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THE PURPOSE of this article is to describe the CAI course in axiomatic set
theory that has been given entirely as a CAI course without lectures at
Stanford since 1974. Other articles in this volume also describe in a sub-
stantial way research done in the development of the set-theory course. The
computer programs that are used in the set-theory course represent per-
haps the largest production programs, albeit still experimental, created
thus far for instructional purposes. Other articles in this volume (e.g.,
Blaine, 1981; McDonald, 1981; Smith, 1981) give a sense of some of this
work. The purpose of the present article is to describe the course and then
to present in some detail the analysis of data reflecting student performance
in the course. We have especially concentrated on a presentation of quanti-
tative data about the course because of the absence of prior publications
of this sort about the set-theory course and, more generally, because of the
absence of such detailed information about undergraduate mathematics
courses of any kind at an intermediate level of difficulty. We have kept the
use of probabilistic models to a minimum by using them mainly to help
organize the presentation of data. We believe that a good deal more can
be done in this direction and is a suggestive topic for future research.

In section 1, we describe the curriculum; in section 2 the various pro-
grams that have been written for the course, although we do not enter into
technical details; in section 3 we give data on the history of student use.
Beginning with section 4 we turn to the analysis of proof data. Section 4 is
concerned with data on use of inference rules in student-constructed proofs.
Section 5 presents data on the proofs students constructed, and section 6
presents some examples and some analysis of individual differences in
student proofs.

The research reported 1n this article was partially supported by National Science Founda-
tion Grants EPP-74-15016-A01, SED-74-15016-A02, SED-74-15016-A08, and SED-77-09698
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Two appendices are also included: one gives probabilistic transition data
on rule usage, and the second lists the theorems with some data about
student proofs of the theorems. (Appendix C defines the symbols used in
the theorem list.)

Before we turn to the details of the axiomatic set-theory course, we want
to emphasize the enormous labor that has gone into its development. As
already remarked, other articles in this volume describe major components
of this effort ranging from Blaine (1981) on interactive theorem proving to
the many articles on digital speech by Sanders, Gramlich, Levine, and
others. The extensive use of the research on digital speech in the set-theory
course is not apparent from this article because we do not present detailed
data on its use. On the other hand, the course served as a testing ground
for the most complex use of digital speech the Institute has engaged in. By
the most complex use we refer to the cognitive complexity of the sentences
and their inflectional patterns. For much of the set-theory course we have
used synthetic prosody. The kinds of sentences characteristic of informal
instruction in set theory provide an excellent test of such prosody. We
would not want to claim that we were entirely successful. Much remains to
be done betore the synthetic prosody has a fully natural sound. What was
accomplished has been an important first step.

Given the extensive software effort to develop theorem provers and
complicated auxiliary machinery for handling students’ proofs, and the
application of the digital speech research on synthetic prosody, we believe
it is fair to claim that the CAI set-theory course is the most complicated
one from the standpoint of the use of computers yet to be offered anywhere
in the world on a regular instructional basis (Table 1 in sec. 3 shows the de-
tailed use of the course over a 6-year period).

Almost necessarily, first efforts at producing a course of this kind in a
new technological setting are expensive and [ull of mistakes. We believe
there is hope that, in the future, courses at a similar level of mathematical
difficulty can be preduced in a variety of subjects much more efliciently.
The basic research on digital speech will continue in many different places
throughout the world and will not need specific support for this kind of
application. In a more restricted way, interactive theorem provers will
continue to be developed in a variety of settings and for many different
purposes. As the software becomes more developed, better understood,
and more efficient, application to the kind of mathematical material tfound
in the set-theory course will be much more straightforward and less time-
consuming. We will not attempt to make any quantitative predictions but
we would be surprised if there were not a reasonable number of courses like
the one in set theory available by the end of this century in a large number
of academic institutions throughout the world.
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1. THE SET-THEORY CURRICULUM!

The curriculum of the course in set theory is classical. It follows closely
the content of the first author’s textbook (Suppes, 1960). The course is
based on the Zermelo-Fraenkel axioms for set theory. It is fair to say that
every important paper bearing on the content of the course was written
before 1940. It is not the purpose of the course to cover more advanced
topics in set theory reflecting research in the last couple of decades. The
content of the course reflects a body of material that a number of students
wish to make part of their undergraduate experience: Perhaps the main
reason for the interest in set theory as a subject is that it occupies a rela-
tively unique place among the many branches of mathematics, because most
if not all of the entities that are studied and analyzed within mathematics
may be defined as certain kinds of sets. For example, the natural numbers,
rational numbers, and real numbers are all definable within set theory
as are other standard mathematical objects and structures. As a result,
many fundamental questions about the nature of mathematics can be re-
duced to questions about set theory.

Chapter 1 of the curriculum surveys the historical background of Zermelo-
Fraenkel set theory and gives the reasons for developing the subject axio-
matically, namely, the various paradoxes that were discovered in naive set
set theory around 1900. There are no theorems that the students prove in
this chapter.

The systematic work begins with chapter 2, which is entitled General
Developments. In this chapter, fundamental concepts such as that of inclusion,
union and intersection of sets, unordered and ordered pairs of sets, Car-
tesian product, power set, and so on, are defined and elementary theorems
about these concepts are given.

Chapter 3 develops the general theory of relations and functions. A fair
number of theorems are given about the general properties of binary rela-
tions and standard operations on relations, such as the unary operation of
converse, the binary operation of relative product, are defined and studied.
The important concept of well ordering is defined and some standard
theorems about it are given. The last part of the chapter is concerned with
the general theory of functions, elementary operations on functions, and
SO on.

Chapter 4 is concerned with equipollence and the concept of finite and
infinite sets. Two sets are called equipollent if there is a bijection, that is, a

1Although the curriculum 1s based in detail on Suppes (1960), many revisions have been
introduced 1n the version used 1n the set-theory course These revisions have been especially
the work of Lee Blaine, Ingrid Lindstrom, and Sten Lindstrom
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one-one function, from one set onto the other. The weak inequality for
pollence or power is also defined, and the classical Schroeder-Bernstein
theorem is proved. This is the first really nontrivial theorem proved in the
course, and it is a good test of the interactive theorem prover for it to accept
an intuitively reasonable proof of the theorem. (The Schroeder-Bernstein
theorem asserts that if two sets are both less than or equal in power to each
other then they are equipollent. Because of its difficulty the theorem ordi-
narily is proven for the students.) The classical definition, due to Tarski,
of finite sets is introduced and its consequences developed in detail. The
standard elementary theorems on finite and infinite sets are given.

Chapter 5 develops the theory of cardinal numbers. The first part of the
chapter introduces the general theory of cardinal numbers, the second part,
the theory of finite cardinal numbers, and the third, the theory of trans-
finite cardinals. The one nonclassical aspect of this chapter is that cardinal
numbers are introduced by a creative definition of identity, namely, the
cardinal number of set 4 and the cardinal number of set B are identical if
and only if the sets 4 and B are equipollent. The standard approach of
defining cardinal numbers as certain ordinal numbers is considered in
chapter 7. This standard definition is delayed until then because it requires
the axiom of choice to show that every set has a cardinal number.

Students taking the course at a Pass level are expected to go no further
than chapter 5. The theorems they are asked to prove are drawn from these
first five chapters.

Chapter 6 develops the general theory of ordinal numbers following the
ideas of von Neumann. The development of the chapter is parallel to that
of chapter 5. First, the general theory of ordinal numbers is considered,
then the theory of finite ordinals, and finally the theory of infinite ordinals.
The chapter also is concerned with the generalization of induction on natu-
ral numbers to transfinite induction on ordinals and also with the general-
ization of recursive definitions to definition by transfinite recursion. The
final section of the chapter concerns well-ordered sets, and the standard
representation theorem for well-ordered sets in terms of ordinal numbers
15 proved.

Chapter 7 considers the axiom of choice, its equivalents, and their con-
sequences. The equivalence of the axiom of choice and the following are
considered: Bernay’s numeration theorem (every set is equipollent to an
ordinal number), Zermelo’s well-ordering theorem (every set can be well-
ordered), Zorn's lemma, which should more properly be called Hausdorff's
maximal principle, which asserts that if 4 is a family of sets, then every
chain in 4 is a subset of some maximal chain in 4. Various applicanons of
the axiom of choice are also considered, for example, the proof that a set is
Dedekind finite if and only if it is finite. Some axioms that are stronger than
the axiom of choice are also examined, for example, Tarski’s axiom on the
existence of inaccessible sets. A typical exercise for students drawn from
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chapter 7 would be to prove the equivalence of the Hausdorff maximal
principle and the axiom of choice.

CAI lessons. What we have described thus far is the formal organization
of the curriculum and the off-line body of text material. It is also equally
important to emphasize that there are CAI lessons for the course covering
all of the material described above. This material is presented at the termi-
nal for the students and is meant to be patterned after informal lectures in
mathematics. Both visual and audio presentation are utilized. As in the case
of most undergraduate mathematics courses, there is meant to be a very
considerable redundancy between the informal presentations given at the
terminal by the program and the text material reproduced and distributed
to students as ofi-line material.

2. THE EXCHECK PROOF-CHECKER

Students construct proofs in the set theory course with the program
EXCHECK (McDonald, 1981). In this system students make inferences
which are then checked for validity, the interaction ending when the pro-
gram ascertains that a valid proof has been constructed. EXCHECK is based
on the proof-checker developed for the course in logic (Goldberg & Suppes,
1976), with the addition of inference commands that are more relevant to
proofs in axiomatic set theory. These procedures are included to allow an
informal style like that of introductory courses in higher mathematics in
which many of the details of a logically explicit proof are left out (Suppes,
1979). In this section we briefly discuss features of the logic proof-checker,
present a sample interaction, and describe the more powerful inference
commands.

The LOGIC proof-checker. In all the computer-taught courses in math-
ematics the goal of the programs for entering proofs is to allow students
with only the relevant mathematical preparation to acquire quickly and
make extensive use of methods for entering valid derivations, spending as
little time and effort as possible with things other than the mathematical
content (Suppes, Smith, and Beard, 1977). Specifically, the LOGIC proof-
checker has features that are intended to reduce the amount of typing done
by the student, to reduce the restrictions on how the typing is done, and to
make the results of the interaction clear to the student. Simple inferences in
logic are indicated by commands in which the student must refer to any
prior lines that the inference depends on, the rule of logic being applied, and
any required terms and formulas. These tasks are simplified by allowing
such features as arbitrary order of entry of line numbers (where possible),
recognition of abbreviated names of inference rules, and specification and
replacement of more than one variable in a single command. The program
displays much (but not all) of the results of each command immediately,
with more information available on request; the program also can reset the
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display with only the essential features of the proof, having removed all the
mistakes and intermediate student inputs. The second and third commands
of Figure 1 are examples of commands that enter inferences in sentential
logic. (Figure 1 shows the derivation of a simple theorem using EXCHECK.
The user’s inputs are underlined, with ‘$’ denoting the ESCAPE key. Note
the mistakes made in the formula for line 8 and the abbreviation of REVIEW

at the end of the proof.)
#BETD$erive

Theorem., Lemma, or Formula #THEeorem <Name®> () #2.4.2%

Theorem 2.4.2: (Vv A:B4,C)(ASC B &BC C+AGgC)
*HYPS
hyp (1) AgBand Bc C
#15IMPS
Occurrences (1) #8$1
1 simp (2) AEB
#DEFIsnition <Name> () #5UB%set
(VB:.C)IBEE C e (P r){(xe B xe C)]
Do you want to specify? {yes) #Byes
Yariables (B.C) =#3B.C
Substitute for B? (B} %*AS$
Substitute for C? (C) #B$
definition subset
(3) A G DB ifP (¥ x)(x € A 2+ x & B)
*gs JIMPLSies
2 implies wusing 3

(%) (¥ x)(z e A+ x & B)
#Uss
(¥ 2})(x 8 A3 x e B) -

Substitute for x? (x) #$x

4 us {3) If x e A then x € B
#SHYPS
S hyp (6) x5 A
*+3, AALS
5, & =a
(7) z & B

#1,7VERSify (B) #x ca C$
x €e £ is not a formula.
(B) #x & C$
Using #QEFigSnition <Mame> () ®#SURSset
Using #0KS

#4H, BCP%

& B ep

(?) If x &€ A then 3 & C

=uGs

Generalize #x®

& ug £10) (¥ n)({x &8 A 4 x & C)
*10ESTeablish (11) #A g C%

Using #0Q#$
SREVIS$ES

Which Review? (current context) #fcurrent context

Theorem 2.4.2: (V &:B,.CY(AECE B &BgC=-a&g C)
(1) A Band Bg C
Se {2) AagB
By definition subset
(3) A S DB ife (VY x}(x € A % x € B)
2by3 (4) (Vx)(xe A5 eB)
So that (5) If x 8 A thenm 2 & B

Also (&) » e A
Sbys (7)) s &8
By 1 {8y & €
cp {9) I# x & A then 3 & C
And {(10) (Y x)(x & A =2 x & €)
So {1ty Aac €

#+QED$ ok

Figure 1 Sample interzction with EXCHECK
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Informal proofs in set theory with EXCHECK. Line 8 of the sample
derivation shows one of the more powerful inference commands available
in EXCHECK, namely, VERIFY. This command is used in the proof to
infer a formula from the formulas on Lines 1 and 7 and the definition of
the relation ‘subset’. The student typed the line numbers, an abbreviation
of the command name, and the inferred formula; then the program used a
resolution theorem-prover to derive the formula from the given informa-
tion. Thus, with this command a student can make inferences that require a
number of applications of rules of logic without having to provide those
steps. Allowing such semantically transparent inferences as a single step in
the proof reduces the number of commands, makes the proof conceptually
easier to construct, and also results in a proof that is easier to follow, like
those in introductory texts.

The inference command VERIFY is not based on a complete decision
procedure, for none exists for predicate logic. If the student attempts an
invalid inference the resolution theorem-prover could in principle never
stop looking for a correct proof. Because of this limitation and for more
practical reasons, the program will give up after a certain fixed amount of
time has been spent searching for a proof and tell the user that the infer-
ence cannot be justified (even though it may be correct). The user must find
a different method of proving the theorem, either by making simpler infer-
ences or discovering why the inference was incorrect. Students are warned
to look for this phenomenon, including the fact that the processor is affected
by how active it is at the time, so that the same inference may be accepted at
one time and not at another.

In many situations there are special conditions thatcan help the program
discover the steps needed to establish the inference. For this reason there
are other commands like VERIFY that allow multiple-step inferences. An
extreme case of this is the command TAUTOLOGY, which can test the
validity of any implication that relies only on the rules of sentential logic.
The command uses the fact that there is a complete algorithm for deciding
the validity of arguments in this domain. Another command, BOOLE, is
analogous to TAUTOLOGY; it verifies any inference that depends on only
the rules of sentential logic and the algebra of sets. Neither of these com-
mands can be used for inferences that require applications of the rules for
quantification or equality, as in lines 8 and 10 of the derivation shown. A
third command, TEQ), is similar to both of these but can make substitutions
on the basis of the rules for equality and equivalence and allows the speci-
fication of formulas from the theory on which to base these substitutions.

Two commands, IMPLIES and CONTRADICTION, can be used in a
number of cases to make inferences without typing the formula to be in-
ferred. IMPLIES uses a top-down procedure along with the resolution
theorem-prover to take citations of both lines and results from the theory
to find the implication intended by the student (e.g., line 4 of Fig. 1).
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CONTRADICTION takes the citations given by the student, verifies
whether they are mutually inconsistent, and, if so, enters the negation of
the last assumption of the proof. These two commands ease the burden of
typing for the student but do not always result in the inference that the
student intended.

Finally, the command ESTABLISH is almost identical to VERITY,
except that it analyzes the formula to be derived, expanding terms and
relations using the definitions and theorems available to the student. Thus,
in line 10 of the sample derivation the inference is made without explicit
citation of the theorems and definitions that the program used to verify it.
This eliminates yet another type of input from the student and can make
proofs simpler to enter and easier to follow when completed.

Several features of constructing informal proofs with EXCHECK are
relevant to the analysis of student proofs in the next sections. First, the
best choice of the powerful inference commands is often unclear: It is
often possible to make the same inference with different commands, say,
either ESTABLISH or VERIFY. Second, the procedures are sometimes
used by the students to construct rather uninformative proofs of theorems
—calling ESTABLISI to verify the formula that is to be proven without
giving any support, for example. Third, the informal inference commands
take more time to process than the logic commands. Thus, there is a trade-
off in constructing a conceptually-clear proof versus taking the least amount
of time necessary. And, fourth, commands like VERIFY can be misused to
make inferences that would require only one or two applications of the
rules of logic. (A student could, for example, construct a proof with every
logical inference made explicit using VERIFY to make each inference.)

3. ANALYSIS OF STUDENT USAGE
3.1 Enrollment

Regular instruction in set theory as a CAl course began in the Autumn
Quarter of 1974, Since then the CAI course has been given every term
during the regular academic year. The enrollment figures for 1974-1980,
a period of six academic years, are shown in Table 1. As can be seen from
Table 1, the total enrollment in a given academic year has ranged from 14 to
29, with some tendency for the enrollment to increase in the last three years.
The enrollment in any given term has ranged from 4 to 14, and there is a
tendency for the enrollment to be higher in Spring than in the Autumn or
Winter Quarters. The explanation of the latter phenomenon is naot clear
but it is also to be found in the enrollment data for the CAI logic course

It is interesting to compare these enrollment data with the annual
enrollment in the course for the ten years preceding 1974. The data are
shown in Table 2. (Since 1974 only the CAI version of the course has
been taught.) Several things are evident from Table 2. First, the enrollment
was relatively constant over the 10-ycar period. Second, during the 10-year
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TaBLE 1.

Enrollment in CAI Course in Axiomatic Set Theory

Quarter
Academic
year Autumn Winter Spring Total

1974-1975 8 3 8 19
1975-1976 5 4 5 14
1976-1977 4 7 5 16
1977-1978 4 8 14 26
1978-1979 9 6 12 27
1979-1980 6 12 i1 29
TOTAL 36 40 55 131

period the enrollment never reached the total now exhibited in the last
three years, that 1s, in the last three years of the CAI course, 1977-1980.
It is of course true that the course is given only once a year when given
as a regular lecture course. It is precisely one of the advantages of the
CAT course that with little difficulty it can be given three times a year,
which is very much more convenient for students. We note, however,
in this respect that the enrollment in the Spring Quarter in the CAI course
in the period 1977-1980 exceeded the annual enrollment in the pre-
vious ten years in 1968-1969, 1969-1970, 1970-1971, and 1973-1974.
We believe, but are not able to give any scrious evidence for this belief,
that the large variation in enrollment in the ten years prior to the intro-
duction of the CAI course was due to the great variability in the quality
of instruction. In several of those years with low enrollment the course was
given by rather mexperienced visiting logicians.

TABLE 2.

Enrollment in Axiomatic Set Theory
Prior to 1974-1975

Quarter
Academic
year Autumn Winter Spring Total

1964-1965 22 - - 22
1965-1966 22 - - 22
19661967 - - 17 17
1967-1968 — - 20 20
19G8-1969 5 — - 5
1969-1970 8 - - 8
1970-1971 - 10 — 10
1971-1972 19 — — 19
1972-1973 17 — - 17
1973-1974 8 — - 8

TOTAL 101 10 37 148
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3.2 Frequency and Duration of Sessions

The set-theory course is run entirely on the IMSSS computer system.
Students must choose when and how long to work each session at the ter-
minal from the set of hours that the system is available. (The teaching
assistant also has 10 hours a week regularly scheduled for consultation
with students who request it.) The course program allows the students to
end a session at any point and continue at that same point when they re-
turn. A student can stop, say, in the middle of a proof and continue at the
next session with what has been established in the previous session available.

Without any action by the student, the audio and video presentation of
the lecture material as described in the previous section (including frequent
questions for the student to answer) proceeds directly through the curricu-
lum. Students must prove the theorems required for a passing grade when
the program presents them, just after they are first presented in the
curriculum. At any time the student may switch to the EXCHECK system of
the program and attempt to prove any theorem of the curriculum simply
by indicating the theorem by name or number or else specify any well-
formed formula from the theory to be derived. Students doing proofs as-
signed for the higher grades must use this option. In principle a student
may go through the curriculum then do all proofs for higher grades in any
order; it is suggested that they do proofs as soon as the theorem is pre-
sented in the lessons, however. The set-theory program also has a browse
mode that allows the student to see summaries of, and actually enter any
exercise (an element of a partition of a lesson), and a kelp mode in which a
student can get supplementary material such as explanations of the com-
mands, rules for the syntax of formulas, and a review of elementary logic.

While the students have much freedom to determine when, how long,
and what they do at the terminals, the number and durations of sessions are
also affected by things beyond their control. As mentioned above, the ter-
minals are available only during certain hours: 8 AM to 11 PM weekdays,
except Friday when the doors are locked at 5 PM, and Sundays from 1 to 5
in the afternoon, although students at work when the doors are locked can
continue as long as they please. Beyond this, the terminals are occasionally
unavailable due to special machine or program maintenance and break-
downs in the computer system (or a single terminal), which sometimes oc-
curs during a session. There are only two terminals available for the course,
on a first-come, first-served basis.

Besides these direct influences, it is clear from experience that students
take advantage of the fact that they are not required to appear at specific
times. For example, some students are less likely to take sessions on the day
before a holiday or some special campus event, while others are more likely
to appear during these ‘dead’ times. Other events that we believe influence
students’ use of the system are midterm and final examinations (one strategy
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for students is to prepare for early finals first, then work after the tests
solely on the set-theory course, while the opposite strategy is to use the
‘free’ time early in the quarter to work mostly on set theory); unpredictable
personal events such as illnesses and visitors; and even the weather —as in
the other examples, the same weather conditions can have both an inhibit-
ing or a facilitating effect: bad weather makes it more difficult to travel to
the terminals, but also makes activities outdoors less attractive for some and
hence working indoors on the computer more likely.

With no restricted, regular hours for instruction, the set-theory course is
subject to many unpredictable variations. The data clearly show such effects.
There is considerable variation in when students attend and how long they
work each session. The descriptive statistics for number of sessions per day
(Tables 3 and 4) and for length of sessions (Table 5) show a large range and
variance. The mean number of sessions taken by all the students on a week-
day is about half the enrollment and about as likely to be higher than that
as less. Figure 2 shows the daily activity for the quarter with the highest
enrollment. Almost every week of that quarter had at least one day with
over 10 sessions and another with fewer than 5.

—

TABLE 3.

