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" The focus of this special session of the Thirbteenkh
Ionternational Congress on the History of Sclence is the
role and importance of logic and methodology of seience lu
the study of the history of science. I have chosen for
discussion today ocne of the most thoroughly enslyzed
treatises of ancient sclence, namely, Avchimedes® "Om the
Equilibrium of Planes®™. I do not bring te the apalysis of
the text the linguistic sophistication and depth of kuow~
ledge of ancient mathemsatics exhibited by Heath (1897) or
by Dijksterhuis (1956), but I do hope to show that recent
work in the theory of measurement casts a new light om
our understanding and appreclation of the postulates of
Book I and om a number of the propositions that follow
from these postulates. I am als¢ comcerned %o show thab
Archimedes' treatise contains what is surely the firsh
attempt to state axioms that may be regarded as axioms of
conjoint measurement. In addition, I want ‘o compare the
general theory of magnitudes in Book V of Euclid's
"Elements®™ with the level of abstraction im Book I of Are
chimedes® "Om the Equilibrium of Planes®,.

Because my focus is especially on conjoin® measure-
ment, and because the outlines of the theory of conjoint
measurement are perhaps not familiar to this audience, in
the next section I briefly develop the theory, I shall
follow mainly the discussion im Krantz, Iuce, Suppes and
Tversky (1971), where a detailed formal development, as
well as a sketch of the modern history of thé theory of

L conjoint measurement, is givens



1, Comnjoint Measurement

In many kinds of experimental or observational environ—
ments, the measurement of & single magnitude or property is
not feasible or theoretically inberesting. What is of
inmberest, however, is the Jjoint measurement of several pro-
perties simultaneocusly. The inbended representation is
that we comsider ordered pairs of objects or stimuli, The
£irst members of the pairs are drawn from one set, say A1,
and consequently represent one kind of property or magnitude;
the second members of the palrs are objects drawn from a
second set, say Az, and represent a different magnitude or
property. Given the ordered pair strusture, we shall only
require judgments of whether or not ome pair jointly has
more of the "eonjoined" attribute than a second pair.

Examples of interpretations for this way of locking
at ordered pairs are abundant, In Archimedes®! case, we
are dealing with the measurement of static moments of force
or torgques where the two properties that make up the con=
joint attribute are mass or weight and distance from the
fulcrum, Momentum is another familiar example of a conjoink
attribute, Quite different examples may be drawn from psy-
chology or economics., For instance, a pair (a,p) can repre-
sent a tope with intensity a ard frequency p, and the
problem is to judge which of the two tones sounds louders
Thus the individual judges (a,p) > (b,q) if and only if
tone (a,p) seems at least as loud as (b,qle

The axioms of conjoint measurement are stated im
terms of a single binaxry relation defined on the Cartesian
product 4, X A, Al the axioms have an elementary chéa~
racter, except for the Archimedean axiom, which I shall
not formulate explicitly along with the other axioms, but
which I discuss below, In formulating the axioms I use
the usual equivalence relatiomn ~ , which is defined in
terms of > , i.€.y (3,p) ~ (b,q) if and only if {(a,p)

> (b,q) and (b,q) = (a,p)s ILater, we shall also use
the striet orderings (a,p) > (b,q) if and only if (a,p)
> (b,q) apd not (b,q) = (a,p). The axioms are embodied
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in the following definition.

DEFINITION 1. & structure <4, by is a
conjoint structure if and only if the following axioms are
gatisfied for every a, b and ¢ in 4, and every p, g
and r imn Aas

Axiom l. If (a,p) > (b,q) and (byg) = (c,1) then
(a;,p) = (gp7);

Axiom 2. (a,p) = (byq) oz (byq) = (a,p);

Axiom 3o If (a,p) = (by,p) then (e,q) = (b,q);

Axiom 4, If (a,p) > (a,q) then (b,p) = (b,q);

Axiom 5, If (a,p) = (byq) amd (b,r) = (c,p) then
(a,r) = (e,q)s

Axiom 6, There is an x in A, such that (a,p) ~ (byx);

Axiom 7. There is & 4 in A such that (a,p) ~ (d,q);

