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Philosophical analysis of axiomatic methods goes back at least to Aristotle. In the large
literature of many centuries a great variety of issues have been raised by those holding
viewpoints that range from that of Proclus to that of Hilbert. Here I try to consider
in detail only a highly selected set of ideas, but they are ones I judge important.

The first section gives a brief overview of the formalization of theories within
first-order logic. The second section develops the axiomatic characterization of
scientific theories as set-theoretical predicates. This approach to the foundations of
theories is then related to the older history of the axiomatic method in the following
section.

1. Theories with Standard Formalization

A theory with standard formalization is one that is formalized within first-order
predicate logic with identity. The usunal logical apparatus of first-order logic is assumed,
mainly variables ranging over the same set of elements and logical constants, in
particular, the sentential connectives and the universal and existential quantifiers, as
well as the identity symbol. Three kinds of nonlogical constants occur, the predicates
or relation symbols, the operation symbols and the individual constants.

The expressions of the theory, i.e., finite sequences of symbols of the language of
the theory, are divided into terms and formulas. Recursive definitions of each are
ordinarily given, and in a moment we shall consider several simple examples. The
simplest terms are variables or individual constants. New terms are built up by
combining simpler terms with operation symbols in the appropriate fashion. Atomic
formulas consist of a single predicate and the appropriate number of terms. Molecular
formulas, ie., compound formulas, are built from atomic formulas by means of
sentential connectives and quantifiers. A general characterization of how all this is
done is quite familiar from any discussion of such matters in books on logic. We shall
not enter into details here. The intuitive idea can probably be best conveyed by
considering some simple examples. In considering these examples, we shall not say
much of an explicit nature about first-order logic itself, but assume some familiarity
with it. In a theory with standard formalization we must first begin with a recursive
definition of terms and formulas based on the primitive nonlogical constants of the
theory. Secondly, we must say what formulas of the theory are taken as axioms.'
(Appropriate logical rules of inference and logical axioms are assumed as available
without further discussian.)
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Example: ordinal measurement. As a first example of a theory with standard
formalization, we may consider the simple theory of ordinal measurement. To begin
with, we use one standard notation for elementary logic. The sentential connectives
'&’,’V’,’~,’«’, and * —’ have the usual meaning of ’and’, ’or’, ’if...then’, ’if and only
i, and ’not’, respectively. I use 'V’ for the universal and 3" for the existential
quantifier. Parentheses are used in the familiar way for punctuation and are also
omitted in practice when no ambiguity of meaning will arise. Mention of the identity
symbol’ ="’ and variables ’x’, %’, ’z’..... completes the description of the logical notation.

The theory of ordinal measurement considered as an example here has a single
primitive nonlogical constant, the two-place relation symbol ’Q’. Because the theory
has no operation symbols among its primitive nonlogical constants, the definition of
the terms and formulas of is extremely simple, and will be omitted.

The two axioms of are just the two sentences:

L (W)(W)(v2)(xQy & yQz -xQz)
2. (V) (W) Qy V yQx).

Intuitively the first axiom says that the relation designated by ’Q’ is transitive, and the
second axiom that it is weakly connected (for a discussion of these and similar
properties of relations, see Suppes (1957, Ch. 10, and 1960, Ch. 3).

I next turn to the definition of models of the theory. To begin with, we define
possible realizations of . Let 4 be a nonempty set and @ a binary relation defined on
A, ie., Q is a subset of the Cartesian product A x A. Then the structure = (4,Q)
is a possible realization of > The set A, it may be noted, is called the domain or
universe of the realization . I shall assume it to be intuitively clear under what
circumstances a sentence of , i.e., a formula of without free variables, is true of a
possible realization. We then say that a mode! of is a possible realization of for which
the axioms of are true. For example, let

A = {12}
and

Q = {(1L1),(22),12)} .

Then = (4,Q) is a realization of , just on the basis of its set-theoretical structure,
but it is also easy to check that is also a model of , because the relation Q is transitive
and weakly connected in the set 4. On the other hand, let

A = {123}
and

o’ = {(1,2),(23)}

Then = (4’,Q’) is a possible realization of , but it is not a model of , because the
relation Q’ is neither transitive nor weakly connected in the set 4.
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Axiomatically built theories. When the set of valid sentences of a theory is defined
as a set of given axioms of the theory together with their logical consequences, then
the theory is said to be axiomatically built. This is not a severe restriction of any theory
with a well-defined scientific content. Granted then that the models of the ordinal
theory of measurement are just the possible realizations satisfying the two axioms of
the theory, we may ask other sorts of questions about the theory .

The kinds of questions we may ask naturally fall into certain classes. One class of
question is concerned with relations between models of the theory. Investigation of
such structural questions is widespread in mathematics, and does not require that the
theory be given a standard formalization. Another class of questions does depend
onthis formalization. For example, metamathematical questions of decidability--is there
a mechanical decision procedure for asserting whether or not a formula of the theory
is a valid sentence of the theory? Questions about the independence of the axioms
also fall in this category.

A third class of questions concerns empirical interpretations and tests of the theory,
which shall not be considered in any detail here, but suffice it to say that a standard

formalization of a theory is not required to discuss in a precise way questions in this
class.

Difficulties of scientific formalization. 1 have written as though the decision to give
a standard formalization of a theory hinged entirely upon the issue of subsequent
usefulness of the formalization. Unfortunately the decision is not this simple. A major
point I want to make is that a simple standard formalization of most theories in the
empirical sciences is not possible. The source of the difficulty is easy to describe.
Almost all systematic scientific theories of any interest or power assume a great deal
of mathematics as part of their substructure. There is no simple or elegant way to
include this mathematical substructure in a standard formalization that assumes only
the apparatus of elementary logic. This single point has been responsible for the lack
of contact between much of the discussion of the structure of scientific theories by
philosophers of science and the standard scientific discussions of these theories. (For
support of this view, see van Fraassen, 1980.)

Because the point under discussion furnishes one of the important arguments for
adopting the set-theoretical or structural approach outlined in the next section, it will
be desirable to look at one or two examples in some detail.

Suppose we want to give a standard formalization of elementary probability theory.
On the one hand, if we follow the standard approach, we need axioms about sets to
make sense even of talk about the joint occurrence of two events, for the events are
represented as sets and their joint occurrence as their set-theoretical intersection. On
the other hand, we need axioms about the real numbers as well, for we shall want to
talk about the numerical probabilities of events. Finally, after stating a group of axioms
on sets, and another group on the real numbers, we are in a position to state the
axioms that belong just to probability theory as it is usually conceived. In this welter
of axioms, those special to probability can easily be lost sight of.

More important, it is senseless and uninteresting continually to repeat these general
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axioms on sets and on numbers whenever we consider formalizing a scientific theory,
No one does it, and for good reason.

A useful second example is mechanics. In this case we need to have available for
the formulation of interesting problems not only the elementary theory of real numbers
but much of standard mathematical analysis, particularly of the sort relevant to the
solution of differential equations. Again, as a tour de force we can use any one of
several approaches to bring this additional body of mathematical concepts within a
standard formalization of mechanics, but the result is too awkward and ungainly a
theory to be of any use.

Unfortunately, because a standard formalization of a scientific theory is usually not
practical, some philosophers of science and scientists seem to think that any rigorous

approach is out of the question. To prove that this is not the case is the main objective
of the next section.

