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CAI COURSE IN LOGIC
by

PATRICK SUPPES AND JOHN SHEEHAN

Institute for Mathematical Studies in the Social Sciences
Stanford Unwversity

The introductory course in logic at Stanford has been offered as a
computer-taught class every quarter since Spring Quarter, 1972. The his-
tory of the course is given in earlier publications (Goldberg & Suppes, 1972,
1976; Suppes, 1975, 1979; Suppes, Smith, & Beard, 1977; Larsen, Marko-
sian, & Suppes, 1978). This article gives an overview of the operation of the
course, emphasizing data gathered on the behavior of the students enrolled
during 1979-1980. The first section presents student enrollment and re-
sults of a recent student evaluation. The other sections analyze mathemati-
cal models of different types of student performance for the three quarters
of the academic year 1979-1980. Section 2 deals with how often and how
long students worked at the terminals. The last section analyzes students’
proofs of theorems from elementary probability theory, complementing
the analysis of the set theory course elsewhere in this volume.

The structure of the course is shown in Table 1. The core of the course
consists of 29 lessons, which all students are required to complete. The
number of exercises in each lesson, the mean time to complete the lesson,
and the cumulative time, given in parentheses, are shown. Beyond these 29
lessons, students have the option of additional work in Boolean algebra,
qualitative foundations of probability, and social choice theory. As already
indicated, the work in elementary probability theory is analyzed in some
detail later in this article. Many of the exercises involve derivations of some
complexity. Perhaps the most important feature of the program is its ability
to accept any derivation falling within the rules of inference available at
that point in the course. The flexibility of response this gives the students
is unusual in computer-assisted instruction, but it is a feature that is desir-
able in all courses with formal mathematical content.

The rescarch reported in this article was partially supported by National Science Founda-
tion Grants EPP-74-15016-A01, SED-74-15016-A02, SED-74-15016-A03, and SED-77-09698.
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TasLE 1

Mean Time and Cumulative Mean Time for 1979-1980

Student’s
Number of time
Lesson exercises n hours Content

401 19 62 (62) Introduction to logic

402 18 95 (157) Semantics for sentential logic (truth
tables)

403 14 .64 (221) Syntax of sentential logic, parentheses

404 14 108 (329) Dervations, rules of inference, valdity

405 19 345 (674) Working premises, dependencies, and

conditional proof

406 16 171 (845)  Further rules of inference

407 12 222 (10.67)  New and derived rules of inference

408 23 12 94 (23.61) Further rules and indirect proof
procedure

409 24 2.36 (25 97) Valdity, counterexample, tautology

410 13 56 (26.53)  Integer arithmetic

411 7 56 (27 09)  Two rules about equality

412 7 50 (27 59) More rules about equahty

413 7 .39 (27 98)  The replace equals rules

414 7 95 (28.93)  Practice using equality 1n integer
arithmetic

415 11 190 (30 83) The commutative axiom for integer
arithmetic

416 4 96 (8179)  The associative axiom

417 7 224 (34 03) Two axioms and a definition for
commutative groups

418 8 150 (3553) Theorems 1-3 for commutative groups

419 8 1.55 (37.08)  Theorems 4-7 for commutative groups

420 12 118 (3826) Noncommutative groups

421 8 68 (3894) Finding axioms exercises

422 14 194 (40.88)  Symbolizing sentential arguments

428 28 298 (4386)  Symbolizing English sentences in
predicate logic

424 31 364 (47 50)  Inferences involving quantifiers

425 22 290 (50 40)  Quanufiers: restrictions and derived
rules

426 21 157 (5197) Using interpretations to show arguments
nvalid

427 17 428 (56 25)  Quantfiers and interpretation

428 23 6 06 (62 31)  Consistency of premises and
independence of axioms

429 40 4.01 (6632) The logic of identity (and sorted
theories)

1. STUDENT ENROLLMENT AND EVALUATION
1.1 Enrollment

In the eight years that it has been offered as a computer-taught course
at Stanford, the introductory logic course has been completed by 1,569
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students (Table 2). The enrollment has grown each year, from 169 in 1972—
1973 to 249 in 1979-1980. About as many students enroll in Autumn as in
Winter Quarter, but more enroll in the Spring Quarter. In recent years
more students have enrolled than the computer system can handle. The
roughly equal figures for these years reflect the maximum number of stu-
dents allowed in the course. The course is offered by the Department of
Philosophy as a lower-division class, but is taken by students from many
departments because it fulfills requirements for a number of majors.

TABLE 2

Enrollment in Logic Course

Academic
year Autumn Winter Spring

1972-1973 41
1973-1974 53 57 59
1974-1975 82 63 62
1975-1976 50 66 88
1976-1977 58 64 95
1977-1978 74 73 92
1978-1979 67 83 93
1979-1980 73 78 98

1.2 Evaluation

Almost all courses at Stanford are evaluated by the students at the end
of each quarter. For the logic course in Spring Quarter, 1980 (ASSU, 1980),
the students were asked to fill out a questionnaire that is used, as in most
cases, where no other procedures have been developed. The first part of
the form lists 5 general questions and 24 specific features of the course:
students respond with ratings of 1 (poor) to 7 (excellent), or else “not
applicable” or “no opinion” (Table 3). In the second part of the form stu-
dents respond to three items:

1. What were the best things about this course?
2. What improvements, if any, would you suggest if this instructor is to give this
course again?

3. Make any general comments that would be useful to other students who might
take this course.

The last part is for the instructor’s use; students in the logic course were
asked to comment about each of the four teaching assistants. The mean
scores for each course on the five general ratings are published each quarter
in a guide for students. The complete distribution of responses for each
question and the written comments are given to the instructor. The admin-
istration regularly reviews the quantitative results of the survey to monitor
the quality of courses and instruction.
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TABLE 3

Summary of Ratings on the Stanford Course Evaluation
of Introduction to Logic: Spring Quarter, 1980

General 1tem Student rating
Speatfic item N Mean
How good was the mstrucior’s performance? 21 b2
Knowledge of subject 13 6.4
Interest i subject matier 6 57
Clanty of presentation 21 5.4
Preparation 12 58
Inspiration for quality work 17 49
Sumulation of thought and creatvity 20 5.2
Effective use of TAs 24 65
Quality of response to student work 16 4.9
How did the course contribute 1o your learning experience? 25 5 6o
The degree to which the course ncreased your
Knowledge of subject matter 25 61
Interest 1n subject matter 25 53
Desire to pursue subject matter further 25 42
Abihty to identfy and analyze problems 25 6.0
Abihty to discuss subject matter crivcally and competently 24 59
What was the mstructor's relationship with students® 12 54
Respect for student opimon and concerns 11 47
Responsiveness o student questions and comments 14 49
Openness to criticism 5 46
Availabnlity outside scheduled class tme 9 59
How well was the course planned? 25 5 6%
Quality of syllabus 24 60
Clartty and progression of topics/subtopics 25 57
Integration of daffercat parts of the course 25 55
Clartfication of key themes and conclusions 24 54
Appropriateness of text and readings 14 42
Usclulness of ather assignments 6 63
Approprateness of assessment methods 25 56
Overall, how saushied were you with the course? 24 5 82

i

?Equal to or higher than the mean rating for all lecture courses m the survey

Only 25 of the 97 students enrolled for the quarter returned forms. We
think the reasons for this low rate of response are that the forms are dis-
tributed after many students have linished the course and there are no
class meetings when the rest of the students can be asked in person to fill
out the form.