Descriptive Statistics for Number of Sessions per Day (Weekday)

Quarter

Autumn Winter Spring
(N=149) (N =52) (N = 45)

Mean 5 11.2 7.3

SD 3.9 5.5 3.2

Median 4 11 7

Minimum 1 1 2

Maximum 18 25 15
TABLE 4.

Descriptive Statistics for Number of Sessions per Day (Weekends)

Quarter

Autumn Winter Spring
(N=14) (N=17) (N=14)

Mean 2.6 4.3 3.5
SD 1.5 3.5 2.8
Median 2 3 ‘2.5
Minimum 1 1 1

Maximum 7 11 10
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TABLE 5.

Descriptive Statistics for Duration of Sessions (in Minutes)

Quarter

Autumn Winter Spring
(N=269) (N=622) (N=338)

Mean 62,2 67 3 79.1
S§D 68.6 72.2 896
Medhan 381 145 3 60 4
Mimmum 4 6 7
Maximum 340 8 434.2 960.1
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The variation in duration of sessions is startling, with some less than a
minute long and others over 7 hours. While it is known that students do
sometimes ‘camp out’ at the terminal (e.g., after their last test of the quarter),
it is also known that students usually come prepared to work at least an
hour or so. In the analysis of the more extensive data on the logic course
(Suppes & Sheehan, 1981), we found that the shorter sessions were most
likely the result of a large number of minor problems, caused by both the
course programs and the students themselves. Most of these short sessions
occurred within moments of another, hence the student had not really left
the building, just briefly interrupted the session.

What is more surprising (and which also occurs in the logic course) is
the high frequency of these shorter sessions. The histogram of durations
(Fig. 3) shows sessions of less than 10 minutes are by far the most frequent;
even more frequent than predicted by the exponential distribution with
density

f(x) = ae®®,

(drawn on the histogram), and mode at the origin. As in the analysis of the
data from the logic course, our best explanation at this time is that there
are two sources of reasons for the end of sessions, one being the spontaneous
interruptions mentioned before and the other the student’s decision to end
the session and leave the building. Apparently the spontaneous interrup-
tions occur quite frequently, while the decisions to leave, though occurring
with mean much more than an hour, also occur at arbitrary points in time
(i.e., occasionally students do intend sessions to be short, and there is no
. definite minimum length for these types of sessions), so that the two dis-
tributions are difficult to distinguish. We furthermore have no ‘hard’ data
at this time to study explicitly the causes of these interruptions.

We can affirm, however, that the distribution of student sessions is con-
sistent from quarter to quarter. The figures shown for daily activity and
session length in particular quarters are similar to those of the other quar-
ters, as indicated by the descriptive statistics for these variables. The main
difference between the three quarters of 1978-1979 is the increase in the
mean length of session (and corresponding increase in variance and median,
as expected in the exponential model). Note also that there were fewer
sessions per student in the Spring Quarter, so that the total time to complete
the course is roughly the same throughout the year.

Finally, we note that the behavior of the students (and the computer
system), while not accurately described by any simple model of uniform
random behavior, is clearly much less accurately described by any nearly
deterministic model, such as saying that attendance is the same from day to
day with only small or infrequent fluctuations. We of course believe that
some students do obey strict schedules, and that most have some intention
of maintaining a regular pattern of study, but the data have convinced us



16 SUPPES & SHEEHAN
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Ficure 3. Histogram of duration of sessions for Winter Quarter, 1979.

that the students’ actual performance is far enough from any simple ideali-
zation of regularity to make it more worthwhile to consider simple non-
deterministic models of system usage. The pattern of student behavior is
almost surely closer to their other unregulated patterns than are regular
courses with fixed times for lectures and other meetings.

Of course, it is not possible to estimate how much time students spend
away from the terminals in constructing preliminary versions of their
proofs. There were teaching assistants available during set hours with
whom the students could discuss their proofs and ask for help when they
encountered difficulties. We have observed over the years considerable
variation in the student approach to use of the terminals. Some students
do essentially all of their construction of proofs from the very beginning
at the terminal. Others come in with a rather finished piece of work and
just use the terminal to input procfs and to check their validity. It is the
policy of the course to encourage students to use the terminals interactively
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and to do as much of their proofs as they want to at the terminals. There
is no restriction on the amount of time allocated to the students and they
do not have to schedule in advance the use of a terminal. As the data on the
distribution of usage show, there is very wide variation in the amount of
time that students spend at terminals. It is to be emphasized that all the
students’” work that is evaluated is done at the terminal. There are no
separate exercises that are done off-line and checked by the teaching assis-
tants. A side product, therefore, of a course like this is that the teaching
assistants are genuine teaching assistants. They have no responsibilities for
marking exercises or grading examinations. Their time is spent in helping
students on an individualized basis.

4. DATA ON INFERENCE RULES

A substantial portion of the set-theory course is the construction of
proofs for theorems in the curriculum (at least 25 for a passing grade, up
to about 45 for the highest grade). As explained earlier the EXCHECK
program is used to construct interactively the required proofs. For each
step or wnference of the proof, there are three kinds of information:

1 Known formulas (assumptions, previous inferences within the proof, or earlier
—axioms, definitions, and theorems)

2. Rules of inference (as represented by the basic commands of the EXCHECK
system.

3. Results (i.e., the formula that is to be inferred from steps 1 and 2).

While known formulas are not necessary, and the results may be auto-
matically produced by EXCHECK, the student must choose each rule used
in the proof. The goal is for the last result to be the formula that was to be
established. The fact that the program accepts only valid inferences guar-
antees that the student’s work is a correct proof (modulo any program bugs).
This correct proof is abstracted from all the inferences that were made in
the course of the interaction and presented to the student as computer
printout, the rewview proof. In this article we study the review proofs collected
over the 1978-1979 academic year. While it is well known that there are
many ways to prove theorems, we will show that the proofs the students
produced do indeed differ. We will also examine ways in which proofs are
similar.

4.1 Sequences of Inference Rules

A proof can be thought of as an ordered sequence of inferences, each
inference mapping one set of formulas to a result formula. Inspection of
the data confirms the intuition that the detailed sequence of source and
result formulas has many arbitrary features; two proofs can, for example,
be identical except for alphabetic variation of the symbols or commutation
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of two lines. However, the types of inferences represented by the command
used to establish the result are constrained to be one of the available rules
of the EXCHECK system (39 for 1978-1979) and, we think, are more likely
to be similar for two proofs that we would judge to be similar or equivalent.
On the other hand, considering just the inference commands used there is
considerable variation in proofs of the same theorem. The sequence of
commands can distinguish a direct versus an indirect proof of the same
theorem, or the application of direct logical inferences as opposed to the
informal-style rules such as VERIFY, for example. Thus, we have chosen to
extract from the review proofs the sequence of inference rules as an inter-
esting aspect that is amenable to quantitative analysis. (We recognize that
we could have studied proof graphs instead of linear sequences, but the
latter choice reflects what the students see and are taught.)

The problem, then, is to characterize the structure of the sequence of
inference commands for a proof

Xla X29 L XN,

where each X, is one of the 39 inference commands of the EXCHECK sys-
tem. In the 1,455 review proofs from 1978-1979 used in the study of infer-
ence rule use, the modal number of inferences in a proof is 5, while many
proofs are much longer (up to 91 steps), with the mean number of infer-
ences being about 12.

While we have a large number of proofs, the number of possible se-
quences of any length less than, say, 100, is of the order 39'%, far more than
we have observations. Furthermore, while there are many instances of
familiar sequences of inferences, there is no way that all such sequences
can be organized into a reasonable number of qualitative types, nor any
guarantee that all or even a majority of the sequences that appear in the
data will fall into one of these categories. Given this degree of variation in
the sequences, we have chosen to characterize and analyze the proofs with
stochastic models of sequences of discrete variables. Our goal is to find a
family of distributions that completely specify the probability of any se-
quence of inferences, which we denote

plu, v, .. cw)=PriXi=u, X =v, ..., X, =w, X+, = QED}

foru,v,..., w=1,2,...,C=39, representing each command by its order
of occurrence (i.e., from THEOREM, most often used, to CHANGE, least
used).

4.2 Models

Global distribution of rule use. The two major issues with regard to
sequences of discrete random variables are the relation between the position
of the variable in the sequence and its distribution (e.g., the differences in
the distributions of the first and second inferences in a sequence) and the
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relation of the distribution of the variable to the outcomes of the previous
variables in the sequence (variation in the distribution of rules applied after
THEOREM as opposed to DEFINITION, for example). In the case of
proofs of theorems, perhaps the most salient position is the first inference.
A proof cannot begin with one of the rules that requires citing a formula
established earlier in the proof, for example. We also know from experience
that the majority of the proofs begin with assumptions and lead to either
conditional or indirect proofs. For subsequent inferences, however, our
intuition is that the most interpretable and tractable feature will be the
effects of prior inferences rather than the position in the sequence. It is
more important, we think, to know that the last inference was, say, the state-
ment of a theorem from the curriculum, rather than that the current infer-
ence is the tenth one of the proof. While any complete model will determine
at least implicitly both these aspects, our choice of how to specify the model
will mainly be by hypotheses on the effects of the prior inferences of the
proof.

We began by considering the simple distribution of all the inference com-
mand types over all the proofs, regardless of position in the sequence, or

P_x. = P{Xi = x},
x=1,...,C, the set of inference comrands,
i=1,2,..., the position within the proof.

Knowing this distribution is useful in that it places probabilistic constraints
on the sequences of inferences and offers a base for comparison with more
complex models of the distribution of inference rules. Given no a prion
knowledge of the use of rules, a reasonable and tractable model of one ex-
treme for the distribution of sequences is to assume that the use of a rule is
not related to either relative or absolute position in the sequence so that
the probability of a proof consisting of the inferences x, y, . . ., z s

b ey, .. 2) =papy - - - beba
where
O0=p=1lL,w=1,...,0=C+1;
Pt T pe=1;
and
e = Pr{the sequence of inferences ends at the current inference},

has been added to the model to explain the finite nature of the sequences.
This model predicts that both the length of the proofs and the number of
repetitions of the same command will have geometric distributions (with
different parameters). The more the distribution is concentrated on fewer
rules, the more alike the proofs will look, consisting mostly of applications
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of a few rules. Finally, the proofs look the same from beginning to end; the
model predicts that no rules are found mainly at the start or the end of
proofs. While we already know that this is violated by the tact that proofs
usually start with the introduction of assumptions, this is only one part of
any proof, and it is of interest to see how far from this simple model the
data actually lie.

While some commands are used more often than others, we cannot in
general distinguish groups of similar commands that stand out from the
others with respect to frequency of use (Table 6). Among the most fre-
quently used are a command for specifying results from the curriculum,
THEOREM; a simple rule of logic, the conditional proof (CP); and VERIFY,
a complex command that, as explained earlier, allows the statement of a
result formula that is a direct consequence of a number of logical infer-
ences from the prior inferences and results of the curriculum cited by the
student. Our original concern was with how balanced the use of simple
logic rules was with the rules like VERIFY that allow several implicit logical
inferences, and we were surprised to find that the data showed the exten-
sive explicit use of the results of the curriculum (i.e., THEOREM and
DEFINITION) and the introduction and cancellation of assumptions in
conditional proofs via the commands HYPOTHESIS, ASSUME, and CP.
Within each of these categories, however, there are other similar commands
that are used far less otien, such as AXIOM (16th in [requency of use),
indirect proof (IP, 27th most frequent), the Boolean algebra inference
prover (BOOLE, 23rd most frequent), and the logical rule FD, or formula-
tion of a disjunction (33rd most frequent).

TABLE 6.

Observed and Estimated Frequency
of Inference Rule Use

Frequency
Estimated
Command Rank Observed
Mixture

Geometric geometric
THEOREM 1 2,797 2,181 2,797
CP 2 1,518 1,872 1,713
DEFINITION 3 1,496 1,644 1,513
ASSUME 4 1,178 1,444 1,387
VERIFY ] 1092 1,268 1,181
ESTABLISH 6 1.067 1,114 1,044
REPLACE 7 879 978 922
HYPOTHESIS 8 808 859 815
IMPLIES 9 745 755 720
UG —umnversal 10 638 663 636

generalization
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FC—form conjunction 11 546 582 562

RC —infer night 12 543 511 497
conjunct

TEQ, 13 529 449 439

LC—infer left 14 419 394 388
conjunct

TAUTOLOGY 15 384 346 343

AXIOM 16 338 304 303

LB —law of 17 308 267 268
biconditional

ES —existential 18 305 235 236
specification

US —umversal 19 300 206 209
specification

CONTRADICTION 20 276 181 185

SORT 21 238 159 163

EG —existential 22 222 140 144
generalization

BOOLE 23 195 123 127

AA —afhirm 24 168 108 113
antecedent

SIMPLIFY 25 130 95 99

HYPR —assume right 26 99 83 88
hypothesis

IP —indirect proof 27 72 73 78

DS — disjunctive 28 69 64 69
syllogism

ELIMINATE — 29 30 56 61
abbreviation

QN —quantifier 30 27 49 54
negation

LET —abbreviation 31 21 43 47

P — premise 32 20 38 42

FD — form disjunction 33 12 34 37

RAA —reductio ad 34 10 29 33
absurdum

CASES 35 10 26 29

NEGATION 36 10 23 25

CDIS]J —classical 37 5 20 23
disjunction

SPECIFY 38 3 18 20

CHANGE 39 2 15 18

Sum 17,509 17,399 17,378

A model that represents a slow change in rate of use over a large domain
of commands is the geometric distribution,

p.T:pqx‘l?‘x:]-?z,"',
0=p=1,
and
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While there are only 39 rules, the location of the distributions we consider
is such that the probability of all values greater than 39 is less than .01, so
we do not correct for this feature. The geometric distribution has been used
often in both theory and data on languages and codes, with the interpreta-
tion that the model reflects an efhicient use of a collection of tokens. The
simplest explicit derivation of the distribution is that the most often used
tokens are those that take the least effort (e.g., shorter words), while more
costly tokens are deliberately assigned to less frequently occurring events.
Thus, we can infer from this model that the geometric distribution that
most resembles the use of rules in the set-theory proofs establishes an em-
pirical measure of the utility of that rule and that the students, like other
users of symbols, make best use of the range of available relative utility
(i-e., they consistently choose the more useful commands at the appropriate
rate). From this model, we note that relatively simple commands have the
most utility, next are the most powerful commands, and last, with the least
utility, are the commands for elementary operations with quantifiers and
logical connectives (other than implication). One explanation for why the
most powerful commands are not the most frequently used is that rules
differ in the amount of time it takes the computer to perform them, which,
under certain circumstances, can be quite long. On the other hand, the
rules of logic and quantification, while easy for the EXCHECK system to
process, require more inferences to complete a proof; from the data, we
would say that the increased difficulty of longer proofs from use of these
simple inferences 1s greater than the time saved by them. Hence, it would
appear that students perform proofs most casily with explicit references to
the curriculum and commands that implicitly perform sequences of logical
inferences, rather than making many elementary inferences.

The second model of how and why rules are used at different rates is a
generalization of the geometric. It comes from the observation that one
rule, THEORFEM, stands out as by far the most frequent. This did not sur-
prise us because there is little flexibility in the tokens; hence, utility of rules
may be discontinuously distributed over the collection. An adjustment for
this discontinuity is achieved by allowing the gecometric distribution to
account for the majority of the applications of rules, while the remainder
of applications are always THEOREM. This muxture of a geometric distri-
bution and occasional special use of the most frequent rule is

pr=0—e)p+e=p+eg,
pe={0—e)pg ', x=2,8,....

where p and g are as in the simple geometric and 0 = ¢ = 1. The likelihood
that THEOREM will be used increases eg, while the other rules arc used
proportionately less (though not much when ¢ is small). The parameter ¢
refiects the proportion of occasions on which THEOREM is invoked without
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reference to the original distribution. While we do not study the source or
reason for this mixture of the geometric with a single more useful rule,
subsequent study may show whether or not ¢ reflects that some students use
THEOREM more than others, or certain proofs are suited to more applica-
tions of THEOREM.

First order models. This same kind of generalization is used to specify
another model for sequences of inferences in the form of relations between
adjacent inferences. In this model each inference is related to prior infer-
ences, with a separate distribution accounting for the first inference of a
proof. Given the complexity of the sequences (due to their length and the
possible types of rules at each position), we have chosen to look first at the
relationship between the current inference and the immediately preceding
one, or the first-order dependence. Of course, a given inference in the se-
quence may rely on all prior inferences, but we believe that the relation
between adjacent inferences is dominant.

A general model for relationships between adjacent inlerences is a Mar-
kov chain, that is, a discrete-time Markov process whose transitions are
independent of time:

{](xv ya LI ,Z) zp.rp.ry . -sz’

where
Pey =Pr{Xp =y | Xp=xXp 1 =w,...,X, =1}
= Pr{Xp =y | Xp =x},
forx,y=1,...,C, the collection of inference commands and

Prq = Pr{proof ends after rule x is applied}

so that
0=p=Lx=1,...,Cy=1,...,Q,
and
Pt ... Fpe=1l,x=1,...,C,
while
e =Pr{X;,=wl,w=1,...,C,
hence

0=p, =1, w=1,...,C,
and, finally
p1+...+p()=1.

In words, the type of the current inference determines an arbitrary trans:-
tim distnbution for the next inference (unique for ecach type of current
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inference) that does not depend directly on the current length of the proof
or any prior inference. There are on the order of 40 X 40 = 1,600 param-
eters in this general model, considerably more than the model with no
dependence.

A simpler and interpretable model of first-order dependence assumes
that the transition distributions are like those of the second model of rule
use. In this model, the transition to a particular successor occurs at an
arbitrary rate ¢, 0 = ¢ = 1, while all other transitions obey the global dis-
tribution of rule use (assumed to be a geometric distribution). This model
has one parameter for the global distribution, and, for each rule, another
parameter for the rate at which the global distribution is ignored and the
specification of the successor, for a total of 79 parameters—over twice as
many as the model of an arbitrary distribution for a process with no depen-
dence, but much fewer than the general Markov-chain model. This assump-
tion about the form of the distribution is also applied to the distribution of
the first inference. In the analysis, we test whether this moderately simple
model tells us more than the barest model without losing too much of the
information in the larger.

4.3 Analysis

Estimation. Throughout, estimates are made using the maximum like-
lihood principle. We consider first the multinomial (i.e., an arbitrary dis-
tribution on the integers 1, 2, . . ., C). The likelihood of the observed
frequency of inference rules is

(1) poopE .. pe,

where ny is the number of applications of the Ath rule in the data, and the
Px. as mentioned before, are the probabilities of a rule being of type k=1,

., =139, the number of inference commands. The maximum-likelihood
estimators of the probabilitics are the sample proportions of each type of
inference rule,

_

ﬁk - N?
with
N=n+...4+n=17,509,

the total number of inferences in all proofs.
For the geometric distribution, the likelihood of the sample is

, i ) b N
(2) i L[};{J"z L U"’I( lJn‘- — [5] PF

where X is the sample mean. The estimate of g in this case 1s
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p=1/X,
the reciprocal of the sample mean.

For the mixture distribution the observations have likelihood

(3) (p+eq)™ [(1—e)pg]™ ... [(1—e)pgt]"c
_ [(1 — e)p]"' ™

; [p+ eq]ms g,

The likelihood is maximized by
0 N—mn 4y
P =ne=w 5]

and

n — Np' :ih_ﬁ
NG P

F =

where p, = n,/N (an estimate of p in the simple geometric case) and §; =
1 — $,. The second expressions for the parameter estimates show how $'
and ¢ are related to the deviation of the first rule’s frequency from the
estimate of the simple geometric model. The further by is from p, the
smaller is ;l;', and hence, the larger is é.

Tests of fit. We compare these three models using the estimates of the
likelihood of the sample obrained by replacing the parameters in formulas
(1)-(3) by their maximum-likelihood estimates. Let L, be the estimated
likelihood for the simple geometric model and L, that for the mixture
model. Then if the data are from a simple geometric distribution, which is
equivalent to the special case of a mixture distribution in which ¢ =0, the
statistic

—2Log(L,/L,) =—2Log(L,) — [—2Log (L) |

has asymptotically a chi-square distribution with degrees of freedom equal
to the difference of the number of free parameters in the two models (i.e.,
2 for the mixture model minus 1 for the simple geometric). Similarly, since
the mixture model is a special case of the multinomial distribution, if Lg
is the estimate of the sample’s likelihood for the multinomial case then

—2Log (Ls/Ls)

is approximately chi-square with 36 degrees of freedom (there are 38 free
parameters for the multinomial model) when the data are a sample from a
mixture distribution. Thus, the Lkelthood-ratio test at level a of whether the
simple geometric is as good as the mixture distribution is to reject that hy-
pothesis when —2Log(L,/L,) is greater than the 1-a point of the chi-square
distribution with 1 degree of freedom; similarly, the adequacy of the mix-
ture model compared to an arbitrary multinomial is seen in the comparison
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of —2Log(L./L;) to the chi-square distribution with 36 degrees of freedom.

The likelihood-ratio tests are useful for comparing similar models (the
simple geometric versus a mixture). We also compute the usual chi-square
goodness-of-fit test for the two models based on the geometric distribution.
The test uses the maximum-likelihood estimate of the frequency of each
rule,

E,=Np§*,x=1,2,...,C
for the simple geometric and
E{=N{"+ef),
E;=NA—e)fq*tx=2,...,C

for the mixture model. If the frequency of rule use is a sample from the
geomelric then

B ) N Oy 25

X £ " £t

has the distribution of a chi-square random variable with C —2 degrees of
freedom. The analogous statistic X'? is computed using E' and has a chi-
square distribution with C — 3 degrees of freedom when the mixture model
holds. The test i both cases is to reject the hypothesis of the distribution
when the test statistic is larger than the 1 — « point of a chi-square distribu-
tion with the appropnate degrees of freedom.

Noncentrality. From experience with data consisting of large numbers
of observations, we were not surprised to find that the absolute fit of the
simple models in comparison to an arbitrary multinomial distribution was
poor. Both the likelihood-ratio and chi-square goodness-of-fit tests increase
in sensitivity with sample size, so that the model, unless perfect, will even-
tually be rejected by a large enough sample. We believe that the perfect
model is more than likely too complex to be interesting, while the simple
models, though clearly not exact, are adequate in that they summarize a
large amount of the information in the distribution. An alternative method
of assessing the adequacy of a model is suggested by Kramer (1965), which
1s to estimate the average error of the model.

z:+[ﬂ_ﬁ1)z+_ 4 (Tc_Pc)z]
2 be

where 7, is the true probability of the occurrence of the kth rule and g
is the estimate from some simple model. The parameter z does not depend
on sample size; 1t measures a normalized distance of the hypothesized
parameters from those of the actual distribution, and, as a [unction of the

172

noncentrality parameter of the usual chi-square statstic for fit, its maximum-
likelihood estimate is casily computed from the data. For the usual chi-
square goodness-of-fit statistic X?, the estimate is
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c—1
Xt —
2

z= [Nxz]llz '

When X? is large (greater than 30), 2 is approximately the maximum-
likelihood estimate of z.

