
Pﬁ*\Az.ra; lew"' ﬁz,nﬁ B
An analogous theorem can be demonstrated by an obvious application of the
same technique to the conditional probabilities pei.n.

Perhaps the most important experimental application of Theorem 4.4 occurs
in connection with the theoretical treatment of response times (see Chapter
2). If, for example, the responses available to a subject during any interval
4t of a T-maze experiment are A4; = turning left, A, = turning right, and
A; = not running, and if we-select from the experimental protocol only those
intervals during which turning responses occurred, then 4.4 enables us to
make precictions about the relative probability of left and right turns. I
we can further assume, as LaBerge does in Chapter 2, that response proba-
bilities do not change during intervals when only A4s occurs, then we can
use a standard waiting-time mode! to predict latency distributions for A4; and
A:a

One should note finally that there is no reason io expect 4.4 {0 be appli-
cable, say, to predicting cheices on irial # of an sxperiment in which three
maze paths have been available to the subject for » — 1 trials and then cne
of the paths is blocked, The use of a linear model for simple learning pre-
supposes that the same stimulating situation, as defined by the experimenter,
recurs at the beginning of each trial of a learning series. The change in
the situation entailed by blocking a maze pathway cannot be represented in
the linear model, but may be tzken account of in a stimulus-sampling model

{73, (14}, {186)).

. Recuraive Expressions for Moments

Recursions are obtainable for all moments of the conditional response proba-
bilities paen, with no restrictions on the probabilities of reinforcement other
than those specified in Section 4 (see {8]). However, these general expressions
take forms which are not particularly instructive, and they have no immediate
experimental applicability. For our present purposes, consideration of two
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special cases will suffice to illustrate how experimentally useful expressions
can be derived. The first of these is the case that has been termed ‘‘ deter-
minate reinforcement” [4]; in this case, E; evenis are not permitted, i.e.,
F{Eys)= 6 for all #, but otherwise probabilities of reinforcement are un-
restricted.

We shall require notation for a partition g, of the sample space X into
sets of sequences having the same responses and reinforcing events on the
first » trials,

I, ={an € X},
and for the moments of P,

(5.1) Vo.lm = E ﬁgl. ﬂPz,ﬂ-—l «

) -t
In an earlier report, we used a,14 for these moments, but here we shall
follow the usage of Bush and Mosteller {3] in the interest of conformity with
the practice followed in other chapters of this volume., The first moment is
of course simply fi.; that is, Viie= pya.

To simplify the exposition we shall first derive a recursion for only the
frst moment in the determinate case, then proceed to deal with the general
. vth moment in a case which includes E; events, The first recursion takes
the following very simple form:

Taeorem 5.1. [f for all n, P(Esa) = 0, then
(5.2) " Pran= (1 = Opin+ OP(Eia) .
Proor. Since lJA;»= X, UEr= X, and UJ zx-1 = X, we can write the
identity ! « -t
Dinnr = PlAina) = PlAyamn N LJJAJ,:I n ‘;’ Een 0 U Za) .

-y

Since all the unions are over disjoint subsets of X {mutually exclusive
events), the right-hand side of the last expression can be distributed, yielding

12 ? .E P(At,nﬂ n Ek}n f A},n N .rn..x)
=1
= 2 EP(Aina| Exan Ajn N &n-)P(Exn N Agn O Za-1) .

Kpoy 3 £
Now if Ei occurred on trial # of a given sequence z, i.e., & € Ein, the
conditional response probability

P(.Al.no-l l Ek‘n N A},n N -'L'rl-l) = pti,ﬂfl

can be replaced by its equivalent from Axiom 1; and if any other reinforcing
event Ex . occurred, i.e., £ € Eex (% # {), the conditional response probability
can be replaced by its equivalent from Akiom 2. When we make these sub-
stitutions, our expression for P, n.; becomes
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!

P =12 2? i{{l — O Pzin + C1PEin N Asn N Ta-r)
" + 3 (1= 0punP(Ern N Asn zn_,)}

= 3 {(1 = Oprin "2;_‘. ZP(En N Ajn N2Zn-1) +0 2}: P(EianN Asn N En—l)}

-l
== {(1 — @) PatnFomet + BP(Eun N mn_;)}
-t

= (1 ~ @)pin+ OP(E ).

It should be noted that 5.2, depending only on the hypothesis P(Ey» = 0),
bolds for the determinate case regardless of how the probabilities of rein-
forcement may depend upon trials or upon preceding events. This general
expression can be used directly to generate testable predictions concerning
long-term response propertions in determinate situations (see Section 7, below).
However, most experimental applications of the model involve special re-
strictions on the probabilities of reinforcement, and in fact very often the
functional form prescribed for P(E..) by the experimenter is such that 5.2
can be solved explicitly, yielding delailed guantitative predictions concerning
learning rates and asyvmptotes., To illustrate the derivation of special cases
of 5.2, let us consider the case of *‘ contingent reinforcement with lag ™
(discussed in detail in {4]).

To express appropriately the restriction on probabilities of reinforcement,
we shall represent by m;.(v, #) the probahility that reinforcing event Ex will
occur on trial # given that response A; occurred ¢ irials earlier. These
probabilities are ordinarily completely determined by the experimenter. If
v > 0, we say that there is a lag v in the probability pattern of reinforcing
events. Formally, the restriction can be stated

(5.3) P(Ek,n [ wn A},n«v) = P(Ek,n [ Aj.ﬂ—v) = ”JE(Vr ”) ¥

where W is any # — 1 cylinder set (i.e., one restricted on the responses and
reinforcing events of the first n — 1 trials) such that P(W N Ajn-v) > 0.
Now to obtain a recursive expression for the case under consideration, we
need only use the relation 5.3 to expand P(E ), viz.,

B(En) = ?,] PlEianN Apny) = ;‘, PlEin | Ajn-s)P(Agn-v)

= )2 EH(”’ ﬂ)?}.ﬁ—y,;
and substitute the result inte 5.2; this yields
(5.4) P = (1 = Dprn + % mu(y, #)fra-v .

The recursive relation 5.4 will be recognized as a linear difference equation,
numerous special cases of which have been examined in detail elsewhere
({31, [4], [7]). If the coefficients my(v, #) are all independent of j and #, ie.,
ma(y, #) = m, we have the simple sencontingent case of the linear model,
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Bras = (1 - G)Px,n + 0m,

familiar through numerous experimental applications ({3], (6]). This case will
be developed in detail in a later section. If the coefficients are independent
of n and if » =0, we have the simple"égﬁtingent case, also occurring fre-
quently in the literature, Both of these cases will be recognized as identical
to corresponding *‘equal alpha ™’ cases of Bush and Mosteller's model ([3],
chap. 5). If the coefficients are independent of #n, but » > 0, we have the
simple contingent case with lag, which has not been studied in detail.
Although explicit formulas for response probabilities are apt to be cumber-
some in this last case (see [4]), we can derive from the recursive expression
5.4 various experimentally useful relations involving the arithmetic means
of the response probabilities over trials. These means are defined as follows:

5.5 FN) = L 3
{5.5) p(N) = Wﬁ%pl.g.

Of course, (V) represents also the expected proportion of A occurrences
over N trials in a population of subjects whose learning is described by the
model. We shall limit ourselves here to one asymptotic theorem, which will
serve to illustrate the technique of derivation,

Tueorem 5.2, In a simple confingeni case with some fized lag v independ-
ent of n, and with two response alternatives (r = 2),

. - - rear(w)
(5.6) . L_I;I}l 1) 1 — ru(v) + wa(v)

Proor. Summing both sides of 5.4 from 1 to N and dividing by N, we ob-
tain
x —f) K N
N‘L,‘Z p( n+l = (1 Na) ’D%!Jl,n + Tz.- § ﬂ'j((lo') Elpj,n—v .
We need not worry about assigning values to pja-v for n# < vy, since the

" resuit is independent of the particular assignment chosen. By algebraic rear-
rangement, we then infer

I 2 Pl nt ‘iﬂl—L ”JI(V) E Prn-v.

