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THE PURPOSE of this article is to describe the CAl course in axiomatic set 
theory that has been given entirely as a CAl course without lectures at 
Stanford since 1974. Other articles in this volume also describe in a sub­
stantial way research done in the development of the set-theory course. The 
computer programs that are used in the set-theory course represent per­
haps the largest production programs, albeit still experimental, created 
thus far for instructional purposes. Other articles in this volume (e.g., 
Blaine, 1981; McDonald, 1981; Smith, 1981) give a sense of some of this 
work. The purpose of the present article is to describe the course and then 
to present in some detail the analysis of data reflecting student performance 
in the course. We have especially concentrated on a presentation of quanti­
tative data about the course because of the absence of prior publications 
of this sort about the set-theory course and, more generally, because of the 
absence of such detailed information about undergraduate mathematics 
courses of any kind at an intermediate level of difficulty. We have kept the 
use of probabilistic models to a minimum by using them mainly to help 
organize the presentation of data. We believe that a good deal more can 
be done in this direction and is a suggestive topic for future research. 

In section 1, we describe the curriculum; in section 2 the various pro­
grams that have been written for the course, although we do not enter into 
technical details; in section 3 we give data on the history of student use. 
Beginning with section 4 we turn to the analysis of proof data. Section 4 is 
concerned with data on use of inference rules in student-constructed proofs. 
Section 5 presents data on the proofs students constructed, and section 6 
presents some examples and some analysis of individual differences in 
student proofs. 

The research reported m thIS artIcle was partIally supported by NatIOnal SCIence Founda­
tIOn Grants EPP-74-150l6-AOl, SED-74-15016-A02, SED-74-150l6-A03, and SED-77-0969S 
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Two appendices are also included: one gives probabilistic transition data 
on rule usage, and the second lists the theorems with some data about 
student proofs of the theorems. (Appendix C defines the symbols used in 
the theorem list.) 

Before we turn to the details of the axiomatic set-theory course, we want 
to emphasize the enormous labor that has gone into its development. As 
already remarked, other articles in this volume describe major components 
of this effort from Blaine (1981) on interactive theorem proving to 
the many articles on digital speech by Sanders, Gramlich, Levine, and 
others. The extensive use of the research on digital speech in the set-theory 
course is not apparent from this article because we do not present detailed 
data on its use. On the other hand, the course served as a testing ground 
for the most complex use of digital speech the Institute has engaged in. By 
the most complex use we refer to the cognitive complexity of the sentences 
and their inflectional patterns. For much of the set-theory course we have 
used synthetic prosody. The kinds of sentences characteristic of informal 
instruction in set theory provide an excellent test of such prosody. We 
would not want to clairn that we were entirely successful. Much remains to 
be done before the synthetic prosody has a fully natural sound. What was 
accomplished has been an important first 

Given the extensive software effort to develop theorem provers and 
co]mplncate~a auxiliary machinery for handling students' and the 
application of the speech research on prosody, we believe 
it is fair to claim that the CAl course is the most co:m lJW:ated 
one from the of the use to be offered anywhere 
in the world on a instructional basis (Table 1 in sec. 3 shows the de-
tailed use of the course over a 

Almost first efforts at nnxl111ClnQ a course of this kind in a 
are expenSllve and full of mistakes. We believe 

that, in the future, courses at a similar level of mathematical 
can be of subjects much more '-'J.-'-',,-"'-LJ.U 

The basic research on will continue in many different places 
........... HJ''''''" the world and will not need support for this kind of 

In a more restricted way, interactive theorem provers will 
continue to be in a of and for many different 
purposes. As the software becomes more developed, better 
and more to the kmd of mathematical material found 
in the set-theory course will be much more straightforward and less time-

..... u" ... Uj"'. \Ve will not to make any predictions but 
we would be if there were not a reasonable number of courses like 
the one in set theory available by the end of this In a number 
of academic institutions the world. 
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1. THE SET-THEORY CURRICULUMl 

The curriculum of the course in set theory is classical. It follows closely 
the content of the first author's textbook (Suppes, 1960). The course is 
based on the Zermelo-Fraenkel axioms for set theory. It is fair to say that 
every important paper bearing on the content of the course was written 
before 1940. It is not the purpose of the course to cover more advanced 
topics in set theory reflecting research in the last couple of decades. The 
content of the course reflects a body of material that a number of students 
wish to make part of their undergraduate experience. Perhaps the main 
reason for the interest in set theory as a subject is that it occupies a rela­
tively unique place among the many branches of mathematics, because most 
if not all of the entities that are studied and analyzed within mathematics 
may be defined as certain kinds of sets. For example, the natural numbers, 
rational numbers, and real numbers are all definable within set theory 
as are other standard mathematical objects and structures. As a result, 
many fundamental questions about the nature of mathematics can be re­
duced to questions about set theory. 

Chapter 1 of the curriculum surveys the historical backgroundofZermelo­
Fraenkel set theory and gives the reasons for developing the subject axio­
matically, namely, the various paradoxes that were discovered in naive set 
set theory around 1900. There are no theorems that the students prove in 
this chapter. 

The systematic work begins with chapter 2, which is entitled General 
Developments. In this chapter, fundamental concepts such as that of inclusion, 
union and intersection of sets, unordered and ordered pairs of sets, Car­
tesian product, power set, and so on, are defined and elementary theorems 
about these concepts are given. 

Chapter 3 develops the general theory of relations and functions. A fair 
number of theorems are given about the general properties of binary rela­
tions and standard operations on relations, such as the unary operation of 
converse, the binary operation of relative product, are defined and studied. 
The important concept of well ordering is defined and some standard 
theorems about it are given. The last part of the chapter is concerned with 
the general theory of functions, elementary operations on functions, and 
so on. 

Chapter 4 is concerned with equipollence and the concept of finite and 
infinite sets. Two sets are called equipollent if there is a bijection, that is, a 

lAlthough the curnculum IS based in detaIl on Suppes (1960), many reVISIons have been 
introduced m the verSIOn used m the set-theory course These reVISIOns have been especIally 
the work of Lee Blame, Ingnd Lmdstrom, and Sten Lmdstrom 
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one-one function, from one set onto the other. The weak inequality for 
po lIenee or power is also defined, and the classical Schroeder-Bernstein 
theorem is proved. This is the first really nontrivial theorem proved in the 
course, and it is a good test of the interactive theorenl prover for it to accept 
an intuitively reasonable proof of the theorem. (The Schroeder-Bernstein 
theorem asserts that if two sets are both less than or equal in power to each 
other then they are equipollent. Because of its difficulty the theorem ordi­
narily is proven for the students.) The classical definition, due to Tarski, 
of finite sets is introduced and its consequences developed in detail. The 
standard elementary theorems on finite and infinite sets are 

Chapter 5 develops the theory of cardinal numbers. The first part of the 
cnaprer introduces the general theory of cardinal numbers, the second part, 
the theory of finite cardinal numbers, and the third, the theory of trans­
finite cardinals. The one nonclassical aspect of this chapter is that cardinal 
numbers are introduced by a creative definition of identity, namely, the 
cardinal number of set A and the cardinal number of set B are identical if 
and only if the sets A and B are equipollent. The standard approach of 
defining cardinal numbers as certain ordinal numbers is considered in 
chapter 7. This standard definition is until then because it requires 
the axiom of choice to show that every set has a cardinal number. 

Students taking the course at a Pass level are to go no further 
than 5. The theorem.s are asked to prove are drawn from these 
first five chapters. 

Chapter 6 the general of ordinal numbers following the 
ideas of von Neumann. The of the to that 
of 5. the of ordinal numbers is CO]rlSllae]rea 

of finite and finally the of infinite ordinals. 
chanter also is concerned with the of induction natu-

ral numbers to transfinite induction on ordinals and also with the 
ization of recursive definitions to definition transfinite recursion. The 
final section of the chapter concerns well-ordered sets, and the standard 
re1pn~se~ntabon theorem for well-ordered sets In terms of ordinal numbers 

7 considers the aXIOm of choice, its 
sequences. The of the axiom of choice and the are 
considered: numeration theorem (every set is to an 
ordinal Zermelo's theorem set can be well-
ordered), Zorn's which should more properly be called Hausdorff's 
maximal which asserts that if A is a of sets, then every 
chain in A is a subset of some maximal chain in of 
the axiom of choice are also considered, for a set is 
Dedekind finite if and if it is finite. Some axioms that are than 
the axiom of choice are also ..... .L>..'CA.HJL~H'...,"', for example, Tarski's axiom on 
existence exercise for students drawn from 
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chapter 7 would be to prove the equivalence of the Hausdorff maximal 
principle and the axiom of choice. 

CAl lessons. What we have described thus far is the formal organization 
of the curriculum and the off-line body of text material. It is also equally 
important to emphasize that there are CAl lessons for the course covering 
all of the material described above. This material is presented at the termi­
nal for the students and is meant to be patterned after informal lectures in 
mathematics. Both visual and audio presentation are utilized. As in the case 
of most undergraduate mathematics courses, there is meant to be a very 
considerable redundancy between the informal presentations given at the 
terminal by the program and the text material reproduced and distributed 
to students as off-line material. 

2. THE EXCHECK PROOF-CHECKER 

Students construct proofs in the set theory course with the program 
EXCHECK (McDonald, 1981). In this system students make inferences 
which are then checked for validity, the interaction ending when the pro­
gram ascertains that a valid proof has been constructed. EXCHECK is based 
on the proof-checker developed for the course in logic (Goldberg & Suppes, 
1976), with the addition of inference commands that are more relevant to 
proofs in axiomatic set theory. These procedures are included to allow an 
informal style like that of introductory courses in higher mathematics in 
which many of the details of a logically explicit proof are left out (Suppes, 
1979). In this section we briefly discuss features of the logic proof-checker, 
present a sample interaction, and describe the more powerful inference 
commands. 

The LOGIC proof-checker. In all the computer-taught courses in math­
ematics the goal of the programs for entering proofs is to allow students 
with only the relevant mathematical preparation to acquire quickly and 
make extensive use of methods for entering valid derivations, spending as 
little time and effort as possible with things other than the mathematical 
content (Suppes, Smith, and Beard, 1977). Specifically, the LOGIC proof­
checker has features that are intended to reduce the amount of typing done 
by the student, to reduce the restrictions on how the typing is done, and to 
make the results of the interaction clear to the student. Simple inferences in 
logic are indicated by commands in which the student must refer to any 
prior lines that the inference depends on, the rule of logic being applied, and 
any required term.s and formulas. These tasks are simplified by allowing 
such features as arbitrary order of entry of line numbers (where possible), 
recognition of abbreviated names of inference rules, and specification and 
replacement of more than one variable in a single command. The program 
displays much (but not all) of the results of each command immediately, 
with more information available on request; the program also can reset the 
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display with only the essential features of the proof, having removed all the 
mistakes and intermediate student inputs. The second and third commands 
of Figure 1 are examples of commands that enter inferences in sentential 
logic. (Figure 1 shows the derivation of a simple theorem using EXCHECK. 
The user's inputs are underlined, with denoting the ESCAPE key. Note 
the mistakes made in the formula for line 8 and the abbreviation of REVIEW 
at the end of the proof.) 

*SETD$eT'lve 
Theorem, Lemma. or Formula *Itl!eorem <Name> () *2.4.2$ 

Theorem 2.4.2: (V A.B.C)(A ~ B • B S C ~ A S C) 
*t:rte!. 

hVp (1) A S Band B S C 
*~ 

Occurrences (1) *!1 
1 simp (2) A ~ B 

*DEFI$nition <Name> () *~set 
(V 8.C)[B ~ C ~~ (V x)(x E B ~ x e C)] 

Do you want to speci~v? (ves) *!yes 
Variables (B.C) *!B.C 
Substitute for B? (8) *A! 
Substitute for C? (C) *a1 
definition subset 

(3) A S B iff (V x)(x e A ~ x e B) 
*2.3IMPLSin 

2 implies using :3 
(4) ('IIx)(xEA~xeB) 

(V xJex e A 4 X e 8) 
Substitute for x? (x) *!x 
4 us (5) If x IE A then x e B 

*5HYP$ 
5 nlJp (6) x e A 

*!h 6AA$ 
5. 6 aa 

(7) 
iH.7YER$HV 

x Se C is 
(8) ... 

Using 

c:p 

x e B 
*x SE C$ 

a liormui~. 

nition <NCiime> 

(9) If x e A then x e C 

x)(x e A ~ x e C) 
) *A ~ C$ 

(current context) *!current context 

So 
By 

(3) (V x)( x IE A -+ 11 e B} 
2 :3 (4) x)(x IE A ~ x IE B) 
So (5) x e A then It e 13 
Also (6) x e A 
5 6 (7) x e II 
BV (8) l! eo C 

(9) If x e A then x e C 
(10) x)(x e A ~ x e C) 

So ( ) S C 
*~ok 

FIGURE 1 interactlOn WIth EXCHECK 
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Informal proofs in set theory with EXCHECK. Line 8 of the sample 
derivation shows one of the more powerful inference commands available 
in EXCHECK, namely, VERIFY. This command is used in the proof to 
infer a formula from the formulas on Lines ] and 7 and the definition of 
the relation 'subset'. The student typed the line numbers, an abbreviation 
of the command name, and the inferred formula; then the program used a 
resolution theorem-prover to derive the formula from the given informa­
tion. Thus, with this command a student can make inferences that require a 
number of applications of rules of logic without having to provide those 
steps. Allowing such semantically transparent inferences as a single step in 
the proof reduces the number of commands, makes the proof conceptually 
easier to construct, and also results in a proof that is easier to follow, like 
those in introductory texts. 

The inference command VERIFY is not based on a complete decision 
procedure, for none exists for predicate logic. If the student attempts an 
invalid inference the resolution theorem-prover could in principle never 
stop looking for a correct proof. Because of this limitation and for more 
practical reasons, the program will give up after a certain fixed amount of 
time has been spent searching for a proof and tell the user that the infer­
ence cannot be justified (even though it may be correct). The user must find 
a different method of proving the theorem, either by making simpler infer­
ences or discovering why the inference was incorrect. Students are warned 
to look for this phenomenon, including the fact that the processor is affected 
by how active it is at the time, so that the same inference may be accepted at 
one time and not at another. 

In many situations there are special conditions that can help the program 
discover the steps needed to establish the inference. For this reason there 
are other commands like VERIFY that allow multiple-step inferences. An 
extreme case of this is the command TAUTOLOGY, which can test the 
validity of any implication that relies only on the rules of sentential logic. 
The command uses the fact that there is a complete algorithm for deciding 
the validity of arguments in this domain. Another command, BOOLE, is 
analogous to TAUTOLOGY; it verifies any inference that depends on only 
the rules of sentential logic and the algebra of sets. Neither of these com­
mands can be used for inferences that require applications of the rules for 
quantification or equality, as in lines 8 and 10 of the derivation shown. A 
third command, TEQ, is similar to both of these but can make substitutions 
on the basis of the rules for equality and equivalence and allows the speci­
fication of formulas from the theory on which to base these substitutions. 

Two commands, IMPLIES and CONTRADICTION, can be used in a 
number of cases to make inferences without typing the formula to be in­
ferred. IMPLIES uses a top-down procedure along with the resolution 
theorem-prover to take citations of both lines and results from the theory 
to find the implication intended by the student (e.g., line 4 of Fig. 1). 
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CONTRADICTION takes the citations given by the student, verifies 
whether they are mutually inconsistent, and, if so, enters the negation of 
the last assumption of the proof. These two commands ease the burden of 
typing for the student but do not always result in the inference that the 
student intended. 

Finally, the command ESTABLISH is almost identical to VERIFY, 
except that it the formula to be derived, expanding terms and 
relations the definitions and theorems available to the student. Thus, 
in line 10 of the derivation the inference is made without explicit 
citation of the theorems and definitions that the program used to verify it. 
This eliminates another type of input from the student and can make 
proofs simpler to enter and easier to follow when completed. 

Several features of constructing informal proofs with EXCHECK are 
relevant to the of student proofs in the next sections. First, the 
best choice of the powerful inference commands is often unclear: It is 
often possible to make the same inference with different commands, say, 
either ESTABLISH or VERIFY. Second, the are sometimes 
used by the students to construct rather uninformative proofs of theorems 
-calling ESTABLISH to verify the formula that is to be proven without 
gIVIng any for example. Third, the informal inference commands 
take more time to process than the logic commands. there is a trade-
off in a conceptually-clear the least amount 
of time necessary. fourth, commands like VERIFY can be misused to 
make inferences that would require only one or two applications of the 
rules of (A student could, for construct a proof with every 

inference made explicit using VERIFY to make each inference.) 

3. ANALYSIS OF STUDENT USAGE 

3.1 Enrollment 

~_~ ... ~"~~. instruction in set as a course began in the Autumn 
of 1974. Since then the course has been given every term 

rfnr,ror<' the academic year. The enrollment figures for 
a of six academic years, are shown in Table 1. As can be seen from 
Table 1, the total enrollment in a academic year has ranged from 14 to 

with some for the enrollment to increase in the last three years. 
The enrollment in any given term has from 4 to 14, and there a 
terldl:~nc:y for the enrollment to be in than in the Autumn or 
Winter The explanation of the latter phenomenon is not clear 
but it is also to be found in the enrollment data for the CAl logic course 

It is to compare these enrollment data with the annual 
enrollment in the course for the ten years 1974. The data are 
shown III Table 2. (Since 1974 the CAl version of the course has 
been Several things are evident from Table 2. First, the enrollment 
was constant over the Second, during the 
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TABLE 1. 

Enrollment in CAl Course in Axiomatic Set Theory 

Quarter 
AcademIc 

year Autumn Winter Total 

1974-1975 8 3 8 19 
1975-1976 5 4 5 14 
1976-1977 4 7 5 16 
1977-1978 4 8 14 26 
1978-1979 9 6 12 27 
1979-1980 6 12 11 29 
TOTAL 36 40 55 131 

period the enrollment never reached the total now exhibited in the last 
three years, that is, in the last three years of the CAl course, 1977-1980. 
It is of course true that the course is given only once a year when given 
as a lecture course. It is precisely one of the advantages of the 
CAl course that with little difficulty it can be three times a year, 
which is very much more convenient for students. We note, however, 
in this that the enrollment in the Spring Quarter in the CAl course 
in the period 1977-1980 exceeded the annual enrollment in the pre­
vious ten years in 1968-1969, 1969-1970, 1970-1971, and 1973-1974. 
We believe, but are not able to give any serious evidence for this belief, 
that the variation in enrollment in the ten years prior to the intro­
duction of the CAl course was due to the great variability in the quality 
of instruction. In several of those years with low enrollment the course was 
given by rather inexperienced visiting logicians. 

TABLE 2. 

Enrollment in Axiomatic Set Theory 
Prior to 1974-1975 

Quarter 
AcademIc 

year Autumn Wmter Sprmg Total 

1964-1965 22 22 
1965-1966 22 22 
1966-1967 17 17 
1967-1968 20 20 
1968-1969 5 5 
1969-1970 8 8 
1970-1971 10 ]0 
1971-1972 19 19 
1972-1973 17 17 
1973-1974 8 8 
TOTAL 101 10 37 148 
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3.2 Frequency and Duration of Sess'lOns 

The set-theory course is run entirely on the IMSSS computer system. 
Students must choose when and how long to work each session at the ter­
minal from the set of hours that the system is available. (The teaching 
assistant also has 10 hours a week regularly scheduled for consultation 
with students who request it.) The course program allows the students to 
end a session at any point and continue at that same point when they re­
turn. A student can stop, say, in the middle of a proof and continue at the 
next session with what has been established in the previous session available. 

Without any action by the student, the audio and video presentation of 
the lecture material as described in the previous section (including frequent 
questions for the student to answer) proceeds directly through the curricu­
lum. Students must prove the theorems required for a passing grade when 
the program presents them, just after they are first presented in the 
curriculum. At any time the student may switch to the EXCHECK system of 
the program and attempt to prove any theorem of the curriculum simply 
by indicating the theorem by name or number or else specify any well· 
formed formula from the theory to be derived. Students doing proofs as­
signed for the higher grades must use this option. In principle a student 
may go through the curriculum then do all proofs for higher grades in any 
order; it is suggested that they do proofs as soon as the theorem is pre­
sented in the lessons, however. The set-theory program also has a browse 
mode that allows the student to see summaries of, and actually enter any 
exerczse (an element of a partition of a lesson), and a help mode in which a 
student can get supplementary material such as explanations of the com­
mands, rules for the syntax of formulas, and a review of elementary logic. 

While the students have much freedom to determine when, how long, 
and what they do at the terminals, the number and durations of sessions are 
also affected by things beyond their control. As mentioned above, the ter­
minals are available only during certain hours: 8 AM to 11 PM weekdays, 
except Friday when the doors are locked at 5 PM, and Sundays from 1 to 5 
in the afternoon, although students at work when the doors are locked can 
continue as long as they please. Beyond this, the terminals are occasionally 
unavailable due to special machine or program maintenance and break­
downs in the computer system (or a single terminal), which sometimes oc­
curs during a session. There are only two terminals available for the course, 
on a first-come, first-served basis. 

Besides these direct influences, it is clear from experience that students 
take advantage of the fact that they are not required to appear at specific 
times. For example, some students are less likely to take sessions on the day 
before a holiday or some special cam pus event, while others are more likely 
to appear during these 'dead' times. Other events that we believe influence 
students' use of the system are midterm and final examinations (one strategy 
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for students is to prepare for early finals first, then work after the tests 
solely on the set-theory course, while the opposite strategy is to use the 
'free' time early in the quarter to work mostly on set theory); unpredictable 
personal events such as illnesses and visitors; and even the weather-as in 
the other examples, the same weather conditions can have both an inhibit­
ing or a facilitating effect: bad weather makes it more difficult to travel to 
the terminals, but also makes activities outdoors less attractive for some and 
hence working indoors on the computer more likely. 

With no restricted, regular hours for instruction, the set-theory course is 
subject to many unpredictable variations. The data clearly show such effects. 
There is considerable variation in when students attend and how long they 
work each session. The descriptive statistics for number of sessions per day 
(Tables 3 and 4) and for length of sessions (Table 5) show a large range and 
variance. The mean number of sessions taken by all the students on a week­
day is about half the enrollment and about as likely to be higher than that 
as less. Figure 2 shows the daily activity for the quarter with the highest 

J enrollment. Almost every week of that quarter had at least one day with 
over 10 sessions and another with fewer than 5. 

TABLE 3. 

DescriptIve Statistics for Number of SeSSIOns per Day (Weekday) 

Quarter 

Autumn Winter Spnng 
(N=49) (N= 52) (N= 45) 

Mean 5 11.2 7.3 
SD 3.9 5.5 3.2 
Median 4 11 7 
Mimmum 1 2 
Maximum 18 25 15 

TABLE 4. 

Descriptive Statistics for Number of Sessions per Day (Weekends) 

Quarter 

Autumn Winter Spring 
(N = 14) (N = 17) (N = 14) 

Mean 2.6 4.3 3.5 
SD 1.5 3.5 2.8 
Median 2 3 . 2.5 
Minimum 1 1 
Maximum 7 11 10 



14 SUPPES & SHEEHAN 

TABLE 5. 

Descriptive StatIstics for Duration of Sessions (in Minutes) 

Quarter 

Autumn Winter Spnng 
(N 269) (N 622) (N 338) 

Mean 62.2 673 79.1 
SD 68.6 72.2 896 
MedIan 38 1 453 604 
J\;hmmum 4 6 .7 
MaXImum 3408 434.2 960.1 

5EI lHEDwV COUHSE~ liNTER. 1980 
SESSIONS 
60 ...... . 

5.5. .' " ." 

40- ...... . 

