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1 Introduction 

This article presents an outline of a system of equational deductions in the calculus that can be the 
basis of a computer program. We intend that our system be as faithful as possible to the usual 
(Leibniz) calculus notation and inferences. The language, however, is restricted mainly to equations, 
so the system is not sufficient to provide a basis for proving theorems, but we think it is 5ufficient 
for solving the usual exercises in the calculus of one variable. (Concerning theorem proving in the 
calculus see [4].) 

Another limitation of the system proposed, is that it does not include the algebraic techniques 
for numerical solutions of systems of equations. Thus, after deducing an equation or system of 
equations in the system, the usual algebraic techniques should be used for solving them. Although 
the incorporation of these methods into the derivation system presents no essential difficulty, we 
decided not to include them, since it is well known how they can be implemented, and it would 
complicate our system unduly. 

The work reported here is what may be called an excercise in "descriptive logic." Instead of 
translating mathematical sentences into an artificiallogicallang'lage, we are trying to reproduce as 
faithfully as possible the usual calculus equations. In order to prove the soundness of the system we 
provide a translation into set theory. 

The main motivation for the system presented here is the need to develop a system of derivations 
of equation which is sound and copes with the peculiarities of the usual calculus notation. These 
peculiarities make it different from the usual logical systems. In this introduction, we will discuss 
these features mainly through examples. 

In a normal algebraic situation, if we have an equation t = 5, we can deduce without any problem, 
say, U + t = U + s. This is an example of the rule of replacement used in equational logic. In the 
calculus, however, we cannot always deduce dtJdx = dsJdx from t = s. For instance, if we assume 
x = 1, and we deduce dxJdx = dljdx, we obtain the contradiction 1 = 0. It is perfectly consistent, 
however, to differentiate both sides of the equation x = 1 with respect to a different variable t. We 
then obtain, dxJdt = O. This only means that x is a constant function of t (see Example 1, below). 

The following example shows the need for tl:e rule that allows for the differentiation of two sides 
of an equation. When we define the function f{x} = JX2-H, for all x, we should be able to deduce 
that f'{x) = 0, for all x. We can easily see that we cannot obtain 1'(0) = 0, by employing the usual 
rules for derivatives (the rule for differentiating a sum, and the chain rule, for instance), since the 
derivative of";;:; does not exist at O. We can obtain 1'(0) = 0, however, by differentiating both sides 
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of the universally valid identity y';i -,;;:; = 0, and getting, f'(x) = d(R - #)/dx = dO/dx = 0, 
for all x (see Example 2, below). 

Another example of the same sort is obtained when we define the function g( x) = ifX2.~. We 
cannot obtain that l(O) = 0 using the produ~t and chain rules, because if;i is not differentiable at 
O. Since g(x) = ~ for all x, differentiating both side of this equation, we do ,get 9'(0) = o. 

We cannot always, however, differentiate both sides of an identity, as the following example shows. 
We have the identity R = x, for x;:: 0, but we should not be able to obtain dR/dx = dx/dx = 1, 
for x ~ 0, because the derivative of the left hand side does not exist for x == O. We just have 
dR/dx == dx/dx = 1 for x > ° (see Example 3, below). 

The need for a rule that allows the differentiation of the two sides of an equation becomes even 
more apparent for applied problems, such as related rates and the solution of differential equations. 
An example will be presented later. But, as we have seen, the rule should be restricted. That is, we 
have to determine from which equations t = s we can deduce that the derivatives are equaL The 
solution is very simple in principle, although its implementation is somewhat complicated. For the 
derivatives with respect to x to be equal, the equation t = s has to be true not just at x, but in an 
open neighborhood of x, that is, an open interval containing x. 

A similar problem arises with limits, differentials, indefinite integrals, and definite integrals. In the 
case of differentials, we also need equations valid in neighborhoods; for indefinite integrals, equality 
on neighborhoods or specified open intervals; in the case of limits, equality in deleted neighborhoods; 
and in the case of definite integrals, in dosed intervals. 

The examples discussed above show that, in general, the derivative of a term is not obtained 
recursively from the derivatives of its subterms, and, also, that the differentiability of a term does 
not depend recursively on the differentiability of its subterms. The other calculus operators, limits 
and integrals, for instance, behave similarly in this respect to the derivative. This is the most salient 
deviation of ordinary calculus notation from the recursiveness of the standard semantics of terms in 
logic. On the other hand, the domain of definition of a term can be defined recursively. For instance, 
a term l/t is defined if and only if t is defined and t :f:. O. 

The second problem that we must deal with, is the use of dependent and independent variables. 
In an expression of the form dV/dx, the variable V is a function of x, which does not have explicit its 
argument x. In some ot!J.er part of the argument, V may be a number. So V sometimes is a function 
and sometimes is a number. This notation can be made perfectly consistent. In fact, the use of 
dependent variables, as we shall show in Section 5, is just a hidden use of the lambda calculus for 
functions. 

An example in which both problems occur is the following related rates exercise. Suppose that 
two boats A and B start from the same point at the same time, A due north and B due west. A 
travels at a constant speed of 10 km/h, and B has a speed of 20 km/h after 5 hours when it is 30 km 
from the starting point. At what speed are the boats separating at this time? 

The usual solution goes as follows. Let z be the distance between the two boats, x the distance 
that B has travelled, and V the distance that A has travelled. Then, Z2 = x2 + V2 and V = lOt. 
Hence, 

(1) 

The first step is to differentiate hoth sides of (1) with respect to t. We obtain) after simplifying, 

dz dx 
z- = 100t+x-

dt dt 
(2) 

In order to be able t.o carry out this differentiation, we must assume that equation (1) is valid in a 
neighborhood of t. 

It is a common mistake of students to substitute in (I) the numbers assigned to t, x, or z 
before differentiating. That this sort of replacement is mistaken, is usually mentioned in the calculus 
textbooks, but the reason why it is mistaken, is not generaJly discussed. We shan explain the precise 
reason when we develop this example (Example 4). 
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Since we differentiate z and x with respect to t, z and x must stand for functions of t. After 
differentiating we do substitute the corresponding numbers for x and z (and also for t and dx I dt) so 
one can see that these variables stand both for functions and for numbers. 

One of the features of the systems is the extensive use of the stroke operator. That is, the use of 

terms of the form tl~=., as, for instance in ~: I~= •. This is necessary because although y may be a 

function of x, x does not occur explicitly in y. Thus, substitution is not possible. The stroke plays 
the role of substitution for these cases. 

Another problem that we must cope with, is the ambiguity in the notion of indefinite integral. As 
will be seen, this can be solved with the usual device, namely, the addition of anew, but arbitrary 
constant. In Example 5, we shall discuss the subtleties of this approach further. 

We would like to have a system that looks as similar as possible to the usual calculus derivations. 
It. is clear that references to equations or inequalities valid in neighborhoods do not occur at all or 
only occur unobtrusively in calculus textbooks. In order to be close to this ideal, we have decided 
to have a system in which each line of the derivation contains its premises. The conclusion of each 
line, will always be a simple equation, and all equat.ions or inequalities that are assumed to be true 
in neighborhoods or intervals will be restricted to the premises of the line. Also, all restrictions in 
the domain of functions and conditions of differentiability or existence of limits, are relegated to the 
premises. When the system is put in place in the computer, the only element that will usually appear 
in the screen is the conclusion of the line. The premises will only appear when a mistake is detected 
or are required by the student. 

Thus, the general idea of the deduction system is to have derivations composed of successive lines. 
Each line consists of an equation, say t = s (called the consequent of the line) and a set of formulas. 
say A, which are premises of the equation, called the antecedent of the line. Thus, a line is similar to 
a sequent in a Gentzen type logical calculus, with the consequent containing just one formula. Lines 
will be written 

A:::} t = s. 

The system could be reformulated, however, as a natural deduction system. 
The antecedents of the lines contain formulas of three types: simple equations or inequalities, 

and equations or inequalities that are valid in neighborhoods, deleted neighborhoods, or specified 
intervals. 

The system is a system of rules of inference with no axioms. Each rule of inference asserts that 
from a certain line or set of lines (which may be empty), another line can be inferred. 

The main rules that allow for the use of neighborhood equations in the antecedent of a line 
without introducing them in the consequents are forms of replacement rules. In this introduction, 
we shall discuss the replacement rule for derivatives, with some examples. The replacement rules for 
the other calculus operators are similar. 

The replacement rule for derivatives has the following form. Let A be a set of equations and 
inequalities, and t = s an equation. Suppose that we can deduce the line 

A=> t = s. 

Then the rule asserts that we can deduce the line 

(A)nhz, s is differentiable with respect to x=} :! = :;, 

where (A)nhz is an abbreviation for the set of formulas contained in A asserted to be valid in a 
neighborhood of x. 

We shall now discuss informally the use of this rule for the solution of some of the examples 
introduced above. For these example we shall leave tacit the condition that asserts the differentiability 
of certain terms. > 
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Example 1 Suppose that we assume x = 1. This will be done in the system by introducing the line 

x=l~x=l. 

