
LETTER ~~~~~~~~~~~~~ Communicated by Dimitrios Pantazis 

A Spline Framework for Estimating the EEG Surface 
Laplacian Using the Euclidean Metric 

Claudio G. Carvalhaes 
claudioc@stanford.edu 
Center for the Study of Language and Infonnation, Stanford University, Stanford, 
CA, 94305-4101, U.S.A. 
Instituto de Matematica e Estatlstica, Universidade do Estado do Rio de Janeiro, 
Rio de Janeiro, RJ, 20550-900, Brazil 

Patrick Suppes 
psuppes@stanjord.edu 
Centerfor the Study of Language and Information, Stanford University, Stanford, 
CA 94305-4101, U.S.A. 

This letter develops a framework for EEG analysis and similar appli­
cations based on polyharmonic splines. This development overcomes a 
basic problem with the method of splines in the Euclidean setting: that 
it does not work on low-degree algebraic surfaces such as spherical and 
ellipsoidal scalp models. The method's capability is illustrated through 
simulations on the three-sphere model and using empirical data. 

1 Introduction ______________________ _ 

The surface Laplacian model of EEG data has been demonstrated to be a 
valuable tool in EEG analysis. Basically the surface Laplacian estimates the 
radial current density entering or leaving the scalp beneath electrode sites 
(Hjorth, 1975; Perrin, Bertrand, & Pernier: 1987; Perrin, Pernier, Bertrand, 
Giard, & Echallier, 1987; Perrin, Pernier, Bertrand, & Echallier, 1989, 1990; 
Gevins, Leong, Smith, Le, & Du, 1995; Nunez & Srinivasan, 2006). This 
quantity is more robust against volume conduction effects of theconduc­
tive head than conventional scalp potentials, which in general provide only 
a blurred copy of the cortical potential distribution. Importantly, this im­
provement in spatial resolution is achieved without making any unsup­
ported assumption about brain generators, such as the number of dipoles 
and their locations in the brain. Furthermore, the surface Laplacian trivially 
solves the electrode reference problem that merits serious attention in EEG 
studies. It also has the advantage of being relatively robust against artifacts 
generated in regions not covered by the electrode cap, such as the potentials 
due to eye movements. These properties provide a substantial motivation 
for using the surface Laplacian in the spatial analysis of EEG signals. 
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However, the benefits 9f the surface Laplacian might not be fully 
achieved in practice due to estimation errors. By definition, the surface 
Laplacian is a continuous mathematical operator that can be applied only 
approximately to empirical data (Jackson, 1999). The classic scheme to es­
timate the surface Laplacian is the method due to Hjorth (1975), which is 
essentially a second-order, finite difference approach that uses the p..otential 
at a given electrode and its four nearest neighbors to make a local esti­
mate. Due to its mathematical simplicity, Hjorth's method offers a good 
framework for theoretical explorations. However, it assumes an unrealistic 
piecewise planar scalp and does not account suitably for unequal interelec­
trode separations or for estimations at border electrode sites. Furthermore, 
the method is not endowed with a mechanism for handling noise in the 
potential distribution. 

Perrin et al. (1989) introduced a method that uses a global interpolant 
rather than finite differences to perform the Laplacian differentiation. This 
method is commonly referred to as the spherical Laplacian because it is 
based on a spherical pseudo-spline approach developed by Wahba (1981, 
1990). Since splines fall into the wide class of mesh-free methods (Fasshauer, 
2007), the spherical Laplacian has the advantage of working for arbitrary 
interelectrode distances. Moreover, -it provides continuous predictions of 
the Laplacian distribution allover the head. Despite some shortcomings, 
the spherical Laplacian has proved to be valuable in practice, and it is 
probably the most widely used Laplacian technique. 

Splines arose from problems in applied mathematics (Schoenberg, 1946) 
and physics (Harder & Desmarais, 1972; Green & Silverman, 1994). After 
the mathematical work of Duchon (1977), the method has become:~n in­
dispensable tool in multivariate data analysis. The approach developed by 
Wahba (1981,1990) is the earliest work we are aware of to address a serious 
problem with the spline fraxpework: that the method does not apply to 
data points on spheres. This problem occurs because the surface's equation 
constrains the interpolation conditions, making them insufficient to elimi­
nate all degrees of freedom of the interpolation problem. Wahba's solution 
circumvents this problem by replacing the Euclidean distance by geodesic 
distance. 

Unfortunately, the method of using geodesic distance does not extend 
easily to other quadratic geometries in which splines also do not work. An 
example is the case of data points on ellipsoids, which is useful in EEG 
studies. Moreover, the geodesic distance is totally inappropriate to use in 
Euclidean spaces, and so does not account for most of the realistic head 
shapes. 

The major contribution of this letter is the development of a method that 
extends splines to non-Euclidean scalp models without using the geodesic 
norm. Rather, we employ QR factorization, which decomposes a data ma­
trix into an orthogonal, Q, and an upper triangular, R, matrix, and mini­
mum norm solution to handle the singularity problem in the interpolation 
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conditions. The usefulness of this framework goes beyond that of the spheri­
cal Laplacian, since it accounts for Laplacian estimations and smooth recon­
struction of EEG data in arbitrary scalp shapes. Importantly, the required 
mathematical operations are given in a closed form and consist basically of 
a linear transformation of the scalp potential distribution. This speeds up 
computation and makes it easy to integrate the algoritlun with other linear 
analysis methods. The special case in which the scalp is represented by a 
perfect sphere is developed in detail and evaluated by means of simula­
tions. The performance of the method on empirical data is also studied in 
the context of a two-class discrimination task. 

