
axiomatic theories. One of the fir:;,t steps in axiomatizing a 
theory isrto list the primitive notions. A familiar example is the 
classical case of Euclidean geometry. We can take as primitives 
the following three notions: the notion of point. the notion of 
betweenness -- one point being between two others in a line 
anc. the notion of equidistance ~ (the distance between gh:en 
points being the same as the distance between two other given 
points). Other geometric notions can then be defined in tenns 
of these three notions. For example. the line generated by two 
distinct points a and b is defined as the set of all points c which 
are between a and b, which are such that b is between a and c, 
or which are such that a is bet\A,een c and b. 

The primitive notions of a theory are seldom, if ever, 
uniquely detem1ined by the intuitive content of the theory. 
Euclidean geometry has been developed in terms of a wide 
variety of primitive notions other than the three mentioned 
above. In Hilbert's well-known axiomatization (1899), for 
example, the five notIOns of point, line. plane, betweenness and 
congruence are taken as primitive. In contrast, in the same 
year, the Italian mathematician Pieri published an 
l!xiomatization of Euclidean geometry using only the primitive 
notions of point and motion. 

An important preiiminary step in fixing on the primitive 
noliol1S of a theory is to make explicit what other theories are 
tc be aS5,u111cd in developing the axiomatization. For most 
axiomatic work in economics, a certain amount of standard 
mathematics is assumed, including of course logic and 
e-kmentary set theory, as weU as most of classical analysis. 
When such prior theories are not assumed, then a complete 
f~ppafatus mu:,t be built from the ground up. This is quite 
l'ncommon in any of the empirical sciences, such as economics 
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or physics. For example, it would seem strange in a theoretical 
paper in economics to develop from scratch the concept of 
number or the concept of Riemann integral. 

After making explicit what other theories are to be assumed 
and fixing on the primitive notions of the theory under study. 
the axioms of the theory can now be stated without ambiguity. 
)be only concepts referred to in the axioms must be primitive 
notions, notions defined in terms of primitive notions, or 
notions belonging to the theories assumed a priori. It is also 
important to recognize that in deriving theorems of the theory 
in question, nothing may be assumed about the primitive 
notions except what is stated in the axioms or possibly follows 
from other theories assumed a priori. 

Infonnally, there are other things that are often said about 
axioms which can be repeated here but which cannot always 
be satisfied. For instance, it is generally recognized that it is 
desirable to have as few axioms as feasible, and also to take as 
axioms statements which have a strong intuitive appeal. But 
minimization of number of axioms or the vague concept of 
intuitive appeal do not play explicitly a rigorous role in almost 
any critiques of actual axiom systems proposed. It is 
sometimes held that theories should always be formulated only 
in terms of their primitive notions; that is, without using any 
notions dt:fined in tenns of the primitives. The argument for 
this is that only in this fashion will the actual complexity of 
the theory be evident. Already in the case of axioms of 
geometry this can become an intolerable burden from the 
standpoint of perspicuity of formulation. and consequently it 
is again a recommendation that is to be followed when feasible 
but not taken as an inviolable injunction. 

The rest of this article is organized in the following fashion. 
Section 1 provides a brief review of the history of the 
axiomatic method. Section 2 analyses the concept of the 
standard fonnalization of a theory in first-order logic, and 
points out why this approach does not work well in most 
scientific contexts. The positive approach of considering 
theories as being defined by set-theoretical predicates is 
developed in Section 3. 

1. HISTORY 

Euclid. As with many other things, the story of the axiomatic 
method begins with the ancient Greeks. It seems fairly certain 
that it developed in response to the early crisis in foundations; 
namely, the problem of incommensurable magnitudes as, for 
instance. of the side and diagonal of a square, which occurred 
in the 5th century Be. The axiomatic method as we think of it 
today was crystallized in Euclid's Elements. The important 
philosophical predecessor of Euclid is Aristotle, who discusses 
the first principles of any demonstrative science in the 
Posterior Analytics. According to Aristotle, a demonstrative 
science must start from indemonstrable principles. Of such 
principles Aristotle says in the Posterior Analylics that some 
are common to all sciences. These are what are termed axioms 
or common notions. Other principles are special to a particular 
science. A standard example of an axiom for Aristotle is the 
principle that if equals be subtracted from equals. th~ 
remainders are equal. 

