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, The focus of this special session of the Th:i.:rt(i!l\i1iJ11tl~ 

International Congress on the Histor.y of Science ia tha 
role and importance of logic $Jld methodology of EH:,ie~® .1>:::, 

the study of the histOI7 of sciencee I have chose~ for. 
discussion tod~ one of the most thoroughly analyzed 
treatises of ancient sCience, namely, L~chimedest ~On t~~ 
Equilibrium of' Planestt ~ I do not bring 'to the amlysis of' 
the text the linguistic sophisticatio~ and d~pth of 
ledge of' ancient mathematics e:r.hibited bY' Heath (1897) OJ:" 

by Dijksterhuis (1956), but I do hope to shmll' that rec,e:rxh 

work in the theory of measurement casts a new light on 
our understanding and appreCiation of the postulates of 
Book I and on a number ot the propositions that follow 
from these postulateso I am also concerned to show that 
Archimedes f treatise contains what is surely the ::lI':::trs'~~ 

attempt to state axio:m8 that may be l.~egarded as axJ.oms of 

conjoint measurement~ In addition, I want to compare tb~ 
general theory of magnitudes in Book V of' Euclid m S 

tlElementsn with the level of' abstraction in Book I of .lu!­

chlmedes' "On the Equilibrium of Planes"0 
Because my focus is especially on conjoint measure­

ment, and because the outlines of the theory of conjoint 
measurement are perhaps not familiar to this audience, in 
the next section I briefly develop the theory. I shall 
follow mainly the discussion in Krantz, Luee, Suppes and 
Tversky (1971), where a detailed formal development, as 

~ well as a sketch of the modern history of the theory of 
~ conjoint measurement, is given. 
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1& Co.joint Measurement 

In Ill8J:JY kiDde ot experimental or observational emriroD. .... 
mentsl) the measurement of a single mag:nitude or property is 
not feasible or theoretically interesting. What is of 
interest, however, is the joint measurement of several pro­
perties simultaneously. The intended representation is 
that we consider ordered pairs of objects or stimuli. The 
first members of the pairs are drawn. from one set, sa::! .11' 
and consequently represent one kind of property or magnitude; 
the second members of the pairs are objects drawn from a 
second set, say A2t and represent a different magnitude or 
property. Given the ordered pair structure, we shall only 
.require judgments of whether or not one pair jOintly has 

more of the "conjoinedt• attribute tban a second pair. 
Examples of interpretations for this way of looking 

at ordered pairs are abundantG In Archimedes' case, we 
are dealing with the measurement of static moments of torce 
or torques where the two properties that make up the con .... 
joint attribute are mass or weight and distance from the 
fulcrum. Momentum is another familiar example of a conjo~t 
attribute. ~ite different examples may be drawn from psy­
chology or economics. For instance, a pair (a,p) can repre­
sent a tone with intensity a and frequency p, and the 
problem is to judge which of the two tones sounds louder. 
Thus the individual judges (a,p) ;::: (b,q) if and only if 

tone (a,p) seems at least as loud as (b,q)~ 
~he axioms of conjoint measurement are stated in 

terms of a single binar~ relation defined on the Cartesi~ 
product ~ X A2" All the axioms have an elementary cha­
racter, except for the Archimedean axiom, which I shall 
not formulate explicitly along with the other axioms, but 
which I discuss below. In formulating the axioms I use 
the usual equivalence relation 'V ,which is defined in 
t~rms of;::" II L.a .. , (a,p) rv (b,q) if and only if (a.,p) 
~ (b, q) and (b, q) ~ (a,p)!II Later~ we shall also use 

the strict orderiDg: (a,p) > (b, q) If and only if (a,p) 
"> (b~q) and not (b~q) 2':. (a,p)& The axi.oms are embodied 
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in the following definitio~ 

DEFINITION l!! A structure ~lll A29 .2; > 1£ ! 
conjoint structure if and onls if the following axioms are 

satisfied ~ evey at b and e .!.l! Al ~ eveg P. q 

~ r ila AZI 

Axiom. ~. It (a,p) ~ (b,q) ~ (biq) ~ (e.,I') ~ 
(a$p) .?=: (9,r); 

~ 2. (a,p);:::: (b,q) .2£ 
~ 3. U (a,p) 2: (b,p) 
~ 49 II (a,p) ~ (a,q) 

~ 5. U (a.,p) .?: (b,q) 
(a,r) ~ (c,g); 

(b, q) ~ (a,p); 

~ (a,q) ~ (b,q); 

~ (b~p).?:: (b,q); 

~ (h,I') ~ (c,p) ~ 

Axiom 6. There ll.!! x !.a A2 ~ ~ (a,p) "" 
Axiom 7. ~ 1@.!!. d ~ Al ~ ~ (a,p) 'V (d,q); 