The ratings were, in general, positive, with the highest scores for the
content and structure of the course and the lowest for some of the methods
of presentation. On the general questions the mean values were as high or
slightly lower than all other lecture courses included in the survey; to "gen-
eral satisfaction with the course,” for example, about two-thirds of the
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students responded with “excellent,” (i.e., 6 or 7) and the lowest score
was a single 4. It is important to note that the students also felt that the
methods of assessment were fair, since the course is graded solely by the
amount of work completed rather than by examinations.

On the specific items, highest ratings were given to the teaching assis-
tants, then to the quality and organization of the curriculum. Students
complained most that the course did not interest or inspire them. While
they were satisfied with their accomplishments—learning to perform the
proofs —some students found interacting with a computer frustrating. It is
fair to say that the majority were attracted by the format of the course and
not interested in studying formal logic in depth, which is generally agreed
to be a characteristic of standard lecture courses in elementary logic.

There was general consensus in the written comments of the second part.
Most students said the best features of the course were the freedom to
follow their own schedules and decide how long to work on any part of
the curriculum. The improvements suggested were almost all technical:
getting a better room, fewer computer failures (referring to hardware
more often than software), and more terminals. A few students complained
that there was too much work and others that some explanations were not
clear. The advice offered to other students in almost every case was to start
as soon as possible in the quarter and get ahead. Apparently the course was
longer than these students had anticipated.

The remarks on the teaching assistants varied greatly. Almost all the
students took the opportunity to praise some or all of the assistants, usu-
ally making different comments about each one. These students found the
assistants to be helpful, friendly, challenging, and inspiring; some felt the
availability and performance of the assistants was the best feature of the
course. (Teaching assistants—and sometimes other staff such as program-
mers and researchers —are almost always available, with 30-40 hours per
week scheduled.) There were also comments, both personal and about
teaching performance, that were negative. While one student would praise
the helpfulness of an assistant, another would say that same assistant gave
too much help, while a third would complain that he or she was not friendly.
Different students got along better with different assistants, to the point
that relationships were sometimes polarized.

2. SYSTEM USAGE
2.1 Interactive Sessions

The most unusual (and popular) aspect of the introductory course in
logic for the students is the freedom they have to choose what to do. The
only requirements of the course are several deadlines for completing cer-
tain amounts of the curriculum. Almost every other choice in the course is
left to the student: Each student must decide when and how long to work
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for each session (within the constraints of availability of terminals, building
hours, and computer maintenance); they may choose to spend extra time
reviewing or looking ahead in the curriculum; they have the option to do
extra problems in many of the exercises; and, finally, almost all the text
and audio displays are presented in segments separated by pauses, the stu-
dent choosing when to proceed to the next segment, repeat the last, switch
to a different part of the curriculum, or use the help system. (The time
spent on the course is also affected by the number of users on the com-
puter’s time-sharing system.)

The number and duration of the sessions spent by the students at the
terminal, then, is a salient aspect of study. This section presents data for
the academic year 1979-1980. These records include the date and hour of
the_start of a session and the number of milliseconds of its duration. The
program that gathered these data recorded the time at the start of a session
(or fugon) only after certain events such as the end of an exercise. Hence, if
the session was disrupted (by a program problem or a computer failure)
the time of the logon was not recorded. Similarly, the duration was re-
corded only if no disruptions occurred. In other words, the data presented
below are only partial; there has been no effort at this time to formally
measure the size of the loss, though preliminary analysis shows that it was
less than 10 percent of the actual number of sessions.

Figure 1 shows the number of logons recorded for each day of Spring
Quarter, 1980. The building was open from 8:00 in the morning until 11:00
at night from Monday to Thursday, closing at 5:00 on Friday afternoons,
and open from noon to 5:00 p.m. on Sunday. Students were allowed in the
building whenever anyone was there to let them in, but it was not guaran-
teed that the computer system would be available during unscheduled
hours (due to maintenance of the machine and work on the course pro-
grams). Nonetheless, students worked on the course every day of the quar-
ter. The most active days were those before the deadlines (the end of the

X axis—Week of quarter
Y axis—Number of logons

Frcurk 1. Number of logons each day (Spring Quarter, 1980)
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second, fourth, and sixth weeks of instruction). The average number of
logons per day on weekdays was roughly three-fourths the number of
students enrolled (Table 4).

TABLE 4

Logic Course, 1979-1980:
Descriptive Statistics for Student Sessions

Quarter
Autumn Winter Spring

Number of students 77 82 79
Number of logons 4,502 4,324 4,220
Number of days 77 75 73
Logons per day:

Mean 58.5 57.7 578

SD 44 9 31.2 287

Median 51 55 61

Mmimum 1 0 1

Maximum 155 127 114
Number of weekdays 54 53 53
Logons per weekday.

Mean 66.6 66 4 65.6

S.D. 47 31.4 29

Median 58 64 71

Minimum 1 0 1

Maximum 155 127 114
Durations*

Number recorded 3,749 3,945 3,791

Mean (mun) 51.6 74 73.6

SD. 64.4 76.5 79.2

Median 29.4 50 49

Minimum b 02 05

Maximum 546.44 718.25 715 45

Note Analysis 1s for only those students who registered at
the start of the quarter, this ncludes some who did not com-
plete the course, but not those who started late or were re-
turning to finish mcomplete work from earlier quarters.

