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We prove the existence of hidden variables, or, what we call generaltzed common
causes, for finite sequences of pairwise correlated random variables that do not
have a joint probability distribution. The hdden variables constructed have upper
probabiluy distributions that are nonmonotomic. The theorem applies directly to
quantum mechanical correlations that do not satisfy the Bell inequalities.

Great attention has been given to the exact formulation of locality
conditions in the existence of hidden variables for quantum mechanical
configurations that do not satisfy Bell’s inequalities. In contrast, almost no
attention has been given to examining what happens if the requirements for
a probability measure are rclaxed. The purpose of this paper is to show
that local hidden variables do exist if the requirement of a probability
measure is weakened to that of having only an upper probability measure.
In the past several decades, upper and lower measures have been brought
into the theory of statistical inference and the measurement of beliefs rather
extensively, but in almost all cases considered in statistical theory or the
belief framework, it is assumed that a probability measure exists, or in
many cases, that an entire family of probability measures is given such that
the sup and inf of the family defines the upper and lower measures. Some-
times still more is required, namely, that the upper-lower measure be a
capacity (in the sense of Choquet) of infinite order. This is, for example,
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true of Dempster’s theory of statistical inference. For an extensive recent
analysis of the various theories of imprecise statistical models or belief
functions using upper and lower probabilities, Walley (1) is an excellent
reference.

In contrast and as is well known, in standard quantum mechanical
cases the Bell inequalities cannot be satisfied and this implies that there
exists no probability measure. As far as we know, the present application
is almost unique in being an example in which upper probabilities can be
defined in a natural way and yet there 1s no physically possible probability
measure. Why we ignore lower probabilities is explained in detail at the
end of Sec. 2, but the basis is easy to state. The upper probabilities 1n the
situations we consider are nonmonotonic and for such upper probabilities
the standard definition of lower probabilities does not work.

From a more general philosophical standpoint it 1s clear that views
about hidden variables are very much conditioned on having a complete
probabilistic account of the phenomena considered. Almost certainly,
most physicists and philosophers will not find the existence of upper
probabilities, without corresponding probabilities, physically appealing.
Certainly as we ourselves have pointed out 1n earlier articles on upper and
lower probabilities (Suppes and Zanotti1'*?"), the natural questions about
conditional upper and lower probabilities and independence are much
more complicated than in the standard probabilistic framework. On the
other hand, there has been very extensive consideration of weakening
classical logic to various special forms of quantum logic. There may be for
the Bell-type situations equally good arguments for keeping the logic
standard, but weakening the probability requirements in the direction we
develop in this paper.

To illustrate the development of ideas, 1n the next section we consider
the standard elementary example of three random variables that do not
have a joint probability distribution, namely three random variables with
values +1 and with the correlation of any pair being —1. We construct
an upper measure for these three random variables and also show the
existence of a hidden variable—what we call a generalized random
variable—with respect to the upper measure. In the following section we
prove a theorem about the existence of generalized common causes, i.e.,
hidden variables, for finite sequences of pairwise correlated random
variables, In Sec. 3 we apply the same techniques to a standard example of
quantum mechanics that does not satisfy the Bell inequalities. We also
generalize this quantum mechanical example to a theorem about such
cases.
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1. THREE RANDOM VARIABLES WITH MAXIMUM
NEGATIVE CORRELATIONS

As already indicated, we consider in this section three random
variables X, X,, X; with values +1 and expectations

E(X1)= E(x2)= E(XJ) =0
Cov(X,,X))= —I, [# 7

We can express the covariance and correlation just in terms of the expecta-
tion because the standard deviations are one and the expectations are zero:

EXX)=—1, £
We use the notation

p;=PX,=1X,=-1), etc.

4 J

So

prf=pi']=%’ i#]

This implies, to fit the correlations,

*x._ 1 * |
Pr=3 P, =3

ph=0, pj.’}=0

In the previous four equations we have used standard notation for the
upper probabilities, a superscript star. More generally, we have the
following axioms on upper probability, embodied 1n a definition.

