
CONCEPT FORMA nON AND BAYESIAN DECISIONS'" 

PATRICK SUPPES 
StGnjim/ University, Stanford, CalijiJrnia 

1. Introduction. The primary aim of this paper is to examine and develop 
some relations between decision theory and recent work on concept formation 
by learning theorists. Some of the ground rules of this investigation perhaps 
need to be stated at the very beginning. Let me first try to make clear how I 
conceived in a general way the relation between decisions and concept for­
mation. If we examine the structure of decision theory as expounded for 

example, in the excellent book of Savage [1954], we find that there is really 
no place for the formation of new concepts by the decision-maker. The 

theory is conceived in such a way that the decision-maker has a probability 
distribution over all possible states of the world and a utility function over 
all possible future histories of the universe. As observations are made or 
experiments performed by the decision-maker, the information received is 
brought into his formal decision framework by appropriate modifications of 

initial probabilities as new conditional probabilities. The important thing r 
wish to emphasize is that the theory provides no place for the decision-maker 
to acquire a new concept on the basis of new information received. The 
theory is static in the sense that it is assumed the decision-maker has a fixed 
conceptual apparatus available to him throughout time. 

There are, it seems to me, two important ways in which concept formation 
enters in the making of actual decisions. The first kind of modification in the 
decision structure that may be introduced by concept formation is a relatively 
straightforward refinement or at least modification of the initial partition of 
the possible states of nature by the consideration of additional concepts. The 
consideration of these additional concepts is almost always brought about by 

the reception of a cue or stimulus resulting from some new observation. The 
essential thing however in this kind of modification is that the concepts newly 

introduced are already a part of the conceptual apparatus of the decision-
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maker. It is just that he has not been using them to partition the space of the 
states of nature until a particularly critical, or new, sort of observation was 
obtained. Because the new concept brought into focus is actually one already 
known to the decision-maker, it is becoming customary in the psychological 
literature to call this process concept identification, rather than concept 
formation, and we shall so in fact refer to it here. 

Advocates like de Finetti and Savage of Bayesian theory would indeed 
claim that this first kind of concept formation is already taken care of by 
considering all the possible states of the world and all possible future 
histories. From a theoretical standpoint, or at least one theoretical stand­
point, there is indeed a good argument to back up this claim. Yet from a 
more behavioristic viewpoint it is quite unrealistic, for no actual decision­
maker is able in any genuine way to define an a priori distribution over all 
possible states of the world or a utility function over all future histories, His 
powers of discrimination and analysis, even in terms of the empirical data 
available to him, are inadequate to this task. In actual practice the decision­
maker is 'always operating with what Savage has termed a small-world 
situation. The decision-maker operates with a fairly small number of concepts 
and the partition of the possible states of nature generated by these concepts. 
I want to emphasize that it is not necessary that the partition itself be finite 
for some of the concepts may be conceived by the experimenter as being 
measured on a continuum. The crucial thing is that the concept space is 
always finite-dimensional and in fact, the number of dimensions is a relatively 
small integer. 

The second way in which concept formation modifies the decision structure 
is the genuine case of concept formation proper. In this instance the 
maker actually forms a concept he did not previously have in his repertoire, 
Numerous examples of this kind of concept formation are to be found in 
learning experience of anyone. It may be rightly claimed that this kind of 
concept formation is essential to any major advance in science or technology, 

In the next section I turn to some simple examples of concept identification 
and attempt to show how they disturb the simple Bayesian picture of 
decision making. In the following section I consider some common problems 
besetting Bayesian and stimulus-sampling learning models. In the final 
section I sketch a possible line of attack on the structural or combinatorial 
problems facing any theory of concept formation. I also try to show that 
Bayesian considerations are not central to the most pressing problems of the 
theory of concept formation, and that no theory of complex problem 
is possible without an approximate solution to these problems. 
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Before embarking on these somewhat detailed considerations, I would like 
to indicate in a general way how the subject matter of this paper relates to the 
mor,e standard literature of inductive logic. The most important and also the 
most subtle point centers around the conception of rational behavior back of 
the general criteria used to evaluate an inductive logic or procedure. In the 
case of deductive logic the response is simple and clear. The criteria of 
soundness and completeness make no allowance for an imperfect or limited 
knower. The inattention to the obvious finite capacity of any actual knower 
is a simplifying abstraction that makes the mathematical theory of deductive 
inference a manageable subject in the tradition of classical mathematics. 

To a large extent the same sort of simplifying abstraction has been 
assumed in deductive logic, but with an important difference, No adequate 
inductive criteria corresponding to the deductive criteria of soundness and 
completeness are as yet available. Bayesian decision theory provides a possible 
answer, but certainly not one that is as yet uniformly acceptable. In my own 
judgment the problem of finding such criteria in inductive logic is not as 
interesting as in deductive logic, because the finite capacity of the if.iarner 
(when talking about induction it seems more natural to speak of a learner 

rather than a knower) is central to the fundamental problem of making an 
induction from a finite sample. Put another way, problems of induction seem 
continually to run up against massive combinatorial problems that do not 
play the same essential role in deduction. And once we begin talk about, say, 
(2}2!O possibilities it is natural to ask about the kind oflearner that is going to 
"look over" possibilities whose number is of this order of magnitUde, and 
then to try to inject some semi-realism into the discussion. Now that it is 
generally recognized that even the biggest conceivable computers could not 
attack by brute force methods the combinatorial problems of playing a 
winning game of chess, for example, the crucial role of concept formation in 
providing a powerful method of introducing new and necessary structure is 
more easily made apparent. 

In addition, the continued concern in the literature of inductive logic with 
overly simplified, unrealistic problems suggests that there is a useful place 
for an explicit analysis of why even the relatively powerful Bayesian methods 
of induction are far too weak to solve most complex problems. 

From a more general standpoint, then, an objective of this paper is to make 
a contribution to the analysis of the concept of rationality. The discussions of 
rationality in the literature of induction or ethics seem to have largely ignored 
the difficult problems of concept formation that must be faced by any agent 
that does not have an unlimited memory and unlimited powers of analysis. 
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2. Some simple examples of concept identification. To illustrate some of the 
comparisons I want to draw between a Bayesian approach to information 
processing and decision making, on the one hand, and psychological models of 
behavior on the other, I shall begin with an experiment that is really too simple 
to be described as a concept experim~'lt, but because of its very simplicity 
will be a satisfactory paradigm r dr C~ making of certain initial distinctions. 

1 have in mind a simple paired-associate experiment. The task for the 
subject is to learn to associate each one of a list of nonsense syllables with an 
appropriate response. In a typical setup the list might consist of twenty 
nonsense syllables of the form eye. The responses are given by pressing one 
of two keys. On a random basis ten of the syllables are assigned to key 1 and 
ten to key 2. The subject is shown each nonsense syllable in turn, is asked to 
make a response, and is then shown the correct response by one of several 
devices, for example, by the illumination of a small light above the correct 
key. After the subject has proceeded through the list once, he is taken 
through the list a second time but the order of presentation of the twenty 
items is randomized. A criterion of learning is set, for example, four times 
through the list without a mistake. The subject is asked to continue to 
respond until he satisfies this criterion. The criterion is selected so as to give 
substantial evidence that the subject has indeed learned the correct association 
of each stimulus item and its appropriate response - at least this language of 
association is the one ordinarily used by many psychologists concerned with 
this type of experiment. 

