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Direct Inference in English 

PATRICK SUPPES 

Stanford University 

The familiar strategy in the teaching of elementary logic is to consider sentences 
in English that have a clear meaning, to translate them into the formal notation 
of predicate logic, and then to apply formal inference rules, formulated for the 
syntax of predicate logic, to make any desired logical inferences, or to give 
counterexamples to claims of argument validity. This familiar pattern of 
analysis will be with us for a very long time as a device for thinking about 
logical inference, but there are fundamental ways in which I think it is 
mistaken. The most serious mistake is that the syntactic structure of standard 
first-order logic is so drastically different from the syntactic structure of 
English or any other natural language. The consequence of this drastic dif­
ference is that inference in terms of logical form, as expressed by predicate 
logic, has little relation to informal reasoning in Englis.h at any sort of level of 
detail. We use the syntax of predicate logic neither in our ordinary talk nor in 
scientific discourse, which is ordinarily written in informal English or some 
other appropriate natural language, with the use of mathematical equations 
and formulas only as required. 

Given the many years of experience in formalization and the analysis of 
arguments, it seems a natural question to ask to what extent we could simply 
provide a good formal analysis for fragments of English directly, without any 
translation into the syntax of another language. It is the thesis of this paper that 
much can be done in this direction and that, moreover, it is an excellent ap­
proach to teaching elementary inference to undergraduate students. 

There is one additional general point to consider. This is· the difference be­
tween the semantics of English and inference in English. There has been over 
the past two decades a large number of publications on the semantics of 
English. What is surprising is how few have been concerned with direct in­
ference in English .. To put it in familiar terms of predicate logic, the emphasis 
has been on the semantic notion of logical consequence as far as English is con­
cerned, and almost not at all on the syntactic concept of derivability. A central 
purpose of my analysis is to address thfs imbalance. What I have to say overlaps 
considerably the development of ideas in an earlier article on this same subject 
(1979a). 

In order to have a well-defined and explicit framework within which to 
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L Co,nte.xt-J. 

sentence not some 

Some persons: P 

Figure 1 

On the left of the colon at each node is shown the terminal or nonterminal 
label. The nonterminal grammatical categories should be obvious: S = sentence, 
EQ = existential quantifier, NP = noun phrase, Aux = auxiliary, etco To the 
right of the colon at a node is shown the denotation of the label if it has one. 
Thus in the semantic tree of Figure 1, persons and its ascendant NP node have 
the set P of persons as denotation; eat and its ascendant TV - transitive 
verb - node have the binary relation E of eating as denotation; foods and its 
ascendant NP node have the set F of foods as denotation. The VP-verb 
phrase- node has a denotation composed of set-theoretical operations on E 
and F. Intuitively the denotation is just the set of persons who do not eat·some 
foods. The notation E is for the converse of the relation E, 'lEis the comple­
ment of the relation E, and ( 'I E) "F is the image of the set F under the relation 
..,~. I take the root of the semantic tree of a sentence to denote the value truth 
or falsity in a standard Fregean manner. 
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The ideas implicit in these examples can now be defined formally in the 
following way. First, a structure G = < V ,N,P,S > is a phrase-structure gram­
mar if and only if V and P are finite, nonempty sets; N is a-subset of V; S is in 
N; and p~ N* x V+, where N* is the set of all finite sequences whose terms are 
elements of Nand V+ is V* minus the empty sequence. The grammar G is 
conte:x.t-jree if and only if pC N Xl V+. In the usual terminology, V is the 
vocabulary, N is the nonterminal vocabulary, S is the st~rt symbol of deriva­
tions or the label of the root of derivation trees of the grammar, and P is the set 
of production rules. I assume as known the standard definitions of one string of 
V* being G-derivable from another, the concept of a derivation tree of G, and 
the language L(G) generated by G. (For a detailed treatment of these concepts, 
see Hopcroft & Ullman, 1969.) A context-free grammar 0 is unambiguous if 
and only if every terminal string in L(G) has exactly one derivation tree (with 
respect to G). 

Semantics may be introduced in two steps. First, the grammar G is extend­
ed to a potentially denoting grammar by assigning at most one set-theoretical 
function to each production rule of o. We may show these functions in general 
by using a notation of square braces; for example, [NP] is the denotation of 
NP. In the case of Figure 1, 

Production Rule 
S-EQ+NP+VP 
VP-Aux + Neg + TV + EQ + NP 

Semantic Function 
[S] = [~' [NP] n [VP] * 0] 
[VP] = ( , rrY])"[NP], 

where the Frege function [9,4>] is defined for any (extensional) sentence 4> as 
follows: ' 

[ tJ>] = {T if tJ> is ~rue (in the given model) 
9: F otherwIse. 

