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In January 1963, the Institute for Mathematical Studies in 

the Social Sciences at Stanford University began a program 

of research and development in computer-assisted instruction. 

The Institute's program in computer-assisted instruction is 

under my direction and that of Richard C. ATKINSON. We are 

both members of the Stanford faculty. In its original inception, 

John McCARTHY of the Department of Computer Science at 

Stanford played an important role in the design and operation 

of the Institute's computer facilities. The various research 

projects have been supported by the National Science Foundation, 

the United States Office of Education and the Carnegie Corpo­

ration of New York. 

The initial instructional system in the Institute consisted of 

a medium-sized computer (a PDP-i) and six student stations 

placed within 100 feet of the computer. Each student booth 

contained two visual-display devices. The first was a random­

access optical-display device developed for the laboratory 

xWork on this paper has been supported by two NSF grants to 

Stanford, G-18709 and GJ-443X. 
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by IBM Corporation that presented microfilmed source 

material on a 10-inch by 13-inch ground-glass screen. It was 

possible to encode the equivalent of a 512-page book 

(8-1/2-inch by ii-inch standard page) on microfilm and any 

page, or one-eighth of a page, could be displayed randomly 

within 1 second. The student responded to the display by 

using a light pen on the face of the screen itself. As the 

pen was touched to the screen, the coordinates of that 

position were sent to the computer for comparison with any 

predesignated areas of the screen. The accuracy of the light 

pen permitted identification of a 1/4-inch square on the 

screen. This device, which was the predecessor of the 

IBM-1500 system mentioned below, has been phased out and 

is no longer in the Institute. 

The second display device, which is still in use, was devel­

oped for the Institute by the Philco-Ford Corporation. It is 

a cathode-ray tube, commonly called a "scope". It can display 

points of light in an area 10 inches high by 10 inches wide 

with 1,024 possible positions on both the horizontal and 

vertical axes. In addition to individual points, 120 pre­

arranged characters may be displayed in five different sizes. 

It is also possible to display vectors by simply identifying 

the end points. A typewriter keyboard is attached to the 

scope and may be used to send information from the student to 

the computer. 

Until June 1968, the central computer was a PDP-l designed 

by Digital Equipment Corporation. It has a 32,000 word core 

and a 4,000 word core, which can be interchanged within the 

32 bands of a magnetic drum on files stored on two IBM-1301 

disks. The two IBM-1301 disks were replaced by two IBM-2314 

disks in the fall of 1968, and a PDP-l0 became the main 

computer, although the PDP-l is still in operation. The 

computer configuration as of June 1969 is shown in Figure 1 

below. 
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Figure 1. The Stanford CAl system configuration as of June, 1969. 
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ln the 1963-64 school year, the first operational instruction 

program available in any form at all was a program in elemen­

tary mathematical logic. This program was first demonstrated 
on December 12, 1963, and two lessons consisting of 23 prob­

lems were run with four sixth-grade students on December 20, 

1963. An additional two fifth graders were run for demon­

stration purposes on January 7, 1964. An occasional demon­

stration was given every month or so during the spring. More 

importantly, some 20 lessons giving a fairly detailed intro­

duction to sentential logic were written and programmed during 

the spring. In the summer of 1964, these lessons, which were 

presented on the scopes, were run with two fifth-grade boys. 

One boy had 32 sessions for a total of more than 15 hours at 

the terminal, and the second boy had 38 sessions for a total 

of more than 36 hours at the terminal. 

In the spring of 1965, 41 fourth-grade children were given 

daily arithmetic drill-and-practice lessons on a teletype 

machine in their classroom at Grant School in the Cupertino 

Union School District (April 19 to June 4, 1965). This 

installation constituted an important first step in moving 

terminals from the Stanford campus to elementary schools, 

with direct connection from the computer to the terminals 
by telephone lines. 