!!l2m 8. Archimedean ~e 

The intuitive content of most of the axioms is appam.<> 

rent. Axiom 1 is merely the familiar requirement of tran­
sitivity and Axi.om 2 that of strong connectivity. Axioms :; 
and 4- express the independence of one component from the 
other. Axioms 3 and 4 actually follow from the other axioIDS j 

but in the treatment in Krantz, Luce, Suppes and Tversky 
(1971), weaker solvability axioms are used than Axioms 6 
and 7, and in that context, Axioms 3 and 4 are needed® In 
any case, they state an important conceptual property@) 
Axiom 5 states a cancellation property. Whe~ it is formula­
ted in terms of the equivalence relation "'" instead of 2: ., 

it is called the Thomsen condition, esepcially in the theory 
of webs. As already remarked, Axioms 6 and 7 state simple 
solvability axioms. Finally, Axiom 8 must be ~ome form of 
the Archimedean axioms Of course, 1m mean not an axiom 
directly pertinent to the treatise we are discussing here, 
but the familiar Archimedean axiom Which is usually attri­
buted to Eudoxus and not to Archimedes<\» In its most fami­
liar form, it says that if we are gi van two magnitudes and. 

_ the first is less than the second, there is a finite multi­
~ pIe of the first that is larger than the seeond. To for-
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mUlate the axiom :i.:m. e:.:Q;>lici t :mathematical form in the 
present context~ with no concept of addition or multipli­
catio~ directly given, is somewbat troublesomee Becaue~ 
it is not important for our present discussion I shall 
leave the axiom in inexplieit form. 

For subsequent discussion of the postulates stated 
in Archimedas t treatise, some elementary consequences of 
Axioms 1-4 of Definition 1 are usetUl~ 

THEOREM 1. !he r~~ rv is ~ eguivalenc! l"elatio1Jt 

.2! A1 x A2!1 !,o5!", !i II reflexiveji s;t:mn1etric ~ :&r~itive 
2!!: ~ x~; aBS....the relat1pl:l > .!! i:rreflexiv~!t ~Y'lILlBetJ'.'ic 

!Y!! i£ansiti'!! .2! Al x A.20 It is also desirable to define 
corresponding relations for each component'f> Thus, for a 
and b 1m. Al~ a 2 1 b if and only if for some p in 

(a,p) ~ (b,p); and for :p and q in A2 , p ~ 2<1 it 
and only if for some a in .lIt (a~p) ~ (a,q)o Then as 
before, we may define for i = 1,2~ x~ i Y i~ and only if 

:it 2: 1"3' and '1 2: i X ; and x > iil if' and only if x ~ i Y 
and not y ~ 1x~ Using especially Axioms 3 and 4, the 
independence axioms, we may easily prove the following 
theorem* 

THEOREM 20 ~ i ::: 1,2, ~ relati<m, .>. i 1§. gansi­
tive ~ strong1l connected Q!: Ai' l~ t.e).atio~ rv i ![ 
~ eguivalen~~ relatio~ ~ Ai ~ ~~ relation >:1 ~ 
irreflexivaj)....,!.symmetriq, ~ transitive .2n Ai" 

We can prove that a.:oy structure sat;isfying the axioms 
of Definition 1 can be given either an additive or a multi­
plicative representation in ·terms of real numbers~ Because 
the lID~ltiplicative representation is most pertinent here~ 
we shall state the basic representation theorem in that 
fOr.m0 The reader is referred to Krantz 0 Luce, Suppes and 
Tversky (1971, Chapter 6) for the proof of the theorem. 

THEOREM: 3 41 ~ <Ai' A2 ~ .2: > ~ ~ 9,9nj oint structure It 
~ ~ ~ ~v~ functions c.p 1 ~ <p 2 .2n 
Al ~ ~il respectiv,.?)..Z, ~ ~ £2£ a anll b ~ Al 
andp~q!sA2 

(a.!)p) 2 (b~q) if ~ 9~Y ~ <.0 1(a)~2(p) ~4'l(b) CP2(Q)@ 

Moreover,!! t.p '1 ~ VJ I 2 !!:.! ~ two. ~ f'UJl.ctions 
with ~ ~ propertYt ~ ~ ~ ~ numbers 