4.4 Results

Rule use. The data determine a geometric distribution with a gradual
change in use of rules, each succeeding rule predicted to be used about .9
as often as the last (Table 7). As expected, the model is soundly rejected by
the usual chi-square goodness-of-fit test. The estimates of each rule’s
frequency in Table 6 show the inference rule THEOREM is used more
often than anticipated, while the majority of the remaining rules are applied
less often. By adding the possibility of extra use of the rule THEOREM,
the data are much better predicted by the model. With an estimate of ¢ less
than .05, the chi-square fit statistic decreases by nearly half, while the
likelihood-ratio test rejects the simple geometric at a high level of signi-
ficance (Table 7). Note that ¢ is relatively small, so that the underlying geo-
metric distribution that represents .95 of the occurrences in the model is
imperceptibly different from the estimate of the simple geometric. Further-
more, the average errors of the two models are relatively small, confirming
our belief that the test statistics are greatly influenced by the large sample
size.

TABLE 7.

Estimates of Parameters and Tests of Fit
of Models for Rule Usage

Geometric
P 1217
X2 825.7
z 212
—2(L,/L,) 25.5

Mixture geometric

P’ .1164

é .049

X2 500.3

2 .163
—9(Ly/Ly) 1,040.6

Several groups of rules stand out as not following the mixture model. In
particular, many of the simple logic rules are used more often than their
rank would predict, while the collection of least-used rules (some logic
rules and other special types of inference) are consistently used less often
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than predicted. We suspect that the majority of the logic rules are used by
only a few students, and quite extensively by that group. A reasonable alter-
native model, then, is to assume that there is another distribution under-
lying the data with more emphasis on the logic commands and affecting the
data in proportion to the number and size of proofs completed by a dis-
tinct group of students, the logic users. (This idea will be pursued in the
discussion on differences between individuals.)

We also note that a good deal of the lack of fit comes from the ten rules
that are used least often, representing less than one percent of the infer-
ences made. Finally, several of the most frequently used rules (CP, ASSUME
and TEQ) also contribute large amounts to the lack of fit, although we
believe that this may be the result of the problems with the logic rules and
with the rare rules.

Sequences of rules. The results of the comparison of the three models
for the distribution of sequences of inferences are similar to those for the
global rate of rule use: Both of the simple models are rejected by the data,
while the slightly more complicated model does considerably better, and,
for our purposes, does well in comparison to an arbitrary first-order model
(Table 8). (Note that in computing the chi-square statistics the rules with
expected frequency less than 5 have been combined in groups so that the
sum of the expected frequencies of rules within the groups is greater than
5. The number ol groups for each test is reported in Table 8 as K, so the
degrees of freedom for the statistic are X — 2 in the geometric model and
K — 3 for the natural successor.) The estimates of the transition probabili-
ties are given in Appendix A. While we have already shown how several of
the transition distributions differ markedly from the general use of the
rules, the degree of discrepancy over all the rules varies. The chi-square
statistic for the test of fit 1s smallest for REPLACE and largest (by tar) lor
the distribuuon of the first inference. Besides the first inference two simple
rules —the conditional proof for cancelling assumptions (CP) and the rule
for manipulating the biconditional connective (LB)—stand out as having
rates of transition least like the global frequency of rule use. We expect,
then, that a simple alternative model will greatly improve the fit.

The estimates of the natural successors have two qualiues that we believe
agree with their intuitive properties; namely, the collection of successors
includes nearly half the commands and, when considered as a typical form
for a proof, present an interpretable pattern. The most hikely first inference
is the introduction of the TIYPOTHESIS of what is to be proved, due to
the predominance of theorems of the form ‘A implies B' or ‘4 is equivalent
to B’. From HYPOTHESIS, the next most likely step is to make another
ASSUMPTION, which we interpret as reflecting the complexity of the
structure of the conditions of A that require further specifications before
inferences can be made. The next step in a proof would typically be the
statement of a relevant resull from the curriculum, often using THEOREM
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Chi-square Goodness of Fit Tests for Geometric and Natural Successor
Models of Transition Distributions of Inference Rules

TABLE 8.

29

Model
Natural
Distribution Geometric successor
X2 K X2 K
First inference 8,421 2 31 944.6 28
Inference after.
THEOREM 581.8 32 541.0 28
CP 5,847 4 31 4457 5 32
DEFINITION 3738 31 $32.2 29
ASSUME 641 3 29 502.7 31
VERIFY 692.3 29 276.1 29
ESTABLISH 5713 29 4153 28
REPLACE 252.5 28 197.0 28
HYPOTHESIS 899 7 28 7210 28
IMPLIES 380.5 28 206 0 28
uG 800.2 27 480.2 27
FC 897 6 26 473 4 26
RC 899.0 26 590.9 26
TEQ, 187 6 26 143.4 26
LC 625.7 25 226 3 26
TAUTOLOGY 121.0 24 90.3 24
AXIOM 147 6 24 113 2 24
LB 1,275.% 22 419.9 24
ES 230.7 22 140.3 17
US 4210 22 273.9 21
CONTRADICTION 572.3 21 106 3 21
SORT 544 3 20 236.3 18
EG 210.8 20 154 1 17
BOOLE 142.2 20 84.7 20
AA 111.7 18 64 9 18
SIMPLIFY 125.4 16 57.5 17
HYPR 64.8 13 420 15
1P 916 11 55.4 13
DS 286.7 10 58 8
ELIMINATE 20.7 5 6.8 6
ON 330 5 2.0 4
LET 55 4 7.1 4
P 34 3 4 352 3
FD 35 3 1.5 4
RAA *
CASES *
NEGATION *
CDISJ * Note * indicates that there were
SPECIFY % too few observations {or the test.
CHANGE *
Sum 26,514.3 710 12,404.8 698



30 SUPPES & SHEEHAN

more than once. This again suggests fairly complex steps in the inference.
The second most frequent rule applied after an assumption is ESTABLISH,
which, as with THEOREM, is often applied more than once in succession.
Many ol the commands, particularly the powerful inference procedures,
are often used several times in succession or with a similar command, such
as LC and RC. Finally, another group of commands often leads to the CP
rule, because, we think, these commands often complete the inferences
necessary to establish B, the conclusion of the theorem, which leads natur-
ally to the conditional proof command.

The estimates for the degree to which the successor is the immediate
choice vary widely over all the rules, but, for most rules, tends to be about
.1, twice as much as the mixture parameter for the global distribuuon
(Table 9). The four main exceptions are the first inference, which more
than half the time 15 simply the statement of the hypothesis; the logic rule
LB, which more than half the time is the last inference rule of a proof; the
inference procedure for establishing contradictions, which ordinarily oc-
curs as the last inference of most proofs; and the special procedure SORT,
for establishing explicitly the type of a variable (e.g., a set) —a requirement
that is necessary in many cases for the EXCHECK system to work.

Allowing for extra use of the natural successor, the lack of fit of the dis-
tributions, as in the case of the global distribution, is reduced by about half
(Table 8). Nearly a third of this reduction is from the better fit for the first
inference. The remainder of the rules more or less unitformly decrease in
their contribution to the lack of fit, indicating that allowing a particular
frequent successor is a probable explanation for the difference between the
transitions and the global use of the inference rules. Inspection of the dif-
ference between the predicted and observed transition distributions re-
veals clearly that almost always there is usually a second favored rule among
the transitions, such as LB after CP. The process by which we determined
and allowed for the first natural successor could be repeated for a better
and more complex model, but we are satisfied with this first step in deter-
mining the magnitude and direction in which transition distributions vary,
namely, by allowing for most rules about 10% of the transitions to be o a
particular rule, the natural successor, which quite often is another applica-
tion of the same rule or one sumilar o it, or else an clement from the next
part of a cycle of assumption-result-inference-conditional prootf.

4.5 Duscussion

Our interpretation of the two distributions that have been used as the
underlying mechanisms for producing the sequences of inferences con-
cerns aspects of student behavior, the curriculum, and the EXCHECK sys-
tem. The first distribution —a simple geomerric model of rule use —has the
quality of evenly distributing the use of rules, within the constraint that
there is a considerable drop in rate of use {rom the most to the least often
used rule, Given the moderately large number of inference rules, this drop



CAI COURSE IN SET THEORY 31

TABLE 9.

Estimates of Rate of Natural Succession and Natural Successor
of Transinon Distributions

Natural

Varmable é successor
First inference 49 HYPQOTHESIS
Inferences after:

THEOREM .03 IMPLIES

CP .20 UG

DEFINITION 06 CP

ASSUME 18 THEOREM

VERIFY 16 VERIFY

ESTABLISH 11 ESTABLISH

REPLACE .06 REPLACE

HYPOTHESIS 15 ASSUME

IMPLIES 15 cp

UG .24 DEFINITION

FC .10 EG

RC 13 1LC

TEQ, 05 TEQ,

1.C 17 RG

TAUTOLOGY .04 TAUTOLOGY

AXIOM 06 TEQ,

LB 47 QED

ES 11 us

UsS .16 IMPLIES

CONTRADICTION .39 QED

SORT .34 DEFINITION

EG 11 EG

BOOLE 11 REPLACE

AA 11 ES

SIMPLIFY .15 SIMPLIFY

HYPR 10 ES

1P 25 CP

DS 59 CP

ELIMINATE .33 SIMPLIFY

QN 44 us

LET 17 THEOREM

P .05 P

FD .29 VERIFY

RAA .38 UG

CASES 35 Cp

NEGATION .28 FC

CDIS] .57 DEFINITION

SPECIFY .32 CONTRADICTION

CHANGE 50 AA

in the rate of use is actually quite gradual from one rule to the next most
frequently used rule; hence, 1u some ways the distribution seems like a gen-
eralization of the uniform distribution. If the distribution of rule use was
indeed uniform, and if the sequences of inferences made also displayed the
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property of having no dependence on prior inferences or any particular
point (such as the start or middle or finish), we would say that the process
of constructing proofs was entirely random. This property would result
from either tremendous differences in theorems, or the manner in which
students performed proofs, given that the commands were such that the
process for a given theorem was ambiguous.

On the other hand, if we observed complete dependence of the process
on the first inference or some prior inference, then the proving of a theor-
em, at the level of choosing the general command to be used next, would be
quite deterministic. That is, a student could guide himself through a proof
partly by looking for familiar correspondences or for lines of reasoning
suggested by the current pattern of inferences.

Neither of these models explains the observed data, while both account
for some of the observations. What is interesting to observe is the high
degree to which the process, at the level of the first order of dependence
between commands, is random rather than deterministic. This suggests
that the problems and students’ methods of attack can, with the EXCHECK
commands, all vary a substantial amount. As will be seen in the analysis of
number of inferences in derivations, a straightforward 5-line proof was,
for some people, undoubtedly a challenging 20-line problem. While start-
ing and finishing proofs show some elements of determinism in the intro-
duction and cancellation of assumptions, establishing the links between the
given curriculum and the formula to be derived is almost the furthest possi-
ble thing from a fixed algorithm that is possible.

As for the estimates of the locations of the underlying distributions, we
note that the basic random process clearly suggests that the explicit use of
previous results is the major portion of any proof. That is, the backbone of
establishing a new statement in set theory is the setting forth of certain con-
ditions, applying directly the known facts about those conditions (i.e., prior
theorems and definitions) to arrive at the desired connection between the
conditions and some property, and then making the more or less formal
conclusion (e.g., 4 implies B, 4 is equivalent to B, for all 4, B). Used slightly
less often are flexible and complex inference procedures that allow a wide
variety of implications to be directly stated. Least often used are the com-
mands that perform single, simple inferences on established formulas, such
as forming the conjunct of two formulas.

While it came as no surprise that proofs usually start with the statement
of assumptions and that commands that cancel assumptions often end
proofs or are generalized or else lead to new assumptions, we were pleased
to find explicit applications of prior thecorems generally precede broader
inference procedures (e.g., VERIFY), which, in turn, lead most often to the
cancellation of the assumptions (or directly to the end of the proof) and,
somewhat less often, to definitions. There is a natural explanation based
on the form of most theorems to be proved, namely, the form ‘4 implies B’
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requires first that we infer relevant properties of A4, which are usually
stated in the form of several previous theorems, and that we combine these
properties with logical inference procedures to obtain B. Clearly, the stu-
dents tend to behave as if this were the recognized form of doing a proof.
Thus, a student could proceed spontancously by first concentrating on
what A consists of and what theorems are relevant to 4, then, from the set of
possible results, see which ones reflect B the most, and work with them to
see how they might fit together simply by logic and replacement of defined
objects to produce B.

Above all, however, we now are confident that no simple deterministic
procedure exists that can accurately model the sequence of inferences in
proofs performed by the students. We believe that it is essential at the outset
to consider the widest possible variation in the sequence through the appli-
cation of stochastic models. After estimation of the parameters of the
models in the data, we have arrived at several deterministic tendencies for
how students might perform proofs, but at a rather gross level. In subse-
quent sections we shall consider differences between individuals and theor-
ems of the curriculum to see whether the degree of variation is substantially
reduced in any manner, but, due to less available data for these finer analy-
ses and the greater complexity (i.e., considering separate distributions for
46 students), we believe that the aggregated data still provides a useful
perspective.

As the data analysis shows there is little hope of a deterministic model
reflecting all the complexities of student-constructed proofs. It is important
to note that this complexity is at the level of the validity of a proof, not how
the proof is found. An analysis of the conversational aspects of the proof
and the student search for the particular steps he uses is an even more
probabilistic matter as far as current data go. It thus seems, in any near
future, totally hopeless to us to propose a deterministic model of how stu-
dents find or organize what they have found as a proof into a valid proof
acceptable to the program.

One idea that has been discussed in recent cognitive psychology is to
think in terms of macrooperators that students use to put together the con-
secutive segments of a proof. The data on sequential effects show clearly
enough that no simple ideas about the sequence of such macros will work
from a deterministic standpoint. The search must be probabilistic and,
moreover, in the rather massive data we have looked at, the sequences
are highly random in character. We mean by this that we do not have a
nearly deterministic process with some stochastic fluctuations around the
edges of it. The process is much more nearly like the flipping of a fair coin
than it is like a deterministic process with fluctuations.

We want to make clear we are not at this point looking for a no-hidden-
variable approach to the psychology of proofs. We mean by this we are not,
as in the case of quantum mechanics, attempting to show that there can be



34 SUPPES & SHEEHAN

no deterministic theory of the phenomena. We are skeptical, indeed highly
skeptical, that anything like a deterministic theory will ever be found. But
to prove on reasonable assumptions that this is the case, is another matter
and would be premature at this stage.

Regarding the randomness in the sequence of steps in proofs when they
are aggregated over proofs and students, it is worth noting that a first-order
Markov assumption fits about as well as a second-order assumption, indicat-
ing that the sequential effects are not substantial. It is a point for future
research to analyze more carefully the stochastic characteristics of individual
sample paths. Our preliminary investigations indicate that the general
conclusions we are drawing about the data presented earlier based upon
averaging over many students are in the main substantiated by individual
sample paths of given students across many proofs.

We want to emphasize that in stressing these stochastic aspects of the
data, we are not prepared to go on and propose a probabilistic model of
how students find and construct proofs. Clearly, the richer apparatus
involving the semantics, and in some cases the syntax of a theorem and of
the proof procedures, is required and we are not prepared to make a de-
tailed theoretical proposal.

5. DIFFERENCES BETWEEN THEOREMS

In all, there are 619 theorems in the set-theory curriculum (Table 10).
Students are assigned from 25 to 44 of them to prove, depending on the
grade they wish to receive, taken from a collection of 98 theorems. Each of
chapters 2-7 has several assignments consisting of 1-5 theorems, and the
student must prove just one of the theorems from each group (at the appro-
priate grade level). For many reasons, in the list of theorems (Appendix B)
there is wide variation in the type and number of proofs we have for each
theorem. First, many students leave the course before completing all work,
hence there are in general more proofs of theorems in chapters 2 and 3.
Second, students, hoth intentionally and by mistake, perform more proofs
than necessary, both of theorems not on the assignment list and of more
than one theorem from an assignment group. Third, in the analysis of
Iength of proof that follows, there is a critical distinction between the proofs
in the collection, namely, quite a few ‘proofs’ in the data are not known to
be valid. Due to errors in the EXCHECK program and other complications
such as machine failure, included in the data are incomplete and incorrect
proofs. For theorems on the assignment list, we usually know [rom the rec-
ords kept by the teaching assistant which proofs are correct and which are
not. In Appendix B, the proofs that were checked by the teaching assistant
are denoted either ‘accepted’ (i.e., valid), or ‘rejected’. For some of the
theorems on the assignment list and most of the theorems that were not
assigned, there is no indication in the records whether the proof is valid.
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While in some cases the validity has been checked in this analysis, most
often the validity of these proofs is still undetermined and, quite often,
doubtful, so these proofs (referred to as ‘skipped’ by the teaching assistant)
have been collected together and removed from the analysis of proof
length. Finally, the few remaining proofs in the data have not been found
in any of the other course records (which probably means that the teaching
assistant physically removed them, or less likely, misplaced them) and are
labeled ‘missing’ in Appendix B.

TasBLE 10.

Distribution of Theorems in the Curriculum and Assignments

Exercise Theorems
Chapter ~ Theorems  Assignments  theorems  with proofs
1 5 0 0 0
2 116 12 29 33
3 216 9 21 22
4 87 7 14 L4
5 61 9 21 22
6 101 5 7 7
7 33 2 6 4
Sum 619 44 98 102

Thus, of the nearly 1,500 proofs in the original data, we consider the
lengths of the proofs of about 1,000 that are of known validity —about 10
proofs (typically between 5 and 15) of each of the roughly 100 theorems
in the assignment list. From inspection of many of the proofs removed from
the full data and the descriptive statistics for the lengths of these proofs,
we know that most of the proofs rejected by the teaching assistant were (a)
strictly invalid, having cited the theorem that was itself being proven, or
(b) vague, in that the student used commands like ESTABLISH with no
explicit reference to the theorems, definitions, or axioms used. In both
cases, these proofs are much shorter than the ‘accepted’ ones, most often
a single line using commands THEOREM, ESTABLISH, VERIFY, and so
on. The ‘skipped’ proofs, however, resemble more closely the known-valid
proofs both in length and commands used, while the ‘missing’ proofs are
much like the ‘rejected’ ones in these features. The removal of these proofs
greatly affects the distribution of the length of those considered, but does
not drastically alter the distribution of commands used. (They are included
in the previous analysis of rule usage for this reason.)

Over all the known valid proofs, there is wide variation in the length of
proof —from a single line to over 90. Much of this variation is clearly due to
differences between theorems (Table 11). As mentioned in the discussion
of the curriculum, most of the theorems that students are assigned are
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simple to prove, while some are quite difficult. Thus, of the proofs submitted
for Theorem 2.6.2 (an element of the intersection of two sets must be an
element of cach set, and vice versa) none is longer than 8 lines, while every
proof of the Teichmiiller-Tukey Lemma (Theorem 7.3.23, every set of
finite character has a maximal element) is at least 25 lines long.

TABLE 11.

Distributions of Lengths of Proofs by Theorem

Stanstic Mean SD Median Minimum Maximum
Mean 15.0 103 121 35 54 7
SD 48 3.9 395 0 299
Median 18.6 10.8 110 3.0 330

While a large part of the variation in proof length can be explained by
differences between the theorems, there is also substantial variation in
the collection of proofs of each theorem. In no case (other than the trivial
situation of only one proof exasting for a theorem) 1s there a theorem with all
proofs of the same length. For the two theorems mennoned above, the
proofs range from 3-8 lines and 42-64 lines, indicating considerable dif-
ferences in the proofs.

There is a clear pattern to this variation, however. In general, the median
proof length 1s roughly equal to the mean, while the standard deviation
of the lengths of the proofs of a theorem is larger for proofs with longer
mean length (usually less than the mean). Equality of mean and median
length implies symmetry in the distribution of length of proof. We believe
there are two important reasons for this symmetry:

1 Doing proofs mn the system is a complex process, so that many events are
ivolved in determimng the length of each proof

2 These many events are randomly distributed with respect to how much they
affect the length of proof, and whether they tend to make proofs longer or
shorter, so that they tend to offset each other.

These complexities occur at every line, indeed every character typed, so
that the variation increases as the proof becomes longer, hence the relation-
ship between the variance and mean length of proof.

To examine closer the nature of the variation of proof length, we con-
sidered Theorems 2.15.3 and 4.2.20 (Cantor’s theorem), each having a
large number of proofs. (Theorem 2.4.5 has the most proofs, but it is a
practice problem in which the students are intended to simply copy a sample
derivation in order to get some experience with EXCHECK.) There 1s a
valid proof of both of these theorems for nearly every student who com-
pleted the course. Theorem 2.15.3 states that two sets cannot both be

clements of each other, and has a fairly long mean length of proof. Cantor’s
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theorem (every set is strictly less pollent than its powerset) is usually the
most difficult theorem required for a passing grade.

With more than 20 proofs of each of these theorems, we are able to per-
form a test of fit of a normal distribution to the distribution of length. The
normal distribution with density

x) 1 _Eom
flx) =——=c¢ 2
Vs

for all real x predicts that proof length is both symmetric and unimodal, that
is, has a single most-likely length (m, the mean length) such that the likeli-
hood of any proofs longer or shorter is uniformly nonincreasing. While
proof length is necessarily discrete and positive, for the theorems being
considered the range and location of the lengths of proofs are such that
they resemble a continuous quantity as can be seen in their histograms
(Figures 4 and 5). For observed proof lengths

Xh XZa A aXN'
the maximum likelihood estimate of m is

= (Xl +X2 +... +XN)/N

the sample mean, and the maximum likelihood estimate of s? is

Xy—m)r+ ...+ (Xy—m)?

#= <

Tables 12 and 13 show the estimated number of proofs for the two theorems
with different lengths and the number of proofs observed with those lengths,
as well as the chi-square statistic for the test of the hypothesis that length of
proof has a normal distribution. In the case of Theorem 2.15.3 the normal
distribution fits well. For Cantor’s theorem, even though the two longest
proofs have been removed, the normal distribution does not explain the
fact that most proofs are either 25-30 or 35-40 lines long. Then, no smooth,
unimodal distribution would predict such a gap; the normal distribution,
we believe, is the best simple distribution that fits the data.