During the 1965-66 school year, drill-and-practice teletype 

programs were conducted in three schools. In September, the 

arithmetic drill program at Grant School was expanded, with 

two teletypes for each of Grades 4, 5 and 6. On February 2, 

1966, two more teletypes were added for thirdgrade classes. 

By the end of the year, of the 270 participating students, 

62 were third graders, 76 were fourth graders, 70 were fifth 

graders, and 62 were sixth graders. A detailed description 

of this first year of relatively large-scale operation of 

the drill-and-practice teletype program is to be found in 
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SUPPES, JERMAN and BRIAN (1968). 

During the spring of 1966, four teletypes were used for 

drill-and-practice work in spelling at Costano School in 

Ravenswood City School District. Audio was provided from 

the Institute's central computer facilities by a second 

telephone line and earphones. 

In the summer of 1964, the Institute was granted a contract 

by the United States Office of Education to investigate the 

feasibility of teaching mathematics and reading as an 

integral part of an elementary-school program by using 

individualized, tutorial computer-assisted instruction over 

an extended period of time. The site chosen was the 

Brentwood Elementary School (Ravenswood City School District) 

in East Palo Alto, California. The Laboratory was housed in 

a speciallY built unit and was equipped with an IBM-1500 

Instructional System operated by an IBM-1800 computer. 

(Use of this equipment was terminated on Juli 1, 1968). 

The first students were run on the system on October 27, 1966. 

For the 1966-67 school year, over 100 children, including 

all the firstgrade students at Brentwood, participated in the 

project. Half of the students had daily computer-assisted 

instruction in mathematics, and the other half had daily 

sessions in reading. (For information on the reading program 

see ATKINSON, 1967; ATKINSON and HANSEN, 1966; WILSON _and 

ATKINSON, 1967.) 

In addition, the drill-and-practice program was expanded 

during 1966-67. Summary statistics are given in Table 1. 

In March 1967, two teletypes were put in operation at the 

Morehead State University Laboratory School in Morehead, 

Kentucky, more than 2,000 miles from Stanford. As in the 

case of other schools, the connection to the Institute's 

computer was by ordinary telephone line. Teletypes were 

added at other schools, mostly in California, so that the 

starting number of 877 students increased to slightly over 

1,500 students at the end of the school yea~. 



TABLE 1 

Stanford ~rograms in Computer-assisted Instruction 

'Program 66-67 67-68 68-69 69-70 

Drill-and-practice mathematics 
Grades 1-8 (block structure) 

California 1,500 1,441 2,475 122 
Iowa 640 
Kentucky 1,632 1,060 
Mississippi 640 2,113 
Ohio 101 
Washington 92 139 

College level 
Tennessee (algebra) 206 183 

Tutorial primary-grade mathematics 53 73 
Tutorial reading, Grade 1 50 88 
Drill-and-practice in initial reaqing ..... 

O'l 
Grades 1-3, Remedial 4-6 0 

California 442 642 
Language Arts 30 

Drill-and-practice mathematics 
Grades 1-6(strands structure) 

1,713 
165 

Washington, D. c. 39 

Tutorial computer programming 115 177 
Tutorial logic and algebra 

Grades 4-8 76 195 49 459 

Tutorial problem-solving 
Grades 5,6 21 20 18 

First- and second-year Russian 10 30 52 77 
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In addition, 31 students (average age about 10 years) at 

Walter Hays Elementary School in Palo Alto, California 

participated in a teletype program on symbolic logic and 

modern algebra. Lessons were prepared for two courses of 

study, sentential logic and elementary algebra. Both courses 

used the same logic program, but had separate introductory 

tracks for rule names and applications. For most of the year 

the sentential logic stressed derivations using symbols, and 

the algebra emphasized numerical derivations; however, rules 

from both were required for some proofs near the end of the 

year. Each child alternated his course of study from one day 

to the next; logic one day, algebra the next. 