Now taking limits as IV — o, the second term on the left vanishes, and we
have without difficulty

lim p(N) = 3 ma(v) lim piN),
N0 F] N
or, writing p; for ‘}rim PN,

5.7 E = 32 n;l(v)E for i=1...,r.
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Thus whenever the sys*em of » + 1 equations consisting of 5.7 together with
Zj} ps = 1 has & nontrivial solution, the limit of pN) exists and is independ-
ent of ¢ and the initial probability pi,. In particular, for r=2 and { = 1,
we have immediately

—_— —_ — 167D

’ T,
£1= mu{v)p 4 mu(o)1 — ) = .
WP ! < 1 — muly) + maly)

We can thus predict the long-term proportion of A, responses in advance of
an experiment run with any fixed lag »; what is even more interesting, if
the conditional probabilities of reinforcement are fixed, the predicted long-term
response proportions are independent of v (i.e., are the same for experiments
run with different values of v). In a preliminary test of this prediction (de-
scribed in [6)]), subjects were run in a gusssing situation with 7, (v) = .66 and
a(v) = 1.0. Groups run with lags of v=20, »=1, and v =2 all yielded
response proportions ciose to the calculated asymptote

Hy =
h=
&

—=.75
+1

e p
[ax]

over the last trial block of the series.

The utility of Theorem 5.1 for analytic purposes can be particularly well
illustrated by applying it to 2 new problem of a type not envisaged at the
time the model was originally formulated. Let us consider a simple two-
choice guessing experiment in which the subjects have been instructed, or
have learned by experience, that the best strategy is always to predict the
event that has occurred more often during the preceding series, Under the
experimenter’s arrangements, the two possible outcomes of a trial, Oy and Gy,
occur (let us say) with fixed probabilities = and 1 — 7, which are of course
unknown to the subject. We shall assume that the subject can recall at any
time the outcomes of the £ immediately preceding trials; i.e., at the termina-
tion of trial n, he recalis the outcomes of trials m#,% — 1, ---, 2 — %, which
we shall designate for brevity the * recall span.” If upon the occurrence of
the observed outcome on trial #, the majority of the Oy in his recall span
are (s, the subject interprets this state of affairs as an Ej, i.e,, a rein-
forcement of response A;. Similarly, if the majority of the O; in his recall
span are Oy's, the resulf is reinforcement of response A.. When the O; in
the recall span are equally divided between Oy's, and O,'s, responses A, and
Az each have probability .5 of being reinforced. (There are other, perhaps
equally plausible ways of handling ties, but assumption of one rather than
another has little effect on testable properties of the model.y Now we can
write down an appropriate expansion of FP(E\,,) for any given recall span.
If, for example, 2 = 1, then we have

P(El..n) = P(GI.n n O;,ﬂ-l) + %’ [P(gl,n 0 Oi,n-l) + P(On.n ﬂ Ql,ﬂ-l)]
=att gl -+l —aml=r.
Substituting into 5.2, we find
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Prnsi = (1~ G0+ P,

that is, in this case learning proceeds exactly as in the usual case of k=10,
If, however, k= 2, we have '

PlEia)y= P({Cun N Ginea N Giineg) + POy N Oraes N Ozinea)
4 B(O1a 0 Doyt 1 Ounes) o+ POy 0 Opner N Orinma)

=73 Il — ) =all ~ (1 — 7)1 —27)},
and 5.2 becomes
Drner= {1 = 8pin4 Fn{l — {1~ 2)1 - 21)] .

Now the rate of learning is still unaffecied, but the asymptote is greater
than = if = is greater than 1/2 and less than = if = is less than 1/2. It is
apparent that in general learning rate is predicted to be independent of the
recall span, but the predicted asymptotic probability of 4. deviates further
from w toward unity or zero {for » > 1/2 or = < 1/2, respectively) as & in-
creases and, in fact, tends to unity or zero im the limit as & becomes large.

A second case of immediate experimental interest is that in which E; events
are permitted and all probabilities of reinforcement are contingent upon the
response of the given trial only. This model has been tested by Atkinson
[1] in a two-choice guessing situation with no knowledge of results given on
" By trials,” and by severa! investigators (see [6]) in T-inaze experiments
with nonreward on *' £, trials.”” Mathematical properties of the mode! are
very similar to those of Bush and Mosteller's ** unequal alpha’® case as ap-
plied to situations with °* experimenter-subject controlied events ' ({3}, pp.
286-88). .

Tueorem 5.3, If the conditional probabilities of reinforcement P(Ers | Ain)
Jor lsisrand 05k S r are fixed constands nw, independent of trial num-
ber and preceding events, then

(5.8) Pian={1—=0n+ 0 % J I AT ﬁ%‘, V10,0,

where the Vi, are cross-product momenis defined analogously to Viag, f.€.,

(5.9) Vl,U.n = E ﬁ.:s,nfjxj,npr.ﬁ-x .
X

B=1
The theorem takes a particularly convenient form when » = 2:
(510) pl,nﬂ = (1 - 5)[91.73 + 5[?1,,;7:;; -+ (1 _ﬁl,n)ﬂnl
+ H(Va 100 + Vinamae — Vag,amae)
= (1 =0 + 8y — Ony + Orea)Pin + G + B(mre = wa0) Viin «
Proor. The proof follows that of Theorem 5.1 up to the point of substi-

tution in terms of the learning axioms; then an additional term must be
included to take account of Ep trials. We obtain

pm—
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r’ ~
Pran=3 3 {fu — Ot + O1P(Er g O Aspn N Tnot)

Xa-y J

“+ g% (1 = Dpas P Ern N Asin N Taai)
s

-+ i)zi,nP(EB,rs N A;,n 0 xn—x)}

After the term 9p5,«P(Eea N Ass N 2a-1) has been added and subtracted,

we have (with the subscript # now running over 0,1, -+, 7)
pi,ﬂi-i E 2 2(1 - t?/_ﬁz( P{ML n N Aj,» ! -T:'n—l)

LT
+ & P E 5?(.&‘;," N Aj,n N .'511-1‘}

gt J

+ X 2 Bl nP{Esn N Apn N Sn-1)

Ry I

= (1 — Nfpin+8 }; Piump + 8 % o Viiasn

when the indicated summations have been carried out and the last term on

the right expressed in terms of 5.9. When r = 2, the quantity X 7uVii,n
5

reduces to

E {ﬂlnp:-lm + Egeﬁzl.n(l b ﬁz1,n}}Px,n—1 = M Vz,),,n - map V:L.L.n b ﬂaovz,l.n '
Xn-1
where we have let { = 1, establishing 5.10. The difference equation 5.10 can
not be solved explicitly, but bounds on the asymptotic response probability
P« can be obtained by the use of methods that have been discussed elsewhere
[11 3]‘
With the restriction to » = 2, the case under consideration is a convenient

one with which to illustrate the treatment of higher moments of the condi-
tional response probabilities,

Tuegorew 5.4. If the hypothesis of Theorem 5.3 zs satisfied, together with
the restriction r = 2, then

GAD  Vomn= (1= 08 Von+ 2 ()L = 9)=mgn

a1 Vourm,m + (myy — 1) Voermat n)
+ [1 - (1 - g)ﬂ][ﬂzﬂve,n -+ ("10 - 11’:0) Vuﬂ,n} N

where v runs over the positive integers {and the respomse subscript has been
dropped, it being undersivod that the momenis are for Ai).

Proor. Beginning with the defining equation 5.1 for the vth moment, we
introduce the unjons of the responses and reinforcing events on trial #, and
then apply the learning axioms as before, Thus:



FOUNDATIONS OF LINEAR MODELS 1585

Vp,l.nﬂ = xz:ﬁ:t.nan.n
= E E ?ﬁ‘(A(.n+l l Ei.ﬁ N AJ‘n M l’n—l)P(Et,u n AJ.?I i ;‘Fn—l)

xnnl &

=3 {{u = O)petn + BI Tyt Besnes

Sy d

F {1 = &Pl n ggﬁ}l!plilﬂ—l + Frn R,'oﬁsj.n}lpt.ﬂ-x .
k52D

To simplify this last expression, we use the binomial expansion
k]
[(3 = Bpetn + 0 = (1 — 60%, o+ % (m}(1 = O)=mempain
o

and both add and subtract the term
(1 o 3)"13:;,»?:_;035;»1,»;
. this yields

Vu,l,n‘ﬂ. = E {(1 — 0)";‘3’;;,,; -+ é (;)(?‘u — 8)‘”"”‘@“?3{3‘. ; ﬁ}i?zj.n

Pyl M=)
+ [i - (1 he 5)’]?&. n F ”JszJ,n}Pz,n—l .