Let me describe two simple psychological models for this experiment be­
fore discussing the obvious Bayesian model and its defects. The simple 
stimulus-association model to be applied to the phenomena is the following. 
The subject begins the experiment by not knowing the arbitrary association 
established by the experimenter between individual stimuli and the response 
keys. He is thus in the unconditioned state U. On each trial there is a constant 
probability c that he will pass from the unconditioned state to the conditioned 
state C. It is postulated that this probability c is constant over trials and in­
dependent of responses on preceding trials. Once the subject has passed into 
the conditioned state it is also postulated that he remains there for the balance 
of the experiment. A simple transition matrix for the model, which is a first­
order Markov chain with two states U and C, is the following: 

C U 
ci-l-~O-

uI c l-c 
I 
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To complete the model for the analysis of experimental data it is also 
necessary to state what the probabilities of response are in the two states U 
and ,C. When the subject is in the unconditioned state, it is postulated that 
there is a guessing probability P of making a correct response, and that this 
guessing probability is independent of the trial number and the preceding 
pattern of responses. When the subject is in the conditioned state, the 
probability of making a correct response is postulated to be 1. 

The most striking psychological aspect of the stimulus-association model 
just described is the all-or-none character it postulates for the learning 
process. The organism responds with a constant guessing probability until 
the correct conditioning association is established on an all-or-none basis. 
From that point on he responds correctly with probability 1. This means 
that for an individual subject the individual learning curve has the following 
simple appearance . 
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The important thing to note about this curve is that it is perfectly flat until 
conditioning occurs and at that point there is a strong discontinuity. 

The second psychological model is a linear-incremental model that 
postulates that the probability of making a correct response increases each 
time the subject is exposed to the stimulus and is shown the correct response. 
Let Pn be the probability of a correct response on trial n, and Jet qn = 1-Pm 
that is, let qn be the probability of an incorrect response or error on trial n. 
The simplest way of formulating this model is in terms of q •. It is postulated 
that the following recursion will describe the course of learning: q. + 1 = t.Xqn' 
This linear model can be put within the framework of stimulus-association 
theory in a rather simple way. Instead of postulating that a single stimulus is 
being sampled and conditioned in connection with each nonsense syllable 
displayed, it may be postulated that there are a large number of stimuli being 
sampled and conditioned. These are simple and reasonable assumptions 
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about sampling and conditioning. As the number of stimuli becomes quite 
large, the linear model emerges as an asymptotic limit. (For a detailed 
derivation of the linear model from stimulus-sampling and conditioning 
assumptions, see Estes and Suppes [1959].) The learning curve postulated 
for an individual subject by the linear models looks something like the 
following . 
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As is evident enough from the two theoretical learning curves for individual 
subjects predicted by the two models, there are quite sharp behavioral 
differences in the predictions of the one-element stimulus-association model 
and the linear-incremental model. On the other hand, it is worth noting that 
the matter of discriminating the two models must be approached with some 
care. For example, the mean learning curve obtained by averaging data over 
a group of subjects, or a group of subjects and a list of items as well, is 
precisely the same for the two models. In the linear model it would naturally 
be written: 

(1) 

In the one-element stimulus-association model the same mean learning curve 
would naturally be written: 

qn+l=(l-c)n-Iq . (2) 

In estimating parameters from behavioral data it is natural to equate P1 
and P (or ql and q) and, on that basis, the estimate of IX will simply be the 
same as the estimate of l-c; there is no behavioral difference between the 
two models in the prediction of the mean learning curve. On the other hand, 
perhaps the most striking difference between the two models can be obtained 
by looking at data prior to the last error, that is, we sum data over subjects 
and items, but we restrict that summation to response data occurring before 
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tile i:tst error on a given subJect-item. When data are summed in this fashion, 
lh,; (inc-element ~timll!us-a~,()ciatiol1 model predicts the discontinuous 
learning curve shown abovl: fur an individual ,uhject, whereas the linear-in­
cremental model prcdicts a smooth incremental learning curve. That the 
data i'rnm experimenh or thi~~ kind favor very much the one-element stimulus­
aS~(1ciati()11 models over the linl:ar-incremental models has been shown by a 
nlll1ibt~r nfexperimcilb (,ce. c.g .. Bower [19611). 

Let llS now attempt to <lpply Bayes' theorem in a correspondingly direct 
way to <111 analysi, (\1' the paired-as~ociate experiment. Without any loss or 
generality we may restrict the analysis to a single item, that is, to the learning 
of a single association belwcen u given nonsense syllable and the correct 
rc"ponse. l.et HI be the hypothesis that the corrcct response for the single 
syllable is reSflOl1se I. and let He be dctlncd similarly. It is nutural to assume 
that the II priori probabilitic~ P (Ill) and P (Hz) arc each a half. (As we shall 
sec, fm this simple situation the particular assumption made abollt the a 
priori probabilities is of no real importance.) In the present case., the 
"evidence events" are easy to describe and amount essentially to a complete 
confirmation of one of thc tWl) hypotheses. Let LIS define the evidence event 
Ei as the event or being shown that the nonsenSe syllable is associated with 
the response i. [t should be clear how to dellne the conditional probability 
P (EP-Ji) which is called the likelihood of Hi when Ej is observed. In the 
present simple case the likelihoods must either be 0 or I. The likelihoods are I 
when i=j, and 0 when i#j. We may then compute the a posteriori proba­
bilities P (HiIEj) according to the usual Bayes formula: 

P(Ejl Hi) P(Hi) P(H IE.) = 
I J LP(Ejl Hi)P(Hi)' 

i 

Again in the present case the computation of these a posteriori probabilities 
is simple and immediate. ]f i= j the a posteriori probability is 1 and if i# j the 
a posteriori probability is O. 

Thus, 

P(H1IE
l
)= _l·t =1 

t·-! + O·t 
O-t 

P(lflIE2) = O'! + l.t = 0 

P(H2 IE 1) = 0 

P(H21 E2 ) =: 1. 
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Note that the results are independent of the a priori probabilities P (HI) and 
P (Hz) as long as these probabilities are in the open interval (0,1). 

In the present case, then, how is the application of a Bayesian approach 
related to the two psychological models already sketched for the learning 
process? The answer I think is obvious. The on~-element stimulus-as­
sociation model yields exactly the same predictions as the Bayes model, if it is 
assumed that the conditioning parameter c has the value I, that is, if it is 
assumed that the subject always learns in one trial a correct association 
between nonsense syllable and response key. There are too many experiments 
to need detailed citations here to show that the assumption that c= 1 is not a 
reasonable one for paired-associate experiments. There is no doubt that the 
Bayesian model does not provide a good account of actual behavior in these 
experiments. Its generalization in the form of the one-element model is much 
more satisfactory. 