Definition 1. Let £ be a nonempty set, # a Boolean algebra on £,
and P* a real-valued function on #. Then Q= (2, #, P*) is an upper
probability space |l and only if for every A and B in #

. 0<P*(A)LT;

2. P¥(@)=0and P*¥Q2)=1;

3. IfAnB=(, then P*(4 U B)< P*(A)+ P*(B).

Axiom 3 on finite subadditivity could be strengthened to e-subadditivity,
but we are not concerned with that issue here.
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To be perfectly clear about our notation, note that

pr=P*X,=1,X,= —1)

Since “mixed” /j or ij never occur in p},; or pfs, we may set
PYi=prls=0
By symmetry and to satisfy subadditivity—e.g., p¥ < p¥, + pls3, since
ph=pi=1 for i#j
we set the remaining 6 triples at 1/4:
Phi=Ph=Pla=rin=Pa=Ph=} (1)

Notice that P* is nonmonotonic for pk;> p,; =0. We examine this
phenomenon in detail in Sec. 2.

We now define in the expected manner the upper expectation of a
random variable which we express here for X;:

E*X ) =) xp*(x)
=1phs+ T+ pt) + (=Dt + Pl + P1s)
=0 (2)
By symmetry

E*X,)=E(X,)=0, for i=1,23 (3)

It is also obvious how we define the upper expectation of the product of
two random variables:

EXXX)=Y xxpHxx)  i#]
(=) pt+(=1)p}
—4+ -4

=—1

So the correlations are preserved:

E*XX)=EXX)= -1, 15 J (4)
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Hidden variable. We now turn to the existence of a hidden variable
for the three random variables. Given

EXX)=—1, I1<i<j<3 (5)
we want to find a hidden variable A so that
E*XX,|A=)=E*X,|IA=4) E*X,[L=4) (6)

where the upper conditional expectation for any random variable X is
defined in the obvious conditional way:

EXX[A=A)=) xP*X=x|A=4) (7)
with, of course, upper conditional probability having the usual definition
PrX=x|A=A)=P*X=x,L=4)/P*(h=4) (8)

for all values A.
Moreover, we also want to satisfy

EX X, A=4)=E*XX,|A=4) (9)

There is no uniqueness requirement on the hidden variable A. Many
different characterizations will work. The most transparent construction 1n
our judgment is the deterministic one that mirrors as closely as possible the
simultaneous possible values of the three random variables X,, X, and X;.
So we choose

A=(%l, £1, 1)

where the ith coordinate of the vector corresponds to the values of X,.
When we consider the correlation of X, and X, for instance, we write
(L Ly={111), {1, =D}

Then

pi=P*X,=1X;=—-1L2re(l, -1,-)) (10)

since A is deterministic.
Since p;5= p¥%, we have

PX,=1,X;,=—-1]|he(l, —-1,-))=1 (11)
and

POhe(l, —=1,-))=P*re(l, —1,-))=3
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but, of course, we must have
P*h=(1, =L 1)=P*r=(1, -1, —1))=1

for the upper probabilities of the values of A mirror the values of
X, X,, X, taken together.

We now have the same strategy as in {l), for assigning upper
probabilities of 1/4 to each pair generated by terms like that of (9). Thus

p*(l,i,(l, 11'))=%‘€p*(172’3‘(1‘_—1’1))
+p*(1,2,3.(1, =1, —1) =441

The conditional expectations for the pairs X,X,, i# j, then all have the
expected deterministic values, for

EX¥X X |h=4)=EX X |L=41)
More important is the factorization. For example,

EX X, he(l, - L N=EX | e(l, —1,)) E(X,|he(l, =1,-))
=1-(=1)

=—1

{Notice that we have written E, since here E* = E in the restricted cases
considered.) Because the hidden variable A 1s deterministic, all aspects of
the upper probabilities are entirely reflected in the upper probabilities for
the values of A. Thus

The hidden variable constructed above mirrors quite directly the
upper probability measure on the space of possible outcomes of the three
random variables X,, X, and X,. As can be seen from the construction, if
we only consider a pair, say X, and X, with correlation — 1, then a hidden
variable that is a random variable can be constructed and no generaliza-
tion to an upper measure is needed. Additional requirements of symmetry
with respect to A can change the situation, as we now show.

Symmetry with respect to L. In an earlier paper, we proved the
following theorem that gives a necessary and sufficient condition for two-
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valued exchangeable random variables to have “identical” causes in the
sense of conditional expectation.