And in the case of the other nodes with only one descendant, the semantic func­
tion is identity if there is a denotation. For example, 

TV-eat [TV] = [eat]. 

The second step is the characterization of model structures. In the general 
theory of model-theoretic semantics for context-free langages, I use the concept 
of a hierarchyo'l(D) of sets built up from a given nonempty domain D by 
closure under union, subset, and power set "operations," with T and F ex­
cluded from the hierarchy and T '* F. A model structure for a given granimar G 
~ith terminal vocabulary V T is a pair--< D~ v:> where"D is a nonemptY-set and v 
is a partial function from Vr tod/j(D). Explicit details are to be found in Suppes 
(1973). The treatment here is restricted. First, only terminal words, not terminal 
phrases, are permitted to denote, so that the domain of the valuation function v 
is V T, not Vra (The function v remains a partial function because many terminal 
words-e.g., quantifier words-do not denote.) 

The more important restriction is in the hierarchy. In line with an earlier 
paper (Suppes, 1976), I restrict the model structure to the power set 9'(D) of 
the domain D, that is, the set of all subsets of D, and the power set of the Cart~-
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I 
eat 

I 
all 

Figure 2 

I note that UQ is the nonterminal symbol for the universal quantifier all, just as 
in the next section NQ is the nonterminal symbol for the negative universal 
quantifier no. In direct analogy with 0 syllogistic propositions being the con­
tradictory of A propositions, we may define n (R,A) in the following manner 
(Suppes, 1979b) for R C D x. D and A C D, n (R,A) = ( -, « ..., R)"A». Note that 
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the "inside" complementation is with respect to D x D and the "outside" one 
with respect to D. 

II. Grammar G 1 and Its Semantics 

The grammar G., which will be the focus of the remainder of this paper, is left 
partially unspecified. In particular, the terminal vocabulary of nouns, adjec­
tives, transitive verbs, and intransitive verbs will not be listed. Ones that are 
used must satisfy the semantics given. There are many that do. Selection of a 
terminal vocabulary that can be used to generate a large number of examples in 
elementary instruction is easy. The vocabulary can be selected to illustrate 
classes of examples from different domains of experience. Considerable 
freedom of selection is appropriate and it is natural to ask students to select 
their own terminal vocabulary to be used in the construction of examples and 
counterexamples. On the other hand, use of the control ~ords that do not 
denote is explicitly fixed by lexical production rules. 

It is my intention that every sentence generated by the grammar be an ac­
ceptable English sentence, even if on occasion somewhat awkward or pedantic. 
Consequently, to avoid what are at this stage uninteresting details, all sentences 
are meant to be in the plural, as are all verbs and nouns; moreover, all verbs are 
assumed to be in the present tense, active voice, and indicative mood. Another 
reason for restricting the grammar at this stage is that the rules of inference are 
still formulated in a rather inelegant fashion. More use and development will be 
required to determine what condensations and abbreviations are appropriate. 

In spite of the concentration on quantifiers, I have foregone introducing 
any in the same spirit of simplification. In the framework given here, the 
semantics of any seems straightforward but c~lIs for some details not needed 
for the three quantifier words introduced. 

The production rules are followed by the semantic functions on the next 
line. To reduce the number of lines required for the rules, I use the standard 
convention of a slash "/" to separate rules given on the same line. Comments 
are interspersed after each group of rules, for a straight listing of the syntactical 
rules and associated semantic functions is rather opaque. I begin with the top­
level rules for generating sentences. 

S-UQ+NP+ VP/EQ+NP+ VP/NQ+ NP+ VP 
[8] = [9 ' [NP] U [V PI = D]/[ 9 [NP] n [VP] '* 0]119 [NP] n [VPJ = 0] 
8-DA+Cop+NP/DA+Cop+EQ+NP/DA+Cop+NQ+NP 

[S1 = [9 [NP] ,*0]/[9 [NP] ,*O]/{g [NPl =0] 

The first three rules, given in one line, generate standard sentences with initial 
quantifiers all, some, or no. The associated semantic functions use the Frege 
function defined earlier. Examples of these three top-level rules would be the 
following three sentences: All men are mortal, Some dogs die young, and No 
students study GreekG The set D referred to in the Frege function for the 
universal-quantifier sentence is, of course, the domain of the extended relation 
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There are birds» 
semantical function is 

nalDDc~ns to existential quan­
Some persons 

NP --NI Adj + N/N + RelPr + VP 
= n 

It should be noted that the rules do not permit iteration of adjectives. is 
because rather subtle rules are required to get the adjectives in correct order, 
and the details would be diversionary in the present context. (For an extensive 
treatment of adjectives in the present spirit, especially for semantics of 
nonclassificatory adjectives, see Suppes and Macken, 1978.) Unlimited nesting 
of relative clauses is permitted. Thus, we can generate Triangles that cover 
squares that are projections are isosceles. 