.30 

.20 

10 

(] 

o 7 

FIGURE 2. Number seSSIons per day for Wmter 1979. 
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The variation in duration of sessions is startling, with some less than a 
minute long and others over 7 hours. While it is known that students do 
sometimes 'camp out' at the terrninal (e.g., after their last test of the quarter), 
it is also known that students usually come prepared to work at least an 
hour or so. In the analysis of the more extensive data on the logic course 
(Suppes & Sheehan, 1981), we found that the shorter sessions were most 
likely the result of a large number of minor problenls, caused by both the 
course programs and the students themselves. Most of these short sessions 
occurred within moments of another, hence the student had not really left 
the building, just briefly interrupted the session. 

What is more surprising (and which also occurs in the logic course) is 
the high frequency of these shorter sessions. The histogram of durations 
(Fig. 3) shows sessions of less than 10 minutes are by far the most frequent; 
even more frequent than predicted by the exponential distribution with 
density 

f(x) = aCax , 

(drawn on the histograIu), and mode at the origin. As in the analysis of the 
data from the logic course, our best explanation at this time is that there 
are two sources of reasons for the end of sessions, one being the spontaneous 
interruptions mentioned before and the other the student's decision to end 
the session and leave the building. Apparently the spontaneous interrup­
tions occur quite frequently, while the decisions to leave, though occurring 
with mean much more than an hour, also occur at arbitrary points in time 
(i.e., occasionally students do intend sessions to be short, and there is no 

, definite minimum length for these types of sessions), so that the two dis­
tributions are difficult to distinguish. We furthermore have no 'hard' data 
at this time to study explicitly the causes of these interruptions. 

We can affirm, however, that the distribution of student sessions is con­
sistent from quarter to quarter. The figures shown for daily activity and 
session length in particular quarters are similar to those of the other quar­
ters, as indicated by the descriptive statistics for these variables. The main 
difference between the three quarters of 1978-1979 is the increase in the 
mean length of session (and corresponding increase in variance and median, 
as expected in the exponential model). Note also that there were fewer 
sessions per student in the Spring Quarter, so that the total time to complete 
the course is roughly the same throughout the year. 

Finally, we note that the behavior of the students (and the computer 
system), while not accurately described by any simple model of uniform 
random behavior, is clearly much less accurately described by any nearly 
deterministic model, such as saying that attendance is the same from day to 
day with only small or infrequent fluctuations. We of course believe that 
some students do obey strict schedules, and that most have some intention 
of maintaining a regular pattern of study, but the data have convinced us 
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SEt THEOHY LOUHSE~ WINTER 198D 
SESSICNS 

OUFV\ TI Ill'll au 1'11\ 

FIGURE 3. Histogram of duratIOn of sessions for Wmter Quarter, 1979. 

that the students' actual performance is far enough from any simple ideali­
zation of regularity to make it more worthwhile to consider simple non­
deterministic models of system usage. The pattern of student behavior is 
almost surely closer to their other unregulated patterns than are regular 
courses with fixed times for lectures and other meetings. 

Of course, it is not possible to estimate how much time students spend 
away from the terminals in constructing preliminary versions of their 
proofs. There were teaching assistants available during set hours with 
whom the students could discuss their proofs and ask for help when they 
encountered difficulties. We have observed over the years considerable 
variation in the student approach to use of the terminals. Some students 
do essentially all of their construction of proofs from the ve~y beginning 
at the terminal. Others come in with a rather finished piece of work and 
j"!Jst use the terminal to input proof~ and to check their validity. It is the 
policy of the course to encourage students to use the terminals interactively 
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and to do as much of their proofs as they want to at the terminals. There 
is no restriction on the amount of time allocated to the students and they 
do not have to schedule in advance the use of a terminal. As the data on the 
distribution of usage show, there is very wide variation in the amount of 
time that students spend at terminals. It is to be emphasized that all the 
students' work that is evaluated is done at the terminal. There are no 
separate exercises that are done off-line and checked by the teaching assis­
tants. A side product, therefore, of a course like this is that the teaching 
assistants are genuine teaching assistants. They have no responsibilities for 
marking exercises or grading examinations. Their time is spent in helping 
students on an individualized basis. 

4. DATA ON INFERENCE RULES 

A substantial portion of the set-theory course is the construction of 
proofs for theorems in the curriculum (at least 25 for a passing grade, up 
to about 45 for the highest grade). As explained earlier the EXCHECK 
program is used to construct interactively the required proofs. For each 
step or mference of the proof, there are three kinds of information: 

1 Known formulas (assumptions, prevIOus inferences wIthin the proof, or earlier 
-axioms, definitIons, and theorems) 

2. Rules of inference (as represented by the basIc commands of the EXCHECK 
system. 

3. Results (i.e., the formula that is to be inferred from steps 1 and 2). 

While known formulas are not necessary, and the results may be auto­
matically produced by EXCHECK, the student must choose each rule used 
in the proof. The goal is for the last result to be the formula that was to be 
established. The fact that the program accepts only valid inferences guar­
antees that the student's work is a correct proof (modulo any program bugs). 
This correct proof is abstracted from all the inferences that were made in 
the course of the interaction and presented to the student as computer 
printout, the revzew proof. In this article we study the review proofs collected 
over the 1978-1979 academic year. While it is well known that there are 
many ways to prove theorems, we will show that the proofs the students 
produced do indeed differ. We will also examine ways in which proofs are 
similar. 

4.1 Sequences of Inference Rules 

A proof can be thought of as an ordered sequence of each 
inference mappiI}.g one set of formulas to a result formula. Inspection of 
the data confirms the intuition that the detailed sequence of source and 
result formulas has many arbitrary features; two proofs can, for example, 
be identical except for alphabetic variation of the symbols or commutation 
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of two lines. However, the types of inferences represented by the command 
used to establish the result are constrained to be one of the available rules 
of the EXCHECK system (39 for-1978-1979) and, we think, are more likely 
to be similar for two proofs that we would judge to be similar or equivalent. 
On the other hand, considering just the inference commands used there is 
considerable variation in proofs of the same theorem. The sequence of 
commands can distinguish a direct versus an indirect proof of the same 
theorem, or the application of direct logical inferences as opposed to the 
informal-style rules such as VERIFY, for example. Thus, we have chosen to 
extract from the review proofs the sequence of inference rules as an inter­
esting aspect that is amenable to quantitative analysis. (We recognize that 
we could have studied proof graphs instead of linear sequences, but the 
latter choice reflects what the students see and are taught.) 

The problem, then, is to characterize the structure of the sequence of 
inference commands for a proof 

where each Xt is one of the 39 inference commands of the EXCHECK sys­
tem. In the 1,455 review proofs from 1978-1979 used in the study of infer­
ence rule use, the modal number of inferences in a proof is 5, while many 
proofs are much longer (up to 91 steps), with the mean number of infer­
ences being about 12. 

While we have a large number of proofs, the number of possible se­
quences of any length less than, say, 100, is of the order 3910°, far more than 
we have observations. Furthermore, while there are many instances of 
familiar sequences of inferences, there is no way that all such sequences 
can be organized into a reasonable number of qualitative types, nor any 
guarantee that all or even a majority of the sequences that appear in the 
data will fall into one of these categories. Given this degree of variation in 
the sequences, we have chosen to characterize and analyze the proofs with 
stochastic models of sequences of discrete variables. Our goal is to find a 
family of distributions that completely specify the probability of any se­
quence of inferences, which we denote 

p(u, v, ... w) = Pr{X1 = u, X2 = v, ... , Xn = W, Xn+1 = QED} 

for u, v, ... ,W = 1,2, ... ,C = 39, representing each command by its order 
of occurrence (i.e., from THEOREM, most often used, to CHANGE, least 
used). 

4.2 Models 

Global distribu.tion of rule u.se. The two major issues with regard to 
sequences of discrete random variables are the relation between the position 
of the variable in the sequence and its distribution (e.g., the differences in 
the distributions of the first and second inferences in a sequence) and the 
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relation of the distribution of the variable to the outcomes of the previous 
variables in the sequence (variation in the distribution of rules applied after 
THEOREM as opposed to DEFINITION, for example). In the case of 
proofs of theorems, perhaps the most salient position is the first inference. 
A proof cannot begin with one of the rules that requires citing a formula 
established earlier in the proof, for example. We also know from experience 
that the majority of the proofs begin with assumptions and lead to either 
conditional or indirect proofs. For subsequent inferences, however, our 
intuition is that the most interpretable and tractable feature will be the 
effects of prior inferences rather than the position in the sequence. It is 
more important, we think, to know that the last inference was, say, the state­
ment of a theorem from the curriculum, rather than that the current infer­
ence is the tenth one of the proof. While any complete model will determine 
at least implicitly both these aspects, our choice of how to specify the model 
will mainly be by hypotheses on the effects of the prior inferences of the 
proof. 

We began by considering the simple distribution of all the inference com­
mand types over all the proofs, regardless of position in the sequence, or 

Px P{Xi x}, 

x 1, ... , C, the set of inference commands, 

i = 1, 2, . . . , the position within the proof. 

Knowing this distribution is useful in that it places probabilistic constraints 
on the sequences of inferences and offers a base for comparison with more 
complex models of the distribution of inference rules. Given no a prion 
knowledge of the use of rules, a reasonable and tractable model of one ex­
treme for the distribution of sequences is to assume that the use of a rule is 
not related to either relative or absolute position in the sequence so that 
the probability of a proof consisting of the inferences x, y, . . . , z is 

where 

o 

and 

P (x, y, ... , z) = PXPy ... pzPa, 

PU' ::::; 1, w = 1, . . . , Q 
PI P2 + ... + Pa l' , 

C+ 1; 

Pa Pr{ the sequence of inferences ends at the current inference}, 

has been added to the model to explain the finite nature of the sequences. 
This model predicts that both the length of the proofs and the number of 
repetitions of the same command will have geometric distributions (with 
different parameters). The more the distribution is concentrated on fewer 
rules, the more alike the proofs will look, consisting mostly of applications 
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of a few rules. Finally, the proofs look the same from beginning to end; the 
model predicts that no rules are found mainly at the start or the end of 
proofs. vVhile we already know that this is violated by the fact that proofs 
usually start with the introduction of assumptions, this is only one part of 
any proof, and it is of interest to see how far from this simple model the 
data actually lie. 

While some commands are used more often than others, we cannot in 
general distinguish groups of similar commands that stand out from the 
others with respect to frequency of use (Table 6). Among the most fre­
quently used are a command for specifying results from the curriculum, 
THEOREM; a simple rule oflogic, the conditional proof (CP); and VERIFY, 
a complex command as explained earlier, allows the statement of a 
result formula that is a direct consequence of a number of logical infer-
ences from the inferences and results of the curriculum cited by the 
student. Our concern was with how balanced the use of simple 
logic rules was with the rules like VERIFY that allow several implicit logical 
inferences, and we were surprised to find that the data showed the exten­
sive explicit use of the results of the curriculum THEOREM and 

and the introduction and cancellation of assumptions in 
conditional via the commands ASSUME, and CPo 
Within each of these categories, however, there are other similar commands 
that are used far less often, such as AXIOM (l6th in of 
indirect most the Boolean algebra inference 
prover 23rd most frequent), and the rule or formula-
tion of a most tn::Qu.ent) 

TABLE 6. 

Observed and Estimated 
of Inference Rule Use 

.Frequency 

Esnmated 
Command Rank Observed 

MIxture 
GeometrIc geometric 

THEOREM I 2,797 2,131 2,797 
CP 2 1,518 1,872 1,713 
DEFINITION 3 1,496 1,644 1,513 
ASSUME 1,178 1,444 1,337 
VERIFY 5 1092 1,268 1,181 
ESTABLISH 6 1.067 1,114 1,044 
REPLACE 7 879 978 922 
HYPOTHESIS 8 808 859 815 
IMPLIES 9 745 755 720 
UG-uUlversal 10 638 663 636 

generahzation 
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FC - form conjUnctIOn 11 546 582 562 
RC - Infer nght 12 543 511 497 

conjunct 
TEQ 13 529 449 439 
LC - Infer left 14 419 394 388 

conjunct 
TAUTOLOGY 15 384 346 343 
AXIOM 16 338 304 303 
LB-Iawof 17 308 267 268 

bicondItional 
ES - existential 18 305 235 236 

specificatIon 
US - ul1lversal 19 300 206 209 

speCIficatIOn 
CONTRADICTION 20 276 181 185 
SORT 21 238 159 163 
EG - eXIstentIal 22 222 140 144 

generalIzatIOn 
BOOLE 23 195 123 127 
AA-affirm 24 168 108 113 

antecedent 
SIMPLIFY 25 130 95 99 
HYPR-assume nght 26 99 83 88 

hypothesis 
IP - IndIrect proof 27 72 73 78 
DS - dISjunctive 28 69 64 69 

syllogIsm 
ELIMINATE- 29 30 56 61 

abbrevIation 
QN - quantIfier 30 27 49 54 

negation 
LET - abbrevIatIOn 31 21 43 47 
P-premise 32 20 38 42 
FD - form dISjunction 33 12 34 37 
RAA - reductw ad 34 10 29 33 

absurdum 
CASES 35 10 26 29 
NEGATION 36 10 23 25 
CDIS] -classIcal 37 5 20 23 

dIsjunctIon 
SPECIFY 38 3 18 20 
CHANGE 39 2 15 18 

Sum 17,509 17,399 17,378 

A model that represents a slow change in rate of use over a large domain 
of commands is the geometric distribution, 

Px = pqx-t, X = 1, 2, ... , 

0:::; p:::; 1, 

and 

q = I-p. 
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While there are only 39 the location of the distributions we consider 
is such that the probability of all values greater than 39 is less than. 01, so 
we do not correct for this feature. The geometric distribution has been used 
often in both theory and data on languages and codes, with the interpreta­
tion that the model reflects an efficient use of a collection of tokens. The 
simplest explicit derivation of the distribution is that the most often used 
tokens are those that take the least effort (e.g., shorter words), while more 
costly tokens are assigned to less frequently events. 
Thus, we can infer from this model that the geometric distribution that 
most resembles the use of rules in the set-theory proofs establishes an em­
pincal measure of the utility of that rule and that the students, like other 
users of symbols, make best use of the range of available relative utility 
(i.e., they choose the more useful commands at the appropriate 
rate). From this we note that relatively sirnple commands have the 
most utIlity, next are the most powerful commands, and last, with the least 
utility, are the commands for elementary operations with quantifiers and 
logical connectives (other than implication). One for why the 
most commands are not the most used is that rules 
differ in the amount of time it takes the to them, whIch, 

Clrculmstarlces, can be quite long. On the other hand, the 
quantlhcatJO]1., whIle easy for the EXCHECK system to 

process, more inferences to complete a from the data, we 
would say that the increased difficulty of from use of these 
simple inferences IS than the time saved them. it would 
appear that students proofs most with references to 
the curnculum and commands that sequences of logical 

rather than making many inferences. 
The second model of how and why rules are used at different rates is a 

u.u'.,,,,,~,,,'J'.L of the geometric. It comes from the observation that one 
stands out as by far the most TIns dId not "'UT-

us because there is little flexibility in the hence, utility of rules 
may be distributed over the collection. An adjustment for 
this achieved the distribution to 

~'Hr. ..... f.H of the while the remaInder 
appHIcatl0Ils are THEOREM. This mzxture of a geometric distri-

bution and occasional speCIal use of the most rule is 

Pi = (1-

Px = (1-

+ e p + eq, 

x 3, .. 

where P and q are as in the simple and 0 S e S 1. The likelihood 
that THEOREM will be u~ed increases eq, while the other rules are used 

less (though not much when e is small). The e 
reflects the proportion of occasions on which THEOREIVI is invoked without 
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reference to the original distribution. While we do not study the source or 
reason for this mixture of the geometric with a single more useful 
subsequent study may show whether or not e reflects that some students use 
THEOREM more than others, or certain proofs are suited to more applica­
tions of THEOREM. 

First order models. This same kind of generalization is used to specify 
another model for sequences of inferences in the form of relations between 
adjacent inferences. In this model each inference is related to prior infer­
ences, with a separate distribution accounting for the first inference of a 
proof. Given the complexity of the sequences (due to their length and the 
possible types of rules at each position), we have chosen to look first at the 
relationship between the current inference and the immediately preceding 
one, or the first-order dependence. Of course, a inference in the se­
quence may rely on all prior inferences, but we believe that the relation 
between adjacent inferences is dominant. 

A general model for relationships between adjacent inferences is a Mar­
kov chain, that is, a discrete-time Markov process whose transitions are 
independent of time: 

P (x, y, ... , z) PXPXy··· PzQ, 
where 

PXy Pr{Xn+t = y I Xn = x, Xn- 1 W, ..• , Xl v} 

Pr{Xn+t = Y I Xn x}, 

for x, y = 1, ... , C, the collection of inference commands and 

P xQ Pr{proof ends after rule x is applied} 

so that 

o ::; P Xy ::; 1, xl, . . . , C; y 1,..., Q, 

and 

PXl + ... + PxQ 1, x = 1, ... , C, 

while 

Pw = Pr{ Xl W}, wi, . . . , C, 

hence 

o ::; Pw ::; 1, wi, . . . , C, 

and, finally 

PI + ... + Pc 1. 

In words, the type of the current inference determines an arbitrary transz­
twn dzstrzbutwn for the next inference (unique for each type of current 
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inference) that does not depend directly on the current length of the proof 
or any prior inference. There are on the order of 40 X 40 1,600 param­
eters in this model, considerably more than the model with no 
dependence. 

A simpler and interpretable model of first-order dependence assumes 
that the transition distributions are like those of the second model of rule 
use. In this model, the transition to a particular successor occurs at an 
arbitrary rate e, 0 e :::; 1, while all other transitions the global dis­
tribution of rule use (assumed to be a geometric distribution). This model 
has one for the global distributlOn, and, for each rule, another 
parameter for the rate at which the global distribution is ignored and the 
specification of the successor, for a total of 79 twice as 
many as the model of an arbitrary distribution for a process with no depen­
dence, but much fewer than the general Markov-chain model. 'rhis assump­
tion about the form of the distribution is also applied to the distribution of 
the first inference. In the analysis, we test whether this moderately simple 
model tells us more than the barest model without too much of the 
informatlOn in the 

4.3 Analysts 

Estimation. estimates are made 
hhood We consider first the multinomial an dis-
tribution on the , 2, ... , C). The likelihood of the observed 
frequency of inference rules is 

(1) ... ppc, 

where nk is the number of of the kth rule in the 
Pb as mentioned are the probabilities of a rule of 1, 
... ,C = 39, the number of inference commands. The maximum-likelihood 
estimators of the are the sample of each type of 
inference 

with 

iV nl + ... + nc = 17,509, 

the total number of inferences in all proofs. 
For the the likelihood of the IS 

(2) 

where X is the sarnple mean. The estimate of p in this case IS 
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p = 1/)(,' 

the reciprocal of the sample mean. 
For the mixture distribution the observations have likelihood 

(3) 

The likelihood is maximized by 

pi 

and 

where PI ndN (an estimate of p in the simple geometric case) and iiI = 
1 Pl' The second expressions for the parameter estimates show how pi 
and e are related to the deviation of the first rule's frequency from the 
estimate of the simple geometric model. The further PI is from p, the 
smaller is pi, and hence, the larger is e. 

Tests of fit. We compare these three models using the estimates of the 
likelihood of the sample obtained by replacing the parameters in formulas 
(1 )-(3) by their maximum-likelihood estimates. Let Ll be the estimated 
likelihood for the simple geometric model and L2 that for the mixture 
model. Then if the data are from a simple geornetric distribution, which is 
equivalent to the special case of a mixture distribution in which e = 0, the 
statistic 

has asymptotically a chi-square distribution with degrees of freedom equal 
to the difference of the number of free parameters in the two models (i.e., 
2 for the mixture model minus 1 for the simple geometric). Similarly, since 
the mixture model is a special case of the multinomial distribution, if L3 
is the estirnate of the sample's likelihood for the multinomial case then 

-2Log(L2 IL3 ) 

is approximately chi-square with 36 degrees of freedom (there are 38 free 
parameters for the multinomial model) when the data are a sample from a 
mixture distribution. Thus, the lzkelzhood-ratzo test at level a of whether the 
simple geometric is as good as the mixture distribution is to reject that hy­
pothesis when -2Log(LdL2 ) is greater than the I-a point of the chi-square 
distribution with 1 degree of freedom; similarly, the adequacy of the mix­
ture model compared to an arbitrary multinomial is seen in the comparison 
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of to the chi-square distribution with 36 degrees of freedom. 
The likelihood-ratio tests are useful for comparing similar models (the 

simple geometric versus a mixture). We also compute the usual chz-square 

test for the two models based on the geometric distribution. 
The test uses the maximum-likelihood estimate of the frequency of each 

E:r = Np4 x-1, x = 1, 2, . . . , C 

for the simple geometric and 

E;=N(p' + eft), 

F = N(l - e)p'q'x-l, x 2, ... , C 

for the mixture model. If the frequency of rule use is a sample from the 
geometric then 

has the distribution of a chi-square random variable wIth C 2 degrees of 
freedom. The statistic X'2 is E f and has a chi­
square distribution with C - 3 degrees of freedom when the mixture model 
holds. The test In both cases is to reject the of the distribution 
when the test statistic is larger than the 1 a distribu-
tion with the degrees of freedom. 

From experience with data numbers 
of we were not surprised to find that the absolute fit of the 
simple models in to an arbitrary multinomial distribution was 
poor. Both the and chi-square goodlnt:~ss··ol-h1 

<0 A 1'-. "1 t-nJ1 h,' with SIze, so that the HL"y"--,,-,J,, 

too ,-,,-,-,,-'-LI-"-'-'--'" 

not exact, are adequate in that summarize a 
amount of the information in the distribution. An alternative method 

'-<""'''-''''C>-'''U'l''o the of a model is suggested Kramer which 
is to estimate the average error of the model. 

z 
(rc - Pc )2J l12 

..:..-=-:---..::....::-~ + . . . + ~'--~:..:-
Pc 

where rk is the true of the occurrence of the kth rule and Pk 
is the estimate from some model. The z does not ""a.1naYlri 

on sample It measures a normalized distance of the 
parameters from those of the actual distribution, as a function of the 
noncentrality of the usual chi-square statistic for its maximum-
likelihood estimate is from the data. For usual chi-
square {[ooaness-or- statistic X2 , the estimate is 



CAl COURSE IN SET THEORY 27 

xz_ C - 1 

A 2 z= . 
[N X 2 J1/2 

When XZ is large (greater than 30), Z is approximately the maXImum­
likelihood estImate of z. 

4.4 Results 

Rule use. The data determine a geometric distribution with a gradual 
change in use of rules, each succeeding rule predicted to be used about .9 
as often as the last (Table 7). As expected, the model is soundly rejected by 
the usual chi-square goodness-of-fit test. The estimates of each rule's 
frequency in Table 6 show the inference rule THEOREM is used more 
often than anticipated, while the majority of the remaining rules are applied 
less often. By adding the possibility of extra use of the rule THEOREM, 
the data are much better predicted by the model. With an estimate of e less 
than .05, the chi-square fit statistic decreases by nearly half, while the 
likelihood-ratio test rejects the simple geometric at a high level of signi­
ficance (Table 7). Note that e is relatively small, so that the underlying geo­
metric distribution that represents .95 of the occurrences in the model is 
imperceptibly different from the estimate of the simple geometric. Further­
more, the average errors of the two models are relatively small, confirming 
our belief that the test statistics are greatly influenced by the large sample 
SIze. 

TABLE 7. 