Now for the special case r = 2, we can let { = 1 in the last expression and
simplify further:

Vornn= (1 =6Vorn+ % { b3 () (1 — G)mgm pir T [R1fatin -+ Tl — painll

RSN Ll

+ 1= (1~ &1, wlrw e + [l — pzx,ﬁ)]}Pz.n—l y

or, dropping the response subscript as before,

v

Vonsr = (1 — 8 Ve,n + El(f:)(l ~ Oy w1 Voemasn + 22 Voomn — Veoomern)]

V / + [1 -1 = g)v] In'me-l,'n + ﬂzﬂ(“,a el Vu-ﬂ,u)l »
establishing the theorem,

When, for example, v = 1, equation 5.11 reduces to
Vl.vwl = Pl,m—l = (1 — 9) Vn + g[ﬂzl + ('ﬁu — ﬂ'n)Vl‘n]
+ Hma Va0 + (70 — 720) Va,n)
= frg + (1 = @ + Omy — Onay + Bra0) Vi + Blmyp — ma6) Varn;

and when ¢ = 2, equation 5.11 becomes
Vimer = (1 = 83V 0 + 201 — O)0[na Vi, + (1y = 7wa1) Vioal

<+ ﬁi(ﬁu + gy — ﬂ'zi)Vl.nl
+ 1~ (1 = 6} raVan + (rie — 7a5) Vaml -
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In general, these difference equations cannot be solved, since the vth moment
on trial n + 1 is a function of the {r + st moment on trial #. But in the
special case mp= m, the term in V.w» vanishes from the expression for
Voner, and the difference sguation 5,11 ean be solved successively forv=1,2,- .-,
yielding explicit formulas for moments of all orders in terms of #,8, and

D

6. Some Random Variables

In this section we define some useful random variables and assert some
obvious general theorems about them. Certain theorems of experimental
interest are proved in Section 8 for special conditions of reinforcement.

Since this paper is partially methodological, we give a rather explicit treat-
ment of several elementary guestions. To begin with, we recall sume familiar
facts about random variables. A random variable is a {measurable) function
defined on the sample space.’? The common notation for the probability that
a random variable I has a certain value # is P(& =), and if X is the
sample space, this probability is equal to the probability

Pl z e X & Ulzy=u}).

For the expected value of a random variable I, we use the standard nota-
tion E(¥), and for a conditional expectation given some event ¥ in the sample
space, EX(I/| ¥).

A random variable is discrefe if the set of its possible values is countable,
i.e., either finite or denumerable. If ¥/ is a discrete random variable, then
its discrete density is the function g such that for any possible value u# of ¥

glag) = P(U = u).

All the random variables considered here are discrete. We shall not introduce
an explicit notation for their discrete density functions, but it is well to re-
member that the quantities computed, e.g., expected values and variances,
are defined with respect to these density functions.

Corresponding to events A;» and E: . we now introduce random variables
denoted by corresponding letters.

Dermmion 8.1. [f z € X,

1 :f:ce As,n

A""(%) . {D otherwise

and
1 ifz2€ Een

Bz} = {0 ofherwise .

We shall also be interested in sums of the random variables Ain.

3 Problems of measurability will not arise here.
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DernimioN 6.2, If z € X,
N ‘
St n(z) = Aim(z) .

wansl

Some obvious general results concerning these random variables are formulat-
ed in the following theorem. The main object of the theorem is to relate
expected values and variances to probabilities of events in the sample space,

Tusorenm 6.3.

(1) Plhsn=1)= PlAsn)= Pin,

( i) E(Ain) = P(An) = Pun,

(1) var(din = P(Ain)[l — F(Aia)] = pia(} — pin) ,

(iv) Eldindinst o Ainer)= P(Ain N Ainar 11 2oo N Arnar),

" neN
(V) E(S"u'ﬂ) ="‘§1P(Ag,m) =m;|z+1pi'm ’

N
i) var (Sunm) = 3 PlAuml— PAn] +2 5 cov(disdu) .
men+l R jKkEn+ N
Proor. A few remarks will suffice. Assertions (i) and (ii) are obvious.
Assertion (iii) is derived as follows:

var (Ain) = [1 = P(Aun)PP(Aea) + [0 — P(Aun)P[1 — P(Aia)]
= [1— P(Aua)l[P(Atn) = P A1n) + PHAun)
= {1 = P(Aia)]P(Atn) = (1 = pru)pin -

Assertion (iv) follows at once from the fact that the product of the various
possible values of the random variable is zero except when they all have the
value one. Assertion (v) may be inferred from (ii) and the familiar fact that
the expected value of a sum of random variables is equal tc the sum of
their expected values. Finally, (vi) is 2 consequence of (iii) and the familiar
relationship between the variance of a random variable which is a linear
function of certain random variables and the variances and covariances of
these latter randem wvariables (see [8]). Q.E.D.

7. Some General Limit Theorems

It is of intrinsic interest to know how responses and reinforcing events
are related under very genera! conditions of reinforcement. The following
four theorems describe in a precise way the kind of asymptotic matching
relationships which obtain between them.

The first theorem asserts that for a given outcome x of an experiment,
the limiting ratio of the sum with respect to # of p.» (or, alternatively,
the expected number of A, occurrences for all subjects having a given re-
inforcement sequence) to the sum of E; reinforcements is 1, provided that
there are no E, trials and that E; trials do not stop occurring after some .
(It does not matter how rare the density of these E; occcurrences is, solong
as there is no # beyond which their probability is zero.)
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Tueorest 7.1, If z & Eun for cvery n and if

N
2 Ein(z)
A=1
diverges as N — o, then
v - N
Z E(Ai,n } 37:—1) l E pzt.ﬂ
(7.1) im | 27 = lim | 22— = 1.
Nse= Ko
ﬁE.E’f:,n{x) %15'4,'-(:8)

Procr, In view of the obvious equality E(Aens | Taoi) = Pzia, we need deal
only with the second term in 7.1. Since z# & Es.» by hypothesis, we have
immediately from our axioms

(7.2) }fr’z,nb. = (1 e 3)!):,7» -+ GEn(x) ) -

where En{z) is a random variable defined in the preceding section. (We have
dropped the subscript { throughout the proof.) Clearly equation 7.2 becomes
identical tc that of the first or the second learning axjom as En(z) equals
unity or zero, resgectively. Summing both sides of 7.2 from 1 to N, we
get

il i
7.3 ”g.lﬂ.t,n + Pr et — Pany = ;E‘;Lp.r,n -— 0ﬂzr;£ﬁz.n -+ 0“$:lEn(x) s

From 7.3 we may immediately derive

N
2 b -
7.4 __E.:°.1._.~.... = 14 j?.-v-lN 3.5
fpw  ofme

provided only that we choose NV large enough f{o have E.(x) =1 for at least
one # = N. Since

N
’2;‘; Falx)

diverges as N — oo, the second term on the right-hand side of 7.4 has zero
as a limit as N — oo, and the theorem is proved.

The second theorem asserts a corresponding result for the ratio of the sum
of the mean probabilities P(A4;.») of responses and the sum of the mean prob-
abilities P{E:.) of reinforcements. It should be noted that if the quantity

1 X
-—%lp(El,n)

is bounded away from zerc as N oz, then the theorem holds; it is not
necessary that the limit of this quantity exists,

Tueorem 7.2. If

P(l:l Ee.”) =0
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and
5
2 P(Ein)
=}
diverges as N — oo, then
Fid
E P(Ai,n)
{7.5) Hm | 22 1= 1,

Tinson »
ﬁ%P(EM)

Proor. By Theorem 5.3 and the hypothesis that the probability of E, trials
is zero,

ﬂ‘.nq.x = (1 - ﬁ)ﬂ‘,n + ﬁP(EI,n) .

The same sequence of operations is applied to this difference equation as to
the corresponding equation of the previous proof, and the theorsm is proved.