Useful example of formalization. Before turning to that task I would like to consider
one example of how treatment of a theory in terms of its standard formalization can
have interesting consequences within the philosophy of science. The problem I have
in mind is one of finite axiomatizability of a particular theory of measurement. To set
the scene we may briefly return to the ordinal theory . We need not prove here the
intuitively obvious fact that for any finite model = (4,Q) of the theory (i.c., the set

A is finite), there exists a real-valued function f defined on 4 such that for every x
andyinA

L xQy if and only if f(x) < f(y).

In algebraic terms, any finite model of is homomorphic to a numerical model, and
it is this simple theorem that is the basis for calling the theory a theory of
measurement. (The theorem is not true, of course, for arbitrary models of , a point
discussed in more detail below.) For numerous applications in psychology it is natural
to pass from the ordinal theory to the theory in which differences between the ordinal
positions of objects are also ordered. Thus we ask what axioms must be imposed on
a quaternary relation D and the finite set .4 on which D is defined, such that there
is a real-valued function f with the property that for everyx, y, z and w in 4

(2)  xyDaw if and only if f(x) - fly) < f(z) - f(w).

(For extensive discussion of applications of the quaternary difference relation D in
psychological theories of preference and measurement, see Suppes and Winet, 1955;
Davidson, Suppes and Siegel, 1957; Luce and Suppes, 1965; Suppes and Zinnes, 1963;
and Krantz, Luce, Suppes and Tversky, 1971, Suppes, Krantz, Luce and Tversky, 1989.)
We can use equivalence (2) to obtain an immediate extrinsic axiomatization of the
theory of this difference relation, which it is natural to call the theory of hyperordinal
measurement. This is, of course, just a way of making a well-defined problem out of
the question of intrinsic axiomatization. We want elementary axioms in the technical
sense of a standard formalization of the theory of hypordinal measurement such that
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a finite realization = (4,D) of the theory is a model of if, and only if, there exists
a real-valued function f on 4 such that (2) holds. Still other restrictions need to be
imposed to make the problem interesting. If we are willing to accept a countable
infinity of elementary axioms a positive solution may be found by enumerating for each
n all possible isomorphism types, but this sort of axiomatization gives little insight into
the general structural characteristics that must be possessed by any model of the theory
. So the next question is, what is the possibility of a finite axiomatization. This is
answered negatively by a theorem of Per Lindstrom (see Luce, Krantz, Suppes and
Tversky, 1990).

Negative results of this sort are particularly dependent on working within the
framework of standard formalizations. In fact, few if any workable criteria exist for
axiomatizability of theories outside the framework of standard formalization. For a
theory like significant light is shed on its structure by the sort of negative result just
described, but for the reasons stated earlier few scientific theories have the simplicity
of theories and . In fact, it is not easy to find other empirically significant examples
of theories of comparable simplicity outside the area of measurement.

Even the characterization of the theory as a theory of measurement is not possible
in first-order predicate logic, ie., in a standard formalization, with Q as the only
nonlogical primitive constant, once we try to capture the infinite as well as the finite
models. The difficuity centers around the fact that if a set of first-order axioms has
one infinite model then it has models of unbounded cardinalities, and it easily follows
from this fact that for the infinite models of any additional axioms we impose, we
cannot prove the existence of a real-valued function f satisfying (1). A minor
complication arises from the fact that models of arbitrarily large cardinality might still
be homomorphic to a numerical model, but this can be got around fairly directly, and
could have been avoided in the first place by postulating that Q designates an
antisymmetric relation, i.e., by adding the axiom

() (H)(V2)(Qy & yQx ~x = y).

Once this axiom is included any homomorphism must also be an isomorphism, and
of course, no isomorphic numerical model can be found for a model of cardinality
greater than that of the continuum. The necessary and sufficient condition to impose
on infinite models of to guarantee they are homomorphic to numerical models is not
a first-order condition, i.e., is not formulated with the language of the theory , but it

does have a natural expression in the set-theoretical framework discussed in the next
section.

2. Theories Defined as Set-theoretical Predicates

Although a standard formalization of most empirically significant scientific theories
is not a feasible undertaking for the reasons set forth in the preceding section, there
is an approach to an axiomatic formalization of such theories that is quite precise and
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satisfies all the standards of rigor of modern mathematics. From a formal standpoint
the essence of this approach is to add axioms of set theory to the framework of
elementary logic, and then to axiomatize scientific theories within this set-theoretical
framework. It is not important what particular variant of set theory we pick for an
axiomatic foundation. From an operational standpoint what we shall be doing could
best be described as operating within naive set theory. The only important distinction
between axiomatic and naive set theory is that in axiomatic set theory one continually
must consider questions about the existence of sets, since it is precisely around such
questions that problems of paradox and inconsistency arise. In naive set theory one
proceeds as if there were no paradoxes and blithely assumes that all sets exist in the
intended intuitive fashion. Although questions about the existence of sets shall not
be considered explicitly here, it is a simple and routine matter to embed everything
that is said within some well-defined axiomatic set theory, for example, the
Zermelo-Fraenkel version described and worked out in detail in several books,
including my own, Suppes (1960)--for some reservations about this point see the last
part of this section.

The slogan of this section might well be put as "To axiomatize a theory is to define
a set-theoretical predicate." Perhaps the most important point of confusion to clear
up about this slogan is the intimate relation between axiomatization and definition.
We may begin by considering a simple purely mathematical example. As we saw in
the last section, we can treat simple theories as purely autonomous disciplines by giving
them a formalization, which in a systematic sense will require only elementary logic
and no other mathematics as a background. However, this is scarcely the standard
way of doing mathematics among contemporary mathematicians, for the reason that
has also been made clear, namely, the awkwardness of handling theories of any
complexity within this restricted framework.

Example: theory of groups. As a simple example, let us consider the axioms for a
group, which are now often discussed in high-school mathematics texts. A standard
formulation of the axioms is the following:

Alx o(y 0oz) = (x 0y) Oz
A2x Oe = x.
A3x ox

Here o is the binary operation of the group, e is the identity element and ™' is the
inverse operation. The difficulty with these axioms taken in isolation is that one does
not quite understand how they are related to other axioms of other theories, or exactly
how they are related to mathematical objects themselves. These uncertainties are easily
cleared up by recognizing that in essence the axioms are part of a definition, namely,
the definition of the predicate ’is a group’. The axioms are the most important part
of the definition of this predicate, because they tell us the most important properties
that must be possessed by a mathematical object which satisfies the predicate 'is 2
group’, or in other words, by a mathematical object that is a group. In order to make
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the axioms a part of a proper definition, one or two technical matters have to be
settled, and it is one of the main functions of our set-theoretical framework to provide
the methods for settling such questions. It is clear from the axioms that in some sense
a group must be an object that has a binary operation, an identity element and an
inverse operation. How exactly are we to talk about such an object? One suggestion
is to formulate the definition in the following fashion:

A set A it is a group with respect to the binary operation G the identity element
e, and the inverse operation "' if and only if for every x y and z the three axioms
given above are satisfied.

The first thing to note about this definition is that it is not a definition of a one-place
predicate, but actually of a four-place predicate. This point is somewhat masked by
the way in which the definition was just formulated. If we gave it an exact formulation
within set theory, the definition would make it clear that not only the letter ‘4’ but
also the operation symbols and the symbol for the identity element are variables that
take as values arbitrary objects. Thus a formally exact definition, along the lines of
the above but within set theory, would be the following,

A is a group with respect to Q ¢, and "' if and only if A is a set, Ois a binary
operation on A, e is an element of A, and "' is a unary operation on A, such
that for every x, y and z in A, the three axioms given above are satisfied.