EstImates of Parameters and Tests of Fit 
of Models for Rule Usage 

GeometrIC 

.1217 
825.7 

.212 
25.5 

MIxture geometrIc 

pi .1164 
e .049 
X2 500.3 

.163 
-2 (L2/L3) 1,040.6 

Several groups of rules stand out as not following the mixture model. In 
particular, many of the simple logic rules are used more often than their 
rank wou'ld predict, while the collection of least-used rules (some logic 
rules and other special types of inference) are consistently used less often 
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than predicted. We suspect that the majority of the logic rules are used by 
only a few students, and quite extensively by that group. A reasonable alter­
native model, then, is to assume that there is another distribution under­
lying the data with more emphasis on the logic commands and affecting the 
data in proportion to the number and size of proofs completed by a dis­
tinct group of students, the logic users. (This idea will be pursued in the 
discussion on differences between individuals.) 

We also note that a good deal of the lack of fit comes from the ten rules 
that are used least often, representing less than one percent of the infer­
ences made. Finally, several of the most frequently used rules (CP, ASSUME 
and TEQ) also contribute large amounts to the lack of fit, although we 
believe that this may be the result of the problems with the rules and 
with the rare rules. 

Sequences of rules. The results of the comparison of the three models 
for the distribution of sequences of inferences are similar to those for the 
global rate of rule use: Both of the simple models are rejected by the data, 
while the slightly more complicated model does considerably better, and, 
for our purposes, does well in comparison to an arbitrary first-order model 

8). (Note that in computing the chi-square statistics the rules with 
expe~ctecl frequency less than 5 have been combined in groups so that the 
sum of the expected of rules within the groups is than 
5. The number of groups for each test is reported in Table 8 as K, so the 
n~"rr''>A'' of freedom for the statistic are K 2 in the model and 
K 3 for the natural The estimates of the transition probabili-
ties are given in A. vVhIle we have already shown several of 
the transition distributions differ from the use of the 

the of discrepancy over all the rules varies. The 
stallS(1C for the test fit IS smallest for REPLACE and (by far) for 
the distributIon first inference. Besides the first inference two 
rules - the conditional for and the rule 
for manipulating the biconditional connective stand out as 
rates of transition least like the of rule use. We '-"""-1"'-"-''-' 

that a alternative model will greatly the fit. 
The estimates of the natural successors have two that we believe 

agree WIth their intUItIve namely, the collection of successors 
includes half the commands when considered as a typical form 
for a proof, an The most first Inference 
is the introduction of the HYPOTHESIS of what is to be proved, due to 

the of theorems of the form 'A nnp1H:s 

the next most likely is to make another 
which we as reflecting the complexity of the 

structure of the conditions of A that reqUIre further speCIfications before 
inferences can be made. The next would typically be the 
statement of a relevant result from the often using THEOREM 
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TABLE 8. 

ChI-square Goodness of Fit Tests for Geometric and Natural Successor 
Models of Transition Distnbutions of Inference Rules 

Model 

Natural 
DIstribution Geometnc successor 

J(2 K J(2 K 

First mference 8,421 2 31 944.6 28 

Inference after. 
THEOREM 581.8 32 541.0 28 
CP 5.8474 31 44575 32 
DEFINITION 3738 31 332.2 29 
ASSUME 6413 29 502.7 31 
VERIFY 692.3 29 276.1 29 
ESTABLISH 5713 29 4153 28 
REPLACE 252.5 28 197.0 28 
HYPOTHESIS 8997 28 7210 28 
IMPLIES 380.5 28 2060 28 
UG 800.2 27 480.2 27 
FC 8976 26 4734 26 
RC 899.0 26 590.9 26 
TEQ 1876 26 143.4 26 
LC 625.7 25 2263 26 
TAUTOLOGY 121.0 24 90.3 24 
AXIOM 1476 24 1132 24 
LB 1,275.3 22 419.9 24 
ES 230.7 22 140.3 17 
lJS 4210 22 273.9 21 
CONTRADICTION 572.3 21 1063 21 
SORT 5443 20 236.3 18 
EG 210.8 20 1541 17 
BOOLE 142.2 20 84.7 20 
AA 111.7 18 649 18 
SIMPLIFY 125.4 16 57.5 17 
HYPR 64.8 13 420 15 
IP 916 11 55.4 13 
DS 286.7 10 58 8 
ELIMINATE 20.7 5 6.8 6 
QN 330 5 2.0 4 
LET 55 4 7.1 4 
P 343 4 352 3 
FD 35 3 1.5 4 
RAA * 
CASES * 
NEGATION * 
CDISJ * Note * indicates that there were 

SPECIFY * too few observations for the test. 

CHANGE * 
Sum 26,514.3 710 12,404.8 698 
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more than once. This again suggests fairly complex steps In the inference. 
The second most frequent rule applied after an assumption is ESTABLISH, 
which, as with THEOREM, is often applied more than once in succession. 
Many of the commands, particularly the powerful inference procedures, 
are often used several times in succession or with a similar comrnand, such 
as LC and RC. Finally, another group of commands often leads to the CP 
rule, because, we think, these commands often complete the inferences 
necessary to establish B, the conclusion of the theorem, which leads natur­
ally to the conditional proof command. 

The estimates for the degree to which the successor is the immediate 
choice vary widely over all the rules, but, for most rules, tends to be about 
.1, twice as rnuch as the mixture parameter for the global distributIOn 
(Table 9). The four main exceptions are the first inference, which more 
than half the time IS simply the statement of the hypothesis; the logic rule 

which more than half the time is the last inference rule of a proof; the 
inference procedure for establishing contradictions, which ordinarily oc­
curs as the last inference of most proofs; and the special procedure SORT, 
for establishing the type of a variable a set) - a requirement 
that is necessary in many cases for the EXCHECK system to work. 

Allowing for extra use of the natural successor, the lack of fit of the dis-
as in the case of the global is reduced by about half 

(Table 8). a third of this reduction is from the better fit for the first 
inference. The remainder of the rules more or less uniformly decrease in 
their contribution to the lack of that a particular 
1"r':>,,111':>1'11" successor IS a for the difference between the 
transitions and the global use of the inference rules. of the dif-
ference between the and observed transition distributions re-
veals that almost there is a second favored rule among 
the such as after CPo The process which we determined 
and allowed for the first natural successor could be for a better 

rn.,nn'-"'A'U H.lV\.el ",.I. , but we are satisfied with this first in deter-
UH"F.'.U"'"""'-4.,,", and direction in which transition distributions vary, 
il"~H1n.(J' for most rules about of the transitions to be to a 

the natural successor, which quite often is another applica­
tion of the same rule or one sImilar to or else an element from the next 
part of a cycle of 

Dzscusszon 

cerns .... " J..J,"-\..."0 

the two distributions that have been used as the 
for the sequences of Inferences con­

tern. The first distnbutIOn - a 
A~'-'<A""~LU" and the EXCHECK sys­

geometric model of rule use - has the 
of evenly 

there is a considerable 
used rule. the 

the use of withIn the constraint that 
in rate of use from the most to the least often 

<:>rr.I"a.llu large number of inference rules, this drop 
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TABLE 9. 

Estimates of Rate of Natural Succession and Natural Successor 
of TransitIon Distnbutions 

Natural 
VarIable e successor 

First mference .49 HYPOTHESIS 

Inferences after: 
THEOREM .03 IMPLIES 
CP .20 UG 
DEFINITION 06 CP 
ASSUME 18 THEOREM 
VERIFY 16 VERIFY 
ESTABLISH .11 ESTABLISH 
REPLACE .06 REPLACE 
HYPOTHESIS .15 ASSUME 
IMPLIES 15 CP 
UG .24 DEFINITION 
FC .10 EG 
RC 13 LC 
TEQ 05 TEQ 
LC .17 RC 
TAUTOLOGY .04 TAUTOLOGY 
AXIOM 06 TEQ 
LB .47 QED 
ES 11 US 
US .16 IMPLIES 
CONTRADICTION .39 QED 
SORT .34 DEFINITION 
EG 11 EG 
BOOLE .11 REPLACE 
AA 11 ES 
SIMPLIFY .15 SIMPLIFY 
HYPR 10 ES 
IP .25 CP 
DS 59 CP 
ELIMINATE .33 SIMPLIFY 
QN 44 US 
LET .17 THEOREM 
P .05 P 
FD .29 VERIFY 
RAA .38 UG 
CASES 35 CP 
NEGATION .28 FC 
CDIS] .57 DEFINITION 
SPECIFY .32 CONTRADICTION 
CHANGE 50 AA 

in the rate of use is actually quite gradual from one rule to the next most 
frequently used rule; hence, ~11 some ways the distribution seems like a gen­
eralization of the uniform distribution. If the distribution of rule use was 
indeed uniform, and if the sequences of inferences made also displayed the 
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property of having no dependence on prior inferences or any particular 
point (such as the start or middle or finish), we would say that the process 
of constructing proofs was entirely random. This property would result 
from either tremendous differences in theorems, or the manner in which 
students performed proofs, given that the commands were such that the 

process for a given theorem was ambiguous. 
On the other hand, if we observed complete dependence of the process 

on the first inference or some prior inference, then the proving of a theor­
em, at the level of choosing the general command to be used next, would be 
quite deterministic. That is, a student could guide himself through a proof 
partly by looking for familiar correspondences or for lines of reasoning 
suggested by the current pattern of inferences. 

Neither of these models explains the observed data, while both account 
for some of the observations. What is interesting to observe is the high 
degree to which the process, at the level of the first order of dependence 
between commands, is random rather than deterministic. This suggests 
that the problems and students' methods of attack can, with the EXCHECK 
commands, all vary a substantial amount. As will be seen in the analysis of 
number of inferences in derivations, a straightforward 5-line proof was, 
for some people, undoubtedly a challenging 20-1ine problem. While start­
ing and finishing proofs show some elements of determinism in the intro­
duction and cancellation of assumptions, establishing the links between the 
given curriculum and the formula to be derived is almost the furthest possi­
ble thing from a fixed algorithm that is possible. 

As for the estimates of the locations of the underlying distributions, we 
note that the basic random process clearly suggests that the expliCIt use of 
previous results is the major portion of any proof. That is, the backbone of 
establishing a new statement in set theory is the setting forth of certain con­
ditions, applying directly the known facts about those conditions (i.e., prIor 
theorems and definitions) to arrive at the desired connection between the 
conditions and some property, and then making the more or less formal 
conclusion (e.g., A implies B, A is equivalent to B, for all A, B). Used slightly 
less often are flexible and complex inference procedures that allow a wide 
variety of implications to be directly stated. Least often used are the com­
mands that perform single, simple inferences on established formulas, such 
as formmg the conjunct of two formulas. 

While it came as no surprIse that proofs usually start with the statement 
of assumptions and that commands that cancel assumptions often end 
proofs or are generalized or else lead to new assumptions, we were pleased 
to find explicit applications of prior theorems generally precede broader 
inference procedures (e.g., VERIFY), which, in turn, lead most often to the 
cancellation of the assumptions (or directly to the end of the proof) and, 
somewhat less often, to definitions. There is a natural explanation based 
on the form of most theorems to be proved, namely, the form 'A implies B' 
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requires first that we infer relevant properties of A, which are usually 
stated in the form of several previous theorems, and that we combine these 
properties with logical inference procedures to obtain B. Clearly, the stu­
dents tend to behave as if this were the recognized form of doing a proof. 
Thus, a student could proceed spontaneously by first concentrating on 
what A consists of and what theorems are relevant to A, then, from the set of 
possible results, see which ones reflect B the most, and work with them to 
see how they might fit together simply by logic and replacement of defined 
objects to produce B. 

Above all, however, we now are confident that no simple deterministic 
procedure exists that can accurately model the sequence of inferences in 
proofs performed by the students. ,tV e believe that it is essential at the outset 
to consider the widest possible variation in the sequence through the appli­
cation of stochastic models. After estimation of the parameters of the 
models in the data, we have arrived at several deterministic tendencies for 
how students might perform proofs, but at a rather gross level. In subse­
quent sections we shall consider differences between individuals and theor­
ems of the curriculum to see whether the degree of variation is substantially 
reduced in any manner, but, due to less available data for these finer analy­
ses and the greater complexity (i.e., considering separate distributions for 
46 students), we believe that the aggregated data still provides a useful 
perspective. 

As the data analysis shows there is little hope of a deterministic model 
reflecting all the complexities of student-constructed proofs. It is important 
to note that this complexity is at the level of the validity of a proof, not how 
the proof is found. An analysis of the conversational aspects of the proof 
and the student search for the particular steps he uses is an even more 
probabilistic m.atter as far as current data go. It thus seems, in any near 
future, totally hopeless to us to propose a deterministic model of how stu­
dents find or organize what they have found as a proof into a valid proof 
acceptable to the program. 

One idea that has been discussed in recent cognitive psychology is to 
think in terms of macrooperators that students use to put together the con­
secutive segments of a proof. The data on sequential effects show clearly 
enough that no simple ideas about the sequence of such macros will work 
from a deterministic standpoint. The search must be probabilistic and, 
moreover, in the rather massive data we have looked at, the sequences 
are highly random in character. We mean by this that we do not have a 
nearly deterministic process with some stochastic fluctuations around the 
edges of it. The process is much more nearly like the flipping of a fair coin 
than it is like a deterministic process with fluctuations. 

We want to make clear we are not at this point looking for a no-hidden­
variable approach to the psychology of proofs. We mean by this we are not, 
as in the case of quantum mechanics, attempting to show that there can be 
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no deterministic theory of the phenomena. We are skeptical, indeed highly 
skeptical, that anything like a deterministic theory will ever be found. But 
to prove on reasonable assumptions that this is the case, is another matter 
and would be premature at this stage. 

Regarding the randomness in the sequence of steps in proofs when they 
are aggregated over proofs and students, it is worth noting that a first-order 
Markov assumption fits about as well as a second-order assumption, indicat­
ing that the sequential eHects are not substantiaL I t is a point for future 
research to analyze more carefully the stochastic characteristics of individual 
sample paths. Our preliminary investigatIOns indicate that the general 
conclusions we are drawing about the data presented earlier based upon 
averaging over many students are in the main substantiated by individual 
sample paths of students across many proofs. 

We want to emphasize that in these stochastic aspects of the 
data, we are not prepared to go on and propose a probabilistIc model of 
how students find and construct proofs. , the richer apparatus 
involving the semantics, and in some cases the of a theorem and of 
the proof is required and we are not to make a de-
tailed theoretical proposal. 

5. DIFFERENCES BETWEEN THEOREMS 

In all, there are 619 theorems Ul the curnculum 10). 
Students are from 25 to of them to prove, dependmg on the 

they wish to taken from a collection of 98 theorems. Each of 
2-7 has several assignments of 1-5 and the 

student must one of the theorems from each group (at the appro-
level). For many reasons, in the list of theorems B) 

there is wide vanation in the and number of proofs we have for each 
theorem. many students leave the course before completing all work, 
hence there are in general more of theorems in chapters 2 and 3. 
~eICOIld, students, both intentionally mistake, more 
than necessary, both of theorems not on the assignment list and of more 
than one theorem from an group. in the analysis of 
length of that follows, there is a critical distinction between the 
in the namely, a few 'proofs' in the data are not known to 
be valid. Due to errors in the EXCHECK program and other COlnplIGlUC)nS 
such as machine included in the data are and incorrect 

F or theorems on the we usually know from the rec-
by the assistant which are correct and which are 

that were checked the t-=',.,..~"y> 
are denoted either valid), or 'Y'''''''A/~rprl 

theorems on the assIgnment list and most of the theorems that were not 
as,sil\;?J:lC(l, there is no indication in the records whether the proof is valid. 
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While in some cases the validity has been checked in this analysis, most 
often the validity of these proofs is still undetermined and, quite often, 
doubtful, so these proofs (referred to as 'skipped' by the teaching assistant) 
have been collected together and removed from the analysis of proof 
length. Finally, the few remaining proofs in the data have not been found 
in any of the other course records (which probably means that the teaching 
assistant physically removed theIn, or less likely, misplaced them) and are 
labeled 'missing' in Appendix B. 

TABLE 10. 

Distribution of Theorems in the CurrIculum and Assignments 

ExerCIse Theorems 
Theorems theorems WIth proofs 

5 0 0 0 
2 116 12 29 33 
3 216 9 21 22 
4 87 7 14 14 
5 61 9 21 22 
6 101 5 7 7 
7 33 2 6 4 

Sum 619 44 98 102 

Thus, of the nearly 1,500 proofs in the original data, we consider the 
lengths of the proofs of about 1,000 that are of known validity-about 10 
proofs (typically between 5 and 15) of each of the roughly 100 theorems 
in the assignment list. From inspection of many of the proofs removed from 
the full data and the descriptive statistics for the lengths of these proofs, 
we know that most of the proofs rejected by the teaching assistant were (a) 
strictly invalid, having cited the theorem that was itself being proven, or 
(b) vague, in that the student used commands like ESTABLISH with no 
explicit reference to the theorenls, definitions, or axioms used. In both 
cases, these proofs are much shorter than the 'accepted' ones, most often 
a single line using commands THEOREM, ESTABLISH, VERIFY, and so 
on. The 'skipped' proofs, however, resemble more closely the known-valid 
proofs both in length and commands used, while the 'missing' proofs are 
much like the 'rejected' ones in these features. The removal of these proofs 
greatly affects the distribution of the length of those considered, but does 
not drastically alter the distribution of commands used. (They are included 
in the previous analysis of rule usage for this reason.) 

Over all the known valid proofs, there is wide variation in the length of 
from a single line to over 90. Much of this variation is clearly due to 

differences between theorems (Table 11). As mentioned in the discussion 
of the curriculum, most of the theorems that students are assigned are 
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simple to prove, while some are quite difficult. Thus, of the proofs submitted 
for Theorem 2.6.2 (an element of the intersection of two sets must be an 
element of each set, and vice none is longer than 8 lines, while every 
proof of the Teichmiiller-Tukey Lemma (Theorem 7.3.23, every set of 
finite character has a maximal element) is at least 25 lines long. 

TABLE 11. 

DIstrIbutions of L.<,",U~Lll" of Proofs by Theorem 

StatistIC Mean SD Median Mimmum Maximum 

Mean 15.0 10.3 12 1 35 547 
SD 48 3.9 395 0 229 
Median 13.6 10.8 110 3.0 530 

''''hile a large part of the variation in proof length can be explained by 
differences between the there is also substantial variation in 
the collection of proofs of each theorem. In no case (other than the tnvial 
SItuation of only one eXIsting for a IS there ~ theorem with all 
proofs of the same length. For the two theorems mentIOned above, the 
proofs range from 3-8 lines and 42-64 lines, indicating considerable dif­
ferences in the proofs. 

There is a clear pattern to this variation, however. In general, the median 
IS roughly to the mean, whIle the standard deviation 

Ipnrrt"t-." of the of a theorem is for proofs with longer 
mean length Equality of mean and median 
length implies c'I:T''Y>r1n.oi-Y'u in the distribution of length of We believe 
there are two reasons for this symmetry: 

2 

shorter, so 

10 the system is a complex 
r!pjcpr-n111n1Tl,IT the length of 

so that many events are 

anc:1Olll1y dIstributed With respect to how much they 
tend to make longer or 

These occur at indeed every character typed, so 
that the variatIon increases as the proof becomes hence the relation-

between the variance and mean of 
examine closer the nature of the variation of proof we con-

sidered Theorems 2.15.3 and 4.2.20 theorem), each having a 
large number of 2.4.5 has the most but it is a 

... r"n.lo~ in which the students are intended to 
order to some A-V-n"" .... 'cc.nor·,o 

of both of these theorems for every student who com­
course. Theorem 2.15.3 states that two sets cannot both be 

elements of each and has a fairly mean length of Cantor's 
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theorem (every set is strictly less pollent than its powerset) is usually the 
most difficult theorem required for a passing grade. 

With more than 20 proofs of each of these theorems, we are able to per­
form a test of fit of a normal distribution to the distribution of length. The 
norrnal distribution with density 

f(x) 
1 (x-m)2 

e 25 

s 

for all real x predicts that proof length is both symmetric and unzmodal, that 
is, has a single most-likely length (m, the mean length) such that the likeli­
hood of any proofs longer or shorter is uniformly nonincreasing. While 
proof length is necessarily discrete and positive, for the theorems being 
considered the range and location of the lengths of proofs are such that 
they resemble a continuous quantity as can be seen in their histograms 
(Figures 4 and 5). For observed proof lengths 

the maximum likelihood estimate of m is 

the sample mean, and the maximum likelihood estimate of S2 is 

Tables 12 and 13 show the estimated number of proofs for the two theorems 
with different lengths and the number of proofs observed with those lengths, 
as well as the chi-square statistic for the test of the hypothesis that length of 
proof has a normal distribution. In the case of Theorem 2.15.3 the normal 
distribution fits well. For Cantor's theorem, even though the two longest 
proofs have been removed, the normal distribution does not explain the 
fact that most proofs are either 25-30 or 35-40 lines long. Then, no smooth, 
unimodal distribution would predict such a gap; the normal distribution, 
we believe, is the best simple distribution that fits the data. 

FIGURE 4. Histogram of lengths of student proofs of Theorem 2.15.3. 

(Each 'X' represents 1 proof.) 
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FIGURE 5 Histogram of of student proofs of Theorem 4.2.20 (Cantor's 

Theorem). (Each 'X' represents 1 proof.) 
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TABLE 12 

FIt of Kormal DIstributIOn 
to Lengths of Proofs 
of Theorem 2.15.3 

Number of 
Length 
of proof Observed 

1-15 5 6 
16-18 6 6.7 
19-21 7 6 
>21 7 

ChI-square statIstIC .9496 (1 dJ: 
p = 33) 

TABLE 13 

Fit of Normal DistnbutlOn to 

N umber of proofs 
Length 

of proof Observed 

1-20 5 1 
21-26 1 64 
27-31 2 53 
>31 6 52 

ChI-square statIstic 6.34 (1 dr, 
p 012) 

x 

50 60 

From this we conclude that while there IS considerable variation 
in of proof, the nature that variation is fairly 
mal distribution can predict the 
&~~.I->,.&A~ of proofs. That while it is rather unlikely that two 
same theorem will be of the same (much less 1"s:n1TU''"l 

x 

70 
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some proofs will be twice as long as others, it is also unlikely that most will 
be much longer or shorter than the mean. 

6. INDIVIDUAL DIFFERENCES IN PROOF LENGTH 

In the previous section we confirmed the well-known fact that different 
students will, in general, produce different proofs of the same theorem, as 
seen in the variation in length of proofs. We now ask, is the relative length 
of proofs a consistent behavior of individuals? 

If students consistently differed in how much they took advantage of the 
informal inference commands like ESTABLISH to reduce the number of 
logic commands and direct statements of results in their proofs, and if 
every student were given the same theorems to prove, we would expect the 
mean length of proof for each student to accurately measure the students' 
behavior. Students, however, in general do not prove the same theorems. 
While the assignments for the three grades (Pass, B, and A) are intended to 
provide homogeneous groups of theorems, students have different numbers 
of unassigned and incomplete proofs (due to program errors or abuse of 
the powerful inference commands), and students lose different numbers of 
proofs because of computer and program errors. Also, there are proofs 
from a number of students who did not complete the course, most of whom 
have proofs only for chapter 2. As mentioned in the previous section, this 
is readily seen in the variation in number of proofs for each student, which 
ranges from 2 to nearly 100. 

Nonetheless, we begin by examining the mean length of proof for all 
students, then follow with an analysis of three individuals who illustrate 
extremes of the distribution. For the roughly 40 students of 1978-1979 
who completed more than 20 proofs, the means of the lengths of their 
proofs are symmetrically distributed about their mean (roughly 15 infer­
ences), with a range of about 10-20 inferences. About half the students did 
the work required for an 'A' grade, and have higher mean length of proof, 
ranging from about 12 to 20. Note that the variation in the lengths of 
proofs of different theorems is larger than that between students. 