We next consider the same kind of theorems whean E, trials are possible.
For this purpose, we introduce some notation whose intuitive meaning is
clear. If z is a possible experimental outcome, i.e., a sequence which is a
member of X, then x* is the subsequence of 2 which results when all K
trials, apd no others, are deleted. Clearly, z* is a well-defined sequence
only if the number of non-E; trials in z is infinite; this condition is equiva-
lent to the divergence of the sum

N T
P Ek,ﬁ(-l‘)

A=l k=]
as N— oo, Formally, we have:
DermimioNn 7.3, If 2.y € X and the sum
S 3 B ()
Bl k=1
diverges as N— oo, then x* =y if, and only if, there exists an increasing
sequence ¢ of positive tnutegers such that for every n
(1) %= Zoom,
(ii) Epa(y) =0,
(iii) if Ennla) =0, then n is in the range of p. -
Condition (iii) of the definition simply ensures that the subsequence y generated
by ¢ from x does not omit any non-E; trials.
Analogousiy to the first theorem, we then have a corresponding limit theo-
rem for the subsequence z*.

Tueorem 7.4. [f
"% El,u(x)

diverges as N — o=, then
N

(7.6) lim | 2=

N

N
E(Ain l ,2.':.1) 2 be*tun
L = lim{ 22 1= 1,

¥
E EI.H(I*) frme LEH;.EI,:ACI’*)
e

R=l
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Proor. In order to apply the argument used in the proof of Theorem 7.1,
we need to prove that

(7.7) Deenar = (L = E)pasn + 8Bnlo*) .

But 7.7, like 7.1, follows at once from our hasic axioms and the fact that
x* & Euo» for all n. Q.E.D.

The analogue of Theorem 7.2 requires some additional notation. We shall
let Afs be the set of all sequences which have the ith response on the nth
non-Ep trial. Similarly, EF. is the set of all sequences which have the kth
reinforcing event on the nth non-E; trial. The simplest restrictive hypoth-
esis under which the theorem may be proved is that the probability of the
set of sequences with only a finite number of non-Ep trials is zero.

Turorem 7.5, If the restriction just mentioned is satisfied and

S P(ES)

=k

diverges as N — oo, jhen

oy
i

- i
2 P(Afw)
imin=i =1,

| S P@EL) |

For a proof, which involves operation on countable unions and intersections
of cylinder sets, the reader is referred to [B].

It will be useful to summarize the experimental implications of the four
theorems proved in this section. By virtue of Theorem 7.1, we can predict
that for any experiment in which E, trials do not occur, the proportion of
A occurrences will approach the preportion of £, occurrences for each in-
dividual subject as the number of trials becomes large. Simitarly, by using
Theorem 7.4 we can predict the same result for any experiment in which Fg
trials do occur, provided that we delete the Ey trials from the subject’s pro-
tocol before computing the proportion of responses and reinforcing events,
Corresponding predictions concerning mean proportions of A; responses and
E, reinforcing events for populations of subjects follow from Theorems 7.2
and 7.5. Experimental applications of Theorems 7.1 and 7.2 are illustrated

in [6].

8. The Noncentingent Case

Of the various special cases that may be derived from the general linear
model, the constant event-probability, noncontingent case is the simplest from
a mathematical viewpoint and also has been the most studied experimentally.
We can conveniently illustrate numerous derivational techniques and at the
same time assemble a variety of experimentally useful results by giving a
detailed analysis of this case, which we now define in the cbvigus manner.

DeriviTion 8.1, A linear model x = (X, P, 8, r) salisfies the simple non-
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contingent condition if, and onlv if, for every k there is a = such that for
every n, and for every v in an experimenter’s partition H(n), if P(y) > 0 then

P(Ey.n i 7) = my and PEys)=0.

That is, £’s are not permitted, and the probability of each reinforcing event
is constant over trials and independent of preceding events,

In order to simplify cur notation, we shall adopt the following conventions
throughout this section. We shall be concerned with probabilities and various
statistical quantities associated with some arbitrarily selected response A;
(and its reinforcing event E)). When only A, is explicitly involved in a deri-
vation, we shall drop the subscript ¢, ylelding A, for the event °* A( occurs
on trial #'"; P(A.), or pu, for ‘' probability of A on trial #""; and so on.
Also, in the interest of brevity, we shall omit from the numerous theorems
to follow the standard hypothesis “if x = (X, P, 8,7 is a simple noncontin-
gent, linear model.”

Moments of the Response Probabilities. A recursive expression for the raw
moments Vox of the response probabilities is obtainable by the same tech-
nique used in the proof of Theorem 5.4.

Tueorem 8.2. If v is a positive integer, then
o
(8-1) Vu,u-ﬂ = (1 - @)" Vo,n + zl(;l)(l - g)r-mgm Vv-—m,n f

Since the first and second raw moments will frequently be required in later
derivations, we include explicit expressions for them here. For the first
moment, we have )

(8.2) . Vl.fH-l = (1 -8 Vl.fl +0n,
or equivalently
an-: = (1 - ﬁ)pn + 6r .

It can readily be shown by induction that this difference equation has the
solution

(8.3) Vin=th=nrn—(n—p)1-—0or".
For the second moment we have
(8.4) Vansr= (1~ 03Ven + 2[2(1 — 8 V1. + 64,

and it can be shown by induction that this difference equation has the solu-
tion

Ve = n(dn — 207 + @)

(8.5) 5

= 2a(n — p)(1 — 6y?

_[’E(zl_.—__—aﬂ — ( — 1)? (1 — §)xn-1) |

Asymptotic moments appear so ubiquitously in experimental applications of
the model that it is desirable to introduce special notation for them.
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Derivirion 8.3, If lim Vi a4 exists, then
P

Vo= lim Vo,

fl=hes

It is an obvious consequence of 8.3 and 8.5 that V== and

V, = [2(1-—6’)7r+5§ i On(l — m) .

2-—6 T2-4¢

Taking these results together with the recursive relat!on of Theorem 8.2,
we see immediately that asymptotic moments of all orders exist for this case
of the linear model.

Concerning such propertiss as dispersion, skewness, etc., central moments
are usually more instructive than raw moments. For the distribution of re-
sponse probabilities, central moments are defined in the standard manner:

Dermvition 8.4, If v is g nonnegative inieger, then
Hen = 2 (ﬁ:n"‘ﬁn) P.eﬂ-x

X1

To obtain a usable recursive expression for the sth central moment, we pro-
ceed as follows:

Honar = 3 (Pzner — Pret)’Prn
:.’l

= E {nl(d — Opza + 6 — (1 — O)pa — O]’
=1
+ (1 = D1 — Opan — (1 — O)pn — 7]} Pen1

where we have substituted for pz..1 in terms of the axioms and for pas in
terms of 8.2. Expanding the bracketed terms by the binomial theorem and
simplifying, we arrive at

Tueorem 8.5. For v = 2 (of course, ton=1 and pn =10 for all n),

Homat = (1 — O)ttyn + m(1 — rr){( )(1 — )~ te g
+ (;)(1 e )ty al(1 — ) — 7]
+ ()1 = ot -  + =]

c+()eta - = m

Specialization of Theorem 8.5 yields relatively simple expressions for the first
few central moments. Feor the variance,

(8.6) M2 ner = (1 = 0Pz 5 -+ n{l — m)f2 .

Or, in conventional notation,

oas1 = (1 — 8pay, + n(l — m)f? .
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Asymptotically,

>

o nll e
(8.7 Hy =2 o

For the third cenfral moment,
(8.8} Ui mer = (1~ §P25 4 + w(l — Y%L — 2m),

and asymptoticaily,
#(l — m)0¥1 — Zm)
1—~(1—8p
As one might expect, the distribution of response probabilities is skewed
downward when = > 1/2, skewed upward when = < 1/2, and syminetrical when
= 1/2.
For the fourth central moment,

(8-}-9:‘ i nel = (1 - 3}4"#1,1! + ?T(l - ﬂ){6(1 - g)gﬂg,ﬂz,n =+ ﬂ*[(l - ;:)3 -+ TIS}} 0

(8)9) g =

and asymptoticaily,

\ b — g ) F1—31—827
8.1: gp= S mB g gy LSO }
@10 ME TG U T ITT T S

The properties of two lhniting special cases are immediately apparent. If @
tends to 0, all the central moments vanish; Le., for every #, all density of
the distribution of response probabilities is concentrated at the point prn=p.
If =1, the central moments reduce to those of a binomial distribution; i.e.,
forall nz 2,

ton = w(l — m)[(1 — n)' ' — (— m)-1] |

This fast relation can be shown to be the solution of a recursive expression
given by Kendall ({12], p. 118) for cemtral moments of the binomial distribu-
tion. For # values intermediate between zerc and unity, the distribution of
asymptotic response probabilities has a smaller dispersicn and less skewness
than a peint binomial distribution having the same mean.