The next group of rules governs verb phrases. Because they cover the treat­
ment of quantifiers in object position, they require especially detailed com­
ments. Perhaps of equal significance is the semantic analysis of negation, which 
in the context of a verb phrase - as negation usually is in idiomatic English - is 
not a sentential connective. but complementation of a verb or a verb phrase. 

Quantifiers in object position give rise to forms analogous to A, I, E, and 
o propositions of the classical syllogism. I illustrate each and its semantic 
denotation, where ~ is the binary relation denoted by the verb eat and F is the 
set denoted by fruits. 

A~ eat all fruits 
I. eat (some) fruits 

E. Eat no fruits 
o. do not eat (some) fruits 

n(E,F} or ., « -, t;:)"F) 
~"F 
..,(£"F} 
(., £)"F 



DIRECT INFERENCE 411 

Analogous to the classical case, it is apparent that A and 0 verb phrases are 
complements of each other, as are I and E verb phrases, -but the reading of 0 
phrases given above is changed in the following. These four examples also il· 
lustrate how quantifiers are eliminated in the underlying semantic analysis; the 
general method is determined by the semantic functions given below. 

There are two semantically distinct readings of negation, for both some 
and all in the object position. Different contexts seem to generate a differential· 
Iy preferred reading, indicated by stress in spoken English. I mark stress by an 
acute mark over the emphasized word, and the semantic representation is 
shown immediately following, in accordance with Suppes (1979b). 

(1) do not eat some fruits: 
(2) do not eat some fruits: 
(3) do not eat al/ fruits: 
(4) do not edt 01/ fruits: 

(.., t;:)"F 
., (t;:"F) 
-, n(i!,F) = (.., E:)"F 
n( -, E.,F) = -,(E:"F) 

Thus, (1) and (3) are logically equivalent, and so are (2) and (4). The change in 
stress semantically equates the uses of all and some. The semantics underlying 
the grammar given here permits only (2) and (3), and the semantics of (2) is also 
used when some is deleted, as in do not eat fruits. It is worth noting that (3) 
calls for a deeper embedding of the negation, semantically expressed by com­
plementation, than does (2), but both contain the semantics of negation firmly 
within the verb phrase. The readings (1) and (4) can be added with attendant 
complications in the theory of inference. In fact, a theory ready for realistic use 
will need to have such distinctions, but for purposes of elementary teaching 
these complications are best avoided and they will be in what follows in this ar­
ticle. 

A simple example shows, by the way, that (1) and (2) are not logically 
equivalent. Let D=F={l,2), and E=l<2,1>1. Then (-,E)"F=(1,2), but 
-, (E"F) = (1). 

The production rules and associated semantic functions for verb phrases 
are straightforward except for the complications introduced by negation. What 
I propose may need modification, but not in ways that are now apparent. I use 
the notation Neg VP for a high-level nonterminal symbol introducing verb 
phrases that contain the negative quantifier no in object position or negations 
with an existential quantifier; if the second natural reading of all in object posi­
tion with not were included, as discussed above, additional rules of the same 
sort would be required. The nonterminal NegVP is also used to negate intran­
sitive verbs and the copul~ .. As usu.al, IV is a nonterminal symbol for intran­
sitive verb. TV for transitive verb. The only terminal form of the copula, Cop, 
in the grammar G1 is are, and the only auxiliary, Aux, is do. 

VP-NegVP 
[VP] = [NegVP] 

VP-IV/Cop+ NP/Cop+ Adj/TV + UO,j; NP/TV + EQ+ NP/TV + NP 
[VP] [IV]/[NP]/[Adj]/ n([~, [NP])/[TV]"[NP]/[rV]"[NP) 

NegVP--Aux+Neg+TV+UQ+NP/TV+NQ+NPI 
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grammar can 
explicit 

notation is the use 
All men are animals. 

and 0 propositions classical syllogistic 
theory, a notation is ') for a sentence with a tree base of the 
form shown in Figure 3. (The technical meaning tree base should ~lear 
from this example and will not given formaUyo) 

s 

UQ NP 

~ 
Cop Npl' 

Figure 3 

Because the grammar is unambiguous, hereafter a linear notation win be used. 
Thus, we have . 