Axiom 8. Archimedean axiom,

The intuitive conbtent of most of the axioms is appa~
rent. Axiom 1 is merely the familiar requirement of tram-
sitivity and Axiom 2 that of strong comnectivity. Axioms 3
and 4 express the independence of one component from the
other., dxioms % and 4 actually follow from the other axioms,
but in the treatment in Krantz, Luce, Suppes and Tversky
(1971), weaker solvability axioms are used than Axioms 6
and 7, and in that comtext, Axioms 3 and 4 are needeéed. In
any case, they state an important conceptual propertye
Axiom 5 states a cancellatiom property. When it is formula-
ted in terms of the equivalence relation ~ imstead of =,
it is called the Thomsen condition, esepcially in the theory
of webs. As already remarked, Axioms 6 and 7 state simple
solvability axioms. Finally, Axiom 8 must be some form of
the Archimedean axiom. Of course, Im mean not an axiom
directly pertinent to the treatise we are discussing here,
but the familiar Archimedean axiom which is usually attri-
buted to Budoxus and not to Archimedes, In its most fami-
liar form, it says that if we are given two magnitudes and

_ the first is less than the second, there is a finite multi-
® ple of the first that is larger than the sesond, To for-
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milate the axiom in explicit mathematical form in the
present comtext; with mo  concept of addition or maltipli-
cation directly given, is somewhat troublesome. Becauss

it is not important for our present discussion I shall
leave the axiom in inexpliéit forme

For subsequent discussion of the postulates stated
in Archimedes® treatise, some elementary consequences of
Axioms l-# of Definition 1 are useful.

THECREM 1. The velatiom ~ an eguivalence relation
on Ay X Ayp d.2., it is reflexive, symmetric and transitive
on Ay X bys and the relatdion > is irreflexive, asymmetric
and tramsitive om A, X A, It is also desirable to defime
corresponding relations for each component. Thus, for a
end b im &, a 2 1 b if and only if for some p in
&21 (a;p) = (b,p); and for p and q in Aav P = oq i£
and only if for some a im Ay (a;p) = (8,9)s Then as
before, we may defime for i = 1,2, x~ i¥ if and only if
x 2 iyandy = 3%3 and = > 1Y if and only if x _>;iy
apd not § = 3% Using especially Axioms 3 and 4, the
independence axioms, we may easily prove the following
theorems

THEOREM 2, For i = 1,2, the relation > ; is transi-
Give and strongly comnected om &y, the relatiom -~ i8
gn equivalence relation om A, and the relatiom >, is

reflexive, asymnetric and transitive on Aic

We can prove that any structure satisfying the axioms
of DPefinition 1 can be given either an additive or a multi-
plicative representation in terms of real numbers. Because
the multiplicative representation is most pertinent here,
we shall state the basic representation theorem in that
forme The reader is referred to Krantz, Luce, Suppes and
Tversky (1971, Chapter &) for the proof of the theorem.

THEOREM 3o Let {4y, 4,y =) be a conjoint shructure,
Zhen there exist real-valued functions ¢ ; and ¢, on
4, and A,y respectively, such that for a amd b in 4,
and p and g in A,

(a;p) 2 (byq) if and only if ¢ l(a)ip2(P) Zifl(b) @2(9.)@
&

Horeover, if (Pll and ‘P'z are any two other fumctions
with the same property, then there exist real numbers
o o Bys Bs > 0O such that

o'y =B P73

¢5 = Ba 2

provided there are elements a and b im 4 amdp i
A, guch that (a,p) > (b,p), and elements p and g in
A’B and ¢ in Al such that {csp) > (csqde

More than the theory of conjoint measurement is meed=
ed %o give a correct analysis of Archimedes? treatise, for
he obviously assumes that weight and distance are extemnsiwe
or additive magnitudes., (This poimt is documented in the
later discussiom). It will therefore also be useful to
have in front of us the modern theory of extensive magni-
tudes. A rather complete presentation of the theory is %o
be found in Kranmtz, Luce, Suppes and Tversky (1971; Chapter
3). Because of their relative simplicity I shall state
here the axioms of Suppes (1951). In this case the Archi-
medean axiom is easily stated explicity. & binary cpera-
tion o on the set A of magnitudes, as well as a binary
relation = is introduced, and we define recursively
1x = x and nx = (n=-1)x ox, As before, the relatioms -~
and > are defined as expected im terms of = o