Euclid follows Arbtote1ian methodology by listing at the 
beginning of the Elements twenty-three definitions, five 
postulates (assumptions special to geometry) and five axioms 
or common notions. Euclid set the standard of rigour for 
nearly two thousand years of mathematics. Only in the 19th 
century did real flaws come to the surface in Euclid's 
axiomatic presentation. It should also be mentioned that in 
spite of the usefulness of the ancient distinction betwc-en 
postulates and axioms, it is not one that is explicitly made 
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today. What Euclid called axioms are now taken up in what 
has been referred to above as the theories that are assumed 
a priori; for example, logic and classical mathematics. What 
are called axioms in the context of this article would be called 
postulates in ancient Greek terminology, but this ancient usage 
will not be followed here. 

Although from a modern standpoint it is easy to pick out 
certain flaws in Euclid's Elements and to emphasize certain . 
differences between his conception of the axiomatic method 
and modern ones, the essential point remains that the 
axiomatic method as reflected in his Elements is extremely 
close to modern views. Such important works of modern 
science as Newton's Principia (1687) were written in this 
geometrical tradition. 

Modern geometry. The historical source of the modern 
viewpoint towards the axiomatic method was the intense 
scrutiny of the foundations of geometry in the 19th century. 
The most important driving force behind this effort was the 
discovery and development of non-Euclidean geometry at the 
beginning of the 19th century by Bolya, Lobachevski and 
Gauss. 

It was above all the German geometer Pasch who formulated 
in the clearest and most explicit way the modern formal 
conception of geometry in his important book of 1882. Pasch 
emphasized that if geometry is to be a genuinely deductive 
science, then the deductions must everywhere be independent 
of the meaning of geometrical concepts. From a formal 
standpoint, the deductions should be valid without taking into 
account in any way the meaning of the terms. He emphasized 
the thoroughly modern point that if a theorem is rigorously 
derived from a set of axioms, and if we replace the primitive 
concepts by others of the same logical nature, then the 
theorem will remain valid. This has the effect of treating the 
primitive concepts as variables. The axiomatic approach in 
geometry continued to dominate conceptions of the axiomatic 
method well into the 20th century. 

2. THEORIES WITH STANDARD FORMALIZATION 

The most explicit and formally precise axiomatic versions of 
theories are ones that are formalized within first-order logic 
with identity. First-order logic can be easily characterized in 
an informal way. This IS the logic that assumes (i) one kind of 
variable; (ii) logical constants, in particular the sentential 
connectives such as- for if ... then ... , and v for or; (iii) the 
universal and existential quantifiers, (x), (3x); and (iv) the 
identity symbol. A theory formulated within such a framework 
is called a theory with standard formalization. Three kinds of 
non-logical constants occur in axiomatizing the theory: the 
predicates or relation symbols, the operation symbols and the 
individual constants. 

The expressions of the theory - i.e. finite sequences of 
symbols, of the language of the theory - are divided into terms 
and formulas. Recursive definitions of each are given. The 
simplest terms are variables or individual constants. New 
terms are built up by combining simpler terms with operation 
symbols in the appropriate fashion. Atomic formulas consist 
of a single predicate and the appropriate number of terms. 
Compound formulas are built up from atomic formulas by 
means of sentential connectives and quantifiers. 