We then apply replacement to this line, and obtain 

dx dl 
(x = l)nlu: ~ - = -, 

dx dx 

and from this line, by the usual rules for derivatives, 

(x = l)nhz ~ 1 = O. 

(3) 

Although the consequent of this line is contradictory, the line itself is perfectly correct, because the 
antecendent is also contradictory: (x = l)nhz means that there is an open neighborhood of x, N, 
such that for aU u in N, u = 1. This is plainly contradictory. 

We can also, however, apply replacement to line (3) and differentiate with respect to a different 
variable t. We then obtain 

and 

dx dl 
(x = l)nht ==> - = -, 

dt dt 

dx 
(x = l)nht ~ dt = O. 

Here, neither the consequent nor the antecendent are contradictory. (x = l)nht means that x is the 
constant function of t which is equal to 1 in an open neighbothood of t, which is a correct assertion. 

Example 2 By algebra, we have that ...(;2 -...(;2 = 0, for all x. This will be expressed in the system 
by having the line 

with an empty antecedent. 
Then, we can deduce by replacement 

d( .fii - Vx2) dO 
=> dx = dx' 

This is exactly what we need. 

Example 3 By algebra again, we have that for x 2:: 0, .J;i = x. So we shall have the following line 
valid, 

Then, by replacement 

x 2:: 0 ~ ..,f;i = x. 

d# dx 
(x 2:: O)nhr => ~ = dx' 

and, hence, by the usual derivative rules 

The formula (x 2:: O)nh:c is interpreted as "there is an open neighborhood of x, N, such that for 
all u in N, we have that u 2:: 0." Thus, x ~ 0 is true in a neighborhood of x, exactly when x > O. 
So we shall have a rule that. allows for the exchange of (x 2:: O)nhT in the antecedent by x > 0, and 
obtain " 

dVx2 
x>O=>--=1. 

dx 
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Example 4 We now discuss the related rates example of the boat. The student has to introduce 
equation (1), z2 = 100t2 + x 2 , By introducing the equation, he in fact introduces the line 

z2 = 100t2 + x 2 => z2 = 100t2 + x 2
, 

that is, (1) as a premise of itself. 
Thus, by replacement 

( 
2 100 2 2) dz 2 d{100t2 + x2

) 
z = t + X nht => dt = dt ' 

and then proceed with the usual rules for derivatives. 
Here, (Z2 lOOt2 + x2)nht means that both z and x are functions of t, such that there is an open 

neighbothood oft, N, with u in N implying (Z(u»2 = 100'u2 + (X(U»2, 
But suppose that the student decides to replace x by 30 before differentiating, In this case, the 

system would allow it, for instance, by introducing the Hne 

He now differentiates, i.e., uses the rule of replacement, and obtains 

2 ~ 2 dz2 

(z = lOOt + x )nht, (x = 30)nht => dt 
d(100t 2 + 900) 

dt 

This is a perfectly valid line. One of the premises of the line, however, although not contradictory, 
is false: x is not equal to 30 in a neighborhood of t, because this would mean that x is a constant 
function of t in an open interval, and hence, that boat B is not moving. Thus, the student in this 
case obtains a wrong result, because he has introduced a false premise. 

In order to show the method for resolving the ambiguities of indefinite integrals, we shall discuss 
the rule for antiderivatives. This is a one premise rule. The premise is the line 

and from it, we conclude, 

dy 
A=>-=u 

dx 

A(axbh a < x < b => J u dx = y + C 

where A(a:cb) is an abbreviation of the assertion that A is valid when x is in the interval (a, b), and 
C IS a new constant that depends on a and b. We actually have a function C(a, b); for simplicity 
and to follow the usual terminology, in our system we shall attach to the line the condition that C 
depends on a and b, instead of having C as a binary function. 

Thus, the conclusion of the rule asserts that there ;s a C, depending on a and b, such that fOl 
any :r which satisfies the antecedent of the line, the consequent is valid. 

This is the general interpretation which we shall give of lines. When there is a new parameter 
in the consequent of the line which does not occur in the antecedent or in the previous lines, the 
assertion of the line means that there is a value of the parameter that makes the line universally valid. 
This interpretation matches the usual logical systems, where the existence of an x which satisfies a 
certain formula B is equivalent to the consistency of adding a new constant c and the axiom B( c). 

We shall discuss this rule with an example. 

Example 5 This exa.mple was suggested by M. J. Beeson, who has developed an alternative de­
duction system, [IJ. We can deduce in the system, by rules that a.re similar to the usual rules for 
differentiation, the following line 

d 1 
x # 0 => -d (arctan x + arctan -) O. 

x x 
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the rule of antld.erlvaltlvles we 

J 1 
< x :::} 0 dx = arctan x + arctan x + C 

where C is a new constant which on 0 and +00. 
We shaH also be able to eliminate the (x -# O)(Oz+oo) from the 

unilver'sal1v valid. 
We also can deduce in the system 

:::} f Odx = C1 

where C1 is a new constant. 
algebraic we 

and then 

1 = arctan x + arctan + C, 
x 

1 o < x :::} arctan x + arctan - = C -
x 

an algebraic rule of 8ul)st:ltUtlOJ[l, we get 

1 o < 1 :::} arctan 1 + arctan T = c -

which is obviously 

since, 0 < 1 is true al,ll;ehraicaIJ:y 
we have in the system 

we will be able to deduce, the rule of Modus Ponens, that 

1 
:::} arctan 1 + arctan 1 = C -

But, by the usual n,'I',..,n,,p,rt.t,I"Q of arctan, we have 

So, by algeraic reJ)la,cernellt 

and, finally 

1 1r 
:::} arctan 1 + arctan T 

1r 
:::} C - C} = -

2 

1 1r o < X :::} arctan x + arctan = 
x 

Thus, we obtain a correct conclusion and we avoid the deduction of the incorrect result 

This ends our example. 

1 11" 
X f.. 0 :::} arctan x + arctan - = 

x 

From the rule for antiderivatives and the rule for differentiating a product, we can obtain the rule 
for integration by parts in the following form 

dv du . (' and dx are contmuous on r, S), r < x < s 

=> J u dv dx = u . v - J v du. dx + C 
dx dx 

where C is a new constant tha.t depends on rand s. 
This version of the rule is not the usual one, because of the occurrence of the constant C. An 

example communicated to us by Paul Berg shows, however, that this constant is necessary. Suppose 
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that we decide to integrate by parts l/x, with 11 = l/x and du 
integrations by parts (without the constant) we get 

dx. With the usual rule for 

which leads to a contradiction if indefinite integrals are treated as regular terms. Here, we could 
device special rules for dealing with indefinite integrals or add the constant to the rule. We decided 
on the second course of action. 

Vie cannot in the space available provide the complete set of rules for the system. For the complete 
system, see [2J. SO we shall just give an outline including the most important rules, their set-theoretic 
interpretation and the proof of soundness. 

From Richardson's result [3] it follows immediately that the complete system is undecidable. 
There are many open problems, however, concerning the decidability of fragments of the system. We 
plan to study them in the future. 

2 The object-language 

We begin with a description of the language of the deduction systems for the calculus. This language 
will be referred to as the object-language. The symbols for this language include the variables X, 

y, z, w, U, v, t, with or without subscripts; symbols for numbers including the rational numbers, e, 
and 1r; numerical parameters a, h, c, d, ... j functional parameters I, g, h, ... j the symbols +00 and 
-OOj symbols for the constant functions such as addition, mutiplication, division, rational powers, 
exponential, logarithmic, trigonometric, and inverse trigonometric functions; the symbols a and -1 

for composition and inverse; special constants G, GI , G2 , ••• ; symbols for the calculus operations 
such as derivatives, limits, differeutials and integrals; the stroke operator I; and the connective =>. 
A variable x may be declared independent of another variable y. 

We begin with the definition of terms. Functional terms, which always denote functions, are 
formed from the functional parameters and the functional constants by composition 0, inverse -1, 

and differentiation '. Functional terms without I are called algebraic functional terms. 
The usual terms used in the calculus dre supposed to denote numbers or functions, depending 011 

the context. This will be more clearly seen when we give the interpretation. We shall introduce two 
types of terms. One type, the normal terms, can be used in all contexts. The specwl terms, on the 
other hand, can only be used in some contexts. Notice that, from the definitions that follow, ±oo 
are not terms. 

Normal terms are obtained from the variables, numbers and numerical parameters, by using the 
algebraic uperations, the functional terms, the calculus operators of limit, differentiation, and definite 
integration. For instance, limx-+It t, lim:r;-+It- t, lim:r; ..... IJ+ t, lim:r; __ oo t, and lim:r; .... +oo t are normal terms, 
when t and s are normal terms and x does not occur in 8. dt/dx is a normal term and f: t dx is a 
normal term, whenever t, r, and 8 are normal terms. We also include as normal terms the following: 
If x is a variable that does not occur in subterms r of t such that X occurs in p and r is dp/dy, 
limy_mP, or f~pdy where y is different from X, then tlx :::: .. is a normal term. A normal term that is 
constructed using only algebraic operations is called algebrazc. 