Covariance in the Response Sequence. We now consider the doublet, tri-
plet, and quadruplet probabiiities,

P(A.n-u ﬂ Aﬁ); P(Au«v-s ﬂ An-ﬂ ﬂ An), aﬂd P(An+3 ﬂ A’l+2 ﬂ AE-O-I n An) »

which may be used to check the experimental adequacy of the model with
respect to sequential effects. It is to be emphasized, for those who like for-
mulations in terms of random variables, that in view of Theorem 6.3 the
following thecrem could just as well be expressed in terms of expectations of
random variables, namely, E(drsidn), E(dnezdandn), and E{ldnadnsednenda).
Qur method of derivation may be compared with that which is used when
the random variable apoproach is followed and expectations are first taken
with respect to a fixed sequence of responses and reinforcements; the former
appears somewhat more direct and simple from a mathematical viewpoint,
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Tucorem 8.6. For every n, the probabilities of two, three, or four successive
A events are given respectively by:

(8-12) P(An-n ! An) = (1 - 5) V:.n + On Vi,n ’

(8'13) P(Aﬂ-ﬂ ﬂ An-n ﬂ An) = g?fP(An-H ﬂ An) + (1 - 0)3 Vs,n
+ 20 - 0)6nVen+ (1 —0)2Vin,

8.14) PlAnsa 0 Anaa N Anin 0 An) = P (Ansa N Anes N An) + 1 — 0V,
+ (1 — 83005 — 3O)n Ve n + (L — 67°522[3(1 — 8) + 471 Von
4+ (1 — 6)2=[(1 — &) + 27]Vi,a .
Proor. For part (i)

P(Al.n-u N AG.H) = 2 % P(Ai,ru-l N Ek.n N A'i,n N @n—l)

Y51

=x2 ﬂ‘P(Af,ﬂ-bl I E!.n n At,n n .'L‘n-l)
Bl

+,§‘ meP(Ane1 | Een 1 A 0 3!!—1)]P(Ai,n | 2a-1)P2n-1
= E {(1 - 5)P(Al,n l xn—l) + aﬂl]P(Ai,n l mn—l)P:.n—l

¥n-1

=1 =OVein+0niVia.

For parts (ii) and (iii) the proofs are similar in principle but rather lengthy,
and we omit them here (see [8}]).

The same methods used in the proof of the preceding theorem may be ap-
plied to obtain terms like P(Aine1 N Ar.n), where £ # ¢, The cases studied
in the theorem are of especial interest because the results also hold for the
simple contingent model, where P(Exn| Acs) = mu. To extend the results
to this model, one need merely replace n; by nu. Naturally the raw moments
Ve,i.n are different, but the same expressions in terms of the moments hold.
Unfortunately, this ready generalization does not hold for such terms as
P({A¢ns1 N Apr,n) or similar ** mixed ”’ triplets or quadruplets.

The results of Theorems 8.2 and 8.6 may be combined to yield asymptotic
results in terms solely of 6 and n; for the doublets, triplets, and quadruplets
of Theorem 8.6. We shall not formulate these results as a theorem because
of their lengthy form. Even the doublet term is a bit cumbersome,

lim P(Asnas ) Ayp) = = ORA20 = O+ 0]
(1 — n)8(1 — )
20 '

It is clear, however, that even asymptotically, the probability of an A4; given
an A: on the preceding trial is greater than =; by an amount which depends
on 8.

The covariance of the random variables 4. and An+m is of interest in its

+ Ori

]

=y
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own right and also as a term entering into the derivation of an expression
for the sum Shs. As a preliminary fo calculation of the covariance, we
require the fcllowing theorem concerning probability of the compound event
A.ﬂ, M Assm:

Tasoren 8.7. For ev;’r;» n and every positive integesr m, the probabilily that
an A: response occurs on both irigl m and trial n + m iy given recursively by

(3 15) P\An-;m i Ar' = ﬂP‘ 4'1‘) - 17TP\.;‘Br} - P':An-«.’j. i An);(l - @)m-i .

Proor. The proof proceeds by induction on m. For m =1, we have an
identity. Suppose now the theorem holds for m. Utilizing the usual tech-
nique in order to prepare for introduction of the axioms, we have

P(Al,n-.hm«bi i AE,?&) == E E P( 4t memat (1 E;b RTY N Ai n -’b'n-&mal)

Moyt

= 5 (1~ 8P A nem | Boomar D Agg)

fp pm—1
+ éfm}:’:’(xnm—: 0 Aé,n)
= (1 AP (Arnen N Ain) + 80 P(A1n)

Applying now our inductive hypothesis to the last expression, we obtain

PlAsnsmar N Ae,n)
=(1-— 5){:‘“?(:‘44.1@) - {'HP( Ain) — PlAinea N Ain)] {(i— gy} + reilP{Ain)
= P(Aee) — [miF{Asn) = P(Aines N Agn}(l — 8™ Q.E.D.

Using the results of Section 6, we may rewrite this theorem in terms of
expectations of random variables:

(8.16) E(AnsnAn) = nE(An) — [nE(An) — E(Azsdn)] A - )1,

Applying the usual definition of a covariance and making the appropriate
substitutions from 8.3, 816, and Thecrem 6.3, we have, after simplification,

Tororem 8.8. For cvery n and gvery positive inleger m,

(8.17) cov (Arsmda) = 7(l — 7) &1 — o™

PR BE (P — )2(n=-12
i1 — (1 — oy,

As one would expect, the covariance tends to zero as §— 0, # — 1, or m—reo,
An outcome one might well have failed to anticipate is thai for all » the
covariance is independent of pi, the initial probability of an As response,
but depends in a very simple way on the variance of the response probabili-
ties. Referring back to 8.6, we see that cov(drsmds) = (1 — )™ah.

Using 8.17 together with B.6, we can now write an expression for the
serial correfation coefficient with lag m, conventionally defined as

o= 1 Fom cov (A;wmAm‘)
rw() N-—m nz;:x {[var (Anem) ¥ar (An)}“-”}

{ oGy \An#m-né‘!) 1
!Pn-o-m{l “‘?n-rm)f»’n(l "ﬁ )}'lz f ’
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where the expectation is taken over n. An explicit formula for rm(XV) can
now be obtained simply by making the appropriate substitutions; asymptoti-
cally it reduces to a simple exponential function which is independent of »
and which tends to zero for large m, viz.,

TureoreM 8.9. In the limit as N — oo, .
o1 —am

z2—8
Proor. We let n—> o in 8.17 and 8.6. Then
n{l = m)f

2—~48 '
lim fogm = lim pp =,

Hm rm(N) = P =

lim Ha npm == Hm fan =

and we have

o = E{ n(l ";)fil? — g)m /’ [r2(1 — my2]ve }= f%f“%): '

This statistic may prove useful for estimating the parameter & from asymptot-
ic data. It is interesting to note further that although empirical values of
rm are free to vary between —1 and +1, the model prescribes a much nar-
rower range of variation. By differentiating r, with respect to § we find
readily that at any given lag m, rn attains its maximum at the point

1 1
=1 ey o m——
¢ + vmi ¥ 1,

and that the maximum value of 7, is given by

7. o m+l—vm +1 (—1+m)’“
m—141Vm+1 m '

At m=1, we find from this last formula that

1=@%§1(_1+m=(—1+v 2 ).

J

&

Thus, since r» < 71, *m is bounded between 0 and approximately 0.17.