Ficure 4. Histogram of lengths of student proofs of Theorem 2.15.3.

(Each "X’ represents 1 proof.)
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Ficure 5 Histogram of lengths of student proofs of Theorem 4.2.20 (Cantor’s

Theorem). (Each X’ represents 1 proof.)
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TaBLE 12

Fit of Normal Distribution
to Lengths of Proofs
of Theorem 2.15.3

Number of proofls

Length
of proof Observed Expected
1-15 5 65
16-18 6 6.7
19-21 7 64
>21 7 5.4

Chi-square statistic = .9496 (1 df,
p= 83)

TaBre 13

Fit of Normal Distribution to
Lengths of Proofs of
Theorem 4 2.20 (Cantor’s Theorem)

Number of proofs

Length
of proof  Observed Expected
1-20 3 51
21-26 11 64
27-31 2 53
>3] 6 52

Chi-square statistic = 6.34 (1 df,
p= 012)

I'rom this analysis, we conclude that while there 1s considerable variation
in length of proof, the nature of that variation is fairly simple, since a nor-
mal distribution can (we think) adequately predict the frequency of different
lengths of preofs. That is, while it is rather unlikely that two proofs of the
same theorem will be of the same length (much less identical), and, indeed,
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some proofs will be twice as long as others, it is also unlikely that most will
be much longer or shorter than the mean.

6. INDIVIDUAL DIFFERENCES IN PROOF LENGTH

In the previous section we confirmed the well-known fact that different
students will, in general, produce different proofs of the same theorem, as
seen in the variation in length of proofs. We now ask, is the relative length
of proofs a consistent behavior of individuals?

If students consistently differed in how much they took advantage of the
informal inference commands like ESTABLISH to reduce the number of
logic commands and direct statements of results in their proofs, and if
every student were given the same theorems to prove, we would expect the
mean length of proof for each student to accurately measure the students’
behavior. Students, however, in general do not prove the same theorems.
While the assignments for the three grades (Pass, B, and A) are intended to
provide homogeneous groups of theorems, students have different numbers
of unassigned and incomplete proofs (due to program errors or abuse of
the powerful inference commands), and students lose different numbers of
proofs because of computer and program errors. Also, there are proofs
from a number of students who did not complete the course, most of whom
have proofs only for chapter 2. As mentioned in the previous section, this
is readily seen in the variation in number of proofs for each student, which
ranges from 2 to nearly 100.

Nonetheless, we begin by examining the mean length of proof for all
students, then follow with an analysis of three individuals who illustrate
extremes of the distribution. For the roughly 40 students of 1978-1979
who completed more than 20 proofs, the means of the lengths of their
proofs are symmetrically distributed about their mean (roughly 15 infer-
ences), with a range of about 10-20 inferences. About half the students did
the work required for an ‘A’ grade, and have higher mean length of proof,
ranging from about 12 to 20. Note that the variation in the lengths of
proofs of different theorems is larger than that between students.

As in comparing the proofs of different theorems, we are constrained
by the small and varying numbers of proofs completed by each student.
Comparing students is further complicated by the fact that they all prove
different sets of theorems. In order to characterize how students systematic-
ally vary with respect to length of proof, we consider the students who
completed the course with the largest difference in mean length of their
proofs. Table 14 shows the theorem and length of proof for each assign-
ment for these students, as well as the mean length of all proofs for those
theorems. The student with smaller mean length of proof (student 729)
completed the work for a passing grade, while the other (student 736)
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received an ‘A’. They differ not only in the mean of the lengths of their
proofs, but also in the variance.

TasLE 14.

Comparison of Lengths of Proofs for Three Students

Length of proof

Assignment Theorem Student

Mean _—

729 736 759

Spe 245 51 5 5 —

Chapter 2
Passing
grade

1 234 55 5 3 4

2 2514 44 — - 5
2515 57 — 9 —

3 261 72 — 3 3
262 35 3 - —

4 2106 120 11 — —
2108 101 — 9 —

2119 103 — — 8

5 2129 121 8 — -
21210 2003 — 17 24

6 2.153 18 7 19 16 23

‘A’ grade

1 258 12 8 - 8 25

2 259 10.8 — 12 16

3 295 126 — 16 18

4 297 16 8 — 41 41

5 2101 71 - 4 —

2148 13 6 — - 22
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Chapter 3
Passing
grade
1 3.4.6 169 - 19 -
3.4.12 137 - - 10
2 3.716 86 4 — 11
3.7.17 96 - 13 -
3 3.11 4 9.1 11 11 9
4 3.122 207 14 25 31
5 3.15 8 6.3 - 4 —
3.159 13.2 3 - 33
6 3172 26 6 22 19 39
‘A’ grade
1 3.118 107 - — 18
31110 12.3 - 17 -
2 3.15.17 29.6 - 38 32
3 3.184 249 - 28 28
Chapter 4
Passing
grade
1 4213 41 — 6 -
4.2.14 75 — - 10
4.2.15 116 14 - -
2 4.2.20 29.9 22 22 70
3 4.3.3 11.7 7 — -
434 45 - 5 —
435 8.3 — - 20
4 4.3.7 4.2 5 — 4
4.3.8 75 - 7 —
5 447 50 — 7 —
448 7.0 5 — 6
‘A’ grade
1 4.3.17 547 — 37 91
2 449 36.0 - 42 47

41
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TasLE 14, continued

Chapter 5
Passing
grade
1 525 10 4 8 — 13
527 12.2 — 12 -
2 529 38 3 4 3
3 5211 9.1 - 9 -
5213 91 7 — 10
4 5220 13.6 — 17 -
5222 15.7 13 - 17
5 5225 192 20 23 22
6 531 48 - — 5
532 82 8 9 -
7 542 200 - 21 —
543 70 — — 7
5441 14 8 14 — —
‘A’ grade
1 5217 313 - — 31
5219 218 — 22 —
2 5.2.21 121 — 12 11
Chapter 6
‘B’ grade
1 6.2 24 s - 13 12
2 6229 216 - 19 15
3 6235 242 - 32 27
‘A’ grade
i 6230 396 - 45 47
2 6410 35.9 - 31 38
Chapter 7
‘B’ gl'.ldt'
729 246 — 30 13
‘A’ grade

72.23 418 - 61 44
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N 23 44 43
Mean 10.0 183 225
SD 6.2 13.3 184
Median 80 16 0 180
Minimum 3 3 3
Maximum 22 61 91

“Special problem (students shown how to prove theorem
before bemng asked to enter the proof).

The students had less than half of their prootfs from the same theorems.
For those theorems, the mean length of proof differed less. With longer
proofs for the passing student (729) and shorter for the A-grade student
(736), the difference in mean proof length decreases by about half. Further-
more, for one fourth of the theorems the proof by the passing-level student
is longer than that of the A-grade one. Finally, the magnitude of the differ-
ence in the means is due largely to a few theorems for which the A-grade
student had uncharacteristically long proofs.

We also matched the A-grade student to another, more comparable
student (759) who, for the same level of work completed, had the lowest
mean length of proof. Student 759 has shorter proofs than student 736 for
less than 60% of the sample. As in the comparison with the passing-level
student, difference in mean proof length is accounted for mainly by two
proofs that were extremely long.

When we studied which theorems showed large differences in length
of proofs for the two students, we found that the student with the shorter
proofs changes from the earlier to the later theorems. Inspection of two
proofs, one from the beginning of the course in which student 759 had a
much shorter proof and another from a later theorem in which student 736
found a shorter proof, indicates possible reasons for this abrupt shift. It is
clear in both cases that the main difference is not in the parts of the curricu-
lum used in constructing the proofs, but rather the type and method of
application of the inference commands. The shorter proofs consistently use
commands like VERIFY and ESTABLISH to produce the same results
that are arrived at after many applications of simple logic commands in
the longer proofs. However, which student uses which type of command
changes from the earlier to the later theorem.

The fact that relative proof length is consistent within both halves of
the course, with reversal depending on the half, suggests that the students
both maintained and then changed from one style of proof to another. This
could be due to the students’ either discovering the commands (or new
uses of the commands, particularly the more powerful inference proce-
dures), or simply deciding to change the way they do proofs. Either type of
change could have been intrinsically motivated, the result of actions by the
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teaching assistant, or accidental, the result of, say, browsing through the
manual or finding that simple logic commands are processed faster than
informal inference procedures. But the data available to us do not make
possible a test of these alternative hypotheses.
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Commands in Student Proofs
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Preceding inference

Following First

inference inference THEOREM CP DEFINITION ASSUME
THEOREM .14 .19 .01 14 30
cP .0 .10 .03 .14 .0
DEFINITION 04 .05 01 11 12
ASSUME 13 06 14 .05 .07
VERIFY 02 07 01 04 07
ESTABLISH .04 .05 01 .06 12
REPLACE .0 .07 01 .04 05
HYPOTHESIS 51 .01 .01 0 0
IMPLIES .0 07 .0 .05 04
UG 0 .01 23 .01 0
FC .0 .03 02 02 01
RC .0 .03 .0 .05 02
TEQ 0 05 0 05 .02
LC 0 .03 0 03 02
TAUTOLOGY .0 .03 .03 02 .02
AXIOM .03 .02 .0 .0 01
LB .0 0 .14 01 .0
ES .0 .01 0 0 02
US 0 02 0 01 01
CONTRADICTION .0 .01 0 .01 .01
SORT .02 01 0 .03 01
EG .0 01 .0 01 .01
BOOLE 0 02 .0 01 01
AA .0 .01 .0 0 .0
SIMPLIFY .0 .01 .0 .02 01
HYPR 0l .0 .05 .0 0
1P 0 .0 0 0 0
DS 0 0 04 .0 0
ELIMINATE .0 .0 0 .0 .01
QN .0 0 0 0 0
LET 0 0 .0 0 0
P .01 0 0 0 .0
FD .0 .0 .0 .0 0
RAA 0 .0 0 0 0
CASES .0 .0 .0 .0 0
NEGATION .0 .0 .0 .0 0
CDIS]J .0 0 0 0 0
SPECIFICATION .0 0 0 0 .0
CHANGE 0 0 .0 .0 0
QED 05 03 26 05 .01
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Preceding inference

Following HYPOTH-
mference VERIFY ESTABLISH REPLACE  ESIS IMPLIES
THEOREM 13 12 13 17 11
CPp 14 18 11 0 22
DEFINITION .04 04 .04 23 05
ASSUME 03 .04 .02 21 06
VERIFY 21 .04 08 04 .05
ESTABLISH 03 16 05 .06 .06
REPLACE 05 05 .10 05 04
HYPOTHESIS 0 0 0 0 0
IMPLIES 03 .03 03 .02 .06
UG 03 02 04 0 01
FC 02 .05 04 0 03
RC 02 01 03 02 .06
TEQ 02 02 04 .0 .02
LC 0 02 02 04 03
TAUTOLOGY 02 .01 02 01 01
AXIOM 03 0 04 01 0t
LB 01 0 01 0 0
ES 04 02 02 .06 01
UsS 01 01 03 0 01
CONTRADICTION .02 04 02 0 04
SORT 01 01 .01 01 0
EG 01 01 0 01 01
BOOLE 01 01 01 .02 01
AA 01 01 0 01 0
SIMPLIFY 01 0 01 0 01
HYPR 01 0 0 0 0
Ir 0 01 0 0 01
DS 0 01 0 0 .0
ELIMINATE 0 0 0 0 0
ON 0 0 0 0 0
LET 0 0 0 0 0
P 0 0 0 0 0
D 0 .0 0 0 0
RAA 0 0 0 0 0
CASES 0 0 .0 0 0
NEGATION 0 0 0 .0 0
CDIS] 0 0 0 0 0
SPECIFICATION 0 0 0 0 .0
CHANGE 0 0 0 0 0
QKD 06 06 12 .02 06




CAI COURSE IN SET THEORY 47

Preceding inference

Following

inference UG FC RC TEQ LC
THEOREM 09 23 15 .19 20
Cp 02 05 .03 10 03
DEFINITION 30 16 .10 .05 08
ASSUME 01 01 03 .01 .01
VERIFY 05 04 02 06 03
ESTABLISH .07 03 03 04 05
REPLACE 05 02 06 04 .06
HYPOTHESIS .0 0 .0 0 0
IMPLIES 05 .07 04 .05 03
UG .0 0 .01 04 01
FC .04 .09 .05 06 10
RC 0 0 13 .02 20
TEQ 0 01 02 08 02
LC .01 01 15 01 05
TAUTOLOGY .0 01 .0 .02 0
AXIOM .08 0 0 .04 0
LB 0 .06 .0 0 01
ES 0 .0 03 0 01
Us 03 01 .08 01 02
CONTRADICTION .01 01 .01 .03 .01
SORT 03 0 0 01 .01
EG .04 11 01 01 02
BOOLE .0 .01 .01 0 01
AA 01 .05 .03 01 02
SIMPLIFY .0 .0 0 .01 0
HYPR .0 .0 .0 0 0
1P .0 .0 .01 .01 0
DS 0 0 .0 .0 0
ELIMINATE .0 0 .0 .0 .0
QN .0 .0 .01 .0 0
LET .0 .0 .0 .0 0
P .0 0 0 0 0
FD 0 0 0 0 .0
RAA 0 02 .0 0 .0
CASES .0 0 0 0 0
NEGATION 01 .0 0 0 0
CDIS] 0 0 0 .0 .0
SPECIFY 0 0 0 .0 .0
CHANGE 0 0 .0 0 0
QED .07 01 01 11 0
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Preceding inference

Following

mference TAUTOLOGY AXIOM LB ES US
THEOREM .15 20 02 14 04
CP 11 02 04 0 01
DEFINITION 06 03 0 05 02
ASSUME 05 06 .01 05 04
VERIFY .06 11 .0 08 06
ESTABLISH 05 .05 02 12 04
REPLACE 09 .09 02 04 07
HYPOTHESIS 0 01 0 0 .03
IMPLIES 03 01 0 .03 19
UG 08 02 20 01 .01
FC 02 02 0 .01 01
RC .02 01 10 03 02
TEQ .01 .08 01 04 09
LC 01 0 04 05 01
TAUTOLOGY 06 .01 01 02 06
AXIOM .0 02 01 06 .03
LB 0 .01 0 0 04
ES 01 02 0 05 01
Us 02 01 0 12 04
CONTRADICTION 03 04 01 0 03
SORT 0 01 0 01 0
EG 01 01 0 01 0
BOOLE 01 01 0 0 01
AA 01 0 0 02 09
SIMPLIFY 0 0 0 01 0
HYPR 0 0 0 0 0
IP 01 02 0 0 01
DS .0 0 0 0 0
ELIMINATE .01 0 0 01 0
QN 0 0 0 0 01
LET 0 0 0 0 0
P 0 0 0 0 0
FD .0 0 0 0 0
RAA 0 0 0 0 0
CASES 0 0 .0 01 0
NEGATION 0 0 0 0 0
CDIS] 0 0 0 0 0
SPECIFICATION 0 0 0 0 0
CHANGE 0 0 0 0 0
QED 07 11 .51 02 .05
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Preceding inference

Following CONTRA-

inference DICTION SORT EG BOOLE AA
THEOREM .07 .07 34 25 .07
Ccp 15 05 13 07 19
DEFINITION 05 .39 12 03 .04
ASSUME 03 05 01 03 .06
VERIFY 03 .07 .01 08 03
ESTABLISH .02 05 .03 .03 .08
REPLACE 01 01 .03 15 05
HYPOTHESIS 0 0 0 .0 .0
IMPLIES .06 02 .05 02 03
UG .0 .0 0 04 .02
¥C 04 .06 02 .05 .02
RC .0 .0 .01 02 04
TEQ .01 .01 0 .05 .04
LC 01 .01 .0 .04 .03
TAUTOLOGY 03 .03 02 02 0
AXIOM ' .0 0 .0 0 01
LB 0 0 0 0 01
ES 0 0 .0 .01 13
Us .0 .0 0 .0 .02
CONTRADICTION .02 .0 .01 .0 01
SORT 0 15 0 .0 01
EG .0 .0 12 01 01
BOOLE 01 0 0 .08 03
AA .0 .0 .01 01 03
SIMPLIFY 0 0 0 0 0
HYPR .0 0 .0 .0 0
1P 0 .0 (0} 01 .02
DS 0 .0 .0 0 0
ELIMINATE .0 ] .0 .0 0
QN 0 0 0 0 01
LET .0 .0 o .0 0
P .0 0 .0 .0 .0
FD .0 .0 .0 .0 0
RAA .0 .0 0 0 0
CASES .0 0 .0 .0 0
NEGATION 0 0 .0 .0 .0
CDIS] 0 0 0 0 .0
SPECIFY .0 .0 0 .0 .0
CHANGE .0 0 .0 .0 0
QED 43 0 06 .04 .02
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Preceding inference

Following

inference SIMPLIFY HYPR 1P DS ELIMINATE
THEOREM .26 23 04 06 03
Cp .01 .0 31 62 0
DEFINITION .08 14 07 01 0
ASSUME .02 05 .01 0 23
VERIFY .10 11 04 03 0
ESTABLISH 08 08 06 13 03
REPLACE 03 0 0 03 0
HYPOTHESIS 0 .01 0 0 0
IMPLIES .07 04 04 0 0
UG 0 0 .0 0 0
FC 02 01 04 0 0
RC 01 0 0 0 0
TEQ 05 02 0 0 0
LC 01 01 .0 01 0
TAUTOLOGY 01 02 01 03 0
AXIOM 0 03 0 0 0
LB 0 01 0 0 0
ES 01 11 0 0 30
Us 05 01 0 0 0
CONTRADICTION 0 0 04 0 0
SORT 0 .06 0 0 0
EG 01 03 0 0 0
BOOLE 0 0 03 01 0
AA 01 01 03 0 0
SIMPLIFY 15 0 0 0 33
HYPR 0 0 0 01 0
1P 0 01 01 0 0
DS .0 0 0 0 0
ELIMINATE 04 0 0 0 07
QON 0 0 0 0 0
LET 0 0 0 0 0
r 0 0 0 0 0
FD 0 0 01 0 0
RAA 0 0 0 0 0
CASES 0 0 0 0 0
NEGATION 0 0 0 0 0
CDISJ .0 0 0 0 0
SPECIFY 0 0 0 0 0
CHANGE 0 0 0 0 0
QED .0 0 25 04 0
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Preceding inference

Following

mference QN LET P FD RAA
THEOREM 07 05 .0 25 0
Ccp 04 .0 05 17 10
DEFINITION .07 05 .0 0 0
ASSUME .0 .10 05 0 0
VERIFY 04 14 .0 .33 0
ESTABLISH 0 .14 .0 08 0
REPLACE 0 10 0 .0 0
HYPOTHESIS .0 .0 05 .0 0
IMPLIES 04 0 .0 .0 .0
UG 0 0 0 0 40
FC 0 .0 .0 .0 20
RC 0 0 0 0 0
TEQ 07 19 0 17 0
LC 0 .0 0 0 0
TAUTOLOGY 0 0 0 0 0
AXIOM 04 .05 0 .0 0
LB 0 0 0 0 0
ES 15 0 0 .0 0
Us 44 0 0 0 .0
CONTRADICTION 0 0 0 0 .0
SORT 0 0 0 .0 0
EG 0 05 .0 0 0
BOOLE 0 .05 0 .0 0
AA 0 0 0 0 0
SIMPLIFY 0 05 0 .0 0
HYPR 04 0 0 0 0
1P 0 0 0 0 0
DS 0 .0 0 0 0
ELIMINATE 0 0 0 0 0
QN 0 .0 0 0 0
LET 0 .05 0 .0 0
P 0 0 40 .0 0
I'D .0 0 0 0 0
RAA 0 0 .0 0 0
CASES 0 .0 0 0 0
NEGATION 0 0 0 .0 0
CDIS] 0 0 .0 0 0
SPECIFY .0 0 0 0 0
CHANGE .0 0 0 .0 0
QED 0 0 45 .0 30
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Following
inference

Preceding inference
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APPENDIX B

Axioms, Definitions, and Theorems
and Descriptive Statistics for Length of Proot

Chapter 1

UI_HGUENEES QUANT IF IER:
(3* x) FM(x) if¢ (3 x)} FM(x) & (¥ x,y)(FM(x) & FM(y} * x = y).

1.1 If (3! x) FM(x) then (3 x) FM(x).
1.2 Ie (3! x) FM(x) then (¥ y,z)(FM(y) & FM(z) + y = z).
1.3 (3! x) FM(x) if¢ (3 x)[FM(x) & (¥ y)(FM(y) = x = y)].
1.3.1 Not (3 y)(¥ x)(x @ y « x & x).

1.4 (3! x) FM(x) iff (3 x)(V y)(FM(y) & x = y).

Chapter 2

SET: Set(y) iff (2 x) xa yv y =0,
2.2.1 Bat(0). .
Axiom EXTENSIONALITY: A = B iff (¥ x)(x &« A 3 x & B).
Axiom SEPARATION: (3 B)(¥ x)[x @ B ¢ x & A & FM(x)].

2.3.1 x =~a 0.
Accepted: N= 1, mean=13 O.

Rejected: N= 2, mean= 1.0, s, d.= .0, med.= 1.0, min.= 1, max.= 1.
Bkipped: N= 3, mean= 7.7, s8.d.= 1.5, med.= B.0, min.= &, max.= 9
Missing: Nwilb, mean= 1.9, s.d.= 1.1, med = 1.0, min.= 1, max = &4,

2.3.2 (EMPTY) A =0 iff (V x) x ne A.
Accepted: N=16, mean=12.3, s.d.= 3 3, med. =11. 53, min.= 9, max.=20.
Rejected: N= 3, mean= 8.0, s.d.= 3.7, med.= 8.0, min = 1, max.=153
Skipped: N= 1, meanm 9. 0.
Missing: N= 3, mean=12.3, s.d.=12 7, med.=10.0, min.= 1, max.=2b

2.3.3 (NONEMPTY) A # O iff (3 x) x & A
Rejected: M= 1, mean= 1.0,
Skipped: N= 1, mean=135.0.

Axiom IRREFLEXIVITY: x & x.

2.3.4 Not (3 A)(VY x) x & A.
Accepted: N=21, mean=m 5.5, s.d.= 2. 4, med.= 5,0, min.= 3, max =15.
Re jected: N= i, mean= 1.0.
Bkipped: N= 3, mean= 4. 3,
Missing: N= 3, mean= 2.7,

2, med = 5 0, min = 3, max.= 5
1, med.= 2,0, min = 1, max.= 5.

Le
-

2.3.%5 (2 x) x "8 A.