Advocates of a Bayesian approach as the first approximation to actual 
behavior ~m be quick to retort that they have in mind the application of the 
model to situations in which the subject can utilize his full resources of 
memory and reasoning. Some may wish to point out that indeed c would 
equal! if the subject were permitted to use pencil and paper in the course of 
the experiment, and simply to write down the correct association between 
the stimulus and response once it has been shown to him. However, any 
serious consideration of the general purpose and intention of such a paired~ 
associate experiment quickly shows that this defense oftlle Bayesian approach 
as an explanatory model of actual behavior is not really satisfactory at aiL 
The paireduatssociate experiment is defined and set up in the manner that it is 
in order to provide an extremely simple paradigm of learning. The simplicity 
of that paradigm is destroyed once a subject is permitted such recordin;~ 
devices as a pencil and paper. A scientific hope of such experiments. is that an 
adequate fundamental theory of the learning process can be developed for 
learning stripped of compJicated processes of memory, association and 
reasoning that are utilized in everyday decisions. If the fundamental theory is 
genuinely correct, then it will lead ultimately to extensions to more compli­
cated situations including the sort in which the learning problem confronting 
tbe subject is not one that he can trivialize by the use of some additional 
simple de'lt;ces. Some of my subsequent examples will in fact be instances of 
this kind of experiment. 

A second kind of objection that might be offered by Bayesians to a com~ 
parison of the three models is that the real purpose of the Bayesian approach 
is to prescribe a normative course of behavior and not describe actuaJ 
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behavior. In spite of the persuasiveness of the important distinction between 
normative and descriptive theories, this argument is too facile by half. The 
kind of situations which decision-makers are continually confronted with is 
precisely the kind of situation in which we place the subject. The subject faced 
with the paired-associate problem could, jf he were given paper and pencil, 
readily and quickly solve the problem, but the point is that he.is not given 
these additional aids. The decision-maker, whether it be an executive faced 
with a major policy decision, a logistics expert deciding on the next quarter's 
inventory, or a legislator deciding on how to present a crucial and contro­
versial bill, is in a situation analogous to that of our subject, for thl: com­
piexities of the one correspond to the simple restrictions of the other, in 
certain cases, given unlimited budget for computing purposes and unlimited 
staff to furnish scientific information, it might be possible for the decision­
maker to act rather completely like a Bayesian strategist. When this is not 
possible, as it usually is not, the decision-maker must make a large number of 
rough and ready judgments that do not easily fit within the frame of a 
detailed normative theory. Indeed, a primary aim ofthis paper is to show by 
the consideration of severa! simple examples that the attempt to structure 
the decision-making process entirely within the Bayesian framework will 
lead to serious miscalculations about actual performance and, in certain 
cases, to bad advice on normative performance. 

I now turn to a first simple example of concept identification. Let us sup­
pose that a subject is to be shown triangles of various sizes, and Jet us also 
suppose that the instructions are meant to bias him in the direction of paying 
attention to size only. We tell him that he is to classify the triangles primarily 
according to size into Class A or Class B. In actual fact, in addition to having 
triangles of three different areas, each triangle will have the property of 
having an angle less than 15° or no angles less than 22~o. Let us call the three 
sizes G, band c and the two angle properties sand t. Suppose we fix that 
Class A will consist of the triangles with the property a-s and b-t. Class B 
will then consist of the complement of Class A, that is, of the combinations 
a~t, b-s, c-s and c-t. I have picked the angle property because it is a feature 
of triangles that does not have much saliency for untrained subjects, whereas 
size is ordinarily a highly salient property. With these instructions and in this 
situation it is quite probable that many subjects would have a Bayesian 
distribution of prior probabilities that are non-zero only in terms of hy­
potheses about size. It does not really matter what specific prior probabilities 
we assume on hypotheses about size. Eliminating the hypothesis that all sizes 
belong in Class A and also the hypothesis of no sizes in Class A, there are six 
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size hypotheses remaining, which we may write in terms of sizes assigned to 
Class A, as Ha, Hb, Hab , He' Hac and Hbc' We may assume a positive probability 
for each of the six. It is also a condition of the experiment that the six 
possible types of triangles are presented by the experimenter on an equally 
likely basis. It is easy to see that the hypotheses Ha, Hb and Hab will each have 
a probability of two-thirds of being correct. The explicit situation is shown in 
the following table, where the entry 1 indicates a correct classification, and 0 
an incorrect classification, under each of the six hypotheses for the six types 
of figures. 

---------- - - --- -------~ ------ --- -~.- ---- ----

Hypotheses 
Type of figure 

Hb Hah He Hac Hhc 

A a-s 0 0 0 
B a-t 0 0 0 1 

B b-s 1 0 0 1 0 
A b-t 0 0 0 
B c-s 0 0 0 
B c-t 0 0 0 

~---

In the table the four cases for which each of the three hypotheses Hu, Hb 
and Hab is correct are indicated. The remaining three hypotheses, namely, 
He, Hac and Hbc' will asymptotically each have a probability O. Within the 
framework of the six hypotheses the subject can do no better than in­
differently select among Ha, Hab and Hb• 

It is clear from this analysis that from the Bayesian standpoint any subject 
who begins with his entire prior distribution weighted on the six hypotheses 
concerned with size alone will not be able to solve the problem completely. 
It may of course be objected that the assumption made about prior proba­
bilities is not a reasonable one. The issue is complicated and I do not mean to 
suggest that I think definitive arguments can be given in support of the kind 
of assumption made. There is, however, a certain amount of evidence both 
from the behavior of subjects, and interrogation of them about their behavior, 
to show that in experiments in which an ultimately relevant concept has a 
very small degree of saliency, the subject begins initially by completely 
ignoring this concept or property. For such situations there would seem to be 
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only a Pickwickean sense in which a strictly positive distribution over 
hypotheses involving this concept can be postulated. 

Let us now consider how we would approach the analysis of the subject 
mastering the problem in terms of some of the ideas of concept formation 
that have been developed in the last couple of years. The theoretical account 
I shall give will be somewhat more elaborate than the models much tested in 
recent experiments on concept formation (as for example, Bourne and 
Restle [1959}, Bower and Trabasso [1964] and Suppes and [1962a], 
[1962bJ, [l963J). 

As the first stage of learning, let us assume that the subject, following the 
verbal cue given him by the experimenter, samples only the three size stimuli, 
which we have designated as a, band c. Initially he does not know how each 
of these stimuli should be connected or associated with Class A or Class B. 
We may thus postulate that they are in the unconditioned state. When a 
stimul us presentation is given which permits a sampling of one of the three 
stimuli, then in terms of the correction procedure given, that is, the statement 
as to whether or not the figure shown belongs to Class A or Ciass B, we may 
postulate a probability c that the size stimulus will become con­
ditioned to one of the two classes, that is, to one of the responses A or B, 
Notice that we are postulating initially that the subject samples with proba­
bility 1 whichever one of the stimuli is available on a given trial. On this 
basis, the learning for stimulus c is particularly simple. We may just apply the 
one-element model described above for paired-associate learning. This 
stimulus starts in the unconditioned state and with probability c on each 
occasion on which it is sampled it enters the conditioned state, in this case, 
conditioning to Class B or Response B. When stimulus c is conditioned to 
Response B, on every occasion in which Response B is made 011 the presen­
tation of this stimulus, the classification is proved to be correct, and therefore 
there are no grounds for the subject's changing or modifying this condi­
tioning. In a complete sense, the conditioning of stimuius c exemplifies, as 
postulated here, the one-element model for paired-associate learning de­
scribed above. (The use of 'c' to both to the stimulus and its probability 
of conditioning should not be a source of confusion, as the specific reference 
intended is always clear from the context.) 