The logic program was intended to be self-contained as tutorial 

computer-assisted instruction at a teletype terminal, but 

students were able to question a staff member who was available 

in the teletype room when the logic program was running. 

Although a condiderable amount of individual instruction was 

given to some students while they were working at the terminals, 

very little group instruction occurred. 

The format used for the logic problems was similar to that used 

in earlier years. To illustrate the content, I consider Lesson 1. 

It contained 19 problems that were written in symbolic format 

with two or three premises and that required one-step proofs 

applying modus ponendo ponens, a rule of inference familiar 

to all the students. The rule was abbreviated AA for affirm 

the antecedent. The students needed to know that 'R~ S' 

meant 'if R then S', that 'R-? S' was a conditional sentence 

whose antecedent was R and consequent was S, that 'Pi was 

the abbreviation for 'premise', and that the use of AA 

required two line numbers with the line number of the con­

ditional sentence followed by the line number of its ante­

cedent. A period separated the two line numbers. After the 

teletype had printed what the student was to derive and the 

given premises, the typewheel positioned itself for the 

studen~s instructions. The student then typed the abbreviation 

for the rule and the line numbers required for its application. 

The next information printed by the teletype was either a 

valid step based on the student's input or an error message 
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if the student had given instructions for an invalid step. 

The teletype proceeded to the next problem when the student 

had completed the desired derivation. An example from Lesson 1 

is the following: 

Derive: L 

P (1) K +L 

P (2) M 
p (3) K 

(4) L. 

The underlined phrase indicates what the student typed for 

this problem. The remainder of the typing was performed 

automatically under computer control. 

The algebra curriculum was presented in much the same format 

to the students as the logic curriculum, with the exception 

that rules were introduced in a notebook written in a pro­

grammed format. This approach was initiated because there 

was no multiple-choice mode available when the algebra 

program started. 

Directions written into the program instructed the student 

when to read the introduction and when to solve the problems 

for a new rule in his notebook. The student then used the 

answer section in his notebook to check his work. The first 

two pages of the notebook included the rule names for both 

the logic and algebra programs and examples of their 

application. Each student had his notebook at the teletype 

terminal available for reference each day. 

Lesson 1 contained 10 problems in which the student practiced 

the Rule of Number Definition (ND), (Each positive integer 

greater than 1 is defined as its predecessor plus 1. Thus 

2 : 1 + 1, 3 = 2 + 1, etc.) This rule was printed with a 

prefix that indicated which number the machine was to present 

and define. For example: 

Derive: 6 5 + 1 

6ND (1) 6 ~ 5 + 1. 

The underlined section shows the student's command to the 

computer. 
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Lesson 2 presented 15 problems that required the student to 
apply the Rule of Number Definition and then the new rule, 

Definition (D), that allowed the definition of a particular 

number to be substituted for (the name of) the number in a 

given number sentence. A prefix number in front of the rule 
abbreviation indicated the number that was to be replaced 

by its definition, and a postfix number indicated which 

occurrence of the number in the given sentence was to be 

defined. For example: 
Derive: 8 
aND (1) 
7D1 (2) 

(3) 

= 
8 

a 
B 

«5 
= 
= 
= 

+ 1) + 1) + 1. 

7 + 1 

(6 + 1) + 1 

«(5 + 1) ~ 1) + 1. 

The remaining lessons continued in the same vein, but with 

emphasis on more difficult problems. 

In September 1967, 30 students at Stanford University enrolled 

in a course of computer-based elementary Russian for credit. 
Professor Joseph Van Campen of the Department of Slavic 

Language at Stanford was responsible for the development of 

the computer-based Russian course. A control class received 

regular classroom instruction, attended a language laboratory, 

and submitted written homework assignments. In a computer­

based instruction class, regular classroom instruction was 
eliminated and work at Model-35 teletypes with Cyrillic key­

board and audiotapes with earphones was substituted. The 

students received instruotion at the terminals for a period 

of 50 minutes per day, 5 days a week, throughout the entire 

academic year. 