SUBSET: B g C iff (VY x)(x &€ B 2 x & C).
PROPER SUBSET: B c € iff Bc C & B # C.
2.4.1 AGA

Re jected N= 2, mean= 1 0, s.d. = 0, med.= 1.0, min = 1, max.= 1.
Skipped: N= 7, mean= 2.3, =s.d.= 1. & med .0, min = 1, max.= 5.

]
n

2.4 11 (SUBSET) If x «a A% Ac B then x & B

2.4.2 If AcB & B g C then A
Re jected: N= 2, mean= 1 0, s. .0 min.= 1, max.= 1
Skipped: N= 9, mean= &. 7, s

s

Missing: N= 5 mean= S 4,

2.5 med.
2. 3; med.

n.n._n.m

C.
= .0, med.
=
=

o
U N -
©
3
" -
J
L}
ta
3
o
>
I
-
N

.0, min = 2, max.= 8.
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2.

4.3 IPASB&%B C A then A =00,
Re jected: N= 1, mean= 1.0,

Skipped: N= 4, mean= 7 0, s.d = 3 7, med.= & 5 min.= 3, max. =12,
2.4.4 0 g A
2.4.9 I# B ¢ C than C g B.

Accepted: N=41, mean= 3.1, s.d.= 1.0, med = 5.0, min.= 1, max.= 9

Rejected: N= 1, mean= 3 C.

Skipped: N= 3, mean= 6.3, s.d. = 2. 5 med.= & 0, min. = 4, max.= 9,

Missing: N= 3, mean= 5 4, ¢ d.= .5, med.= 3.0, min.= 5, max.= &
FAMILY: Fam(xz) iff sat(x) % (V y){y & x = set(y)].

2.4.6 Fam{O).

Rejected: N= 1, mean= 1.0.

2.4.7 I¢ Pam(A) then [A S B ¢+ (V C)(C e A+ CaB)).

S8kipped: N= i, mean=i7. 0.

2.4.8 1If fam{A) & B ¢ A then fam(B).

Skipped: N= 3, mesnw 7.7, s.d. = &, med.= 8.0, min.= 7, max. = B.
2.4.9 1I+f fam{A) & fam(B) then [A = B ¢« (V C)(C & A &+ C & B)].
ABSTRACTION: {x: FM{a)) = y

if#

[(Y x)[x & y «+ FM(x)] & set(y)]

or

y = 0 & not (3 B)(V x)[x & B « FM(x)].

2.9.1 I¢ (3 x) x @ {x: FM(x)} or (3 B)(V x)[x & B &+ FM{x)]
then (V x)[x & {x. FM(x)) &= FM(x)].

Skipped: N= 2, mean=13.5, s.d. = 7: med.=13. 9, min. =13, max.=14.

Missing: N= 1, means 1. 0.

2.9.2 If (V x) not FM(x) v not (3 B)(Y x)[x & B &3 FM(x)]
then {x: FM(x)) = 0.

Bkipped: N= [, mean=22 0,

2.3 3 If (VY B)(F u)[x n@a B & FM(x)] then {x: FM(x))} = O.

2.9 4 I¢ (V x) not FM(x) v (¥ x) FM{x) then {x: FM{(x}) = 0.

2.5.9 If (V x)[x & A &3 FM(x)] then {x- FM(x)} = A.

2.9 &6 If (F x) x & {x: FM(x)) then (V x)[x & {x: FM(x)) ¢+ FM(x)].

2.9.7 (ABSTRACTION) .

(V¥ X)Lz a {x: FM(x)}) ¢ FM{x)] if¢ (3 B)(VY x)[x € B & FM{x)]

Missing: N= 1, mean= 7.0.

2.3.8 (I B)(Y x)[x &« B #2 FM(x)] iff (3 B) (¥ x)(FM{x) @ x & B).
Accepted: N=22, mean=12 8. s5.d.= 4. %, med.=11 3, min.= 8, max =25.
Missing: N= 1, mean= 8.0

2.9 9 (MEMBERSMIP) (V¥ x)[x & {x- FM{x)) &= FM(x)]
iff (3 B)(Y x)(FM(x) » x e B).

Accepted: N=20, meanw=]0 B, s.d.= 4.3, med.=11.0, min.= 3, max, =18

Skipped: N= 2, mean= 5.0, 3 d.= 2.8, med. = 5.0, min.= 3, max.= 7.

Missing: N= 4, mean= 2 3, s.d.= 1 5 med. = 2,0, min.= 1, max.= 4,
2.5.10 x & {x: x 8 A & FM(x)) 1¢f%# x 8 A & FM(x).

Accepted: N= 1, mean=1i. 0.

2.9.11 (CONCRETION) 1If x & {x. FM(x)) then FM(x).

2.9.12 If (R x) x & {x: FM(x)) then (3 x) FM(x).

2.3.13 {x: x & Ay = A.

Accepted: N=13, mean= 4. B, s.d.= 1.5, med.= 4.0, min.= 2, max.= 7

Rejected: N= 3, mean= 2.3, s d.= 1 2, med = 3.0, min.= 1, max.= 3.

Skipped: N= 4, mean= 4 3, s. d.= 2.1, med.= 4.3, min.= 2, max.= 7

Missing: N= 2, mean=» 6.0, 8.d.= 2.8, med.= &.0, min.= 4, max.= 8.
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2.9.14 {x: x =e x} = 0.
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Accepted: N= 7, mean= 4. 4, s.d = 2.1, med.= 4.0, min.= 3, max.= 9.
Rejected: N= 2, mean= 1.5 s d.= .7, med.= 1.5, min.= 1, max.= 2.
Skipped: N= 1, mean= 3 0.
Missing: N= 1, mean= 3, 0.
2.3.18_ {x: x = x} = 0,
Accepted: N=10, mean= 85 7, . d. = 2.8, med.= 4.3, min = 3, max.=11.
Rejected: N= 3, means 4.3, 8. d.= 5.8, med.» 1.0, min.= i, max. =11,
2.9.16 (ABSTRACTION IDENTITY) I# (V x)[FM(x} & FM1{x)]
then {x: FM{x)) = {x: FMi1{x)}).
UNION: BU C = {x: x @« B v x & C).
INTERSECTION: BNC = {x: *x @« B & x & C}.
BET DIFFERENCE: B~C = {x: x @ B & x na C}.
Axiom UNION: (3 A)(Y x)(x @ A ¢« x &« B v x g C).
2.4.1 (UNION) xa BUVCiff x @ B vixxal(.
Accepted: N=12, mean= 7.2, 2.d.= 4.9, med.= 6.0, min.= 3, max.=18.
Rejected: N= 9, mean= 3. 4, s d.= 4.8, med.= 2.0, min.= 1, max.=18.
Bkipped: N= 4, mean= 3 9, s.d.= 2.3, med.= & 0: min.= 3, max. = 9.
Missing: N= 1, mesn= 7.0.
2.6.2 (INTERSECTION) =x ® BNC i¢f x & B & x & C.
Accepted: N=10, mean= 3.5, s d.= 2.0; med.= 3.0, min.= 2, max = 8.
Rejected: N= 3, mean= 2 3, 5. d4.= 2.3, med.= 1.0, min.= 1, max.= 5
Skipped: N= 3, mean= 3.7, s d.= 1 2; med.= 3.0, min.= 3, max.= 5
Missing: N= 2, mean= 3.3, s.d.= 7, med.= 3.3, min. = 3, max.= 4,
2.6.3 (SET DIFFERENCE) x & B~C iff x € B & x & C
Accepted: N=ii, mean= 6.2, s.d.= 4 2, med.= 5.0, min.= 2, max =13.
Rejected. N= 2, mean= 3.5, s.d = 4.9, med. = 5. 95, min = 2, max.= 9.
Missing: N= 2. mean= 3.0, s d.= 0, med.= 3.0, min. = 3: max.= 3.
2.6.4 AggBNC ifP AS B &ACSC.
Skipped: N= 2, mean=246 0, s d.= 3,7, med. =246 0, min. =22, max. =30
2.3 AgBC IfFF AS B & ANC = 0,
Skippaed: N= 1, mean=1%9.0
2.8.6 I¢ fam{A) & fam(B) then fam(A v B).
Skipped: N= i, mean= 7.0
2.6.7 If fam(A) v Pam(B) then fam(ANB).
Re jectad: N= 1, mean= 1 O.
Bkippad: N= 1, mean=17 0.
2.6.8 If fam(A) then Pam(A~B).
Bkipped: N= i, maan= 8 0.
2.8.1 AGgAUDBand BgAUB.
Skipped: N= 1, mean=11.0,
2.8.2 If AGC 4B g C then AUBGZ%E C.
Bkipped: N= 1, mean= 7.0.
2.8.3 AnB c A and ANB £ B.
Bkipped: N= 2, mean=11.0, s d.= 0, med.=11. 0, min. =11, max. =11
2.8.4 I Cc A% Cgc P then C § ANB.
Re jected: N= 1. mean= 3.0,
Bkipped: N= 2, mean= 4.3, s5.d.= 4,9, med.= 4. 3: min.= 3, max. =10.
Axiom PAIR: (3 B)(VY 2)(z & B & 2z = x v 1 = g},
PAIR: {x 4} = {2: z = x v z = y}.
2.9.1 (PAIR) 2z & {x,y) iff 1 = x v 1 = y,
Skipped: N= 2. mean= 4 0, s.d.= 1 4, med = 4.0, min, = 3, max = 5,
Missing: N= 2. mean= 3.0, s.d. = 0, med.= 3.0, min.= 3: max.= 3.
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2.2.2 I¢# v e A & ya A then {x,y)

c A
Accepted: N= 35, mean= 8. 2, s.d.= 1.3, med.= 8.0, min.= 7, max.=10.
Skipped: N= 2, meansii. 0, s.d.= 4 2, med. =11. 0, min.= B8, max. =14,

2.9.3 (PAIR IDENTITY) {x,y) = {u,v) iff (x 2 v & y = v) v x = v & =

SINGLETON: {x} = {x.,%}.

2.9.4 (SINGLETON) y & {x)} iff y = x.

2.9.5 (SINCLETON IDENTITY) {x} = {y) iff x = g
Accepted. N= 8, mean=12 &, s.d¢ = &6 0, med. =15 0, min. = 3. max. =18,
Rejected: N= 1, mean= 7.0.

Skipped: N= 1, mean= 3. 0.
Missing: Ne= i, mean= 4 0.

ORDERED PAIR: <x.y> = {{e},{x,y}).

2.9.56 (ORDERED PAIR) 1 & <x,y> iff z = {x} v z = {x,y).

Accepted. N= 8, mean= 6. 9, s. d.= 4.3, med.= 7.5 min.= 1, max =12

2.9 7 (ORDERED PAIR IDENTITY) <x,y> = <u,v> iff x = u & y = v.
Accepted: N=20, mean=14& 8, s ¢.=13. 2, med.=16.0, min.= 3, max =44
Rejected: N= I, mean= 7 Q.

Missing: No 2, mean= 5 0, s d. = 0, med.= 5.0, min.= 5, max.= 5

2.9.8 Fam({A:B)})

2.9.9 Fam{<x.iy>).

Axiom BUM: (3 B)(V x)[x @ B ¢+ (I C)(x e C & C e A)].

GENERALIZED UNION- VA = {x: (3 C)(x &a € &« C & A)).

2.10.1 (OENERALIZED UNION) x & VA 1ff (3 C)(x & C & C & A)
Accepted: N= 7, mean= 7 1, g d.= 3.8, med = & 0, min.= 4, max =13
Rejected: N= 1, mean= 2 0.

Buipped: N= 3, mean=s 3.0, s d.= 2.0, med = 3 0, min = 1, max.= 3

2.10.2 y{{A,B)) = Au B.

Skipped: N= 2, mean= 4.5, s.d.= 2.1, med.= 4.5, min = 3, max.= &

2.10.3 U({A)) = A.

Bkipped: N= 3, mean= 4.7, s d.= & med.= 5.0, min.= &, max.= 5.
Missing: N= 1, mean= 1 O.

2.10.4 vo = 0.

2.10.5 u{A v B) = VA v UB
Accepted: N=10, mean=17.0, s.d.= 7.3, med.=14.0, min.= 9, max. =34,
Re jected: N= 2, mean= | 5 s5.d¢ = 7, med.= 1.5, min = 1, max.= 2.
Missing: N= 1, mean= 1.0.

2.10.& I# A S B then vA ¢ UB.

Accepted: N= 9, mean=12.0, 8 d = 1.7, med.=11.0, min. =11, max.=19
Rejected: N= 1, mean= 1.0
Skipped: N= 1, mean= 9.0.
Missing: N= 2, mean=i1. 3 s . d.= .7, med.=11. 5 min.=11, max. =12.

2.107 I Ae B then A g uUB
Bkipped: N= 2, mean= 4.5, s d.= 3.3 med.= 6.5, min.= 4, max.= 9.

2.10.8 I (VA)(AeB + Ag C) then UB & C.

Accepted: N= 7, mean=10 1, e.d.= 3.5, med.= .0, min = &, max =i5

Missing: N= 1, mean=12.0.
2.10.9 I¢ (Y A)(A & B » ANC = D) then UBNC = D
2,.10.10 U(<x:y>) = {x.y4).

2.10.11 U{U{<A,B>)) = A U B,
Skipped: N= 1, mean= 1. 0.

2.10.12 If <x,y> € A then x e Y (UA).

2 10.13 If <x.y> 2 A then y s U(UA)
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GENERALIZED INTERSECTION: nA = {x. (Vv B)(B & A+ x & B)).

2.11 1 (GENERALIZED INTERSECTION)
xenAiff (YB)(Be A=+ xeB) & (3B) Ba A.

2.11 2 I# not (3 C) C& A then NA = 0.
2.11.3 nD = 0.
2.11 4 n({A,B}) = ANB.

Re jected: N= 2, mean=10 5, s.d.=10.46, med.=10.5, min = 3, max. =18,
Skipped: N= 1, mean=12. 0.

2.11.5 n({A)) = A.
Skipped: N= 1, mean=21.0.

1.6 N(<x.y>) = {x).
.11.7 n(n(<A,B>)) = A.

.11.8 IfPAC B & (3 Cy Ce A then NB € NA.

N NNR

.11.9 I¢# A& B then NB c A.

Accepted: N= 8, mean=10.3, s. d.= 2 6, med.= 9 5, min.= 8, max.=15
Rejected: N= 1, mean= 1 0

2.11.10 If (3 B) Ba A% (VB)(Be A= Cc B) then C € NA.

2.11.11 I# (3 C)Ce A% (2 D)De B then n(A U B) =NANNB.
2.11.12 NA c VA

2.11.13 U{n{<A,B>)) = A.

2.11.14 A(U(<A.B>}} = ANB

Axiom POWERSET: (3 B)(Y C)(C & A+ Ca B).
POWERSET: pA = (B: B g A).
2.12.1 (POWERSET) x & pA iff set(x) & x £ A.
2.12.2 B e pA iff B § A.

Accepted: N= 1, mean= % 0.

Skipped: N= 1, mean=12. 0.

2.12.3 Fam(pA).
Skipped: N= i, mean= 5. 0.

2.12.4 A & pA.
Skipped: N= 1, mean= 3. 0.

2.i12.5 0O & pA.
Skipped: N= 1. mean= 4.0

2.12.6 p0 = (0).
2.12.7 p({x)) = {O0.{x)}.
2.12.8 A C B iff pA ¢ pB.
Accepted: N= 9, mean=16.7, s.d. = 3.9 med.=17.0, ain.= 9, max.=23.

Re jected: N= 1, mean= 2. 0.
Missing: N= 3, mean=14.3, s d.= 7.4, med.=146.0, min.= &, max.=21.

2.12.9 @A U pB € p{A U B).
Accepted. N= 9, mean=12. 1. s.
Rejected: N= 1, mean= 2. 0.
Skipped: N= 1, mean= 9 0

(-9
n
w
e

med. =11. 0, min.= 5, max. =19.

2.12.10 p(ARB) = pA N pPB.
Accepted: N=13, mean=20.3, s5.d.=11.2, med =18 0, min.= 5, max.=50.
Re jected: N= 1, mean= 1.0.
Missing: N= 2, mean=15.5 s d.=17 7, med =15.5 min.= 3, max =28.

2.12.11 p(A~B) © (pA~pB) U {O).
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RELATION: Rel(u) iff set(u) & (¥ x)(x ® u » (3 y,z) x = <y, z>).
2.13 1 If z g R then (3 x,y) 7z = <x,y>
2.13.2 Rel(0).

2.13.3 If rel(A) then fam(A).
Accepted: Ne 1, mean=10. 0.
Skippead: N= 1, mean=i1 Q.
Missing: N= 1, mean= 2 0.

2.13.4 If rel{(A} &« B 5 A then rel(B).
Skipped: N= i, mean= 8.0

2.13.5 If rel(A)Y v rel(B) then rel(AnB).
Accepted: N= 3, mean= 8.7, s.d. = 2 5 med.
Skipped: N= &, mean= 9.2, s.d.= 5. 3, med.

2.0, min. = & max. =11,
9.0, min. = 4, max.=18.

2.13.6 I4 rel(A) & rel(B) then rel(A U B).
Accepted: N= 2, mean=150, s.d = 2.8, med. =15.0, min. =13, max.=17.
Rejected: N= 1, mean= 1.0.

Skipped: N=i1i, mean=13.3, s.d.= 5 3 med. =14.0, min. = 3, max. =22,
Missing: N= 3, mean= 6.3, s.d.= 8 &4, med. = 2.0, min.= 1, max =16

2.13.7 1f rel(A) then rel{A~B).
Accepted: N= 1, mean= 4.0,
Bkipped: N= 9, mean= 4.8, s.d.= 3.8, med.= 4.0, min.= 4, max. =13
Missing: Ne 3, mean=12,7, s.d.= .46, med. =13, 0, min. =12, max.=13.
2.13.8 R =6 iff (¥ x,y){<x,4y> @ R +3 <x,y> & ).
2.13.9 RS A iff (¥ x,y)(<x/y> @ R 2 <x,y> & A).
CARTESIAN PRODUCT: A X B = {z: (3 x,y)(z = <x,y> & x & A & y & B)).
2.14.1 If x &« A& y e B then <x,y> & p(p(A YV B)).

2.14.2 (CARTESIAN PRODUCT)
18 ARB iff (I x,y)(z = <x,y> Ak x @ &A & y = B).

2.14.3 Rel(A % B).

2.14.4 (CARTESIAN PRODUCT2) <x,y> @ A X B iff x e A & y e B

2.14.5 AxB =0 iffa=0vE=20.

2.14.6 Ax =B xA iff A=Dv BE=0vA=0D0.

2.14 7 If A# 0% AXBgANCthen BS C
Accepted: N= 3, mean=10.7, s.d.= 4.2, med =12.0, min = &, max =14
Skipped: N= 2. mean=10.0, s d.= 1 4, med.=10.0, min.= 9, max =11.

2.14.8 I# B &£ C then A ® B g A x
Accepted. N=11, mean=13. 4, s.d = 4.2, med.=12.0, min = 9, max =22,
Skipped: N= 1, maan= B. 0

2.14.9 Ax (Du C) =AXBuAXC.
Missing: N= i, mean= 3.0.

2.14.10 A % BNC = (A X B}n(A X C)
2.14.11 A % (B~C} = A R B ~ A % C.

Axiom FOUNDATION:
I# (3 x) FM{x) then (3 z)[FM(x) & (V¥ y)[y € x = not FM{y)]].

2.13.1 (EPSILON INDUCTION)
I# (VY «)[(V y)[y 8 x + FM(y)] = FM(x)}] then (¥ x} FM{x).

2.19.2 (REGULARITY)
I# A # 0 then (3 x)}[x & A & (V¥ y){y & x » y ne A)]

2.19.3 Not (A e B and B e A).
Accepted: N=25 mean=18.7. s.d.= 4.2, med =19. 0, min.= 9, max.=26.
Rejected: N= 2, mean= 1.5, s.d = .7, med.= 1.5 min = 1, max = 2,
Skipped: N= 1, mean=2%. 0
Missing: N= &, mean=1%5.7, s d. = 6.3, med.=18. 0, min.= 3, max.=19




2.15.4
SUCCESSOR :
2.16.1
Axiom INFINITY:
Axiom REPLACEMENT:
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oA = A U {A}.

I# Ag A X A then A = 0.

I# oA = oB then A = B.

(3A)[De A& (VB)(Bae A-cBe A].

then (3 B)(V y)ly e B & (I x)[x € A & FM2(x,uy}]].

If (¥ x,y:2)(x & A & FM2(x,y) & FM2(x:2) =+ 4y = 2)
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Chapter 3

PREDICATIONZ:

3

.3.1

Not (3 A)(V B.C)(B ¢

3.3.2 Not (3 A)(Y x.y)(x

Shipped:
Missing:

Ne=
Ns=

1, mean=12. 0.
1, mean=12. 0

3.3.3 Not (3 A)(Y x,B)(x &

DIAGONAL: Diag(A) = {z:

3
3

3

EPSILON: Eps(A) = {z:

3
3

3

DOMAIN: Dem(A) = {x:
RANGE. Rng(A) = {y.

FIELD: Fld(A) = {z:

.3.4 (DIAGDNAL)
.3.% (DIAGONALZ)
.3.46

3.7 (EPSILON)
.3.8 (EPSILONZ)
.3.9

(2 x) <x

x Ay iff <x,y> & A.

€ 2

y

B 9

1y> € A)

(B y) <x,y> & A}.

<B,C> & A)

<x.y> & A).

<k:,B> & A)

2z 2 eps(A) 1ff (3 x.,B)(z

¥ eps{A) B iff x « A ¥ B e A & x & B.

x diag(A) y iff x e A X ye A % x = y.

(2 x)(z = <x,x> & x & A)}.

z & diag(A) iff (2 x)(z = <x,x> & x & A)

<x,y> e diag(A) iff x e A & ye A& x =y.

(3 x:B)(z =<x,B> & xe AKX BeAkxebB)).

<x:B> ¥ x e A%¥Be A% x & B},

z & dom(A) v z & Trng(A)}.

<x,B> & eps(A) iff x e A& Be A& x e B.