~ ,h"2 > O~~ 

CPil = Pl <p~ 

provided ~ Y! ~lements a ~ b 1i A:L !84 p 
~ ~ ~ (a,p) > (h,p), ~ elements p ~ q 

A2 ~ c!!: Al ~ ~ (c,p) > (c,q)& 
More than the theory of conjoint measurement is need-

ed to give a correct analysis of Archimedes' treatise~ for 
he obviously assumes that weight and distance are exte:o.sive 
or additive magnitudes. (This point is documented in the 
later discussion). It will therefore also be useful to 
have in front of us the modern theory of extensive magDi­
tudes. A rather complete presentation of the theory is to 
be found in Krantz, Luce t Suppes and Tversky (1971iJ Chapter 
3). Because of their relative simplicity I shall state 
here the axioms of Suppes (1951). In this case the Archi~ 
me de an axipm is easily stated explicity. A binary opera­
tion 0 on the set A of magnitudes, as well as a binary 
relation ~ is introduced, and. we define recursively 

Ix = x and nx = (n-l)x ox. As before, the relations ~ 
and > are defined as expected in terms of .::: @ 

DEFINITION 2. ! structure < At ~ jl 0 > ~ ~ ... 
ture of' erlensi ve magnitudes if and only 14: ~ followi!'!@) 

f f b and c _in A: axioms ~ satis ied ....Q£ every. at _ 
Axj om 1. If x ~ y ~ y ~ z ~ x ~ 21; 
Axiom 2. (xoy)oz .::: xo(yoz); 
~ :?@ If x ~ y ~ xoz?: zoy; 

~ 4. If :x > '1 ~ ~ ~ ~ z !a A ~ 
~ x rv yoz; 

~ 5~ xoy > x; 

~ 6~ II x.?: y 

~n ~~ y2: DX$ 

then there is a natural number -----
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The six axioms of Defimtion 2 have an obvious content whe:a 
"0 A is a set of positive numbers closed under additio~ and 

substraction of smaller numbers from larger ones > is , -
the ~rica1 weak inequality and Q is the o~eratioa 
of addltion$ It should be noted that Axiom 3 combines 
monotonicity and commutativitY$ The numerical interpreta­
tica just given i~ itself the basis of the following repre­
sentation theor~m~ 

THEO:aEM 4. ~ (A, ~ ~ 0) ~ !....struc:~ .9! extena~e 
~tudes$~ there, exis~ .! ~-v~ function. t.p 

Q!; A. ~~m a ~b i!;A 

f»(a 0 b) == ~ (a) oj!. SO (b)* 

li!oreoY~l:1t ~ <P'!!! ~ ~ ~ ~tion ~ ~ ~ 
!~number oC..>O~~ tp'=ce<ptll 

2® Archimedes i Postulates 
~ ~ ~ 

With the axioms of conjoint and extensive measurement 
given above as background, let us now turn to Archimedes' 
postulates at the beginning of Book I ot QB ~ ~uil~~!~ 
.Q! 1!.lanes~ I cite the Heath translat1.onCil 

ttl postulate the followingg 
"1. Equ~l weights at equal distances are in equilibrium, 

and equal we1ght$ at unequal distances are not in equilibrium 
but incline tow~ the weight which is at the greater 
distance@ 

"2. Ifj wheu weilhts at certai~ distances are i~ 
equilibrium$'! something be added to one of' the weights, they 
are :not in equ.:tlibrium but incline towards that weight to 
which the addition was made$ 

"3® Sim:ilarly, if ~ything be taken away from one 
of the weights~ they are not in equilibrium but incline 
towards the weight from which nothing was taken~ 

1114$ When equal and similar plane figures coincide it 
applied to one another, their centres of gravity similarly 
coincide~ 
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"50 In figures which are unequal but similar the 
centres of gravity Will be similarly situated* By points 
similarly situated in relation to similar figures I me~ 

points such tbat~ if straight lines be drawn from them to 
the equal angles, they made equal angles with the corres­
ponding sides e 

u6~ If' magnitudes at certain distances be in 
librium, (other) magnitudes equal to them will also be in 
equilibrium. at the same distances. 

U? $ In fJIJ'3 figure whose perimeter is concav'e in 
and) the same direction the centre of gravi:l;iy must be 
withill1 the figu.re~ tft 

Looking at the postulates:!, it is clear that postulates 
1, 2, 3 and 6 fall within the general conceptual framework 
of conjoint measurement, but the remaining postulates intro­
duce geometrical ideas that go beyond the general theo1~ 
of conjoint measurement. I shall have something more to 
saY' about these geometrical postulates later&! For the mc­
ment I want to concentrate on what I have termed the ~­
joint postulates. The wording of Postulates 2 and 3 makes 
it clear that Archimedes treated weight as an extensive 
magnitude~ We shall thus assume that 'U-= <WI» 2' l~O > 
is a structure of extensive magnitudes, that < w X D~ ~> 
is a conjoint structurei' and that .> 1 of' 4? is the 
defined relation 2 1 of the conjoint structure@ Also, 
to formulate Postulate 3 explicitly we need a subtraction 
operation that is well-defined for extensive structures: 

- If :x: > y then x - y ::: Z if and only if x::: y 0 Z $ 

The formulation of Postulates 1, 2, 3 and 6 then 
assumes the following elementary form, with subscripts 
of ~ 1 and 2: 2 dropped to simplify the notation<8l 

la. II WI rv w2' ~ d1 "V d2 ~ (w1,d1 ) rv (w2,d2 )® 

lb. g WI rv w2 ~ dl > d2 ~ (wl ,d
1
»(w2,d

2
). 