We have three types of special terms. First, the mdefinite integral terms include the expressions 
f t dx, where t is a normal term, and are dosed under linear combinations of indefinite integral and 
normal terms. 

Second, if t, 81, ••• , sn are normal terms, then tl:r;l=IJIt ... ,zn= lJn is a stroke term. Thus, we have 

two types of terms where the stroke is used. For instance, ddy I -5 is a normal term with the stroke, x :r;_ 

called a normal stroke term, while ~~ ly=5 is a stroke ~erm that is not normal. Thus, the difference 

between a stroke term tl.&=" is that x may occur in any form in t, while in a normal stroke term its 
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forms of occurrence are restricted. A stroke term may also contain more than one variable in th.~ 

stroke, while a normal stroke term contains only one. 
Finally, the differential terms include the expression s dt, where s is normal and t is algebraic, 

and are closed under linear combinations. 
We now define some syntatical properties of terms. A term t occurs algebraacally in a term 5, if s 

IS obtained from t, and maybe other terms, by the use of algebraic operations and functional terms. 
An occurrence of a variable in a term may be free, bound, explicitly dependent on the variable x, 

explicitly dependent, or explicitly independent. The notions of free and bound variables are similar 
to the corresponding notions for the usual languages for logic. The other three notions are specific 
for the language of analysis. 

An occurrence of a variable x in a term p is bound if it occurs in a subterm of p of one of the 
following forms: lim:z:->s t, limlt'_S- t, lim:r_s+ t, f: t dx, and tl:Z:1=81 ••• x .. =s", where x is x, for some 1-

An occurrence of a variable y in the term p is explicitly dependent on x, if it occurs in a subterm 
q of p of one of the following forms: dtl dx, f t dx, lim:r_s t, limx _ s - t, limx _ s + t, or f: t dx, where y 
has not been declared independent of x and the occurrence is in t. 

An occurrence of a variable y is explicitly independent of x, if it has been declared independent 
of x. An occurrence of x is explicitly independent, if it occurs in terms of the from dt/dx or ftdx. 

An occurrence of a variable that is not bound is unbound. An occurrence of a variable that is 
neither bound, dependent nor independent is free. 

An occurrence of a term t in a term s is free, if and only if no occurrence of a variable which is 
free in t becomes bound, dependent or independent in s. 

As was mentioned in the introduction, dependent variables represent functions. This will be made 
explicit in the interpretation. 

We need a special definition for differential terms. A variable x is the absolutely mdependent 
variable of a differential term s dt, if x is the only independent variable in s that occurs in t. A 
variable x is the absolutely mdependent varIable of the linear combination alsl dt1 + ... + a,."sn dtn, 
if it is the independent variable of each s, dtt for i = 1 ... n. If x is the absolutely independent 
variable of a differential term p, then all other variables in p, not declared independent of x, are 
explicitly dependent on x. If there is no absolutely independent variable in p, then aU variables in p 
are explicztly dependent. 

If an occurrence of a variable y is explicitly dependent on some variable x different from y or is 
explicitly dependent, we say that it is dependent. 

A term t is constant wath respect to x if all unbound variables in t have been declared independent 
with respect to x. 

We now define formulas. The basic formulas are of four types: 
1. Simple equations and inequalities. These are formulas of the forms t = s, t -I- 5, t < s, t > s, 
t ~ 5, and t ~ s, where t and 5 are normal, indefinite integral, or stroke terms. These will be called 
sample equations or simple inequalities. 
2. The formulas limx _ s t = ±oo where x is a variable and t a term, and s is a term or ±oo. These 
are also considered simple equations, although ±oo are not terms. 
3. Equations with differentials. These are of the form 5 = t, where both 5 and t are differential 
terms. 
4. Restricted quantifier formulas. These are formulas whose interpretation involves quantifiers. We 
close the basic formulas that do not contain 110nnormal stroke terms under the following operations. 
(a) (A)nh.xYl where x and yare the only free variables in A, and A contains no dependent or 
independent variable. 
(b) (A)nhxll' where x is a variable and s is a term. We abbreviate (A)nhxx by (A)nhx 

Formulas defined in the previous two clauses are called neighborhood formulas. 
(c) (A)dnh:rll' {A)dnh:rr (A)dnh:rll+ where x is a variable, and s is a term in which x does not occur, 
or, in case of the first formula, +00 or 00. These are called deleted neighborhood formulas. 

(d) (A)[lIxt], (A)(.fxt), (A)[lIxtb and (A)(lIxtl where x is a variable, and sand t are terms or +00 or -00 

(when followed or preceded by')'). These are called interval formulas. 
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An informal exposition of the interpretation of the basic formulas follows. The formal version is 
in Section 4. Equations and inequalities are interpreted as what in equational logic are called stnet 
equatzons and inequalities. Thus~ t = s is true if and only if both t and s are defined and, moreover, 
t and 5 denote the same number. Similarly, t f:. s is true if and only if both t and s are defined 
and they are different. This has the consequence that t f:. 5 is not, strictly speaking, the negation 
of t == s. Both t = sand t f:. s imply that t and s are defined. Thus, in order to express that t is 
defined, we can and shall use t = t. When presenting the system to students, however, instead of 
writing t t, we would just say 't is defined' 

Informally, a formula {t = s)nhrp says that there is an open neighborhood N of p (i.e. an open 
interval around p) such that if x is in N, then t == s. The formula (t = s)nhr is an abbreviation of 
(t 5 )nhrr, and, thus, it asserts that there is an open neighborhood N of x such that for all u in 
N, t(u) == s(u), where u is a new variable. The interpretation for deleted neighborhood formulas is 
similar. 

A formula (t = S)ra.:z:b] is interpreted as saying that for all x in the interval [a, b], t = s. Similarly 
for other interval formulas. 

\Ve now extend the definitions of the notions for bound, dependent and free variables to restricted 
quantifier formulas. All occurrences of x, except those in r or 5, are bound in formulas (A)nhx.H 
(A)dnh.:m (A)[rxllb (A)(r:CII)l (A) [r:cs) 1 or (A)(rrsj' Variables in s or t have the same status as they 
have in s or t. Other variables in these formulas, that have not been declared independent of x, are 
dependent on x. 

Thus, any variable different from x, and not declared independent of x, occurring in a neighbor­
hood formula of the form (A)nhr is dependent on x. In formulas (A)nhx, the occurrences of x itself 
are bound in A, but free in nhx. 

We need a special definition for equations with differentials. A variable x is the (absolutely) 
mdependent variable of the equation with differentials s = t, if it is the absolutely independent 
variable of both sand t, or of only one of them and the other does not have an absolutely independent 
variable. 

We next introduce the definition of a line. Lines are a form of sequents, as in Gentzen's sequent 
calculus. Lines are of the form A => B, wher~ B is a simple equation or an equation with dIfferentials, 
and A is a finite set of basic formulas. If A contains only one basic formula we identify A with the 
formula it contains. 

A line A => B. when asserted, is interpreted as asserting that the formula 1\ A -+ B holds for 
every value of the unbound variables. Thus. a line => B asserts that B is universally valid. 

Rules are sequences of lines, the last of which is called the conclusion, and the others, premise 
lines. Let P ll ... , P n be the premise lines of a rule, and C its conclusion. A rule asserts this, If some 
assignment to the parameters makes the premises PI"'" P n and the lines introduced by functional 
definition universally true, then it is posEible to complete the assignment with an assignment for the 
new parameters in C, such that C is universally true. 

3 The metalanguage 

In the next section we provide an interpretation of the object language in a slightly modified system 
of set theory. We could define an interpretation without modifying the language of set theory, but at 
the cost of considerable complications. In this section, we describe the modifications of the language 
of set theory that we need. 

The notation is mostly standard. The main adjustment we shall make is to restrict some variables 
and operations to real numbers and functions over real numbers. The usual lower case letters from the 
end of the alphabet u, v, x, y, and z with or without subindices, are restricted to real numbers. \Ve 
call these variables numerzcal vanables. We also restrict the letters j, g, and h to continuous functions 
of a real variable, and cali them junctwnal varzables. We add a new set of functional variables, also 
interpreted as functions continuous in their domains. For each pair of different numerical variables 
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Y and x, we introduce the functional variables Y:r' These functional variables are called 
functwnal vartables. The variable Y of the represents both a numerical " .... ! !.iu ...... 

a variable on another say,x, which means that y is a function. We 
H1It:;L<l.ll<l.Ue,UO,e,';;;, to distinguish between these two usages. we introduce the numerical variable y 
and the functional variable Y:r:, both interpreting the variable y. Which is the right 
mterJ;lrelLatlOn will on the context. 