The statistical evaluation of the Russian course has been 
positive in'two major aspects. 

Of the 30 students who started the first-year oomputer-based 

course, 1 left during the first quarter, 3 left between the 

first and second quarters, 1 left during the second quarter, 

and 3 left between the second and third quarters. Two new 

students entered the computer-based section at the beginning 

of the second quarter. Of the 38 students enrolled for the 
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autumn quarter in the regular Russian section, 10 left the 
course during the first quarter, 13 left between the first 

and second quarters, and 3 left between the second and third 
quarters. Four new students entered the regular section at 
the beginning of the third quarter, 1 of them having trans­

ferred from the computer-based class. Of the 30 students 

originally enrolled in the computer-based program, 22 (73 
percent) finished all three quarters, whereas, of the 38 

students in the regular class, only 12 (32 percent) finished 

the year's curriculum. This finding suggests that the 

computer-based course held the interest of the students much 

better than the regular course did. Probably because Russian 
is more difficult than French, Spanish or German for American 

students, the dropout rate in Russian at Stanford and other 

universities is traditionally high. 

Approximately 66 percent of the content of the final examina­
tions for the autumn and winter quarters was identical for 

the computer-based and the regular Russia~ sections; the 

complete final examination for the spring quarter was iden­
tical for the two groups. The number of errors for each 

student, when the students are ranked according to their 

performance on the final examination, is shown in Figures 2, 

3 and 4 for the fall, winter and spring quarters, respectively. 

Although the average number of errors was lower for the 

computer-based students in all three quarters--15.8 relative 

to 49.0 in the fall quarter, 21.8 relative to 25.8 in the 

wlnter quarter,and 53.0 relative to 71.1 in the spring 

quarter--the difference was statistically significant for 

the fall quarter (Mann-Whitney U test, P < .001) and the 

spring quarter (P < .05), but not for the winter quarter. 
Since the selection process resulting from the poorer 

students leaving the regular course biases the results 

on the examination against the computer-based group, the 

superiority of the computer-based group on the spring 

examination is more impressive than the difference indicated 

by the average number of errors. 
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In 1968-69, the project in East Palo Alto schools shifted 
major emphasis from tutorial programs to drill-and-practice 
programs in elementary mathematics and reading. All eight 
elementary schools in the Ravenswood district were involved. 
Forty teletype terminals modified for audio were used in 
the reading program for Grades 1, 2 and 3, and 50 teletype 
terminals were used for arithmetic in Grades 1 to 6. 

The total number of students enrolled in the drill-and­
practice program in elementary arithmetic grew to over 6,000 
during the year. Again summary data are shown in Table 1. 

Under the direction of Professor ATKINSON, an initial reading 
program was designed and prepared that would complement any 
classroom reading series by providing drill and practice in 
the basic subskills for the complex task of learning to read. 
This program, pioneering the use of digitized audio, was 
made available to 442 first-, second- and third-grade students. 

A remedial mathematics course for college students was pre­
pared and run with students at Tennessee State University, 
The drill-and-pratice program emphasized computational skills 
in arithmetic and elementary algebra. The program included 
sections on concept development as well. Students spent 20 
minutes a day on terminal~ and the remainder in regular 
class sessions. The terminal installation consisted of 20 
teletypes and a PDP-8 computer serving as a multiplexing 
device, connected by high-speed phone line to the 
Institute's central computer at Stanford. 

The students who began work in logic and algebra on terminals 
in their school in 1966-67 continued during 1967-68 and 1968-69. 
By June of 1969 they were about twelve years in age and had 
proved most of the standard elementary theorems that hold 
for ordered fields. At this point their intensive work 
terminated because of their graduation from elementary school. 