2. 1! (w1 ,dl ) ru ( w2,d2 ) ~ (wlo x,dl ) >(w2,d2 )" 

.-< 3. Y (w1,dl ) rv (w2 ,d2 ) ~ w2 > x ~ 

~ (wl,dl ) :> (w2 - x,d2 ) 
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6. ~ (Wl,d1 ) rv (w2,d2 )p 'IllY:; rv WI ~ w4 rv w2 
~ (w3,d1 ) rv (w4 ,d2 ). 

The first three propositions of Book I can be proved 
from these purely conjoint postulates and the assumption 
that weight is an extensive magnitude. For detailed anal~sis 
I cite the Heath translation o£ the propositions and their 
proofs 0 

ttproposition 1. 

"Weights ~ balance a equal distances ~ equal@ 
"For, it they are unequal, take away from the greater 

the difference between the two. The remainders will theB 
not balance Lfost. 3J; which is absurd. 

"Therefore the weights cannot be unequal~ 

a·Proposition 2G 

"Unequal weights .tt equal distances :!ill...-not balance 
~ !1!! incline towards ~ greater weigat0 

"For take away from the greater the difference between 
the two. The equal remainders will therefore balance Lfost G 

170 Hence, if we add the difference again, the weights 
will not balance but incline towards the greater LPOst0 ~e 

t!Proposition 3. 

"Unequal weights will balance & unequal distances II 
~ greater weight being ai-t~l~ distance. 

"Let At B be two unequal weights (of which A is 
the greater) balancing about C at distanc~s AO, BC 
respectively!!> 

ttThen 'shall AC be less than BCt!) Fort if not, take 
away from A the weight (A - B)e The remainders will then 
incline towards B /post. 2}. But this is impossible, for 
(1) if AC = CB, the equal remainders will balance, or (2) 
if AC > OB, they will incline towards A at the greater 
distance ~ost@ ]J. 

ttHence AO ..c:.. CB. 
nConversely~ if the weights balance~ and AC L CB, __ 

then A > Ben 
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MY aim is to catch the spirit of Archimedes~ formulat-
10a of these first th:ree proposi tiooo !!1! their proof's wi thO)., 
i~ the formalization I have give~@ To be as explicit as 
possible about my procedure, I use in the proofs elementar.1 
properties of extensive magnitudes that tollow from-the 
axioms of Definition 2f but only properties of co_joint 
structures that follow from Archimedes t postulates, ~ot the 
full set of Definition 1* 

Pro-pos1tlo:a 1. U (wl'~) rv (w2 ,d2 ) ~ d1 r'V 

WI rv w2 e 

Proof. Suppose WI > 'Jf2 0 Let z ::: WI - w2~ Thell.1 
z I"'\J W2 8 Then by Postu.late la-

(I) (w 1 ... Z, d1 ) t'\.) (w 211 d2 ) ~ 

but by Postulate :; and the hypothesis of the theorem 

(2) (w2,d2 ) > (wI'" :ai,dl h 
and (1) and (2) are from the definitions of > and IV 

jointly absurd. 
Proposition 2. Y WI > "2 ~ d1 f\.J d2 ~ 

(\.v1,d1 ) > (w2,d2 )· 
Proofe Let z = WI - W28 Then WI - Z ~W2t and by Postu= 

late Is. 
(Wl - zsd1 ) ru (w2,d2 ). 

Therefore, by Postulate 2 
«wl ... zl) ozp,d1 ) > (w2 ,d2 ), 

and (WI - zl) oZl = w1 ' so 

(wlpd1 ' > (w2,d2 )· 

Proposition 3. l! WI > w2 ~ (w1,d1 ) ru (w2,d2 ) 
(w2 ,d2 ) ~ d2 > d1 • 

Proofe Suppose not d2 > dl e Let z ::: wl ... w2$ Then by 

Postulate 3 t 

(1) (w2 ,d2 ) > (wI"" ztdl)' 

but this we shall show is absurd. First if d1 ~ d2, thaa 
by Postulate 1e. 