The situation is considerably more complicated for stimuli a and b. Half 
the time that stimulus a or b is sampled the presented figure that has size 
property a or b can be classified in Class A, and the other half of the time, on 
a random basis, Class B. Intuitively when the subject finds that he cannot use 
stimulus a or b to make a correct classification, he will be led to sample other 
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properties or aspects of the figure. Before he is led to make this additional 
sampling, there is often one strategy he will try. He may judge that his initial 
response connection for one of the stimuli was incorrect and he will reverse 
the association. For example, if on the first occasion that stimulus b is 
sampled, it turns out that the figure is classified as Class A, but on the second 
occasion that stimulus b is sampled, the figure is put in 'Class B by the experi­
menter, he may reverse the association and not yet be led to sample other 
stimuli. Let us designate the probability of such a reversal of the association 
by r, and let us postulate that he will sample a new property with probability s, 
when it turns out that the association that he has established is wrong. 
Extending the kind of assumptions that went into the development of the 
one-element model for paired-associate learning, we may postulate a four­
state Markov process describing this stage of the subject's learning. He 
begins in state U representing the fact that stimulus a, let us say, is un­
conditioned. We may pass from state U to either state A or B representing 
two possible responses to which stimulus a may be conditioned. After 
reaching state A or B, he will on each trial that a is sampled be incorrect with 
probability t. The matrix is then constructed so as to postulate that with 
probability ts he enters state N, the state in which he samples a new property, 
and with probability tr he reverses the stimulus association from response A 
or response B or vice versa as the case may be. It is of course a constraint of 
the model that r + s ~ 1. The complete matrix then is as follows: 

N B A U 
----~-~~----- -~--~, 

• ~_ ••• _____ r~ ____ • ~ 

N 0 0 0 
B ]S 1 - is - 1r 11" 0 
A is ~r 1 - Js - tl' 0 
U 0 tc l c l-c 

Note that state N is the absorbing state of this chain, because we are postu­
lating that the subject will always be led, on the basis of his failure with the 
association established for the size stimuli a and b, to the sampling of a new 
property. It should also be remarked that this matrix represents the situation 
for stimulus b as well as for stimulus a. We are, as in the fashion of paired­
a.ssociate learning, postulating that the process of being led to state N when 
stimulus a is sampled is statistically independent of the process of being led 
to state N when stimulus b is sampled. No doubt in actual practice this 
assumption is probably slightly violated but it makes the quantitative treat­
ment of the concept identification considerably more simple, and is therefore, 
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a desirable feature of a first approximation. For fast learners we may postu­
late that s = 1 and c = 1. The matrix then assumes the following simple form: 

N B A U 
----------" - -- . 

N 1 0 0 0 
B -l- t 0 0 

~ 

A t 0 1 0 1" 

U 0 t 1- 0 

In a given experiment more detailed knowledge may be obtained by looking 
at the actual sequence of presentations of figures and observing their c1assifie 
cation. If, for example, the subject was always wrong in classifying a figure 
with stimulus a in initial trials, he could be in state N on the third trial that a 
figure with size property a is presented. ]t may also be noted that we have 
postulated that in this concept-identification task the subject is learning only 
on trials on which he makes an error. Bower and Trabasso [1964 J present 
impressive evidence that for the kind of experiment described here this is 
roughly the situatioii. I shall have more to say on this point later. 

Upon entering state N the subject is now in a position to sample a new 
property. Note the difference from the Bayesian formulation. Up to this 
point the probability of sampling any property other than a size stimulus has 
been O. It is only due to the failure of the size stimuli to lead to the correct 
solution that the subject has been forced to change his initial distribution and 
sample other properties. Suppose for instance that the subject now samples 
stimuli connected with the orientation of the base of the triangle. We may 
suppose that the base of the triangle varies from the horizontal in three 
different angles, namely 00 ,15° and 300 (these numerical values are taken for 
purposes of illustration only). We also shall suppose that the occurrence of 
figures with these respective orientations is randomly assigned independent 
of other characteristics and therefore any particular orientation will occur in 
Class A figures approximately half of the time and in Class B figures the other 
half. Various things can be postulated at this point. We can assume that the 
subject disregards size stimuli entirely and samples only orientation stimuli, 
or we can also postulate that he samples a size-orientation pattern combining 
stimuli exhibiting both properties. For many situations this latter pattern 
assumption has been shown to be a sound one. But whichever sampling 
procedure he adopts at this point, that is, concentration only on orientation 
or pattern sampling of orientation and size together, he will be led to the 
same results as before and will once again enter state N, and be required to 
select a new property for sampling. 
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Parent.hetically it may be remarked that for those readers who fear that the 
process of concept identification as described here is too slow to describe 
what actually takes place. it may be said that it is not difficult to cite ex­
periments in which a large number of trials is required by subjects to master 
what may appear to a.n experimenter or an observer with full knowledge of 
the situation as absurdly simple identification problems.' When the number of 
trials to complete mastery of the problem is on the order of a hundred. many 
oppprtunities are presented for sampling different properties of the stimulus 
display presented. 

There are t.wo important factors 1 have ignored in this analysis but which 
would in all likelihood enhance the rate of learning or the rate of concept 
identification. One is the factor of memory. When a new property is sampled, 
in many cases it is sampled and rejected simply on the basis of its ability to 
account for correct classification of items already seen and whose classifi­
cation is remembered. Oli the other hand, it is not an unrealistic assumption 
to suppose that the transition matrix. described above is essentially the sort of 
one that is used in testing from memory flew sampled properties. The ex­
perimental difficulty of o:,iourse is that it is not a simple or direct matter to elicit 
behavioml data giving evidence on this point. 

The second related phenomenon that I have ignored is the undoubted fact 
that when a given property 111 being sampled and used as a basis of classifi­
cation it is often the case that simultaneously other pmperties are being 
samploo and silently rehearsed, meaning by this that their ability correctly to 
classify is being noticed even though they are not the properties used by the 
subject in making his classification on the given trial. Again it is not un­
reasonab~e to suppose that the process of rehearsal may be represented by a 
tral:1lsition matrix very similar to the one given above. There is considerable 
indirect experimenhd evidence anne efficacy of rehearsal from 
ofteanltng. :Severa! experimenl:al studies have sho,,"fI the positive effects of an 
increased tllnount of study time on the rate of learning of paired-associates. 