DEFINITION 2. A structure {4, > , o) is & struc-
ture of extensive magnitudes if and only if the following
axioms are satisfied for every as, b and ¢ ip A2

Axiom 1, If 2 ¥ and ¥ > z then x = 33

Axiom 2 (xoyloz = xo(yoz);

Axiom 3. If x 2 y then x0zZ = ZOY3

Axiom 4 If =x > y Lhen there is 2 2z in A such
that = ~ yoz;

Axiom 5, xoy > X3

Axiom 6, If x > y  then there is a patural number

@ n guch that y 2 DX




The six axioms of Defimition 2 have am chvious conbent when
A iz a seb of positive mumbers closed under addition amd
substraction of smaller numbers from larger omes, 2> 1is
the mumerical weak inequality and o© is the operation
of additione It should be noted that Axiom 3 combines
momotonicity and commutativiity. The numerical imterpreta-
tioe just given is itself the basis of the following repre=-
senbation theorems

THEOREM 4, Lot (4, =, o) be a structure of extensive
magnitudes. Then there exists a real-valued functiom ¢
on A guch that for a andb im 4

a>b if and omly if @ (a) > ¢ (b),

#(a ob) = p(a) ¢+ ¢(ble

Moreover, if (' is amy other such fumction then there is
a real pumber of > O such that ¥'= (e

20 Archimedes® Postulates

With the axioms of conjoint and extensive measurement
given above as background, let us now turn to Archimedes®
postulates at the beginning of Book I of On the Bguilibrium
of Planese I cite the Heath translabions

®T postulate the followings

"1, Bouel weights at equal distamnces are in equilibrium,

and equal weights at unequal distances are not in equilibrium
but ineline towerds the weight which is at the greater
distances

"2, IFf, when weights at certaim distances are im
egnilibrium, something be added to one of the weights, they
are not im eguilibrium but ihcline towards that weight to
which the addition was made,

"3e Similarly, if emything be taken away from one
¢f the weights, they are mot in equilibrium but incline
towards the weight from which mothing was taken,.

"4, Wher equal and similar plane figures coimcide if
applied to one amnotber, their cenmtres of gravity similarly
coincides
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"5, In figures which are wnequal but similar the
centres of gravity will be similarly situated, By poimts
similarly situated in relation to similar figures I mean
points such that, if straight lines be drawn from them to
the egual angles, they made equal angles with the corres-
ponding sides, -

"6, If magnitudes at  certain distances be in equi~
librium, (other) magnitudes equal to them will also be in
equilibrium at the same distanees.

®9, In any figure whose perimeter is concave im (one
and) the same direction the centre of gravity must be
withim the figure,®

Looking at the postulates, it is clear thal postulates
l, 2, 3 and 6 fall within the general conceptual framework
of conjoint measurement, but the remaining postulates intro-
duce geometrical ideas that go beyomd the general theory
of conjoint measurement, I shall have something more to
say about these geometrical postulates later, For the mo-
ment I want to concentrate on what 1 have termed the gon-
Joint postulates., The wording of Postulates 2 and 3 makes
it clear that Archimedes treated weight as an extensive
nagnitude. We shall thus assume that XY= (W, > 190>
is a structure of extensive magnitudes, that <W X D, 2:>
is a conjoint structure, and that >, of 2 is %he
defined relation 2:1 of the conjoint structure, Also,
to formulate Postulate 3 explicitly we need a subtraction
operation that is well-defined for exbtensive structures:

-If x >ythen X =Fy=2z if and ondy if x =y 0 z.