(2) (WI - zltdl) rv (w2,d2)9 
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aDd (as i. the proof of ProPel) (1) aBd (2) are jOintly 
absurd. OB the other hand, if d1 > d2D then by Postulate Ib 

(:;) (W1 ... Zl,d1 ' > (w21l d2) 

and (1) and (~) are jOintly absurd (from the asymmetry of 
> ) 0 Hence 42 > dl e 

On the point my formalization is clearly not faithful 
to Archimedes. I have replaced his symmetrical relatiom 
UB.6qual by the asymmetric > Ii but this is a trivial formal 
difference, easy to eliminate if desired. 

The remaining propositions of Book I use the concept 
'Of center of gravity either in their formulations or proofs ll 

and I defer the consideration of this much disputed co~ 
cept!i)c 

The postulates and propositions as I have reformulated 
them above a.re a part of the elementary theory of conjoint 
measurement on the assumption that the first component is 
a structure of extensive magnitudes as well. A casual peru­
sal of modern textbooks on mechanics reveals quickly enough 
that postulates like the ones formulated here are not an 
explicit part of modern discussions of static moments of 
force. The reason is simplee Once a numerical representation 
is assumed, explicit coDjoint axioms are not necessary. Take 
Postulate la, for instance~ and use the multiplicative re­
presentatiol'U 

If <f'1(w1 ):: SOl(1JIf2) aDd 'i'2(dl )::: S02(d2) thea 

<P 1 (WI) 'f'2(d1 ) ::: Ifl ("'2' sP2(d2)~ 

but this is just an elementary truth of arithmetic and con­
sequently not necessary to assumes 

The important historical fact is that the concept of 
a numerical representation was missing in Greek mathematics 9 

and consequently explicit conjoint axioms were needed. There 
seems little doubt that Archimedes' statement of such axioms 
is historically the earliest instance of an explicit appro­
ach to conjoint measurement, certainly at least in terms 
of extant texts of Greek mathematics and scienc60 
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It has bee~ noted by many modern commentators that 
Greek mathematiciaDS were completely at ease in comparil~ 
ratios of different sorts of magnitudes t e®g09 the ratio of 
two line segments to that of two areaS(8 Given this tradit­
ion it is natural to query why Archim.edes did :aot state the 
Postulates of Book I i~ terms of ratios* The answer it 
seems to me is clear. Proof that two weights balance at dis­
tances reciprocally proportional to their magnitudes, which 
is Propositions 6 and 7 of Book I, is the Greek equivalent 
of a numerical r6presentatio~ theorem in the theory of 
measurement. The conjoint postulates that Archimedes for­
mUlates provide a simple qualitative basis from which the 
Greek urepresentatiolll. theorem" can be pr0ved~ (I shall have 

more to say later about this proof). 
I know of no other instance of conjoint ooncepts in 

Greek matliematics and science. Certainly modern examples 
like momentum were not considered, and no such concepts 
were needed in Archimedes i other physical work, w~O:n Float .... 
ing Bodies" e It is perhaps for this reason that the level 
of abstraction to be found, for example$ in Book V o~ Euclid~s 

DtElements~9 is not reached in. t90n the Equilibrium of Planesn
0
1 

A higher level of abstraction was superfluous because other 
pairs of magnitudes satisfYing like postulates w~re not 
knowne 

3@ Centers of Gravity 

The most difficult conceptual problem of Archimedes~ 
treatise concerns the status of the concept of center of 
gravity of a plane figure~ This concept is essential to the 
formulation of Postulate~ 4~ 5 and ?~ but it is quite evi­
dent on the other hand that these postulates in themselveQ 
do not provide a complete characterization of the concept0 

By this I mean that if we knew nothing about centers of 
gravity except what is stated in Postulates 4, 5 and 7, 
we would not be able to derive the theorems in which Archi­
medes is interested, and which he does derive~ As Dijkster~ 
hius (1956) pOints out, it is possible to argue -that the 
concept of center of' gravity is being taken over by u-
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chtmedes from more elementary discussions and -thus really 
· has the same status as the geometrical concept of' similarity 

in his treatise. On the face of it this argument seems 
sounder than that of Toeplitz and Stein (published in Stein 
(19,0»), who propose that the postulates are to be taken as 
implicitly defining centers of gravity once the postulates 
are enlarged by the obvious and natural assumptions. 

It is also clear that a standard formalization of Ar­
chimedes' theory, in the sense of modern logic, cannot be 
given in any simple or elegant way. It is possible to give 
the standard formalization of the part of' the theory embo­
died in Postulates 1,2, ; and 6, as we have seen in the 
previous section. 