3.4.1 (DOMAIN) x & dom(A) iff (3 y) <x.y> € A.
3.4.2 (RANGE) x & rng(A) iff (3 y) <y,x> € A.
Missing: N= 1, mean= 1.0.
3.4.3 (FIELD) x e fld{A) 1ff x & dom(A) v x & rng(A)
3.4.4 Fld(A) = dem{A) U rng(A).
Skipped: N= 1, mean= 4 Q.
3.4.95 Dom{(A U B) = dom(A) U dom(B).
Accepted. N= &, mean=12 8, s d.= 6.9, med.=13. 5, min = 4, max. =20.
Rejected: N= 4, mean= 5.5, s.d.=7 7, med = 2.0, min.= 1, max =17.
Skipped: N= &, mean=12. 5, s. d.= 9.9, med.=10.5 min.>= 1, max =24
Missing: N= 3, mean=21.0, s5.d.=16.35, med =30 0, min.= 2, max.=31.
3.4.6 Rng(A v B) = rng(A) UV rng(B).
Accepted. N= 8, mean=16.%9, s d = 8.0, med.=17.0, min = 3, max =29
Rejected: N= 2, mean= 4.5, s d. = 4.9, med.= 4.5, min.= 1, max.= 8
Skipped: N= 2, mean=16.0, s.d =15 & med.=16.0, min.= 3, max =27.
3.4 7 Dom(AnB) £ dom(A)ndom(B).
Skipped: N= 2, mean=12 0, s.d. = 4 2, med.=12.0, min.= 9, max.=15
3.4.8 Rng(AnNB) & rng(A)nrng(B)
Skipped: N= 2, mean=14.0, s d.= .0, med.=14.0, min. =14, max.=14.
3.4.9 Dom(A)~dem(B) S dom(A~B).
Skipped: N= i, mean=14.0.

.4.10 Rng(A)~rng(B) € rng(A~B)
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3.4.11 Cc A X B iff rel(C) & dom(C) S A & rng(C) € B.

3.4.12 Rel(C) iff C & dom(C) x rng(C)
Accepted: N= &, mean=13 7, s.d.=11.3,
Skipped: N= 1, mean= 9.0

med. =11, 0, min.= 2, max. =33.

3.4.13 Dom(diag(A)) = A and rng(diag(A)) = A.
3.4.14 Dom(eps(A)) & A and rng(eps(A)) £ A.

CONVEREE: Conv(A) = {z (3 x:,y)(z = <x 4> & <y,x> € A)}.

3.3.1 (CONVERSBE) 1z & conv(A) iff (3 x.,y)(z = <x,y> & <y,x> & A).
3.5.2 (CONVERSE2) <x,y> & conv(A) iff <y,x> e A,
3.9.3 x conv(A) y iff y A x
3.9.4 Conv(diag(A)) = diag(A).
3.9.5 Rel(conv(A)).
3.5.6 Conv(conv(A)) € A.
Skipped: N= 1, mean= 7.0
3.9.7 Conv(conv(R)) = R.

3.5.8 Dom(conv(R)) = rng(R).
8Skipped: N= 1, meanw17.0.

3.%9.9 Rng(conv{R)) = dom(R).
3.%.10 Conv(AnB) = conv{A)nconv(B).

3.9.11 Conv(A U B) = conv(A) U conv(B).

3.5.12 Conv(A~B) = conv(A)~conv(B).

COMPOSITION: A@B = {u: (3 x,y,z)(u = <x,2> & <x,y> & B & <y,z2> & A)}.

3.5.13 (COMPOSITION) |
U e ABB iff (2 x.y.z)(u = <x,2> & <x,y> & B & <y,z> € A).

3.5.14 (COMPOSITION2) <x,z> € ABB iff (3 y)(<x.y> @ B & <y.z> € A).

3.%.15% Rel(A@B).

Bkipped: N= 2, mean= 9.0, s. d.= 1. 4, med. = 2.0, min. = 8, max.=10.

3.5.16 (A€B)@C =
3.5.17 AR(BNC) ¢
Accepted: N= 1,
Skipped: N= 1,

A@(BeC) .

ABB N AeC.
mean=32. 0.
mean=24. 0.

= AGB U ARC.
mean=33. 0

3.5.18 A@(B v C)
Skipped: N= 1,

3.5.19 Conv(A@B) = conv(B)@conv(A)

RESTRICTION: BfA = {z: (3 x,y)(z = <x,y> & <x,y> € B & x € A)).

3.5.20 (RESTRICTION) z & BiA iff (3 x,y)(z = <x,u> & <x,y> @ B & x e A).

3.%.21 (RESTRICTIONZ2) <x,y> e B|A iff <x,y> & B & x € A.

3.5.22 Rel(B|A).
3.3.23 B|A = BA(A X rng(B)).
3.5.26 Dom(BJA) = dom(B)nA.

3.9.25 If Ac B then ClA © C[B.
Missing: N= 1, mean= 6.0

3.5.26 (A|B)IC = (A|C)|B
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3.5.27 1# B © A then (C|A)|B = C|B.

3.5.28 R|dom(R) = R.
Missing: N= 1. mean= 2 0

3.5.29 (A@B){C = A@(B{C)
3.5.30 C[(AnB) = (C[A)N(CIB).
35.31 C[(AUB) = (CIA} U (C|B).

3.5.32 C{(AvB) = (C|A)~(C|B).

IMAGE: B"A = {y: (3 x)(<x»y> @ B & x & A))
3.6.1 (IMAGE) y & B"A iff (3 x)(<x.y> & B & x &€ A).
3.4.2 B"A = rng(B]A).

3.6.3 C*(A U B) =C"A U C"B.
Skipped: N= 1, mean= 4. 0.

3.6.4 C"(ANB) § C"'A n C"B.
Skipped: N= i, mean=18. 0.

3.5 C"A ~ C"B ¢ C"(A~B).

w

.&.4 B"A < rng(B).
Skipped: N= 1. mean= 9 0.
Misgsing: N= 1, mean= 8. 0.

3.6.7 A"dom(A) = rng(A).
Skipped: N= i, mean=13. 0.

3.64.8 I# AS B then C*A ¢ C"B.
B8kipped: N= i, mean=14é. 0.

3.6.9 B"A = 0 if#f dom(B)nA = O.
Skipped: N= 1, mean= 4.0.

3.6.10 Dom(B)NnA £ conv(B)"(B"A}.
REFLEXIVE2: B reflex A iff (V¥ x)(x € A # <x,x> a B).

3.7.1 B reflex A iff diag(A) S B.
Skipped: N= i, mean=19.0.

IRREFLEXIVE2: B irreflex A iff (¥ x)(x &« A 9 <x,x> 7a B).

3.7.2 B irreflex A i#f Bndiag(A) = O.

3.7.3 Eps(A) irreflex A.

SYMMETRIC2: B sym A iff (¥ x,y){x & A & y & A & <x,y> @ B 3 ¢y:x> & B).

ASYMMETRIC2:
B asym A iff (V x:y)(x e A & ye A% <x,y>a& B 2 <y,x> e B).

ANTISYMMETRIC2: B antisym A i$#4
(VY x,y)(x €« A% ye Ak<<x,y> @B & <y,x>a@aB =+ x = y).

3.7.4 Diag(A) sym A.

3.7.3 1If B asym A then B U diag(A) antisym A.
3.7.6 Eps(A) asym A.
TRANSITIVER: B trans A
iee
(¢ x.ysz)(x e A% ye A&k zae Adk<x,y>a B & <y,z>a B <x,z2> @ B).
3.7.7 Diag(A) trans A.

CONNECTEDZ:
Bconn A if? (VP xsy)(x e A& ya Ak x ¥y <x,y>aB v <y,x> & B).
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BTRONGLY CONNECTEDZ:
B sconn A iff (V x,y)(s @ & &% y & A + <x,y> & B v <y,x> @ B).

REFLEXIVE: Reflex(D) 1P (V¥ x)(x & #1d(B) =+ <x,x> e B}.
IRREFLEXIVE: Irreflex(B) ifd (V x)(x @ #1d(B) < <x,x> ~a& B).
BYMMETRIC: Sym(B) iff (¥ x.y)(<x.y> @ B » <y,x> & B),
ABYMMETRIC: Asym(B) 1€ (V x.y)(<x,y> @ B % <y.x> & B).
ANTISYMMETRIC: Antisym(B) iff (¥ x.y){<x:y> @ B & <y,x> ¢ B + x = y}
TRANBITIVE: Trans(B) i8¢ (V x,y,z)(<x,y> 2 B & <y,z> & B 4 <x.z> & B).
CONNEQTED: Conn(B)

(44 :f;)(x @ fld(B) & y & f1d(B) & x ¥ y - <x,y> & B v <y,x> & D).

STRONGLY CONNECTED:
8conn(B) iff (¥ x.y)(x & f1ld(B) & y @ FId(B) = <x,y> & B v <y,x* & B).

.7.8 (REFLEXIVE) Reélex(B) iff B reflex £1d(B).

.7.9 (IRREFLEXIVE) Irreflex(B) iff B irreflex fld(8).
.7.10 (BYMMETRIC) Sym{B) iff B sym fld(B).

7.11 (ASYMMETRIC) Asym{(B) i## B asym £1d(B).

7.12 (ANTISYMMETRIC) Antisym(B) iff B antisym £1d{B).
7.13 (TRANSITIVE) Trans(B) i## B trans £1d(B)

7.14 (CONNECTED) Conn(B) iff B conn £1d(B).

7.15 {SCCGNNECTED) Sconn(B) if¢f B scann f1d(B).

BIW 0 oW W W6 W W

7.16 I# B asym A then B irreflex A.

Accepted: N=17, mean= 8.4, s.d.= 2. 46, med. =10.0, min. = 4, max.=13.
Rejected: N= 1, mean=m 4 0.

3.7.17 I# B asym A then B antisym A.

Accepted: N= 9, mean= 9 &, s.d.= 3.1, med.=10.0: min. = 5, max. =14,
Rejected: N= i, mean= 1.0

Missing: N= 1, mean= 7.0.

.7.18 8ym(diag(A)) and antisym(diag(A)).

.7.19 I® sym(B) & trans(B) then reflex(B).

7.20 I# B sconn A then B conn A.

7.21 I# B sconn A then B reflex A.

.7.22 Sym(R) iff conv(R) = R.

¥ LW W W

.7.23 Trans(B) iff BB c B
QUASI-ORDERING2: B quasi-orders A iff B reflex A & B trans A.

PARTIAL ORDERING2:
B partial orders A iff B reflex A % B antisym A % B trans A.

SIMPLE ORDERING2: B simple orders A ifé B antisym A & B trans A & B scann A,
STRICT PARTIAL ORDERING2: B strict partial orders A iff B asym A & B trans A.
3.B.1 1If B-partial orders A then B~diag(A) strict partial orders A.

3.8.2 I B strict partial orders A then B U diag(A) partial orders A,

STRICT SIMPLE ORDERINGZ:
B strict simple orders A {ff B asym A & B trans A & B conn A.
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3.8.3 I# B simple orders A then B~diag(A) strict simple orders A.
3.8.4 1If B strict simple orders A then B U diag(A) simple orders A.
R-MINIMAL ELEMENT: x B-min A iff x & A & (V y)(y & A = <y,x> =& B).

R-FIRST ELEMENT:
2 B-firet A iff x @ A & (V y)(y & A & x # y % <x,y> & B).

R-MAXIMAL ELEMENT: x B-max A iff x & A & (V y)(y & A » <x,y> =a B).
R~LASBT ELEMENT: x B-last A iff x & A & (V y)(u & A & x # y = <y, x> & B).

3.9.4 x B-max A i## x conv(B)-min A.

3.9.2 x B-last A iff u conv(8)-first A.

WELL-ORDERR2:
B well-arders A if# B conn A & (VC)(C G A& C# D= (3 x) x B-min C).

3.9.3 If B well-orders A then B asum A & B trans A.
3.9 4 I¢f B well-orders A then B strict simple orders A.
3.9.9 B well-orders A
ife
B asym A % B conn A & (Y C)(CS A& C#% 0D~ (3 x) x B-first C).

3.9.6 1f B well-ordars A & C g A & C # O then (3! x) » B-first C.
Skipped: N= 1, mean=i9. 0.

3.9.7 If B well-orders A & C & A then B well-orders C.
WELL-ORDER: Well-order(B) iff B well-orders £1d (B}
R-~BUCCEBSSBOR: x B-succ y iff <y,x> & B & not (3 z)(<y.,2z> @ B & <2.,x> & B).

R-PREDECESSOR: )
% B-pred y iff <x,y> & B & not (F z)(<x.,2> & B & <z2,y> @ B).

3.2.8 If B well-orders A and f1d(B) S A & x @ A & not x B-last A
than (3! y) y B-sucec x.

R-SECTION:
Bec(C,B,A) ifP C C A & (¥ x,u)(x @8 A% yeC&k<x,y>eB -+ xea C).

SEGMENT: Beg(A.B,x) = {y: y& A & <y, x> @ B).
3.9.9 (SECMENT) y @ seg(A,B.x) iff y @ A & <y,x> e B.
3.9.10 I# x @ A & B trans A then sec(seg(A,B,x).B,A).

3.9.11 I¢ B well-orders A
then [sec(C.B.A) & C ¥ A ++ (3 x)[x @« A & C = seg(A,B,x)]].

SINGLE VALUED: Singv(A) 1ff (V¥ x,y,2)(<x,y> &€ A & <x,2> @ A 9 y = z).
FUNCTION: Func(A) iff rel(A) & singv(A).

3.10.1 If <x,y> @ F & <x,2> &€ F then y = 2

3.10.2 Func(diag(A)),

3.10.3 Func(D).
3

.10.4 1I# € g F then func(C).

3.10.9 1#f func(A) v func(B) then func(AnB).
Skipped: N= 1, mean=30.0

3.10.6 1If dom(F)ndom(@) = O then funec(F v @)

3.10.7 Func(CeF).
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3.10.8 1If func(A) then func(A|B).

3.10.9 F =6 iff (V x.y)(<x,y> & F &3 <x,y> & 6).

d.11.1 (3! y)((x @ dom(F) & <x,y> & F) v x & dom(F) & y = O0).

APPLICATION: F(x) = y iff (x &« dom(F) & <x,y> € F) v x ~a dom(F) & y = O.

3.11.2 (x @ dom(F) & <x,F(x)> &« F) or x & dom(F) & F(x) = O.

3.11.3 If <x,y> & F then F(x) = y.

Accepted N=12, mean= 4.0, s.d.= 2 5, med = 3.3, min = 2,

Missing: N= 1, mean= 4.0

3.11.4 x @ dom(F) iff <x,F(x)> e F.

max =10.

Accepted: N=13, mean= 9.1, s.d.= 1 & med.= 9.0, min = 7, max.=12,

Rejected: N= 1, mean= 1 O.

3.11.5 (APPLICATION) If x & dom(F) then (F(x) = y ¢+ <x,y> @ F).

3.11.6 I# x =& dom(F) then F(x) = O.

3.11.7 (FUNCTION IDENTITY)

F o iff dom(F) = dom(®) & (V x)[x & dom(F) + F(x) = @(x)].

3.11.8 (APPLICATION RESTRICTION)
I¢ x @« A & x & dom(F) then (F|A)(x) = F(x)

Accepted: N= 7, mean=10 7, s. d.= 4 2, med.=10.0, min.
Migsing: N= 3, mean= 1.0, s.d.= .0, med.= 1.0, min

3:11.%9 x @ dom(F@G) iff x € dom(G) & G(x) & dom(F).
3.11.10 If x @ dom(F@Q) then (F@G)(x) = F(€&(x)).

Accepted: N=11, mean=12.3, s.d.= 3.7, med.=12 0, min.
Missing: N= 3, mean= 4.2, s.d.= 2.3, med.= 4,0, min.

3.11.11 F(x) @ rng(F) if¢ <x,F(x)> g F.

3.11.12 y & erng(F) 189 (3 x)(y = F(x) & <x,F(x)> e F).

MAP: A: B + C iff func{A) & dom(A) = B & rng(A} & C.

3.1F.1 If F: A+ B then [z &« F &2 (3 x)(z = <x,F(x)> & x &

&,
1,

7
2,

max. =18.
max.= 1.

max. =18,
max.= 7.

A& F(x) & B)1.

3.12.2 [P F: A+ B then (<x)y> @a F ¥+ x @ A & y @ B & F(x)

Accepted: N=12, mean=20.7, s.d.= 6.8, med.=1% 0, min. =11,
Rejectad: N= 2, mean= 4.0, s.d.= 1.4, mad.= 4.0, min. = 3,

Missing: N= 1, mean=135 0.

J.1Z.3  (MAP APPLICATION)
I¢F: A+ B & x &« A then (F(x) = y 4 <x,y> & F).

3.12.4 IP F: A<+ B & x @ A then <x,F(x)> &« F & F(x) & B.

2,42.5 (TM FUNCTION) If (¥ x)(x & A 2 TM(x) & B)

then {z: (3 x,y)}[z = <a,y> K x @a A&k yae B &y= TM(x)]):

3.12.6 <ziy> @ {z: (3 xy)fz = <x,y> &K x @ A&k yeB &ys=
ife

» W A& yaBky= TH(x)

= y).
max. =31,
max. = 5.

A 3 B.

TM(x}1}

$.12.7 Reg({z: (3 xoy)fr = <x,y> X x e Ak y= B & y = THM(x)])) = B
ife

(v y)fuae B -+ (3 x)[xa A&y= TM(x)]].

F.12.8 (FM FUNCTION) If (V x)[x @ A » (3! y)[y @ B & FM2(x,y)]]
then {z: (3 x,y)fz = <yt ,y> &  x @« A & ya B & FM2(x,y)])>: A # B.

3.12.9 <x,y> & {2: (3 1,y)fz = <x,y> X x @ A& ye B & FM2(x,y)])

iff
x& A% ye B & FM2(x.,y).

3 12.12 Rng({z: (3 x,y)[z = <x,y> &« x @« A & y &8 B & FM2(x,y)])}) = B
ife

(Y y)ly e B+ (3 x)[x & A & FM2(x,y)]]



3.12 11
3.12.12
3.12 13

3.12.14
Accepte

Skipped:

3.12.19

SMAP - Map

CAI COURSE IN SET THEORY

0: D= A,

I#F: A+ B & Cgc A then F|C- C 3 B.

IfF- A9 B %@ C=D& dom(FNn@}) = AnC then FNG: ANC - BnND.

I#F: A2 B &K@ C*D&AC =D ¢then FUG: AUC+BUD
d: N=12, mean=14 8, s d.= 5.7, med.=1& 0, min. =210, max =2B.
N= 2, mean=22.5, s d.= 7, med.=22. % min. =222, max.=23
I# F. A2 B & G: B+ C then G&F. A 2 C

(A:B) = {(F: F: A » B}

3 13.1 (E8MAP) x & map{A.B) iff func(x) & x: A ~» B.

F
M

e map(A,B) i¢é F: A =+ B,

ap (0.A) = {0}.

I

W 0w W
-
W WL
> ¢ & W N

13.7 1

INJECTIVE:

3.14.1

fAd D than map(a,0) = O,

Map{(A,B) = 0 i¢f B = O & A # O.

HMap ({x}.A) = (F: (3 y)(F = {<x.y>) & y & A)).

# ASC DB then map(L.A) § map(C,B).
Ing(A) iff (VY x.ysz)(<x.2> @ A & <y, 2> @ A 2 x = y).
INJECTIVE)

I# in)(F) &« x & dom(F) & y @ dom(F) & F(x) = F(y) then x = y.

.i4.3 I
.14.4 1
.14.5 1
14.4 1

N W W W W W

147 I

INVERSE :
3.19.1
3.1%.2 (
3.153 1
Accepte
3.13.4 1
Accepte
3.18.3 1
3.153.6 1

-14.2 Iny(diag(A)).

¢ inj(A) ¥ B & A then iny(B).

¢ injy(Aa) then inj(A|B).

# iny{A) v iny{B) then inj(ANBE).

¢ iny(A) & iny{B) & rng(A)nNrng(B) = 0 then inj)(A U B}.

£ iny(A) & inj)(B) then in)(A@B).

Inv(F) = {z: (2 x,y){z = <y,x> & <x,y> &€ F)}.

INVERSE) 1z & inv(F) if® (3 x,y)(z = <y, x> & <x:y> & F).
INVERSER) <y.x> & inv(F) iff <x,y> @& F.

nv{F) = eonv(F).
d. N= 1, mean=13 Q.

# func(F U @) then inv(F v @) = inv(F) UV inv(@).
d: N= &6, mean= 8.3, s.d.= 5.0, med. = 7.0, min. = 4, max.=17.

nj{F) iff func{inv(F}).

£ iny(F) then in {inv(F))

2.1%.7 Dom(inv(F)) = rng{F).

Accepte

3.13.8 R

d: N= 1, mean= 7, 0.

ng(xnv(F)) = dam(F).

Accepted: N= &, mean= & 3, s.d.= 2 8, med. = 5.9 min.= 2, max. =13.
Rajectad: N= 3. mean= 3.0, s.d.= 1.7, med.= 4.0, min.= 1, max.= 4,
Skippad: N= 1, mean=14.0.
Missing: N= 3, mran=13.3, s.d.=13.1, med. =12. 0, min. = 1, max.=27.
3.15.% 1If iny(F)} then inv{inv(F)) = F.
Accepted. N= 9; mean=13 2, 5. 4.=10 8, med =12 0, min.= 3, max.=33.
Migsing: N= 1, mean= 1.0.
3.18.10 I# in}(F) & <x,F{x}> & F then inv(F}(F(x)) = x.
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18,11 If iny(F) & x & dom(F) then inv(F)(F(x)) = 2
15,12 If iny(F) & <x,y> & F then inv(F)(y) = x
.18 13 If iny(F) & F(x) € rng(F) then F(inv(F)(F(x))) = F(x).

3

3

3

3.15.14 1If iny(F) & y & rng(F) then F(inv(F)(y)) = y.

3.19.15 If iny(F) % y & rng(F) then (inv(F)(y) = x &3 <x,y> & F)
3

.15, 16

1f iny(F) & x & dom(F) & y & rng(F) then (inv(F)(y) = x &3 F(x) = y).
3.19.17 If iny(F) then inv(F)@F = diag(dom(F))

Accepted: N= 7, mean=2%9. 4, s.d.= 8.4, med. =32. 0, min =12, max.=38.

Skipped: N= 1, mean=31.0.

Missing: N= &, mean=12.3, s d.= 9. 4, med. =10.0, min.= 2, max.=24.
3.15.18 I# iny(F) then Feinv(F) = diag(rnag(F)).

Accepted: N= &, mean=29.35, s.d.=11.9 med.=32.0, min.= 7, max.=40.

Missing: N= 3, mean= 4.3, s.d.= 4.9, med.= 2.0, min.= 1, max. =10.

