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This paper is concerned with inferences from phenomenological
variables to hidden causes or hidden variables. A number of
theorems of a general sort are stated. The paper concludes with
a treatment of Bell's inequalities and their generalization to
more than four observables.

1. Introduction. In this paper we are concerned to present
a number of theorems about inferencas from phenomenological corre-
lations to hidden causes. In other terms, the theorems are mainly
theorems about hidden variables. Most of the proofs will not be
given but references will be cited where they may be found.

To emphasize conceptual matters and to keep technical
simplicity in the forefront, we consider only two-valued random
variables taking the values +l. We shall also assume symmetry for
these random variables in that their expectations will be zero and
thus they will each have a positive variance of one. For emphasis
we sState:

GENERAL ASSUMPTION. The phenomenological random variables
Xpseeesdy have possible values +1, with means E(Xi) =0, 1<11<N.

We also use the notation X, Y, and 7 for phenomenological random
variables. We use the notation E(XY) for covariance which for
these symmetric random variables is also the same as their
correlation p(X,Y).

The basic meaning of causality that we shall assume is that
when two random variables, say X and Y are given, then in order
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for a hidden variable A to be labeled a cause, it must render the
random variables conditionally independent, that is,

E(XY|\) = E(X|MEY|\) . (1)

It is worth noting that although the context for discussion of
most of what we have to say is quantum mechanics; the reasoning
from effects to causes is classical in science and has heen an
important explicit methodology since the appearance of Laplace's
famous memoir of 1774 (1).

2, Two deterministic theorems., We begin with a theorem
asserting a deterministic result, It says if two random variables
have a strict negative correlation then any cause in the sense of
(1) must be deterministic, that is, the conditional variances
of the two random variables, given the hidden variable A must he
zero, We use the notation G(XIA) for the conditional standard
deviation of X given A, and its square is, of course, the
conditional variance,

THEOREM 1 (Suppes and Zanotti (2)). If
() E(XY|A) = E(X|ME(Y|))

(i) po(X,Y) = =1

then

o(X|X) =o(¥|A) =0 .

The second theorem asserts that the only thing required to
have a hidden variable for N random variables is that they have
a joint probability distribution., This theorem is conceptually
important in relation to the long history of hidden-variable
theorems in quantum mechanics. For example, in the original
proof of Bell's inequalities, Bell assumed a causal hidden variable
in the sense of (1) and derived from this assumption his inequali-
ties. What Theorem 2 shows is that the assumption of a hidden
variable is not necessary in such discussions——it is sufficient
to remain at the phenomenological level, Once we know that there
exists a joint probability distribution then there must be a
causal hidden variable and in fact this hidden variable may be
congtructed so as to be deterministic. This theorem shows how
fundamental the question of the existence of joint probability
distributions is in quantum mechanics., Once again another
foundational question, namely, in this case the existence of a
hidden variable, in fact reduces to the existence of a joint
probability distribution.

On the other hand, it is important to emphasize that the
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hidden variable constructed in the proof of this theorem is
physically very unsatisfactory. This is of course natural when
one is concerned to show that no hidden-variahle theory of even
the weakest sort cam be consistent with quantum mechanics, but
when one wants a positive causal theory it is important to impose
additional constraints on the hidden variable. Some of the
theorems we consider later do this.

THEOREM 2 (Suppes and Zanotti (3)). Given phenomenological
random variables XpoweesXys then there exists a hidden variable )\
such that

E(X 50 .,XNIA) = E’(XJ[)\)"-E(XN| A)

if and only if thevre exists a joint probability distribution of
Xl,...,X’. Moreover, \ may be constructed as a deterministic
cause, i.e., for 1 <i <N

3. Exchangeability. We now turn to imposing some natural
symmetry conditions both at a phenomenological and at a theoretical
level., The main principle of symmetry we shall use is that of
exchangeability. Two random variables X and Y of the class we
are studying are said to be exchangeable if the following
probabilistic equality is satisfied.