The second-year computer-based Russian course consisted of 
113 lessons and was offered for credit at Stanford Univer­
sity through the Department of Slavic Languages and 
Literature. Disk-generated, computer-generated individualized 
review sessions and analyses of student performance were 
initiated and preliminary tests were made in the computer­
based generation of sentences from individual vocabulary 
items. 

For the autumn quarter, 1968, 19 students enrolled in the 
computer-based class and 11 enrolled in the conventional 
class; for the winter quarter, 1969, 18 students enrolled 
in the computer-based class and 8 enrolled in the conven­
tional class; for the spring quarter, 1969, 15 enrolled in 
the computer-based class and 6 enrolled in the conventional 
class. The results paralleled those for the previous year. 

The system was expanded during the year, as shown in Fig. 1, 
into a network that included students in Kendall School for 
the Deaf in Washington, D. C. on the east coast and students 
in the Special Education Unit of the University of Washington 
in Seattle on the west coast. 

A tutorial program in computer programming was initiated with 
high school students in Woodrow Wilson High School in San 
Francisco. Two languages, SIMPER and LOGO, were taught. The 
nonstandard languages were developed especially to provide 
an introduction to some of the basic ideas underlying com­
puter programming. The terminal installation consisted of 
15 teletypes. 

In 1969-70 fewer terminals were on the system than in the 
previous year, because two of the major centers (Mississippi 
and Kentucky) continued with systems of their own, and 
because there was a decrease in the level of federal support 
to other schools. 

The block program for Tennessee State University was 
continued throughout the year. New course material was 
prepared. The content of the program included a review of 
arithmetic and intermediate algebra in a drill-and-practice 
mode. 
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The number of instructional programs increased as shown in 
Table 1. In the spring, the block version of the drill-and­
practice mathematics program (for a detailed description of 
the block version, see SUPPES, JERMAN and BRIAN, 1968, or 
SUPPES and MORNINGSTAR, 1969) was replaced by a new program, 
which I now describe. 

During the summer of 1968, development began on a major 
revision of the drill-and-practice program in arithmetic. 
The revised program evolved when attention was diverted from 
a program that could duplicate and expedite classroom proce­
dures for a given grade to a program that could provide the 
most efficient drill for a given individual from the start 
of Grade 1 through the end of Grade 6. The questions used 
to determine what types of problems a child should receive 
on a drill changed from "What grade is the child in?" and 
"What is usually taught at that grade level?" to "What con­
cepts has this child mastered?" and "What should this child 
learn next?" 

Attention to the child rather than to the classroom resulted 
in a reorganization of the drill-and-practice material in 
elementary-school mathematics into ungraded strands. The 
student, working on several strands simultaneously, begins 
at the bottom of a strand and moves upward on each strand 
as a function of his ability to perform correctly on that 
strand. Since movement along a strand depends on the stu­
dent, the level of performance on one strand relative to 
the level of performance on other strands creates a problem 
set for one student different from the problem set for 
another student. Thus_, unlike in the traditional classroom, 
each student is solving a different set of problems, and 
each set of problems contains problem types from each 
strand appropriate to the ability level of the student 
involved. 
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The strand system consists of three major elements: 

1. A curriculum structure that classifies the problems appro­

priate for an elementary-school mathematics program; 

2. A set of rules for determining the problems to be presen­

ted to each student; 

3. A set of rules to define the progress of a student through 

the structure. 

The present curriculum structure contains 15 strands. 

Each strand includes all problem types of a given concept, 

e.g.,fractions, equations, or of a major subtype of a concept, 

e.g., horizontal addition, vertical multiplication, presented 
in Grades 1-6. Table 2 shows the 15 strands and the portion 

of the six-year curriculum for which they are appropriate. 

Within each strand, problems of a homogeneous type, e.g., 

all horizontal addition problems with a sum between zero 
and five, are grouped into equivalence classes. Each strand 
contains either 5 or 10 classes per half year with each 

class labeled in terms of a grade-placement equivalent. 