~ite apart from the question of standard formalization, 
which we could hardly expect for a subject like statics, 
there are serious problems involved in giving a reconstruct­
ion in set-theoretical terms of Archimedes' postulates. In 
such a set-theoretical formulation, we can without difficulty 
use a geometrical notion like Similarity. If we take over 
from prior developments a definition of center of gravitYt 
then it would seem that postulate 4, for example~ would 
simply be a theorem from these earlier developments and 
would not need separate statement 0 Put another way, under 
this treatment of the concept of center of gravitYt no 
mitive notion of Archimedes' theory would appear in postula­
te 4 and thus it would clearly be an eliminable postulate. 
The same remarks apply to postulates 5 and 7. It would seem 
that Archimedes has constructed a sort of half-way house; 
his postulates do not give a complete characterization of 
centers of gravity, but on the other hand, they cannot be 
said to depend upon a completely independent characterizat­
ion of this concept. 

It is worth noting that the fundamental pair of propo­
sitions (6 and 7) asserting the law of the lever, or, what 
we may also term, the law of static torque, does not really 
need any geometrical facts about centers of gravity, as 
do later propOSitiOns, and the whole of Book II. Archimedes 
could have used something like the following definition to 
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get as far as Proposition 7* ~ center of gravit:y: 
(w1,d1) ~ (W2t d2) ~ ~ distance d3 such (wl ,d2 -
d:;) N (w2,d:; - d1 )" This definition assumes that distances 
are extensive magnitudes, but there is little difficulty 
about this assumption$ It seems obvious to me why it is 
unlikely Archimedes ev.en momentarily would have considered 
such a definition. The mathematically difficult and geomet­
rically significant propositions all deal with the centers 
of gravity of geometric figures, in tact, the whole of Book 
II is concerned with finding the centers of gravity of 
parabolic segments. and for this purpose a geometric concept 
of center of gravity is a necessity~ 

In closing the discussion of Archimedes' treatiss t it 
is worth noting that Mach, in his famous treatise on mecha­
nics l seems to be badly confused on what Archimedes' work is 
all about. The focus Of ~ach·s diSCUSSion is the famous Pro­
position 6 asserting that commensurable magnitudes are in 
equilibrium at distances reCiprocally proportional to their 
weights. Mach is particularly exercised by the fact that 
t'the entire deduction (of this proposition) contains the 
proposition to be demonstrated by assumption if not expli­
citlYe u (Mach, 1942, ). A central point of Mach's con­
fusion seems to be a complete misunderstanding as to the 
nature of the application of mathematics of physicsw Mach 
seems to have no real conception as to how mathematics is 
used to derive particular propositions from general assumpt­
iODS t and what the relation of these general assumptions to 
the particular proposition is. Be seems mistakenly to think 
that any sucb proposition as the one just quoted must some­
how be established directly from experience. His mistaken 
sentiments on these matters are clearly expressed in the 
following passage: 

"From the mere assumption of the equilibr.ium of equal 
weights at equal distances is derived the inverse proportion­
ality of weight and lever arml How is that possible? If we 
were unable philosophically and a priori to excogitate the 
simple fact of the dependence of equilibrium on weight and 
distanc6 t but were obliged to go for ~ result to experi-



we specu-
lative methods, to discover the for.m of this dependence, 
the proportionalityl" (Mach, 1942, p.19). 

This last quotation shows, it seems to me p the basic 
fact that is usually not explicitly admitted in discussing 
Mach's views on the foundations of mechanics. He simply had 

no coherent or reasonable conception of how mathematics can 
be used in SCience, and his wrong-he~ded analySiS of Arcbi­
medes is but one of many instances that support this con­
clusion. 

4& General Methodological Remarks 

My somewhat detailed analysis of Book I of "On the 
Equilibrium of Planes~ has intended to show how the continued 
development of logic aDd the methodology of the science can 
bring new insights and deepen our understanding even of 
much discussed topics of ancient mathematics or science. In 
the particular case at hand I am convinced that a full mo­
dern appreciation of Archimedes' postulates requires a know-

of the theory of conjoint measurement. 
Given the verbal and linguistic traditions of Greek ma­

thematics, a clear view of the Greek attitude toward abstrac­
tion and formality is not easy ieither to formulate or de­
fend. It does seem to me that the most prominent modern 
commentators on Archimedes, Heath and Dijksterhuis, have 
too musch in mind the categorical theory of classical analy­
sis as developed by Weierstrass and others in the nineteenth 
century. They too readily. think of the GreeJ,t theory of 
magnitudes as the Greek theory of real numbers, and not 
sufficiently as a noncategorical theory in the spirit of 
modern mathematics or the quotation from Aristotle given in 
footnote 1. 