Theorem (Suppes and Zanotti”). Let X and Y be two-valued
random variables, for definiteness, with possible values 1 and — 1, and with
positive variances, ie., o(X),(Y)>0. In addition, let X and Y be
exchangeable, i.e.,

PX=1Y= 1)=P(X=—-1,Y=1)

Then a necessary and sufficient condition that there exist a hidden variable
A such that E(XY|A=A)=EX|A=A4A)E(Y|A=4) and E(X[A=4i)=
E(Y|k=4) for every value 4 (except possibly on a set of measure zero) 1s
that the correlation of X and Y be nonnegative.

Random varnables X, and X, as defined earlier with correlation — 1
satisfy the hypothesis of this theorem, and so they can have no hidden
variable within standard probability theory satisfying the symmetry con-
dition of causality:

EX,Ih=2)=E(Xy|A=4) (12)

On the other hand, we can find a hidden variable with an upper
probability measure satisfying (12), as well as the standard factorization,
but now in terms of wpper conditional expectations, which we defined
earlier.

The specification of p* is as follows, where the subscript 3 refers to
values of A, and, as before, 3 indicates the value A =1 and 3 the value

A= —1, with only two values of X being needed for this analysis:
P:‘k :i

for all 8 combinations of ijk.

Also
P =P2=p 3=%
Piz =piz =0
Piz = Pia =%

The rest of the specification to satisfy the constraints of the situation are
obvious, although A is a stochastic rather than deterministic hidden
variable, so it easy to compute that

E*(X (A= £1)=E*X;[A=+1)=0
E*(X,X,|k= +1)=0
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which satisfy the condition required for symmetry in “the” cause of a
negative correlation. But as can be seen from the value of p},, we must
construct p* to be nonmonotonic.

2. GENERALIZED RANDOM VARIABLES AS GENERALIZED
COMMON CAUSES

The hidden variable A of the previous section suggests at once a
generalization of the standard notion of a random variable. As the example
suggests, it will be convenient for a generalized random variable to take as
values vectors of real numbers of a given dimension, rather than simply
real numbers. But this is not the real point of our use of the term
generalized; it is rather the generalization from a random variable’s having
a probability to having an upper probability.

Let Q=(2, %, P*) be an upper probability space and let L be a
function from 2 to Re* such that for every vector (b,,..., b,) the set

{w:weR &\ (w)<h, i=1,.,k}

is in % . Then A is a generalized random variable (with respect to Q).

Extending the earlier example, we can then prove that for any finite set
of two-valued correlated random variables there exists an underlying
generalized random variable that makes each of the correlated pairs
conditionally independent. Put in more general philosophical language, we
prove the existence of a generalized common cause.

This result extends our earlier result’®’ that a joint probability of all
the random variables 1s necessary and sufficient for the existence of a
common cause. Of course, the extension is at the expense of using the
weaker concept of an upper probability measure.

Before stating the theorem, we introduce some concepts and notation
that are needed. Let 2 be the space on which the random variables
X,,.., X, are defined, and let % be the given algebra of events, ie., subsets
of Q. We require that % contain as a subalgebra #*, the algebra of
cylinder sets of Q defined by the sequence of values of the random variables
X,,...X,. First, we characterize any index set (of dimension no greater than
n) by two disjoint sets of positive integers 7 and J, with the largest integer
in either set being no greater than n. The set [ is the set of indices i for
which X, =1 and the set J is the set of indices i for which X,= —1. So a
pair (I, J) uniquely defines an index set, an element of #*, relative to
X e X

Note that if JTuJ=¢F, then ([,J)=9, and if [IUJ|=n, ie. the
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cardinality of the set 7w J is n, then (1, J) is an atom of F# *. To illustrate
the notation concretely, if =3, then ({1}, {3})=(l, -, —1), in our earlier
notation.

It is easy to show explicitly that the algebra & * of cylinder sets results
from taking the closure under union and compiementation of the index
sets. So if (1, J) is an index, then its complement is a cylinder set. and if
(/;,J,) and (I,, J,) are two index sets, then ({,, J,) v (15, J) is a cylinder
set.

What is central to the theorem is to begin by assuming only pairwise
probability functions of the random variables and then to construct an
upper measure P* on # *. The measure constructed is in general not
unique.