As I understand. the matter, no simple Bayesian approach to informat.ion 
processing and decision making would take explicit account of these two 
aspects of conoeptformation and learning. namely. the effects of memory and 
rehearsal.. It should be emphasit.ed that in another sense memory may be 
taken aooount of in Bayesian procedures. Modem empirical Bayes procedures 
have in many cases been developed on the assumption of a finite memory, 
but the kind of use of memory su;ggested here is of a different sort. namely. 
memory of what happened on preceding trials is used in a new way on trial n 
to check out the eJffi.CIl!cy of a property not considered or sampled prior to 
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trial n. From the Bayesian standpoint the use of this property on trial n in 
terms of items from memory would require the assumption that the property 
or cpncept had a positive prior distribution on earlier trials. 

The relatively simple concept-identification problem we have been con­
sidering is already beyond the resources of the standard systems of inductive 
logic, because the subject in the experiment is not told what are the relevant 
elementary properties. Although in principle inductive logics of the Carnapian 
variety have a method for handling questions of relevance, in practice they 
do not deal with the kind of thing that arises in any concept-identification 
experiment when the subject is not told what is relevant - to pick a very 
simple example, the relevant aspects might turn out to be relations rather 
than properties. Also, methods of constructing such logics as matters now 
stand do not provide any guidelines for enumerating large sets of properties 
among which the relevant ones are likely to lie. 

Focusing on concept-identification experiments makes it possible to draw 
an important distinction between Bayesian theory and the Carnapian sort of 
inductive logic. To make the standard inductive logic apply it is necessary to 
codify explicitly in the language of the logic all the evidence of past ex­
perience the subject considers pertinent to the experiment, but this 1 would 
claim is always a hopeless task. It is difficult enough to narrow the situation 
down to a manageable set of properties and relations, but it is humanly 
impossible to layout all the evidence that went into the selection of this set 
and the beliefs held about its members. To put it in simplest terms, it is at the 
least the problem of having a limited, finite memory. The Bayesian approach, 
on the other hand, is not bedeviled by this difficulty, because past experience 
can be encoded in the a priori distribution over the selected set of properties 
and relations. Once again, it is a question of a realistic conception of ration­
ality. If we want to explicate the concept of rational human behavior. and 
not that of omniscient rational behavior, limitations on memory and com­
puting power must be taken seriously. Taking such limitations seriously is of 
course imperative in attempting to apply an inductive logic. (The fact that 
these limitations are fundamental is why within the domain of deductive logic 
the theory of recursive functions is of quite restricted use in theorizing about 
or applying actual computers.) 

3. Some common problems of Bayesian and stimulus-sampling models. The 
discussion of the last section to a certain extent overemphasizes the differences 
between Bayesian and stimulus-sampling models for decisions, particularly 
when the decisions involve concept identification. In the present section I 
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want to emphasize some of the commonality between the two kinds of models 
and to point out some of the problems that beset them both. A particular 
point of this section is to show that many of the differences often emphasized 
in discussions of the cognitive or Bayesian approach as opposed to the 
stimulus-response approach is a difference primarily in ter"'inology, and not 
so much in something that is sharply defined and empirisally observable. 

A convenient place to begin is with the classical case of a two-choice 
problem with noncontingent reinforcement. The problem for the subject on 
each trial is to predict which one of two lights will flash. Using familiar 
notation, let us call £1 the reinforcing event corresponding to the flashing of 
the left light and £2 the reinforcing event corresponding to the flashing of the 
right light. The response that consists of predicting that the left light will 
flash is designated A I and the response that consists of predicting that the 
right light will flash is designated A z. 

The noncontingency of the situation is defined by making the probability 
of an £1 reinforcement on each trial equal to n and the probability of an £2 
reinforcement 1-n. It is understood that the events £1 and £2 are mutually 
exclusive and exhaustive, that is, on each trial exactly one of the two lights 
flashes, and the probability of which will flash is fixed by the parameter n. 
Everything that we have to say in what immediately follows applies, mutatis 
mutandis, to other more complicated reinforcement schedules, but the basic 
principles are precisely the same. 

Let us begin by considering some Bayesian models for this situation. In the 
first place these Bayesian models shall be defined in terms of several sets of 
hypotheses, and we shall call an exhaustive set of hypotheses, that is a set of 
hypotheses that covers every contingency, a strategy. It is understood that in 
the ordinary Bayesian terminology what I am now calling strategies would 
very often be called hypotheses, but the present language is suggestive of 
game-theoretic language, as well as of the kind of language that has been 
used by various people interested in cognitive models of the learning process. 
For simplicity let us begin with four hypotheses: 

hi : an £1 reinforcement is followed by an £1; 
hi': an £1 reinforcement is followed by an £2; 
hz : an £2 reinforcement is foHowed by an £2; 
h2 ,: an £2 reinforcement is followed by an £1' 

Given the above four hypotheses and the fact that h1 and hi' (and h2 and h2 ,) 

are incompatible, a strategy for the subject consists of believing, or acting as 
if he believed, one of the following four pairs of hypotheses: (h 1, h2), 
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(hll 1t 2 ,), (hi" It,;'), (hi" h2 ,), Thus the strategy (hj, h2) requires that an Ai 
response will be made if on the preceding trial an reinforcement occurred, 
and' an A2 response will be made if an E2 reinforcement occurred on the 
preceding trial. 

As is apparent from what has already been said, the four strategies 
to the four hypotheses relevant in the sense of a Bayesian model. 

Granted only a positive a priori probability for each of the four strategies, 
it is dear what is the asymptotic prediction of the Bayesian that is, 
what the asymptotic a posteriori probabilities of the strategies will be, 
Namely, 

P(h 1,i1 2) n(J -n) 
P(h 1, hz') = n2 

P(lll"Ii:;.) = (1 n)2 
P(h l "h2,)=(1-n)n, 

The Bayesian decision-maker with unlimited memory will then choose 
".,.,.t",Cr\! (hi, hz') w£th probability 1 for n>-!-. 

On the face of it this familiar Bayesian result leading to selection of 
event with probability 1 seems very much in conflict with the standard 
theoretical results obtained in stimulus-sampling theory, which predicts that 
an Ai response will be made as a prediction of an £1 reinforcement with 
asymptotic probability n, and we have the well-known matching Jaw, first 
formulated by W, K. Estes. 

From what has been said thus far it is easy enough to formulate the 
stimulus-sampling model with N stimulus elements in the noncontingent 
situation. On each trial the organism is sampling one stimulus. It becomes 
conditioned to the response that is reinforced with probability c, and with 
probability 1- c its conditioning does not change, Among the N stimuli 
exactly one is sampled on each trial. This sampling takes place on a random 

that is, there is a probability liN of any particular stimulus' being 
sampled, independent of what else may have occurred on past trials. When a 
stimulus is sampled the response is made to which that stimulus is condi· 
tioned. In terms of these theoretical assumptions, the behavior of the subject 
may be defined in terms of the parameters c, Nand re. 

This description of stimulus-sampling theory seems quite different from 
the Bayesian approach. I now want to show how closely related they actually 
are, and how easily a formal isomorphism between models of the two 
theories may be set up. To bring the two together let us first examine the 
Bayesian model under a highly restricted memory assumption. In particular, 
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let us suppose that the subject, although he is a Bayesian, is only able to 
remember what happened the last time a test of any particular hypothesis in 
his strategy was made. Whenever the outcome of this test is negative, he 
immediately changes his strategy by replacing the incorrect hypothesis by the 
correct one. For example, if his strategy is (h l' h2) and he finds on trial n that 
the El reinforcement occurring on trial n-l is followed by E2, he then im­
mediately changes his strategy to (hI" h2). In other words, he is making no use 
of any evidence concerning trial pairs for which an El reinforcement is 
followed by an El before trial n. His memory is of minimal length to use any 
of the evidence relevant to the hypotheses at all. 