The descriptive statistics in Table 4 for the other quarters indicate that
the distribution of daily activity in Winter was similar to that of Spring.
Students in Autumn, however, logged on more often, with more sessions at
the beginning of the quarter than the end (a mean of more than 90 logons
per day for weekdays in the first half of the quarter compared to under 30
per day in the second half). Siill, the mean number of sessions per day is
again about two-thirds of the enrollment, or about 4 or 5 sessions a week
for each student.
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Students in the Autumn not only had more sessions, but also spent less
time at those sessions. The mean duration of the sessions for Winter and
Spring Quarters was about an hour and a quarter, while Autumn Quarter
sessions had a mean of less than an hour. The main difference in the course
in Autumn was that a new version of the program was being used that
caused more sessions to end prematurely due to program errors. It is not
clear, however, why students (throughout the year) logged on more often
earlier in the quarter, particularly in the first two terms. The form of the
distribution is the same for all quarters, however. Figure 2 shows that the
mode of the distribution is the shortest duration, although many sessions
lasted longer than two hours and some more than four hours. Thus, stu-
dents took the opportunity to end a session at any arbitrary time; there is
neither a minimum length that the students are compelled to complete nor
a definite maximum that a student cannot— or normally would not choose
—to work beyond, nor any typical lengths of sessions, other than the ten-
dency for sessions to be short.

2.2 The Dustribution of System Use

The number of students enrolled each quarter is limited on the basis of
prior experience with the capacity of the system. The capacity is deter-
mined for the most part by the number ol terminals allocated (about 14)
and the rate at which students proceed through the course, which is af-
fected by how heavily the computer system is used. The policy [or system
availability described in the last section has been successful. A relevant sia-
tastic for measuring the efficient use of the system is the number of stu-
dents working (or waiting to work) at any time ¢, denoted by X, =0, 1.. ..
Using this notation, an important aspect of the efficient use of the system
is the probability that X; is roughly the number of available terminals, and
the corresponding probabilities of fewer students than terminals (indicating
unused system time), and more students than terminals (measuring student
time lost in waiting). Our goal is not only to estimate the probabilities of
these events in the system as it is now, but also to find a model for future
applications that predicts the same quantities for different numbers of ter-
minals and rates of progress.

Formally, the process {X,, t = 0} is a quene. Reahzations of the process are
determined by s, the number of terminals, the times between arrivals of the
-1st and ith students, T, > 0, =1, . . ., n, (where T, is the time from the
start of the observation to the arrival of the first student), and the dura-
tions of their sessions, U; > 0,:=1, . .., n. Under certain conditions know-
ing the distributions of these variables determines the distribution of X,.
Two assumptions about arrival and departure of students yield the M/M/s



CAI COURSE IN LOGIC 201

EO0A

Avlsly

<1aa-

30094

200+

1004

F.
T
i~
-
ig)
om
B

X axis = Length of session (hrs)
Y axis = Number of sessions

Ficure 2. Distribution of session duration (Spring Quarter, 1980)



202 SUPPES & SHEEHAN

queue. The first is that students arrive one at a time with constant likeli-
hood,

Pr{Xpa=x+1|X,=x}=adt+o(dt),x=0,1,....

The second is that students on the system also leave with (another) constant
likelihood,

Pr{Xpyag=x—1|X,=x} =bdt+o(dt),x=1,2,....

The assumptions characterize the time between student arrivals as an expo-
nential random variable with density

fx) = ae™*, x > 0,

and the duration of student sessions on the system as another exponential
random variable with parameter b and density

g(x) = be™™, x > 0.

The stationary distribution of the length of the queue,
p(x) =lim[Pr{X, = x}] as tincreases, x =0, 1, . . .,

can be computed for known values of 4, b, and s. There are two cases,
depending on whether the rate at which terminals become free when all
are in use (sb) is larger or smaller than the rate a at which students arrive.
If students arrive at a rate greater than those on the system leave, the model
predicts that with certainty the number of students waiting to use the ter-
minals will increase without bound (for an unlimited number of users). In
other words,

Pr{x, =x} — 0 as t increases, forx=0,1, .. ..
On the other hand, if @ < sb, then
plx) >0,x=0,1,....

The parameters of the model can be estimated using the means of the
observed distributions of number of sessions per day and duration of
sessions. If all students who come to work on the terminals stay until a
terminal becomes free and if no students are kept waiting from one day to
the next, the number of sessions started in a day is a Poisson random vari-
able with probability function

x
Pr{4, =x} = P(x, at) =e”“’(L;!)— x=0,1,...;

t represents the number of hours the terminals were available that day and
P(x, r) is the Poisson probability density function with parameter 7. For n
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days of observed activity 4;, 4,, . . . , 4, and corresponding lengths of the
days t;, &3, . . . , ty, the maximum likelihood estimate of a is
A+ A+ ..+ 4,
a —

ittt ...+t

A test of the assumption that the students arrive at any moment with
fixed likelihood is to compare the fit of a model that assumes that there are

two distinct rates of arrival, @’ and a'’, occurring with relative proportions
¢ and 1-¢, so that

Pr{d;=x} =P(x, a’t,a’'t, c) =cP(x, a’'t) + (1<¢)P(x, a''t),

with ¢ as before. The maximum likelihood estimates 4’, 4’’, and ¢ are the
values calculated to minimize the logarithm of the likelihood function

L(d,, d”, C) = Log[P(Al’ a,tl’ a”tl’ C)] +..0+ Log[P(Ana a,tny a”tna C)]
If the logarithm of the estimated likelihood of the simple Poisson is

L(a) =Log[P(A4,, at,)] +. ..+ Log[P(A,, dt,)],

N

then X =—2[L(4) — L(d’, 4''¢)] is a test statistic for the hypothesis
Hy: Pr{A4, =x} = P(x, at,)
versus
H,: Pr{d, =x}=P(x,a't;, ', c),a’ #a’ 0=c¢=1.

Under the null hypothesis the asymptotic distribution of X2 is that of a chi-
square random variable with degrees of freedom equal to the difference of
the number of parameters in H; and H,.

The durations of most sessions are known directly and accurately. For
observed durations D, D,, . . . D,, the maximum likelihood estimate of the
parameter b is the inverse of the sample mean,

n

b= D YD, ...+ D,

The property of the exponential distribution that we anticipated would not
be true of the data is the mode at zero. The data, however, were actually
more concentrated near the origin than predicted by the model. A distribu-
tion that predicts this property is the mixture of two different exponential
random variables; the common density of the D; in that case is

fle, b, b, e) = (1—¢e)E(x, b') +eE(x, b"),

where E (x, p) = pe %, x > 0 is the simple exponential density and 0 <=e=1
is the relative rate of occurrence of the two distributions.
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2.3 Results

Frequency of sessions. The comparison of the two models for daily
activity level rejects the simple Poisson with high significance (Table 5).

TABLE 5.

Maximmum-likelthood Estimates of Models
for Frequency and Durations of Sessions

Quarter

Autumn Winter Spring

Logons per weekday

N 34 40 45
Mean 94 78 75
SD 38 24 18
Median 96.5 72 74
Mimimum 11 38 39
Maximum 155 127 114
Posson muxture model.