The formulation of Postulates 1, 2, 3 and 6 then
assumes the following elementary form, with subscripts
of = 1 and = > dropped to simplify the nobation.

lae If Wy ~ Wy and d; ~ d, then (wy,d9) ﬂJ(Wa,d2>e

Yo, If w) ~ wy and d; > d, then (wy,d;)>(wy,d,)e
2. If (wl,dl) ~ ( Wa’d2> then (wlo x,dl) >(w2,d2)@
3. If (wl,dl) ﬂf(wz,da) and Wy > X then

Q (Wl,dl) > (Wa - x,de)



6, If (Wlsdl)fv(wzpda)n Wz~ Wy and Wy v Wy
then (w5,dl) ~ (wmda),

The first three propositions of Book I can be praved
from these purely conjoint postulates and the assumptiom
that weight is an extensive megnitude, For debtailed analysis
I cite the Heath translation of the propositions and their
procfs,

"Proposition L,

"Weights which balance at equal distances are gqual.

"For, if they are unequal, take away from the greater
the difference between the two, The remainders will then
not balsnce /Poste 373 which is absurd,

"Therefore the weights cannot be unequal,

"Proposition 2.

"Unegual weights at equal distances will not balance
but will incline ‘Lowards the greater weight,

"For take away Irom the greater the difference between
the two, The equal remainders will therefore balance /Posts
1/. Hence, if we add the difference agasin, the weights
will not balance but incline towards the greaster /Poste. 27

"Proposition 3,

"Unequal weights will balance ab unequal distances,
the greater weight being at the lesser distancee.

"Let A, B be two unequal weights (of which A is
the greater) balancing about C at distances AC, BC
respectivelys

"“Phen shall AC be less than BC., For, if not, take
away from A the weight (4 ~ B), The remainders will then
incline towards B /Post. 3/. But this is impossible, for
(1) if AC = CB, the equal remainders will balance, or (2)
if AC > CB, they will incline towards 4 at the greater
distance /Post. 17.

“Hence AC < CB,

“Gonversely, if the weights balance, and AC < CB, .
then 4 > B"
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My aim is to catch the spirit of Archimedes® formmlat-
ion of these first three propositioms and their prcofs withe-
in the formalization I have givem, To be as explicit as
possible about my procedure, I use in the proofs elementary
properties of extensive megnitudes that follow Irom the
axioms of Definitiom 2, but omly properties of comjoint
structures that follow from Archimedes® postulates, mot the
full set of Definition l.
Proposition 1. If (wyed;) ~ (wy,d,) and d, ~~d, then

wy ™ w2 .

Proof, Suppose Wy > Wpe Let 2z = Wy = Woe Then W o=
z NV Woe Then by Postulate la

) (wy = 23d;) V (W5d5)s
but by Postulate 3 and the hypothesis of the theorem
(2) (Wzsda) > (Wl Lad Z'dl)9

and (1) and (2) are from the definitions of > and
jointly absurd.
Proposition 2o If w1> W, and d‘l e 412 then
(Wl’dl) > (Wzgda)u
Proofe Let z = Wy = Wye Then Wy =z MWy and by Postue
late la
(wl - z,dl) ~ (wz,da)a
Therefore, by Postulate 2
(Qwy = 2) o0zq,d9) > (wy,d,)
amd (w; =~ zl) oZy = Wyy SO
(W]_”d]_) > (Wasdz)ﬁ
Proposition 3o If Wy > W, and (wy,4;) ~ (¥,45)
(wz,dz) thea d, > dln
Proof. Suppose not d, > dl. Let z = Wy = Wae Then by
Postulate 3,
(1) (W29d2) > (Wl - Z’dl)’
but this we shall show is absurd. First if dl e Y ther
by Postulate la
2 (Wl - zlgdl) thd (Wgﬁdz)a



and (as im the proof of Prop.l) (1) amd (2) are joinbly
#bsurd, Om the other hand, if d, > d,, then by Postulate 1b

(5) (wl = zl’dl) > (Wgndz)
and (1) amd (3) are Jolmbtly absurd (from the asymmetry of

> Jo Hemece d, > dye

On the point my formalizaetion is clearly not faithful
to Archimedes. I have replaced his symmetrical relatiom
umnesgual by the asymmetric > , but this is a trivial formal
difference, easy to eliminate 1f desired,

The remaining propositions of Book I use the concept
of cember of gravity either in their formumlations or proofs,
and I defer the consideration of this much disputed com
cepty

The postulates and propositions as I have reformulated
them above are a part of the elementary theory of conjoint
measurement on the assumption that the first component is
a structure of extemsive magnitudes as well, A casual peru-
sal of modern textbooks omn mechanics reveals quickly enough
that postulates like the ones formulated here are not an
explicit part of modern discussions of static moments of
force, The reason is simple., Once a numerical representation
is assumed, explicit conjoint axioms are not necessary. Take
Postulate la, for instance, and use the multiplicative re-
presentations

I <pl(wl) = gal(wa) and Qﬂe(dl) = 902(112) them

p1(wy) Paldy) =Py (W) P5(d5),

but this is Jjust an elementary truth of arithmetic and con-
sequently nobt necessary to assume.