The transition matrix for this Bayesian model with memory of length one 
is then the following: 

(h1,h",) 
(h" 11 2 ) 

(h l "h 2,) 

(hi" h2) 

1,11 2,) (hl,h2) 
10 -, --- (l_;yl 

10(1 - 10) 1 - 2n(1 - 11:) 
1(2 0 
o 

(h l ,,1I2 ,) 

n(l - n) 
o 

1 - (,,2 + (1 _ n)2) 
n(l - n) 

(hl,,1I2) 
o 

n(1-n) 
(1 - tti 
1-n 

It is a simple matter to show that the asymptotic probability of an Ai 
response with this transition matrix and the states as defined above is that of 
the familiar matching law, namely, It. 

Let us now look at a formulation of the analog of the Bayesian model in 
terms of stimulus-sampling theory. As has already been indicated, its theo­
retical assumptions are formulated along the following lines. There is avail­
able a set of N stimuli which the subject has conditioned or associated with 
various possible respons.es. At the beginning of a trial the organism is in a 
certain state of conditioning. A set, possibly a proper subset of the N stimuli, 
is presented to him and he samples on a random basis, that is, with a uniform 
distribution. Exactly one of the stimuli is sampled and then the organism 
responds in terms of the association bond that stimulus has with one of the 
possible responses (in case the stimulus sampled is not conditioned to any 
response a guessing response is made of the kind already described in dis­
cussing paired-associate learning). After the response is made, the reinforce~ 
ment is given and the stimulus sampled changes its conditioning with 
probability c to the response reinforced, in case the response made was 
incorrect. 

To apply these postulates and develop a model corresponding to the 
Bayesian model we shall assume there are exactly two stimuli. One of them is 
the E1 reinforcing event occurring on the preceding trial and the other is the 
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event occurring on the preceding trial. Thus, on each trial the subject has 
available exactly one of the two stimuli to sample, and the whole sampling 
process is thereby trivialized. Quite apart 1'1'0111 this identification of the two 
stimuli. on the assumption \)f two stimuli (i.e., .Y there are fOlll' 

states of conditioning corresponding to the four possible s"bsets of stimuli 
conditioned to the A 1 response, The complement of each subset is the set of 
elements conditioned to the we shall 
assume on every trial each stimulus i~ conditioned to (.oc response 
and that therefore there are no unconditioned stimuli on uny trials), Rep­
resenting the states of conditioning hy the subset of elcmenb conditioned 
to Al we then have the following notation for the- COLII' states: {.Ii' ,\zj. iSI:' 

}, O. where 0 designates the empty set. 
To show how the assumptions of stimulus-sampling theory arc used to 

derive a transition matrix in terms of these four states. we may draw the tree 
of possibilities with the for each branch shown when we begin in 
a stn teo let us say 

/;// 
~S1 ,$2\ 

11: : 1:, 1-c i S2 ~ 

\:'\</ 
)$2\ 

~S2 ~ 1-TC :£2=S2 

0 

c/ 

1-c: 
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By drawing trees for the other three states of conditioning to show what 
possibilities may arise at the end of the trial for each of the three when we 
start from that state, we may upon completing the trees, collect terms and 
obtain the following transition matrix: 

{SI'SZ} 
{SI} 
{52}-
o 

{sl,sd 

'1---
1 ~-f:~~)) 

en l 

o 

{51} 
c(1 ~-~)2 

1 - 2cn (t - 1:') 
o 

cn 2 
1 

{S2} 
crr(1 - 11') 

o 
e(1I'2 + (1 - 11')2) 

ere (1 - n) 

o 
o 

ere(l - 1') 

e (1 - n)2 
1 - crr 

Casual inspection shows that this transition matrix is not the same as the one 
derived for the Bayesian models. On the other hand, if we let c:;: 1, we obtain 
the following special case of the stimulus-sampling model: 

I' S2} {sd {S2} 0 

{SI,S2} rr (1 =. ;)2 rr(1 - 11') 0 
{stl n(t - n) 1 - 2n(1 - n) 0 n(t - n) 
{S2} 1'2 0 1 - (n 2 + (1 - n)2) (1 - n)2 
0 0 n2 n(t - 1') I-TC 

And it is immediately apparent that the entries in this matrix are the same as 
those for the Bayesian model. The identity between the two matrices also 
suggests, what should already have been apparent, that is, the formal iso­
morphism between the states of the Bayesian model and the states of the 
stimulus-sampling model. The following correspondence 

{ltl,h2'} -+ {SI,52} 
{hllh2} -+ {sd 
{lt v ,Il2,} -+ {52} 
{Ill" 1l 2 } -+ 0 

may be used- to establish the isomorphism with the restriction that c =:: 1. 
Wi~hout this restriction the stimulus-sampling model is a slight generalization 
of the Bayesian one. 

It may be remarked that the stimulus-sampling model, with c estimated 
from experimental data, does not appear to fit data very well (for some 
results in this connection, see Suppes and Atkinson [1960], Ch. 10). Of 
course, many Bayesians would almost be pleased that the stimulus-sampling 
model did not fit well for they could say "I would hardly expect the simple 
Bayesian model you have defined to provide any sort of decent fit to human 
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prediction data". The reply to this is straightforward. This same kind of 
Bayesian model may easily be extended to memories of finite length greater 
than. 1, but immediately a common problem of the most essential sort for 
either the Bayesian or stimulus-sampling models arises. The problem is that 
we very quickly find ourselves in a combinatorial jungle out of which it is not 
easy to find a path. Consider, for example, the Bayesian model with finite 
memory of length 4 and again let us concentrate only on the pattern of re­
inforcement ignoring, although it is unrealistic, the pattern of preceding 
responses. Fo'r a finite memory of length 4 there will be 16 patterns of pre­
ceding reinforcements and thus a strategy will consist of a 16-tuple telling the 
Bayesian what to do when each of the 16 patterns is realized in the preceding 
4 trials. This means there are (2)24 or (2)16 strategies to consider and thus 
this many states in the associated Markov process. The stimulus-sampling 
model with the additional parameter c has the same sort of difficulty. It is 
tedious but not impossible to obtain some results for models with this number 
of states. As the number of states increases, it rapidly becomes more difficult. 

The generalized conditioning models applied to a variety of data in Suppes 
and Atkinson [1960], Suppes and Schlag-Rey [1962aJ and Suppes and 
Schlag-Rey [1962bl may prove useful in examining in more detail the relation­
ships between Bayesian and stimulus-sampling ideas. The essential idea of 
these models is to generalize the probability c of conditioning to let the 
probability of conditioning depend upon preceding responses and reinforce­
ments. For the kind of application discussed particularly in Suppes and 
Schlag-Rey [1962a], one gets a formulation of conditioning models that is 
very similar to a kind of probabilistic Bayesian model with finite memory. It 
would seem to be primarily a choice of language and not of concepts as to 
how one prefers to describe these models. We described them as conditioning 
models but it is a simple matter to translate this description into Bayesian 
language. Some additional remarks about these models are made in the next 
section. 