The real difficulty with this last version is that it is natural to want to talk about groups
as objects, I suppose, as part of the general human tendency to reify all objects that
are discussed in any detail. But in this version we talk instead about a four-place
predicate as defined above, i.e., we talk about a set and three other objects
simultaneously. Our next step is to take care of this difficulty.

is a group if and only if there exists a set A, a binary operation ©on A, and
element e of A and an inverse operation ' on A such that = (4,0,¢,”' and for
every x, ¥, and z in A the three axioms given above are satisfied.

The point of this definition is to make the predicate ’is a group’ a one-place predicate,
and thus to introduce talk about groups as definite mathematical objects. As can be
seen from this definition, a group is a certain kind of ordered quadruple. This
characterization of the set-theoretical structure of a group answers the general question
of what kind of object a group is. In ordinary mathematical practice, it is common
to define the kind of entities in question, for example, ordered quadruples, which
correspond to possible realizations in the sense defined in the preceding section, and
then not to repeat in successive definitions the set-theoretical structure itself. For
example, we might well define algebras which are ordered quadruples = (A,9¢,"),
where © is a binary operation on A4, ¢ is an element of 4, and ' is a unary operation
on A. Having introduced this notion of algebra we could then shorten our definition
of a group to the following sort of standard format.
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Definition 1. An algebra = (A4, Qe’’) is a group if and only if for every x, y, and z in
A the three axioms given above are satisfied.

The format exemplified by this last definition is the one that is most often used. For
those who prefer their definitions straight, it is a simple and routine matter to convert
the sort of statement just used into a completely explicit formal definition in the style
of the preceding definition. To make the variety of possibilities more evident, we can
also take aigebras to be structures consisting just of a nonempty set and a binary
operation on the set. Groups are then defined slightly differently.

Definition 2. An algebra = (A, ©) is a group if and only if for every x, y, and z in A
Axiom 1.x O(y 0z) = (x 0y) Oz
Axiom 2. There is a w in A such that
xX=yow
Axiom 3. There is a w in A such that
X =w oy

Meaning of set-theoretical predicate. Because I have expounded these matters of
definition in great detail elsewhere (Suppes, 1957, Chapters 8 and 12), I shall not go
into them further here, except for one or two general remarks. In the first place, it
may be well to say something more about the slogan *To axiomatize a theory is to
define a set-theoretical predicate’. It may not be entirely clear what is meant by the
phrase 'set-theoretical predicate’. Such a predicate is simply a predicate that can be
defined within set theory in a completely formal way. For a set theory based only on
the primitive predicate of membership, ’¢’ in the usual notation, this means that
ultimately any set-theoretical predicate can be defined solely in terms of membership.
Any standard mathematical notions will be used freely in the definiens of such a
set-theoretical definition of a predicate, for we assume that these standard notions
have already been fully developed and formalized.

Set theory and the sciences. This last remark suggests there may be some systematic
difference between a set-theoretical definition embodying concepts of pure
mathematics and one involving concepts of some particular science. I do not mean
to suggest anything of the sort. It is one of my theses that there is no theoretical way
of drawing a sharp distinction between a piece of pure mathematics and a piece of
theoretical science. The set-theoretical definitions of the theory of mechanics, the
theory of thermodynamics, and a theory of learning, to give three rather disparatc
examples, are on all fours with the definitions of the purely mathematical theories of
groups, rings, fields, etc. From a philosophical standpoint there is no sharp distinction
between pure and applied mathematics, in spite of much talk to the contrary. The
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continuity between pure and applied mathematics, or between mathematics and
science, can be well illustrated by many examples drawn from both domains.

Structuralism. The viewpoint of this section could be formulated as saying that
set-theoretical predicates are used to define classes of structures. The class of
structures consists of those structures that satisfy the predicate. When the approach
is set-theoretical rather than syntactic or formal in the sense of logic, the kind of
approach described is similar to the well-known approach of Bourbaki to mathematics.
(Bourbaki is the pseudonym for a group of mathematicians who have jointly written
a many-volume treatise covering large parts of mathematics.) Someone familiar with
the Bourbaki approach would regard what has been said thus far as unsatisfactory,
insofar as the approach I am describing is meant to be like the Bourbaki approach
to mathematics but with that approach applied to the empirical sciences. The source
of the criticism is easy to state. Bourbaki asserts in a number of places, but especially
in the general article (1950), that it is not at all a question of simply giving independent
axiomatizations in the sense of characterizing structures for different parts of
mathematics. What is much more important about the Bourbaki program is the
identification of basic structures (Bourbaki calls them mother structures) and then
to explore with care the way the various basic structures are used in many different
parts of mathematics. Simple examples of basic structures in the sense of Bourbaki
would be groups as defined earlier in the section, ordering relations or order
structures, and also topological structures.

There is still another particular point of importance. In various places Bourbaki
discusses the methods for generating the most familiar structures. Chuaqui and da
Costa (in press) have given an analysis in terms of Cartesian products and power sets
of a given basic set which will cover a large number of the most important structures
used in scientific theories. In this case the approach to structures is in terms of
showing how a restricted number of basic operations on a given set of objects is
sufficient for generating the structures of interest.

It seems to me that the approach of Chuaqui and da Costa for generating structures
is a fruitful one and can be used for theoretical study of many different scientific
disciplines. On the other hand, it seems premature to hope for anything like the kind
of identification of mother structures that Bourbaki has considered important for
mathematics.

There is another sense of structuralism that has also been discussed in relation to
the framework of ideas set forth in this section. Here I refer to the work of Sneed
(1971), Stegmuiller (1973, 1976, 1979), Moulines (1975, 1976), Moulines and Sneed
(1979), and Balzer (1978), together with a number of other articles or books by these
authors. The literature is now large and it will not be possible to survey it in detail,
but there are some important points raised by the structuralist viewpoint represented
by Sneed, Stegmiiller, and their colleagues, and consequently it is appropriate to
comment on it here. The basic idea, beginning with Sneed’s book (1971), is to start
from the framework of characterizing theories by set-theoretical predicates and using
the sort of axiomatization discussed in this section, but then to go on to the much more
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difficult problem of characterizing the concepts of a theory that are theoretical as
opposed to empirical in nature, a problem beyond the scope of this article.

Reservations about set theory. Total adherence to a reduction of all entities to sets,
or sets and individuals, is not really crucial to the viewpoint adopted here. It is also
natural and sometimes easier to use creative definitions of identity to make available
new abstract entities that are not necessarily sets. Such definitions are called creative
because new propositions can be proved with their introduction. Already in my book
on set theory (1960) I departed from pure set theory both by introducing individnals
and using Tarski’s axiom for cardinal numbers. Two sets 4 and B have the same
cardinal number K(4) = K(B) if and only if they are equipollent, i.e., can be put in
one-one correspondence. This is a creative definition. [n symbols:

() K(A4) = K(B) iff 4 ~ B.