A problem count of problem types occurring in three major 

elementary-school mathematics texts and data collected 
during the past three years of the drill-and-practice pro­

gram at Stanford were used to arrange the equivalence 

classes in an increasing order of difficulty and to insure 

that new skills, e.g., regrouping in addition, were intro­

duced at the appropriate point in the curriculum. 

In addition to the ordering of the problems within a 

strand, we must know how much emphasis is needed on each 
strand at a given point in the year. To determine this, 

we divided the curriculum into 12 parts, each corresponding 

to half a year. A probability distribution was defined for 
the proportion of problems on each strand for each half 

year. Both the problem count from the three textbooks and 
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TABLE 2 

Content and Duration of Each Strand 

Content Grade range 

Counting and place value 1.0-7.0 

Vertical addition 1.0-6.0 

Horizontal addition 1.0-3.5 

Vertical subtraction 1.5-6.0 

Horizontal subtraction 1.0-3.5 

Equations 1.5-7.0 

Horizontal multiplication 2.5-5.5 

Vertical multiplication 3.5-7.0 

Fractions 3.5-7.0 

Division 3.5-7.0 

Large numbers and units of measure: 
time, money, linear measure, dozen, 
liquid measure, weight, Roman numerals, 
metric measure 1.5-7.0 

Decimals 

Commutative, associative, and 
distributive laws 

Negative numbers 

Problem solving 

3.0-7.0 

3.0-7.0 

6.0-7.0 

3.0-7.0 
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the average latency for problem types based on past data 

were used to characterize the curriculum distribution. The 

final proportions in terms of time and problems for each 

half year for each strand are shown in Table 3, with the 

exception of Strand 15 (problem solving) which is handled 

separately. 

A student's progress through the strand structure is a 

function of his performance on each strand. As certain 

criteria of performance are satisfied for a given strand, 

the equivalence class from which the student is receiving 

problems changes, with a corresponding change in the 

student's grade placement on the strand. The criterion for 

a given equivalence class is a function of the strand and 

half year of which that class is a member. 

For each equivalence class the criterion is stated in terms 

of three integers, W, Y and Z. After every Y problems on 

a strand the student's performance is examined; if he did 

W or fewer problems correctly, he moves down one equivalence 

class; if he did more than Wand fewer than Z problems 

correctly, he stays at the same equivalence class; if he 

did at least Z problems correctly, he moves up one equiva­

lence class. An exception to the criterion for movement is 

made when a student is presented problems from a given e­

quivalence class for the first time. In such a case, a 

check is made after the first three problems; if the stu­

dent did all three incorrectly, he moves down one equiva­

lence class. 

The calculation of the values of W, Y and Z for each 

equivalence class involved the combination of known facts, 

estimated facts and several assumptions. Knowing the amount 

of time a student would spend doing problems during a half 

year, and estimating the average latency from presentation 

of a problem to a response from the student for each problem 

type (equivalence class), we estimated the number of problems 



Table 3 

Proportion of Time and Proportion of Problems for Each Strand in Each Half Year 
=============================================================================================== 

Initial point of half-year interval 

Strand 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0 5.5 6.0 6.5 
PT PP PT PP PT PP PT PP PT PP pT PP PT PP PT PP PT PP PT PP PT PP PT PP 

1 50 36 24 18 24 16 17 12 10 10 5 4 7 8 7 8 8 10 11 14 14 20 10 10 

2 10 14 10 12 9 12 19 22 19 20 7 6 8 10 2 2 3 4 1 2 

3 26 32 21 28 21 26 9 10 8 8 

4 9 12 8 12 15 18 22 20 10 8 13 10 3 2 3 4 1 2 

5 14 18 10 14 16 16 9 10 4 4 

6 17 10 12 10 16 12 17 16 14 12 17 20 7 8 5 8 7 12 7 12 8 10 I-' 
-.J 

7 7 10 3 6 8 14 5 10 3 6 2 8 +: 