Letters C, C1 j •• are real called spec'wl constants. Letters a, h, care 
also restricted to real numbers and are called numerical parameters. We just as is 
the operations on real numbers of addition, multiplication, etc., constant functions that include all 
the elementary and some numbc!'s, such as the rationals, e and 1f". Numerical 
terms are those constructed with numerical variables, numerical parameters, functional parameters. 
specific and operations on real numbers. The usual notation for set will be used. 
The domain of a function f is denoted by do f, and the restriction of f to the set by fiX. 

We introduce the definition of the lambda operator restricted to numerical terms. This 
is a modification of the usual lambda operator. 

Let t be a numerical term, and Yh Y2, ... Yn all the variables in t not declared of 
x. Then 

AX t = { (v, w) ! Vx( v = X -+ W = t [ Yl 

Notice that x is bound in AX t, and the only free numerical variables are those declared independent 
of x. 

It is clear that AX t is a function with domain 

IfvE t), then 

t) = { v 13wVx( v = x --+- w = t [ Yl() 
Ylx X 

Axt(V) = w if and only if Vx(v [ 
Yl 

x-+w=t () Ylx X 

It is also clear that Yr = AX y, so we shall use, in general, Ax Y for YX' 

Yn ]). 
Ynx(x) 

Functional terms include AX t for each numerical term t, functional variables, and are closed under 
composition, inverse, and the following analysis operators: 

If f is a functional term, then 1', and lim fare one-ary functional terms, and f f are binary 
functional terms. 

If f is a functional term and s a numerical terms, then f(8) is a numencal term. In the case of 
the analysis operators, for 8 and l' numerical terms, we write 1'( 8), f, and f: f. 'We also consider 
lim±oo f as a numerical term. 

Notice that the analysis operators for derivatives, limits and defimte integrals, are 
only applied to functional terms, that is, to functions. We do not have indefinite integrals in the 
metalanguage. 

In the metalanguage, we also use identities as strict identities. That is, t = s is true if and only 
if both t and 8 are defined and equal. 

Boldface letters A, B, ... will be restricted in the metalanguage to formulas obtained from atomic 
formulas iRs, where t and 8 are numerical terms and R is =, <, >, $, or 2:, by the use of 
connectives and quantifiers. 

In the metalanguage there are no dependent or independent variables, and the only bound vari­
ables in terms are given by the lambda operator and the set abstractor. Since the lambda operator 
is defined in terms of the set abstractor, this latter one is the only variable binding term operator. 

We need to make explicit the relation between y and y x, that allows them to interpret the same 
variable y. This relation is given by the formula 

Yx(X) := Y (A) 
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50 we must assume these conditions on the free variables of a formula. We shall add a finite number 
of them as conditions for every interpreted formula. 

We introduce the following abbreviation. Let A be a finite set of formulas or terms of the 
metalanguage. Then Sp(A) is the conjunction of all possible formulas of type (A) formed with the 
special functional variables occurring in A. The formulas in Sp(A) are called the special formulas 
forA. 

The proof of the following properties of the A operator is quite simple. 

Theorem 1 For every numerical term t, 

Sp(Axt) -+ (Axt(x) = Axt(X) -+ Axt(X) = t). 

Sp(Axt) -+ (Axt(u) = Axt(u) -+ Axt is contmuous at u). 

Theorem 2 1. 1ft is a numerical term, then 

Sp( Ax t, AU t, AX u) -+ (AX t) Ido( (AU t) 0 (Ax u) = (AU t) 0 (Ax u). 

(1) 

(2) 

That is, the appropnate speczal formulas imply that tf (Ax u)( v) and 
(Aut)«Axu)(v)) are defined, then (>.xt)(v) is defined and 

(Axt)(V) «Aut) 0 (Axu))(v). 

2. Let t be a numencal term and let YlJ Yn be all the dzstmct vanables m t not declared 
mdependenl of x. Then 

Yn xu] 
Ax Yn(u) 

(Ax t)( u) = t [\ Yl ( ) 
AX Yl U 

Proof. We prove (1). Assume the special formulas. Suppose, first, that (v, W) E (Au t) 0 (AX u). 
Then there is a Y such that Vx( v x -+ Y = (Ax u)( x) and Vu(y = u -+ w (Au t)( u)). By Theorem 
1, we have that (AU t)(u) = t and (Ax u)(x) = u. Assume, now, that v = x, then y = u, and, hence, 
w t. Therefore, we have, Vx( v = x -+ w = t). We also have by Theorem 1, (Ax t)( x) = t. Hence, 
Vx(v = x -+ W = (Ax t)(x)~ i.e., (v, w) E Ax t. The other direction and (2) are proved similarly. 

Theorem 3 liC is a conjunction of speczal formulas whtch con tams Sp(A) and C -+ A zs umvel­
sally valtd, then 5p(A) -+ A lS untversally valzd. 

4 Interpretation 

To each formula A in the object language we associate a formula AU of the metalanguage in four 
steps. We start with a normal or indefinite integral term t. The operators we must eliminate are 
dj dx, J s dx, limx ..... a s, and J: s dx. These, pIu::. the differential d and the normal stroke I, will be 
called the calculus operators. We define a metalanguage term to that does not contain these calculus 
operators. \Ve then eliminate differentials from equations with differentials. Thus, if A is a formula or 
the object-language, we obtain a formula A O of the metalanguage. Then, we eliminate the restricted 
quantifier statements and the stroke statements from A 0 , to obtain A *. Finally, we obtain A~ by 
changing A" to Sp(A") -+ A". 

We write A(slt) for A with s replaced in one or more places by t. Where the replacement has 
been made will be clear from the context. We first -pick a new numerical parameter ax for each 
variable x occurring in the formulas we want to interpret. 
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Let r be a normal or indefinite integral term. The elimination is done by recursion. The clauses 
for the elimination in normal or indefinite integral terms are the fonowing. 
1. If limx _ s t occurs in r, but not inside a calculus operator, then r is changed to 

r(lim tlJim AX t). 
x-a 8 

2. If dtfdx occurs in r. but not inside a calculus operator, then r is changed to 

3. If f t dx occurs in r but it is not inside a calculus operator, then r is changed to 

r(j t dxll: AX t). 

4. If I; t dx occurs in r but it is not inside a calculus operator, then r is changed to 

r(18 

t dxl r AX 0. 
f' J'P 

5. If tlx=s is a normal stroke term that occurs in r but not in<;ide a calculus operator, then change r 
to 

r{ t Ix:s I (AX t)( s)). 

However, If t is f(st) then put f(stlx=,,) instead of (AX J(Sl ))(s). In particuiar, the formula tl x::::x = 
tlx=x, where the terms are normal is interpreted by (,\xt)(x) = (,\xt)(x), and, thus, it says that tis 
a function of X which is defined at x. 

For the equations with differentials we proceed as follows. Let 

be the equation with differentials A. We first eliminate all calculus operators from the normal terms 
S1, ... , Sn, tt, ... , tn, PI, ... , pm, and Ql, ... , qm to obtain the corresponding terms with a circle. 
\Ve then have two cases. 
(a) If X is the absolutely independent variable of A, then change all parts of the form S dt to (Ax,<; )(x) 
(Ax t)'(x). 
(b) If A has no absolutely independent variable, we introduce a new (new to all the formulas we are 
interpreting) variable w, and replace all parts of the form s dt by (Aw s)( w) . (,\W t)'(w). 

By repeated applications of (1) - (5) and the operation on equations with differentials, we can 
obtain A 0, which is free from calculus operators. We then change the neghborhood and interval 
formulas. Notice that A 0 contains no dependent, independent or bound variables, in the old sense. 

Before eliminating the restricted quantifier formulas, we introduce a few abbreviations in the 
metalanguage. Let B be a formula of the metalanguage and u a new numerical variable. Recall that 
B[~l is the result of substituting of free occurrences of x by u in B, 

(B)nlu;lJ for 3f > O'v'u(ls - ul < f -+ B[~]), 

(B )dnhXlJ for 3f > O'v'u(O < Is - ul < f -+ B[!]), 

(B)dnhx+oo for 3r'v'y(u > r -+ B[~]), 

and similary for -00 and the other deleted neigborhood formulas. 

(B)[rxaJ for 'v'u(r :5 u :5 s -+ Br~]), 

and similarly for the other intervd.ls. It is dear that (B)nlu; abbreviates 

3f> O'v'u(lu - xl < f -+ B[~]). 
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The following changes have to be made for the elimination of the restricted quantified statements. 
We first eliminate the calculus operators. Suppose that we are left with a formula B of the form 
tRs, where R is =, <, >, ~, or ~. Then, if I is a relativization with variable x, (B)i is 

«Ax t)(.r)R(Ax s)(x)h. 

If B is of the form (A)nhy.H then (B)j is 

«A )nhy (..\z,)(x»I' 

If B is of the form (A )dnhy", , then (B)i is 

(( A )dnhl/ (..\:u)(x) h· 

Similarly for the other deleted neighborhood formulas. 
If B is of the form (A)[rx,], then (B)j is 

«(A )[(Axr)(x)y (AX .s){x)]h· 

Similarly for the other intervals. 
If B contains only x and y, as free numerical variables, change for B* 

(B)nhxy to 3t > O'v'u'v'v(ll(u,v) - (x,y)1I < t ~ B(xlu)(y/v». 