As in comparing the proofs of different theorems, we are constrained 
by the small and varying numbers of proofs completed by each student. 
Comparing students is further complicated by the fact that they all prove 
different sets of theorems. In order to characterize how students systematic­
ally vary with respect to length of proof, we consider the students who 
completed the course with the largest difference in mean length of their 
proofs. Table 14 shows the theorem and length of proof for each assign­
ment for these students, as well as the mean length of all proofs for those 
theorems. The student with smaller mean length of proof (student 729) 
completed the work for a passing grade, while the other (student 736) 
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received an 'A'. They dIffer not only in the mean of the 
proofs, but also in the variance. 

TABLE 14. 

l ... omr:;lanson of Lengths of Proofs for Three Students 

Length of 

Assignment Theorem Student 
Mean 

729 736 759 

spa 245 5 1 5 

Chapter 2 

Passmg 
grade 

234 55 3 4 

2 2514 44 5 
25 15 57 9 

3 26 1 72 3 3 
262 35 3 

4 2 106 120 11 
2 108 10 1 9 
2119 103 8 

5 2 129 12 1 8 
2 12 10 203 17 24 

6 2.15 7 19 16 23 

'A' grade 

258 128 8 25 

2 259 10.8 12 16 

3 295 126 16 18 

4 297 168 41 

5 2 10 I 7 1 4 
2 148 136 22 

of their 
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Chapter 3 

Passmg 
grade 

3.4.6 169 19 
3.4.12 137 10 

2 3.7 16 86 4 11 
3.7.17 96 13 

3 3.114 9.1 11 11 9 

4 3.122 207 14 25 31 

5 3.158 6.3 4 
3.159 13.2 3 33 

6 3 172 266 22 19 39 

'A' 

3.11 8 107 18 
311 10 12.3 17 

2 3.15.17 29.6 38 32 

3 3.184 249 28 28 

Chapter 4 

Passmg 
grade 

4213 41 6 
4.2.14 75 10 
4.2.15 116 14 

2 4.2.20 29.9 22 22 70 

3 4.3.3 11.7 7 
434 45 5 
43.5 8.3 20 

4 4.3.7 4.2 5 4 
4.3.8 75 7 

5 4.4 7 50 7 
448 7.0 5 6 

'A' grade 

4.3.17 547 37 91 

2 4.4.9 36.0 42 47 
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TABLE 14, continued 
Chapter 5 

Passmg 
grade 

525 104 8 13 
52.7 12.2 12 

2 529 38 3 4 3 

3 5211 9.1 9 
5213 9 1 7 10 

4 5220 13.6 17 
5222 15.7 13 17 

5 5225 192 20 23 22 

6 531 48 5 
532 82 8 9 

7 5.4 2 200 21 
543 70 7 
5441 148 14 

grade 

5217 31 3 31 
5219 21 8 22 

2 5.2.21 12 1 12 11 

6 

'B' 

6.224 118 13 12 

2 6 21 6 19 15 

3 6235 242 27 

'A' 

6230 396 45 47 

2 6410 35.9 31 38 

7 

'B' 

729 6 30 13 

'A' grade 

72.23 418 61 44 
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N 23 44 43 
Mean ]0.0 183 225 
SD 6.2 13.3 184 
MedIan 80 160 180 
Mmlmum 3 3 3 
MaXImum 22 61 91 

aSpeClal problem (students shown how to prove theorem 
before bemg asked to enter the proof). 

43 

The students had less than half of their proofs from the same theorems. 
For those theorems, the mean length of proof differed less. With longer 
proofs for the passing student (729) and shorter for the A-grade student 
(736), the difference in mean proof length decreases by about half. Further­
more, for one fourth of the theorems the proof by the passing-level student 
is longer than that of the A-grade one. Finally, the magnitude of the differ­
ence in the means is due largely to a few theorems for which the A-grade 
student had uncharacteristically long proofs. 

We also matched the A-grade student to another, more comparable 
student (759) who, for the same level of work completed, had the lowest 
mean length of proof. Student 759 has shorter proofs than student 736 for 
less than 60% of the sample. As in the comparison with the passing-level 
student, difference in mean proof length is accounted for mainly by two 
proofs that were extremely long. 

When we studied which theorems showed large differences in length 
of proofs for the two students, we found that the student with the shorter 
proofs changes from the earlier to the later theorems. Inspection of two 
proofs, one from the beginning of the course in which student 759 had a 
much shorter proof and another from a later theorem in which student 736 
found a shorter proof, indicates possible reasons for this abrupt shift. It is 
clear in both cases that the main difference is not in the parts of the curricu­
lum used in constructing the proofs, but rather the type and method of 
application of the inference commands. The shorter proofs consistently use 
commands like VERIFY and ESTABLISH to produce the same results 
that are arrived at after many applications of simple logic commands in 
the longer proofs. However, which student uses which type of command 
changes from the earlier to the later theorem. 

The fact that relative proof length is consistent within both halves of 
the course, with reversal depending on the half, suggests that the students 
both maintained and then changed from one style of proof to another. This 
could be due to the students' either discovering the commands (or new 
uses of the commands, particularly the more powerful inference proce­
dures), or simply deciding to change the way they do proofs. Either type of 
change could have been intrinsically motivated, the result of actions by the 
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teaching assistant, or accidental, the result of, say, browsing through the 
manual or finding that simple logic commands are processed faster than 
informal inference procedures. But the data available to us do not make 
possible a test of these alternative hypotheses. 
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APPENDIX A 

Estimates of Transition ProbabilIties for Sequences of Inference 
Commands in Student Proofs 

Precedmg mference 
Followmg First 
mference inference THEOREM CP DEFINITION ASSUME 

THEOREM .14 .19 .01 14 30 
CP .0 .10 .03 .14 .0 
DEFINITION 04 .05 01 11 12 
ASSUME 13 06 14 .05 .07 
VERIFY 02 07 01 04 07 

ESTABLISH .04 .05 01 .06 12 
REPLACE .0 .07 01 .04 05 
HYPOTHESIS 51 .01 .01 0 0 
IMPLIES .0 07 .0 .05 04 
UG 0 .01 23 .01 0 

FC .0 .03 02 02 01 
RC .0 .03 .0 .05 02 
TEQ 0 05 0 05 .02 
LC 0 .03 0 03 02 
TAUTOLOGY .0 .03 .03 02 .02 

AXIOM .03 .02 .0 .0 01 
LB .0 0 .14 01 .0 
ES .0 .01 0 0 02 
US 0 02 0 01 01 
CONTRADICTION .0 .01 0 .01 .01 

SORT .02 01 0 .03 01 
EG .0 01 .0 01 .01 
BOOLE 0 02 .0 01 01 
AA .0 .01 .0 0 .0 
SIMPLIFY .0 .01 .0 .02 01 

HYPR 01 .0 .05 .0 0 
IP 0 .0 0 0 0 
DS 0 0 04 .0 0 
ELIMINATE .0 .0 0 .0 .01 
QN .0 0 0 0 0 

LET 0 0 .0 0 0 
P .01 0 0 0 .0 
FD .0 .0 .0 .0 0 
RAA 0 .0 0 0 0 
CASES .0 .0 .0 .0 0 

NEGATION .0 .0 .0 .0 0 
CDIS] .0 0 0 0 0 
SPECIFICATION .0 0 0 0 .0 
CHANGE 0 0 .0 .0 0 
QED 05 03 26 05 .01 
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mference 

Followmg HYPOTH-
mference VERIFY ESTABLISH REPLACE ESIS IMPLIES 

THEOREM 13 12 .13 17 11 
CP 14 18 11 0 22 
DEFINITIO::'\ .04 04 .04 23 05 
ASSUME 03 .04 .02 21 06 
VERIFY 21 .04 08 04 .05 

ESTABLISH 03 16 05 .06 .06 
REPLACE 05 05 .10 05 04 
HYPOTHESIS 0 0 0 0 0 
IMPLIES 03 .03 03 .02 .06 
UG 03 02 04 0 01 

FC 02 .05 04 0 03 
RC 02 01 03 02 .06 
TEQ 02 02 04 .0 .02 
LC 0 02 02 04 03 
TAUTOLOGY 02 .01 02 01 01 

AXIOM 03 0 04 01 01 
LB 01 0 01 0 0 
ES 04 02 02 .06 01 
US 01 01 03 0 01 
CONTRADICTION .02 04 02 .0 04 

SORT 01 01 .01 01 0 
EG 01 01 0 01 01 
BOOLE 01 01 01 .02 0] 
AA 01 01 .0 01 0 
SIMPLIFY 01 0 01 0 01 

HYPR 01 0 0 0 0 
IP 0 01 0 0 01 
DS 0 01 0 0 .0 
-ELIMINATE 0 0 .0 0 0 

Ql'" 0 0 0 0 0 

LET 0 0 0 0 0 
P 0 0 0 0 0 
FD 0 .0 0 0 0 
RAA 0 0 0 0 0 
CASES 0 0 .0 0 .0 

NEGATION 0 0 0 .0 0 
CD IS] 0 0 0 0 0 
SPECIFICATION 0 0 0 0 .0 
CHANGE 0 0 0 0 0 
QED 06 06 12 .02 06 
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Precedmg inference 
Followmg 
mference UG FC RC TEQ LC 

THEOREM 09 23 15 .19 20 
CP 02 05 .03 10 03 
DEFINITION 30 16 .10 .05 08 
ASSUME 01 01 03 .01 .01 
VERIFY 05 04 02 06 03 

ESTABLISH .07 03 03 04 05 
REPLACE 05 02 06 04 .06 
HYPOTHESIS .0 0 .0 0 0 
IMPLIES 05 .07 04 .05 03 
UG .0 0 .01 04 01 

FC .04 .09 .05 06 10 
RC 0 0 13 .02 20 
TEQ 0 01 02 08 02 
LC .01 01 .15 01 05 
TAUTOLOGY .0 01 .0 .02 0 

AXIOM .08 0 0 .04 0 
LB 0 .06 .0 0 01 
ES 0 .0 03 0 01 
US 03 01 .08 01 02 
CONTRADICTION .01 01 .01 .03 .01 

SORT 03 0 0 01 .01 
EG .04 11 01 01 02 
BOOLE .0 .01 .01 0 01 
AA 01 .05 .03 01 02 
SIMPLIFY .0 .0 0 .01 0 

HYPR .0 .0 .0 0 0 
IP .0 .0 .01 .01 0 
DS 0 0 .0 .0 0 
ELIMINATE .0 0 .0 .0 .0 
QN .0 .0 .01 .0 0 

LET .0 .0 .0 .0 0 
P .0 0 0 0 0 
FD 0 0 0 0 .0 
RAA 0 02 .0 0 .0 
CASES .0 0 0 0 0 

NEGATION 01 .0 0 0 0 
CDIS] 0 0 0 .0 .0 
SPECIFY 0 0 0 .0 .0 
CHANGE .0 0 .0 0 0 
QED .07 01 01 .11 0 
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Precedmg mference 
Followmg 
mference TAUTOLOGY AXIOM LB ES US 

THEOREM .15 20 02 14 04 
CP 11 02 04 0 01 
DEFINITION 06 03 0 05 02 
ASSUME 05 06 .01 05 04 
VERIFY .06 11 .0 08 06 

ESTABLISH 05 .05 02 12 04 
REPLACE 09 .09 02 04 07 
HYPOTHESIS 0 01 0 0 .03 
IMPLIES 03 01 0 .03 19 
UG 08 02 20 01 .01 

FC 02 02 0 .01 01 
RC .02 01 10 03 02 
TEQ .01 .08 01 04 09 
LC 01 0 04 05 01 
TAUTOLOGY 06 .01 01 02 06 

AXIOM .0 02 01 06 .03 
LB 0 .01 0 0 04 
ES 01 02 0 05 01 
US 02 01 0 12 04 
CONTRADICTION 03 04 01 0 03 

SORT 0 01 0 01 0 
EG 01 01 0 01 0 
BOOLE 01 01 0 0 01 
AA 01 0 0 02 09 
SIMPLIFY 0 0 0 01 0 

HYPR 0 0 0 0 0 
IP 01 02 0 0 01 
DS .0 0 0 0 0 
ELIMINATE .01 0 0 01 0 
QN 0 0 0 0 01 

LET 0 0 0 0 0 
P 0 0 0 0 0 
FD .0 0 0 0 0 
RAA 0 0 0 0 0 
CASES 0 0 .0 01 0 

NEGATION 0 0 0 0 0 
CDIS] 0 0 0 0 0 
SPECIFICATION 0 0 0 0 0 
CHANGE 0 0 0 0 0 
QED 07 II .51 02 .05 
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Precedmg mference 

Followmg CONTRA-
inference DICTION SORT EG BOOLE AA 

THEOREM .07 .07 34 .25 .07 
CP 15 05 .13 07 19 
DEFINITION 05 .39 .12 03 .04 
ASSUME 03 05 01 03 .06 
VERIFY 03 .07 .01 08 03 

ESTABLISH .02 05 .03 .03 .08 
REPLACE 01 01 .03 .15 05 
HYPOTHESIS 0 0 0 .0 .0 
IMPLIES .06 02 .05 02 03 
UG .0 .0 0 04 .02 

FC 04 .06 02 .05 .02 
RC .0 .0 .01 02 04 
TEQ .01 .01 0 .05 .04 
LC 01 .01 .0 .04 .03 
TAUTOLOGY 03 .03 02 02 .0 

AXIOM .0 0 .0 0 01 
LB 0 0 0 0 01 
ES 0 0 .0 .01 13 
US .0 .0 0 .0 .02 
CONTRADICTION .02 .0 .01 .0 01 

SORT 0 15 0 .0 01 
EG .0 .0 12 01 .01 
BOOLE 01 0' 0 .08 03 
AA .0 .0, .01 01 03 
SIMPLIFY 0 0 0 .0 0 

HYPR .0 0' .0 .0 0 
IP 0 .0 0' 01 .02 
DS 0 .0' .0 0 0 
ELIMINATE .0 0' .0 .0 0 
QN 0 0 0 0 01 

LET .0 .0 0' .0 0 
P .0 0' .0 .0 .0 
FD .0, .0' .0 .0 0 
RAA .0 .0' 0 0 0 
CASES .0 0' .0 .0 0 

NEGATION 0 0 .0 .0 .0 
CDIS] 0 0 0 0 .0 
SPECIFY .0 .0 0 .0 .0 
CHANGE .0 0 .0 .0 0 
QED .43 0 06 .04 .02 
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Precedmg mference 
Followmg 
mference SIMPLIFY HYPR IP DS ELIMINATE 

THEOREM .26 23 04 06 03 
CP .01 .0 31 62 0 
DEFINITION .08 14 07 01 0 
ASSUME .02 05 .01 0 .23 
VERIFY .10 .11 04 03 0 

ESTABLISH 08 08 06 13 03 
REPLACE 03 0 0 03 0 
HYPOTHESIS 0 .01 0 0 0 
IMPLIES .07 04 04 0 0 
UC 0 0 .0 0 0 

FC 02 01 04 0 0 
RC 01 0 0 0 0 
TEQ 05 02 0 0 0 
LC 01 01 .0 01 0 
TAUTOLOGY 01 02 01 03 0 

AXIOM 0 03 0 0 0 
LB 0 01 0 0 0 
ES 01 11 0 0 30 
US 05 01 0 0 0 
CONTRADICTION 0 0 04 0 0 

SORT 0 .06 0 0 0 
EC 01 03 0 0 0 
BOOLE 0 0 03 01 0 
AA 01 01 03 0 0 
SIMPLIFY 15 0 0 0 33 

HYPR 0 0 0 01 0 
IP 0 01 01 0 0 
DS .0 0 0 0 0 
ELIMINATE 04 0 0 0 07 
QN 0 0 0 0 0 

LET 0 0 0 0 0 
P 0 0 0 0 0 
FD 0 0 01 0 0 
RAA 0 0 0 0 0 
CASES 0 0 0 0 0 

NEGATION 0 0 0 0 0 
CDISJ .0 0 0 0 0 
SPECIFY 0 0 0 0 0 
CHANGE 0 0 0 0 0 
Q,ED .0 0 25 04 0 
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Precedmg mference 
Followmg 
Inference QN LET P FD RAA 

THEOREM 07 05 .0 25 0 
CP 04 .0 05 .17 10 
DEFINITION .07 05 .0 0 0 
ASSUME .0 .10 05 0 0 
VERIFY 04 14 .0 .33 0 

ESTABLISH 0 .14 .0 08 0 
REPLACE 0 10 0 .0 0 
HYPOTHESIS .0 .0 05 .0 0 
IMPLIES 04 0 .0 .0 .0 
UG 0 0 0 0 40 

FC 0 .0 .0 .0 20 
RC 0 0 0 0 0 
TEQ .07 19 .0 .17 0 
LC 0 .0 0 0 0 
TAUTOLOGY 0 0 0 0 0 

AXIOM 04 .05 0 .0 0 
LB 0 0 0 0 0 
ES 15 0 0 .0 0 
US .44 0 0 0 .0 
CONTRADICTION 0 0 0 0 .0 

SORT 0 0 0 .0 0 
EG 0 05 .0 0 0 
BOOLE .0 .05 0 .0 0 
AA 0 0 0 0 0 
SIMPLIFY 0 05 0 .0 0 

HYPR 04 0 0 0 0 
IP 0 0 0 0 0 
DS 0 .0 0 0 0 
ELIMINATE 0 0 0 0 0 
QN 0 .0 0 0 0 

LET 0 .05 0 .0 0 
P 0 0 40 .0 0 
FD .0 0 0 0 0 
RAA 0 0 .0 0 0 
CASES 0 .0 0 0 0 

NEGATION 0 0 0 .0 0 
CDIS] 0 0 .0 0 0 
SPECIFY .0 0 0 0 0 
CHANGE .0 0 0 .0 0 
QED 0 0 45 .0 30 



52 SUPPES & SHEEHAN 

Precedmg mference 
Following 
mference CASES NEGATION CDISj SPECIFY CHANGE 

THEOREM .40 0 0 0 .0 
CP .40 0 60 0 0 
DEFINITION 0 0 0 33 0 
ASSUME 0 0 0 0 .50 
VERIFY 0 0 0 0 0 

ESTABLISH .0 0 0 0 0 
REPLACE 0 10 0 0 0 
HYPOTHESIS 0 .0 0 0 0 
IMPLIES 0 0 0 0 0 
UG 0 20 .0 0 .0 

FC 0 30 0 0 0 
RC .0 0 0 0 .0 
TEQ 0 0 0 33 0 
LC .0 0 0 0 0 
TAUTOLOGY 0 0 0 0 0 

AXIOM 0 0 0 0 0 
LB 0 0 0 0 0 
ES 0 0 0 0 0 
US 0 0 0 0 0 
CONTRADICTION 0 0 0 33 0 

SORT 0 0 0 0 0 
EG 0 0 0 0 .0 
BOOLE 0 0 0 0 0 
AA 0 0 0 0 50 
SIMPLIFY 0 0 .0 0 0 

HYPR 0 0 0 0 0 
IP 0 0 0 0 0 
DS 0 0 0 0 0 
ELIMINATE 0 0 0 0 0 
QN 0 0 0 0 0 

LET 0 0 0 0 0 
P 0 0 0 0 0 

FD .0 0 0 .0 0 
RAA 0 0 0 0 0 
CASES .0 0 0 0 0 

NEGATION 20 0 40 0 0 
CDIS] 0 20 0 0 0 
SPECIFY 0 0 0 0 0 
CHANGE 0 0 0 0 0 
QED 0 20 0 0 0 
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APPENDIX B 

Axioms. Definitions. and Theorems 
and Descriptive Statistics for Length of Proof 

UNIGUENESS OUANTIFIER: 
(:P x) FM ( x) i H ( 3 x) FM ( x) & ( V 'x. y ) (FM ( x) tic FM ( IJ) ... x .. y). 

1.1 If (3! x) FM(x) then (3 x) FM(x). 

1.2 If (3! x) FM(x) then (\i y,z)(FM(y) tic FM(z) ... y .. z). 

1.3 (3! .) FMC.) iff (3 x)[FM(x) tic (\i y)(FM(y) ... x .. V)]. 

1.3.1 Nat (3 V)(\i x)(x • y ~ ... x '. x). 

1.4 (3l.) FM(x) iff (3 x)(V y)(FM(y) ~ ... x = V). 

Chapter 2 

SET: Set(v) iff (3 It ) It til Y v Y .. O. 

2.2.1 Set(O) . 

Axiom EXTENSIONALITY: A ... B iff (V x)( x a A ~ ... x a B) . 

Axiom SEPARATION: (3 B)(V x)[ x • B ~-t X E A tic FM(x)]. 

2.3.1 x ""II O. 
Accepted: N- 1. me.n=13 0. 
ReJected: N- 2. me.n'" 1.0. s.d.- . 0. 
Skipped: N- 3. mean'" 1.1. s. d.- 1. 5. 
Missing: N-lh, mean- 1.9. s. d." 1. 1. 

2.3.2 (EMPTY) A .. 0 iff (V x) X "111 A. 
Accepted: N"16, me.n=12.3, s. d. = 3 3, 
ReJected: N:oo 5, mean" B.O, s. d .... 5.1, 
Skipped: N- 1, me.n- 9.0. 
Missing: N= 3. mean-12.3. s.d.==12 7. 

2.3.3 (NONEMPTY) A " 0 iff (3 x) x • A 
ReJected: N- 1. mean'" 1. 0. 
Skipped: N- 1, mean:0015. O. 

Axiom I RREFLEX I V ITY : x '. x. 

2.3.4 Nat (3 A) (V x) x • A. 
Accepted: N-21, mean" S.5, s.d.= 2.4, 
ReJected: N- 1. m.an- 1.0. 
Sklpped: N- 3. mean- 4.3, s. d.= 1.2. 
Missing: N= 3, meana 2.7, s. d .... 2. 1, 

2.3.5 (3 x) • '. A. 

SUBSET: B ~ C iff (V x)(x e B ... x e C). 

PROPER SUBSET: B C C iff B ~ C & B " C. 

2.4.1 Aj;A 

med.= 1.0 • min.-
med.= B. O. min." 
med 1m 1.0. min." 

med. =11. 5, min.-
med'. = B.O, min == 

med. -10. 0, min.= 

med." 5.0, min.-

med .. 5 0, min = 
med.= 2.0, min ... 

1. 
6. 
1, 

9, 
1. 

I, 

3, 

3. 
1, 

max ... 1. 
max. = 9 
max == 4. 

max. =20. 
max. =15 

max. =26 

max =15. 

max.= 5 
max ... 5. 

ReJected N= 2, mean- 1 0, s.d.= 0, med." 1.0, min = 1, max .... 1. 
Skipped: N= 7, mean= 2.3, s. d.- 1.6, med ... 2.0, min = 1, max.= 5. 

2.4 1 1 (SUBSET) If x e A tic A ~ B then x e B 

2.4.2 If A ~ B tic B ~ C then A ~ C. 
ReJected: N= 2. mean= 1 0. s. d .... .0. med.= 1. O. min. = 1. max. = 1 
Skipped: N ... 9. mean'" 6.7. 5 d == 2.5. med.= 7.0. min .... 4. max. =12. 
Missing: N- 5. mlt.n= 5.4. s. d .... 2.3, med.= 5. O. min == 2. mall.:O: S. 
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2.4.3 If A ~ I & I ~ A then A .. B. 
ReJected: N- 1, mean- 1.0. 
Skipped: N= 4, m.an- 70, s.d ... 37. med.- 6 5, min.- 3. max. =12. 