When this creative definition is added to Zermelo-Fraenkel set theory it is
undecidable whether or not cardinal numbers are sets. An even more eclementary
example is the creative definition of ordered
pairs:

@ @y =my)ifxr=u&y=v

To me this approach to ordered pairs seems the most natural and obvious, in spite
of the historical interest in the definition of ordered pairs as certain sets by Kuratowski
and Wiener. As new objects are created by definitions such as (1) or (2) we can add
them to our universe as new individuals, or, in a category of new abstract objects, but
in any case as potential members of sets. This way of looking at abstract objects will
not satisfy those who want to create all such objects at the beginning in one fixed set
of axioms, but I find the process of "creating as needed" more appealing. Above all,
abstract objects defined by creative definitions of identity carry no excess baggage of
irrelevant set-theoretical properties. For example, Kuratowski’s definition

(xy) = {{x} {xy}}
generates an asymmetry between the sets to which x and y belong that does not seem
an intuitive part of our concept of ordered pair. I find this even more true of the

various set-theoretical reductions of the concept of natural number, and therefore
prefer Tarski’s axiom given above as a creative definition.

3. Historical Perspective on the Axiomatic Method

It will be of interest to examine, even if briefly, the history of the development of the
axiomatic method.
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Before Euclid. That the axiomatic method goes back at least to ancient Greek
mathematics is a familiar historical fact. However, the story of this development in
the century or two prior to Euclid and its relation to earlier Babylonian and Egyptian
mathematics is not wholly understood by scholars. The axiomatic method, as we think
of it as crystallized in Euclid’s Elements, seems to have originated in the fourth century
B.C., or possibly somewhat earlier, primarily at the hands of Eudoxus. The traditional
stories that name Thales as the father of geometry are poorly supported by the existing
evidence, and certainly it seems mistaken to attribute to Thales the sophisticated
axiomatic method exhibited in Euclid, and already partly evident in Plato’s Meno. It
is also important to keep the relatively modest role of Plato in appropriate perspective
(Neugebauer, 1957, pp. 151-152). An excellent detailed discussion of the historical
development of Euclid’s Elements in Greek mathematics is given by Knorr (1975), but
before turning to this work, something needs to be said about Aristotle.

In various places Aristotle discusses the first principles of mathematics, but the most
explicit and detailed discussions are to be found in the Posterior Analytics (72a14-24,
and 76a31-77a4). According to Aristotle, a demonstrative science must start from
indemonstrable principles. The impossibility of having a demonstration of everything
is especially emphasized in various passages in the Metaphysics (997a5-8, 1005b11-18,
and 1006a5-8). Of these indemonstrable principles, Aristotle says in the Posterior
Analytics that some are common to all sciences. These are the axioms (€1 pate).
Other principles are special to a particular science.

The standard example of an axiom for Aristotle is the principle that if equals be
subtracted from equals, the remainders are equal, or also the logical principle *of two
contradictories one must be true’. Aristotle called axioms by other names, for example
‘common (things)’ (takOiva) or ’common opinions’ (kC1uaadoEmr).

As for the principles special to a science, Aristotle divided them in two: first,
hypotheses which assert existence, for example, the existence of the genus or subject
matter, which is magnitude in the case of geometry. Hypotheses are one of two kinds
of theses special to a discipline. The second kind of thesis is definition. Thus, for
Aristotle the first principles of a science are divided into axioms, hypotheses, and
definitions. It is worth noting that although Aristotle gives a rather thorough general
discussion of these ideas, nowhere does he present an extensive and detailed example
of a discipline with its principles so formulated. Aristotle does have the merit of giving
the first extant discussion of first principles in a general and systematic fashion.

Euclid. Admitting that not much is to be said about precursors of Euclid, let us turn
now to a somewhat more detailed discussion of the axiomatic method as reflected in
his Elements. Euclid begins Book I with a list of 23 definitions, 5 postulates, and 5
axioms or common notions (Heath translation, 2nd ed., 1925, 1956).> The standard
of rigor followed by Euclid in deriving the 48 propositions of Book I is remarkably
high. On the other hand, as might be expected, his approach is not in complete
agreement with modern conceptions of the axiomatic method. He does not seem to
see clearly that the axiomatic development of geometry must begin with some primitive
ideas which are not themselves defined in terms of others. Perhaps it is fair to say
that in this respect he confuses formal or axiomatic questions with problems
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concerning the application of geometry. For example, Definition 1 of Book I asserts
that a point is that which has no parts. Definition 2 asserts that a line is length without
breadth, but subsequent proofs do not really appeal to either of these definitions. What
is closer to the case is this. The concepts of point and line are in practice primitive
for Euclid and are characterized but not defined by the explicit and tacit assumptions
he makes.

Another distinction not carried over into modern discussions is Euclid’s distinction
between postulates and axioms. Proclus, in his famous commentary on Euclid (about
450 A.D.), has this to say about the distinction:

They differ from one another in the same way as theorems are also
distinguished from problems. For, as in theorems we propose to see and
determine what follows on the premises, while in problems we are told to find
and do something, in like manner in the axioms such things are assumed as
are manifest of themselves and easily apprehended by our untaught notions,
while in the postulates we assume such things as are easy to find and effect
(our understanding suffering no strain in their assumption), and we require
no complication of machinery.... Both must have the characteristic of being
simple and readily grasped, I mean both the postulate and the axiom; but the
postulate bids us contrive and find some subject-matter (vA®) to exhibit a
property simple and easily grasped, while the axiom bids us assert some
essential attribute which is self-evident to the learner . . .

Thus it is the geometer who knows that all right angles are equal and how
to produce in a straight line any limited straight line, whereas it is a common
notion that things which are equal to the same thing are also equal to one
another, and it is employed by the arithmetician and any scientific person who
adapts the general statement to his own subject.*

It is perhaps the last distinction introduced, between postulates as peculiar to
geometrical subject matter and axioms as assumptions common to all investigation,
which best represents the view adopted by Euclid himself.

Although it is easy enough to pick out certain flaws in Euclid’s Elements, and to
emphasize differences between his conception of the axiomatic method and modern
ones, the essential point remains that in basic conception and execution the axiomatic
method as reflected in his Elements is extremely close to modern views. Moreover,
the axiomatic tradition has been even stronger. Almost all important work in pure
mathematics in this century has been within an axiomatic framework.

It will perhaps be instructive to look at a few historical examples across the centuries.
Because of the interest in the theoretical sciences in this article, I shall draw mainly
upon examples which would ordinarily be associated with physics rather than with pure
mathematics, even though the distinction between the two is not clear from a formal
standpoint, as has already been emphasized. The discussion of these historical
examples is meant to highlight two important points. The first is the existence of a
continuous Euclidean-Archimedean mathematical tradition that reaches all the way
to Newton and is almost completely independent of the Aristotelian tradition of
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analysis which has seemed so dominant to philosophers during the period running from
the Hellenistic Age to the seventeenth century. The second point is that the standards
of rigor in physics, although meant to imitate those in geometry, have never actually
been as strict, starting with what is probably the first treatise on mathematical physics
as we would define it, Archimedes’ treatise on static equilibrium.

Archimedes. We may begin by looking at Archimedes’ postulates in Book I of his
treatise (taken from Heath’s edition of Archimedes’ works, 1897, pp. 189-190).

I postulate the following:

1. Equal weights at equal distances are in equilibrium, and equal weights at unequal
distances are not in equilibrium but incline towards the weight which is at the greater
distance.

2. If, when weights at certain distances are in equilibrium, something be added to
one of the weights, they are not in equilibrium but incline towards that weight to which
the addition was made.

3. Similarly, if anything be taken away from one of the weights, they are not in
equilibrium but incline towards the weight from which nothing was taken.