P(X=1, Y==1) = P(X = -1, Y =1) , (2)

The first theorem we state shows that if two random variables
are exchangeable at the phenomenological level then there exists
a hidden causal variable satisfying the additional restriction
that they have the same conditional expectation if and only if
their correlation is nonnegative,

THEOREM 3 (Suppes and Zanotti (4)). If X and Y are exchangeable,
then there existes a hidden variable A such that

(i) E(XY|A) = E(X|NE(Y|))

(i) E(X|A\) = E(Y|\)

i1f and only if

p(X,Y) >0 .
There are several useful remarks we can make about this theorem,
First, the phenomenological principle of symmetry, namely, the

principle of exchangeability, has not been used in physics as
explicitly as one might expect. In the context of the kinds of
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experiments ordinarily used to test hidden-variable theories the
requirement of phenomenological exchangeability is uncontrovevsial.
On the other hand, the theoretical requirement of identity of
conditional digtributions does not have the same status., We
emphasize that we refer here to the expected causal effect of A,
Obviously the actual causal effects will in general be quite
different, We certainly would concede that in many physical
situations this principle may be too strong. The point of our
theorems about it is to show that once such a strong theoretical
principle of symmetry is required then exchangeable and negatively
correlated random variables cannot satisfy this theoretical
principle of symmetry.

We now turn to the only thecrem whose proof we give in this
paper. This is the strengthening of Theorem 3 to show that when
the correlations are strictly between zero and one then the
causal variable cannot be deterministic. What is important from
our conceptual standpoint is to show that the principles of
symmetyry used in Theorem 3 force us to stochastic hidden variables
for corxrrelations that are not deterministic or strictly zero.

THEOREM 4, Given the conditions of Theorem 3, 1f 0 < p(X,Y) < 1,
then A cannot be deterministic, Z.e., o(X|\),c(Y|\) # 0.

PROOF, We first observe that under the assumptions we have
made s

Min{P(X =1, Y==1), P(X=1, Y=1), P(X = w1, Y =1)} >0 .

Now, let Q? be the probability space on which all random
variables are defined. Let @ = {4.}, 1 <7 <& and ¥ = {1},
1 <j <M be two partitions of {, “We say that ¥ is a refi%ement
of din probability if and only if for all Z's and j's we have:

1f P(A. NH.) > 0 then P(4. NH,) =P(H.) .
2 J T J J

Now let X be a causal random variable for X and Y in the sense of
Theorem 3, and let A have induced partition W = {#.}, which without
loss of generality may be assumed finite, Then A Yis deterministic
if and only if ¥ is a refinement in probability of the partition
= {A.} generated by X and Y, for assume, by way of contradiction
that this is not the case. Then there must exist i and J such that
P(Ai N Hf) > ¢ and

%

(A, NH) < P(ES)

but then 0 < P(Ai[Hj) < 1,
We next show that if )\ is deterministic then E(X
which will complete the proof,

M) # B[N,
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Let, as before, %= {H.} be the partition generated by A.
Since we know that J

IP(X =1, Y ==1, B) =P(X=1, Y=-1) >0
J

there must be an Hj such that
P(X = 1, Y= =1, Hj) >0,

but since A is deterministic, ¥ must be a refinement of ¢ and thus
as already proved

P(X =1, Y = -1|Hj) =1,
whence

P(X=1, Y = 1|Hj) =0

P(X = -1, ¥ = zlﬁj) =0

P(X=-1, Y = —1|Hj) =0,

and consequently we have

P(Xx

) = P(Y = -1|H.
JIHJ) ( JIHJ) 1

(3)

P(x=-1|H,) =P(Y=1|E,) =0 .