8 10 14 5 6 14 16 6 8 8 4 7 4 5 2 

9 6 4 4 4 15 24 13 22 20 32 17 32 18 26 

10 15 18 22 10 34 16 48 16 33 6 40 8 13 2 

11 9 6 10 8 8 6 8 6 11 6 7 8 7 8 5 8 5 8 5 8 5 6 

12 6 6 9 8 7 8 5 6 4 6 11 14 7 10 36 38 

13 3 4 5 6 5 6 3 4 3 6 3 6 1 2 1 2 

14 2 4 4 4 

Note: PT proportion of time; PP proportion of problems. 
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a student would receive from each strand during a half year. 

Then, assuming t~lat a student has an average probability 

correct of .70, the values of W, Y and Z were computed so 

that a student would be expected to increase his grade 

placement by .5 on all strands during a half year of time 

at the computer terminal. 

I turn now to some of our plans at Stanford for the develop­

ment of computer-assisted instruction in the coming decade. 

Let me begin by mentioning some of the things we are planning 

for the logic and mathematics programs. Perhaps the central 

limitation of these programs at the present time is their 

requirement that the student construct an explicit formal 

proof for every theorem. Somehow the routine steps of more 

advanced mathematical work must be compressed and eliminated 

from the student's explicit focus of concern in order to 

provide adequate time to concentrate on the crucial conceptual 

steps in a given proof. Published mathematical proofs, even 

in relatively elementary textbooks, are far from formally 

complete. We must close the gap between this formal 

incompleteness and the theoretical conception of a proof in 

the formal sense. The most promising approach to this central 

problem in the development of more advanced mathematics 

courses in CAI i~ the use of theorem provers for instructional 

purposes. With theorem provers the student can instruct the 

program to move from one point to another in the proof. The 

steps in these moves are modest and of the right level of 

difficulty for theorem provers; they cover the many routine 

steps that are tedious and far too boring for the student 

to make explicitly if he is called upon to prove any genuinely 

interesting theorems. For example, repeated use of the 

commutative and associative laws in a fashion that is common 

in elementary algebraic arguments would be turned over to 

the theorem prover to execute. The same remark applies to 

all standard arguments using sentential or predicate logic. 

Once the student has learned the elements of sentential 
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and predicate logic, the routine applications may properly 

be assigned to the theorem prover by the student. 

As one mode of operation for the use of theorem provers, 

we introduce an additional instruction into the proof 

procedures, an instruction called~. In this case the 

s~udent inputs what he wants the theorem prover to show; 

he also indicates the preceding theorems and axioms from 

which the intermediate result should be derived. Our theorem 

prover is of sufficient power to take these intermediate 

steps, but not adequate to take the larger steps required 

for an entire proof. There is good reason to believe that 

this will probably be the situation for several years. My 

own feeling is that the instructional use of theorem provers 

is perhaps one of the best operational arenas in which to 

develop and improve on the results accomplished thus far. 

Without a facility such as a theorem prover I see little 

hope of being able to give self-contained courses that 

catch the spirit of more advanced parts of mathematics in 

the sense of requiring the student to give proofs of the 

main theorems. 

A second and closely related activity for which theorem 

provers are a necessary ingredient is that of monitoring 

a student's activity while he is in the process of searching 

for a proof and then giving him hints of how he may complete 

the proof he has begun. Again, at least in elementary and 

semi-elementary domains of mathematics, there is hope of 

concretely realizing programs of this sort. The data base 

is simple, namely, the elementary mathematical theory, 

together with the data on the student's current attempt at 

a proof. Investigations of ways in which to complete the 

proof begun by the student are in such contexts not overly 

difficult. The theorem prover searches for a way to complete 

the proof and then gives the student a hint of the next 

step to take when he has run out of conjectures himself. 
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Preliminary work that we have begun on this line of attack 
seems promising. I do not for a moment underestimate the 

problems of extending our work to more complex bodies of 

mathematics. I do think it is an important direction for 

developing richer mathematical courses in a computer-based. 

environment. 