Theories with standard formalization are not often found in 
use in scientific context. They do have a role when particular 
questions are of interest. For example, a standard question 
about a theory with standard formalization is whether it is 
decidable. This means, is there a mechanical decision 
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procedure for asserting whether or not a formula of the theory 
is a valid sentence of the theory, i.e. is a formula either an 
axiom or a theorem of the theory? In general, there is no 
decision procedure for theories with standard formalization. It 
was rigorously proved in 1936 by Alonzo Church that there is 
no mechanical test for the validity of arbitrary formulas in 
first-order logic. The most important positive decision result is 
probably that of Alfred Tarski's for the elementary algebra of 
real numbers, first published in 1948. A second important 
question is that of completeness. It is natural to ask of any 
scientific theory whether it is complete in the sense that it is 
possible to give a list of axioms of the theory from which all 
other true assertions of the theory may be derived. The most 
important result of modern logic is Kurt Godel's result in 1931 
that the elementary theory of positive integers is not complete 
in the sense just stated. 

There are difficulties of casting ordinary scientific theories 
into first-order logic. The source of the difficulty has already 
been mentioned. Almost all systematic scientific theories 
assume a certain amount of mathematics a priori. There is no 
simple or elegant way to include such mathematical concepts 
in the standard formalization, which by definition assumes 
only the apparatus of elementary logic. For example, a theory 
that requires for its formulation an Archimedean-type axiom -
for some n, n copies of a length however small are together 
longer than any given distance no matter how long - cannot 
be axiomatized in first-order logic. Because of these difficulties, 
standard axiomatic formulation of scientific theories follows 
the methodology outlined in the next section. 

3. THEORIES DEFINED AS SET-THEORETICAL PREDICATES 

From a formal standpoint, the essence of the approach that is 
close to the practice of modern mathematics and widely used 
in mathematical economics is to axiomatize scientific theories 
within a set-theoretical framework. From this standpoint, to 
axiomatize a theory is simply to define a certain set-theoretical 
predicate. The axioms as we ordinarily think of them are part 
of a definition, of course the most important part. 

Here is the theory of weak orderings formulated as such a 
set-theoretical definition - for an elementary exposition of this 
approach, see Suppes (1957. ch. 12). 

Definition. Let A be a non-empty set and R a binary 
relation on A. A structure (A,R) is a weak ordering if and 
only if for every x, y, and z in A (i) if xRy and yRz then 
xRz, (ii) xRy or yRx. 

Further formal work is then conducted in terms of the 
structures of a theory as thus defined. For many kinds of 
analysis a key definition is that of isomorphism of structures, 
here exemplified for the structures just considered. 

Definition. A structure (A,R) is isomorphic to a structure 
(A'.R') if and only if there is a function J such that (i) the 
domain ofJis A and the range ofJis A', (ii)Jis a one-one 
function, {iii) if x and yare in A, then xRy if and only if 
j(x)R'f(y). 

In terms of the definition of isomorphism, we then often seek 
for axiomatic theories a representation theorem which has the 
following meaning. A certain class of structures or models of a 
theory is distinguished for some intuitively clear reason and is 
shown to exemplify within isomorphism every structure of the 
theory. In the case of ordering relations, a typical rep· 
resentation theorem concerns representing any ordering by an 
isomorphic numerical ordering. Note that in the case of weak 
orderings, for example, we first form classes of objects that are 



equivalent in the ordering and then each equivalence class is . 
assigned a number under the isomorphic representation. 

Only the simplest kinds of structures have been discussed 
here, hut the ideas developed apply without change to more 
complicated structures as exemplified in contemporary theories 
of pure mathematics, mathematical economics and other 
mathematically based disciplines. The development of axiom­
atic theories for such structures is now the widely accepted 
methodology for their investigation. The importance of 
identifying certain structures as basic is perhaps obvious, but a 
persuasive explicit argument is given in Bourbaki (1950) for 
the case of mathematics. 

Finally. it should be emphasized that the commitment to a 
set-theoretical framework for the formulation of axiomatic 
theories is less essential than the general formal conception of I 

the axiomatic method as it originated in modern geometry 
since Pasch and has been developed in detail in pure 
mathematics by Bourbaki. 
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