J J
Remembering that E(X|X) is a function of A and thus of the parti-
tion %, we have from (3) at once that

E(X|A) # E(Y|N) . Q.E.D,

4, Joint distribution. Given the covariances (or correla-
tions) of N random variables of the sort we are considering, it
is natural to ask when a compatible joint distribution exists.
For N = 2, the answer is "always' whatever the correlation, but
already for NV = 3 restrictions are required. For example, if
three random variables have identical pairwise correlations of
-1/2, no compatible joint distribution exists, as is easily
checked. A condition for N = 3 is this:

THEOREM 5 (Suppes and Zanotti (3)). A mecessary and sufficient
condition for the existence of a joint probability distribution
compatible with the given covariances of three phenomenological
random variables X, Y and Z is that the following two inequalities
be satisfied:

-1 < E(XY) + E(YZ) + E(XZ) < 1 + 2Min{E(XY),E(YZ),E(X7)} .
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in view of the following theorem, the condition for three is
necessary and sufficient for four.

THEOREM 6 (Suppes and Zanotti (5)). Let X_,...,X, phenomeno-
logical random variables be given and let i be evén. Then a
necessary and sufficient condition that there exist a joint
probability distribution compatible with the given covariances of
all pairs of the phenomenological random variables is that there
exist such a compatible distribution for each subset of N - 1
varidbles.

Finally, we state the only really difficult theorem in this
paper. The set of inequalities we give for each N is, we think,
gbout as simple as can be expected purely in terms of the co-
variances. The inequalities for N = 3 given in the theorem are
easily shown to be equivalent to the condition of Theorem 5,

THEOREM 7 (Suppes and Zanotti (5)). A4 necessary and sufficient
condition that there exist a joint probability distribution com=-
patible with the given covariances of all pairs of N phenomeno-
logical vandom variables is that

LaaFBX.X.) > (1-n)/2 (4)
icg vd A

for all subsets of odd eardinality n < N and with aijaj = +1,
(The subscript notation stands for summation over 1 < i < J < n.)

It is easy to show that in the symmetric case of all the
covariances being equal Theorem 7 can be simplified as follows:

THEOREM 8. If the given covaritances of all paira of phenomeno-
logical random variables are equal, then there exists a joint
probability distribution compatible with the given covariances 1f
and only if for all 1 <1 < j < W

- 2\7.,;37 i1f N is even,
E(X.X.) > P
v { - =~ <if N is odd.

5. Bell covariances, First, we recall Bell's inequalities
are specifically formulated for measurements of spin of pairs of
particles originally in the singlet state. Let 4 and A’ be two
possible orientations of apparatus I, and let B and B' be two
possible orientations of apparatus II. Let the measurement of
spin by either apparatus be 1 or -1, corresponding to spin 1/2
or -=1/2, respectively. By E(AB), for example, we mean the
expectation of the product of the two measurements of gpin, with
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apparatus I having orientation A and II having orientation B. By
axial symmetry, we have E(A) = E(A') = E(B) = E(B') = 0, i.e.,
the expected spin for either apparatus is 0, It is, on the other
hand, a well~-known result of quantum mechanics that the
covariance term E(AB) is:

E(AB) = - cos eAB s
where © is the difference in angles of orientation 4 and B,
Again, by axial symmetry only the difference in the two orienta-
tions matters, not the actual values A4 and B, (To follow the
literature, we begin with the notation 4, B, A' and B’ for
phenomenological random variables, rather than X_,...,%X,, which
1 N
we go back to later,)

On the assumption that there is a hidden variable that
renders the spin results conditionally independent, i.e., that
there is a causal hidden variable A in the sense of equation (1)
in the first section, Bell (6) derives the following inequalities:

-2 < - E(AB) + E(AB') + E(A'B) + E(A'B') < 2,

-2 < E(AB) - E(AB') + E(A'B) + E(A'B') < 2,

(5)
-8 < E(AB) + E(AB') - E(A'B) + E(A'B') < 2,

-2 < E(AB) + E(AB') + E(A'B) - E(A'B') < 2,

This form of the inequalities is due to Clauser, Horne, Shimony
and Holt (8).

We first prove a theorem that uses the condition of Theorem 5
to derive Bell's inequalities. The theorem is essentially equiva-
lent to one stated by Arthur Fine (7). The proof we give is
different from his but not radically so. We include the proof
because it is simple and it shows how an elementary, purely
phenomenological approach to Bell's inequalities is possible--a
fact perhaps not as widely known as it should be.