Theorem 1 (Generalized Common Causes). Let X,,.,X, be two-
valued (+1) random variables whose common domain is a space 2 with
an algebra & of events that includes the subalgebra #* of cylinder sets of
dimension » defined above. Also, let pairwise probability functions P,
1 €i<j<n, compatible with the single functions P,, 1<i<n, be given.
Then there exists an upper probability space Q= (Q, F* P*) and a
generalized random variable A on £ to the set of »-dimensional vectors
whose components are 41 such that for | <{<j<n and every value i of
A

(i) P*X,= 1, X,=+1)="P y
(i) P*X,=4,,, X, =4,)=P*h =4, A, =4
(1ii) N is deternunistic, i.e.,
PX,=1|x=1)=1
and
P(X,= —L[k,=—-1)=1
(iv) E(X.X,|A=14)=E(X,|h=2) E(X,|A=4).

Proof. We first set P*(2)=1. As shown earlier, a pair (I,J) of
mutually exclusive sets of positive integers uniquely defines an index set. In
this notation, by the hypothesis of the theorem we are given for a singleton
or pair set—here the cardinality of Ju J is 1 or 2—the probability, so we
set

P¥(L,IN=P,((1J)), I<|TuJ <2 (13)

2029
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Consider now any index set (/,J) such that |[JuJ|>2. We define
recursively

PX((1, )=y max(P*(I', J), P*(I, ")) (14)
".J’

where, if I, then I'cI, |I'|=—1; f J#¢f, then J' cJ,
[J'T=J|—=1;f I=, then I'=J; and if J=(F, then J' = (.

We now prove that P* is subadditive on the index sets. We assert that
for any 1¢ T u J with |TuJ <n

PH(L < PHTo U N+ PHUL T o {i}) (13)

(Of course if |[Ju J| =n, then (I, J) is an atom.)
From (14), we infer, for i¢ IuJ

P*((Tu {i}, J)=4imax P*((Tu {i}),J), P*(Tu {i},J")

where the prime operation and max are as defined for (14). Thus
P {i}, N=5P*((1 ) (16)
and by a similar argument

PX(L,JO it =1 P*((L ) (17

Inequality (15) follows at once from (16) and (17), so P* is an upper
measure on the index sets of (£, #*). We now extend P* to all of the
cylinder sets (of dimension not greater than »), i.e., to all of (22, #*). To
avoid heavy notation we first describe informally this extension. For any
cyclinder set A that is not an index set, we consider all partitions of the set
in terms of index sets. For each partition we take the arithmetic sum of the
upper measure P* of the sets in the partition. We now take the min of P*
over these partitions as P*(A). In symbols

P*(A)=min Y P*(L) (18)

T LyedI(d)

where JI(4) is a partition of 4 in terms of index sets L,. The min operation
guarantees that the axiom of subadditivity will be satisfied by 4, i.e., we
have at once from (18)

PrA)< Y PHL) (19)

Lie fI(4)
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The same argument applies to £2, so that
P*(Q)=P*(Au A) < P*(A)+ P*(A)
and from (18) it is also clear that
0O<P*(4)< |

which completes the proof that P* is an upper probability on (Q, F*).
Equation (13) guarantees satisfaction of (i) of the theorem.

The hidden variable A&, which is a function from £ to the set of
n-dimensional vectors whose components are +1, is defined to be
deterministic, i.e., for 1 <i<n:

and
PX,=—-1|r,=—-1)=1

so the upper probability function for A is the same as that of X,,..., X,,,
which establishes (ii) and (iii).

Finally, since A is deterministic, the conditional independence of X,
and X, i#j, given L=4, follows at once, which establishes (iv) and
completes the proof of the theorem.

Status of Monotonicity. A familiar strong axiom for upper measures
in the context of statistical inference is the monotonicity axiom:

If A< B, then P*(A)< P*(B)

This axiom is fundamental for Walley,""’ Dempster, Shafer, and others.
Unfortunately, it is violated already by the example given in the preceding
section of three random variables having pairwise correlations of — 1.
When we say “violated,” we mean it is easy to show that no upper measure
compatible with the given pairwise probability distributions can satisfy the
axiom of monotonicity. Intuitively speaking, satisfaction of this axiom in
the case of three two-valued variables implies there is a probability measure
dominated by the upper measure and compatible with the pairwise
distributions, so that an upper measure that is monotonic cannot be
constructed for cases where no probability distribution exists. The
following two theorems summarize these facts.

Theorem 2 (Monotonicity Implies Probability). Let X,, X, and X, be
two-valued (+1) random variables with E(X,)=0, i=1, 2, 3, such that
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there is a monotonic upper probability function compatible with the given
correlations E(X,X,), 1<i<;j<3. Then there exists a joint probability
function of X, X, and X;.