The following changes must be made to eliminate the stroke operator in terms that are not 
normal. We first eliminate the calculus operators. Then, any formula of the form A( t /x=p,y=q) is 
replaced by the formula 'v'Ul(t!z=p,!I=q = Ul ~ A(ut) where Ul is a new variable. Next we transform 
the formula tlx=p,y=q = Ul to 

Finally, we transform Ik-V',"'-~l = Ul in the following way. Suppose that Yu and Yv occur in t. Then, 
== Ul)* is 

'v'x'v'y'v'U'v'v{x = Vi A Y = WI A (Auy)(u) WI A (Avy)(v) = WI ~ t = ud. 

Similarly for the cases with more variables, or other occurrences of special functional variables. We 
must be careful to avoid collisions of variables. That is, no variable in p or q must become bound. If 
they do, it is necessary to alphabetically change the variables. 

After repeatedly applying these substitutions, we obtain for each atomic A in the object language, 
a formula A'" in the metalanguage. 

If D is a compound formula of the object language, A ==> B, then D'" is obtained by replacing 
each basic part C by C* and:::} by _. Finally, D~ is Sp(D) ~ Do.. 

5 Proof of soundness 

We can actually prove the equivalence between the primitive and inte:;preted systems. That is, we 
must prove that if D 1 , ..• , Dn yields D is a rule of the system and D~, ... , D~ are true in the 
reals for an assignment to the free variables, and interpretation of the numerical, then DU is also 
true, for the some assignment to the free variables and interpretation to the numerical parameters 
which extends the previous one. This will prove the soundness of the primitive system. In order to 
prove the faithfulness of the interpretation, we must also prove that if D~, .. " D~ are translatIons 
of the premises of a rule, and D~ (which is a translation of the formula D of the object-language) IS 

a consequence of D~, ... , D~ in the metalanguage, then from D 1 , ••• , Dn we can obtain D in the 
primitive system. The proof of faithfulness will usually be obvious from the interpretatIOn. 



We shall write, for some of the more interesting rules, the original rule and its interpretation 
in the metalanguage. In most cases, it will be obvious from the form of the interpretation that 
soundness or faithfulness are true. In some other cases, we must add a short proof. We write in the 
proofs and translations, if t is a numerical term in the object language without the stroke operator, 
f", for t with the same modifications as A" is obtained from A. When A is a set of formulas, for 
simplicity we shall write A for the conjunction of A. The restrictions on some of the lines will not 
be repeated in the interpretation. 

We do not have enough space to discuss all the rules, so that we shaH restrict our attention to 
those that seem more interesting. We shan only discuss some algebraic rules where they occur with 
calculus operators. The rules that are not mentioned are mostly standard. We shall mention a few 
more while presenting some examples in Section 6. 

We begin with rules for the introduction of equations. In particular, the first one (FD), allows for 
the definition of functions, and (IP) for the introduction 0 an equation as a premise. In the system 
as it stands we do not have definitions of functions by cases. In order to introduce them, a few 
modifications would be necessary. 

Rule FD. Conclusion: tl.r=,a; = tl%= ~ I(x) = t~z=z, where tlx = x is a normal term. I should not 
occur in t and an functional parameters occuring in t should have been defined previously. 
Interpretation. Conclusion: Sp -+ ((Axt"")(X) = (AXt'''(X) -+ I(x) = AXt"')(X)). 

We define, now, validity of a line 
A line A is valid with respect to the functwn defimtions D 2 , ••• , Dn if it can be obtamed by 

a sequence of applications of the rules possibly using the rule FD with lines Db D 2 , ••• , Dn. 
If 111 12, ... , In are the functional parameters defined in Db D21 ... , Dn, then we also say that 

A is valid relative to 11, ... , In 
When we prove that the rules are corred, what we shall have proved about valid lines is the 

following. Let A be valid with respect to the function definitions D 1 , D:2. ... , Dn. Then A is a valid 
line only if 

D~ 1\ D~ 1\ ... 1\ D~ -+ 

is universally valid in the real numbers. 
The verification that the rule as introduce is definitional, i.e., the noncreativity and eliminability 

of function definitions FD, is straightforward. For the eliminability, however, we need to check all 
the rules. 

Rule IP. Conclusion: t = s :::} t = s. 
Interpretation. Conclusion: Sp(t*, s*) -+ (t" = so. -+ t* = s"'). 

When there is no need to specify the special formulas, we shall abbreviate the set of special 
formulas by Sp, with or without subscripts. 

Next are the rules for the stroke operator, which has the folIowing function. When the term t 
represents a function of x, t!z=s is t evaluated when x = s. We have 12 rules, which are mostly 
obvious. We just mention two. 

Rule Strl. Premise line: A :::} B. 
Conclusion: s = s, t = t, Alx=s,y:=t :::} Blz=s,lI=t. 
Interpretation. For simplicity, we assume that A is p = q and B is r = m, where p, q, r, and m 
are terms. We also assume that y occurs dependent on x in q, but free in the other terms. The cases 
for the other possibilities are similar. 
Premise line: SPI -+ (p* = q* -+ r" = m*). 
Conclusion: The interpretation of the conclusion is very complicated, so we shaH do it by steps. We 
begin by stating the conclusion for the case we are considering. 

s = s, t = t, plx=s,v=t = q!x=s,v=t :::} rlz:s,v=t = m!x=s,v=t (1) 

We first put stars on all the terms. Then the subformula P*'X=S.,lI=t. = q"!x=s*,lI=t* is replaced by 

(2) 
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In (2) we replace q*lx=,,·,y::::t* = Ul by 

VV2VW2(V2 = s* /\ W'}, = t* -+ VxVy(x = V2/\ Y = w'},/\ (..\xy)(x) W2 -+ q = ut)) 

Similarly, p*I.:t'=,.,y=t· = Ul is replaced in (2) by 

VVaVW3(V3 = s* /\ Wa = to -+ VxVy(x == V3/\ Y = Wa -+ P = ud) 

Thus, (2) is changed to 

VUl (VV2 VW2( V2 = s* " W2 = t* -+ VxVy( x :;;:: V2 /\ Y tv'},/\ (..\xy)(x) W2 -+ q = ud) 
-+ VV3 VW3( Va = s* /\ Wa t* -+ VxVy( x V3/\ y = W3 -+ P = ud))· 

The changes in the rest of the conclusion are similar. So, we obtain 

SP2 -+ (s* [,* /\ t* = t* /\ VUI (VV2 VW2( V2 s* /\ W2 = t* 

-+ VxVy(x = v'},/\ y:;;:: W2/\ (,xxy)(x) W2 -+ q = Ul)) 

-+ VVaVWa(V3 = s .. /\ Wa = t* -+ VxVy(x = V3/\ Y = Wa -+ P = UI))) 

-+ VU 2('v'V4'v'W4(V4 = s* /\ W4 = t* -+ 'v'x'v'y(x = V4/\ Y = W4 -+ r = U2)) 

--+ 'Vvs'v'ws( Vs = s" /\ Ws = t* -+ 'v'x'v'y(x = Vs /\ Y = Ws -+ m = U2))) 

We also give the interpretation for normal stroke terms. The special case of the rule that we shall 
give is 
Premise line: p = q => r = m 
Conclusion: s = s, plx=" = qlx=" => rl.,;=" mix:", where all terms are normal. 

The interpretation of the premise is the same as before, but the conclusion is interpreted by: 

SP3 -+ (8* = s* /\ (,xx p*)(s*) = (,xx q*)(s*) -+ (,xx r*)(s*) :::; (,xx m*)(s*). 

Notice that SP3 may be different from the old SP2 since there may be more special variables m SP3' 

Rule Str9. Premise lines: 

Conclusion: All A 2 , C => p!:c=",y=t = q. 

Al => X = 5, 

A2 => y t, 

C => p = q. 

Interpretation. Here we assume that y occurs dependent on x in p. Other cases are similar. 
Premises: 

SPI -+ (Ai' -+ x s'"), 

SP2 -+ (A~ -+ y :;;:: to), 

SP3 -+ (C* -+ p* = q*). 

(1) 

(2) 

(3) 

(1) 

(2) 

(3) 

Conclusion: SPl /\ SP2 /\ SP3 -+ (Ai /\ A; /\ C* -+ 'v'u(VvVw(v = s* /\ W t* -+ Vx(x :::. V /\ Y = 
w/\,xxy(x) = W -+ p* = u» -+ q* = u)). 
Proof. For simplicity, we suppose that neither x nor y occur in s or t, and thus we do not need the 
new variables v and w. Assume the premises of the interpreted rule, the formulas, 

(1) 

and 
'v'x(X = s*" AXY(X) = t* -+ p* = u), (2) 

We then get from (1), 
x = s* /\ y ::::0:: t*, (3) 
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and 
p" =q"' (4) 

But, by Sp, y = .Ax y(x), so by (3), x = s" J\.Ax y(x) = t". Thus, we obtain by (2), p'" = 'U, and hence, 
by (4), q" = u, which is the desired conclusion. 