THEOREM 9. Bell's imnequalities are a necessary consequence of
the existence of joint probability distributions for any three
of the four phenomenological random variables A, A', B, and B'.

PROOF. We apply directly Theorem 5. For each subset of
three, {4,4',B}, {4,A',B'}, {4,B,B'}, and {4’,B,B'} inequalities
of Theorem 5 hold. Adding the four sets of inequalities, and
dividing by 2, we have:

-2 < E(AA') + E(AB) + E(AB") + E(A'B) + E(A'B') + E(BB')
‘ (6)
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< 2 + Min{E(AA’),E(AB),E(A'B)} + Min{E(AA'),E(AB'),E(A'B')}
+ Min{E(AB) ,E(AB’) ,E(BB’)} + Min{E(A'B),E(A'B'),E(BB")}
To obtain Bell's inequalities from (6), we merely select from
each of the four sets that covariance we desire. To exhibit
details, we derive the second inequality of (5). Since the right
inequality of (6) is satisfied in each case by the minimum of
each set, necessarily it is satisfied by any one of the three.
Thus we get:
E(AA') + E(AB) + E(AB’) + E(A'B) + E(A'B*) + E(BB') €
<2 + E(AA') + E(AB') + E(AB') + E(BB') .

Simplifying (7) we obtain the right-hand side of the second
Bell's inequality (4).

E(AB) - E(AB') + E(A'B) + E(A'B') < 2 . (8)

To derive the left-hand side of this Bell inequality, we use
two of the inequalities that follow from Theorem 5. First, for
the subset {4,4',B}, we have

-1 < E(AA') + E(AB) + E(A'B) , %)
and for the subset {4,A7,B}

E(AA’) + E(AB') + E(A'B') < 1 + 2 Min{E(AA"),E(AB'),E(A'B")}

(16)
< 1+ 2E(A'BY) .
From (10), we obtain at once by elementary operations:
-1 < = E(44") - E(AB’) + E(A'B') , (11
Adding now (9) and (11), we get the desired result:s
~2 < E(AB) - E(AB') + E(A'B) + E(A'B') . Q. E.D,

The natural converse of Theorem 9 also holds—-the proof is due
to Arthur Fine,

THEOREM 10 (Fine (7)). Bell's inequalities are sufficient for
the existence of a joint probability distribution compatible
with the six given covariaices of the phenomenological random
vartables A, A', B, and B,

It is obvious that Theorem 10, not Theorem 9, is physically
interesting and rather surprising. Unfortunately the situation
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becomes more complicated as we go beyond N = 4, To examine the
general case we need to make explicit the idea of what covariances
are given phenomenologically. Garg and Mermin (9) have given a
counterexample to Bell's inequalities being sufficient for eight
random variables when what we term Bell covariances are given,

By Bell covariances we mean covariances E(X.X.) for 1 <7 <<

< g < N, for some integer ia. "Garg and Mefmin's counterexample
is for N = § and 7 = 4, Let E(X1X5) = E(XZX’) =EFEX X ) =1

and E(X.X.) = =1/3'for 1 <7 <1,°<°j4 <N, Tgen it is easy to
show th4t?for the quintuﬁfé (Y’,Q s X ,7',X ) all covariances must
be ~1/3. But it follows at onde frof Theofem 7 that with I = 5,
a. a.= 1, for existence of a compatible joint distribution
skex.x9) > -2, and so there can be no joint distribution compati-
ble %i%h the given covariances all equal to -1/3,

We conclude with a probabilistic analysis of Bell covariances,
Given such a restricted set of covariances, which arise naturally
in quantum mechanics, it is natural to ask under what conditions
there exists a compatible joint distribution, We have as an
immediate consequence of Theorem 7 the following result.

THEOREM 11 (Suppes and Zanotti (6)). Let Bell covariances
E(X,X.), 1 <1 <1,<g<N, be given, Then a necessary and
suf?iéient condition that there exist a joint distribution of
the N variables compatible with the given covariances is that
there exist a solution of the inequalities of Theorem 7, with
the non-Bell covariances as unknowns.
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