Proof. A necessary and sufficient condition for the existence of a joint
probability distribution of three random variables satisfying the hypothesis
of the theorem is given in Ref. 5:

— 1< E(X, X)) + E(X:X5) + E(X X;5)
<1+ 2min(EX,X,), E(X,X;), E(X,X3)) (20)

For brevity of notation we write p, = E(X, X)), and we prove that
when P* is monotonic, (20) follows.
Since E(X,)=0, it is obvious that

P,
pr} - P,,—= 71
pxj+P,j:§
$0
4p,=1+p,
/ 7 (21)
4p1i= I— plf
By subadditivity we then have
4piz =1 —pp<dpls+4ptss (22)
And by monotonicity
dpts<dp3=1+pi;
(23)

Apts<dpss=1+py
From (22) and (23)
l—pp<l+pntl+p;
and so
—1<p+pu+poi;

Second, without loss of generality, we may assume

Pz =min(pz, P23, P13) (24)
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But using (21) again and monotonicity

1+ p3<4phhs +4pts
Sl+pptl—pyn

50

Pat+tpusl+p, (25)
but (24) and (25) imply

Pzt P+ o<1 +2min(p,;, P23, P13)

which completes the proof.
The proof of the following theorem on monotonicity is an immediate
consequence of the proof of Theorem 2.

Theorem 3 (Nonmonotonicity). Let X,, X, and X, be two-valued
(+1) random variables with E(X,)=0, i=1,2, 3, such that there is no
joint probability distribution compatible with the correlations E(X X)),
1<i<j<3. Then any upper measure P* compatible with the given
correlations cannot satisfy the axiom of monotonicity.

The consequences of nonmonotonicity reach even further. In the usual
statistical applications, where 1t is assumed that P* is monotonic, the lower
probability of any event A4 is defined by

P (A)=1—P*) (26

and under the assumption of monotonicity it can be proved that P_ is
superadditive, ie., if A " B= (7, then

P(A)+ P (B)<P,(AUB)

We now prove that P, when defined by (26) cannot be superadditive if P*
is nonmonotonic, which means that the standard relationship (26) cannot
work in the environments we are concerned with.

Theorem 4. Let (£2, %, P*) be an upper probability space such that
P* is nonmonotonic. Then the lower probability P, defined by (26) is not
superadditive.

Proof. By the hypothesis of the theorem there are events 4 and B
such that 4 = B but P*(B) < P*(A4). Clearly 4 # B for otherwise we would
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have the immediate contradiction that P*(A4) < P*(A). So thereis a C#
such that AnC=J and

AuC=B8B
Suppose now that P, is superadditive. Then since 4 =BuC
P,(B)+ P, (C)< P, (A)
SO
1 —P*(B)+ 1 — P*(C)< 1 — P*(A)

and thus

1 + P*(4) < P*(B) + P*(C)

but P*(C)< 1 by Axiom 1 of Definition 1 for upper probability measures,
whence

P*(4)< P*(B)

contrary to our initial hypothesis, which proves the theorem.

3. HIDDEN VARIABLES IN QUANTUM MECHANICS

We use the standard notation familiar in the Bell inequalities which we
review very briefly. For definiteness, but not required, we can think of a
Bell-type experiment in which we are measuring spin for particle A and for
particle B. More generally, we may think of A and B as being the location
of measuring equipment and we observe individual particles or a flux of
particles at each of the sites. Here we will think of individual particles
because the analysis is simpler. The measuring apparatus is such that along
the axis connecting A and B we have axial symmetry and consequently we
can describe the position of the measuring apparatus just by the angle of
the apparatus A or B in the plane perpendicular to the axis. We use
the notation w, and wy for these angles. The basic form of the locality
assumption is shown in terms of the following expectation:

EM  |wy, wy, A)=EM,|w,, 4) (27)

What this means is the expectation of the measurement M, of spin of
a particle in the apparatus in position 4, given the two angles of measure-
ment for apparatus 4 and B as well as 4, is equal to the expectation
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without any knowledge of the apparatus angle w, of B. This is a reasonable
causal assumption and is a way of saying that what happens at B should
have no direct causal influence on what happens at 4. On the other hand,
we have the following theoretical result for spin, well confirmed in principle
for the case where the measuring apparatuses are both set at the same
angle:

PM, = —l|w,=wpg=a2a&Mp=1)=1 (28)