4. When equal and similar plane figures coincide if applied to one another, their
centres of gravity similarly coincide.

5. In figures which are unequal but similar the centres of gravity will be similarly
situated. By points similarly situated in relation to similar figures I mean points such
that, if straight lines be drawn from them to the equal angles, they make equal angles
with the corresponding sides.

6. If magnitudes at certain distances be in equilibrium, (other) magnitudes equal to
them will also be in equilibrium at the same distances.

7. In any figure whose perimeter is concave in (one and) the same direction the
centre of gravity must be within the figure.

Before examining in detail the character of these seven postulates, it may be useful
to say something about the historical setting of this treatise of Archimedes. The exact
date at which it was written is certainly not known. The usual, but not fully verified,
dates for Archimedes himself are 287 B.C. to 212 B.C.; the date of his death seems
fairly reliable because according to several sources he was killed in 212 B.C. at the
time of the Roman conquest of Syracuse. A good deal of Greek mathematics precedes
the present treatise but it occupies a unique place in the long history of mathematical
physics, because it is apparently the first systematic treatise to establish a close
relationship between mathematics and mechanics. The postulates that Archimedes
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enunciates would now be regarded as postulates for that part of mechanics labeled
statics.

There are a number of methodological comments to be made about Archimedes’
axioms. Many of the difficulties that beset them are characteristic of the problems that
have arisen throughout the centuries in attempting to give a finished formulation to
the fundamental assumptions of various branches of physics. In terms of the viewpoint
that has been developed thus far in this article, probably the most striking characteris-
tic of Archimedes’ axioms their lack of completeness. The reader feels immediately
that a mathematically complete account of the assumptions intended has not been
given. It is fair to suppose that certain of the geometrical notions are meant to be
taken over directly from Greek geometry--for example, the notion of similarity
introduced in Postulate 5--but this is not true of the concept of equal distance, of being
at equilibrium, or in particular of the concept of center of gravity. Without question,
elementary properties of the relation of two objects being in equilibrium are tacitly
assumed, for example, that the relation is transitive and symmetric. The most obvious
problem centers around the concept of the center of gravity of a plane figure. This
concept is essential to the formulation of Postulates 4, 5, and 7, but it is quite evident
on the other hand that these postulates in themselves do not provide a complete
characterization of the concept. By this I mean that if we knew nothing about centers
of gravity except what is stated in Postulates 4, S, and 7, we would not be able to
derive the theorems in which Archimedes is interested, and which he does derive. As
Dijksterhuis (1957) points out in his book on Archimedes, it is possible to argue that
the concept of center of gravity is being taken over by Archimedes from more
elementary discussions and thus really has the same status as the geometrical concept
of similarity in his treatise. On the face of it this argument seems sounder than that
of Toeplitz and Stein (published in Stein, 1930), who propose that the postulates are
to be taken as explicitly defining centers of gravity once the postulates are enlarged
by the obvious and natural assumptions.

It is also clear that a standard formalization of Archimedes’ theory, in the sense of
the first section of this article, cannot be given in any simple or elegant way. It is
possible to give a standard formalization of the part of the theory embodied in
Postulates 1, 2, 3, and 6. (For an argument that this is the first axiomatic example of
the theory of conjoint measurement, see Suppes, 1971.) Quite apart from the question
of standard formalization, which we could hardly expect for a subject like statics, there
are serious problems involved in giving a reconstruction in set-theoretical terms of
Archimedes’ postulates. In such a set-theoretical formulation, we can without difficulty
use a geometrical notion like similarity. If we take over from prior developments a
definition of center of gravity, then it would seem that Postulate 4, for example, would
simply be a theorem from these earlier developments and would not need separate
statement. Put another way, under this treatment of the concept of center of gravity,
no primitive notion of Archimedes’ theory would appear in Proposition 4 and thus
it would clearly be an eliminable postulate. The same remarks apply to Postulates 5
and 7. It would seem that Archimedes has constructed a sort of half-way house; his
postulates do not give a complete characterization of center of gravity, but on the other
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hand, they cannot be said to depend upon a completely independent characterization
of this concept.

These difficulties are the sort that have plagued foundational studies of physics and
other empirical sciences from the very beginning. The case of geometry is deceptive.
Geometry can be erected on a fairly small number of concepts, and even though
Euclid’s Elements do not represent a perfect axiomatic development, it is a
straightforward matter today to provide a completely rigorous development. In
Archimedes’ treatise on statics, as in all cases of physical treatment of the empirical
world, it is necessary to introduce more than geometrical concepts. In spite of the
clementary character of Postulates 1, 2, 3, and 6, a host of notions is introduced, which
from a formal standpoint would have to be considered as primitive. The list is
formidable considering the simplicity of the axioms: the concept of two objects being
of equal weight; a relation of comparative distance (from a fulcrum); a binary relation
for equilibrium, or at least a binary weak ordering relation in terms of which we may
define both equilibrium and the relation of "inclination"; and finally a binary operation
for combining objects, needed for the formulation of Postulates 2 and 3. The explicit
analysis of all these concepts, many of which have a very well-defined intuitive
meaning, undoubtedly seemed unnecessary to Archimedes as it has to most of his
successors in mathematical physics, but this remark about intuitive meaning is far too
simplistic. If this line of thought were to be perused with any thoroughness, it would
leave as an unexplained mystery the extraordinary Greek concern for rigor and the
deductive structure of mathematics. I see no way of providing a detailed justification
of the contrast between the incompleteness of analysis in Archimedes’ treatise on
statics and the explicitness of his own other work in geometry and that of his
contemporaries. It is perhaps reasonable to suppose that the treatise was written at
arather advanced level, and a good deal of prior analysis of the subject was assumed.

To determine the extent to which this is true would require more textual analysis than
is possible in the present
context.

In closing the discussion of Archimedes’ treatise, it is worth noting that Mach, in
his famous treatise on mechanics, seems to be badly confused on what Archimedes’
work is all about. The focus of Mach’s discussion is Proposition 6 in the treatise which
asserts that commensurable magnitudes are in equilibrium at distances reciprocaily
proportional to their weights, which is just Archimedes’ formulation of the famous
principle of the lever. Mach (1942, p. 20) is particularly exercised by the fact that "the
entire deduction (of this proposition) contains the proposition to be demonstrated,
by assumption if not explicitly." A central point of Mach’s confusion seems to be a
complete misunderstanding as to the nature of the application of mathematics to
physics. Mach seems to have no real conception of how mathematics is used to derive
particular propositions from general assumptions, and what the relation of these
general assumptions to the particular proposition is. He seems mistakenly to think
that any such proposition as the one just quoted must somehow be established directly

from experience. His mistaken sentiments on these matters are clearly expressed in
the following

passage:
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From the mere assumption of the equilibrium of equal weights at equal
distances is derived the inverse proportionality of weight and lever arm! How
is that possible? If we were unable philosophically and a priori to excogitate
the simple fact of the dependence of equilibrium on weight and distance, but
were obliged to go for that result to experience, in how much less degree shall
we be able, by speculative methods, to discover the form of this dependence,
the proportionality! (Mach, 1942, p. 19)

Mach’s mistaken views about the relation between mathematics and physics have had
a very unfortunate influence on discussions of the philosophy of physics throughout
the twentieth century.

To show that Archimedes’ lack of explicit axiomatic rigor was characteristic of other

theoretical work in ancient science I discuss briefly two other important ancient
examples.