4. The structural problems besetting the theory of concept formation. In 
Section 2, I tried to make the point that any simple Bayesian approach to 
decisions, actions or choices, encounters considerable difficulty in explaining 
or predicting behavior of human subjects even in simple concept-identifi­
cation experiments. I also tried to describe there some approaches that seemed 
promising from the standpoint of mathematical learning theory and, in 
particular, the version which originates with Estes and is ordinarily called 
stimulus-sampling theory. In order not to draw the distinction between 
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Bayesian models and stimulus-sampling models in too absolute a fashion, 
in the third section I tried to work out some of the formal similarities 
between the two approaches and in this case J chose for discussion a familiar 
paradigm in experimental psychology of recent years, namely. the two-choice 
situation with a noncontingent probabilistic schedule of reinforcement. In 
discussing various Bayesian models and the formally similar stimulus­
sampling models that may be used to analyze the noncontingent case, [ tried 
to sketch some of the combinatorial problems that quickly arise when more 
complicated and subtle models are considered. 

To mention these combinatorial models first in connection with the non­
contingent case is almost a mistake, for fairly simple stimulus-sampling 
models of a rather different sort than the kind considered in the preceding 
section give quite a good account of much data from noncontingent ex­
periments. I have in mind the kind of pattern stimulus-sampling models first 
discussed in Estes [1959], and also discussed in Suppes and Atkinson [1960J 
Ch. 10, and Atkinson and Estes [1962]. By considering the standard pattern 
model of stimulus-sampling theory. it is possible to bypass some of the 
combinatorial problems I mentioned that arise for Bayesian models and the 
particular stimulus-sampling models corresponding to these Bayesian models. 

The point of this section is to examine empirical situations, or simplified 
experimental situations roughly corresponding to the empirical situations in 
which it does not seem possible to avoid these comb:natorial problems. It is 
a fundamental thesis of this paper that it is in dealing with situations in which 
new concepts must be formed that the standard formulations of the Bayesian 
approach are most inadequate. 

To give the discussion some definiteness and concreteness. [ shall 
primarily restrict myself to description of a class of experiments in which the 
problem facing the subject is to learn the grammar of a set of strings. It is 
to be emphasized, however, that in dealing with this grammatical example, I 
think of the problem of concept formation as being ofa quite general nature. 
The difficulties besetting this example, particularly those of a combinatorial 
nature, apply equally well to any attempt to understand how humans learn 
to play well a complicated game like chess or make decisions rapidly when 
confronted with an incredibly wide choice of alternatives. 

To fix our ideas quite specifically, let us consider initiaJIy the thirty-two 
strings oflength five made up of 1 's and O's. From a formal standpoint we may 
define a grammar for this set of strings as a subset of the set of thirty-two 
strings. The number of such grammars is then 232 _2, where we exclude the 
universal and the empty grammar. Let us suppose that the subject is shown 
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the cards one at a time and is asked to classify them as codes or non-codes, 
where we think of a code as being a grammatical string and a non-code as 
being a non-grammatical string. The theoretical problem is now to describe 
how the subject proceeds to find the correct grammar. A simple Bayesian 
approach would be to attempt to describe a subject's a priori distribution on 
the 232 - 2 possible grammars, and then to change this distribution as in­
formation is given to the subject concerning the classification of strings. It is 
just possible that for strings of length five something can be made of this 
Bayesian approach. For strings of length seven or eight or for anything 
approaching the complexity of chess, we must turn to the imposition of a 
considerable structure on the set of all possible grammars. It is, I would take 
it, the central problem of a theory of concept formation to provide such a 
structure and to state the laws by which organisms use the structure to solve 
the problem confronting them. 

One way of approaching the problem of characterizing the structure of the 
space of all grammars is the following. The idea is to express any possible 
concepts for solving the problem of classification as a point in the space of 
pro'perties associated with the stimulus material of the problems. A new 
concept is formed by moving to a new point in the property space. In these 
terms the theory of concept formation relevant to solving a given set of 
problems consists of two parts: first, characterizing the appropriate space of 
properties, and, secondly, characterizing the laws of motion in the space. In 
terms of the kind of formulation of stimulus-sampling theory considered in 
earlier sections., it may be thought that the phrase, "laws of motion", is too 
grandiose, and that what is described are simply the assumptions for sampling 
properties or stimuli. My reply. to this possible objection has already been 
stated. The usual formulations of sampling assumptions neither assume nor 
impose any substantial structure on the set of stimuli (or concepts). The point 
of the present formulation is to impose such a structure. The space of prop­
erties is conceived as a multi-dimensional space with each dimension 
corresponding to a property. (Admittedly in many applications the space will 
consist of a finite set of points and thus will not satisfy the usual mathe­
matical definition of a multi-dimensional space, but that is not a matter of 
serious concern here. I shall use the word "dimension" the way it is used in 
the psychological literature of concept formation and not in a mathematical 
sense.) It is only after a space is postulated (Le., a set with a structure), that it 
is possible to talk about motion in the space. The concept of motion in an 
arbitrary set with no postulated structure is not well defined. On the other 
hand, it is precisely the imposition of structure that seems to be necessary to 
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bring some order and constraints to the discouragingly large number of 
possible concepts that may be considered in solving even a relatively simple 
problem. Once such a structure is imposed, laws of motion for the space, 
particularly when formulated as laws governing random walks, can be 
formulated. 

To illustrate some of the possibilities for constructirig the basic properties 
we may look at the problem when the set of strings is only of length two and, 
as before, at each position in the string there occurs either a I or a O. Ac­
cording to the computations already indicated above it is immediately 
apparent that there are then 14 possible grammars for the set of four 
possible strings, excluding as before the universal grammar and the empty 
grammar. A simple ideographic space for this problem is the four-dimensional 
one, with one dimension for each card. The value on a gi.ven dimension is 1 if 
that string belongs to the hypothesis, and 0 otherwise. It is then trivial to 
represent any hypothesis as a point in this four-dimensional space. Such an 
ideographic space is not too unwieldly when the number of possible strings is 
small, but 'as has already been remarked, when this is the case the whole 
apparatus of a property space and the imposition of structure on this space is 
scarcely necessary. We may just as well use a straightforward stimulus­
sampling or Bayesian model. 