A(NP ,NP') for UQ + NP + Cop + NP' 
I(NP ,NP ') for EQ + NP + Cop + NP I 
E(NP ,NP') for NQ + NP + Cop + NP' 
O(NP,NP') for EQ+NP+Cop+Neg+NP'. 
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When what is of concern inferentially is only the subject of a sentence, as in 

All students like some foreign languages, 
All seniors are students, 
Therefore. all seniors like some foreign languages, 

some more simplified notation is useful. 

A(NP) for UQ + NP + VP 
I(NP) for EQ + NP + VP 
E(NP) for NQ + NP + VP 

The notation A, I, and E is suggestive of the classical syllogism, but no separate 
o form is required at this stage. The semantics of each of the three forms is 
clear: 

A(NP): [NP]~lVP] 
I(NP): [NPl n [VP] "* 0 

E(NP): [NP] n [VP] = 0. 

For these semantic relations, it does not matter whether or not the VP includes 
a negation. Thus, All men do not like poisons is semantically represented by 
M <; -, « L)"p) , just as A II men like poisons is represented by M C L "P, where 
M, L, and P have an obvious meaning. (In these and subsequent semantic 
representations I omit the notation for the Frege function, but it is implicitly 
assumed.) Of course, my reading of All men do not like poisons is not one 
everyone would agree to, and thus it is probably the kind of sentence actually to 
avoid in elementary teaching. Many would consider this sentence logically 
equivalent to It is not the case that all men like poisons, but I shall hold to the 
reading given above for the restricted grammar 0 1 and its associated semantic 
functions. 

A notation for purely existential sentences of the form There are angels is 
desirable, and for the denial of such sentences, for example, There are no 
angels. 

T(NP) for DA+ Cop + NP/DA+ Cop+EQ+NP 
N(NP) for DA + Cop + NQ + NP 

In other cases of inference, the structure of the verb phrase is the focus of in­
ference, as in 

Some persons eat no fruits. 
Therefore~ some persons eat no raw fruits. 

As already remarked, the classical A, I, E, and 0 propositions have direct 
analogues in verb phrases, and so we could introduce abbreviations accordingly 
by adding V for verb phrase after each traditional letter. But additional con­
siderations are important, and some consolidation is also efficient. For in­
ference purposes a distinction must be made between positive and negative 
quantifiers in subject position. Fortunately, both positive quantifiers all and 
some act the same way, in the sense of providing a constant context with the 
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sentences as 

+NPOW+TV+ +NP 
+NP"+TV+ + 
+NPII+TV+NQ+NP 

+NP"+Aux+Neg+TV 
+ NP" + Aux+ Neg + TV + 

+NP"+ Neg+NP 

vant cases are em.DOCl1e:Q 
chosen C expressing syntactically 

') for lOne of the foUlow:iml.: 
') 
+NP' 

iii) NP-NP' + RelPr+ VP 

+Np p + 

+NP 
+NP 

+NP 

Unlike more classical forms of inference~ the use C(NP ,NP ')'permits many 
inferences from a single sentence. The inference schemes given below do not 
necessarily require two sentences even though they seem to have such a form, 
because C(NP ,NP ') can express a relation between parts of a sentence, for ex­
ample, 

A(NP),C(NP' ,NP) 
II 

A(NP') 

as seen in 

All birds have keen vision. 
Therefore, all black birds have keen vision. 

Here, NP is the- constituent birds and NP ' is the constituent black birds. 
Soundness of the rules of inference is easily checked because of the set­
theoretical semantic representation that does not use variables. Thus the seman­
tic validity of the rule follows at once from the transitivity of the set-theoretical 
inclusion: 
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[NPl k[VP] {NP 'l~ [NPl 

[NP/1~[VPl 

Consider now the rule like the above but with A(NP) replaced by I(NP). The 
semantic analysis is shown on the right. 

I(NP) C(NP ,NP') [NP1 n [VPl '* f) [NP]~ [NP '] 

I(NP ') [NP ') n [VPJ * f) 
In this case we have [NP]C [NP ') rather than the reverse as in the previous rule. 
But these two cases exhaust the possibilities for the semantics of C(NP ,NP '), 
and so we can form two general rules for the two possibilities: [NP]~[NP/] or 
[NP/]C[NP], which embody a number of other cases. 

For the abstract generalization of the first rule, we may' introduce a new 
symbol, say. J, for which we may substitute one of the following eight cas.es 
defined earlier. 