2.4.4 0 sa A 

2.4.5 If B C C th.n C ""Isa B. 
Accepted: N=41, me .. n- S.l, '!I.d.- 1.0, med -5.0, 
ReJltc'hd: N- 1. m.en- 5. O. 
Skipp.d: N- 3. m ... n- 6.3. 5. d."" 2.5. med .... 6. O. 
Miuing: N- 5. mean- 5 4, 5 d .... . 5, m.d .... 5. O. 

FAMILY: Fam(x) iff set(x) & (V V)[V & x ~ .et(v)]. 

2.4.6 Fa"fO). 
ReJected: N- 1. m •• n- 1.0. 

min.'" 

min.= 
min."" 

2.4.7 If 'am(A) then [A S I ~~ (V C)(C • A ~ C • I)]. 
8klpped: N- I. mean-17.0. 

2.4.8 If 'am(A) & B sa A then fam(B). 

1, max ... 1:1 

4. max .... 9. 
5. max. =- 6 

Skipped' N= 3, mean- 7.7. s.d.= 6, m.d .... S.O, min.- 7. max.- S. 

2.4.9 If 'am(A) & fam(B) then [A ... B ~~ (V C)(C • A ~~ C • I)]. 

ABSTRACTION: <x: FM(x)} .. V 
Hf 

[(V x)[x • V ~~ FM(x)] & set(v)] 
OT' 

V. 0,. not (3 B)(V x)[x • B ~~ FM(x)]. 

2.5.1 If (3 x) x • (x: FM(x» or (3 B)(V x)[x • B ~~ FM(x)] 
then (V x)[x • {x. FM(x)} ~~ FM(x)]. 
Skipp.d: N- 2, .... n-13.5, •. d.- 7. med.=-13.5, m1n. 2 13, max.-14. 
Missinl: N- 1. mean- 1.0. 

2.5.2 I' (V x) not FM(x} v not (3 B)(V x)[x • B ~~ FM(x)] 
then {x: FM(x}} - O. 
Skipped: N= I. m.en=22.0. 

2.5 3 If (V B)(3 x)[x .... B & FM(x)] then {x: FMCx)} = O. 

2.5 4 If (V x) not FMCx) v (V x) FM(x) then {x: FM(x)} = O. 

2.5.5 If (V x)[x e A ~~ FMCx)] then {x' FM(x)} ... A. 

2.5 6 If (3 x) x • {x: FM(x» then (Y x)[x • {x: FM(x)} ~~ FM(x)J. 

2.5.7 (ABSTRACTION) 
(¥ x)[x Ii {x: FMC x)} ~~ FM(x)] iff (3 B)(Y x)ex e B ~~ FM(x)] 
Missing: N= I, mean- 7.0. 

2.5.S (3 B)(V .)[x • B ~~ FMCx)] iff (3 8)(Y x)(FM(x) ~ x & B). 
Accepted: N=22. mean=12 S, s.d.- 4,5. med.-l1 " min.- S, max =25. 
Missing: N= 1. mean- S.O 

2.5 9 (MEMBERSHIP) (Y x)[x • {x' FM(x» ~~ FM(x)] 
iff (3 8)(V x)(FM(x) ~ x • B). 
Accepted: N=20, mean-l0 S, s.d.- 4.3, mad.=11.0. min.- 3, max.=lS. 
S~ipp.d: N- 2, mean- 5.0, !II d.= 2.8, med.- 5.0, mln.- 3. max.- 7. 
Missing: N= 4, mean- 2 3, s.d.= 15, med.- 2.0. min.= 1, max.- 4. 

2.5.10 x. (x: x • A • FM(x)} lff x • A & FM(x). 
Accepted: N- 1. mean-l1.0. 

2.5.11 (CONCRETION) If x • {x. FM(x» then FM(x), 

2.5.12 If (3 x) x • {x: FMCx)} then (3 x) FM(x). 

2.5.13 {x x II A} -A. 
Accephd N=13, meen= 4. a. s.d.1II 1. 5, med .... 4.0, 
ReJected N= 3, mean- 2.3, !II d. ,.. 1 2, med ... 3.0, 
Skipped: N- 4. mean- 4 5. II. d .... 2.1. med .... 4.5, 
Missing: No- 2. meen- 6.0, S.d.- 2. S. med .... 6.0, 

min .... 2, mex. III 7 
min.= 1, max. - 3. 
min .... 2. mex .... 7. 
min.= 4. max .... a. 
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2.5.14 {It It ""IE I} III O. 
Accepted N- 7. mean- 4.4. s. d ... 2.1. med .... 4. O. min .... 3. max.- 9. 
ReJected N= 2. me.n- 1.5. $ d. "" . 7, med.- 1. 5, min .... 1, max .... 2. 
Skipped: N- 1. mean" 4. O. 
Mhdng: N- 1. m •• n- 3.0. 

2.5.15, (It: It ... It) III O. 
Accepted: N-I0. m •• n- 5.7. s.d.- 2.S. med.- 4.5. min - 3. max. =11. 
ReJected: N- 3. mean- 4.3, •. d .... 5.S, med.- 1.0. min.- 1, max.-ll. 

2.15.16 (ABSTRACTION tDENTHV) If ('I x)[FM(x) ..... FM1(1l.)] 
then (It: FM(x» ... (x: FM1(x)}. 

UNION: I u C .. {x: x • I v It • C}. 

INTERSECTION: Inc .. {x: x III B • II • C}. 

SET DIFFERENCE: B~C - {x: x • B • It ~. C}. 

Axiam UNION: (a A)(¥ x)(x • A ..... x • B v x • C) • 

2 .•. 1 (UNION) x III B u C iff! x iii B v x • C. 
Accepted: N-12, mean- 7.2. s.d .... 4.9, med.- 6. O. 
ReJl1Icted: NIII 9, me.n- 5.6. 11 d .... 6.S. med.- 2. O. 
SUpped: N'" 6. me.n ... S 5. s.d .... 2.3. m.d .... 6 0, 
Mining: N ... 1. m •• n- 7. O. 

2.6.2 ( INTERSECTION) 11 E! BnC iff' x • B Ie x III C. 
Accepted: N-I0. mean- 3.5. s d. GIl 2.0, mltd.- 3.0. 
ReJected: N- 3. mean'" 2 3, s. d .... 2.3. m.d .... 1. O. 
Sldpped: NIII 3. mean- 3.7. III d .... 1 2, med.- 3.0. 
Missing: NIII 2. mean- 3.5. s. d .... 7. med .... 3.5, 

2.6.3 (SET DIFFERENCE) It III B"'C iff It III B Ie X ~E! 

Accephd' N-l1, me .. n- 6.2. s.d .... 4 2. med. - 5. O. 
ReJected. MIlO 2. mean ... '5.5. $. d = 4.9. med .... 3.5. 
Missing: M- 2. mean- 3. O. !II d .... O. med.'" 3. O. 

2.6.4 A ~ onC iPf A ~ B ~ A ~ C. 

min .... 3. 
min .... 1. 
min .... 3. 

min .... 2. 
min .... I. 
min.'" 3. 
min .... 3, 

C 
min .... 2. 
min.= 2. 
min:'" 3. 

max. -IS. 
mall. "'lS. 
max .... 9. 

max -S. 
max.- 5. 
max.- 5. 
max.- 4. 

max =13. 
max .... 9. 
max.'" 3. 

Skipped: N- 2. mean-26 O. $ d.- 5.7. med.-26 O. min.-22. max.=30 

2.6.5 A ~ B~C iff A ~ B Ie Anc ... O. 
Skipped: N- 1, mean=19.0 

2.6.6 If fam(A) Ie 'am(8) then famtA U I). 
Stipp.d: N- 1. mean- 7.0 

2.6.7 If fam(A) v fam(B) then f'am(Ana). 
ReJected: N- 1. meana 1 O. 
Skipped: N- 1. mean=17 O. 

2.6.S If 'am{A) then fam(A"'B). 
Skipped: N= 1. mean- S.O. 

2.8.1 A ~ A V Band B _ A U B. 
Skipped: N- 1. mean-l1.0. 

2.S.2 I' A ~ C • B , C then A VB, C. 
Skipped: N= I, mean- 7.0. 

2.8.3 AnD S A and AnD _ D. 
Skipped: N- 2. mean=11.0. s d.- O. med.=II.0. min.=ll. max.=11 

2.8.4 If eGA & C ~ B then C _ AnD. 
Rejected: N= 1 •• .an- 3.0. 
Skipped: N- 2, mean- 6.5. s.d.- 4.9. med.- 6.5, min.- 3, max.-IO. 

A~iom PAIR: (3 a)(¥ %)(1 E! a ..... % = X v % = v). 

PAIR; {x.v} B {z: Z = x v Z ... v}. 

2.9.1 (PAIR) % E {x.v} iff % ... x v % ... V. 
Skipped: H- 2, mean- 4 0, s.d.- 1 4. med 4.0, min.- 3, max'" 5. 
Missing: He 2, mean- 3.0. s.d.- .0, med.- 3.0, min.- 3. max.- 3. 
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~.9.2 If x e A & V • A then {x.V} S A. 
Accept.d: N- 5. mean- B.2. s.d.- 1.3. mad.- B.O. min.- 7. max.=IO. 
Skipp.d: N= 2. m.an-li.O, s. d.- 4.2, m.d.-l1.0, min.- B, max. =14. 

2 .•. 3 (PAIR IDENTITY) {XIV} = {u,v} iff (x • u & V = y) y x • v & V - u. 

SINQLETON: {x} • {x. x}. 

2 .•. 4 (SINgLETON) V. {x} iff V-x. 

2 .•. 5 (SINQLETON IDENTITY) {x} {u} iff x = V 
Accepted. N- B. m •• n-126. s.d = 6.0, mad.-!S O. min.- 3. max.=lB. 
Rejected: N- I. mean- 7.0. 
Skipped: N- 1. mean- 3.0. 
Mi •• ing: N- 1. mean- 4.0. 

ORDERED PAIR: <x.V> - {{x}.{x'V}}· 

2 .•. 6 (ORDERED PAIR) z e <x.y> iff z - {x} v Z = {x'V}. 
Accept.d. N- B. maan- b.9. s.d.- 4.3, med.= 7.5. min.= 1. max =12 

2 .• 7 (ORDERED PAIR IDENTITY) <x.v> = <y.y> iff x = u & V = v. 
Accepted: N=20. mean=168. s d.=13.2. med.=16.0. min.- 3. max =44 
Rejected: N= 1, mean- 7 O. 
Missing: N= 2. mean- 5 O •• d.- O. med.= 5.0, min.- 5. max.- 5. 

Axiom SUM: (= B)(~ .)[1 • B ~~ (3 C)(x • C & C • A)]. 

gENERALIZED UNION' VA = {x: (= C)(x • C & e • A)}. 

2.10.1 (GENERALIZED UNION) 
Accepted: N- 7. mean- 7 1. 
Rejected: H= 1. means 2.0. 
Skipped: N= 3. mean- 3.0. 

x • vA lff (= C)(x & e & e • A) 
s d.- 3.8. med = 6.0. mln.= 4. max =13 

s d.- 2.0. med 3 O. min = 1. max.= 5 

2.10.2 U({A.B}) - A V B. 
Skipped: H= 2. me.n- 4.5. s.d.= 2. I. med.- 4.5. min = 3. max.- 6. 

2.10.3 V({A» - A. 
Skipped: N- 3. mean- 4.7, • d.­
Missing: N- 1. mean- 1 O. 

6, med.- 5.0. min.- 4. max.'" 5. 

2.10.4 UO III O. 

2.10.5 VtA v B) - vA v vB 
Accepted' N-tO, meanaI7.0, s.d.- 7.3, med.-Ib.O. min.= •• max. =34. 
RRJected: H- 2. mean- 15. s.d - 7. med.- 1.5, mln = I. max.- 2. 
M155ing: N= 1, mean- 1.0. 

2.10.6 If A S B then VA ~ VB. 
Accepted: H- 5. mean-12.0, • d ... 1.7, m.d.-l1.0, min.=ll. max.-I'. 
ReJected: H- 1. mean- 1.0 
Skipped: N= I. mean- 9.0. 
Missing: N- 2. mean-tt.5. s.d.- .7. mad.-Il.5. min.-II, max.-12. 

2.10 7 If A • B then A ~ VB 
Skipped: H= 2. mean- 6.5, s.d.- 3.5, med.- 6.5, min.- 4. max.- 9. 

2.10.B If (~ A)(A Ii! I ~ A S e) tben VI £ e. 
Accepted: N= 7. mean-l0 1, s. d.- 3.5, med.= 9.0. mln ... 6. max =15. 
Missing: N= I. mean-12.0. 

2.10.9 If (~ A)(A • B ~ Ane - 0) th"n vIne '" 0 

2.10.10 V«x.~» - {X. v}. 

2.10.11 v(V«A.B») '" A U B. 
Skipped: H- 1. mean- 1. O. 

2.10.12 If <x·V> e A then x & V(VA). 

2 10.13 If <11 • .,,> Ii! A then V Ii! V(UA) 
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GENERALIZED INTERSECTION: nA = {x. (V 8)(8 E A ~ X E B)}. 

2.11 1 (GENERALIZED INTERSECTION) 
x e nA iff (~ 8)(8 E A ~ X E B) & (3 a) a E A. 

2.11 2 If not (3 C) C • A then nA = O. 

2.11.3 no-C. 

2.11 4 O({A.B}). Ana. 
ReJected: N= 2, mean=10 5. s.d.=10.o, med.=10.5. min = 3. max.=lS. 
Skipped: N= 1. mean=12.0. 

2.11.5 o({A}) = A. 
Skipped: N= 1, mean=21.0. 

2.11.0 n«x,v» = {x}. 

2.11.7 n(n«A,B») - A. 

2.11.S If A ~ B & (3 C) C E A then oB ~ nA. 

2.11.9 If A e B then oB ~ A. 
Accepted: N= S, mean=10.3. s. d.- 2 o. med.- 9 5, mln.= 8. max. =15. 
ReJected: N= I. means 1 0 

2.11.10 If (3 B) B e A & (~ B)(B e A ~ C ~ S) then C ~ nA. 

2.11.11 If (3 C) C e A & (3 D) DeB then n(A U B) 

2.11.12 nA ~ VA 

2.11.13 U(o«A.B») D A. 

2.11.14 n(U«A.D») - AnD 

Axiom PQWERSET: (3 B)(~ C)(C ~ A ~ C e B). 

POWERSET: pA - {B: B ~ A}. 

2.12.1 (PCWERSET) x E pA iff set(x) & x ~ A. 

2.12.2 B e pA iff B ~ A. 
Accepted' N- 1. mean- 9.0. 
Skipped: N- 1, mean=12.0. 

2.12.3 Fam(pA). 
Skipped: N= 1, mean- 5.0. 

2.12.4 A Iii pA. 
Skipped: N= 1, mean- 3.0. 

2. 12. 5 0 e pA. 
Skipped: N== 1, mean= 4.0 

2.12.0 pO == {C}. 

2.12.7 p({x})'" {C,{x}). 

2.12.8 A ~ B iff pA ~ pl. 

nA 0 ns. 

Accepted: N- 9, mean=10.7. s.d.= 3.9, med.-17.0, min.- 9, max. =23. 
ReJected' N- I, mean- 2.0. 
Missing: N= 3, m.an-14.3, s d.= 7.0, med. =10. 0, min.- 6. max. =21. 

2.12.9 pA V pB ~ peA u B). 
Accepted. N= '9. mean-12. I. s. d = 5. O. med. =11. O. min. = 5. max. =19. 
ReJected: N= 1. mean= 2.0. 
Skipped: N= 1. mean= 9 0 

2.12.10 p(AnB) .. pA o pB. 
Accepted: N=13. mean-20.3. s. d. =11. 2. med =18 0, min.= 5, max. =50. 
ReJected: N'" 1. mean ... 1. O. 
MiSSIng: N- 2, mean=15.5, 111 d.=17 7. med =15.5, min." 3, max ==28. 
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RELATION: Rel(u} if' •• t(u) ~ (V x)(x • u ~ (= V,z) x .. <V.z». 

2.13.2 Rei (0). 

2.13.3 If rel(A) then fam(A). 
Accepted: N- 1, me.n-l0.0. 
Skipped: N= 1. m.an-11.0. 
Missing: N- 1. m.an- 2 O. 

2.13.4 If r.I{A) & B _ A then rel(D). 
Skipped: N= 1. mean= S.O 

2.13.5 If' rei cAr v reI (8) then rei (AnS) . 
Accepted: N- 3. m.an= S.7. s.d.= 2.3. med.- 9.0. min.- 6. max.-ll. 
Skipp.d: N= 6. mean= 9.2. s.d.- 5.3, med."" 9.0. min.= 4. max.-1S. 

2.13.6 If rei (A) 8c ret(B) then rel (A V :8). 
Accepted: N= 2, m •• n=15. O. s. If ... 2. S. IRed. -15. O • m1n. =13. max. =17. 
ReJected: N= 1. mean- 1. O. 
Skipped: N-ll, me.n-13.3. s.d.- 5 5. med. -14. O. min." 3. max. -22. 
Mhsing: N- 3, mean- 6.3. s.d.= S 4. med.'" 2. O. min.- 1, max. "16. 

2.13.7 If rei (A) then rei (A"'B) . 
Accepted: N= 1, m •• n- 4. O. 
Skipped: N= 9, mean'" 6. S. s. d .... 3. S, med." 4. O. min.- 4. max. -15. 
Mhsing: N- 3, me.n-12.7, s.d.- .6, med. -13.0, min. =12, max. -13. 

2.13.S R .. S iff (It' X. 1,1)«1. 1,1> II R ... -t <x,v> II S) . 

2.13.9 R Si A iff (It' X,")«X'IJ> II R .. <x·v> II A). 

CARTESIAN PRODUCT: A x 8 .. {z: (3 X'V)(I = <x,V> & x II A 8c II II 8)}. 

2.14.1 If x • A. II • B then <X'V> II p(p(A V B». 

2.14.2 (CARTESIAN PRODUCT) 
z • A x B if' (= X'V)(I = <x.v> 8c x II A & II e B). 

2.14.3 Rel(A Ie B). 

2.14.4 (CARTESIAN PRODUCT2) <x. V>. A x B iff x e A ~ V e B 

2.14.5 A x B • 0 iff A - 0 v B - O. 

2.14.6 A x B - B x A iff A - 0 v B = 0 v A = B. 

2.14 7 If A ~ 0 8c A x B £ A x C then B Si C 
Accepted: N= 3. mean=10.7. s. d.- 4.2. med =12.0, m1n = 6, max =14 
Skipped: N= 2. meanato.O. s 41.= 1 4. med.-l0.0. min.- 9. max =11. 

2.14.S If B £ C then A K B £ A x C 
Accepted. N=ll, mean-13.6. s.d - 4.2, med. =12. O. min - 9, max =22. 
Skipped: N= I, mean- B.O 

2.14.9 A x (D V C) = A x B V A x C. 
Missing: N- 1, mean- 3.0. 

2.14.10 A x BnC • (A x B)n(A K C) 

2.14.11 A x (B~C) = A x B ~ A x C. 

Axiom FOUNDATION: 
If (3 x) FM(x) tben (3 x)[FM(x) & (It' vl[v • x ~ not FM(y)]]. 

2.13.1 (EPSILON INDUCTION) 
If (~ x)[(It' Y}[V • x .. FM(y)] ~ FMCx)] then (V x) FM(x). 

2.15.2 (REGULARITY) 
If A _ 0 then (= x}[x • A & (It' y)(V • x ~ V ~e A)l 

2.15.3 Not (A • Band B • A). 
Accepted' N=25 •••• n=IS.7. s.d.= 4.2, med =19.0, min.= 9 •• ax.=26. 
ReJected: N= 2. mean= 1.5. s.d = .7. med.= 1.5. min.= 1. max = 2. 
Skipped: N- 1. mean=29.0 
Missing: N= 6, me.n-15.7, s d.= 6.3, med.=lB.0, min. = 3, max.=19 
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2.1S.4 If A ~ A x A then A = O. 

SUCCESSOR: aA = A U {A}. 

2.16.1 If aA = as then A = B. 

Axiom INFINITY: (3 A)[O • A & (~ B)(B • A ~ aB E All. 

Axiom REPLACEMENT: If (~ x,y.z)(x E A ~ FM2(x.V) ~ FM2(x.z) ~ V = z) 
then (3 B)(~ y)[v • B ~~ (3 x)[x • A ~ FM2(x'V)J]. 

Chapter 3 

PREDICATION2: x A y iff <x.V> E A. 

3.3.1 Not (3 A)(~ B,C)(B ~ C ~ <B,C> G A) 

3.3.2 Not (3 A)(~ x'V)(x = V ~ <x.y> • A). 
Skipped: N= 1, m •• n-12.0. 
Hissing: N= 1, me.n-12.0. 

3.3.3 Not (3 A)(~ x.B)(x E B ~ <x,B> E A) 

DIAQONAL: Diag(A) .. {z: (3 x)(z - <x,x> & x E A)}. 

3.3.4 (DIAQONAL) z. diag(A) iff (3 x)(z = <x.x> & x E A) 

3.3.5 (DIAQONAL2) <x.V> a diag(A) iff x E A & YEA & x a V. 

3.3.6 X diag(A) y iff X E A & yeA & x = y. 

EPSILON: Eps(A) .. {z: (3 x,8)(z = <x.8> & X E A & 8 E A & x E B)}. 
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3 3.7 (EPSILON) Z E .ps(A) lff (3 x,8)(z = <x,B> & X E A & B E A & X E B). 

3.3.8 (EPSILON2) <x,B> E eps(A) iff X a A & B E A & X E B. 

3.3.9 x .ps(A) B iff x • A & B • A & X & B. 

DOMAIN: Dom(A) .. {x: (3 Y) <x.y> E A}. 

RANGE. Rng(A) = <V. (3 x) <x.y> E A} 

FIELD: Fld(A) n (z: z • dom(A) v z E rng(A)}. 

3.4.1 (DOMAIN) x E dom(A) iff (3 y) <x.V> E A. 

3.4.2 (RANQE) x E rng(A) iff (3 V) <V,x> E A. 
Missing: N- 1. mean- 1.0. 

3.4.3 (FIELD) x. 'ld(A) lff x & dom(A) v x E rng(A) 

3.4.4 Fld(A) = dom(A) U rng(A). 
Skipped: N- 1, mean- 4 O. 

3.4..5 Dom(A u B) = dom(A) u dom(B) . 
Accepted. N= 6, meann 12 8. 5 d. = 6.9, med. =13.5, min == 
ReJected' Na 4. me.n- S.5, s.d.- 7 7. med == 2.0, min. ... 
Shpped' N= 6, mean a 12.5, s. d.= 9.9. med. =10.5, min.-
Miss1ng: N== 3, mean=21.0, s. d. =16.5, med =30 0, min.= 

3.4.6 Rng(A u B) = rng(A) U rng(B) . 
Accepted. N= 8, mean=16.9, s d == 8.0, med.=17.0, min = 
ReJected: N= 2. mean- 4.5. 15 d. = 4.9, med.- 4.5, min.-
Skipped: N- 2, me .. n-16. O. s. d =15 6, med. =16. 0, min. == 

3.4 7 Dom(AnB) s:; dom(A)ndom(B) . 
Skipped: N= 2, mean=12 0, s.d.= 4 2, med. =12. 0, min.= 

3.4.8 Rng(AnB) s:; rng(A)nrng(B) 

4, max. =20. 
1, max =17. 
1, max =24 
2, max. =31. 

3. max =29 
1. max. = 8. 
5, max =27. 

9, max. =15 

Sklpped: N= 2. m.an=14.0, s d.- .0, med.-14.0. min. =14, max. =14. 