Lja 49 59 64
1/d" 115 102 92

é 33 55 59
—2Log(L0) 789 6 5395 466.7
—2Log(L1) 445 5 359.7 396 5

Durations of sessions (minutes)

16 714 8% 3 833
b 6 25 4.35 3.92
¢ 75 89 85
—2Log(L0) 37,486.8 41,851.6 40,181 8
—9Log(L1) 36,655 8 41,5716 39,673 2

The main inadequacy of the mixture of Poisson variables is that there are
not two distinct modes to the distribution of logons per weekday. (Figure 3
shows the cumulative distribution functions for Spring quarter with the
smooth curve of the estimated mixture of Poisson distributions drawn for
comparison.) In fact, the data are nearly uniformly distributed over the
range ol values that occur; even the unimodal normal distribution would
appear better suited for the data. This indicates that the phenomenon is
more uniformly random than anticipated. Nonetheless, the mixture of
Poisson dstributions is theoretically justified and the fact that it fits the
data adequately (if not completely satislactorily) makes it possible to study
more complex aspects of student activity and its results.
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Duration of sessions. The maximum likelihood estimates for the mix-
ture model are given in Table 5. While the likelihood ratio comparison of
the models rejects the simpler one, the majority of the observations are
estimated to be from a distribution with mean close to that of the simple
exponential model. The rest of the observations are from a distribution
with estimated mean less than 10 minutes. (The smooth curve drawn in
Figure 2 is the estimate of the theoretical density function.)

While this result supports the assumption that the durations observed
are for the most part from a simple exponential distribution with mean of
less than one-and-a-half hours, the teaching assistants and others familiar
with actual system use all believed that students more often than not work
several hours or more at a session. This belief has recently been confirmed
in a preliminary analysis of the records of the sessions of two students
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during Autumn Quarter, 1981. For both students, a substantial number of
the sessions occurred within minutes or even seconds of the last, indicating
that although one session had formally ended and another begun, from the
point of view of the student a single session having two (or more) parts had
occurred. By joining together sessions occurring within five minutes of
each other for one student, the mean duration increased from slightly
more than an hour to just less than two hours. No comparable analysis has
been done for the previous academic year which we are considering, but
the observed mean agrees with the particular case for the recent quarter,
and the estimated mean for sessions disregarding short interruptions also
agrees with the informal observations of the staff. Thus, the fact that the
duration of sessions is similar to an exponential random variable is now in-
terpreted as due to the fact that sessions are interrupted briefly and fre-
quently at unpredictable moments. The present data have not included
information that makes it possible to analyze the nature of these interrup-
tions, which we plan in the future. For the most part, students work at the
terminals for regularly long (and sometimes much longer) lengths of time.

Finally, Table 6 shows how, given the estimated length of student ses-
sions, the estimated system usage appears. The model predicts that on a

TABLE 6

Statonary Probability of Empty and Full System
in Simple Exponennal Quewng Theory Model

Probability of

Rate of arrival All 1erminals free All termmnals 1 use

4 00671 03611
5 00188 12565
6 00049 30661
7 00010 59703
75 00005 78471

Note Model assumes that arrivals are according to a
Poisson process with the given rate (per hour), duration of
session at terminals are exponential with mean duration 1 25
hours, and that there are ten termunals available at all nmes
Note that the expected rate of departure when the werminals
are full 15 (1/1 25) X 10 = 8.0, and that for rate of arrwval as
great as 8.0, the stauonary lnnlmbihty that the terminals are
all in use 1s 1

typical weekday the odds are about seven to one that a student will have to
wait for a terminal.
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3. PROOFS
3.1 Elementary Probability Branch

Students who want the highest grade in the logic course must complete
an application branch, either social choice theory or elementary probability.
Since fewer students have taken the social choice theory branch, the rest of
this article deals with data from the probability theory branch. (For a cur-
rent description of the social choice theory curriculum, see Cohen, 1981.)

Curriculum. The advanced branches of the logic course introduce the
students to axiomatic theories that depend on logic and give them practice
in proving theorems. The probability theory branch is divided into two
chapters: quantitative or classical probability and qualitative (subjective)
probability. Both chapters introduce distinct sets of definitions, axioms,
and theorems (Figures 4 and 5). The student is given several pages of ex-
planatory text and two audio lessons at the terminal, with many questions
(true or false, multiple choice, fill in the blank, etc.) to introduce him to the
intujtive content of the theory. (The theorems at the beginning of Figure 4
are elementary theorems about fractions that the students need for their
proofs.)

Ficure 4 Axioms, defimitions, and theorems of logic course probability
curriculum I (quantitative probability). Theorems marked by an asterisk
are not proved by the students

#* Thm o1 Fi (F1)
# (A ab)la =0 &b >0 - a/b 3= 0)
* Thm o2 F2 (F2)

# (& ala » O -» afa = 1)

* Thm 03 F3 (F3)

# (A a,b,ec)l(c > 0 -2 {a + b)/c = a/c + b/c)

* Thm 04 F4 (F4)

# (A a,b,e){a 2 0 % ¢ O -3 a# (b/a)l/c = b/c)
#* Thm 0 S FS (F3)

# (A a/b){a +b=a~xb =0

* Thm 06 Fé6 (F&)
# (A a){a > 0 - 0/a = Q)

Axiom 1 Pl (P1)
(A A)P(A) 2= 0

Axiom 2 P2 (P2)
P(X) = 1

#not proved by the students
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Figure 4 (continued}

Axiom 3 P3 (P3)
(A A BY(A'B = 0 -» P{A V B) = P(A) + P(B))

Thm 1
F{0) = 0O

Thm 2
(A AJP(AY + P(-a) = 1

Def 2 CONDITIONALPROBABILITY (Cond
(& ABIPIBIAY = P{AB)Y/P(A)

Thm 3
(4 A/BY(P(A) > O -2 P(BiA) D= 0O)

Thm 4
(A AYIP{AY > 0 -2 P(XiA) = 1)

Thm S
(& AY(PAY > 0 -> P(AtA)Y = 1)

Thm &
(A A B, CYPL{AY > 0 & B"C =0 -2 P(B V Cia) = P(BIA) + P(CIA))

Thm 7
(& & B)PAY > O & P(BY 2> 0 ~> P(AIR) = P(A)Y # P{(BIA)/P(M))

Thm =]
(A & BY(P(A) 2> 0 % A"B = 0 - P(BI&A) = O}

Thm 9
(A A/BMP(AY 2 0 % A 1inc B > P(BI&A) = 1)

Ficure 5 Axioms, definitions, and theorems of logic course probability
curriculum II (qualitatve probability) Theorems marked by an astensk
are not proved by the students.