3.18.19
I# dom(F) = A & dom(F) = dom(®) & in (@) & inv(@)@F = diag(A) then F = 6.

3.15.20 (TM INJECTIVE)
Inj({z: (3 x,y)[z = ¢x,y> & x @ Ak ye B & y = TM(x)]1))
iff
(Y xoy)(x & A & ya A& TM(x) = TM(y) @ x = y)

3.15.21 (FM INJECTIVE)
Iny({z: (3 x:y)[z = <x,y> & x &8 A &« ye B & FM2(x.,4)1})
ife

(V x'y,2)(x @ A& ya A&zaeB&FM2(x.2) & FM2(y,2) 2 x = y)
INJECTION: A: B inj) C iff A- B = C & inj(A).
3.16.1 A S B iff diag(A): A in) B.
3.16.2 If F: Ainy B & C & A then inv(F)"(F"C) = C.
3.16.3 IPF: Ain) B & C 5 A then F|C. C iny B.

3.16.4 I#F: A iny B & @ B iny C then G@F: A iny C.

2.16.9 IfF: A iny C &% Q: B inj D & dom(F)ndom(@) = O & rng(F)nrng(€) = O
then F U G: AUB ing C U D,

3.16.6 If iny(6) & rng(F) = rng(€) & (V¥ x)(x & dom(F) = (inv(Q)@F)(x) = x)
then F = @.

SURJECTION: A: B sur) € iff Punc(A) & dom(A) = B & rng(A) = C.
3.16.7 F: A sury B iff F: A3 B & (V y)[ye By e rng(F)].
3.16.8 F: dom(F) sury rng(F).

3.16.9 I# F: A+ B then F: A sury rng(F).

3.16.10 If F: A surj B & G: B sury C then G@F: A sury C.

3.16.11 If F: Asur) C& G: B sury D & dom(F)ndom(G) = O
then F U G: AUB sury CUD.

BIJECTION: A: B biy C i#f func(A) % iny(A) & dom(A) = B & rng(A) = C.

3.17.1 (BIJECTION) F: A bh1) B iff# F: A in) B &« F: A sur) B.

*3.17.2 F: Abiy B iff inv(F): B biy A.
Accepted: N=18, mean=26.6, s.d.= 8.9 med.=2% 3, min.=10, max.=39.
Rejected: N= 2, mean= 4.0, § d.= 4.2, med.= 4.0, min. = 1, max.= 7,
Bkipped: N= 2, mean=19. 5, s d.= 4.9, med.=1%. 3 min.=14, max.=23.
Missing: N= 2, mean=21 5, s.d.=24.7, med.=21. 3, min.= 4, max.=39.

3.17.3 Diag(A): A biy A.
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17 4 {<xay3}:r {x} biyg {y}.
L 17,

I# F: A inj B then F. A bij F"A.
If F: A ing B then inv(F): F"A bij A.
IPF. AbijB & O Cbhiy D& ANC =0 & BND =0

then F U @: Ay C biy BuD.
Accepted: N= 5, mean=23. 6, s.d.= 4.4, med.=22. 0, min. =19, max.=30.

.17

O RIe 0w R W

17.

17.

.17.8

17.9

10
i1

12

I# x &« A & F: A bij B then F(x) € B.

If ye B&F: &Abij B then (3! x)(x = A & <x,F(x)> @ F & F(x) = y).
I¢ F- AbijJB & x @ A then inv(F)(F(x)) = x.
If F* Abiy B & y & B then F(inv(F)(y)) = y.

I# F: Abiy B & @: B bij) C then G@F: A biy C

67

17,

.17,

i3

14

F. A injy B iff F'A £ B & inv(F). F"A bij A

(TM BIJECTION) I+ (V x)(x €@ A » TM(x) € B)
and

(Vv y)ly &« B 4 (3! x){x & A & TM(x) = y)]
then {z: (2 x,y){z = <%,y> & x & A R ye B & TM(x) = y)} A biy B

3.17.

13

(FM BIJECTIDN) If (V x)[x & A = (3! y)fy € B & FM2(x,y)]]
and

(VY y)[y & B+ (3! x){x & A & FM2(x»y)]]
then {2: (3 %x,y)[2 = <x,y> & x &« A & ya B & FM2(x,y)]}: A bijy B.

EQUIVALENCE: Equ{A) if® rel(A) & reflex(A) & sym(A) & trans(A).

EGUIVALENCEZ - Equ(R,A) iff A = f1d(R) & equ(R).

3.108.

i

Equ(R}) iff Reconv(R) = R

COBET' Coset(R.x) = {y: <x.,y> & R}.

3.18.2

3.18.3
then {cosaet{R,x) = coset{R,y) ¥ <x.y> & R).

3.18.

3

(COSET) y & coset(R.x) iff <x.,y> & R.

I# x & f1d{R) and y = F1ld{R) % equ{R)

I? aqu(R) then coset(R,x) = coset(R,y) v coset(R.x)Ncoset(R.y) = O,

Accepted: N=14, mean=24.9, & .d.= B.0, med.=23. 3, min. =15, max.=46.
Rajected: N= i, mean=13. 0.

Bkipped: N= 2, mean=335 0, s. d.=23 3, med. =35.0, min. =17, max. =53.
Missing: N=10, mean= 8.7, s.d.= 9. &, med.= 8.0, min.= 1, max =17.

PARTITION:
Part(B,A) iff UB = A & (VY C,D){(C e B & De B & C# D CnD =0).

3.18.5 Part(0.,0).

3.18.46

If A # D then part({A).A).

FINER: Bl finer B2

ifé

part(Bi,A) & part(B2,A) & Bl # B2

and

(v C)[C & Bt + (3 D}(D & B2 & C<c D)J.

3.18.7

(3 B)[part(B,A) & (V C)(part{C:A) ¥ B # C 4+ B finer C)].

GENERATED PARTITION: Part¢(R) = {B: (2 x) B = coset(R,x) & B # 0).

3.18B.

(QENERATED PARTITION)

2 @ part(R) ifeé set(z) & (3 x) 2z = coset(R,x) & 2z ¥ O.

3.18.9 Fam(part(R)).

3.18.10 B & part{(R) ifP (I 2) B = coset(R,x) &« B # 0.
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3.18.11 1If equ(R.A) then part(part(R).A)
3.18.12 If equ(R1.,A) & equ(R2,A) then [R1 € R2 ¢+ part(R1) finer part(R2)].

RELATION SENERATED:
Rg(B) = {z (3 x.,y)fz = <x.y> & (I C){C e B & x s C&ys C)I}.

3.18 13 (RELATION GENERATEDR)
z @ Rg(B) iPP (B x,y)fz = <xsy> 2 (3 C)(CeB & xe&e C& gye C)]

3.18.14 (RELATION GENERATED2)
<x,y> @ Rg(B) if¢ (A C)(Ce B X xe C&ye C).

3.18.16 1I¢# part(B.A) then equ(Rg(B).A).

Chapter 4

EQUIPOLLENT: A =:: B if¢ (3 F) F: A biyg B

4.1.1 A =:: A

4,1.2 If A=, B then B = . A,

4.1.3 IfA=:: B &B=: C them A =:: C.

4.1.4 I A=:- BX Ca=:- D& ANC =0 & BnD = 0 thenm AU C =-: B U D,

4.1.3 IfA=::B%C=:: D then A x C=:: B xD.
Missing: N= 1. mean=i1s. 0.

4.1.6 AxD=:: B XA,

41,7 AXxHxXC=: (AXB) xC.

4.1.8 A% (x)} m=:: A.

4.1.9 {x) ®x A =:: A,

4.1.10 {z: {3 x)(2 = <x,{x}* & x & A)): A iny pA.
L1010 (A C/D)(A =:: C&% B =:: D & CNAD = 0).

4
4.1.12 IfA=:: B& C =:: D then map(C.A) =:: map(D.B).

4.1.13 1I# BNC = O then map(B U C,A) =:: map(B.A) % map(C.,A).
4

.1.14 Map(C,A X B) =:: map(C,A) ® map(C.B).

4.1.19 FWap(C.map{B:A)) =:: map(BD x C.A).

1: 1 = {0).

2: 2 = {0.{0)).

4.1.16 Map(A.2) =:: pA.

4.1.17 Map(2:A) =:: A % A.

4.1.18 HMap(1.,A) =:: A.

4.1.19 AU {A) =:: B U (B} iff A =:: B.

LEG POWER: A <:: B iff (3 C)(CE B & A =.: C).

4.2.1 As:. B iff (A F) F: Ainy DB,

4.2.2 I# A=.: B then A ¢:: B.

4:2.3 I AQS DB then A 5:: B.

4.2.4 I¢# A $:: B & B £:: C then A 3:: C.

423 I#F: A+B %G: B+ A then (I D){(D S A & @"[E~(F"D}] = A~D).
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1)

7 I A=:: B&B ¢': C themn A 5.: C.
8 I#fA=:: BRC g:: B them C £-: A,
9

10 I# A <:: B & C <:: D them A X C £..

2 b & b b o

11 I# A <:. Band C <:: D & not (A =.:

2
2
2
.2
2
2
then map(C:A) $:: map(D.B).

4.2.12 A ' AU B.

(SCHROEDER~BERNSTEIN) I# A <': B & B ..

B xD.

A then A =::

I# A< - B&C :: D&BND =0 then AuC <.: BuUuD.

O&B=."r0%¢C

=:: 0 & D # 0)

69

LESS POWER: A <:: B if®# A ¢-: B & not B <:: A.

4.2.13 Not A <:: A.
Accepted: N=14, mean= 4.1, s. d.= 1 O, med = 4 O, min = 3, max = 6.
Rejected: N= 1, meanm &, 0

4.2.14 1If# A <:: B then not B <:: A.
Accepted: N= 4, mean= 7.5, s.d.= 1.9 med = 7 0, min. = & max. =10
S8kipped: N= 2, mean= 6.0, s.d.= 2.8, med. = 6.0, min.= 4, max = 8.

4.2.15 I A <:: B&B <:: C then A <:: C.
Accepted: N= 3, meanw=ii. & s.d.= 3.2, med.=12.0; min.= 7, max.=13.
Skipped: N= 2, mean=223.0, s.d.= 2.8, med. =2%. 0, min. =23, max. =27.
Missing: N= 1, mean=19. 0.

4.2.16 If A £:: B then not B <:: A,

4.2.17 I# A £:: B & B <:: C then A <:: C.

4.2.18 I# A <:: B & B £:. C then A <:: C.

4.2.19 A £:: B iff A=:: B v A <:: B.

4.2.20 (CANTOR’S THEOREM) A <:: pA.
Accepted: N=24; mean=29.9, s.d.=13. 3, med.=25. 0. min. =14, max.=70.
Rejected: N= 2, mean= 1.0, s.d.= .0, med.= 1.0, min.= 1, max = 1.
8kipped: N= 1, mean=33. 0.
Missing: N= 3: mean= 3.7, s.d.= 3. 1: med.= 3.0, min.= 1, max.= 7.

4.2.21 I# B # 0 then A 5:: A X B,

4.2.22 D <:: AU {A).

MINIMAL ELEMENT: A min—elt B iff A e B & (V C)(C & B 2 C ~C A).

MAXIMAL ELEMENT: A max-elt B iff Ae B & (V C)(C & B 2 A ~C C).

FINITE: Finite(A) iff (V B)(B # O % B pA » (3 C)

4.3.1 Finite(D).
Missing: N= 1, mean= 3. 0.

4.3.2 Finite({x)).
Regjected: N= 1, mean= 3.0.

4.3.3 If finite{(A) & B £ A then finite(B).

Accepted: N=10, mean=11.7, s8.d.= 4.0, med.

Rejected: N= i, mean= 1. 0.

4.3.4 1I#f finite(A) then finite(AnB).

Accepted: N= 4, mean= 4.5, s. d.= 1.0, med.

4.3.5 1If finite(d) then finite(A~B).

Accepted: N= 9, mean= B.3, s.d.= & 5 med.

4.3.6 If finite(A) & finite(B) then finite(A U B).

4.3.7 1If finite(A) then finite(A v {4a)).

Accepted: N=13, mean= 4.2, . 4. = 1.2, med.

=11. 3,

= 4,5

= 5.0,

= 4.0,

C min-elt B).

min.= 7,

min. = 4,

min.= 1,

max. =22,

max. = &,

max. =20.

max. = &,
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4.3.8 Finite({x,y)).
Accepted: N=12, mean= 7.5, s. d.= 3.9, med.= 6.9, min.= 2, max.=17.

4.3.9 I¢ Ag UB & finite(A) then (3 D)(finite(D) &« D € B & A § UD).
4.3.10 If finite(A) &« B # O &« B & gA then (3 C) C max—elt B.

4.3.11 1# (Vv B)(B®D&BGE pA 2 (3 C) C max—elt B) then finite(A).
4

.3.12 I# ¢inite(A) and FM(D) & (¥ xB){x a A& B g A & FM(B) =~
FM(B U {2})]
then FM(A).

4.3.13 If finite(A) and D@ D & (Y B.x)(xa A& Bc A&KBaD-
B U {x} & D)
then A @ D.

4.3.14 FinitelA)
if
(v D)(Da D& (VB.x)(xe AXBsA&BeD>BUCJ(x)eD) »AeD).

4.3.15 Finite(A) iff
for all D
it QeD & (V 2)(xa A {x)eD)
and
(vB,.C)(BeD&CeD->BvucCalbd)
then A & D.

4.3.16 Finite(A) if¢
#or all D
ifDEgpeAROaeD & (Vx)(xe A {x)eD)
and
(vB,C)(BaDCaD->BucCaes&D)
then D = pA.

4.3.17 1# finite(A) & (3 F) F: A sury B then finite(B).
Accepted: N=13, mean=34.7, s.d.=19. 4, med. =50.0, min. =31, max.=91.
Rejected: N= i, means 5 0.
Skipped: N= 1, mean= 3. 0.
Missing: N= 35 mean= 4.6, s.d.= 8. 2, med.= 2.0, min. = 1, max. =20.
.3.18 If finite(A) than finite(pA).
.3.19 If finite(A) & (V B)[{B @ A » finite(B)] then finite(UA)

4

Y

4.3.20 1¢ finite(pA) then finite(A).

4.3.21 1¢ finite(UA) & fam(A) then finite(A).
4

.3.22 14 finite(UA) & #am(A) then (V B)[B & A » finite(B)].

4.3.23 If finite(A) & A =:: B then finite(B).

4.3.24 1If finite(A) & B <:: A then finite(B).

4£.3.29 If finite(A) then A <:: B v Am:: B v B <:: A.
4.3.26 If finite(A) & not finite(B) then A <:: B.
DEDEKIND FINITE: Dfinite(A) iff not (I C)(C C A & C =:: A),
4.3.27 1I# finite(A) then dfinite(A).

4.3.28 If finite(A) &« B C A then B <:: A
Skipped: N= 1, mean= S 0.

4.3.29 1If finite(B) & finite(C) & A <:: B & BNC = 0 then AU C <:: B u C.
Missing: N= 1, mean= 2. 0.

4.3.30 I? finite(A) & finite(B) & finite(C) & finite(D) & A <:: B & C <.: D
and
BnD = 0
them AU C <:: BUD
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I¢# finita(A) & x = A then A <:: A U {x).

Bkipped: N= 1, mean= 6. 0.

4.3.32

4.3.33

1# #inite(A) & finite(B) then finite(A X B).

if finite(A) & finite(B) then finite(map(A.B)).

INFINITE: Infinite(A) iff not finite(A).

4.4.1 If infinite(A) & A =:: B then infinite(B).
4.4.2 I8 ALSB& infinite(A) then infinite(B)
4.4.3 I¢# infinite(A) &« B # O then infinite(A % B).
4 4§ .4 1f infinite(A) then infinite(A v B).
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DEDERIND INFINITE: Dinfinite(A) iff not dfinite(A).
4.4.% Dinfinite(A) iff (I3 B)(BC A & B =.. A).
4.4.6 Dinfinite(A) 1#£ A =:: A U {A).

4.4,7 1If dinfinmite(A) then infinite(A).
Accepted: N=13, mean= 5.0, s.d.= 1 B, med.= 5 0, min.= 1, max.= 7,

4.4.8 If finite{A) & infinite(B) then A <:: B.
Accepted: N=12, mesn= 7.0, s.d.= 5 1, med.= 5.5 mn.= 2, max. =18,

4.4.9 (3 A) infinite(A).
Accepted: N= 7, mean=36.0:, s.d.= 9 8, med =37.0, min =24, max.=47.
Rejected: N= i, mean= 3.0.
Missing: N= i, mean= 3. 0.

4.4.10 (2 A,B)(infinite(A) & infinite(B) & A #:: B}.
Accepted: N= 7, mean=14.9 s.d.= 3. 5 med.=14.0, min =11, max.=20.

Chapter 5

Axiom CARDINAL: |A| = [B{ iff A =-. B.

CARDINAL: Card(x) iff (3 A) |A] = x.

5.2.1 (3 AB)(ANB = 0 & |A] = m & |B} = n).

5.2.2 (3! p)(2 AB)(ANB = 0 & |A|l =m & |B| =n & AU B] = p).

CADDITION:
mé:n mp iff (3 AB)(ANB =0 & |A] = m & [B] = n & |[A U B| = p).

5.2.3 If ANB =0 & |A}] = m & [B] * n & |A U B| = p then mt:n = p.

5.2.4 If AnB =0 & |A{ = m & |[B| = n then m+:n = |A U B|.

5.2.5 m+:n = nélm
Accepted. N=13, mean=i0.4, 6.d.= 4.5, med.= 9.0, min = 7, max.=24.
Rejected: N= 3, mean= 1.0, s.d.= .0, med.= 1.0, min.= 1, max.= 1.
Gkipped: N= 2, mean=10.5, s.d.= .7, med.=10.5, min.=10, max.=11.

5.2.4 {m*:n)+:p = m+:(n+:p).

ZERO: O0: = |O|

OME: 1: = |[{O)]|.

TWD: 2: = |{0,{0))].

95.2.7 @+:0: =m
Accepted: N=10, mean=12.2, s.d.= 3. 5, med.=11.0, min.= 9, max.=19.

5.2.8 (' p)(I AB)([A] =m & |B] =n & |A X B| = p).

CMULTIPLICATION: m#:n = p 1#f (3 AB)(|A| = m & |B] = n & |A X B| = p).
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8.2.9 I¢ |Al =m & |B|] = n & ]A X B|] = p then m*¥:n = p.
Accepted. N=14, mean= 3.8, s. d.= 1.0, med.= 3.3; min. = 3, max.= &

5.2.10 If |A|] = m & |B|] = n then mi#:n = |A X B|.
Accepted: N=11, mean= 8.1, s.d.= 6.1, med.= 6.0, min. = 3, max.=23.

3.2.11 m#:n = n¥#.m.
Accepted: N= 7, mean= 9.1, s.d = 1.7, med.= 9.0, min.= 7, max.=11.

3.2.12 (m#*:n)#:p = m#:(n*:p)
Accepted. N= 4, mean=17.8, s d.
Re jected: N= 1, mean= 1 O
Skipped: N= 1, mean=44. 0

. & med. =18 5, min.=13, max.=21.

(]
w

9.2.13 a#:1: = m.
Accepted: N=10, mean= 9.1, s.d.= 1.9, med.= 9.0, min = 7, max.=13.

5.2.14 me:(n+:p) = mE:n +: mH:p.
Accepted: N= 3, mean=i9 3, s.d = 4. 7, med.=21. 0, min. =14, max.=23.

5.2.1% (3! p){3 A'B){|A] = m & |B] = n & |map{B.A)| = p).
Skipped: N= 1, mean= &.0.

CEXPONENTIATION: mt:n = p 1ff (3 A,B)(|A] = m & |B|] = n & [map(B.A)| = p).
9.2.16 I¢ |Al = m & |B] =n & [mesp(B,A)| = p then mt:n = p.
$5.2.17 mé-(n+:p) = mé:n *: mt.p.
Accepted: N= 7, meanm=31.3, s.4.=10 7, med.=31.0, min. =20, max.=33.
d

Missing: Ne= 5, mean=10 0, s.d = 7. 4, med.= 7.0, min.= 4, max.=22.

5.2.18 (m*:n)4:p = mb:p #- nt:
Accepted: N= 3, mean=24.3, s.

aw

.= 7 3, med.=22.0, min. =22, max.=33
5.2.19 (mt:n)g:p = mb:(n#*:p).
Accepted: N= 4, mean=R21.8: s d.= 2. &6, med.=22. 5, min. =18, max.=24.
Missing: N= 1, mean= & 0.

5.2.20 ®$:0° = 1:.
Accepted: N=14, mean=13. 4, s.d.= 6. 3, med.=11. 5, min = 8, max.=31.

$.2.21 mt:1: = m,
Accepted. N=15, mean=12. 1, s.d.= 4.3, med. =12. 0, min.= &, max.=23.

5.2.22 If m # O: then O:¢'m = O:.
Accepted: Ne=11, mean=15.7, e . d.= 4 1, med. =14. 0, main. =10, max. =24,

CLEG: m £: n ié¢ (3 AB)(|lA] = m & |Bl = n & A £:: B).
5.2.23 m 2: n iff (VY A)B)(IA] = m & |B] = n » A <:: B).

9.2.24 m 2: m.
Accepted: N= 8, mean= 4.9, s.d.= 2.0, med.= 7.0, min.= 4, max.=10.

5.2.29 Ifmi: n&mn £: p thenm £: p.
Accepted: N=10, mean=19. 2, s.d.= 4.3, med.=20.0, min.=11, max =24.

5.2.26 Ifms$: n&n $: m then m = n.
Accepted: N= 7, mean=13.7, £.d.= 2.9, med. =14, 0, min.= 9, max.=17.

5.2.27 I#m £$: n & ml < nl then mé:ml <: né:inl.
5.2.28 I#f m <: n & ml <: nl then mit:ml <: n¥:ni,

5229 I1#m<: n&ml $: nl &mw# O: val # 0: vn# O vl =0:
then mé:ml $: né:nl.

5.2.30 @ g: a+:n.
CLEBS: m <: n iff m <: n & n # m,

5.2.31 @ <: n iff (3 ABY(|A] = m & |B] =n & A <:: B).
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.2.33
.2.34
.2.35
.2.34

.2.37

a ¢ ¢ o " w

.2.38
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@m not <: m.

I# m <: n then n nat <: m.

I#fm <: n&n <: p then m ¢: p.
< 2:¢:m.

(3 n)m<: n.

Not (3 n){m <: p & n <: m+.1:).