Computation of the serial correlation coefficient 7= for asymptotic data is
greatly facilitated by the exceedingly simple relation obtaining between it
and the conditional probabilities of an A response given an A4; or a non-4,
response, respectively, on the preceding trial. This relation is

7o = Wm [P(Acnem | Atn) = P(Agnen | Ain)l,

where A; represents the set of all responses other than 4y and of course the
expression on the right can be directly estimated from the asymptotic condi-
tional response proportions. To demonstrate this relation, we need only sub-
stitute into the right-hand side from 8.15 and 8.2, using the obvious relation
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P(At.vwm) - P(A!,ﬁ-ﬁm Al A:.n}

P(Ae.m-m I zﬂ,n) =

1= P{Ain) '
and take limits ag # — o2, obtaining
T — [n’ - — 1 —mod — 5) —gym=t
BT I A
e | w1 =mO( —6) gyt
= [ 20 (=" gy
1—n ==

which we recoghize as the expression for »» found previpusly in Theorem 8.9.
We are now in & position to give a general formula for the variance of
8. %, the A response frequency in the block of IV trials following any arbi-
trary trial ».
Tezonrex 8.10.
. AL — (1 — O]
@18 var(Sux)=Nall —n) = 1 — 2md(z — 231 — &) 5

e pi)1 — gy L (L= O] 21— O)n( — )

52 —9) P
_ 1 d—-aF _2n(l —m
'[N AL ] 42 — 6)°

(1= Bl — (1 = O)F-1][1 ~ (1 = )] .

Proor, Since S, x is the sum of &N random variables dqem (m=1,2, --., NV,
we can use the well-known expression for the variance of a sum of random
variables:

)ia
var (Sn,N) = 2 var (An+m)' + 2 E cov (An+jAn+i:) .
mel 15i<E2F

From Theorem 6.3 we have var (drem) = P(Aasm) — P Ansm); substituting
for P{An.m) from 8.3 and summing over m, we obtain

S: var (Ansn) = Nl = 7) = (1 = 20z — p) 1 — o HL = (L= Lo i)
[I (1 — 6y~
— 2 3n
— pi) =8 — (=0 -
Then we substitute for cov (Am.Am) from (8.17) and sum over G and &,
obtaining

S cov (Anssdnse) = 7l—mQQ —8)
1S5<kSN 2—0

1, Q—86~ (1-—3’);_ F-1)[] o= (] —
'{N‘F"' Ry e Sl e R 8)"]}.

Entering these two sums in the general formula for var (8.,»), we arrive at
8.18. Q.E.D.
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A number of special cases of 8.18 are of experimental interest. To obtain
an expression for the variance of the A4: frequency in N trials at the limit
of learning, we take the limit of var (S, y) as #— oo,

(8.19)  var (S..s) = lim var (§»,x)

= Ne(—m+ =Pl ony L =0

)
= BLENNOG —30) - 21— L — (1 — ") .
If 6=1orif §—0 in 8.15, var (S-,x) reduces te Nr(l — =), the variance of
a sum of N independent randem variables.
Letting # = 0 in 8.18, we obtain an expression for variance of the A4 fre-
quency over the first IV trials of a series,

(8.20) var (Sox) = Na(l — ) + ZL=0) 2 [N.. 1, -8 W’]
— (1 —2m)(m — )k C‘g—ﬁ‘) — (r—p L 0(;1 - t)T)M]
_zl=n), )
5 —gp 0 — O - A -0 - - 8],

Finally, dividing the right side of either 8.19 or 8.20 by N?, we find that for
large N, the variance of the proportion of A, responses in N trials is approx-
imately equal to

z(l —m) (4 — 30)
N 2-—-8 -

The approximation fajls when ¢ — 0, but it should be relatively good over
the range of § values commonly observed experimentally,

Covariance of Responses and Reinforcing Events, In the simple noncon-
tingent case, the probability of a response given that it was reinforced on
the preceding trial takes the following very simple form:

Tueorem 8.11. If = > 0, then

(8.21) P(Ans1 | E) =1 —OP(An) +0=1—0pn+ 8.
Proor.
P(Aws1 N Ey) —-!V P(Ana N ExnN Eu-x) =3 2P(Aus | En n Zn-1)Ps -1
A=l Xp=1

z al(1 — O)P(An!| zam1) + 0)Prney = [1 ~ O)P(An) + bl .

-1
And obviously
P(Axa | En) = %P(Am NE)=(1—8P(A)+6

={1—-0pm+6. QED.
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More generally, the probability of a response given that it was reinforced
on the »th preceding trial can be expressed as follows:

TueoreM B.12. If v is ¢ positive integer and = > 0, then
(8.22) P(Ans | En)=(1—0rPAn) + 01—+ 1 —~{1—6"1x.

Proor. The proof is inductive. We know from 8.21 that the theorem holds
for v =1, Preparatory to introducing our inductive hypothesis, we apply the
. learning axioms as foliows:

PlAnpver } En) =Mﬂl

T

1 .-
=;[x E ’ % P(An-nq-l i Ek,n-w f -'Bn-n-ﬂ)j

nev-1EFn

[EE % P(An+~.-+l liEk,nqw M uf!:n-w—i)P(Ek.n-w !; ﬁnn-l)Pz,n‘n—l]

]

| —

$ 1A = OP(Aney | Zams) + 3n]P;,n+y~:]

By

]

-\!'H H!H Hl)—‘

{(1 - 0)P(An+v ] .En) + 577.'1'71.'

== {1 b l?)P(An-w i En) -+ br .
Applying the inductive hypothesis, we infer

PlAnsver | En) = (1 — 8{0 — 8)*P(An) + 61 — 6 + [1 — (1 — O)-1]r} + On
= {1 =8 1P(An) + 0L -6+l -1 —0)x. QE.D.

Similarly, we have for the probability of a response given that some alter-
native response was reinforced on the vth preceding trial:

Tueorem 8.13. If v is a positive integer, nc > 0, and i + &,
(8.23) P(Ainey | By = Q1 = 8)'P(Aen) + [1 = (1 — 6)1ny .

The proof is analogous to that of Theorem 8.12. The difference hetween
the conditional probabilities of 8.22 and 8.23 has been used to estimate § in
a number of experimental studies [6].

We conclude this section with two theorems concerning the repetition of
‘‘correct’’ and “‘incorrect’’ responses. The first of these specifies the prob-

ability of a response given that it occurred and was reinforced on the preced-
ing trial:

THeoreM 8.14. Provided P(E. N A > 0,

VE.YI

(8.24) P(Aru-i lEn N An) = (1 - 0) V
in

+é.
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Proor,
P(Anﬂ. NE:N An) = &E P(An.u NE,nAan Tt}
§es
= 3 P(Anru 1 Ew i An N 2a-)nP(An [-‘ﬂn-l)P.t.n—l
%p—1

= Z [(1 - 9)?(447; k $n—1) ~+ ﬁ]EP(An f &'n_-l)P.:,n—!.

T

= (1~ HVan + V1]

Since P(Ans1| En N An) = P(Ana 1t Ex N An)/P(Ea N Aﬁ) and P(E» N As) =
PEy | ARYP(AR) = nVin, we infer

m2l(1 — Vi p 4+ 8V al = (] — V's n

o )V + . QE.D.

P(A!Ml ! En N An) =

The second of these theorems specifies the probability of a response given
that it occcurred but was net reinforced on the preceding trial:

Tueorex 8.15. Provided P(Exn N A1) >0 and 1+ k&,
(8.25) P(Agnar] Een N Aim) = (1 —8) ‘”:" .

The proof is analogous to that of the preceding theorem.

Since the difference between the two conditional probabilities of 8.24 and
8.25 equals 6, the difference between the two corresponding conditional rela-
tive frequencies provides an additional estimator for this parameter. It is
instructive also to compare such pairs of conditional prebabilities as those of
8.24 and 8.21. Except when = equals Dor 1 (cf. 8.3 and 8.5), V., is greater
than V. ., and consequently the probability of a response given that if occur-
red and was reinforced on the preceding trial (8.24) is greater than the
probability of the response given enly that it was reinforced on the preceding
trial (8.21). This is true even though the effect of a given reinforcing event
on the probability of a response is independent of whether that response or
some other occurred on the given trial. The difference between 8.21 and
8.24 reflects the additional information concerning the response sequence in-
corporated into 8.24. When one wishes to obtain a direct measure of the
effect of a reinforcing event, one must always control for sequential informa-
tion, and when this is done the effect will always be found to be independent
of the sequence. ‘Thus we should expect the model to predict that in a two-
choice experiment with simple, noncontingent reinforcement, the effect of an
E;, event on the probability of an A, response would be the same on trials
when A; occurred as on trials when A; occurred; and this expectation can
readily be verified. By 8.12 and 8.24, we find immediately that

PlAinsi | Ein N Arn) — P(Arnaa | Ain)

= Q-0 pia 40— {0 —o P

L + 4971;1} =001 —m),
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and by f{urther application of the same methods, we can show also that

P(A!.,M-l ! El,n ﬂ A:,n) el P(Ai,nn l A:,n) .
Vl.!.n - Vi.l.n

. Vign = Vian . { ) }
= PR § o LL L L L L1L I —d (] F — 7}

R T L A T v
= 61 — ) .