Det 3 1 GREATERTHAN (GR 3
(A ABYL{A > B 1ff A D= B & NOT B 2= A)

Det 3 2 EQUIPROBABLE (EQ)
(A A:.B) (A B 1ff A =B & B >= A}

Aiiom 3 1 FINITENESS (FIMND
Finite(X)

Axiom 3 2 NONTRIVIALITY (NOND
¥ naq O

Axiom 3 3 TRANSITIVITY (TRA?
(A A:BCIAD=DB & B = C =2 A 2= 0)
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Axiom 3 4 COMNNECTIVITY (CON)
(A A,B)(A 2= 1 or B = A)

Ax1om 3 5 POSITIVITY {POS)
(A A)(A neq O -2 A2 D)

ADDITIVITY (ADD)

Axiom 3 &
=0 % B"C =0 - (A>=B 1ff AV C =BV C))

(A A/ B:C,DI(A"C

Axiom 3 7 SOLVABILITY (80L)

(A A,BY(A L B - (E C)A BV C)
Thm 31

(A AYA . A
Thm 3z

(A AYX = A

Thm 33
(4 A,BY(A > B - (E C)(A BV CZC neq O))
Thm 3 4
(A ABCDI{AC =0%BD=0% A2=DB&C3=D-3AVC>BVD

* Thm 35
# (A ABCDIAC=0%B"D=0D0%A>B%C>D->AVC>BVD

Thm
(A A, B, C}(A™C

"W
oo

% B*C =0-> (A>3 iff AVC>BVC)

Thm 37
(A A, B, C}(A™C

It
[w]
Lo

B°C=0->(A. Baiff AVC - BVC)

Thm 38
(A A/BY(A >= B -2 ~B »= -A)

Thm 3.9
(A A;B){A inc B ~> B = A)
Thm 3 10

(A A,B) (A 0&«B - 0-~2AVEBE a2

De# 3 3 ATOMIC (AT)
(A A)(Atomic(A) 1¥f A neq O % (A B)(B inc A % B neq A -> B = 0))

# Thm 3 11
# (E A)(Atomic(A) & (A B)(Atomic(B) -2 B »= A))

Thm 3 12
(A A)(Atomic(A) -2 A > O)
Thm 3 13
(A AY(A = 0 -2 NOT (E B){B 1nc A & Atomic(B)))

#not proved by the students
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Proofs in the EXCHECK system. Besides answering questions, stu-
dents use the EXCHECK proof-checking program to prove the majority of
the theorems. Students enter their proofs by typing commands that specify
inferences and control aspects of the interaction (e.g., the lines of the
proof to be displayed on the screen). Prior to the probability lessons the
student learned how to use most of the features available in EXCHECK:
commands for types of inferences in sentential and propositional logic,
quantification, and equality, including the rule TAUTOLOGY that allows
any result of previous lines and any number of inferences in sentential
logic to be inferred in a single command (without explicit reference to the
sentential inferences). In probability, the students are given several new
commands that operate like TAUTOLOGY to make entering proofs more
efficient and concentrated on the concepts of the theory by reducing the
need for explicit manipulations of first-order logic. The most powerful
new command, VERIFY, allows most transparent inferences —that is, re-
sults that are obvious yet might take several inferences in a fully explicit
first-order system —in a single line. The commands TEQ and BOOLE oper-
ate similarly for just rules of equality and Boolean algebra. The rule
IMPLIES allows inferences with less information from the student for
many forms of implication, while REPLACE exchanges equivalents. The
main reason for introducing these features is to have informal proof
procedures close to those widely used in elementary mathematics.

The EXCHECK system allows only commands that produce valid infer-
ences. Students can, however, and often do make inferences that later are
not used to establish the theorem. These (and any other) inferences can be
removed by the student during the interaction with one of the administra-
tive commands. If the student does not recognize these irrelevent infer-
ences or chooses to ignore them, they will remain in the display when the
proof is completed. After that, however, the EXCHECK program analyzes
the proof and removes these inferences, producing a simpler version of the
valid proof created by the student. This is summarized and printed as a
display proof for both the student and the course records.

Figures 6 and 7 are examples of display proofs by different students of
the same theorem. Fach numbered group of lines represents an inference,
including the lines that it depends on, type of command used, and any
result from the curriculum applied within the command, as well as the
formula inferred. Both proofs are direct applications of three facts: the
definition of conditional probability (applied twice in both proofs); the
symmetric property of set intersection, entered in both cases with a simple
application of the BOOLE command; and the distributive law of division
over addition (for positive divisors), one of the simple algebraic theorems
given to students without discussion. The execution of the two proofs, how-
ever, differs; they have only two types of command in common, the longer
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proof using REPLACE and explicit rules of sentential logic while the
shorter uses the more powerful commands such as VERIFY and TEQ, Note
also in the longer proof that there are several cases of the same type of
command used for several consecutive inferences.

assume (1) P(AY > O
assume (2 P(B: > 0
30

1.2 fc (3) P(A) 2
Df 2 {4) P(AIB)
Th 0 3

and P(B) > O
P(B'A)/P(B)

(S) If P(A) > O &% P(BY > Q
then P{A) = [P(B"AI/P(A)YI/P(D) = P(B™A)/P(B)

Df =2 (&) PL(BIA) = P(A™B)/P(A)}
4 boole

(7)Y PAMB)/P(AY = P(BiA)
boole {8) A’B = B"A
7,8 replace

() P{B“A)/P{A) = P{(B!A)
3.5 aa (1Q) P(A) * [P(B A}/P(A)]1/P(3) = P(B"A)/P(B)
Ax 0 5

{11) P(A) ® [P{(B~A)/P(A}I/P{(B) = [P(B"A)/P{AYI/P(B) % P(A}
10,11 replace

(123 L[IP(B*AY/P{A)I/P(B)]1 # P{A) = P{(B"A)/FP(B)
12,9 replace

(13) [P(BIAY/P(B)Y] # P(A) = P{B~A)/P(B)
Ax 0 5

(14) [P(BIA}/P(B)I % P(A) = P(A) # P(BIA)Y/P(B)}
13,14 replace

(15%) P(A) # P(BIA}/P(B) = P(B"A)Y/P(B)
15 boole

{16) P(B™A)/P(B) = P{A) # P(B!A)/P(B)
4 boole

(17) PI{(B~A)/P{B) = P(AIB)
146,17 replace

(18) P(AIB) = P{A) % P{(BiA)/P(R)

3,18 cp
(19) If P(A} > 0 %8 P(B) > O then P(AID} = P(A) % P(BIA)/P(B)
Ficure 6. Proof of Theorem 7 by student 509.
hyp (1) P(A) » O and P<B) © O
D¢, 2 (2) P(AIB) = P(B"A}/P(D)

1,2 verify Using Th & 3
(3 P(AIB) = P(A) # [P(B A}/P{A)I/P(B)

boole (4) B"A = A"B
3,4 teq

(3) P(AIB) = P{AY # [P(A'B)/P(A)I/P(B)
S verify Using. Df 2

(&) P(AIB) = P(A) # P(BIA)/P(B)

Ficure 7. Proof of Theorem 7 by student 1427.