If the angles of the apparatus are set the same, we have a deterministic
result in the sense that the observation of spin at B will be the opposite at
A, and conversely. Here we are letting 1 correspond to spin 1 and —1
correspond to spin — . What Bell showed is that on the assumption there
exists a hidden variable, four related inequalities can be derived for settings
A and A’ and B and B’ for the measuring apparatus. We have reduced the
notation here 1n the following way in writing the inequalities. First, instead
of writing M , we write simply A, and second, instead of writing Cov(A, B)
for the covariance, which in this case will be the same as the correlation,
of the measurement at 4 and the measurement at B, we write simply AB.
With this understanding about the conventions of the notation, we then
have as a consequence of the assumption of a hidden variable the following
set of inequalities, which in the exact form given here are due to Clauser,
Horne, Shimony, and Holt‘®:

—2<AB+AB'+A'B—-A'B' K2
—2<AB+AB'-A'B+A'B' K2
—2<AB-AB'+A'B+A'B'<2
—2< —-AB+AB'+A'B+A'B'<2

Quantum mechanics does not satisfy these inequalities in general. To
illustrate ideas, we take as a particular case the following:

AB—AB'+A'B+A'B' < -2

We choose
J/3
AB=A'B'= —cos 30° = Ty

1
AB'= —cos 60° = —=
Cos 2

A'B= —cos0° = —1
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So
31 /3
Y T M e
2 +2 2 2
since from quantum mechanics Cov(AB)= —cos (angie AB).

As we can see from the example of Sec. 2, we need only consider an
upper probability for values of A.
Here

(A A B B
T\l 1, 1+l

First, we must compute the probabilities for the pairs with given correla-
tions. So

1
11')'5' = _l,‘,‘,' ==
40 )=n( ) 3

since E(A)=0, etc.

Now
¥
AB= ——
2
SO
NE
—-2_=p(17 b 11 )+p(_1v 'y _la ')_p(la'v _11 ’)_p(_lv‘a 11 )

But by symmetry

P(l-;', 1; )=p(_1! ‘s _lv )
and

p(ls ty _1’ )=p(_1! Ty la ')
So solving, we obtain

4p(11 K 1-: ')_1

=[G
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and

p(l’ s T

Similarly for A'B' = —\/5/2

8
ﬁ 1
P(', 1”_1]=_'_S_+Z
Next, AB'= —1/2, so
1
4p(l. .. - 1N—1= —=
p(l, -, - 1)—1 2
1
1...- V==
p(L, - - 1) 3
3
L - ==
p( 1) 2
Since A'B= —1
4p('7 lyla)_1=_1
p('v 11 19)=0
(-1, -1 )—1
p ] ’ _2

We are now 1 a position to compute the triples. We restrict ourselves
to p¥, to illustrate the method. So, for example, consider the triple
p¥  =P*(A=1,B=1, B =1). We have at once

=pti<ptutrf_u

Q| —

To get as close as we can to a probability, we take

1

p¥u=0 and PT—1|=§
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and by symmetry

1
P111_1=§ and pry_1_1=0
By similar arguments, we set
VA
Pti-1=p% —11=Z‘_\/T
1 \/5
* a=pF ==+
Piu=P1 -1 3 3

The remaining upper probabilities for this example may be found by
similar lines of argument.

We prove a theorem about quantum mechanical covariances that
follows directly from the theorem on generalized common causes.

Theorem 5 (Existence of Hidden Variables). Let AB, AB’, A'B, and
A'B’ be any four quantum mechanical covariances, which will in general
not satisfy the Bell inequalities. Then there is an upper probability P*
consistent with the given covariances and a generalized hidden variable
with P* such that, for every value 4 of A,

E(AB|A=A)=E(A|A=4) E(B|A=14)
and similarly for AB’, A’B, and A'B".

Proof. Take the unspecified correlations AA’ and BB’ to have any
values between — 1 and 1. Then apply Theorem 1, with n=4.

Corresponding to Theorem 2 showing that monotonicity of P* implies
existence of a probability distribution, we may derive the Bell inequalities
Jjust from existence of a monotonic upper probability. We believe this
derivation is new in the literature. The similarity to Theorem 2 is evident,
since satisfaction of the Bell inequalities (29) implies existence of a joint
probability distribution of A, A’, B, and B".