I would like to expand upon these ideas. 
One of the most general and useful set-theoretical no­

tions that may be applied to models of a theory is the con­
cept of two models of a theory being isomorphic. Roughly 
speaking, two models of a theory are isomorphic when they 
exhibit the same structure from the standpOint of the basic 
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of the theory", The point of the formal definition 
of 1somo1~hism for a particular theory is to make this no-
tion of ~ precise~ It is to be 

that the definition of isomorphism of models of a 
theory is not dependent on the detailed structure of t;he 
theory It but is in fact sufficiently independent of teD be 
termed "axiom .... freeit

• The use of the phrase "axiom-free" 
dicates that the definition of only 
on the set-theoretical character of models of' Thus 
two theories whose models have the same set-theoretical 
structure t but whose substantive axioms are quite 
would use the same definition of isomo~ph~LS~~$ 

In to characterize the nature the models 
of a theor,y, the notion of a central 
wa,. the best and strongest 
the models of a theory is expressed 

theorem. By a ~E!~~1!~2a ~~~= 
theory the following is meant" A certain class 
of a theory for some clear con-

reason is shown to exemplify within l.S'OID(::>J:'1)lll.sm 

every model of the theory~ More let 
of all models of a theory? and let be some 
subset of 111. A representation theorem for 
to j3 would consist of the assertion that 
M in there exists a model in j3 
other from the standpOint 

wi th re:3P€~C't 

any model 
to Mit In 

every 
variation of model is within the r~stricted set 

$ It should be apparent that a tri \rial 
theorem can be by ~ A represen-
tation theorem is as as the intuitive sig-
nificance of the class P of models and no more SOo An 

of a simple and beautiful 
is CayleyUs theorem that every group is 

theorem 
to 

group of transformations e One source of the concept of 
group, as it arose in the nineteenth comes from 
consideration of the one-one functions which map a set 
onto itself, Subh functions are usually called transformat-
ions~ It is and that the usual 
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axioms for groups are sufficient to characterize transformat­
ion in this abstract sense, namely, in the sense that a'YJ.'Y 

model of the axioms, i. e. \l any group, can be shown to be 
isomorphic to a group of transformations. 

Certain cases of representation theorems are of special 
interest. When the set .8 can be taken to be a unit set, 
then the theory is said to be categorical. Put another way, 
a theory is categorical when any two models are isomorphic. 
Thus, a categorical theory has within isomorphism really 
only one model. Examples of categorical theories are the 
elementary theory of numbers when a standard notion of set 
is used, and the elementary theory of real numbers with the 
same standard notion of set. It has sometimes been asserted 
that one of the main differences between nineteenth and 
twentieth-century mathematics is that nineteenth-century 
-mathematics was concerned with categorical mathematical the-
ories while the latter deals with noncategorical theories. 
It is doubtful that this distinction can be made historically, 
but there is certainly a rather sharp conceptual difference 
between working with catego~ical and noncategorical theories. 
There is a clear sense in which noncategorical theories are 
more abstract. 

From a psychological standpoint a good ease can pro­
bably be made for the view that a theory is regarded as 
abstract when the class of modelS becomes so large that arry 

simple image or picture of a typical model is not possiblee 

The range of models is too diverse; the theory is very non­
categorical. Another closely related sense of "abstract'l is 
that certain intuitive and perhaps often complex properties 
of the original model of the theory have been dropped, as 
in the case of groups, and we are now prepared to talk about 
models which satisty a theory even though they have a much 
simpler internal structure than the original intuitive mo­
del. This meaniDg of "abstract" is very close to the ety .... 
mological meaning. 

Most of the serious work on Greek mathematics has been 
dominated by scholars trained in the attitudes of nineteenth­
century mathematics. Much yet needs to be done from a modern 
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ViewpOint to appreCiate in a deeper way the implicit con­
ceptions ot rigor and abstraction that are to be fOUnd in 
Greek mathematics o 

The modern conception of a representation theorem de­
fined above has already been mentioned as a way of looking 
at Propositions 6 and -7 ot the <l:ireatise 1 have discussed

ff 

It would~ it seems to met be of interest to see how much 
Greek mathematics can be analyzed as the search for a rep­
resentation theorem, and what sort of representation was 
regarded: as acceptable e Arch~edest work espeCially is 
full of beautiful examples. 2 



Jlooi;notes 

1 the attitude toward abstraction is very clearly ex-
pressed by Aristotle in the "Posyerior ADalytics·t (Book I, 
5t ?4a 17-25). "An. instance of (2) would be the law that 
proportionals alternate. Alter:nation used to be demonstrated 
separately of numbers, lines, solid~. alld duratioIlS t though 
it could have been proved of them all by a single demonstrat­
ion. Because there was no single name to denote that in 
Which nwaberst lengths, durations, and solids are identical, 
and because they differed specifically from one another, 
this property was proved of each of them separately. To-d~t 
however, the proof is commensurately universal. for they 
do not possess this attribute gua lines or qua numbers, but 
~ manifesting this generic character which they are pos­
tUlated as possessing universally." The reference to (2) 
is ~o one kind of error we can make in drawing a conclusion 
that is too specific or concrete. Errors of type (2) arise 
ttwhen the subjects belong to different species and there is 
a higher universal, but it ha~ no name." (?4a 7) 