3.4.9 Dom(A)~dom(B) s:; dom(A~8). 
Skipped: N= 1, m.an-14.0. 

3.4.10 Rng(A)~rng(B) s:; rng(A~B) 
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3.4.11 C ~ A x B i~' rel(C) & dom(C) ~ A & rng(C) ~ B. 

3.4.12 Rel(C) i~' C • dom(C) x rng(C) 
Accepted· N= 6. mean-137, s. d.=11.3, med.=11.0. min.= 2. max. =33. 
Skipped: N= 1. mean= 9.0. 

3.4.13 Dom(diag(A» = A and rng(dlag(A» = A. 

3.4.14 Dom(eps(A». A and rng(eps(A» ~ A. 

CONVERSE: Conv(A),= {z (3 x'V)(z = <x,V> & <V,x> e A)}. 

3.~.1 (CONVERSE) z e conv(A) i'~ (3 x,y)(z = <x'V> & <V,x> E A). 

3.5.2 (CONVERSE2) <X'V> E conv(A) iff <VIX> e A. 

3.5.3 x conv(A) y i~' y A x 

3.5.4 Conv(diag(A» = diag(A). 

3.5.5 Rel(conv{A». 

3.5.6 Conv(conv(A» ~ A. 
Skipped: N= 1, mean- 7.0 

3.5.7 Conv(conv(R». R. 

3.5.8 Dom(conv(R» = rng(R). 
Skipped: N- 1. mean-17.0. 

3.5.9 Rng(conv(R» - dom(R). 

3.5.10 Conv(AnB) - conv(A)nconv(B). 

3.5.11 Conv(A u B) = conv(A) U conv(B). 

3.5.12 Conv(A~B) - conv(A)~conv(B). 

COMPOSITION: A@a - {u: (3 x.y.z)(u = <x.z> & <x.V> e B & <V.z> e A)}. 

3.5.13 (COMPOSITION) . 
u e Aea iff (3 x.V,z)(u = <x.z> & <x,V> e B & <YIZ> e A). 

3.~.14 (COMPOSITION2) <XIZ> e A.B iff (3 V)«XIV> E B & <VIZ> e A). 

3. 5 . 15 ReI (A.B) . 
Skipped: N= 2, me.n- 9.0, s. d.= 1.4, med.= 9.0, min.= S. max.-l0. 

3.5.16 (A.B)eC - A&(BeC). 

3.5.17 AeCBnC) G A&a n A.C. 
Accepted· N= 1, me.n=32.0. 
Skipped: N= 1. mean-26.0. 

3.5.18 A.CB U C) - A.B U A.C. 
Sklpped: N= 1, mean-35.0 

3.5.19 Conv(A.B) = conv(B).conv(A) 

RESTRICTION: alA = {z: (3 XIY)(Z = <XIY> & <XIV> e B & x e A)}. 

3.5.20 (RESTRICTION) z e BIA iff (3 x,y)(z = <x,y> & <XIV> e B & X e A). 

3.5.21 (RESTRICTION2) <XIV> e BIA iff <x.y> e B & X e A. 

3.5.22 Rel(BIA). 

3.5.23 BIA = Bn(A x rng(B». 

3.5.24 Dom(BIA) = dom(S)nA. 

3.5.25 If A • B then CIA ~ CIB. 
Missing: N- 1, mean- 6.0 

3.5.26 (AIB)IC - (AIC)IS 

l 
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3.5.27 If S ~ A then (CtA}IS = CIS. 

3.5.28 Rldom(R) = R. 
Missing: N= I. mean- 2 0 

3.5.29 (A@a)IC = A@(aIC) 

3.5.30 CI(AnS} = (CIA)n(CIS). 

3 5.31 CI(A U S) = (CIA) U (CIS). 

IMAGE: B"A - {V: (3 x)«x.v> III B tic x • A)} 

3.6.1 (IMAGE) V III! S"A iilf (3 x)«x,l,I> iii a tic x 8! A). 

3.6.2 B"A - rng(BJA). 

3.6.3 C"(A U B) = C"A U CUB. 
Skipped: N- 1. mean- 6. O. 

3.6.4 C"(AnB) ~ C"A n CUB. 
Skipped: N= 1, mean=18.0. 

3.65 C"A'" C"B ~ C"CA"'B). 

3.6.6 B"A ~ rng(B). 
Skipped: N- 1. mean- 9.0. 
Missing: N- I. mean- 8.0. 

3.6.7 A"dom(A) - rng(A). 
Skipped: N= I. mean-15.0. 

3.6.8 If A ~ B then CPA ~ C"S. 
Skipped: N- 1. mean-16.0. 

3.6.9 InA = 0 ilf dom(B)nA = O. 
Skipped: N= 1, mean- 4.0. 

3.6.10 Oom(B)nA SO conv(B)"(B"A). 

REFLEXIVE~: B reflex A iff (~ x)(x iii A ~ <x,x> iii B). 

3.7.1 B reflox A iff diat(A) SO B. 
Skipped: N= 1. mean=19.0. 

IRREFLEXIVE2: B irreflel A iff (~ x)(x • A ~ <x,x> ~. B). 

3.7.2 B irreflex A iff Sndiag(A) - O. 

3.7.3 Eps(A) irreflex A. 

SVMMETRIC~: B sym A iff (~ x'V)(x • A tic V • A tic <x.V> • B ~ <V'x> • B). 

ASVMMETRIC2: 
B asym A if' (~ x,V)(x III! A tic V III A tic <x,l,I> • B ~ <1,I,x> ~III! B). 

ANT I SVMMETR IC2: B antisvm A if~ 
(~ x'V)(x • A tic V • A tic <x.V> III B tic <V,x> iii B ~ x - V). 

3.7.4 Oiag(A) sVm A. 

3.7.5 II B asym A then B U tlial(A) antisym A. 

3.7.6 eps(A) .svm A. 

TRANSITIVE~: B t~an. A 
iff 

(~ X,Y,I)(I • A tic Y • A tic z s A tic <I,V> III B tic <y,z> • B ~ <x.z> s B). 

3.7.7 Olag(A) trans A. 

CQlllNECTED2: 
I conn A iff (~ x'V)(x s A tic V • A tic x ¢ V ~ <x.V> III B v <V.x> iii B). 
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STRONGLY CONNECTED2: 
• sconn A iff (¥ X,V)( •• A & V • A ~ <x.v> • B v <V.x> • B). 

REFLEXIVE: Reflex(8) i'f (¥ x)(x • fld(8) ~ <x,x> a B). 

IRREFLEXlYE: Irrefl.x(8) iff (¥ x)(x • fld(B) ~ <x.x> ~. 8). 

SYMMETRIC: Svm(8) iff (¥ x,y)«x.V> • B ~ <V.x> • B). 

ASYMMETRIC: Asym(B) iff (¥ x'V)«x.y> • 8 ~ <U,x> ~. 8). 

ANTISYMMETR1C: Anti.vm(8) if' (V x,V)«x,y> • B & <V.x> a 8 ~ x • V). 

TRANSITIVE: Tren.(B) iff (¥ x.V.z)«x.u> & B & <V.z> e B ~ <x.z> a B). 

CONNECTED: ConneD) 

if' (¥ x'V)(x • '14(8) & v • fld(8) & x ~ V ~ <x.V> • I v <V.x> a B). 

STRONQL Y CONNECTIiJ): 
Sccnn(8) if' (V x'V)(x • fld(8) & u • fld(8) ~ <x'V> • 8 v (V.x~ • B). 

3.7.S (REFLEXIVE) Reflex(8) i" B reflex 'ld(8). 

3.7.9 (IRREFLEXIVE) lrreflex(B) i" B irre'lex 'ld(8). 

3.7.10 (SYMMETRIC) S,m(8) iff 8 sum fld(8). 

3.7.11 (ASYMMETRIC) AsVm(8) if' B .sVm fld(8). 

3.7.12 (ANTISYMMETRIC) Anti.ym(l) iff 8 antisvm fld(8). 

3.7.13 (TRANSITIVE) Trans(l) iff B trans fld(l) 

3.7.14 (CONNECTED) Conn(8) if' 8 conn fld(8). 

3.7.15 (SCONNECTED) Sconn(l) i" B scann fld(8). 

3.7.16 If B asvm A then I irre'lex A. 
Accepted: N-17. m.an- 8.6. s.d.= 2.6. med. =10. O. min.- 4. max. =13. 
ReJected: N- 1. mean- 4 O. 

3.7.17 II B •• Vm A then B antisv_ A. 
Accepted: N- 9, mean= 9 6, s.d.= 3.1, med.-l0.0, min.- 5, max. =14. 
ReJected: N- 1. mean- 1.0 
Missing: N- 1. mean= 7.0. 

3.7.18 Sym(diag(A» and antisvm(dlag(A». 

3.7.19 If .vm(l) & trans(B) then re'lex{B). 

3.7.20 If 8 sconn A then B conn A. 

3.7.21 If B sconn A then B reflex A. 

3.7.22 Sym(R) i" conv(R) = R. 

3.7.23 Trans(l) i'f liB S I 

GUASI-ORDERINQ2: B ~ua.i-orders A i'f B reflex A & 8 trans A. 

PARTIAL ORDERING2: 
8 partial orde~s A iff B ~.fl.x A & B antisvm A & B t~an$ A. 

SIMPLE ORDERIN92: I Simple orders A i'f I antisvm A & B trans A & B sconn A. 

STRICT PARTIAL ORDERIN~: B strict partial orders A iff 8 asvm A & B trans A. 

3 .•. 1 If 8 'partial orders A then 8~diag(A) strict partial orders A. 

3.8.2 II B strict partial orders A then B U diag(A) partial orders A. 

STRICT SIMPLE ORDERINQ2: 
8 strict simple o~ders A if' I asvm A & B trans A & I conn A. 
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3.8.3 If B simple orders A then B~diag(A) strict simple orders A. 

3.8.4 If B strict simple orders A then B U diaS(A) simp111 ordllrs A. 

R-MINIMAL ELEMENT: x B-min A iff x • A & (V V)(V • A ~ <V.x> ~& B). 

R-FIRST ELEMENT: 
x I-first A iff x & A. (V V)(V & A. x ~ V ~ <x.y> • I). 

R-MAXIKAL ELEMENT: x I-max A iff x & A & (¥ y)(y & A ~ <x.y> ~e B). 

R-LAST ELEMENT: x 8-l.st A iff x • A • (¥ V)(V • A & x ~ V ~ <V'X> e B). 

3 .•. 1 x I-max A iff x conv(B)-min A . 

3 .•. 2 II I-last A iff • conv(B)-first A. 

WElL-QRDER~: 
B well-orders A iff B 

3 .•. 3 If B ..,el1-o,.d.,.. 

3 .•. 4 If B ..,e11-o,.dll,.. 

3 .•. 5 8 well-01'de1's A 
iff 

conn A • (¥ C)(C 

A then I asvm A 

A then I strict 

sa A & C ~ 0 ~ (3 x) x B-min C). 

&c I trans A. 

simple orders A. 

I asvm A &c I conn A &c (V C)(C sa A & C ~ 0 ~ (3 x) x I-first C). 

3 .•. 6 If B ..,ell-ordllrs A L C sa A L C ~ 0 then (3! x) x I-first C. 
Skipped: N- 1. m •• n-1 •. 0. 

3 .•. 7 If B ..,ell-orders A L C sa A thlln B "'1I11-orders C. 

wtLL-ORDER: Well-order(S) iff S ..,.II-ordllrs fld(S) 

R-SUCCESSOR: x B-succ V iff <v.x> e B &c not (3 z)«V,z> e I & <z,x> e B). 

R-PREDECESSOR: 
x I-prod V iff <x'v> • B • not (3 Z)«XIZ> & B & <ZIV> a B). 

3 .•. 8 If B ..,.ll-ordllrs A and fld(S) SAL x & A L not x B-Iast A 
then (3! V) V 8-succ x. 

R-SECTION: 
SllcCCII,A) iff C ~ A. (V xlV)ex • A LV. C & <XIV> & I ~ x e C). 

SEOMENT: SeSCA,B,x) • <V: V • A & <V,x> • B}. 

3.9 .• (SEGMENT) V. sIISCA.B.x) iff y • A L <VIX> e B. 

3.'.10 If x • A & I trans A then sec(s.g(A,B,x),B,A). 

3 .•. 11 If B ..,.l1-,orde,.. A 
then [.ec(C.B,A) L C ~ A ~~ (3 x)[x • A L C • seg(A.S,x)]]. 

SINGLE VALUED: Singv(A) iff (V X'YIZ)«X,V> a A L <XIZ> & A ~ V = z). 

FUNCTION: Func(A) iff rlll(A) &c singv(A). 

3.10.1 If <XIV> e F &c <x.z> e F then y • Z 

3.10.2 Func(diag(A». 

3.10.3 Func(O). 

3.10.4 If C ~ F th.n func(C). 

3.10.5 I' 'unc(A) v 'unc(B) then func(AnB). 
Skipp.d: N= 1. mean=30.0. 

3.10.6 I' dom(F)ndom(G) = 0 then func(F U G) 

3.10.7 Func{CItF). 
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3.10.B If 'unc(A) then 'unc(AIB). 

3.tO.9 F = G iff (~ x'V){<x,y> • F ~~ <x.V> • G). 

3.11.1 (3! V)(CI • dom(F) & <x.V> • F) v x '. dom(F) & V = 0). 

APPLICATION: F(x) - V iff (x • dom(F) & <x.V> • F) v x 'e dom(F) & y = O. 

3.11.2 (x. domeF) & <1.F(x» e F) or x '. dom(~) & F(x) = o. 

3.11.3 If <I.y> • F then F(x) - y. 
Accepted N=12. mean= 0.0. s. d.- 2 5. med = 5.5. min - 2. max =10. 
Missing: N= 1. mean- 4.0 

3.11.4 x e dom(F) iff <x,F(x» e F. 
Accepted: N=13, mean- 9.1. s. d.- 1 O. med.- 9.0. min = 7. max. =12. 
ReJected: N- 1. mean- 1 O. 

3.11.5 (APPLICAT10N) If x e dom(F) then (F(x) = y ~~ <X'V> e F). 

3.11.6 If x '. dom(F) then F(I) = o. 

3.11.7 (FUNCTION I~NTITV) 
F = G iff dom(F) - do~(Q) & (V x)[x • dom(F) ~ F(x) = G(x)]. 

3.11.B (APPLICATION RESTRICTION) 
If x • A & x • dom(F) then (FIA)(x) - F(x) 
Accepted: N- 7. mean-l0 7. s. d.- 4 2. med. =10. 0, min.= o. max.=lB. 
Missing: N- 3. mean- 1.0. s.d.- .0. med.= 1.0, min.= 1, max.= 1. 

~,11,9 x. dom(F&Q) iff x e dom(Q) & G(x) e dom(F). 

3 .. U.l0 If x • dom(F&Q) then (FClG)(x) = F(O(x». 
Accept.d: N=11. mean=12.3. s.d.- 3.7. med.=12.0. min.- 7. max.=lB. 
Missing: N- 5. mean- 4.2. s. d.- 2.3. med.= 4.0. min.- 2. max.- 7. 

3.11.11 F(x). rng(F) iff <r.F(x» e F. 

3.11.12 V. rng(F) iff (3 r)(V - F(x) & <x.F(r» e F). 

MAP: A: B ~ C iff hnc(A) & dom·(A) = B & rng(A) !ii C. 

3.12.1 If F: A ~ B then (z s F ~~ (3 X)(I = <x.F(x» • x • A & F(x) e B)l. 

3 •• 2.2 If F: A ~ 8 then «x'V> • F ~~ x • A & V • B • F(x) - V)· 
Aceept.d: N=12, me.n=;o.7. s.d.= 6.B. med.=19 0, min.=ll. max. =31. 
ReJect.d: N- 2. ~ean. 4.0. s.d.- 1.4, med.- 4.0. min.- 3, max.- 5. 
Missing: N- i. m •• n-15.0. 

3.12.3 (MAP APP~ICATIaN) 
~f F: A ~ B • a • A th~n (F(a) • y ~~ <x,y> • F). 

3.12.4 If F: A ~ B & I • A then <x.F(r» a F • F(I) • B. 

3f~~L5 (TM FUNCTION) Ifl (V x)(x a A ~ TM(x) a B) 
.hen (I: (3 x,V)[z • <x,y> • x • A • Y • B & y = TM(x)]): A ~ B. 

3 .• 2.6 <x'V>. {z: (3 x'V)(z • <XIV> • X • A • Y E B & y = TM(x)]} 
iff 

5 • A • V • B • y • fMCx) 

:1-: 12." Rftg ({:&: (3 x".)[:& = < X I '" > & x • A • V • B & Ij ... TM ( x ) ]}) ... B 
iff 

(V V)[V • B ~ (3 x)[x • A & V • TM(x)]]. 

3.12.B (FM FUNCTION) If (V x)[x • A ~ (~! V)[Y • B & FM2(x.y)]] 
then {I: (3 •• y)[z ... <x,V> & x a A & y • B & FM2(x,y)]): A ~ B. 

3'.12.9 <X,ll>. {I: (3 I,V)(Z = <x.v> & x EA. V E B. FM2(x.V)]} 
iff 

x a A • V a B & FM2(x,y). 

3 12.10 Rng({z: (3 x.y)(z = <X.V> & x a A. y • B & FM2(x,y)]}) - B 
Hf 

(V V)[V • B ~ (3 x)[x • A & FM2(x,y)]] 

l 
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3.12 11 0: 0 ~ A. 

3.12.12 If F: A ~ B L C ~ A then FIC' C 4 B. 

3.12 13 If F' A 4 B L Q: C 4 D L dom(FnO) = AnC then FnQ: Anc 4 BnD. 

3.12.14 If F: A 4 B L 0: C 4 D ~ AnC = 0 then F u Q; A U C 4 BUD 
Accepted: N-t2. m.an-t6 a. s d.- 5.7. mad.-16.0. min.-l0, max =2a. 
S~ipp.d: N- 2, m.an=22.5. s d.- 7, med.-22.S, min.-22, max.-23. 

3.12.15 If F. A 4 B L 0: B 1 C then OaF. A 4 C 

SMAP' Map(A.B) • {F: F: A 4 I} 

3 13.1 (SMAP) x. m&p(A.9) iff func(x) L x: A 4 B. 

3.13.2 F. m&p(A.8) iff F: A 4 B. 

3.13.3 Map(O,A). {O}. 

3.13.4 If A _ 0 then .. p(A.O) • O. 

3.13.5 Kap(A.B). 0 iff B = 0 & A _ O. 

3.13.6 Kap({x}.A). {F: (3 V)(F - {<x,v>} LV. A)}. 

3.13.7 If A ~ B then mep(C.A) ~ map(C.B). 

INJECTIVE: InJ(A) i" (V x.y.I)«x,z> • A • <V,z> & A 4 X = V). 

3.14.1 (INJECTIVE) 
If inJ(F) & x • dom(F) • V • dom(F) • Fex) - F(V) then x - U. 

3.14.2 lnJ(diag(A». 

3.14.3 If inJ(A) Ie B 5i Itt then inJ (B) . 

3.14.4 If inJ(A) then inJ(AIB). 

3.14.5 If inJ(A) v inJ(I) then in J (Ani) . 

3.14.6 If inJ(A) • inJ(I) 8c I"ng(A)nl"ng(B) a then inJ(A U B). 

3.14 7 If inJ (A) • inJ(B) then inJ(A@B). 

INVERSE: InvCF) - {z: (3 x'V){z = <V,x> 8c <x'V> & F)}. 

3.15.1 (INVERSE) z. inv(F) iff (3 XIV)(I - <V'x> 8c <XIV> • F). 

3.15.2 (INVERSE2) <v. x>. inv(F) iff <XIV> • F. 

3.15 3 Inv(F}. conv(F). 
Accepted. N- 1. mean-13.0. 

3.15.4 If func(F U 0) then inv(F U Q) - inv(F) U inv(Q). 
Accepted' N= 6, me.n- B.5. s.d.- 5.0, mad.- 7.0. min.- 4, max. =17. 

3.15.5 InJ(F) if' func(inv(F». 

3.15.6 If inJ(F) then inJ(inv(F» 

3.15.7 Dom(lnv(F» = rng(F). 
Accepted: N- 1. mean- 7.0. 

3.15.B Rng(inv(F» = dom(F). 
Accepted: N= 6. mean- 6.3, s.d.- 3 a. mad.- 5.5. min.- 2. max. =13. 
Rejected: N- 3. mean- 3.0. s.d.- 1.7. med.- 4.0. mln.= 1, max.= 4. 
Skipped: N- I. me.n-14.0. 
Missing: N- 3. mean-t3.3. s. d.=13. 1, med.-12.0. min.- 1. max. =27. 

3.15.9 If inJ(F) then lnv(inv(F» • F. 
Accepted. N- 9. mean-132, s. d.-10 a. mad =12 0, min.- 3. max.=33. 
Missing: N= 1. mean- 1.0. 

3.15.10 If inJ(F) ~ <x,F(x» & F then inv(F)(F(x» - x. 
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3.15.11 If inJ(F) &c x • dom(F) then inv(F)(Fex» := x 

3.15.12 If inJ(F) 8c <XIV> & F then inv(F)(I,I) = x 

3.15 13 If inJ(F) 8c Fex) & rng(F) then F(inv(F)(F(x») = F(x). 

3.15.14 If inJ(F) 8c 1,1 II rng(F) then F( inv(F)( V» V· 

3.15.15 If inJ (F) 8c 1,1 Ii rng(F) then (inv(F)(v) = x +--+ <x,l,I> Ii F) 

3. 15. 16 
If inJ(F) 8c x e dom(F) 8c V e rng(F) then (inv(F)(I,I) = x +--+ F(x) = 1,1). 

3.15.17 If inJ(F) then inv(F)@F := diag(dom(F» 
Accepted: N- 7. mean-~ •. 6, s.d.- S.4. med. =32. O. min =12. max.=3S. 
Skipped: N- 1. mean-31.0. 
Missing: N- 6. mean-12.3. s d.- •. 4. med.=10.0. min.- 2. max. =24. 

3.15.19 If inJ(F) then F@inv(F) _ diag(rng(F». 
Accepted: N- 6, mean-29.5, s.d.=ll .• , med. =32. 0, min.- 7, max. =40. 
Missing: N- 3, me.n- 4.3, s.d.- 4.9, mad.- 2.0, min.- 1, max.-10. 

3. 15. 19 
If dom(F) = A 8c dom(F) = dom(Q) 8c inJ(G) 8c lnv(G)@F - diag(A) then F - Q. 

3.15.20 (TM IN~CTIVE) 
InJ({I: (3 X'V)[I - <x.l,I> 8c x • A 8c 1,1 • B 8c y = TM(x)]}) 

iff 
(~ x'V)ex Ii A 8c V Ii A 8c TM(x) = TMCV) -+ x = 1,1) 

3.15.21 (FM INJECTIVE) 
InJ({z: (3 X,I,I)[z - <x,V> 8c x & A 8c V & B 8c FM2(x, V)]}) 

H' 
(~ X'V,I)(X • A 8c V • A 8c z & B 8c FM~(x,z) 8c FM2(1,I,1) -+ x - V) 

I N.JECTI ON : A: B inJ C Uf. A' B -+ C 8c inJ (A). 

3.16.1 A s: B iff diag(A): A inJ B. 

3.16.2 If F: A inJ B 8c C s: A then inv(F)"(F"C) = C. 

3.16.3 If F: A inJ B 8c C s: A then FIC. C inJ B. 

3.16.4 If F: A inJ B 8c Q: B inJ C then Q@F: A inJ C. 

3.16.5 If F: A inJ C • Q: B inJ D 8c dom(F)ndom(Q) - 0 8c rng(F)nrng(Q) - a 
then F u Q: A u B inJ CuD. 

3.16.6 If inJ(Q) 8c rng(F) = rng(Q) 8c (~ x)(x & domCF) -+ (inv(Q)@F)(x) = x) 
then F • Q. 

SUR~CTION: A: B 5urJ C iff func(A) 8c dom(A) = B 8c rng(A) = C. 