The importawt historical fact is that the concept of
& numerical representation was missing im Greek mathematics,
and consequently explicit conjoint axioms were meeded, There
seems little doubt that Archimedes?® statement of such axioms
is historically the earliest instance of an explicit appro-
ach to conjoint measurement, certainly at least in terms
of extant texts of Greek mathematics and science.
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It has been noted by many modern commentators thatb
Greek mathematicians were completely at ease in comparing
ratios of different sorts of magnitudes, €.ge; the ratio of
two line segments to that of two areas, Given this tradit-
iom it is natural to query why Archimedes did mot state bhe
Postulates of Book I im terms of ratiocs, The answer it
seems to me is cleares Proof that two weights balance at dis-
tances reciprocally proportional to their magnitudes, which
is Propositions 6 and 7 of Book I, is the Greek equivalent
of a numerical representatiom theorem im the theory of
measurement, The coamjoint postulates that Archimedes for-
mulates provide a simple qualitative basis from which the
Greek "representation theorem®™ can be proved, (I shall have
more to say later about this proof).

T know of no other instance of conjoint comcepts inm
Greek matlematics and science, Certainly modern examples
like momentum were not considered, amd no such concepts
were needed in Archimedes? obher physical work, "On Float-
ing Bodies". It is perhaps for this reason that the level

of abstractiom to be found, for exemple, in Book ¥ of Buclid’s

wElements" is not reached im "On the Equilibrium of Planes“@l
A higher level of abstraction was superfluous because other
pairs of magnitudes satisfying like postulates were nob
knowne

3o Cenmbters of Gravity

The most difficult conceptual problem of Archimedes®
treatise concerns the status of the concept of  center of
gravity of a plane figure. This cobncept is essential to the
Pormulation of Postulates 4, 5 and 7, but it is quite evie
dent on the other hand that these postulates in themselves
do not provide a complete characterization of the concepto
By this I meanm that if we knew nothing about centers of
gravity except what is stated in Postulated 4, 5 and 7,
we would not be able to derive the theorems in which Archi=
medes is interested, and which he does derive. As Dijkster-
hius (1956) poimts out, it is possible to argue that the
concept of center of gravityis being taken over by Ar-
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chimedes from more elementary discussions and thus really

* has the same status as the geometrical concept of similarity

in his treatise, On the face of it this argument seems
sounder than that of Toeplitz and Stein (published in Stein
(19%0)), who proposs that the postulates are to be taken as
implicitly defining centers of gravity cmce the postulates
are enlarged by the obvious and natural assumptions.

It is also clear that a standard formalization of Ar-
chimedes®' theory, in the sense of modern logic, camnot be
given in apny simple or elegant waye. It is possible to give
the standard formalization of the part of the theory embo=-
died in Postulates 1,2, 3 and 6, a3 we have seen in the
previous section.

Quite apart from the question of standard formalization,
which we could bardly expect for a subject like statics,
there are serious problems inveolved in giving a reconstruct-
iom in set=theoretical terms of Archimedes! postulates. In
such a set-theoretical formulaticn, we can without difficulty
use a geometrical notion like similarity. If we take over
from prior developments a definition of center of gravity,
then it would seem that Postulate 4, for ezample, would
simply be a theorem from these sarlier developments and
would not need separate statement, Put another way, under
this treatment of the comcept of cemter of gravity, no pri-
mitive notion of Archimedes® theory would appear in Postula-
te 4 and thus it wonuld clearly be an eliminable postulate.
The same remerks apply to Postulates 5 and 7. It would seem
that Archimedes has constructed a sort of half-way housej
his postulates do not give a complete characterization of
centers of gravity, but on the other hand, they cannot be
said to depend upon a completely independent characterizate=
ion of this concepte