The bulk of our research at Stanford and research conducted 

elsewhere on student performance in computer-based courses 

is at a very empirical level. Roughly speaking, the behav­

ioral research falls into two classes. One class of studies 

is concerned with external evaluation by achievement test 
data of the comparative performance of students in CAl. 

In these studies, control groups of a comparable nature 

either receive ordinary instruction or ordinary instruction 

without benefit of supplementary CAl work. The second class 

of studies is concerned to analyze the detailed performance 
of student's responses in a CAl course. Regression studies 
of item difficulty, reported extensively in SUPPES,': HYMAN 

and JERMAN (1967) and in SUPPES, JERMAN and BRIAN (1968), 

are typical. The structural variables that are defined as 

independent variables in these linear regression studies 

involve almost without exception complexities of the 

subject matter and the curriculum, not postulated complexi­

ty of the student. Structural assumptions about the stu­

dent only enter through consideration of the dependent 

variable, which in these studies has been either probability 

of a correct response or latency of response. 

It might be thought that the developments in cognitive 
psychology, especially the structuralism of PIAGET and 

others, would provide a basis for going beyond sheer empiricism 
in considering student responses. Unfortunately, however, 

it does not take an extended perusal of the literature in 
cognitive psychology to determine that the models are not 

sufficiently developed in a mathematical fashion to provide 

a genuine tool for the analysis of data. Perhaps the best 

way to put the matter is that the current cognitive theories 
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are simply not specific and definite enough in their 

formulation of basic assumptions to lead to specific 

predictions. There simply are not the tools in the writ=ngs 

of PIAGET, nor in those of BRUNER and others, adequate LO 

provide predictions of differential difficulty over a 

selection of items drawn from some complex domain like that 

of elementary arithmetic or elementary foreign-language 

learning. I do not claim that PIAGET or BRUNER, for example, 

have stated that they offer such tools. I merely make explicit 

the fact that such tools are not available in the theoretical 

work they have as yet offered us. 

I do think, however, that within the general tradition of 

stimulus-response psychology, tools of an adequate precision 

and complexity are now available for at least the elementary 

parts of skill subjects, such as mathematics and foreign­

language learning. Concerning models for foreign-language 
learning, some preliminary, but at least specific, models 

are offered by CROTHERS and me (1967)x, along with extensive 

tests of these models. In a more recent and promising vein, 

we have begun to use probabilistic automaton models to study 

the performance of students in elementary arithmetic. 

Theoretical formulation of these models is begun in SU?PES 

(1968) and is currently under active development in our work 

at the Institute. Our objective is to build a large probabilistic 

automaton model for the individual student, with individual 

parameters reflecting his state of learning and performance, 

and then to present instruction differentially and contingent-

ly so as to change the values of critical parameters in the 

model of the individual student in a manner that can be 

characterized in one specific sense as optimal. I shall not 

enter into details here, but I do emphasize that I think 

the task of building an automaton to model the individual 

x CROTHERS, E., and SUPPES, P. Experiments in second-language 

learning. New York: Academic Press, 1967. 



- 179 -

student, even in a subject as well defined as elementary 
arithmetic, is far from trivial. We are currently success­
fully testing models for individual parts of arithmetic of 
this sort, and these models have a full information­
processing capacity. But, putting together a common model 
for a given student across, say, the skills of addition, 
subtraction, multiplication and division is already proving 
to be a more complex and difficult problem than we had 
originally anticipated. While I would not want to be overly 
sanguine about the depth of what we shall be able to 
accomplish in the next few years, I do think this is the 
direction in which we must move. The computer program must 
have a more sophisticated and complex representation of 
the student in order to provide instruction that is properly 
tailored to the individual student. 

I have included a bibliography of research at Stanford 
concerned with CAl. Details of what I have said may be found 
in these publications. 
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