3.16.7 F: A surJ B iff F: A -+ B 8c (¥ 1,1)[1,1 • B -+ V e rng(F)]. 

3.16.S F: dom(F) surJ rng(F). 

3.16.9 If F: A -+ B then F: A surJ rng(F). 

3. 16. 10 If F: A 5urJ B 8c G: B 5urJ C then Q@F: A surJ C. 

3.16.11 If F: A surJ C 8c Q: B surJ D 8c dom(F)ndom(Q) = a 
then F U Q: A U B surJ CuD. 

BI~ECTION: A: B biJ C iff func(A) 8c inJ(A) 8c dom(A) a B 8c rng(A) = C. 

3.17.1 (BI~ECTION) F: A blJ B iff F: A inJ B 8c F: A surJ B. 

'3.17.2 F: A biJ B i'f inv(F): B biJ A. 
Accepted: NalS. ~.an-26.6, s. d.- 8.9. med.=25.5. min.-l0, max. =39. 
ReJected: N-~, mean- 4.0, 5 d.= 4.2. mad.= 4.0. min.- 1. max.- 7. 
Sklpped: N= 2. mean-19.5, s d.- 4.9. med. =19. 5, min.-16. max. =23. 
Missing: N= 2, mean-~l 5, s. d.=24. 7. med.=21.5, min.- 4, max. =39. 

3.17.3 Diag(A): A biJ A. 
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3.17 4 {<XtV»: {x} btJ {V}. 

3.17.5 If F: A inJ B then F. A biJ FHA. 

3 17.6 If F: A inJ B then inv(F): FHA biJ A. 

3.17.7 If F. A biJ B ~ Q' C biJ 0 & AnC = 0 & BnO = 0 
then F U Q: A V C biJ 8 V O. 
Accepted: N- 3. m.an=23.6, •. d.- 4.4. med.=22.0. min. =19, max.-30. 

3.17.8 If! 11 • A 8c F: A biJ B then F( x) • B. 

3.17.9 If V • 8 &: F: A biJ B then (3! 11)( X e A 8< <x.F(x» 

3.17 10 H F' A biJ B 8c x • A then inv(F) (F( x) ) = x. 

3.17.11 If' F' A biJ B &. \I e B then F( inv(F) (V» - y. 

3. 17. 12 If F: A biJ 8 at 0: B biJ C then O(tF: A biJ C 

3.17.13 F. A inJ B i.' F"A ~ B & inv(F). F"A biJ A 

3.17.14 (TM BIJECTION) If (~ x)(x • A ~ TH(x) • B) 
and 

(~ V)[V • B ~ (3! x)(x e A & TH(x) = V)] 

eF8<F(x) 

then {z: (3 X,Y)(I = <x,y> 8< x e A 8< 9 & B &. TH(x) = V)} A biJ B 

3.17.15 (FM BI4ECTION) If (¥ x)[x • A ~ (3! V)(V & B & FM2(x.y)]] 
and 

(~ 9)[V E B ~ (3! X)(I e A 8< FM2(~.y)]] 
then {z: (3 X'V)[2 - <X.V> 8< x • A 8< V e B 8< FM2(x.V)]}: A biJ B. 

EGUIVALENCE: Equ(A) if' rel(A) 8< reflex(A) 8c sym(A) 8c trans{A). 

EGUIVALENCE2' Equ(R,A) iff A = 'ldeR) 8c equ(R). 

3.1S.1 Equ(R) iff R@conv(R) == R 

3.1S.3 If x • 'ld(R) and V • fld(R) 8c equtR) 
then (co •• t(R.x) - ce •• t(~.y) ~~ <x.V> • R). 

3.1S.4 If .qu(R) then coset(R.I) = coset(R.",) v coset(R,1I)ncoset(R.y) 
Acceptttd: N-14. m.an-24.9. ft. d." 8.0, med. =23. 5. min. =15, max. =46. 
ReJect.d: No. 1. mean-13. O. 
Skippd: N .. 2, mean-3S.0, $. d. -25 S. med. ==35. O. min. =17. max. =53. 
Mhlsing: N-10, mean- S.7. •. d .... 5.6, mee!." S.O, min .... 1, max =17. 

PARTITION: 
P.~t(8.A) if' vB .. A & (¥ C,D)(C & B & D • B 8c C ~ D ~ cnO == 0). 

3.18.5 Part(D.O). 

3.18.6 If A ~ 0 then part({A}.A). 

FINER: 81 fin.~ B2 
Hf 

part(81,A) 8c part(82,A) & 81 ~ B2 
and 

(Y C)[C • B1 ~ (3 D)(D • 82 & C ~ D)]. 

3.18.7 (3 B)[part(B.A) • (¥ C)(part(C.A) 8c B ~ C ~ 8 finer C)l. 

QENERATED PARTITION: P.~t(R) - {B: (3 x) B = co •• t(R,x) 8c B ~ O}. 

3.18.8 (QENERATED PARTITION) 
I • parteR) iff set(!) & (3 x) Z .. co •• t(R,x) & % ~ O. 

3.18.9 Fam(part(R)}. 

3.18.10 8. part(R} if' (3 x) B = cO •• t(R,X) 8c B ~ O. 

67 

== V). 

== O. 



68 SUPPES & SHEEHAN 

3.18.11 If equ(R.A) then part(part(R),A) 

3.18.12 If equ(Rl.A) & equ(R2.A) then [RI C R2 ~~ part(Rl) finer part(R2)]. 

RELATION GENERATED: 
R9CS) ... (z (3 x'V)[z .. <x.y> & (3 C)(C e B & x & C & V & e)]}. 

3.18 13 (RELATION GENERATED) 
z • Rg(B) if' (3 X'V)[I ... <x.V> & (3 C)(C & B & x • C & V E C)l 

3.18.14 (RELATION GENERATED2) 
<x,V> • Rg(l) if' (3 C)(C e B & x e C & V e C). 

3.18.16 If part(S.A) then equ(Rg(B).A). 

Chapter 4 

EGUIPOLLENT: A •.. S iff (3 F) F: A biJ B 

4. 1. 1 A -:: A. 

4.1.2 I' A c' B then B.'. A. 

4.1.3 If A a:: B & B c;: C then A a:: C. 

4.1.4 If A a:' B L C a:' D L AnC'" 0 & BnD - 0 then Au C c·· BuD. 

4.1.5 If A =:: B & C =:; D thtm A x C a:: B x D. 
Mi •• ing: N= I. mean=16.0. 

4.1.6 AM B -:: B M A. 

4.1.7 A x S x C a:: (A x B) x C. 

4.1.8 A x (x) a:: A. 

4.1.9 (x) x A a:: A. 

4.1.10 (z: (3 .)(% - <x.{x}> & I e A): A inJ pA. 

4.1.11 (3 C,D)(A -:: C & B a:: D & CnD'" 0). 

4.1.12 If A C" S & C a:: D thRn map(C,A) a:: map(D.S). 

4.1.13 If anc ... 0 then map(S u C,A) a:: map(B.A) x map(c.A). 

4.1.14 Mep(C.A M S) a:: map(C.A) x map(C.B). 

4.1.15 Map(C,map(B.A)} a:: map(B x C.A). 

1: 1 ... (0). 

2: 2 IS (D. (D». 

4.1.16 Map(A.2) a:: pA. 

4.1.17 Map(2.A) e" A x A. 

4.1.18 "ap(l.A) •.. A. 

4.1.19 A l' (A) a:: B U {B} iff A a:: S. 

LEG POWER: As:: S if' (3 C)(C ~ B & A -.: C). 

4.2.1 A .1:. B iff (3 F) F: A inJ B. 

4.2.2 If A ... . S then A ~:: B. 

4.2.3 If A ji; B then A 1:: B. 

4.2.4 If A 1:: B & B .1' . C then A ;1: : C. 

4.2.5 19 F: A ~ B & Q: B ~ A then (3 D)(D 51; A 8c Q"[B"'(F"D) 1 '" A"'D). 
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4.2.6 (SCHROEDER-BERNSTEIN) If A ~. : B 8c B S .. A then A = .. B. 

4.2.7 If A ..... B 8c B ~. : C then A S. : C. 

4.2.8 If A ..... B Ie C .:S •• B then C S· : A. 

4.2.9 If A ~ .. B 8c C .:S' • D 8c BnD ... 0 then A u C S. : B U D. 

4.2.10 If A .:S' • B 8c C .:S' • D then A x C 1 .. B x D. 

4.2.11 If A .:S:. Band C S:: D 8c not (A'" . 0 8c B • 
then map(C,A) i:: map(D.B). 

4.2.12 Ai': A u B. 

L.ESS POWER: A <:: B i ffI A .:S': B 8c not B .s::: A. 

4.2.13 Not A <:: A. 

o 8c C •.. 0 8c D ¢ 0) 

Accepted: N=14. mean= 4.1. s. d.- 1 O. med ... 4 0, min'" 3, max'" 6. 
ReJected: N= 1. mean- 6.0. 

4.2.14 If A <:: B then not B <:: A. 
Accepted: N= 4. mean- 7.5, s. d.- 1.9. med ... 7 0, min.- 6, max.=10 
Skipped: N- 2, mean- 6.0. s.d.- 2.8. med.= 6.0. min.- 4. max'" B. 

4.2.15 If A <: : B &c B <: : C then A < .. C. 
Accepted: N- 5. mtutn=11.6. s.d .... 3.2. med. =12. 0, min .... 7. max. =15. 
Skipped: N- 2. mean-25.0, s. d.- 2. B. med. =25. 0, min. "'23. max. -27. 
Missing: N- 1. mean-19. O. 

4.2.16 If A l' . B then not B < •. A. 

4.2.17 If A .:S: : B 8c B <: : C then A <: : C. 

4.2.19 If A < .• B &c B .$: . C then A <: : C. 

4.2.19 A .:S •• B iff A -: : B v A <: : B . 

4.2.20 (CANTOR'S THEOREM) A <:: pA. 
Accepted: N-24. mean-29.9, s. d .... 13.3. med. =25. O. min .... 14. max. =70. 
ReJected: N- 2. mean- 1.0. s. d ..... 0. med.- 1.0. min .... I. max'" 1. 
Skipped: N- 1. mean-33.0. 
Missing: N- 3, mean- 3.7, s.d.- 3. I. med.= 3.0. min .... 1, max.- 7. 

4.2.21 If B ¢ 0 then A 1:: A x B. 

4.2.22 0 <:: A V {A}. 

MINIMAL ELEMENT: A min-elt B iff A fI! B &c ('1C)(CfI! B -t C .,c A) . 

MAXIMAL ELEMENT: A max-elt B iH A iii B 8c ('I C)(C E B of A .,c C) . 

FINITE: Finite(A) iff (\# B)(B ¢ 0 &c B ~ pi>. of (9 C) C min-en B). 

4.3.1 Finite(O) . 
Missing: N- 1. mean- S. O. 

4.3.2 Finite({x}). 
ReJected: Na I. mean- 3.0. 

4.3.3 If finite(A) &c B ~ A then finite(B). 
Accept.d: N-IO, mean-II. 7. s.d.- 4.0, med.-ll.5, min.- 7. max.-22. 
ReJected: N- 1. mean- 1.0. 

4.3.4 If finite(A) then finite(AnB). 
Accepted: N ... 6. mean- 4.5. s.d.- 1.0. med.- 4.5. min.- 3. max.- 6. 

4.3.5 If finiteCA) then finite(A~D). 
Accepted: N= 9. mean- 9.3. s.d.- 6.5. med. m 5.0, min .... 4. max.m20. 

4.3.6 If finite(A) 8c finit.CD) then finite(A u D). 

4.3.7 If finite(A) then finite(A U (A}). 
Accepted: N-13. me.n- 4.2. s.d.- 1.2. med.- 4.0. min.- 1. max.- 6. 
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4.3.8 FiniteC{x.v». 
Accepted: N-12. mean- 7.5. s.d.- 3.9. med.- 6.5. mln.- 2, max.-17. 

4.3.9 If A ~ VB & finite(A) then (3 D)(finite(D) & D ~ B & A ~ VD). 

4.3.10 If finit.(A) & B ~ 0 & B ~ pA then (3 C) C max-elt B. 

4.3.11 If (~ B)(B ~ 0 • B ~ pA ~ (3 C) C max-elt B) then finite(A). 

4.3.12 If finite(A) and FM(O) & (~ x.B)[x a A & B ~ A & FH(B) ~ 
FM(B V (11»] 

then FMCA). 

4.3.13 If finite(A) and 0 • D & (~ B.x)(x • A & B ~ A & B • D ~ 

4.3.14 Finite(A) 
iff 

B V {x} II D) 

(~ D)(O • D L (~ B,x)(x & ALB ~ A & B • D ~ B V (x) • D) ~ A & D). 

4.3.15 Finite(A) iff 
foT' aU D 

if 0 & D & (~ X)(I • A ~ (I) • D) 
and 

(~ B,C)(B • D L C • D ~ B V C • D) 
th.n A • D. 

4.3.16 Finite(A) iff 
'0Y" all D 

if D ~ pA & 0 E D & (~ I)(X • A ~ {x} & D) 
and 

(~ B.C)(B • 0 & C • D ~ B V C • D) 
then 0 - pA. 

4.3.17 If finite(A) L (3 F) F: A surJ B then finite(B). 
Accepted: N-13, mean-54. 7. s. d.=19.4, med.=50.0, min.-31, max. =91. 
Rejected: N- 1, mean- 5.0. 
Skipp.d: N- 1, m.an- 5.0. 
Missing: Na 5. mean- 6.6, s.d.- 8.2, med.= 2.0, min.- 1, max. =20. 

4.3.18 If finiteCA) then finlte(pA). 

4.3.19 If finite(A) L (~ B)[B & A ~ finite(B)] then finite(uA) 

4.3.20 If fintt.(pA) then finite(A). 

4.3.21 I' finit.eVA) L fameA) then finite(A). 

4.3.22 If finite(UA) & 'am(A) then (~ B)[B II A ~ finit.(B)]. 

4.3.23 If finite(A) & A -:: B then finite(B) . 

4.3.24 II finite(A) L B 1:: A then finite(B) . 

4.3.25 If finih(A) ttutn A <: : B v 
A _ .. 

B v B <: : 

4.3.26 If finih(A) L not finUe(B) then A <: : B. 

DEDEKIND FINITE: Dfinite(A) iff not (3 C)(CCA&C 

4.3.27 I' finiteCA) then dfinite(A). 

4.3.28 If finite(A) & B C A then B <:: A 
Skipped: N- 1, mean- 5.0. 

A. 

a' . A) . 

4.3.29 If 'inite(B) L 'inite(C) LA <:: B L BnC = 0 then AU C <:: B U C. 
Missing: N- 1. mean- 2.0. 

4.3.30 If finite(A) & finite(B) L finite(C) & finite(O) LA <:: B L C <.: D 
and 

BoD - 0 
then A V C <:: B V D 
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4.3.31 If finite(A) & x ,. A then A <:: A u {x}. 
Skipped: N- 1. mean- 0.0. 

4.3.32 If finite(A) Ie finite(B) then finite(A x B). 

4.3.33 If finit.(A) & finit.(B) then fiAite(map(A.S». 

INFINITE: Infinite(A) iff not ~inite(A). 

4.4.1 If inflinlt.(A') Ie A .., .. B then infinite(B). 

4.4.2 If A ~ B Ie infinite(A) then infinite(B) 

4.4.3 If infinite(A) • B ~ 0 then infinite(A x B). 

4 4.4 If infinite(A) then inflnite(A U B). 

DEDEKIND INFINITE: Dinflnite(A) iff not dfinite(A). 

4.4.5 Dinfinit.(A) iff (3 B)(B C A & B = .. A). 

4.4.6 Dinfinite(A) Iff A =:: A U {A}. 

4.4.7 If dinfinlte(A) then infinite(A). 
Accept.d: N-13. m •• n- 5.0. s. d.= 1 S. med.- 5 O. min.= 1. max."" 7. 

4.4.8 If finite(A) • infinite(B) then A <:: B. 
Acceptlld: Na 12. lIlean- 7. O. s. d .... 5. 1. med.'" 5.5. mIn. - 2. max. =lB. 

4.4.9 (3 A) infinite(A). 
Accepted: N- 7. mean=30.0. s. d.= 9 B. med =37.0. mIn =24. max. =47. 
ReJected: N= 1. mean- 3.0. 
MissIng: N= 1. mean= 3.0. 

4.4.10 (3 A.B)(infinlte(A) Ie infinite(B) Ie A ~:: B). 
Accepted: N- 7. mean8 14.9. s. d.= 3.5. med.=14.0. min =11. max. =20. 

Chap tel' 5 

Axiom CARDINAL: IAI .., IBI iff A ='. B. 

CARDINAL: Card(x) iff (3 A) IAI ... x. 

5.2.1 (3 A.B)(AnB - 0 Ie IAI ... m Ie /BI - n). 

5.2.2 (3! p)(3 A,B)(AnB = 0 Ie IAI = m Ie IBI = n Ie IA U BI = pl. 

CADDITION: 
m+:n - p iff (3 A,B)(AnB = 0 Ie IAI = m Ie lSI = n Ie IA U BI = pl. 

5.2.3 If AnB = 0 Ie IAI - m Ie IBI ... n Ie IA U BI = P then m+:n = p. 

5.2.4 If AnB.., 0 Ie IAI - m Ie IBI - n then m+:n - IA UBI. 

5.2.5 m+:n ... n+:m. 
Accepted. N=15. me.n=10.4. 5. d."" 4.5. med.'" 9. O. mIn .. 7. max. =24 . 
ReJected: N- 5, mean- 1.0, s.d .... .0, med.- 1. 0, min.= I, max. = 1. 
Shpped: N- 2, mean=10.5, s.d.= .7. med. =10.5, min. =10, max. =11. 

5.2.0 (m+:n)+:p. m+:(n+:p). 

ZERO: 0: - 101 

CINE: 1: ... HO}!. 

TWO: 2: ... I{O,{O)}I. 

5.2.7 m+:O: - m. 
Accepted: N-I0, mean-12.2, s.d.= 3.5. med.=II.O, min.""~' max.-19. 

5.2.8 (~! p)(3 A,B)(IAI - m Ie IBI = n Ie IA x BI "" pl. 

CMULTIPLICATION: m*:n - p lff (3 A.B)(IAI - m • 181 - n Ie IA x BI = pl. 
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3.2.9 If IAI - m & IBI • n & IA x BI - P then m*:n = p. 
Accepted. N-14. mean- 3.B. s. d.- 1.0, med.- 3.3, min.= 3, max.= 6. 

5.2.10 If IAI = m & III = n then m*:n = fAX BI· 
Accepted: N=ll. mean- B. I. s. d.= 6.1, med.= 6.0. min.= 3, max. =23. 

5.2.11 m*:n = n*.m. 
Accepted: N= 7. mean- 9.1, s. d = 1.7. med.= 9.0, min.= 7. max. =11. 

5.2.12 (m*:n)*:p = m*:(n*:p) 
Accepted. N= 4, mean=17.B. s d.= 3.6, med.-lB 5, min. =13, max. =21. 
ReJected: N- I. mean- 1 0 
Skipped: N= 1. mean=46.0 

5. 2. 13 m*: 1: ... m. 
Accepted: Nal0. me.n- 9.1. s. d.= 1.9. med.= 9.0. min - 7. max. =13. 

5.2.14 m*:(n+:p) = m*:n +: m*:p. 
Accepted: N= 3. me.n-193. s. d - 4.7. med. =21. O. min. =14. max. =23. 

5.2.13 01l! p)(3 A,B)(IAI ... m 8c IBI ... n 8c Imap(S,A)1 pl· 
Skipped: N- 1, mean- 6.0. 

CEXPONENTXATION: mt:n - p lff (3 A,B)(IAI = m 8c IBI - n 8c Imap(B.A)1 = pl. 

5.2.16 If IAI = m & IBI = n 8c Imap(B,A)1 = p then mt:n p. 

5.2.17 mt·(n+:p) - mt:n *: mt.p. 
Accepted: H= 7, mean=31.3, s.d.=10 7, med.=31.0, min. =20, max. =53. 
Missing: N- 5. m •• n=10 0, s. d = 7.4, med.= 7.0, min.~ 4, max. =22. 

3.2.18 (m*:n)t:p - mt:p *. nt:p. 
Accepted: N- 3, mean=26.3, s.d.= 7 5. med.=22.0. min. =22, max.=35 

5.2.19 (mt:n)t:p - mt:(n*:p). 
Accepted: N- 4, m8an=21.8, s d.= 2.6. m8d.=22.3, min. =18, max.=24. 
Missing: H- 1, mean- 6.0. 

5.2.20 mt:O· - 1:. 
Accepted: N=14. m.an-13.6, s.d.- 6.5, med.=11.5, min = 8, max. =31. 

5.2.21 mt:l: = m. 
Accepted. N-15, mean=12.1, s.d.= 4.3, med.=12.0, min.= 6, max. =23. 

5.2.22 If m _ 0: then O:t·m = 0:. 
Accepted: N-ll •• ean-15.7, s. d.- 4 1 •• ed. =14. O. mln.=10. max. =24. 

OLEG: m 1: n iff (3 A.8)(IAI - m & IBI • n 8c A S·· B). 

5.2.23 m~: n iff (~ A.B)(IAI 

5.2.24 III~: m. 
Accepted: H= 8, mean- 6.9, s.d.= 2.0, mad. = 7.0. min.= 4, max. =10. 

5.2.25 If m 1: n & n 1: p then m 1: p. 
Accepted: N=10. mean=19.2. s. d.- 4.3. med.-20.0. min.-ll, max -24. 

5.2.26 If m 1: n 8c n 1: m then III - n. 
Accepted: N- 7. m •• n-13.7, ft. d." 2.9. lIIed. -14. 0, min. III 9. max. =17. 

5.2.27 II III 1: n & ml 1: nl then m+:ml 1: n+:n1-

5.2.28 If III 1: n 8c 1111 1: nl then 1II*:ml 1: n*:nl. 

5.2.29 If III 1: n 8c ml 1: nl & III ~ 0: y 1111 _ 0: y n ~ 0: y nl - 0: 
then IIIt:ml 1: nt:nl. 

5.2.30 m 1: 1II+:n. 

CLESS: m <: n if' m 1: n 8c n ~ III. 

5.2.31 m <: n iff (3 A,8)(IAI - III & IBI = n 8c A <:: B). 
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5.2.32 m not <: m. 

5.2.33 If m <: n then n not <: m. 

5.2.34 If m <: n • n <: p then m <: p. 

5.2.35 • <: 2:t:m. 

5.2.36 (a n) m <: n. 

5.2.37 Not (5In)(m <,: n.n <: 18+.1:). 

5.2.313 If IAI • m then IA V {A}I = 18+.1 

FCARDINAL.: Fc .. rd(m) iff (a A) (finite(A) 

5.3.1 Fcard(O:). 
Accepted: Na13. m •• n- 4.13. 5. d.'" 1 4. 

5.3.2 If fcar-d(m) then 'card(m+:!·). 
Accepted: Na13. nutan- 13.2. s. d.- 1.6. 

5.3.3 Not (a m)(fcard(m) 1St m+:l: - 0:). 

5.3.4 If m+:1: - n+:1: then m" n. 

1St IAI - 18). 

med.- 5.0, min .... 

m.d.- S.O, min .... 