A more natural space of properties, which would generalize to longer 
strings, is the following. Dimension 1 characterizes the first position. The 
value 1 on the first dimension indicates that symbol 1 must occur in the first 
position of a string, and the value 2 that symbol 0 must occur in this position. 
The value 0 on this dimension indicates that either a 1 or a 0 may occur in the 
first position. The second dimension is defined similarly in terms of oc­
currence of symbols in the second position of a string. The third dimension is 
defined in terms of agreement or difference between occurrence of symbols in 
the two positions of the string. The value 1 in the third dimension is taken to 
indicate that the symbols occurring in the first and second positions of the 
string must be the same, the value 2 to indicate that the first and second 
positions of the string must be occupied by different symbols, and as before, 
the value 0 that the first and second positions may be occupied by the same or 
different symbols. We have selected the 0 value for all dimensions to indicate 
that this dimension is not intuitively relevant to the concepts, hypothesis, or 
grammar in question. The first thing of course to be noticed about this three­
dimensional space is that there are a number of points that can be occupied 
by no concept that is nontrivial. Thus the concept to be represented by the 
coordinates (1, 2, 1) is the empty grammar, for it is not possible for a string to 
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have a 1 in the first position, a 0 in the second position, and yet to have the 
ftrst and second positions occupied by the same symbol. Property spaces for 
other grammars or concepts connected with strings of this character indicate 
that this phenomenon is not easily eliminated. There does not seem to be a 
natural and simple way of defining orthogonal dimensions, but this does not 
seem to be an immediately crucial problem. 

Still another way of looking at the space of properties is in terms of 
properties of a given string rather than of the grammar of the set of strings. 
In this case the grammar is represented by a certain subset in the space of 
properties rather than as a point. Corresponding to the space just constructed 
a space of this sort is easily described for the strings oflength two, but I shall 
not go into details, because the present stage of our analysis of these prob­
lems, reinforced by some preliminary experimental evidence, indicates that 
this latter method is not the most desirable theoretical approach. 

The space I did describe above for the strings of length two is deceptively 
simple. The extension of this same kind of description to strings of lengths 
greater than two soon becomes rather awkward if sufficient dimensions are 
required to locate with precision any grammar (or concept) in the set of all 
grammars. From experiments now being undertaken with Madeleine Schlag­
Rey and some related experiments being conducted with elementary-school 
children in conjunction with I rene Rosenthal, it appears that for purposes of 
initial simplification of analysis we may in the case of strings of length three 
reduce the dimensions of the property space to a fairly small number, and 
Jump the remaining unusual and 110t-likely-to-be-thought-of properties to­
gether. To give some rough indications of what we are finding, let me 
describe briefly the situation. In dealing with strings of length three, with the 
strings being built up from two sym bois, there are 28 

- 2 = 254 possible non­
trivial grammars. We have found, however, that about 80-85 percent of the 
grammars conjectured by subjects may be classified under six main property 
headings and so we have restricted the analysis to these six properties to­
gether with a catch-all seventh category in which we place the remainder. The 
main point of our investigation at the present time is to find out to what 
extent the behavior of subjects in selecting and rejecting grammars (or more 
generally concepts or hypotheses) may be accounted for in terms of the 
application of stimulus-sampling models to the seven properties. To use the 
physical language mentioned earlier we are attempting to characterize the 
motions of the subjects' changes in concepts or hypotheses in terms of 
random walks with respect to the most salient properties, as for example, the 
occurrence of a 0 or 1 in one of the three positions, or the occurrence of a 
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matching pair in the first and second, the second and third, or first and third 
positions. 

It is too early yet to decide whether or not this particular approach to 
concept formation will prove to be a fruitful one. Before concluding, I do 
want to indicate how the generalized conditioning models studied in Suppes 
and Schlag-Rey [1962aj, which were mentioned earlier, have a bearing on 
finding the properties which are most salient for subjects in structuring 
their approach to the solution of a problem. The experiment analyzed was 
one with a probabilistic reinforcement schedule in which the reinforcement 
in a two-choice situation, on a given trial, depended or was contingent upon 
the subject's own preceding two responses. We were particularly concerned 
to analyze the experimental data to find the nature of the patterns to which 
subjects seem most likely to condition their responses. 

Basic data examined in the experiment were the conditional probabilities of 
an A 1 response given the reinforcements and responses of the two preceding 
trials. Ten different modds, each postulating that the conditioning of the 
responses depended on a different pattern, were considered. In Class I of the 
models the sequential dependence or conditioning was defined in terms of the 
two physical sides 1 and 2 of the key and light apparatus (of course, for some 
subjects side I was on the left side and for some subjects on the right). The 
point is that the conditioning parameters in Class I were defined in terms of 
the side. The five special cases considered in this Class were defined by 
restricting the dependency of A I.n + 1 to: (a) the response and reinforcement 
that occurred on trial n; (b) the two preceding reinforcements; (c) the two 
preceding responses; (d) the two preceding reinforcements and the im­
mediately preceding response; (e) the two preceding responses and the im­
mediately preceding reinforcement. 

In Class II the conditioning parameters were defined, not in terms of the 
sides 1 and 2, but in terms of successful and unsuccessful responses, re­
warding and punishing reinforcements, repetition or alternation responses, 
etc. In particular the five special cases were defined by: (a) the reinforcement 
on trial n was punishing or rewarding ; (b) the reinforcements on trials n-1 
and n were punishing or rewarding; (c) the reinforcement on trial n was 
punishing or rewarding, and the response of trial n indicated anticipation of a 
repeating or alternating reinforcing event; (d) the reinforcement on trial n 
was punishing or rewarding, and the response on trial n was a repetition or 
alternation of the response on trial n -1; (e) the reinforcements on trial n-1 
and n were punishing or rewarding, and the response on trial n was a repetition 
or alternation of the response on trial n - 1. 
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From the standpoint of the present paper these ten models provided an 
opportunity for gathering information on the kind of structure subjects tend 
to impose in such a probabilistic situation. The observed transition proba­
bilities and the goodness-of-fit tests for the ten models of Class 1 and Class II 
are given as Table 2 of Suppes and Schlag-Rey [1962a], and will 110t be 
reproduced here. The most important observation about the results of the 
goodness-of-fit tests, however, is that with the same net number of degrees of 
freedom the fits of Class II models were uniformly better than Class 1. In 
addition, the-assumption that the conditioning can be explained in terms of 
the last reinforcement's being punishing or rewarding yields a better fit than 
did any of the Class I assumptions with four parameters. The uniformly 
better results of the Class n models in comparison with the Class I models 
supports the hypothesis that subjects are in many cases more likely to sample 
patterns of stimuli defined in terms of complex relational properties than in 
terms of relatively concrete single events. Detailed information about the 
relative saliency of such relation-defined patterns is one of the most important 
things needed to move ahead with an empirically adequate theory of concept 
formation. 

The ideas about concept formation set forth in this paper are meant to be 
suggestive rather than definitive. I do hope, however, that the various kinds 
of examples considered present adequate evidence for maintaining that any 
theory of complex problem solving cannot go far simply on the basis of 
Bayesian decision notions of information processing. The core of the problem 
is that of developing an adequate psychological theory to describe, analyze 
and predict the structure imposed by organisms on the bewildering com­
plexities of possible alternatives facing them. The simple concept of an a 
priori distribution over these alternatives is by no means sufficient and does 
little toward offering a solution of any complex problem. 

Moreover, understanding the structures actually used is important not 
only for an adequate descriptive theory of behavior but also for any nor­
mative theory intended to be applicable to human beings with tinite powers 
of memory and computation. As the standard literature of inductive logic 
comes to grips with more realistic problems the overwhelming combinatorial 
possibilities that arise in any complex problem will make the need for higher­
order structural assumptions self-evident. 
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