Student display proofs, 1979-1980. The analyses that follow use the
display proofs for the three quarters of academic year 1979-1980 (Autumn,
Winter, and Spring). Over a third of the students enrolled in each of these
quarters took the probability branch (Table 7). Descriptive statistics for
the number and lengths of the display proofs show stability from quarter to
quarter, with the mean length less than about half a page of text, and the
range {rom just two lines to almost two pages. As Figures 6 and 7 have
shown, even proofs of the same theorem can be quite different. The next
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section studies the process of deriving a proof by analyzing the sequences of
inference commands in the display proofs. The third section looks at
differences between the theorems based on the lengths of the proofs given
by the students. The last section also uses the number of inference com-
mands in the display proof to compare different students.

TABLE 7

Enrollment and Descriptuve Statistcs for Student Proots
in Logic Course Probability Branch- Autumn, 1979-Spring, 1980

Quarter
Autumn Winter Spring

Number of students 39 36 43

Number of proofs 699 663 735

Length of proofs,
Mean 14.9 15.8 129
SD 8.92 8 33 7 56
Median 13 12 11
Mode 7 9 7
Mmimum 2 0 2
Maximum 56 H1 60

3.2 Inference Commands

If only the inference commands used are considered, a display proof
consists of a sequence

le XZ; L Xf'.r
X, =AA, ..., VERIFY, an inference command, y =1, ..., K.

The two proofs of Theorem 7 in the last section and the descriptive statis-
tics for the length of proofs show that these sequences can be quite different
even [or a given elementary theorem. These abstracted sequences are suit-
able for study in a manner similar to studies of the occurrence of phonemes
or words in language. Without regard to semantics, use of finite, discrete
sets of objects such as the commands can be compared to models developed
in other fields such as communications engineering for the efficient and
effective transmission of information. These models for aspects of commu-
nication such as inlormation and encoding are simple idealizations of some
of the features of entering a proot. Though we do not expect the models
to accurately describe or completely explain how students do proofs, we
do believe that they arc the simplest models of any interest. Furthermore,
due to our greater understanding of information theory and ability to
analyze data within that theory, we can make stronger—if mostly negative
—statements about the collection of display proofs, including the specifi-
cation of models that are more adequate (and more complicated).
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Frequency of use. Prior to the probability lessons, the students learn 13
commands for explicit sentential logic inferences, 5 for quantification, the
rule TAUTOLOGY for any combination of valid inferences in sentential
logic, and 7 commands for the laws of equality. They also have commands
AXIOM, DEFINITION, and THEOREM for inferences in predicate logic.
For the derivation exercises of probability they are given rules BOOLE and
TEQ for all inferences of Boolean algebra and equality (as well as sentential
logic) that are much like TAUTOLOGY in how they are applied and their
effect; REPLACE, a single command to replace several they had for in-
ferences based on equivalence; and the rules VERIFY, IMPLIES, and
CONTRADICTION for inferences in sentential logic. These new rules are
the most frequently used group (Table 8). Next most often used are those
for the direct application of prior “results” in the theory in question (i.e.,
AXIOM, DEFINITION, and THEOREM), then the group of commands
that perform explicit inferences in sentential logic. The least-often used
commands are those for the rules of quantification.

The three most frequently used commands are BOOLE, DEFINITION,
and TEQ ; the subject of these theorems is the calculation of probabil-
ities. These calculations are distinct, hence the low use of the command
THEOREM. The high use of the new commands of the EXCHECK system
compared to sentential logic and quantification rules indicates that the
students have indeed avoided many of the elementary formal operations of
predicate logic.

To analyze the distribution of the use of commands over all proofs,
consider the information in the distribution of commands as measured by

H =— p,Log[p:] — p.Log[ps] — . . . — prlooglps],

where p, is the proportion of times the rth most often used command
occurs, R = 29 (the number of commands); in many physical systems, H is
directly related to the rate and accuracy with which codes can be trans-
mitted. In crude comparisons of student exercises, such as performing
derivations versus answering true or false questions, H reflects our belief
that usually the more choices one has to make, the more difficult the task.
We are not at the moment concerned with the actual value of H; we assume
that it is a property of the theorems and use the result that for any fixed
value of H, the form of the distribution of command use that minimizes
their expected rank is geometric, or

a(l—a)™
j)rﬂm,’r—l, oo R0=a=1.
That is, the most efficient distribution of the commands, in the sense that
the fewest number of commands are used most often, is the geometric. This

fact is meaningful with respect to performing derivations: The fewer
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TABLE 8

Observed and Estimated Frequency of Occurrence of Inference Commands
1n Student Proofs of Logic Course Probability Theorems:
Autumn, 1979 —Spring, 1980

R Command F Np
1 BOOLE 3,054 4,031 1
2 DEFINITION 2,975 3,479.1
3 TEQ — tautology with equality 2,768 3,002 8
4  REPLACE 2,530 2,591.6
5 IMPLIES 2,262 2,236.8
6  AXIOM 2,013 1,930 5
7  VERIFY 1,637 1,666.2
8 CP —conditional proof 1,617 1,438
9 HYPOTHESIS 1,596 1,241 1
10 ASSUME 1,301 1,071 2
11 THEOREM 1,242 924 5
12 AA—affirm antecedent 1,226 7979
13 FC—form conjunction 797 688 7
14 IP —indirect proof 632 594 4
15 RC—nfer right conjunct 578 513
16 LC—infer left conjunct 467 442 8
17 SIMPLIFY 447 3821
18 LB —law of biconditional 444 329 8
19 UG —unuiversal generalization 382 284 7
20 US—umnversal specification 377 2457
21 ES —existenual specification 226 212
22 TAUTOLOGY 180 183
23 CONTRADICTION 134 1579
24 EG —exustential generalhization 95 136.3
25 QN-—quantifier negation 40 117 7
26 FD —form disjunctuion 4 1015
27  DS-—disjuncuve syllogism 2 87.6
28 HS —hypothetcal syllogism 2 75.6
29 SPECIFICATION 1 65.3
Sum 29,029 29,029

Nole. R = rank of frequency of command, F = observed fre-
quency of use of command, N = 29,029 = total number of
apphcations of commands, p = estimated probability of
occurrence,

_al—a)*
b= o= 189

Chi-square statistic = 1409.5 (27 degrees of freedom)

commands that need be used, the more practice one has in applying them
and the easier and more automatic it becomes.