We just state explicitly one propostional logic rule. This rule may be called modus pc nens or 
hypothetical syllogism. 

Rule MP. Premise lines: 

Conclusion: A, D => B. 
Interpretation. Premise lines: 

A, t = s ~ 

D ~ t = s. 

SPI -- (A"' J\ f" = s'" __ BOO), 

SP2 -p (D'" __ to< = s"'). 

Conclusion: SP3 -- (AS J\ Do< __ B"'). 

(1) 

(2) 

(1 ) 

(2) 

Proof. From the two premises, we get, SPl J\ SP2 -- (A'" J\ D'" -- B"). SP3 is a subconjunction of 
SPI /\ SP2' By Theorem 3, we obtain the conclusion. 

We also have a rule for proof by cases that says that if we have a line with B as the consequent. 
and a set of inequalities tt =/:. s, plus D as antecedent, and we have that A, => t, = s" then 
Al, ... ,An,D => B. 

The following rule allows for the elimination of premises. 

Rule PEl. In this rule, nhx can be ommitted or replaced by any of the relativizations. 
Premise line: A, (y = S)nhx ~ B. 
Conclusion: A, (s = S)nhx ~ H, where Y is a variable that does not occur in A, B or s, and y is 
different from x. 
Interpretation. Premise line: SPI -- (A'" J\ (Axy(x) = (>.xs")(X))nhx) -- B") 
Conclusion: SP2 -+ {Am J\ ((..\xs")(x) = (.AxS"')(X))nhz -+ S"') 

Proof. Suppose that the premise, SP2l A"', and «.Axs'")(x) = (>,xs'")(X))nhx are true. Then, since y 
is not free in s"', A", or S", we have, from the premise, 

(A$ J\ 3f3y(f(x) = y J\ (f(x) = (.\xs")(x))nh.r)) -t B" 

By Theorem 1, (Ax s .. )( x) = s ... Thus, if we set Y = s'" and f = '\x",O 1 we obtain 

3f3y(f(x) = (.Ax S"')(X))nhx /\ f(x) = y), 

so that we obtain B"'. 

We have a similar rule with f(x) = t instead of y = t. 
For some of the rules, we need the following to deal with neighborhoods and mtervals. Since the 

intersection of open sets is open, it is equivalent to assert that there are a neighborhoods of x where 
each of AI, ... , An are valid to the assertion that there is one neighborhood of X where all of these 
formulas are valid. Similar considerations apply to deleted neighborhoods and intervals. Vve also 
have the following lemma. 

Lemma 1 Let A be a set of translations of basic formulas to the metalanguage, and t and s numerzcal 
terms in the metalanguage. Suppose that C -+ (A A -+ t = s) is a formula of the metalanguage, true 
fOT all assignments of the variables, and let I be any of the relatzvlzatzons with variable x. Let y!, 

... , Yn be all the free variables in t and s not in A and not declared independent of x. Then 

C 1\ «Axyt}(x) = (.AxYd(x))r J\ ..• J\ ((.AxYn)(x) = (.AxyX)(x)h-+ 

((/\ A h -+ ((.Ax tz1 •... ,z".)( x) = (Ax 8zt. .. ,Zm)( x) h ) 
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is true for all assignments of its variables, where (A A)r is the conjunction of all formulas m A 
relatwized to I. 

Proof. To be specific, we shall prove it when I is nhx and A consists of the formulas p = q and 
(B)(mvr]. For simplicity, we shall not write C and that there is only one variable y free in t and s but 
not in A. 

Suppose 
p == q A (B)[mvrJ -----? t == s 

is universally valid. We have to show that 

«AXY)(X) == (Axy)(x»)nh.z-/\ ((AXp)(X) = (Axq)(x))nhxA 

((B)[(Axm)(x)v().:rr)(x)J)nh.z- -----? (Axt)(X) == (AXS)(X»)nh.z-. 

(1) 

Assume (1), that AX y is defined on a neighborhood of x, and that A is also true in a neighborhood 
of x. All these formulas can be true in the same neighborhood N of x, Let u be in N. Then (Ax Y ) ( u) 
is defined, (Ax p)(u) = (Ax q)(u) and (B)[{~xm)(u}v(AXT)(U)]' 

For simplicity, we assume that p, q, T, and m have only one free variable z different from x. By 
Theorem 2, we have 

(Ax p)( u) == p [ (AX ~)( u) :] , (2) 

(Axq)(u):::: q [CAX:)(U), :], (3) 

(Ax r )( u) == r [( AX ~) ( u ) ~] , (4) 

(Axm)(u):::: m [(AX~)(U) :]. (5) 

From (1), we get that (AXY)(U) =:: (AXY)(U), 

P[(AX;)(U) :]::::q[(AX;)(U) :], 

and B)[(,\:cmHu) v ('\n)(u)] imply 

t [(AX;)(U) (Ax~)(u) ~J = S [(AX;)(U) (,Xx~)(u) :], 

So. by the hypotheses and (2)-(5) 

t [(Ax;)(u) ().x~)(u) ~] S [(Ax;)(u) (AX~)(U) ~]. 
By Theorem 2 we obtain, (Axt)(u) = (AXS)(U). Thus, Axt and AXS are equal on the neighborhood 
of X, N, which is the desired conclusion. 

There are 20 rules that allow for changes in the restricted quantifier basic fomulas of the antecedent 
of a line. In a computer implementation, most of these changes could be done automatically. We 
shaH mention a few of these QR-rules. 

Rule QRl. Premise line: A, Clx:$ => B. 
Conclusion: A, (C)nh.z-II ::::} B. 
Interpretation. Suppose that C is t == r. 
Premise line: SPI -----? ((A* 1\ (Axt)(S) == (Axr)(s) -+ B*). 
Conclusion: Spz -----? (A* 1\ (Axt)(X)::::; (Axr)(x»)~11 -+ B"), where SPI is a part of Spz. 
Proof. ((Axt)(S) = '\xr)(s))nh.z-s says that the~e two functions coincide on a neighborhood of s. 
~ince they are defined on a neighborhood, they are defined at s. Hence, (,Xxs'")(s) == ('\xf")(s). 



Rule Premise line: 
=> B, where is or and p are terms or ±oo. 

Int;erp:r~etIlLti()n. For simplicity, we assume that C is t = s, and the is (rxp), 
Premise line: 1\ «'\xf")(x) = AI"'" < X < 
Conclusion: Sp -+ 1\ «'\xt")(x) :::: -+ 

Proof. The interpreted rule is valid, because if a function is cont.inuous on any then 
it is continuous in a. of any interior of the interval. 

Rule Premise line: (1' = 
= (u= 

Inj~erpr'et~ltil[)n. Premise line: Sp-+ 
Conclusion: SPI -+ «'\up")(u) = (Au 
«AXU)(X) = (AXS"')(X»nhzr") -+ B"'). 
Proof. the a.nd the antecedent of the conclusion. Theorem 2, the antecedent of 

u.n." .............. , we have = AU p" 0 AX U and AX t" = AU t"' 0 AX u, 
when x is on a. neighborhood of 1""'. Since (AX u)( x) = s)( x) when x is on a neighborhood of r"', 
and (Au p")(u) (Au f')(u) when u is in a neighborhood of 8"')(1""), we have that AU p" 0 AX u :::: 
Aut"oAXU, when x is on a neighborhood of r". But this «AXP'")(X) = (,\xt")(X))nhxr" Thus, 

the premise, we get B"'. 

Rule Premise line: (t f. O)nhzs => 
t!:c:s f. 0, (t => B, where is a normal term. 

Interp.ret;ation. Premise line: -+ (A'" ,\ «..\xt")(x) ::F O)nhzs' -+ B"). 
Conclusion: -+ «,\x C')(s") ::F 0 A = (..\x A A" /\ t" # 0 

Proof. By the antecedent of the ..\x t'" is continuous on a neighbornood of s. Then, if 
t")(s) ::F 0 then (Axt"')(X) :f:. 0 in a of s"'. 
We have five rules that are structural rules. The first one allows one to add a 

antecedent of a line, and the last four, called rules allow for simplification or 
the antecendent of some lines. They are easy to In particular, the simplification rules 
on the fact that we are using strict identities and That is the assertion iRs, where R is 
the identity or an inequality symbol, implies that t and s are defined. Similarly, t is differentiable at x 
implies that t is defined in a neighborhood of x. The same to the other restricted quantifiers. 
Just as the these could be automatically in a computer As an 
eXcLmI)le, we shall prove the soundness of 

Rule SI2. Premise lines: 
A, (t = => 

C :::} s = m. 