J for A1E/PQAV/PQNV/PQNIV/NQIV/NQNAV/N, 

where N refers to the form N(NP) for denials of existence. Using the J notation, 
one general inference form subsuming the earlier example of A(NP) may be 
written 

JC J(NP) C(NP I,NP) 

J(NP') 

Without introducing a much more general set-theoretical notation, a direct 
semantic analysis of this inference form, which I label JC, cannot be given, but 
it is easy to write down the analysis for the seven remaining cases of J to verify 
its soundness. To help make the ideas more familiar, I give two more ex­
amples - from the seven. 

NQNA V(NP) C(NP f ,NP) 

NQNAV(NP') 

[NP'1 « -, rrv))"[NP]) = 0 [NP ']C,[NP] -
N(NP) C(NP' ,NP) 

N(NP') 

[NP'1 n« ..,rt'VJ)"[NP')) = 0 

[NP] =0 [NP']~[NP] 

[NP/]=O 

Some English examples of the eight cases of J that are in the JC rule are the 
following. The various examples use different types of instances of 
C(NP ',NP). The instance of J is shown on the left. 

A: All students like dancing. 
Therefore, an male students like dancing. 

E: No horses like snakes. 
Therefore, no purebred horses like snakes. 

PQA V: Some gourmets hate all cereals. 
Therefore, some gourmets hate all dry cereals. 

PQNV: Some gourmets eat no cheeses. 



416 PATRICK SUPPES 

some eat no cheeses. 
Some students do not hate languages. 

some students do not 

a 

CO]rlce:ptlJal one, 

L for 

LC 

J are seven 

Some writers do not read all important reviews. 
Therefore, some writers do not read aU reviews. 

NQAV: No students do all exercises. 
Therefore, no students do an exercises. 

NQNV: No persons drink no nutritious liquids. 
AU nutritious liquids are caloric foods. 
Therefore, no persons drink no caloric foods. 

T: There are two~headed cows. 
All two=headed cows are rare animals. 
Therefore, there are rare animals. 

we may 

is 

Inference rules similar to JC and LC are needed for particular propositions 
I(NP' ,NP), as in the classical syllogistic case (with semantic analysis shown on 
the right): . 

A(NP) I(NP' ,NP) [NP] k [VPJ [NP '] n [NPl '* 0 

I(NP') [Np /] n [VPl *0 

I shall not develop the analogues of J C and LC here for the above instance. The 
methodology is apparent from what has preceded. Further rules are also needed 
for T(NP) replacing I(NP' ,NP), as in 

A(NP) T(NP) [NP1~ [VP] [NPl * 0 

I(NP) [NPl n [VP) '* 0 
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Furthermore, the two classical rules of conversion are needed. 

E 
E(NP,NP'l 

E(NP' ,NP) 
I 

I(NP,NP') 

I(NP /,NP) 

I also take as an axiom schema 

A A(NP,NP). 

Thus, we have as a logical truth All men are men, but not Some men are men, in 
agreement with the conventions of modern rather than Aristotelian logic. 

A rule for reductio ad absurdum proofs is needed as well. To state this 
rule, the concept of a contradictory K(S) of any proposition S is needed. It is 
also stipulated that if K(S) is the contradictory of S, then S is the contradictory 
of K(S), that is, the relation is symmetric. 

K(A(NP» = O(NP) 
K(E (NP» = I(NP) 
K(T(NP» = N(NP), 

where we use O(NP) for EQ+NP+NegVP. The rule of reductio ad absurdum 
may now be stated in simple form using the turnstile notation + for derivabiIi­
ty_ 

RAA If d, S t- S I and.::S, S I- K(S '), then d I- K(S), where cSS is a set of 
sentences. 

A formal definition of derivations is easily given in a standard way and will 
be omitted. A typical derivation, with the rule of inference used to obtain the 
given line shown on the left, is illustrated by the following easy example. (As 
usual, P is used for premise; I use WP for a working premise used in RAA.) 

Example 

P (1) All pigs are animals. 
WP (2) Some fat pigs are not fat animals. 

LeI,2 (3) Some fat animals are not fat animals. 
A (4) All fat animals are fat animals. 

Raa2,3,4 (5) All fat pigs are fat animals. 

What has been set forth in this article is obviously just a beginning development 
of logical rules of inference in English but already the rules cover many familiar 
examples in elementary logic and could be taught, I think, as easily as the stand­
ard rules for corresponding cases in the usual notation of predicate logic. It is 
my own conviction that general students, who. are not going to concentrate in 
philosophy, would benefit more froni an extended treatment of direct logical 
inference in English than from the development of the usual apparatus of 
predicate logic. 
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