In the case of the 29 inference commands in the probability theory
branch, the maximum likelihood estimate of a is .14, with expected rank
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about 7. The geometric distribution does not predict the observed fre-
quencies well, with the main discrepancy being the large drop in fre-
quency between the twelfth and fourteenth commands, reflecting the
switch from the powerful and direct inference commands to the simple
sentential logic rules, then the rapid decay in use of the commands for
quantification, several of the peculiar rules of sentential logic (e.g., hypothe-
tical syllogism, rule HS), and the two inference procedures TAUTOLOGY
and CONTRADICTION. In the next section, alternative models to the
simple geometric are applied.

Sequences of commands. While most commands represent Boolean
and algebraic manipulations or applications of definitions, the simple
distribution of command use does not capture what we know about the
order in which commands occur. For example, the rule AA requires that
there be two preceding lines, one an implication and the other its antece-
dent. On the other hand, the rule IMPLIES is used more often than AA,
and can perform the same inference using two lines that contain some form
of an implication and its antecedent, but not precisely in the form required
by AA. There are also conventions. Most proofs are of formulas of the
type “4 — B”, beginning with the assumption of the antecedent by the
HYPOTHESIS command and ending with the command CP after the for-
mula B has been derived. Still, there is no simple and comprehensive set of
heuristic rules that will adequately specify the different proofs of a theorem,
predict their frequency, and measure the direction or degree of difference
between proofs.

Given the complexity of the collection of proofs, we consider stochastic
models for dependence between the commands in proof sequences. The
first order of dependence is characterized by the transition probabilities

Py =Pr{X;.,=j | X =1},

X, =1,2,...,30=the type (AA, ..., QED) of the kth command, where
Xi+1 = QED means that the proof ended at the kth step. (This corresponds
to the procedure in EXCHECK, in which students always complete a proof
with the command QED.) Assuming that the transition probabilities gov-
ern the choice of the next command, the distribution of the proof sequences
can be specified. If all the transition distributions were identical to the un-
conditional distribution of the commands, the proofs would match a
maximally efficient code. In transmission with error, however, it is well
known that the expected error can be reduced through redundancy, or
having some transitions with probability greater than the unconditional
distribution. Table 9 shows evidence for redundancy in proof sequences.
Only three commands have a highest relative following frequency of less
than about 20 percent, while two of the most frequent—the command CP
and the start of the first command of the proof—are followed more than
50 percent of the time by the same command. (This reflects the direct
proof pattern mentioned before.)



216

SUPPES & SHEEHAN

TABLE 9

Autumn, 1979-Spring, 1980

Maximum Transition Proportions for Inference Commands in
Student Proofs of Logic Course Probability Theorems:

I J %
IMPLIES BOOLE 12 4
TAUTOLOGY TAUTOLOGY 15
AA REPLACE 153
REPLACE REPLACE 194
Us REPLACE 19 4
RC P 19.7
SIMPLIFY SIMPLIFY 199
THEOREM IMPLIES 20
AXIOM IMPLIES 22 3
DEFINITION IMPLIES 22 4
TEQ TEQ 923 4
VERIFY VERIFY 23 5
FC AA 957
ASSUME AXIOM 96 4
BOOLE REPLACE 27
CONTRADICTION  QED 98 4
HYPOTHESIS DEFINITION 28 4
LB CP 297
1C RC 29 8
ES BOOLE 31
P CP 31
QN ES 425
HS BOOLE,UG 50
cP QED 55.7
EG cp 64 2
START HYPOTHESIS 722
FD TEQ 75
UG QED 87 4
SPECIFICATION ASSUMF. 100
DS UG 100

Note I =1nference command type, | = type of
next inference command, p;; = proportion of
tumes I 1s followed by J, J' = max {py, J=1, ...,
30}, % = 100p;,

The majority of the frequently-used commands, however, have a maxi-
mum transition probability estimated between about two to three times the
expected level. The inference procedures (e.g., TEQ) are usually followed
by another application of the same type of command, while direct applica-
tions of the theory (AXIOM, DEFINITION, and THEOREM) are followed
most often by the command IMPLIES. BOOLE is one-fourth of the time
followed by REPLACE, while the transition distribution for IMPLIES is
similar to the unconditional distribution.
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These observations suggest the following general procedures for con-
structing derivations. First, the proof usually begins with the assumption
of the hypothesis of the theorem. Then some necessary information from
the theory is cited and applied with an inference procedure. Then the
Boolean and algebraic manipulations are made, and the results used in the
established formulas, with often several similar manipulations being done
together. It is also possible, since procedures such as TEQ and VERIFY
many times have the same effect, that the same inference procedures are
used several times in succession because students try to use only a few
commands as much as possible and ignore those that they do not under-
stand or do not seem useful.

Table 10 shows the results of fitting geometric distributions to the
observed transition distributions for the four most frequently used infer-
ence commands. (It also includes the same analysis for the entire group of

TaBLE 10

Fit of Geometric Models to Transition Distributions of Four Most
Frequently Used Inference Commands

Distribution of commands following*

BOOLE DEFINITION TEQ REPLACE All commands
N 3,054 2,975 2,768 2,530 31,126
P .246 .193 177 .227 130
' .223 .186 165 227 .130
g .589 1 1
¢ 847 953 917 1 1
X3 169.8 239.5 169.8 70.8 2,966.2
X2 140 3 217.7 997 70.8 2,966.2

inference commands used, including the number of occurrences of QED,
or end of proof, which is considered to be the sixth most frequent com-
mand, occurring 2,097 times.) Included in the table are the comparisons of

_ _pQ—=p)— _
Ho:pr—G(T,P)—m,r—l, LR 0=p=1,
and
Hy: pr=cG(r,p') + (1 —¢c)G(r,q),r=1,...,R,0=p',q,c=1,
to

Hy: p, = 0, py + p2 +. . .+ pr =1, a multinomial distribution,

using the usual chi-square statistics (denoted X3 and X3) derived from the
maximum likelihood estimates. The simple geometric does not fit well, but
does about as well as the mixture of geometrics in all but the case of the
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command TEQ, Even in that case the change in the shape of the underlying
geometric distribution is a slight decrease in the mean while the estimate of
the mixing parameter is less than .15. The plots of the transition distribu-
tions show more redundancy than predicted by the curves drawn of the
fitted geometric model (Figures 8-10). The main reason for the lack of fit
of the geometric to these transitions is that the likelihood of the next most
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frequent command drops rapidly at the beginning of the distribution to a
very low level, then drops much more slowly among the less-used com-
mands. This coupled with the fact that the ordering from most frequent to
least frequent following command is typically different from one command
to another, shows that there is some structure in the proofs constructed by
the students.
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Figure 10 Delimtion transibon distribution