2 A favorite of mine is ~he first proposition of Measu­
rement of a Circle, "The area of any circle is equal to a 

right-angled triangle in which one of the sides about the 
right angle is equal to the radius, and the other to the 
Circumference, of the circle." 
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I PeSIOMS 

Ue~D ~aHHOrO ~OR~a~a -'B~RCHmTD POR:b m SHaqeHMe ~OrH-
RIli 11 MeTO,ltOJIOrMlil HaYKE1 .ZtJIH P.lSYlieHJIIH l1CTOPllH1 HayR!Il~ B CBB:311 

C STMM B ~ORJIa,1.l;e 8HaJIM3T1!pY6TCfl COqItUIeHli16 ApXTAM8,1(a no paEllO­

BeCMMIIJlOCKocTeLtn (KHI!1ra I) 0 rrpeJK~e '& tleM rrpI1CTYIU1Tl> K aHa ... 

JIH~Y CO'qMH6HE1fl ApXP.lMe,1(8, aBTOp .lI:aeT KpaTKoe M8JIOjJC8H1l!El aB: .... 

CMOMaTMRM COBpeMeHRO~ TeopMM corrpfllKeHHhcr MSM6p6HMMe AKCMOM8-

TMKa ~OCTaTOqHO npOCTa, MHTYMTMBHO nOHHTH8$ Ha OOHOBEl aR­
CMaH ,1(ORaSHBa6TOH PH~ TeopeM~ 

3a~eM M3JIaraIOTCfI nOCTYJIaTbI Ap~MMe~a TaR, Kalt OHM 
H3JIOlKeHhl B ero COtlMH6HMM, III npMEOJ];MTCH PRJ]; Teop8M C AOKa­

SaT8JI:bCTBmllM III IIpm COllOCT8BJIeHMM IIOCTYJlaTOB lZ! TeopeM APXMMS­
J];a 11 T80PMM COIIpflmeHHUX lZ!SMepeUJAM oOHapymMBaeTCR I1X I!1aBeOT­
HaH SKBMBaneHTHOCTDe aTO n03BOJIffeT rny6me nOHffTL cymecTBo 
HaytlHbIX ft'l MaTeMaTMtleCRl1X rrpe;n;CT8BJI6Hl1fi1 J];peBHl71X rpeKOB o B 
CER3H 0 STWM OTMeqaroTcH omMORI Maxa B I1CTOJIKOBaHHB MeX8HB­
KId ApXJi1Me;n;a~ 

no MHeHft'l.IO a::STopa, nDnHaH co::speMeHH8n OIl,eHRa apXMMe;n;O­
BhlX nocTyn8ToB HeB03MO~Ha oe3 3HaRMfl COBpeMeHHofii TeopHI 

ODITpfl~eHHNX ft'l3MepeHHMo OTCIOJ];8 CJIS;n;yeT, QTO RpynHefiiillM8 
mCOJIeJ];OB8TeJIIt! TBOptleCTBa ApXMMe;n;a Heath T$Lo It! Digkster­
huis E. J e ft'lCXO;n;I1JIft'l HS HeBepHNX KOHIl,enTyanLHb~ OX8M$ 

OHI HTeprrpeTHpOB8JIft'l. COtlMHeHMff ApXft'lMe;n;a Ha DCHOBe KBTsro­
pMaJILHOrO annapaTB KnaCOft'ltleCKOrO aH8JIISa, B TO ::speMR RaB 
JtIJ];eli1 ApXHMe;n;a J];8JIeKO BbIXO;n;HT S8 npe,7J,eJIhi T.!HCTO T60peTII1l.!eCKO­
QIi1CJIOBOM OOJIaCTltl. YKaSaHltlH Ha B03MO'lKHOCT:b lIOCTpOeH.v.lfl T8B:l/'iX 
donee OOmMx TeopHM ft'lMeIOTCff y'lKe y ApltlOTmTenfl o 

B KOHIl,8 J];OK~a;n;a oocymJ];aeToff MeTO;n;OJIOrl'qeCKaH IIJIO;n;OT­

BOPHOCT:b MCITOJIL30::saHft'lH ITO HaTe. "Mo~enb" H "H30MOp~HSM", 
ocooeHHO J];RB HeITOJIHhiX TeOpft'lWe 
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