Euclid’s Optics. It is important to emphasize that Euclid’s Optics is really a theory
of vision and not a treatise on physical optics. A large number of the propositions are
concerned with vision from the standpoint of perspective in monocular vision. Indeed,
Euclid’s Optics could be characterized as a treatise on perspective within Euclidean

geometry. The tone of Euclid’s treatise can be seen from quoting the initial part, which
consists of seven ’definitions’.

1. Let it be assumed that lines drawn directly from the eye pass through a space of
great extent;

2. and that the form of the space included within our vision is a cone, with its apex
in the eye and its base at the limits of our vision;

3. and that those things upon which the vision falls are seen, and that those things
upon which the vision does not fall are not seen;

4. and that those things seen within a larger angle appear larger, and those seen

within a smaller angle appear smaller, and those seen within equal angles appear to
be of the same size;

5. and that those things seen within the higher visual range appear higher, while those
within the lower range appear lower;

6. and, similarly, that those seen within the visual range on the right appear on the
right, while those within that on the left appear on the left;

7. but that things seen within several angles appear to be more clear.

(The translation is taken from that given by Burton in 1945.) The development of
Euclid’s Optics is mathematical in character, but it is not axiomatic in the same way
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that the Elements are. For example, Euclid later proves two propositions, ’to know
how great is a given elevation when the sun is shining’ and ’to know how great is a
given elevation when the sun is not shining’. As would be expected, there is no serious
introduction of the concept of the sun or of shining but they are treated in an informal,
commonsense, physical way with the essential thing for the proof being rays from the

sun falling upon the end of a line. Visual space is of course treated by Euclid as
Euclidean in character.

It might be objected that there are similar formal failings in Euclid’s Elements but
it does not take much reflection to recognize the very great difference between the
introduction of many sorts of physical terms in these definitions from the Optics and
the very restrained use of language to be found in the Elements. Moreover, the proofs
have a similar highly informal character. It seems to me that the formulation of
fundamental assumptions in Euclid’s Optics is very much in the spirit of what has come
to be called, in our own time, physical axiomatics. There is no attempt at any sort of
mathematical rigor but an effort to convey intuitively the underlying assumptions.

Ptolemy’s Aimagest. The third and most important example I cite is Ptolemy’s
Almagest. It is significant because it is the most important scientific treatise of ancient
times and because it does not contain any pretense of an axiomatic treatment. Ptolemy
does use mathematical argument, and indeed mathematical proof, with great facility,
but he uses the mathematics in an applied way. He does not introduce explicit axioms
about the motion of stellar bodies, but reduces the study of their motion to geometrical
propositions, including of course the important case of spherical trigonometry.

Near the beginning of the .4/magest, Ptolemy illustrates very well in the following
passage the spirit of the way in which assumptions are brought in:

The general preliminary discussion covers the following topics: the heaven
is spherical in shape, and moves as a sphere; the earth too is sensibly
spherical in shape, when taken as a whole; in position it lies in the middle
of the heavens very much like its centre; in size and distance it has the ratio
of a point to the sphere of the fixed stars; and it has no motion from place
to place. (H10, Toomer translation, 1984, p. 38)

There then follows a longer and more detailed discussion of each of these matters,
such as the proposition that the heavens move spherically. My point is that the
discussion and the framework of discussion are very much in the spirit of what we

think of as nonaxiomatic theoretical science today. There is not a hint of organizing
these ideas in axiomatic fashion.

When Ptolemy gets down to details he has the following to say:

We are now about to begin the individual demonstrations, the first of which,
we think, should be to determine the size of the arc between the
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aforementioned poles [of the ecliptic and equator] along the great circle
drawn through them. But we see that it is first necessary to explain the
method of determining chords: we shall demonstrate the whole topic
geometrically once and for all. (H31, Toomer translation, 1984)

The detailed calculations, then, on the size of chords inscribed in a circle emphasizes,
above all, calculation and would make a modern physicist happy by its tone and results
as well. This long and important analysis of computations is concluded with a
numerical table of chords.

The thesis I am advancing is illustrated, in many ways even more strikingly, by the
treatment of the motion of the moon in Book IV. Here Ptolemy is concerned to
discuss in considerable detail the kind of observations that are appropriate for a study
of the moon’s motion and especially with the methodology of how a variety of
observations are to be rectified and put into a single coherent theory.

Various hypotheses introduced in later baoks, e.g., the hypothesis of the moon’s
double anomaly in Book V, are in the spirit of modern astronomy or physics, not
axiomatic mathematics. Moreover, throughout the A/magest, Ptolemy's free and
effective use of geometrical theorems and proofs seems extraordinarily similar in spirit
to the use of the differential and integral calculus and the theory of differential
equations in a modern treatise on some area of theoretical physics.

In this analysis of the use of axiomatic methods and their absence in explicit form
in ancient theoretical sciences such as optics and astronomy, I have only partially
entered into a discussion of the philosophical analysis of the status of axioms,
postulates and hypotheses. There is a substantial ancient literature on these matters
running from Plato to Proclus, who was quoted earlier. Perhaps the best and most
serious extant discussion is to be found in Aristotle’s Posterior Analytics. As mentioned
above, Aristotle explains in a very clear and persuasive way how geometrical proofs
can be appropriately used in mechanics or optics (75b 14ff). But just as Aristotle does
not really have any developed examples from optics, mechanics or astronomy, so it
seems to me that the interesting distinctions he makes do not help us understand any
better the viewpoint of Euclid toward the “definitions" of his optics or the postulates
of Archimedes about centers of gravity cited above.

Jordanus de Hemore. The kind of axiomatic approach used by Archimedes had a
very strong influence on discussions of physics in the middle ages. Readers interested
in a comprehensive history of mechanics in this period are referred to the already
classical volume of Clagett (1959). I consider here only one important example.
Contrary to some popular opinions about the absence of any serious scientific and
mathematical developments in medieval times, scholarship in this century, beginning
with Duhem and since 1950 spearheaded by Marshail Clagett and his collaborators
and colleagues, has demonstrated otherwise. The many medieval treatises now edited
and translated by this group show clearly enough how much was going on. Moreover,
in many cases the methods used were axiomatic in the spirit of Euclid and
Archimedes. There is, in this collection, a large body of works on the theory of
weights, an important sample of which is published in Moody and Clagett (1952)-
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Probably the most important of these treatises on weight was the Liber de ratione
ponderis by the thirteenth-century mathematician Jordanus de Nemore, who was on
the Faculty of Arts at Paris.

The postulates and especially the theorems of Jordanus assume available all the
classical concepts and theorems of Euclidean geometry--without explicitly saying so,
in conformity with a long- standing tradition. Here is an English translation of
Jordanus’ seven suppositiones or postulates (Moody and Clagett, 1952, p. 175):

Postulates

1. The movement of every weight is toward the center (of the world), and its force
is a power of tending downward and of resisting movement in the contrary direction.

2. That which is heavier descends more quickly.

3. It is heavier in descending, to the degree that its movement toward the center (of
the world) is more direct.

4. It is heavier in position when in that position its path of descent is less oblique.

5. A more oblique descent is one which, in the same distance, partakes less of the
vertical.

6. One weight is less heavy in position, than another, if it is caused to ascend by the
descent of the other.

7. The position of equality is that of equality of angles to the vertical, or such that
these are right angles, or such that the beam is parallel to the plane of the horizon.