3.3 Length of Proof

Differences between theorems. The descriptive statistics for length of
proofs in the three quarters of 1979-1980 show consistent variation in this
feature. Table 11 displays differences between theorems. Almost all the
theorems have proofs between 7 and 11 lines long, but the mean length of
proof ranges from less than 6 lines to nearly 30. The theorems also differ
in the degree of variation in the lengths of proofs; Theorems 3.6 and 3.7,
for example, have nearly the same mean length of prool but their vari-
ances differ by a factor of two. About half the theorems have variance less
than the mean, and five have variance more than twice the mean.
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TABLE 11

Descriptive Statistics for Length of Proof of
Logic Course Probability Theorems:
Autumn, 1979-Spring, 1980

Mini-  Maxi-
Theorem N Mean Median Modes SD. mum mum Pm?
1 118 6.4 6.4 7 187 3 10 33.9
2 112 6.8 6.4 8 1.84 3 14 25.9
3 111 7.2 6.8 6 17 2 11 23 4
4 111 11.2 10.7 13 2.72 3 19 15.3
) 111 10.9 10.5 9 2.92 3 19 15.3
6 110 18 17.1 15 4.62 8 34 13.6
7 111 11.2 96 10,11 5.06 5 40 198
8 109 10.9 11 10,12 338 3 20 14.7
9 111 12.6 124 14 3.62 4 22 18
3.1 110 5.9 4.8 4 2.77 1 16 209
3.2 110 13.3 12.5 13 3.27 7 24 227
3.3 108 16.1 15.6 16 3.79 7 27 17.6
36 110 26 24.6 22 879 5 54 91
3.7 109 28.2 26.5 43 12.4 5 60 9.2
38 108 19.7 18.2 28 4.94 12 29 18
39 109 19.4 18.8 23 6.57 7 50 9.2
3.10 108 22.3 22.3 20,24 7.46 4 50 8.3
3.12 110 6 5.5 6 205 2 11 19.1
3.13 110 12.4 11.8 9 3.16 6 20 13.6

¢Pm = percent of all proofs having one of the modal lengths.

The histogram for the lengths of the proofs of Theorem 7 (Figure 11)
shows most proofs between the minimum, 5 and 13 lines long, and all but
one shorter than 30 lines. This division of the histogram into two groups
suggests the model of a mixture of two distributions. Each proof is con-
sidered to be an observation of one of two Poisson variables with distributions

X

_ —m _
p.l'-)—l:e r;vq.l‘ﬂ-l:e mxTvx_Oa 1,...;T,m>0,

with ¢ representing the proportion of proofs coming from the first distri-
bution. The distribution of proof length is then

Pr{X=x}=cp, + (1 —¢)qp,x=1,2, . ...

Maximume-likelihood estimates of 7, m, and ¢, are shown in Table 12, along
with the chi-square statistic for the test of equivalence of the mixture model
and a multinomial distribution,

L
X? =—9L, [_3]’
o8 Lgs
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TABLE 12

Probability ‘Theory Branch of Logic Course, 1979-1980:
Mixture of Poisson Distributions Model for Lengths of Proofs

Estimates
Chi-square Degrees of
Theorem r m c sLatistic freedom Significance
3 72 —_ 37.3 8 < 0005
6 174 26 1 931 187 23 718
7 99 245 911 56.9 32 004
37 18.1 38 1 194 140 4 52 < 0005
310 14 4 256 303 597 43 047
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where Lsis the estimate of the likelihood of the sample in the three-parameter
mixture model and L is the estimated likelihood for a multinomial distri-
bution on the 36 distinct lengths. While the test rejects the mixture of Pois-
son distributions with high significance, the mixture is also significantly
better than the simple Poisson distribution. The histogram includes the
estimated mixture model density; the lack of fit is due to more proofs of
the modal lengths than predicted. The same analysis of four other theorems
yields a different conclusion for each. Theorems 3 and 3.7 illustrate the
extremes (Figures 12 and 13). In one case there is less variance than ex-
pected as seen by the curve of the Poisson density, in the other case more.
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224 SUPPES & SHEEHAN
LPROB. 1479-B0: PROUFS OF THEDREM 3. 7
FREDUENC ¥

as -1

.

]

-

is .

10 A 1

40 4% G&O &5 BO

LENGTH

Ficure 13 Proofs of Theorem 3 7.

Differences between students. Figures 6 and 7 show dramatic differ-
ences in proofs of the same theorem by two students. The student with the
longer proof had the largest mean length of proof while the other had the
shortest mean length. Table 13 shows that every proof by the first was
longer than the other’s proof of the same theorem, though sometimes by
only a line. Judging by the proofs shown in the figures, the student with
longer proofs did not know how to efficiently use the commands available
to him. The other student, in contrast, made use of the commands that used
the theorem prover and allowed him to cite axioms, definitions, and
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theorems within other commands. Possible reasons for these differences in
length of display proof include not only knowledge of the curriculum and
the use of the inference commands, but also whether the proof was done
interactively at the terminal or prepared at home. Some students also take
more time at the terminal, thinking out the proof before attempting to
type it in for verification. Furthermore, some students get more help from
the teaching assistants, so that their proofs may display the fact that the
ideas were worked out before the interaction started. Whatever the reasons,
the comparison of these two students shows that marked individual charac-
teristics are easily identified in the proofs of different students, and in
ways that have some promise of being thought about in a systematic manner.

TABLE 13

Comparison of Length of Proofs of Logic Course Probability Theorems
for the Two Students With Extreme Values for Mean Length:
Autumn, 1979-Spring, 1980

Student

Theorem 509 1427

Length of proof

1 8 4
2 12 4
3 11 6
4 19 7
5 19 7
6 26 8
7 19 6
8 15 5
9 17 7
31 3 2
3.2 15 10
3.3 21 11
3.6 38 14
3.7 53 16
3.8 25 13
3.9 18 14
310 50 14
3.12 9 4

313 12 11

Mean 205 8.6
S$D 13 42
Median 18 68
Minimum 3 2

Maximum 53 16
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4. FINAL COMMENT

The various probabilistic models we have examined are not meant to
provide a full-blown theory of how proofs are constructed. But the models
do provide a method for imposing a certain degree of structure on what are
highly complex processes, even at the elementary level of the proofs con-
sidered here. Moreover, the kinds of models we have introduced have the
virtue of conceptualizing proofs as constructive processes rather than as
fixed objects. Such processes are very possibly essentially stochastic, that is,
nondeterministic, in character, and any realistic psychological theory of
proofs must inevitably be of a probabilistic nature.
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