It is worth nobing that the fundamenbtal pair of propo=
sitions (6 and 7) asserting the law of the lever, or, What
we may also term, the law of static torque, does not really
need any geometrical facts about centers of gravity, as
do later prepositions, and the whole of Book IT. Archimedes
could have used something like the following definition to
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get as far as Proposition 7¢ the center of gravity of
(wy,4,) and (w,,d,) is the distance dy such that (wy,8, =
d3> ~ (wz,d5 - dl). This definition assumes that distances
are extensive magnitudes, but there is little difficulty
gbout this assumptions It seems obvious to me why it is
unlikely Archimedes even momentarily would have considered
such a definitions The mathematically difficult and gecmete
rically significant propositions all deal with the centers
of gravity of geometric figures, in fact, the whole of Book
II is concerned with finding the cemters of gravity of
parabolic segments, and for this purpose a geometric concept
of center of gravity is a necessity.

In closing the discussion of Archimedes! treatise, it
is worth noting that Mach, in his famous treatise on mecha~
nics, seems to be badly confused on what Archimedes® work is
all about., The focus of Mach's discussion ig the famous Pro-
position 6 asserting that commensurable megnitudes are in
equilibrium at distances reciprocally proportional to their
weights, Mach is particularly exercised by the fact that
"the entire deduction (of this proposition) conmtains the
proposition to be demonstrated by assumption if not explie=
citly." (Mach, 1942, p.20). & central point of Mach®s cone
fusion seems to be a complete misunderstanding as to the
nature of the application of mathematics of physics, Mach
séems to have no real conception as to how mathematics is
used to derive particular propositions from general assumpb-
ions, and what the relation of these general assumptions to
the particular proposition ise He seems mistakenly to think
that any such proposition as the one just quoted must some=
how be established directly from experience, His mistaken
sentiments on these matters are clearly expressed in the
following passages

"From the mere assumpbtion of the equilibrium of equal
weights at equal distances is derived the inverse proportion-
ality of weight and lever arm! How is that possible? If we
were unsble philosophically and a priori to excogitate the

. simple fact of the dependence of equilibrium on weight and

distance, but were obliged to go for thaet result fo experli-
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ence, in how much less a degree shall we be able, by specu=-
lative methods, to discover the form of this dependencs,
the proportionalityl" (Mach, 1942, p.19).

This last quotation shows, it seems to me, the basic
fact that is usually nobt explicitly admitted in discussing
Mach's views on the foundations of mechanics. He simply had
n¢ coherent or reasonable conception of how mathematics can
be used in science, and his wrong-headed analysis of Archi-
medes is but one of many instances that support this cone
clusion,

4, General Methodological Remarks

My somewhat detailed analysis of Book I of "On the
Equilibrium of Planes™ has intended to show how the continued
development of logi¢ and the methodology of the science can
bring new insights and deepen our understanding even of
much discussed topics of ancient mathematics or sciemce, In
the particular case at hand I am comvinced that a full mo-
dern appreciation of Archimedes® postulates requires a knowe
ledge of the theory of conjoint measurement,

Given the verbal and linguistic traditions of Greek ma-
thematics, a clear view of the Greek attitude toward abstrac—
tion and formality is not easy ieither to formulate or de-
fend. It does seem to me that the most prominent moderm
conmentators on Archimedes, Heath and Dijksterhuis, have
too musch in mind the categorical theory of classical analy=-
gis as developed by Weierstrass and others in the nineteenth
century, They too readily think of the Greek theory of
megnitudes as the Greek theory of real numbers, and not
sufficiently as a noncategorical theory in the spirit of
modern mathematics or the quotation from Aristotle given in
footnote L. )