9. Applications to Two-Person Inieractions

By a natural extension of the primitive notions and axioms of Sections 2
and 3, we may apply the linear model to learning situatigns involving several
subjects with the probabilities of reinforcement for each depending on the
behavior of the others. Several recent researches have provided evidence
indicating the fruitfulness of this line of development. For example, Bush
and Mosteller {[3], chap. 12) have analyzed a study of imitative behavior in
terms of their linear model, and Atkinson and Suppes [2}* and Estes [5] have
derived and tested predictions from statistical learning theory for behavior
in simple two-person games. The simple two-person game has particular
advantages for expository purposes, and we shall use this situation to illus-
trate the technique of extending the linear model to handle multi-person
interactions.

As might be expected, we restrict curselves to situations which from the
standpoint of game theory [18] may be characterized as games in normal
form with a finite number of strategies available to each player. Each play
of the game constitutes a #ria/, and a player's choice of a strategy for a
given trial corresponds to the selection of a response, in the usual terminology
of learning theory. To avoid problems having to do with the measurement
of utility (or, from the viewpoint of learning theory, problems of magnitude
of reinforcement), we assume a unit reward which is assigned on an all-or-
none basis. Rules of the game are taken to be such that on each trial the
two players exhibit their choices simultanecusly {as in a game of matching
pennies) and that for each player, given the choice of the other on the trial,
there is exactly one choice leading to the unit reward. Thus over s series
of trials each player is in effect assuming the role of a subject in a simple
learning experiment with determinate reinforcement (cf. Section 5 above or
[4]), but with his probabilities of reinforcement depending on the other player’s
responses as well as his own.

The set of reinforcement probabilities prescribed by the experimenter may
be conveniently summarized in a matrix analogous to the ‘' payoff matrix”
familiar in game theory:

B, b Fabia oeeeees f-’:r,.bzr,
(@13,biy) = @nba Bba vvee Qb
*

casaw tsrrEn bcEhenaanDE veatnsa

Gr3,Bracrody s b
a”ll.brll '1" ra Ty r‘r‘

t See also Chapter 3.
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where 7, is the numbei of responses svailable to the '‘row player,” player
A, and r; is the number of responses available to the “column player,”
player B. However, it should be noted that the entries in the payoff matrix
are not values of various payoffs to the two players, but rather probabilities
of receiving the unit reward. Considering a typical entry ay;,by, the number
ay is the probability that player 4 wins when A4 makes response { and B
response f; correspondingly, &, is the prebability that player B wins when A
makes response ¢ and £ makes response j. In the example of matching
pennies, the unit payoff is cne penny and the payeff matrix might be

H T
H ( 06 1)
T\ 1 L0s°
signifying that the row player wins » penny if both choose heads or both
choose tails, whereas the column player wins a penny if one chooses heads

and the other tails. For experimental purposes, the cell entries can be modi-
fied; in one experiment {5}, for example, the matrix was changed to

(5% L&
L0 0,1/°

so that whenever the players did not ‘“ match,” plaver A received the unit
reward; when both made response 2, player B received the reward; and when
both made response 1, each had probability 1/2 of receiving the reward. It
should be emphasized that although one usually thinks of one player’s win-
ning and the other’s losing on any given play of a game, this is not a neces-
sary restriction on the model. In theory and in experimental tests of the
theory, it is quite possible to permit hoth or neither of the plavers to be
rewarded on any trial. It is, however, essential for appropriate application
of the particular model given here that on a nonrewarded trial the player be
informed (or led to infer) that his other choice, had he made it under the
same circumstances, would have been successful.

Just as for the one-person linear model, the axioms are independent of
the selection of any particular probabilistic scheme of reinforcement, and
they can be applied to more complex interactive situations than the simplified
two-person game considered here.

We turn now to a rapid recapitulation of formal developments corresponding
to those in Sections 2 and 3. The result of any trial may be represented by
an ordered quadruple i, ki, fs, k2>, where {; is the response of A, i; the
response of B, ki the reinforcing event for A4, and &, the reinforcing event for
B, with i, k=1, -+, » and &3k =1, -»-, 7». Our first primitive notion is
then the sample space X, which is the set of all sequences of such ordered
quadruples. As before, our second primitive notion is a countably additive
probability measure P on the Borel field B(X) of cylinder sets, Qur third
and fourth primitive notions are the learning parameters #4 and &5 for play-
ers A and B, respectively.

Definitions of respense and reinforcing events, of equivalence classes of
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sequences, and of their probabilities are obvious extensions of the definitions
given in Section 2 for the one-person model. Thus we have
AV, the set of all sequences having response 4, for player § on trial #;
E$’), the set of all sequences having reinforcing event Ei for player j on
trial #;
P2 = P(AY)), the probability of the event A{:
Za, the set of all sequences agreeing with a given sequence z in the re-
sponse and reinforcing events of the first » trials;
257, the set of all sequences agreeing with a given sequence z in the first
9 responses and reinforcing events for plaver jf;
, the probabi lfty of the equivalence class z%’;
Li’,, = P(AU) | 252)), the probability of response A: by player f on trial #
given the first # — 1 responses and reinforcing events for that player;
69, the learning parameter for playver j—ie.,, 8P =48, if j=1, and
8D = gp if j=2.
We are now in a position to state our axioms.

Dermirion 9.1, An ordered sextuple x = (X, P, B4, 8, 71, 20 is a two-person
linear model iff and only if: (1) Xis the Sample space; (ii) P is a probability
measure on B(X)Y, Gil) 84 and 65 are in the half-open interval (0 < 8P £ 1);
(iv) the following two axioms® are satisfied for every ifrial n, for j= 1,2, for
every z in X with P, . > 0, and for every i and k.

Axiom TL1. If x € E{, then

i ner = (1 — G piP s + 6D
Axiom TL2. If z € EY), and i + &, then

p.ﬂ R+l = \1 - 5\‘“)‘3(1 B

Analogously to Section 3.1, these axioms say, in effect, that for a given
player, when 2 particular reinforcing event occurs, the response class corre-
sponding to it increases in probability and all others decrease. In subsequent
developments the superscript § will be mainly replaced by other devices. In
any case it must not be thought of as an exponent.

We may now formally define the special reinforcement scheme yielding the
payoff matrix {(a., bis).

Dermarion 9.2, For all n,

ay=PERIARN AR  and  by=PER] AR N AR

JJI

5 For a more detailed study of interactive situatioms it is desirable to state Axioms
TL1 and TL2 in terms of the full sequence x, of preceding responses and reinforcements
for both subjects rather than in terms of z5’. Then the present Axioms TL1 and TL2

can be derived as theorems. Moreover, for investigation of the moments of the joint
response probabilities P(AEIQ N4, the additional plausible axiom is needed that the
responge probabilities of the two players, given the full sequence x5, are statistically
independent, that is,

Axiom TL3.  P(Alhe N A nsilze) = PAS D o1 12 PCAD n 1)2a).
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We also need:

DeriNiTion 9.3, A two-persen linear model as a simple payoff matrix if, and
only if, for gvery n and for every set W which is an n = 1 cylinder set,

P(Et’v) l A(D fZ) n le) P(E(U (']) n AS?%
and

PET AR N AT 0 W)= P(ETA LA N ADh

(provided, of course, that P(A% n AB 0 W) > 0).

The substance of this restriction is that the probabilities of reinforcement
on any trial may depend on the responses of the two players on that trial,
but not on preceding events. In the remainder of this section we consider
only two-person linear models which have simple payoff matrices and exactly
two responses for each player, i.e., 11 =7, = 2,

Finally, one last definition to eliminate continual use of the superscript /.
We dencte player A's probability by « and player B's by . and we denote
by r the joint probability of 4; responses by both players (i.e., the event
AP n AP,

Dermrrion 9.4,

an=pih,  B= = P(A{7 n A,
éﬁmigﬁn EN:--J’—‘%B,,,
Nn-v!. ’ Nnml

Coming now to cur first theorem of this section, we derive recursive ex-
pressions for o, and .. A property of the model that is enormously com-
plicating to the mathematics of two-person situations is that both a4 and
Bn+i depend on the joint probability term pa.