[ quote here only the second theorem of Part One, which is especially interesting
because of its clear formulation (and proof) of the stable horizontal equilibrium of
an equal-arm balance with equal weights suspended.

theorem 2. When the beam of a balance of equal arms is in the horizontal
position, then, if equal weights are suspended from its extremities, it will not
leave the horizontal position, and if it is moved from the horizontal position,
it will revert to it, but if unequal weights are suspended, the balance will fall
on the side of the heavier weight until it reaches the vertical position. (p. 177)

Newton. I next look at the initial definitions and axioms of what has been probably
the most important work in the history of modern science. The only historical point
I want to emphasize is that Newton wrote his Principia very much in the Greek
tradition of Euclid’s Elements. The mathematical methods of attack he used, and even
more the style of formulation, are very much in that tradition. In considering either
Archimedes or Newton, as well as Euclid, it is important not to be put off by the
verbal formulation of axioms and theorems. This again represents a well-established
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Greek mathematical tradition. Even though the mathematical treatises of these authors
are formulated in verbal terms to a very large extent, there is a very sharp conceptual
difference between their formulation and that to be found in Aristotle’s Physics and
in the medieval tradition that derives from Aristotle rather than from Archimedes and
Euclid. Treatises written in the Aritotelian tradition are genuinely nonmathematicai
in character. Their basic assumptions do not have any natural mathematical
formulation, and mathematical proofs of conclusions are almost nonexistent. From
the standpoint of method Descartes’s famous Principia, first published in 1644, is very
much in the Aristotelian tradition, whereas Newton's Principia, first published in 1687,
is very much in the tradition of Euclid and Archimedes. It is often asserted that the
mathematical methods of modern physics originated in the seventeenth century, and
arose after a tortuous evolution from the Aristotelian tradition of the middle ages.
The facts certainly do not seem to support such a thesis. There is a continuous
mathematical tradition in the spirit of Euclid and Archimedes running down through
the middle ages up to the seventeenth century. Certainly the continuity of this
mathematical approach strongly influenced Galileo as well. The branch of physics that
perhaps most clearly shows this continuity is astronomy. The history of both
observational and mathematical astronomy has an essentially unbroken line of
continuity running back to the pre-Greek astronomers of Babylon, and has scarcely
been affected in any period by Aristotelian modes of analysis.

Newton begins his Principia with the following eight definitions and three axioms
or laws of motion. (I have drawn upon the Cajori translation of 1946.)

Definition I. The quantity of matter is the measure of the same, arising from its
density and bulk conjointly.

Definition II. The quantity of motion is the measure of the same, arising from the
velocity and quantity of matter conjointly.

Definition III. The vis insita, or innate force of matter, is a power of resisting, by
which every body, as much as in it lies, continues in its present state, whether it be
of rest, or of moving uniformly forwards in a right line.

Definition IV. An impressed force is an action exerted upon a body, in order to
change its state, either of rest, or of uniform motion in a right line.

Definition V. A centripetal force is that by which bodies are drawn or impelled, or
any way tend, towards a point as to a centre.

Definition VI. The absolute quantity of a centripetal force is the measure of the
same, proportional to the efficacy of the cause that propogates it from the centre,
through the space round about.

Definition VII. The accelerative quantity of a centripetal force is the measure of the
same, proportional to the velocity which it generates in a given time.
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Definition VIIL. The motive quantity of a centripetal force is the measure of the
same, proportional to the motion which it generates in a given time.

Law 1. Every body continues in its state of rest, or of uniform motion in a right line,
unless it is compelled to change that state by forces impressed upon it.

Law II. The change of motion is proportional to the motive force impressed; and
is made in the direction of the right line in which that force is impressed.

Law IIL. To every action there is always opposed an equal reaction: or, the mutual
actions of two bodies upon each other are always equal, and directed to contrary parts.

It should be remarked at once that each of these definitions and laws is accompanied
by additional comments and explanation. What is important from a methodological
standpoint is how closely the initial organization of the Principia resemble Euclid’s
Elements. Just as in the case of Euclid, Newton begins with a series of definitions that
attempt to define his key concepts in terms of more familiar notions. As has already
been remarked, from a formal axiomatic standpoint, such definitions are out of place.
They certainly do have a place, on the other hand, in giving the intended empirical
meaning. However, the definitions play a more systematic role than that of simply
providing such an empirical interpretation, for they relate in a systematic formal way
various concepts occurring essentially in the formal statement of the theory. There
is no clear separation of these two aspects of theory construction in Euclid or Newton.

Modemn geometry. The historical source of the modern viewpoint toward the axiomatic
method was the intense scrutiny of the foundations of geometry in the nineteenth
century. Undoubtedly the most important driving force behind this effort was the
discovery and development of non-Euclidean geometry at the beginning of the
nineteenth century by Bolyai, Lobachevski and Gauss. Serious logical logical
deficiencies in Euclid’s Elements were also given serious attention. Early in the century,
e.g., Poncelet (1822) introduced his rather unsatisfactorily formulated principle of
continuity, which he could use to prove that if a straight line has one point inside and
one point outside a circle then it must have two points of intersection with the circle--a
result that could not be proved from Euclid’s postulates. Later, this result was shown

to follow from Dedekind’s Postulate of Completeness (1872) which had a satisfactory
formulation:

If all points of a straight line fall into two classes such that every point of the
first class lies to the left of every point of the second class, there exists one
and only one point which produces this division of all the points into two
classes, this division of the straight line into two parts. (Dedekind, 1905, p.
11)

A more directly geometrical and thus more intuitively appealing axiom that closed
a gap in Euclid was Pasch’s axiom (1882). This axiom asserts that if a line intersects
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one side of a triangle it must also intersect a second side.

It was Pasch above all who led the way to the modern formal conception of geometry
in his influential book of 1882. (An excellent detailed discussion of these developments
is to be found in Nagel (1939). Here is what Pasch says about the meaning of
geometrical concepts (translation taken from Nagel's article):

Indeed, if geometry is to be really deductive, the deduction must everywhere
be independent of the meaning of geometrical concepts, just as it must be
independent of the diagrams; only the re/ations specified in the propositions
and definitions employed may legitimately be taken into account. During the
deduction it is useful and legitimate, but in no way necessary, to think of the
meanings of the terms; in fact, if it is necessary to do so, the inadequacy of
the proof is made manifest. If, however, a theorem is rigorously derived from
a set of propositions--the basic set--the deduction has a value which goes
beyond its original purpose. For if, on replacing the geometric terms in the
basic set of propositions by certain other terms, true propositions are
aobtained, then corresponding replacements may be made in the theorem,; in
this way we obtain new theorems as conmsequences of the altered basic
propositions without having to repeat the proof. (pp. 237-238)

Pasch’s viewpoint is in all essential respects in agreement with the set-theoretical
approach to axiomatic theories outlined in the preceding section.

Pasch’s formal axiomatic approach was extensively commented on and extended by
the Italian geometers Pieri and Veronese, as well as by Peano. But clearly the most
influential work in this line of development was Hilbert’'s Grundlagen der Geometrie,
first edition, 1897. Not only was Hilbert one of the most prominent European
mathematicians at that rime, his short treatise was written in a very clear, but
clementary, way with a minimum use of mathematical notation. After Euclid it may
be the most widely cited book in the history of geometry--at least in the twentieth
century, but it is important to keep in mind that it was really Pasch rather than Hilbert
who gave the first explicit formulation of the modern axiomatic approach to geometry,
which has been so influential in the development of modern mathematics.