Conclusion: C:::} B, where t occurs in a term I" and drjdx occurs in s or m. 
Interpretation. Premise lines: 

-+ (A* A «AXt*)(X) = (>.xt"')(X)nhz -+ B"'), 

SP2 -+ (C* -+ s'" = m*). 

(1) 

(2) 

(1) 

(2) 

Conclusion: -+ (A" /\ C'" -+ B"'), where t" occurs in a term r'" and (AX r"')'(x) occurs in s" or m". 
Proof. Assume the premises and the antecedent of the conclus!on. We have that C" implies that 
AX'r'" is differentiable at x. Hence, AX r* is defined in a neighborhood of x, and hence AX t" is also 
defined in a neighborhood of x. That is, «'\xt*(x) = (Axt*)(x»nhz' Hence, SPl /\ SP2 ..... B"', By 
Theorem 3, SPI -+ B*, and so, B·, 

We now begin the discussion of rules of replacement. Of course, an algebraic rule of replacement 
is required, but it is standard and so we do not state it here. From the lemma, we can obtain the 
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replacement rules for limits, derivatives, and definite integrals. For insta.nce, we show the replacement 
rules for derivatives and indefinite integrals. 

Rule DR. Premise line: A => t = s. d d d 
Conclusion: (A)nhz, (Yl = Yl)nhz, ... , (Yn = Yn)nhz, dds = ~ => d

t 
= d

S
' where (A)n.hz contains 

x dx x x 
the formulas in A relativized to nhx, and Yl, ... , Yn are the unbound variables in t not declared 
independent of x which do not occur unbound in A or in s. 
Interpretation. Premise line: Sp -+ (A * -+ t''' = s*). 
Conclusion: Sp -+ «(Axyt}(x) = (.Axyt}(X»)nhz /\ ... /\ «AXYn)(X) = (AXYn)(X))nhz 
-+ «A):ru: A (AX s*Y( x) = (AX s*)'(x) -+ (AX t*)'(x) = (.Ax s*)'( x). 
Proof. We assume Sp and that A * -+ t* s*. The conjunction of the neighborhood formulas in 
A can be replaced by the neighborhood formula of the conjunction. So we can consider A * as one 
formula. By the lemma, we get that 

(A'")nh:&: -+ (AXZl,' .. .AXZm are defined in a neighborhood of x -+ «(.,\xt*)(x) = (AXS")(X»nhx) 

where Zl, .•• , Zm are the unbound variables in t* and s* different from x. But, from the existence 
of the derivative of AX s* we can obtain that the functions determined from the variables in s* are 
defined in a neighborhood. Thus, we obtain that (A *)nhz' AX s* differentiable at x and AX Yl , ... , 
AXYn are defined in a neighborhood of x imply «AX t*)(x) = (Ax s'")(X»nhx. 

Assume these hypotheses. From a theorem of analysis, we have that (AX t*(x) = AX s'"(X))nhx and 
AXS* is differentiable at x imply (Axt*)'(X) = (AXS·)'(X). So we have the conclusion. 

Rule IRi. Premise line: A => t = s. 
Conclusion: (A)nhz, (Yl = Yl)nhx, ... , (Yn = Yn)nhz => J t dx = J s dx, where Yb ... , Yn are the 

unbound variables in t and S not declared independent of x. 
Interpretation. Premise line: Sp -+ (A * -+ t* s*). 
Conclusion: Sp -+ «(AxYd(x) = (.Axyt}(X»nhz 1\ ..• /\ «(AxYn)(x) (AXYn)(X))l1hx 
I\(A*)nhx -+ 1:&: Axt· 1:1: AXS*).l 

a", a", 

Proof. For this rule, we also need the fundamental theorem of calculus. Assume Sp and A * -+ C' = 
s". Then, as above, 

.Ax Yl, ... , AX Yn are defined in a neighborhood of X -+ 
«A")nhx -+ «(Axt*)(x) = (AXS*)(X)nhx)' 

So if we assume (A*)nhx and Sp, we have «.Axt*)(x) = (AXS*)(X»l1hx. Let az: be a point in the 
neghborhood of x where Axt* = AX s* with a:r =1= x. We have, by Theorem 1, that AX t* and .Xx s· 
are continuous in that neighborhood, and hence. in [ax, x]. Then, J:z Ax t* = J:", AX s*, which shows 
the conclusion of the rule. 

The replacement rules for limits, (LR), and definite integrals, (IRd), are proved similarly. In 
(LR), we must assume in the conclusion Adnhxs , when the limit has x -+ s. In (IRd), when the 
integral is between limits rand s, we assume A[rxs]. 

Most of the other rules are consequences of well known calculus theorems. We shall now only 
prove a sample of the other rules. Those which are not proved here can be treated similarly. 

We shall mention only one rule for limits. 

Rule Leorn. This is the limit of the composition of functions. Here t, u, v, x, y, Z are variables, or 
±oo where it makes sense. 
Conclusion: (p = p)n.hzs, limp = t, lim x = s => limp = t. 

:r-s y-z y-z 

Interpretation. Conclusion: Sp-+ (((AXP*)(X) (Axp*)(x))nJ:..xsl\limAxu tl\li!ll).Yx s)-+ 
lim AY P = t. s 

z 

1 From this rule plus the dlStrlbutlvity of the mdefinite integral over addition, it can be proved that J 0 dx = O. 
This result. although awkwa.rd, is not contradictory In order to aVOid it, we would have to comphcate unduly this 
rule of replacement. 



Proof. Assume the antecedent. Since from Theorem 2 and the special 
formulas, we obtain = AX po AY x in of z. Then, the theorems 
on limits and of functions, we the consequent. 

Besides the obvious rules for derivatives 1 we have the following three. 

Rule DCh. lhis .~. ".'~.~&A'~'04_ 
Conclusion: t = 

yY(u)A 

(AXU)'(x) = (Ax -+ (AXYY(X) y)' ( u) . (.Ax 

Rule DIm. This differentiation. Here t, Sb and 82 are terms with no dependent 
or variables and with only x and y free. 
Premise lines: 

(t 
dy 
dx = 

(t= 
dy 

= sdnhry, S2)nhxy, dx = 
dt dy 

::.? S1 + S2-;[;-

ConclUSIOn: 
A. t = 0, (t = 

nt4!rl=lretalclon. Premise lines: 

Conclusion: 

A (Axf")(x) 

(Ax y)'(x) 
(.Axt*)(x)~ A 

(..\xy)'(x)) -+ 

f")(x) = O)nhxA 

SP2 -+ «((Axt")(x) = (>.xf")(x))nJu: A si):ilixy A 

y)'(x) = (Axy)'(x)) -+ (..\xt''')'(x) =.s~ + s; - (Axy)'(x)). 

-+ «( A" A t* = 0 A t* )nhry A (si = si )nhxy A 

(1) 

(2) 

(1) 

(2) 

Proof. Assume the and the antecedent of the conclusion. Let y) = 1". Then F IS a 
continuous function defined on a neghborhood of the point (x, y). The second premise that 
F;r( X 1 y) == sj and F,( x, y) = S2' Then the implicit function theorem imply the antecedent of the first 
premise for a certain continuous function >.xy. Hence, by (1), we get B*. 

Rule DIn. This gives a rule for the derivative of an inverse function. 
. dy dx 1 

ConclusIOn: - = '11., U :f:. 0 ::.? = -
dx '11. 

Interpretation. Conclusion: Sp -+ «Ax y)' (x) U A U :f:. 0 -+ (>.y x)' (y) :::::: '!:"). 
U 

Proof. Assume the antecedent. Then, since the derivative of AX y is different from 0, AX y is one-to-
one in a neighborhood of x. Hence it has an inverse in a neighborhood of x. By Theorem 2 and the 
special formulas, >.y X is such an inverse. So by the inverse function theorem, we obtain the result. 

We have two rules for differentials. 
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Rule Diff. This gives the definition of differentials. 
. dt dt dt 

ConclusIOn: dx .= dx => dt =.: dx . dx. 
Interpretation. Conclusion: Sp -7 «Ax t)'(x) = (Ax t)'(x)) -7 (AX t)'(x) 
(AX t)'(x) . (AX x)'( x)). 

Rule DiffC. This is a special rule that we need in order to be able to solve simple differential 
equations. 
Premise line: A:::} 8 dx t dx. 
Conclusion: A => 5 t, where X is the absolutely independent variable in s dx t dx. 
Interpretation. Premise line: SPI -7 (A* -7 (Axs*)(x), (Axx)'(x) (AXt*)(X)' (Axx),(x»). 
Conclusion: SP2 -7 (A* -7 s* = C'). 
Proof. This is clearly valid, since from the special formulas we get by Theorem 1 that (Ax s")( x) = s· 
and (Axt*)(X) = t*. 

Most of the rules for integrals (besides replacement, which has been dealt with) are easy to prove. 
As an example, we shall prove a rule for antiderivatives (IAn), substitution (ISubi), and fundamental 
theorem (1FT). 

Rule IAn. This is ;he rule for antiderivatives. 
Premise line: A:::} t s. 