_ Theorem 6 (Monotonicity Implies Bell Inequalities). Let A, A’, B, and
B’ be two-valued (+ 1) random variables with expectation E(A)=E(A")=
E(B)= E(B’) =0 such that there is a monotonic upper probability function
compatible with the given correlations AB, AB’, A'B, and A’B’. Then the
given covariances satisfy the Bell inequalities.
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Proof. Using the relations established for the proof of Theorem 2

when E(X,) =0, we have first by subadditivity
1 -AB<4p(Il —1)+4(1—-1—1")
Applying subadditivity again, we get
4p(11—1)<4p(Il —11)+4p(11—1-1)
By monotonicity, we have at once
4p(1 —1—-1.)<4p(-—-1—1-)=1+A'B
4p(11 —11)<4p(l-1)=1+ AB’
4p(11 -1 -1)<dp(-1-—-1)=1—-A'B
Combining (30), (31) and (32), we obtain
1—AB<1+AB' +1+A'B+1—-A'B’

which is equivalent to
—2<AB+AB' +A'B—-A'B

Secondly, by subadditivity
4p(-1-—1)=1—-A'B' <dp*(11.— 1) +4p*(—11- 1)
And again by subadditivity
4p*(—11 - = 1)<dp*(— 111 =)+ 4p*(—11—-1-1)
But by monotonicity
4p*(11 - —1)<4p(l-—1)=1— AP’
4p*(—111—-1)<4p(—-1-1-)=1—AB
4p*(—11—-1—-1)<4p(-1—-1-)=1—-A'B
Combining (34), (35) and (36), we have
|1 -AB'<1-AB+1—-AB'+1-AB
which is equivalent to

AB+AB' +A'B—A'B' <2

(30)

(31)

(32)

(36)

(37)

Inequalities (33) and (37) are the first line of the Bell inequalities (29) given
earlier. By completely similar arguments we may derive the other three.
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The proof of Theorem 6 also has an immediate consequence a negative

theorem about monotonicity, similar to Theorem 3 for three random
variables.

Theorem 7 (Nonmonotonicity). Let AB, AB’, A'B, and A'B’ be
quantum mechanical covariances that do not satisfy Bell’s inequalities.
Then any upper measure P* compatible with the given correlations cannot
be monotonic.

4. DATA TABLES AND NONMONOTONIC UPPER
PROBABILITIES

Not only in quantum mechanics but in standard statistical analysis the
impossibility of the data not having a joint probability distribution implies
at once a severe restriction on the kind of experiments that can be
performed.

Consider first the classical general case discussed in Sec. 1 of three
two-valued random variables whose pairwise correlations algebraically sum
to less than — 1. We can infer immediately that any experiments yielding
such results could not have been ones where X,, X,, and X; were
simultaneously observed. If they had, the joint relative frequencies arising
from the data table of the experiment would necessarily be consistent with
a joint probability distribution. Put more strongly, the relative frequencies
of the 8 types of tuples (+1, +1, +1) that could be observed in such an
experiment constitute themselves a probability distribution.

The same remarks apply to the quantum mechanical experiments of
the Bell type. Here the problem is even more troublesome, because the
quantum mechanical covariances that violate the Bell inequalities and that
are consistent only with a nonmonotonic upper probability are confirmed
both experimentally and theoretically. So it becomes a quantum mechani-
cal theoretical constraint that no experiment with individual particles could
be performed to observe simultaneously the values of A, A’, B, and B'.

Because such simultaneous observation is impossible, we are not able
to use ordinary probabilistic analysis to understand more thoroughly the
phenomena being studied. For example, one of the most fundamental steps
of analysis in probability is that of conditionalizing. In ordinary terms,
having measured a correlation AB, and having also observed the correla-
tion AB’, we could naturally go on to study such conditional expectations
as

E*(AB|B'=1)
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which we express here in terms of the upper expectation. But, of course,
this step cannot be taken even though we have available in theory this kind
of conditional expectation as defined in Eq. (7). The step cannot be taken,
for no simultaneous individual observation data of A, B, and B’ can be
collected, even in principle, consistent with quanturn mechanics—we mean,
of course, triples of observations of the form (+1, £1, +1). '

The hidden variables we have constructed with nonmonotonic upper
probabilities are indeed hidden. Whether or not anything further can be
done with them n the context of quantum phenomena remains to be seen.
Skepticism 1s warranted, for any direct application would go beyond
standard quanturn mechanics.
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