Hilbert and Frege. These developments, however, have not been without their
philosophical critics, especially Frege. Although Frege corresponded with Pasch,
Frege’s part of the correspondence is lost. In contrast, the surviving correspondence
between Frege and Hilbert has been widely discussed. Here is the core of Frege's

criticisms of Hilbert’s Grundlagen expressed in a letter to Hilbert on December 27,
1899:

The explanation of sects 1 and 3 are apparently of a very different kind, for
here the meanings of the words point’, ’line’, ’between’ are not given, but are
assumed to be known in advance. At least it seems so. But it is also left
unclear what you call a point. One first thinks of points in the sense of
Euclidean geometry, a thought reinforced by the proposition that the axioms
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express fundamental facts of our intuition. But afterwards you think of a pair
of numbers as a point. I have my doubts about the proposition that a precise
and complete description of relations is given by the axioms of geometry (sect.
1) and that the concept ‘between’ is defined by axioms (sect. 3). Here the
axioms are made to carry a burden that belongs to definitions. To me this
seems obliterate the dividing line between definitions and axioms in a dubious
manner, and beside the old meaning of the word ’axiom’, which comes out
in the proposition that the axioms express fundamental facts of intuition, there
emerges another meaning but one which I can no longer quite grasp. (Frege,
1980, pp. 35-36)

A little later in his long letter Frege remarks, "Thus axioms and theorems can never
try to lay down the meaning of a sign or word that occurs in them, but it must already
be laid down’.

Hilbert responds with firm words of disagreement in a letter to Frege two days later,
December 29, 1899. A central passage in the letter is the following:

You write: 'I call axioms propositions . .. From the truth of the axioms it
follows that they do not contradict one another.’ I found it very interesting
to read this very sentence in your letter, for as long as I have been thinking,
writing and lecturing on these things, I have been saying the exact reverse:
if the arbitrarily given axioms do not contradict one another with all their
consequences, then they are true and the things defined by the axioms exist.
This is for me the criterion of truth and existence. (Frege, 1980, pp. 39-40)

A way of focusing on the difference is Frege’s objection to Hilbert’s analytic model
of the Euclidean plane--with points represented by pairs of numbers--to prove the
consistency of the axioms. Frege cannot accept that this is an acceptable model of
the axioms. He is far removed in spirit from the set-theoretical viewpoint I have
adopted. The axioms of geometry are supposed to be true only of ‘genuine”
geometrical objects.

[n a later letter of January 6, 1900, Frege does concede that Hilbert’s viewpoint could
be seen as one of *placing yourself in a higher position from which Euclidean geometry
appears as a special case of a more comprehensive theoretical structure . . ." (1980,
p.43). Frege makes this statement in commenting on Hilbert’s proofs of independence
of various of his axioms. The statement by Frege just quoted seems sympathetic to
a set-theoretical approach, but Frege goes on to express his uncertainty about its
correctness.

It also must be noted that Hilbert’s own views are not as clearly put as might be
desired, but his viewpoint and the intuitions back of it became that of most
mathematicians working in the foundations of geometry. The absence of explicit
discussion in this correspondence and elsewhere at the time of the need for
representation theorems is of course a major deficiency.

Subsequent to this correspondence, Frege published several articles on the
foundations of geometry (1903, 1906) in which he spelled out in greater detail the ideas
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sketched in his letters to Hilbert. By ordinary standards, the articles are in fact prolix
and far too detailed and repetitious. But all the same, Frege does end up formulating
more clearly than Hilbert how Hilbert’s axiomatic treatment of Euclidean geometry
could be properly treated as a second-level formal theory. In the end, however, it is
Pasch’s and Hilbert’s approach to the axiomatic method that has triumphed, not
Frege’s, as far as general use in mathematics or science is concerned.

Physics. There is not a clear separation between mathematics and theoretical physics
in either Archimedes or Newton; this is to be regarded as a modern distinction. From
the standpoint of the axiomatic method, what is interesting historically is that the
theoretical physics of the seventeenth century is written as part of mathematical
treatises, and in the same, mainly geometrical, fashion. In the three centuries since
the publication of Newton’s Principia, the divergence between the deductive methods
used in mathematics and in theoretical physics has become quite pronounced. The
direction of mathematics has been to move toward increasingly well-defined standards
of rigor; the kind of set-theoretical approach outlined in the preceding section is now
the approach characteristic of the great bulk of published mathematical research.
Naturally, minor differences in style and verbal formulation of set-theoretical
definitions are to be found; but in almost all cases reconstruction of the set-theoretical
characterization is a routine affair.

This is far from being the case in theoretical physics, although even here a distinction
has begun to appear between mathematical physics and theoretical physics.
Mathematical physics is increasingly a subject done by mathematicians and a concern
for questions of rigor and clarity of assumptions is evident. Theoretical physics, on
the other hand, is done in a fashion that is very far from satisfying modern
mathematical standards. None of the historically important papers of this century in
the theory of relativity or in quantum mechanics were written in clearly delineated
axiomatic fashion. (In referring to relativity theory, I have in mind the early papers
of Einstein and Lorentz, not the later mathematical work of Minkowski, Veblen, Robb,
and others.) Even von Neumann’s book on quantum mechanics (1932) does not give
an axiomatic development of quantum mechanics, but only of Hilbert space.

It is difficult to predict the future of axiomatic methods in the empirical sciences.
There are signs, at least, that the large gap that presently separates the methods used
in physics from those in mathematics is beginning to close. Actually my views about
the gap are more complicated than this conjecture suggests. The mathematical methods
used in theoretical physics are primarily computational in nature, not merely
constructive, but computational. What is needed is a more thorough foundational study
of just those methods actually used in physics. The absence of mathematical rigor in
theoretical physics is to a large extent more apparent than real. The attempt to develop
a restricted axiomatic foundation for the mathematics actually used in theoretical
physics has been the focus of recent work by Rolando Chuaqui and me (see Suppes
and Chuaqui, to appear).

In any case, axiomatic methods are now widely used in foundational investigations
of particular sciences, as well as in the pursuit of certain general questions of
methodology, especially those concerning probability and induction. The use of such
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methods permits us to bring to the philosophy of science the standards of rigor and
clarity that are very much an accepted part of the closely related discipline of logic.

Notes

1. More needs to be said about how we describe or pick out the axioms of a theory,
and also how the concept of a valid sentence of the theory may replace the usual
concept of an axiomatized theory for certain purposes, but these matters can, I
think, be safely ignored here. For an excellent intuitive discussion the reader is
referred to the opening pages of Tarski (1953).

2. The boldface Q is used for the relation symbol of the theory. Italic Q is used for
the relation of a possible realization. Often this distinction in notation is ignored,
as it shall be at various points in Section 2.

3. Interestingly enough, Euclid does not actually use the term ’axioms’ but only
‘common notions’ (koivalphaievv o ic) although the meaning is the same
as Aristotle’s meaning of axioms or common things. On the other hand, Euclid
replaces Aristotle’s terminology of hypothesis by postulates (At 0 vigve). In
spite of the great influence of Euclid, this terminology is not fixed in Greek
mathematics but continues to change; for example, the Greek terms for postulates,
hypotheses, and assumptions are all to be found in various works of Archimedes.
But in all these cases, essentially the same thing is meant as was meant by Aristotle
in the discussion of hypotheses or by Euclid in the introduction of postulates.

4. The passages quoted are taken from T. L. Heath’s introduction and commentary
on Euclid’s Elements (Heath, 1925, pp. 122-123 in the 1956 Dover reprint).
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