Conclusion: (8 S)(p:rqh (Yt = yd(prq) , ... , (Yn = Yn)(prq), (A)(p.rq), P < x < q => J oS dx = t + C, 
where Yl, ... , Yn are the unbound variables in t and oS different from x and not occurring unbound 
in A, p is a term or -00, q is a term or +00, and C is a new special constant which depends on p 

and q. 
Interpretation. Premise line: Sp -7 (A * -7 (.\x t*)'(x) = 8). 
Conclusion: Sp -7 «((AxYi)(x) = (Axyi)(x)hpo:rqO) /\ ... /\ «(.\x y~)(x) 
(Axy~)(x)(pOxq') /\ «Ax8*)(x) = (.\X8*)(X))(po rq O) /\ (A*)(poxq.) /\p* < x < q")-7 

(X AXs" = .\xt'"(x) + C(p,q)). 
Ja", 

Proof. Suppose the premise. Then by the lemma, we have that 

pxt"' is continuous on (p*,q") /\ (A*)(p.xq.)) -7 ((AXY)'(X) AXU(X»(p.Xq.) 

Hence, since by the fundamental theorem, J~ (AX t*)' = AX t*(x) + 0, where C depends on p. and q*. 

By replacement we the conclusion. 

Rule ISubi. Conclusion: (t = t)nlUll (t = t)nh:c, (:~ = ~~)nh:c => 

J t du = J t ~~ dx. 

Interpretation. Conclusion: Sp -7 (((Aut*)(U) = (Aut*)(U))nhu /\ ((.\xt*)(x) = (Axt*)(X))nhx /\ 
((Aux)'(x) = (AUX)'(X))nh:c -7 

{U AU t* = r AX t* . (AX u)'). 
Jau Jo.% 

Proof. Let F be an antiderivative of AU t* in a neighborhood of u. Then F' = Au t* in this 
neighborhood. We have, by the chain rule, (F 0 AXU)' = F' 0 AXU' (Axu)'. We also have, ,\xt· = 
AU t* 0 AX U = F' 0 AX u. Hence, (F 0 AX U)' = AX t* . (AX U)' and is continuous in an neighborhood of 
x. Thus, F 0 AX U is an antiderivative of AX f* . (Ax U)' ~n a neighborhood of x. 

Let a:z: be a point in this neighborhood of x, different from x. Then 



1: Axf"· (..\xu)' = F(..\xu(x)) - F{Axu(ax)). 

Let au = ..\xu(ax). Thus, J~ Axt"· (Ax = P(u) - P(au }. Since F is an antiderivative of AUy, 
we get that J: .. AU t" = F( 'U) - F( au). Thus, we get the conclusion. 

The next rule is an immediate consequence of the fundamental theorem of calculus. 

Rule IFT2. Premise line: A => J t dx = s. 

Conclusion: (Ahpxq)1 (s = s)tpXq] => t dx = slx:p - slz:::q. 

Interpretation. Premise line: Sp - (A" _131 Ax f" = 8"'). 

Q,,,, lq• 
Conclusion: Sp -+ (((Axs*)(x) = (Axs"')(x)[p$xqo]A{A")(poxqO) -+ AXi'" = (AX s")(q"')-(Ax s"')(p*)). 

1'" 

6 Examples derivations 

In this section, we shall give two examples of derivations. In writing them, we shall number the suc­
cessive lines, and divide their antecedent into two sets: premises and restrictions. In the restnctions 
we put the conditions for existence and continuity of the terms. In many cases, these condition5 
are inequalities. The prermses are equations that occur in the consequent of preceeding lines. The 
consequent of each line is caned the main equation of the line. 

We shall add an extra column to state the rule and previous lines used to obtain the given line. 
We abreviate by 'aI', algebraic rules, by 'AR', algebraic replacement, by 'sim', simplification rules, 
by 'deI", derivative rules, and by "int', integral rules. 

When a number occurs in the set of premises, the number represents the main equation of the 
line with that number. We shall also write (n)nlu; for the main equation of line n restricted to a 
neighborhood of x. Similarly for the other restrictions. 

We shall write each line in columns. Thus, each line will have five columns. In the first column 
we put the number of the line; in the second, the main equation; in the third, the premises, in the 
fourth, the restrictions; and finally in the fifth, the reasons. 

Example 1 Here we deal with the related rates example discussed in the introduction (Example 4). 
For this example we need a rule derived from (DCh) and (DIn), namely, 

Rule DIn2. Conclusion: m is x-diff, m is z-diff, ~7 =f:. 0, ~: =f:. 0 => 

dz = dm/dm 
dx dx dz 

We now begin the derivation of the equations. 

1 Z2 = lOOt2 + x 2 (1) None IP 

dz2 d 
100t2 + x 2 is t-diff 2 - = -(lOOt2 + x2

) (1 )nht DR, 1 
dt dt' 

dz dz2 dz2 

None Z2 is t-diff Dln2 3 -=-/-dt dt dz 
Z2 is z-diff 

dz
2 #- () 

dt ' 
dil 10 
dz 
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4 
dz '!!'(lOOt2 + X 2

) 
_ - dt (1) 
dt - dz2 nbt 

dz; 

100t2 + x 2 is t-diff AR, 2, 3 

z2 is z-diff 

5 

6 

7 

8 

9 

10 

11 

12 

13 

dz 2 

-=2z 
dz 

t=5 

x = 30 

dx = 20 
dt 

z y3400 

dz 2600 
dt = \1"3400 

dz 2600 
dt = \1"3400 

None 

None 

(1 )nht 

d
d (100t2 + x2 ) =/:- 0 
t2 

dz =/:- 0 

None 

x is t-diff 

x is t-diff 

dx 
200t + 2xTt =/:- 0 

2z =/:- 0 

(8) None 

(9) None 

(10) None 

(1), (8), (9) None 

(l)nhh (8), (9), (10) x is t-diff 

2z =/:- 0 
dx 

200t + x dt =/:- 0 

{l)nht, (8), (9), (10) x is t-diff 

vVith Line 13, we obtain what we need. 

der 

der 

AR, 4,5,6 

IP 

IP 

IP 

al 

AR, 7, 8, 

9, 10, 11 

al,12 

Example 2 This example is a solution of very simple differential equations by separation of variables. 
We need t.he following extra rules. The second is a derived rule. 

Rule Str4. Premise line: C ::::} p!x=s,y=t = q 
Conclusion: C :::} p[:n = q 
where p contains neither dependent nor independent variables, and R is =, =/:-, <, >, ~, or ~ 

Rule DiffSe. Separation of variables 

P:emise line: A::::} s dy = t 
dx 

Conclusion: A, y is x-diff::::} s dy t dx 

Suppose we want to solve, dYldt = ky with ylt=o 1, so we assume these equations as premises 
(lines 1 and 15). (y = Y)(azb) can be read as Y is a function of x on t.he interval (a, b). 

1 dy = ky 
dx 

(1) None IP 
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2 dy = ky dt (1) y is i-cliff DiffSe, 1 

3 dy == kydt (1 ) None sim, 2 

1 
(1) al,3 4 - dy = kdt y#O 

y 

5 J ~ dy = J kdt (1 )nht (y I- O)nht IRi, 4 

6 J ~ dy == J kdt (1 )(-oot+oo) y#O QR2, 5 

(y = y)(-00t+oo) 

7 J ; dy = In y + C1 None O<y int 

8 J kdt = kt + C'}. None klO int 

9 In y + C1 = kt + C'}. (1 h -oot+oo) O<y AR, 6,7,8 

ylO 
(y = Y)(-oot+oo) 

k#O 

10 In y + C l = kt + C2 (1 )(-oot+oo) O<y aL 9 

(y = Y)(-oot+oo) 

kl-O 

11 Y = ekteC2-Cl (1)( -oot+oo) O<y aL 10 

(y = Y)(-oot+oo) 

k#O 

12 Y!t:o = ekteC2-Cllt=o (1)( -oot+oo) 0< ylt=o Std, 11 
(y = y)(-oot+oo) 

kfO 

13 Y!t=::o = ekOeC2-CI (1 )(-oot+oo) 0< ylt=o Str4, 12 

(y = y)(-oot+oo) 

kl-O 

14 Ylt=::o = eC2 - Cl (1 )(-oot+oo) o < ylt:o aI, 13 

(y = y)(-oot+oo) 

klO 

15 ylt:o == 1 (15 ) None IP 

16 1 == eC2 - Cl 
(l)(-oot+oo)1 (15) 0<1 AR. 14, 15 

(y = y)(-oot+oo) 
klO 

17 1 == eC2 - Ct (1 )(-ooHoo), (15) kID al,16 

(y = Y)(-OOHOO) 

18 Y == ekt (1 h-oot+oob (15) O<y AR,1l,17 

(y = y)(-oot+oo) 
k:;iO 

\Vith this line, we conclude the solution. It can be seen, that the line includes all the necessalY 
conditions for the solution to be valid. 
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