I# |A] w m then [A U {A)}| = m+.1

FCARDINAL: Fcard(m) if# (3 A)(finite(A) & |A] = m).
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9.3.1 Fcerd(0:).
Acceptad: Nw13, mean= 4.8, s.4d.= 1 4 med.= 5.0, min. = 3, max.= 7,
5.3.2 I# fcard{m) then fcard(m+:1-).
Accepted: N=13: mean= 8.2, s.d. = 1. & med.= 8.0, min. = 5, max. =11.
$9.3.3 WNot (3 m)(fcard(m) & m+:1: = Q:).
5.3.4 If m+:i: = pn+:1: then m = n,
5.3.5 If FM(0:) & (¥ m)[fcard(m) & FM(m) - FM(m+:1:)]
then (¥ m)[fcard(m} -+ FM(m)].
5.3.6 If fcard{m) them m <: m+:1:.
9.3.7 1I¢ fcard(m)} & not €card{n) then m <. n.
5.3.8 If fcard(m) & n <: m then fcard(n).
5.3.9 I¢ fcard(m) then n <: mvn=mvm< n.
ICARDINAL.: Icard(m) iff (3 A)(infinite(A) & |A| = m).
TCARDINAL: Tcard(m) if¢® (3 A)(dinfinite(A) & {A] = m).
5.4.1 Jcard(n) i?f (¥ m)(fcard(m) *+ m <: n).
5.4.2 Tcard(n) iff n = n+-1:,
Accepted: Nm 7, mean=20.0, s.d.= 3. 4, med. =21.0: min. =13, max.=24.
Rejected: N= 1, mean= 1. 0.
5.4.3 1I# tcard(n) then ircard(n).
Accepted: N= 7, mean= 7.0, s.d.= 1 9 med.= 7.0, min = 4, max.=10
S5.4.4 1I¢ tcard{(m) & m 3: n then tcard(n).
5.4.4.1 1I# icard{m}) & m £: n then icard(n)
Accepted: N=11, mean=14.8, s d.= 5.1, med, =14.0, min. =10, max. =26.

4.3

.4.5.

LC I BT BN R (I BT )

> 2 2 2 » » o

1

.1

.1

A

I# tcard(m) then tcard(m+:n).
If icard(m) then icard{m+:n}.
If tcard(m) & n # O then tcard(m® n).
If icard(m) & n # O then i1card(m*:n}.
If tcard(m) & n # 0 then tcard(m{:n).
I icard(m) & n # O then icard(mt:n)
If tcard(m) & 1: <: n then tcard(n4.m).
If 1card{m) & 1: <. n then 1icard(nt:m)

I# tcard(m) % tcard(n) then m+.n $: m¥.n.
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Chapter &

F-BIMILAR: C F-similar D
1fE
there are A,B:R,S such that
[C= <A,R> & D = <B,S> & F: A b1y B
and
(¢ x,y)fx e A& ya A= (<x,y> &8 R «+ <F(x).F(y)> € 8)]1].

SIMILAR: C similar D 1## (3 F) C F-similar D.

6.2.1' (F-BIMILAR) <A.R>* F-similar <B,8»

F: ;F:iJ B & (¥ 2.y)f{x 8 A & ye A4 (<x,y> & R &+ <F(x).F(y)> & B)].

6.2.2 <A,R> F-similar <B,8> 1f# <B,8> inv(F)-similar <A,R>.
COMPLETE: Comp(x) iff fam(x) & (V y.2){z & g T y& x 4 z & x).
6.2.3 Comp(A) 1ff fam(A) & (VY B)(B & A » B £ A).
&. 2.4 If comp(h) &% comp(B) then comp(AnB).
&£.2.9 If comp(A) & comp(B) then comp(A VU B).
ORDINAL: Ord(x) iff comp(x) & eps(x) conn x.

. 2.6 If ord{(x} then fam{x)

.7 If ard(x) & y & x then fam(y).
.8 Ord(0).

.9 Eps(a«) well-orderszs .

.10 If B € o & comp(B) then B & «o.
11 agc Biff = B vae 8.

.12 « €C B iff e 8,

.13 If x @ o than ord(x).

.14 Ord(a n 8).

A9 ang=maoran g = 8.

.16 g B or B S &,

c > o o & & 0 ¢ > o O >
N RN N R NN

A7 (ae & 8w x&k ax® B8)or (Beada=-ap&katwf)
or
= 8 & a e f & 8 @ «x

L]

[

.2.18 If (Vv x)[x & A - ard(x)] then eps(A) conn A.

6. 2.19 If (¥ x)[x & A =2 ord(x)] then ard(VA)}.
Accepted: N= 9, mean=32.1, & d. =11 0, med. =27, 0, min =20, mex.=34.

&.2.20 (LEAST ORDINAL)
1f (3 a) FM{a) then (3 B)[FM(B) & (V ¥)[y < 8 ~» not FM(¥)]].

&.2.21 Ord(A) 16f caomp(A) & (VY B)[B a A = comp(B)].

LESS. A < B iff A e B.

LESS EQUAL. A < B iff A < B v A = B,
GREATER: A > B 1¢#f B < A,

GREATER EQUAL: A > B iff B 5 A.
6.2.22 Not A < A

6,223 I#£ A < B then not B < A,
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6.2.24 If x <« 8 & 8 < v then x < ¥
Accepted: N=10, mean=11.8, s d.= 3.3, med. =12.0, min = &, max. =18
Rejected: N= 1, mean= 1

5.2.25 (& < B & not 8 ¢ x&ax# B)or (B < a%knat < g & a#*p)
ar
a = 3 knot « ¢ 8 % not 8 ¢ «.
6.2.26 o= {f: 8 < a}.

6.2.27
Ord(C) iff (¥ x)[(x & C 9 ord(x)] & (¥ cuf)(x e § & p e C + a& C)

6.2.28 If oo # 0 then O e «.
6.2.29 (BURALI-FORTI) Not (3 A)(Y x){x € A ¢+ ord(x)].
Accepted: Ne=18, mean=21.4&, s d.= & 1, med. =21. 5, min.=10. max =33.
Skippad: N= 2, mean=24 5, s.d.=12. 0, med.=24.5, min. =16, max.=33.
6.2.30 Ord(ocA) iff ord(A).
Accepted. N=12, mean=3% &, s.d.= 2,0, med.=42. 0, min. =25, max =50.
Rejected: N= 1, mean= 7.0.
Skippad: N= i, mean=17.0
Missing: N= i, mean= 1.0
.2.31 Not (F A) cA =0,
.2.32 aA < oB iff A < B.
.2.33 x 2 cA iff x @ A v x = A.

R.34 a & of ift x G 8.

o o0 o0 O D

2.3%9 UVU(ox) = .
Accepted: N=11, mean=24.2:; s.d.= 6. 3, med. =25. 0, min. =11, max.=32.

&£.2.36 Not (3 «x.8)(x <« B & 8 < ou).
Accepted: N= 8, mean=11.46, s.d.= 3.1, med.=11 O, min.= @, max.=17.

FINITE ORDINAL: Fo(x) if# ord(x) & conv(eps(x)) well—orders x.

&.3.1 If fo(x} then ord(x).
4.3.2 Fa(0).
6.3.3 If Po(P) then Po(cB).
6.3.4 WMot (3 P)(fa(B) & o8 = O).
6.9.5 If fo(u) & fol(f) & ga = gf then « = 8,
6.3.6 If fo(8) & A 5 8 then fa(A).
&.3.7 (FO-INDUCTION)
If FM(O) & (V B)[fo(A) & FM(B8) =+ FM(sB)] then (V B)[fo(B) - FM(8}].

w: w = {x: fo(x)}.
&.3.8 (w) x @ w iPFf fo(x).

6.3.97 (w~INDUCTION)
It 0& & &% (V B)(fo(B8) &« A a A2 cf & A) then w & A.

6.3.10 (w~RECURSIDN1)
(3! F)ldom(F) = & & F(O) = x & (V #)[fa(B) = F(ap) = G(F(8))]].

&.3.11 (@w-RECURSION2) There axists exactly one F such that
[dom(F) = @ ® @ and (VY x)[fo(x) = F(<x.0*) = g(«)]
and
(¥ «,8)[fo(a) & fa(B) =+ F(<a,of>) = Q(<a.F(<xs8*)*)]]
wo: woe = {1: (3 a){z = <a,60> & & B W)).

6.3.12 (wo) 1 8 wo ifP (3 a)(z2 = <oso0> & w E @) .
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6.3.13 (wo2) <oafr € wo iff a & w & B = cx.

6.3.14 Func(wa).

6.3.15% wo- w biy w~v{0}

6.3.16 If a« & @ then we(x) = oxk.

6.3.17 («-RECURSION) There exists exactly one F such that for all x:«x
if x &« A and fo(«)
then dom(F) = A B w & F(<x,;0%) = g(x) & F(<x,oa>) = G(<xsF(<x,a>)>)

RANGE UNION: [U(TM(x))(x € A)] = u(<y: (3 x)(y = TM(x) & x & A))}).

RANGE INTERSECTION: [n(TM(x))(x & A)] = n({y: (3 x){y = TM(x) & x € A)}).

6.4.1 (RANGE UNION) y & [U(TM(x))(x & A)] if# (3 x)[x & A & y & TM(x)].

6&.4.2 (RANGE INTERSECTION)

ye [A(TM(x))(x & A)] i#¢ (VY x)[x & A = y & TM(x)].
6.4.3 [ux(x & A)] = VA.
6.4.4 [nx(x & A)] = NA.
6.4.5 ANnUB = [u(ANC)(C & B)].
6.4.6 If (3 D) De B then AUunB = [n(Av C)(C & B)].
6.4.7 (Ti-INDUCTION)

I¢ (Y «)[(Y BY[B ¢ « + FM(B8)] + FM(x)] then (¥ «) FM(«x).

6.4.8 (T2-INDUCTION) I# (Y B)(B < x & BC A > B & A) then « € A.
649 If (VB)(B<whk BC A BeA) thenweg A
LIMIT ORDINAL: Lim(x) iff o« # O & not (3 8) 68 = «

6£.4.10 If lim(x) then Ux = «.
Accepted: N=12, mean=35 9, s.d.= 5 7, med.=34.0, min =27, max.=45.
Rejected: N= 1, mean= 1.0.

6 4.11 (T3-INDUCTION) If FM(0) and (V¥ «)[FM(x) - FM(ox)]
and

(¥ 7)[lim(y) & (Vv B)[B < v =+ FM(8)] » FM(y)]
then (Vv «) FM(«x).

6.4.12 (T1-RECURSION)
(' F){dom(F) = « & (V 8)[B < « + F(B8) = G(F|8)]]

6.4.13 (TR2-RECURSION) If « # 0
then there exists exactly one F such that
[dem(F) : « & F(O) = x & (V B)[6f < « » F(oB) = g(F(B))]
an
(¥ 8)LA < « & lim(B) = F(B) = [U(F())(y & £)]11].

a—-SEQUENCE. F x-seq D iff F: « 2 D.

6.4.14 (T3-RECURSION)
(3! F)[dom(F) = « & (¥ B)[8 < « + F(B) = TM(F|8)]].

&.4 15 (T4-RECURSION) If « # 0
then there exists exactly one F such that
[dom(F) = o« & F(O) = x & (Vv B)[6f < « + F(oB) = TM(F(8))]
d

an
(Y B)[1im(B) & B < «x 3 F(B) = [U(F(¥))(7 € $)]1]]

6.4.17 y & [U(TM(x))(x & A)] if¢ (3 x.B)(x € A & B = TM(x) & y € B).

ORDINAL ADDITION:
a+0 = o and o+(gp) = o{a+f) & [lim(f) -+ «+tg = [U(ax+y)(v € B8)]1].

6.5.1 Ord(x+8).

6.95.2 o+ = «
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6.3.3 0+x = «.

6.5.4 a+(ocf) = a(a+f).

6£.5.9 atl = ga.

6.5.6 B <y iff atP < ary.

6.5.7 1I¢ 8 > 0 then a+f > «.

6.3 8 If x+f = aty then 8 = 7.

6.5.9 If 2 B then aty 2 f+y
6.%5.10 a+f 3 B.

6.5.11 If 2im(B) then lim{«x+8).

6.5 12 1€ « 5 8 then (I! 7) aty = §.
6£.9.13 I#f B # 0 then not (3 v)(V 8)(8 < 8 2 atd < 7y & ¥ < x+8).
6.5.18 @+ (pry) = («+f)+y.

ORDINAL MULTIPLICATION:
«%0 = 0 and a*(c8) = (a¥f)+ax & [1im(B) + o*g = [U(a%y)(y & )11

6.5.15 Ord(a%g).
6.5.16 If lim(B8) & « » O then lim(a#8}.
&.6.1 (T4-INDUCTION) If R well-orders A

and
(¢ x)}{(u &€ A & (V y)(y € A & <y,x> & R*> ye B) » x @ B)
then A & B.

£.6.2 If R strict simple orders A and (3 x) x R-first A
and
for 211 B
(V Bi}(f e A& (Vax)(xe A& <x:88R>xeB) » 8 B) »ACB
then R well-orders A.

6.6.3 (T6-RECURSION) If R well—orders A
then (3! F)[dom(F) = A & (¥ x){x € A @ F(x) = TM(F|seg(A,R.x))1].

R-INCREASING: F R-—-incr B
ife
there is A such that
[B=<A,R> ¥ F: A3 A
and
(¥ 2sy)(x &® A& ya A& <x,y>e R <F(x),F(y)> & R)]

6.6.4 1f R well-orders A & F R—incr <A,R> then not (3 y) <F(y):,y> & R.
6.4.5 If R well-orders A & F R—-incr <A,R> then <A,R> F-similar <rng(F}.R>.

6. 6.6
If R well-orders & &« B S A & <A,R> F-similar <B,R> then F R—incr <A,R>.

b. b7
I#f R well-orders A & <A,R> F-similar <A,R> then (¥ x)(x & A @ F(x) = x).

&4.6.8 1If R well-orders A and S well-orders B
then (¥ F,@)(<A:;R> F-similar <B,8> & <A,R> G-similar <B.5> 3+ F = £).
Missing: N= 2, mean= 6.5, s.d. = 4.9 med.= 6.5 min.= 3, max =10

$ 6.9 If R well-orders A & x € A then <A,R*> not similar <seg(A,R.,x):R>.

PROPER SUBSET RESTRICTED:
Psub(A) = {C: (I B.D)(C =<B,D> * BCD&B&A&DGLCA)})

4.6.10 (PROPER SUBSET RESTRICTED)
% & psub(A) iff set(x) & (I B.D)(x = <B.D> « BC D &BCc A&DC A)

6.6.11 C & psub(A) iff (I B,D)(C = <B,D> * BCD&BGSAKDECE A).
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6.6.12 If R well-ovrders A
then <{B: (3 x)[x &« A & B = seg(A:R,x)]1},psub(A)> similar <A,R>
6.6.13 If R well-orders A and S well-orders B
and
(Vv x){x € A+ (3 y) <seg(A,R,x),R> similar <seg(B.S,y).8>)
and
(¥ y)(y &8 B + (3 x) <seg(B.,S,y).,8> similar <seg(A.,R,x).R>)
then <A,R> similar <B,S>.

6.6.14 I¢# R well-orders A and S well-orders B
then <A,R> similar <B,8> v (3 x)(x & A & <seg(A,R,x2).,R> similar <B,S>)

or
(3 y){y € B & <seg(B.S,y),S8> similar <A,R>).

4.6.15 I# R well-orders A then (3! «) <A.R> similar <x,eps(«)>.

Chapter 7

Axiom CHOICE: (3 F)(VB)(BC A&B WO+ F(B) & B).

CHOICE FUNCTION: F ch~func A
ifd
F: {B: BCAB#0} A& (VB)(B&A&B#O0- F(B) € B).
7.2.1 If# R well-orders A
then {x. (2 Dysz)(x = <D,z> ¥ D5 A& D # 0 % z R—first D)}: {(B: B ¢ A

and
B# 0y A

7.2.2 <Byy> @ {x: (A D:z)(x = <D,z> &« DS A &Ds#*0& z R—first D))
ife
BESEA&B+#£0&y R-Pirst B.
7.2.3 1# R well-orders A then (3 F) F ch—func A
Accepted: Ne 2, mean=28.0, s.4.=17.0, med =28.0, min. =16, max. =40.
Skipped: N= i, mean=19 O
Missing: N= 3, mean= 3.3, s.d.= 1.2, med.= 4 0, min.= 2, max.= 4
7.2.4 If finite(A) then (3 F) F ch—func A.
DENUMERABLE: Denum({A) iff A = : .
7.2.5 1¢ infinite(A) then (3 B)[B £ A & denum(B)].
7.2.6 Dinfinite(A) iff infinite(A).
7.2.7 (NUMERATION THEOREM) (3 «) A =:: «.
7.2 8 (WELL-ORDERING) (2 R) R well-orders A.
7.2 9 (TRICHOTOMY) A < : Bor B <.. Av A=". B.
Accepted: N=14, mean=24.4, s.d.= 8 3, med. =24. 5, min. =13, max =40.
Missing: N= 2, mean= 3.0, s d.= 1.4, med.= 3 0, min = 2, max = 4.
7.3.1 (AC2)

I# fam(A) % (V B)(B
then (3 C)(V B)(B e

+ D>

+ B#0) &« (VB,C)(Be A& Ce A BnC =0)
(2 x) CNB = {x})

>m

7 3.2 For all A
if fam(A) & (V¥ B)(B
then (3 C)(¥ B)(B &
iff
(¥ A)(3 F)(¥ B)(B &

A+ B#0)% (VB,C)(Be A% Ce A= BnC = 0)
+ (3 x) CAB = {x)})

>R

>
o

B# 0+ F(B) e B)

7.3.3 (AC3) (3 F)[F

E

% dom(F) = dom(R)]

&
7.3.4 (YR)(AF)[F &R dom(F) = dom(R)]
ife
A

&
(¢ A(3 F)(V B)(B ¢ &« B#0+ F(B) & B).
7.3.3 If (V A)(2 a) A =:: a then (V A)(3 R) R well-orders A.

7.3.6 I¢ (VW A)(3 ) A =:: « then (V¥ A,B){(A <:: B v B <:: Av A=B8).
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CHAIN: Chain(A) iff fam(A) & (VB,.C)(BPe Ak CaA-+BcCv CgcB).

MAXIMAL CHAIN:

A max—chain B iff chain(A) ¥ A & B & not (3 C)(chain(C) & C ¢

B&ACC).

7.3.7 C€haan(0).
7.3.8 1# AS B & chaein(B) then chain(A).
7.3.9 If chain(A) & finite(A) then (2 B) B max—elt A.
7.3.10 If A max-elt B & chain(B) then (Vv C)(C & B » C g A).
7.3.11 If A5 UB & chain(B) & finite(B) then (3 C)(Ce B & A g C).
7.3.12 (Z1) I# A # 0 and (V C)(chain(€C) * C 5 A& C # 0 - uC & A)
then (3 B} B max—elt A.
7.3.13 If (Vv A)(2 R)(rel(R) &« R well-orders A)
then for all A
if A# O & (¥ C)(chain{(C) &« CS A& C# 0 » UC & A)
then (3 B) B max—elt A.
7.3.14 If for all A
if A# O and (V C)(chain(C) ¥ Cc A& C# 0 -+ UC & A)
then (3 B) B max—-elt A
then (Y A)(3 F)(VvB)(Bs A&BG# 0= F(B) € B).
7.3.13 If (VY AB)(A <:: Bv B <:- AvA=B) then (V A)(3 a) A =:: «
7.3.1&6 (H1)
I¢ fam{A) then (¥ C)i{chain(C} & C & A = (3 B)(B max—chain A & C £ B)].
7.3.17 (H2) 1I# tam(A) then (3 B) B max—chain A.
7.3.18
(¢ AY[fam(A) @ (¥ C)[chain(C) & C S A =+ (3 B)(B max—-chain A & C c B)]]
ifd
for all A
if A¥ 0% (v C)(chaan{(C) * CS A& C#0+UCeaA)
then (2 B) B max—elt A.
7.3.19 (V¥ A)(fam(A) =+ (3 B) B max—chain A)
iff
(¢ A)(fam(A) » (¥ C)(chain(C) %« C 5 A = (3 B)(B max—chain A & C 5 B)]].
R-UPPER BOUND. y R-upbd A iff (V x)(x & A 3 <x,y> & R).
R-=CHAIN: A R—chain B iff A S B ¥ R simple orders A.
7.3.20 (Z2)
I# A ¢ O and R partial orders A & (¥ C)(C R-chain A =+ (3 y) R-uphd A)
then (3 B) B R-max A.
7.3.21 For all AR
if & # 0 & R partial orders A
and
(¥ C)(C R-chain A @ (3 y) y R-upbd A)
then (3 B) B R-max A
ife
for all A
if A# 0% (¥ C)(chain(C) &« C = A& C# 0~ uUC & A)
then (3 B) B max—-elt A.
FINITE CHARACTER' Fchar(A)
A w0 & fam(A) & (V B)fB e A ¢ (V C)(C & B & finite(C) » C & A)].
7.3.22 Fchar({C: C £ A & chain(C)))
Accepted: N= 2, mean=3%3.0, s.d4.=13 &, med.=353.0, min. =42, max. =&4,
7.3.23 (TTL) 1I# fchar(A) then (2 B) B max—elt A
Accepted: N= 9, mean=41.8, s.4.=13. 1, med. =44, 0, min. =25, max.=éi.
Missing: N= 3, mean=27.3, s.d. =22 3, med.=346.0, min.= 2, max. =44,
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7.3.24 (¥ A)(fchar(A) + (3 B) B max—elt A)
ife

for all A

if A # 0 & (V C)(chain(C) ¥ C & A& C# 0 UC & A)
then (3 B) B max—-elt A.

APPENDIX C
GLOSSARY OF SYMBOLS

Symbol

Name of Symbol

-
&

\

N
<
(vv)

rCconNnNom

(%, 3)

{x FM(x)}
uA

NA

pA

AXB

R| 4

R“A

F@G

IA

SE8

EAM—> *+M>—'

€
g

Negation

Conjunction

Disjunction

Implication

Equivalence

Universal quanufier
Existenual quanufier
Uniqueness quantifier
Identity

Set membership

Empty set

Set inclusion

Proper inclusion
Intersection

Union

Dafference

Ordered parr

Definition by abstraction
Union or sum of 4
Intersection of A

Power set of 4

Cartesian product

R restricted to 4

Image of 4 under R
Composition of functions
Equipollence

Equal to or less pollent
Less power than or less pollent than
Successor of set 4
Cardinal number of set 4
Cardinality zero
Cardinality one
Cardinality two

Cardmal addition
Cardinal multiplication
Cardinal exponentiation
Equal to or less cardinality
Less cardinality

Set of all finite ordinals
Successor function restructed to @