I would like to expand upon these ideas,

One of the most general and useful set-theoretical no=
tions that may be applied to models of a theory is the cone
cept of two models of a theory being isomorphics. Roughly
speaking, two models of a theory are isomorphic when they
exhibit the same structure from the standpoint of the basic
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concepts of the theory, The point of the formal definitlion
of isomorphism for a particular theory is to make this no=
tion of game structure precise, It is to be emphasized,
however, that the definition of isomorphism of models of a
theory is not dependent on the detailed strudture of the
theory, bub is in fact sufficiently independent often te ba
termed “axiom-free®, The use of the phrase "axiom-free" in-
dicates that the definition of isomorphism depends only

on the set=theoretical character of models of a theory, Thua
two theories whose models have the same set-theoretical
structure, but whose substantive azxioms are quite different,
would use the same definitlon of lsomorphism,

In attempting to characterize the nature of the models
of a theory, the notion of isomorphism enters in a central
ways Perhaps the best and strongest characterization of
the mcdels of a theory is expressed in terms of a significant
representation theorem., By a representation theorem for a
theory the following is meant, 4 certain class of models
of a theory distinguished for some intuitively clear con-
ceptual reason is shown to exemplify within isomorphism
every model of the theory., More precisely, let 7/ibe the set
of all models of a theory, and let A be some distinguished
subset of M, A representation theorem for 77 with respect
to A would consist of the assertion that given any model
M in 77 there exists a model in A isomorpbic to M, In
other words, from the standpoint of the theory every possible
varlation of model is exemplified within the restricted set

B » It should be apparent that a trivial representation
theorem can always be proved by taking B8 =77 . A represen-
tation theorem is Jjust as interesting as the intuitive sig-
pificance of the class A of models and no mere S0, An
example of a simple and beautiful representation thecorem
is Cayley?s thecrem that every group is isomorphic to0 a
group of transformations, One source of the concept of a
group, as it arose in the nineteenth century, comes from
consideration of the one-one functions which map a sef
onto itself, Subh functions are ususlly called transformate
ions., It is interesting and surprising that the usual
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axioms for groups are sufficient to characterize treansformate
ion in this abstract sense, namely, in the semse that any
model of the axioms, i,e., any group, can be shown to be
isomorphic to a group of transformations,

Certain cases of representation theorems are of special
interest, When the set & can be taken to be a unit set,
then the theory is said to be categorical, Put another way,
a theory is categorical when any two models are isomorphic,
Thus, a categorical theory has within isomorphism really
only one model, Examples of categorical theories are the
elementary theory of numbers when a standard notion of set
is used, and the elementary theory of real numbers with the
same standard notion of set, It has sometimes been asserted
that one of the main differences between nineteenth and

twentieth~century mathematics is that nineteenth-century

mathematics was concerned with categorical mathematical the-
ories while the latter desls with noncategorical theoriesq

It is doubtful that this distinction can be made historically,
but there is certainly a rather sharp conceptual difference
between working with categorical and noncategorical theories,
There i1s a clear sense in which noncabtegorical theories are
nore abstract,

From a psychological standpoint a good gase can pro-
bably be made for the view that a theory is regarded as
abstract when the class of models becomes so large that any
simple image or picture of a typical model is not possible,
The range of models is too diverse; the theory is very non=-
categorical, Another closely related semse of "abstract" is
that certain intuitive and perhaps often complex properties
of the original model of the theory have been dropped, as
in the case of groups, and we are now prepared to talk about
models which satisfy a theory even though they have a much
simpler internal structure than the original intuitive mo-
del, This meaning of "abstract™ is very close to the ety=
mological meaning.

Most of the serious work on Greek mathematics has been
dominated by scholars brained in the attitudes of nineteenth-
century mathematics, Much yet needs to be done from a modern
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viewpoint to appreciate in a deeper way the implicit cone

ceptions of rigor and abstraction that are to be found in
Greek mathematice,

. The modern conception of a representation theorem de~
fined above has already been mentioned as a way of looking
at Propositions 6 and .7 of the treatise I

have discussed
It would, it seems to me, ’

be of imberest to see how much,
Greek mathematics can be analyzed as the search for a @D
resentation theorem, and what sort of representation was
regarded. as acceptable, Archimedes® work especially is
full of beautiful exampleso2 ‘
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Footnotes