Taeorem 9.5.
0.1)  enyr = [1 = 042 — 213 — am)ian -+ Juldas — G21)8n
+ Galay + on — g1z — Gaa)Te + Fa{l — du);
9.2) Brer={1 — 52 — bss — b23)}Bn + Balbra — )t
+ Ea(dy + Bra — b — baa)7n + Ga(1 — ba) .

Proor. It will suffice to derive the difference equation for an., since the
derivation for Ba..: is identical. To begin with, we observe that the general
form of a recursion for @, is the same as that of the corresponding expres-
sion in the one-person model, viz.,

(9.3) nsr = (1 — B)an + OLPED,

as may readily be established by the same steps used in obtaining Theorem
5.2, The term P(E{')) can then be expanded as follows:

94 PEQN=P mnuw”nu&m
=EERHR Al n APDEPAR N A,
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= auP(4A{s N A + e P(AlS N AD)
+ (1 —a)PAN N AD) + (1 — au) P4 n AN .
We next observe that
(9.5) PA n Al = P(AT | AlmP(ADS
= [1 — P(AZ | ATDIP(AL
= P(A.ﬁ” P(A(l) n (l) .

Similarly,

(9.6) PATL N ARy = P(AY) — P(AT n A
and

9.0 P(AD N AR)= P(A{R ]| ARP(ALR)

= [1 = PCAM | AP (A
=1— P(A(R) ~ P(A{7 n AG
=1=P(AlM) — P(ATD) + P(AR n ALY .

Substituting into 3.4 from 9.5, 6.6, and 9.7, and simplifying by means of
Definitions 9.2 and 9.4, we obtain

9.8) P(E(”) = anrn + Gralan — o) + (1 — azl) (Bn —7n)
+(1=08w)1—as— Bn + 7n)
= - (1 — 13 — M1a)&n + (d2z — G)fn
+(an + 8s ~ a3 — @an)rs + (1 —au) .

Finally, substituting 9.8 into 9.3, we have

Ana1 = (1 — F)an — 0401 — @13 — Qz3)tn + F4{@2s — an)Bn
’ + 84la1; + an — @13 — Qa2)Tn + F4(1 — ass)
[1 -— 04(2 — d13 ~— a::)]dn + 04(61:: - Gn)Bn
+ 84(ayn + au — @1z — Qu)rn + 41 — ﬂz:) Q.E.D.

The investigation of the asymptotes of a, and B, or even the asymp-
totes of the mean probabilities (over trials) ay”and By, is difficult and
complicated. The reason is not hard to find. The pair of simultaneous
recursive equations of the preceding theorem contains three, rather than two,
expressions depending on #, namely, s, f» and ra. And, in the general case,
a recursive expression for r, in terms of these three quantities cannot be
derived by any method known to us. Fortunately, without pursuing these
questions, we may prove directly that an asymptotic linear sum of ay and
By exists and is independent of 6, and §5. Moreover, this linear relationship
requires no restrictive hypotheses and may be compared in a straightforward
manner with experimental data.
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Tueorem 2.6.

(9.9) lim [(— ag — o)y + (by + o/ )Bu) = ch ~ dg ,
where
G = 2 g1y~ s 2 = fy5 — Bz
b= Qg3 — an F =2 = by — Baa
€ = gy -+ G31 — &1z — dag g = by b Big — by — bas
d=1—dy bl by .

Proor. From Theorem 9.5 and the definitions of the numbsrsa to 2 above,
we have

(6.10) ﬁ’i%'«»ﬁ‘f = — ety + 0P+ Ctn+ 4
i3

and

©.11) Bast S Br o ooy — fBa + gtnt+ B

Summing both 8.10 and 8.11 from 1 to N and dividing by N, we obtain

(9.12) AELn B = —ay o+ BBy + F + d
and
(9.13) Bra B g Byt gint b

Hég

Multiplying 9.12 by ¢ and 9.13 by ¢, and then subtracting 9.13 from 9.12,
rearranging terms slightly, and letting N — o, we obtain the desired result,
since the left-hand sides of 9.12 and 9.13 go to zers. Q.E.D.

Application of this theorem can conveniently be illustrated in terms of the
experimental game situation cited earlier in which the payoff matrix takes
_the form

(15 1,0y

Le 91/

The parameters of 9.8 can all be filled in directly from the mdir;x, yieiding
g=1, c=4 e=1, g=—4%

b= =1, d=1, f=1, k=0
and 9.9 becomes

lim [~ HEy + (3 + bBal = 1,
and thus

limAw=fF=2%.
e
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From this result, we can predict immediately that the long-term proportion
of A, choices by the *‘column subject’* will tend to 1/2. To derive a pre-
diction for the "row subject,” we take the limits® of both sides of equation
8.12, obtaining

D= —ag+bF+cF+d,
where
« = lim ay and ‘,;: = lim Egr .
KN orm = ]
Substituting the known values of the parameters and the predicted value of
F into this expression, we find :

1
2

=

|~

E=1-(+

po)

-+

We cannot evaluate 7, the asymptotic proportion of ** A; matches'’ by the
two subjects; but we know that it is positive, and further, since only 1/2 of
subject B’s responses are A.'s, it cannot be greater than 1/2, Thus we can
set definite bounds on the long-term proportion of 4; responses by the ‘' row
subject,”

1 _-_1 .1 1 3
- P ST TRE S S R
g ety =T

It would probably be possible, by taking into account other properties of the
model, to derive still sharper bounds on @. However, we already have the
basis for a rather exacting experimental test since our asymptotic predictions
for both subjects are parameter-free; i.e., they are independent of the #-
values of both subjects and of the initial response probabilities.

By imposing various restrictions cn the experimental parameters 4y and by,
a variety of results can be obtained. We restrict ourselves here to the con-
sideration of one such case: choice of the parameters so that the coefficients
of rn in the two recursive equations of Theorem 9.5 vanish. Moreover, we
compute only the asymptotes of @, and ., although it is not difficult to find
explicit expressions for arbitrary #. The method of proof proceeds via con-
sideration of the mean probabilities @x and Bs. Direct solution of the dif-
ference equations is possible, but more tedious.

Tueorem 9.7. Let numbers a to h be defined as in Theorem 9.6, and let

c=g=20and af — be + 0; then
. bh+d

9. 1 = —-——-———L
@1 im o = 27
and

8 The existence of these limits is discussed by Lamperti and Suppes in Chains of
Infinite Order and Their Application to Learning Theory, Technical Report No. 18,

Contract Nonr 225 (17), Applied Mathematics and Statistics Laboratory, Stanford Univer-
sity, Stanford, Calif,, 1958 (to appear in Pacific Journal of Mathematics),
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(9.15 lim B, = SAt de
) lim & 2 —be

Proor. From Theorem 8.5, the definition of @ to %, and the hypothesis
that ¢ =g = 0, we have

(9.16) LB o Gty + bt d
and
9.17) -&%ﬁ = Oty ~ fln + 1 .

Summing both 9.16 and 9,17 from 1 to NV and dividing by N, we obtain

(9.18) ﬂf{‘iéﬁ = — @&y + by + d
and
9.19) Bonn=B _ oz B+ h.

T Ne,

Multiplying 9.18 by £ and .18 by 5, adding the resulting two equations, and
letting V— o0, we gel izm [~ afds + df + bedw + 0h] =0,

whence
. = bk df
{9.20) juz Xy —--—’———-——-gf he

Since 9.16 and 9.17 are simulianeous linear difference equations with constant
coefficients, we know that the asympiotes of a, and 5. exist. Hence by the
well-known theorem that if a sequence {1, ¥ + -, Us, -+ -» of numbers .con-
verges to a finite limit v, then

we conclide from 9.20 that

. _ b df
gfﬁaan - af —be °
The argument establishing the limit of &, is similar in character. Q.E. D,
Some experimental cases falling within the province of this theorem have
been studied by Atkinson and Suppes (see Chapter 3).
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