5.3.5 If FM(O:) • (~ m)[fcard(m) • FM(m) ~ FM(m+:l:)] 
then (~ m)[fcard(m) ~ FM(m)]. 

5.3.6 If fearet(m) then 18 <: m+:1:. 

5.3.7 If fcard(m) • not fcard(n) then m <. n. 

5.3.8 If 'card(m) & n <: m then fcard(n}. 

5.3.9 If fcard(m) then n <: m v n .. m y m <: n. 

lCARDINAL: Icard(m) if' (a A)(infinite(A) • IAI .. m). 

TCARDINAL: Tcard(m) iff (a A)(dinfinite(A) 1St IAI ... m). 

5.4.1 Icard(n) iff (~ 18) (fcard(m) ~ m <: n). 

5.4.2 Tcard(n) iff n'" n+·l:. 

3. max. == 7. 

5. max. "'11. 

Accepted: H= 7. mean-20.0, s.d.- 3.4. m.d .... 21.0. min. =13. max. =24. 
ReJected: N- 1, mean- 1.0. 

5.4.3 If tcard(n) then 1card(n). 
Accepted: N= 7. m.an- 7.0. s.d.- 1 9. med.- 7.0. min .. 4. max.=10 

5.4.4 If tcard(m) • m ~: n then teard(n). 

5.4.4.1 If icard(m) & m ~: n then icard(n) 
Accepted: N=ll, mean-14.8, s d.- 5.1, med.-14.0. mln.=10, max.-26. 

5.4.5 If tcard(m) then tcard(m+:n). 

5.4.5.1 If icard(m) then icard(m+:n). 

5.4.6 If tcard(m) • n F 0 then tcard(m* n). 

5.4.6.1 If icard(m) & n P 0 then lcard(m*:n). 

5.4.7 I' tc .. rd(m) & n ~ 0 then tcard(mt:n). 

5.4.7.1 I' icard(m) & n F 0 then icard(mt:n) 

5.4.8 If teard(m) & 1: <: n then tcard(nt.m). 

5.4.8.1 If 1card(m) & 1: <. n then lcard(n+:m) 

5.4.9 If tcard(m) & tcar-d(n) then m+.n ~: m*.n. 
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F-SIMILAR: C F-similar D 
1ft! 

there are A,S,R.S such that 

Chapter 6 

[C = <A,R> & D • <B.S> & F: A blJ B 
and 

(~ xIY)[x • A & ~ • A ~ «x,~> • R p~ <F(x),F(y» • S)J]. 

SIMILAR: C similar D Iff (3 F) C F-similar D. 

6.2.1 (F-SIMILAR) <A.R> F-s1milar <B.S> 
if' 

F: A oiJ B & (~ x.y)[x • A & V e A ~ «x,y> • R p~ <F(x),F(y» • S)J. 

6.2.2 <AIR> F-slmilar <B,S> 1" <8,S> inv(F)-5imilar <A,R>. 

COMPLETE: Comp(x) if' 'am(x) & (~ VIZ)(Z • y & Y • x ~ z • x). 

6.2.3 Comp{A) 1" fam(A) & (V 8)(8 • A ~ B SA). 

6.2.4 If comp(A) & comp(B) then comp(AnB) . 

•. 2.5 I' comp(A) & comp(B) then comp(A U B). 

ORDINAL: Ord(x) i" comp(x) & .p5(X) conn x. 

6.2.6 If ord(.) then 'a.(x) 

6.2.7 If ord(x) & V • x then '.m(v) . 

•. 2.8 OrdCO). 

6.2.9 Eps(<<) well-orders «. 

6.2.10 If B C « & comp(B) tben B • «. 

6.2.11 «S ~ iff « = ~ v « • ~. 

6.2.13 If x • « then ord(x). 

6.2.15 «n ~ - « or « n •• ~ . 

•. 2.16 «~~ or ~ S « . 

•. 2.17 (<<. ~ & ~ ~ « • « _ ~) or <_ • « • « ,. ~ & « _ ~) 
or 

« = ~ & « ~ ~ & ~ ~. « 

6.2.18 I' (~ .)[x • A ~ ord(I)] then .ps(A) conn A. 

6.2.19 I' (~ .)[x • A ~ ord(I)] then ord(UA). 
Accepted: N= 9, .e.n-32.1 ••. d.-l1.0. med. =27. 0, min =20. mal.-54 . 

•. 2.20 (LEAST ORDINAL) 
If (3 «) FM(<<) then (3 ~)[FM(~) & (~ ~)[~ < ~ ~ not FM(~)l]. 

6.2.21 Ord(A) iff camp{A) & (~ B)[B • A ~ compCB)]. 

LESS. A ( B iff A • B. 

LESS EBUAL. A 1 B iff A < B v A • B. 

GREATER: A ) B Iff B < A. 

GREATER EBUAL: A ~ B if' S ~ A. 

6.2.22 Not A < A 

6.2 23 If A < B then not B < A. 
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6.2.24 If« < ~ & ~ < ~ then « < ~ 
Accepted: N-lO. me.n-ll.S. S d.- 3.3. med.=l2.0. min = 6. max.-1S 
Rejected: N- I. meAn- 1 0 

6.2.25 (<< < ~ & not ~ < « & « _ ~) or (~ < « & not « < ~ & « _ ~) 

01' 

« = ~ & not « < ~ & not ~ < «. 

6.2.26 «= {~: ~ < «}. 

6.2.27 
Ord(C) iff (~ x)[x & C ~ ord(x)] & (¥ «.~)(<< & ~ & ~ & C ~ « & C) 

6.2.28 If« _ 0 then 0 & «. 

6.2.29 (BURALI-FORTI) Not (3 A)(¥ x)[x & A ~~ ord(I)]. 
Accepted: N-le. mean-21.6. S d.- 6 1. med. =21. 5, mln.=10, max =33. 
Skipped: N- 2, mean-245 ••. d.=12.0. med.=24.5, min. =10. max. =33. 

6.2.30 Ord(aA) iff ord(A). 
Accepted. N~12, m.an~3. 0, s.d.- •. 0, med.-42.0, min.-2S, max =50. 
ReJected: N= 1. mean- 7.0. 
Skipp.d: N- 1. m.an-17.0 
Missing: N- 1. mean- 1.0 

0.2.31 Not (3 A) aA = O. 

6.2.32 aA < as iff A < S. 

6.2.33 x & aA iff x & A v x = A. 

6.2.35 U(a«) - «. 
Accepted: N-ll. me.n=24.2. s. d.= 6.5, med.=25.0, min.=11. max. =32. 

6.2.36 Not (3 «.~)(<< < ~ & ~ < a«). 
Accepted: N- e. me.n=11.o, s.d.= 3.1, med.-ll O. min.-., max. =17. 

FINITE ORDINAL: Fa(x) if' ord(l) • conv(e,.(x» ~.ll-ard.r. x. 

6.3.1 If flo(I' then ordex). 

•. 3.2 FoCO) . 

•. 3.3 If 'oUl) then fo(ap). 

6.3.4 Not (3 ~)(fo(P) • ap • 0). 

6.3.5 If '0(<<) &c fo (It) &c a« ,. ap then « - ~. 

6.3.6 If! foCP) • A ~ ~ then 'o(A) . 

6.3.7 (FO-INDUCTION) 
I' FM(O) &c (¥ ~)['o(P) &c FM(P) ~ FH(ap)J then (¥ ~)[fo(P) ~ FH(P)J. 

w: w = {x: fo(x)}. 

6.3.S (w) x • w iff 'o(x). 

6.3.9 (w-INDUCTION) 
If 0 • A &c (¥ ~)(fo(') &c ~ • A ~ a~ & A) then w ~ A. 

6.3.10 (w-RECURSION1) 
(~! F)[dom(F) • w &c F(O) = x & (¥ P)[fo(P) ~ F(a_) - Q(F(~)}J]. 

6.3.11 (w-RECVRSI0N2) There .xi~t. eXActly one F such that 
[dom(F) • w K wand (¥ «)[90(<<) ~ F««.O» • g(<<)] 

and 
(¥ «,~)[fo(<<) & fo(~) ~ F««.a~» = Q««,F««.~»»]] 

wa: wa • (I: (3 «)(1 • <<<.a<<> & « • w)}. 
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0.3.14 Func(wa). 

0.3.15 wa' w biJ w~{O} 

0.3.16 If a • w then wa(a) ~ aa. 

6.3.17 (w-RECURSION) There exists exactly one F such that for all x.a 
if x e A and fo(a) 
then dom(F) • A x w & F«x,O» = g(x) & F«x,aa» = G«x.F«x,a»» 

RANGE UNION: [U(TM(x»(x e A)] = U({y: (3 x)(v = TM(x) & x e A)}). 

RANGE INTERSECTION: [n(TH(x»(x e A)] = n({y: (3 x)(y = TH(x) & x e A)}). 

6.4.1 (RANOE UNION) V. [V(TM(x»(x • A)J iff (3 x}[x e A & V e TM(x)J. 

0.4.2 (RANGE INTERSECTION) 
V e [n(TM(x})(x • A)l iff (~ x)[x e A ~ V e TM(x)J. 

0.4.3 [Ux(x e AlJ • UA. 

0.4.4 [nx(x e A)J - nA. 

6.4.5 A n UB = [U(AnC)(C e i)]. 

0.4.0 If (3 D) DeB then A U nB = [n(A U C)(C e B)J. 

0.4.7 (Tl-INDUCTION) 
If (~ a)[(~ ~)[~ < a ~ FM(~)] ~ FM(a)] then (~ a) FM(a). 

6.4.8 (T2-INDUCTION) If (~ ~)(~ < a & ~ ~ A ~ ~ e A) then a ~ A. 

6.4.9 If (~ ~)(~ < W & ~ ~ A ~ ~ e A) then w ~ A 

LIMIT ORDINAL: Lim(a) iff « ~ 0 & not (3 ~) a~ = « 

0.4.10 If lim(a) then U« = «. 
Accepted' N=12, mean=359, s.d.= 57, med.=34.0, min =27, max.=4S. 
Rejected: N= 1, mean- 1.0. 

o 4.11 (T3-INDUCTION) If FM(O) and (~ «)[FM(a) ~ FM(a«)J 
and 

(~ ~)[lim(~) & (~ ~)[~ < ~ ~ FM(~)J ~ FM(7)] 
then (~ «) FM(a). 

0.4.12 (TI-RECURSION) 
(3 1 F)[dom(F) = « & (~ ~)[~ < a ~ F(~) = G(FI~)J]. 

0.4.13 (T2-RECURSION) If« ~ 0 
then there eXlsts exactly one F such that 

[dom(F) - « & F(O) = x & (~ ~)[a~ < « ~ F(a~) = g(F(~»J 
and 

(~ ~)[~ < « & Ilm(~) ~ F(~) = [V(F(~»(~ e ~)]]J. 

«-SEGUENCE. F «-seq D iff F: « ~ D. 

0.4.14 (T3-RECURSION) 
(3! F)[dom(F) = « & (~ ~)[~ < « ~ F(~) = TM(FI~)J]. 

0.4 15 (T4-RECURSION) If« ~ 0 
then there exists exactly one F such that 

[dom(F) = « ~ FCO) = x ~ (~ ~)[a~ < « ~ F(a~) = TM(F(~»] 
and 

(~ ~)[lim(~) & ~ < « ~ F(~) = [v(F(~»(~ e ~)]]] 

0.4.17 V e [V(TM(x»(x • A)] iff (3 x,B)(x e A ~ B = TM(x) & V e B). 

ORDINAL ADDITION: 
«+0 = a and a+(a~) = a(a+~) & [llm(~) ~ a+~ [u(a+~)(~ e ~)]]. 

0.5.1 Ord(OI+~). 

0.5.2 «+0 = « 
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6.5.3 0+« = «. 

6.5.4 «+(a~) = a(<<+p). 

6.5.5 «+1 = a«. 

6.5.7 If ~ > 0 then «+P > «. 

6.5.9 If« ~ ~ then «+~ ~ ~+~ 

6.5. 10 G+ P ~ ~. 

6.5.11 If I1m(p) then lim(<<+~). 

6.5 12 If« S ~ then (3! ~) «+~ = p. 

6.5.13 If ~ ~ 0 then not (3 ~)(~ &)(& < P ~ «+& < ~ & ~ < «+P). 

6.5.14 G+(p+~) = (<<+p)+~. 
ORDINAL MULTIPLICATION: 

«*0 = 0 and «*(ap) = («*P)+<< L [llm(p) ~ «*p 

6.5.15 Ord(<<*p). 

6.5.16 If I1m(p) &« > 0 then lim(<<*p). 

6.6.1 (T4-INDUCTION) If R well-orders A 
and 

(~ x)(x GAL (~ ~)(~ G A & <~.x> G R ~ y e B) ~ x e B) 
then A ~ B. 

6.6.2 If R strict slmple orders A and (3 x) x R-flrst A 
and 

for all B 
(~ p)(~ • A & (~ G)eG e A & <G,P> E R ~ « e B) ~ P e B) ~ A ~ B 

then R ~ell-order$ A. 

6.6.3 CT6-RECURSION) If R ~ell-order$ A 
then (3! F)[dom(F) = A & (~ x)[x e A ~ F(x) = TM(Flseg(A.R.x»]]. 

R-INCREASING: F R-lncr B 
iff 

there 15 A such that 
[B - <A,R> L F: A ~ A 

and 
(~ x.y)(x & A & y • A & <x.y> e R ~ <F(x),F(y» e R)l 

6.6.4 If R ~.ll-orders A & F R-incr <A.R> th~n not (3 y) <F(y).y> e R' 

6.6.5 If R ~ell-ord.rs A L F R-incr <A,R> then <A,R> F-siml1ar <rng(F).R>. 

6.6.6 
If R ~ell-orders A & B ~ A & <A,R> F-siml1ar <B.R> then F R-incr <A,R>. 

6.6.7 
If R well-orders A & <A.R> F-similar <A,R> then (~ x)(x E A ~ Fex) = x). 

6.6.8 If R ~.ll-order$ A and S ~.ll-ord.r$ B 
then (~ F,G)«A.R> F-similar <B,S> & <A.R> G-simllar <B,S> ~ F = G). 
Missing: N= 2, mean= 6.5, s.d.= 4.9, med.= 6.5, min.= 3, max =10 

6 6.9 If R well-orders A & x e A then <A,R> not simllar <seg(A,R,x),R>. 

PROPER SUBSET RESTRICTED: 
Psub(A) • {C: (3 B,D)(C = <B,D> & BCD & B ~ A & D ~ A)}. 

6.6.10 (PROPER SUBSET RESTRICTED) 
x • p5ub(A) iff set(x) & (3 B.D)(x - <B,D> & BCD & B ~ A & D ~ A) 

6.6.11 C e psub(A) iff (3 B,D)(C = <B,D> & BCD & B ~ A & D ~ A). 
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6.6.12 If R well-ord.rs A 
then <{8: (3 x)[x & A & 9 = seg(A,R.x)]},psub(A» similar <A,R> 

6.6.13 If R well-orders A and Swell-orders 8 
and 

(~ x)(x e A ~ (3 y) <seg(A,R,x),R> simllar <seg(9.S,y).S» 
and 

(~ y)(y Ii 8 ~ (3 x) <seg(B,S,y).S> similar <seg(A.R,x),R» 
then <AIR> similar <B.S>. 

6.6.14 If R well-orders A and Swell-orders 9 
then <A,R> similar <8,S> v (3 x)(x & A & <seg(A,R,x),R> similar <B,S» 

or 
(3 V)(Y & 8 & ~seg(B,S,V)'S> similar <A,R». 

6.6.15 If R well-orders A then (3! «) <A,R> sImilar <<<,.ps(<<». 

Chapter 7 

Axiom CHOICE: (3 F)(~ 9)(B £ A & 9 ¢ 0 ~ FeB) IE B). 

CHOICE FUNCTION: F ch-func A 
iff 

F: {B: B £ ALB ¢ O} ~ A & (~ 9)(B ~ A & B ¢ 0 ~ F(B) E B). 

7.2.1 If R well-orders A 
then {x. (3 D,z)(x = <O,z> & 0 £ A & 0 ¢ 0 & x R-first O)}: {B: 9 £ A 

and 
B " O} ~ A 

7.2.2 <BIY> & {x: (3 D,x)(x = <D,z> & D £ A & D ¢ 0 L x R-first D)} 
iff 

B £ A & B ¢ 0 & V R-first B. 

7.2.3 If R well-orders A then (3 F) F ch-func A 
Accepted: N- 2. me.n-2S.0, s. d.-17.0, med =28.0, min. =16, max. =40. 
Skipped: N= 1, mean-19 0 
Missing: N- 3. me.n- 3.3, s.d.- 1.2, med'- 4 O. min.- 2. max.= 4 

7.2.4 If finite(A) tben (3 F) F ch-func A. 

DENUMERABLE: Denum(A) iff A = : w. 

7.2.5 If lnfinlte(A) then (3 B)[B £ A & denum(B)]. 

7.2.6 Dinfinite(A) iff infinlte(A). 

7.2.7 (NUMERATION THEOREM) (3 «) A =:: «. 

7.2 8 (WELL-ORDERING) (3 R) R well-orders A. 

7.29 (TRICHOTOMY) A < : B or B < .. A v A B. 
Accepted: N=14, mean=24.6, 5. d.= a 3, med.=24.5, mln.=13, max =40. 
Missing: N= 2. mean- 3.0, s d.= 1.4. med.= 3 O. mln = 2, max = 4. 

7.3.1 (AC2) 
If fam(A) & (~ B)(B Ii A ~ 8 " 0) & (~ 8,C)(B 
then (3 e)(~ B)(8 Ii A ~ (3 x) enB = {x}) 

7 3.2 For all A 
if fam(A) & (~ 9)(8 IE A -+ B " 0) t.c (~8.e)(B 
then (3 e)(~ B)(B E A ... (3 x) enB = {x}) 

iff 
(~ A)(3 F)(~ B)(8 ~ A &c 8 ¢ 0 -+ F(B) Ii S) 

7.3.3 (AC3) (3 F) [F !K R & dom(F) == dom(R)] 

7.3.4 (Y R)(3 F)[F ~ R &c dom(F) • dom(R)] 
iff 

(~A)(3 F)(~ B)(B ~ ALB ¢ 0 ~ F(B) & B). 

Ii A & e Ii A ~ 8ne 

E A & e IE A ~ BnC 

7.3.~ If (~ A)(3 «) A -:: « th.n (~ A)(3 R) R w.ll-orders A. 

0) 

0) 

7.3.6 If (~A)(3 «) A." « then (~A,B)(A <:: B v B <:: A v A - B). 
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CHAIN: Cbain(A) iff fam(A) ~ (~ B,C)(B • A ~ C • A ~ B ~ C v C ~ B). 

MAXIMAL CHAIN: 
A max-ch.ln B iff eh.in(A) ~ A ~ B ~ not (3 C)(chaln(C) ~ C ~ B ~ A c C). 

7.3.7 Ch4U n (0) . 

7.3.B If A ~ B & chain(S) then chainCA). 

7.3.9 If cnainCA) ~ finite(A) then (3 B) B max-.lt A. 

7.3.10 If A max-elt B ~ chain(B) then (~ C)(C • B ~ C ~ A). 

7.3.11 If A ~ uB ~ chain(S) ~ finite(B) then (3 C)(C • B ~ A ~ e). 

7.3.12 (Il) If A ~ 0 and (~ C)(ehain(C) ~ C ~ A ~ C ~ 0 ~ uC • A) 
then (3 B) B max-elt A. 

7.3.13 If (V A)(3 R)(rel(R) & R ~ell-orders A) 
then fo ... all A 

if A ~ 0 & (V e)(chaln(C) ~ C ~ A & C ~ 0 ~ uC • A) 
then (3 B) B max-elt A. 

7.3.14 If foT' all A 
if A ~ 0 and (V C)(chain(C) ~ C ~ A ~ C ~ o ~ uC • A) 
then (3 B) B max-elt A 

then (¥ A)(3 F)(V B)(B £ A ~ B pi: 0 ... F(B) • B). 

7.3.15 If (V AIB)(A <:: B v B <:. A v A ... B) then (V A) (3 01) 

7.3.16 (HI) 

A := •• <X 

If fameA) then (V C)(chain(C) & C ~ A ~ (3 B)(B max-cnaln A ~ C ~ B)l. 

7.3.17 (H2) If fam(A) then (3 B) B max-chain A. 

7.3.18 
(V A)[f.mCA) ... (V C)[chain(C) ~ C £ A ... (3 B)(B max-chain A ~ C £ B)]] 

iH 
for all A 

if A ~ 0 ~ (V C)(eh.ln(C) ~ C £ A ~ C ~ 0 ... UC • A) 
then (3 B) B max-elt A. 

7.3.19 (V A)(fam(A) ... (3 B) B max-chain A) 
iff 

(V A)[fam(A) ~ (V C)eehaln(C) ~ C ~ A ... (3 8)(8 max-cnain A & C ~ B)l]. 

R-UPPER BOUND. y R-upbd A iff (V x)(x • A ~ <XIV> e R). 

R-CHAIN: A R-chaln B iff A ~ B & R simple orders A. 

7.3.20 (I2) 
If A ~ 0 and R partial orders A ~ (V C)(C R-chain A ... (3 V) V R-upbd A) 
then (3 B) B R-max A. 

7.3.21 For all A,R 
if A ~ 0 & R partial orders A 

and 
(V e)(C R-chain A ... (3 V) V R-upbd A) 

then (3 B) B R-max A 
iff 

foT' all A 
if A ~ 0 & (V C)(chain(e) & C £ A & e ~ 0 ... UC • A) 
then (3 B) B max-.lt A. 

FINITE CHARACTER' Fchar(A) 
iff 

A ~ a & fam(A) & (V 8)[8 G A ~~ (V C)(C _ 8 & flnite(C) ~ C & A)]. 

7.3.22 Fchar({C: C ~ A & chain(C)}) 
Accepted: N- 2, mean-53. 0, s. d.-15.6. med. =53. 0, min. =42, max. =64. 

7.3.23 (TTL) If fchar(A) then (3 8) B maX-lilt A 
Accepted' N- 9, mean-41.8, s. d. =13. 1, med. =44. 0, min. =25, max. -61. 
Missing: N= 3, mean=27.3. s.d.-22 3, med. =36. 0, min.- 2, max. =44. 
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7.3.24 (¥ A)(fchar(A) ~ (3 8) B max-.It A) 
iff 

foT' aU A 
if A ~ 0 & (~ C)(chain(C) & C ~ A & C ¢ 0 ~ UC & A) 
then (3 8) 8 max-.It A. 
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APPENDIX C 

GLOSSARY OF SYMBOLS 

NegatIOn 
ConjUnctIOn 
DISjUnctIOn 
ImplIcatIOn 
EqUIvalence 

N arne of Symbol 

U mversal quantIfier 
EXIstentIal quantIfier 
U mqueness quantIfier 
IdentIty 
Set membershIp 
Empty set 
Set InclUSIOn 
Proper Inclusion 
IntersectIOn 
Umon 
DIfference 
Ordered paIr 
DefinItIOn by abstractIOn 
UnIon or sum of A 
IntersectIOn of A 
Power set of A 
CartesIan product 
R restncted to A 
Image of A under R 
ComposItIOn of functIOns 
EqUIpollence 
Equal to or less pollent 
Less power than or less pollent than 
Successor of set A 
CardInal number of set A 
CardInalIty zero 
CardInalIty one 
CardInalIty two 
CardInal addItIOn 
CardInal multIplIcatIOn 
CardInal exponentIatIOn 
Equal to or less cardInalIty 
Less cardInalIty 
Set of all finIte ordInals 
Successor functIOn restructed to W 