1 The attitude toward abstraction is very clearly ax-
pressed by Aristotle in the "Posperior Anslytics" (Book I,
5, 748 17=25), "An instance of (2) would be the law that
proportionals altermate, Alternation used to be demonstrated
separately of numbers, lines, solids, and durations, though
it could have been proved of them all by a single demonstrat-
ion, Because there was no single name to denote that in
which numbers, lengths, durations, and solids are identical,
and because they differed specifically from one another,
this property was proved of each of them separately., To-day,
howaver, the proof is commensurately universal, for they
do not possess this attribute gua lines or gua numbers, but
qua menifesting this generic character which they are pos-
tulated as possessing universallye" The reference to (2)
is to ope kind of error we can make in drawing a conclusion
that is too specific or concrete, Errors of type (2) arise
“when the subjects belong to different species and there is
a higher universal, but it has no name," (74a 7)

2 A favorite of mine is the first proposition of Measu-

rement of a Circle, "The area of any circle is equal to a

right-angled triangle in which one of the sides about the
right angle is equal to the radius, and the other to the
circumference, of the circle,"
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Pesnue

llenb ZaHHOTO HOEN&ZA = BHACHATS DONB ¥ SHAUSHUE JOTH-
EE ¥ MeTOJONOTHM HAYHM JJif WSyUEHHS WCTODUM HAYRH. B CBA3K
C 9THM B JOHKIaZE aHaNu3upyercd coumuenme Apxumerna "0 pasuO~
Becunmockocret" (xmura I). llpexze, YeM IPUCTYOHTH K aHA-
IM3y COUMHGHMA ADXUMEZa, aBTOD Z&eT HPATKOe WUBIOKGHUE AH-
CHOMETHKN COBDGMSHHON TEODUM COIPHANSHHHX M3MEepEeEMil. AXCHOMA =
TUHA ZOCTATOYHO IPOCTa, MHTYMTMBHO TNOHATHA. Ha OCHOBE ar=
CUUM ZOKA3WBAG@TCHE PHI TEODEM.

3aTeM M3NaranTCA HOCTYJNaTH ApXumMeza Tak, Kak OHE
WBNOKEHH B €0 COUMHEHUM, ¥ NPUBOZUTCA DAA TOOpeM C /JoKa-
3aTeILCTBAMU. IIpH COLOGTABAGHAW DOCTYAATOB M TEOpeM ApXume=
Za 1 TeOpUM CONDANEHHHX W3MEDPeHUit 00HAPy®MBAEGTCH UX N3BECT=
HAf SHEBMBANEHTHOCTE, JTO NO3BOAHET TIyGxe NOHATH CYWLECTRO
HaYUHHY ¥ MATEMATWYeCKUX IPeZCTaBICHMN ZpeBHMX I'DEK0B. B
CBHABM C ATUM OTMeYanTcA OmnCR® Maxa B MCTONKOBABUY MeXaHH-
K ApXuMeZa.

llo MHeHWN aBTOpa, NONHAH COBPEMGHHAA OLEHKA APXAMELO-
BHX NOCTYZNATOB HEBO3MOXHA (€3 3HaHMUA COBPEMEHHOH TeOpuMM
COUPAXGHHHX M3MepeHnits OTchza cuexyeT, dYTO KpymHeimme
HCCNEeZ0oBaTeny TBODpUeCTBA Apxwmerna Heath Tele N Digkster=
buis B, Je HCXOZMIN U3 HEeBEDHHX KOHNENTYANLHHX CXEM.
Ouz WMTepnpeTMpOBANM COuUMHEHMA ApXuMeZa Ha OCHOBE KaTellw
PHANBHOTC anuaparsa KIaCCHYEeCKOTO aHamusa, B TO BpeMA KaR
uzen Apxmmezna ZaleKO BHXOLAT 3a LPEJETH YMCTO TEOPETUUECKO-
qUCI0BOH 00nacTH. YKA38HWA HA BO3MOKHOCTE 1I0CTDPOSHHA TaKHX
00Jiee OOHMX TEOpWi MMENTCH yX6 y ApUCTOTEnH,

B roxue noxmaza o6CYyEIaeTCHA METOLOIOTHUECHKAS IIOIOT=
BOPHOCTH HCHONB30BAHMA NOHATHH "MOzems" U "msomopduam"
0COCGEHHO ZNH HEUNONHHX Te0DHe

Harpng CYNIEC (CHA)
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