2 ~ethods ____________________________________________ _ 

2.1 Spline Interpolation. Using splines to interpolate or smooth data 
amotmts to solving a linear system of the following form (Duchon, 1977; 
Meinguet, 1979; Wahba, 1990; Green & Silverman, 1994; Eubank & Eubank, 
1999): 

(2.1) 

The unknowns C=(Cl, ... ,CN)' and d=(d1 .... ,dM)' are the coeffi­
cients that expand the spline interpolant defined below. The vector v = 
(VI. .. . , VN)' represents the instantaneous potential distribution sampled at 
electrode locations rl •...• rN E JR3. The matrices K and T have dimensions 
N x Nand N x M,respectively, and (K)ij = Ilr; - rj 11

2111 - 3 and (T)ij = ¢j(rj). 
The parameter m assumes only integer values and is required to satisfy 
2m > 3. The functions ¢1, ... , ¢M are all monomials in three variables of 
degree less than m. There are M = (111;2) such monomials, and we express 
them in the form 

(2.2) 

where e = i + j + k + 1, 0 ::: i :::: m - 1, 0 .5 j .5 i, and 0 .5 k :::: j. For in­
stance, for m = 2, we have that M = 4 and ¢1 (r) = 1, ¢2{r) = x, ¢3{r) = y, 
and ¢4(r) = z. The parameter m must be such that N > M, that is, T must 
have more rows than columns. Otherwise problem 2.1 is ill posed. 

The parameter A ~ 0 provides a useful mechanism to reduce spatial 
distortions in the measurements due to noise (Wahba, 1990). Adjusting A 
regulates the trade-off between minimizing the squared error of the data 
fitting and smoothness. The input data set v is fully recovered for A = 0, 
while a wave form that ignores all of the features of the data is obtained 
for large A. Between these extremes lies an "optimal" A-value whose esti­
mation requires a special technique, such as the method of cross-validation 
and generalized cross-validation (Golub, Heath, & Wahba, 1979; Craven & 
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Wahba, 1979; Wahba, 1990; Green & Silverman, 1994; Hansen, 1998; Eubank 
& Eubank, 1999). 

Smooth splines determine an interpolant, 'VA(r), for the given data set as 
the unique minimizer of the penalized sum of squares (Wahba, 1990; Green 
& Silverman, 1994), 

N 

1 '" ') F(v) = N L.)Vi - u(ri)t + A !II/(V), 
;=1 

(2.3) 

where !m(v) is a measure of the roughness of v (Wahba, 1990; Green & 
Silverman, 1994; Eubank & Eubank, 1999). The mblimizer of F (v) has the 
general form 

N M 

vA(r) = LCi Ilr- riI1 2111
-

3 + Ldt'¢e(r), (2.4) 
i=l 1'=1 

where the A-dependency of VA is embedded in the parameters c{s aqd d/s. 
Once system 2.1 is solved, the potential distribution can be esti­

mated at any scalp location by equation 2.4. If A =f:. 0, then this formula 
smoothly reconstructs the original potential distribution in the spatial 
domain. 

2.2 The Proplem with Splines on Spherical and Ellipsoidal Scalps. 
An iinportant remark about the above approach is that it does not account 
for surface Laplacian estimations on spherical or ellipsoidal scalp models. 
This is because only if m > 2 is system 2.1 nonsingular for sample points 
on a quadratic surface. As the interpolant possesses discontinuous second 
derivatives at all electrode coordinates for m = 2, this case is not suitable 
for computing the surface Laplacian (see equation B.11 in appendix Band 
equations C.17 in appendiX'C). 

Without loss of generality, let us consider the m = 3 case for which the 
interpolant has continuous derivatives up to the second order, as required 
for surface Laplacian estimations. In this case, T is the N x 10 matrix of the 
form l 

T= (I Xl Yl ZI X2 XIYl X1 Z1 Y; Y1 Z1 Z} 1 

(2.5) 

XN YN ZN X2 XNYN XNZN 2 
YNZN Z2 

N YN N 

iNotice that the columns of T follow the order in which the monomials tPl appear in 
equation 2.2. 
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If the sampling points are a subset of a sphere or ellipsoid, then those 
columns of T spanned by the monomials 1, x2

, l, and z2 (i.e., cohu:nns 1, 5, 
8, and 10 of T) are linearly dependent due to the constraint . 

x2 y2 z2 
~+.:..!...+-l....-1 . 1 N a 2 b2 c2 - • 1 = .... , . (2.6) 

Here a. b, C > 0 represent the semi-axes of the ellipsoid (a = b = c for the 
sphere). Therefore, T is rank deficient, that is, T is rank 9, and so equation 
2.1 is singular for m = 3. The same holds for m > 3. The m = 2 case is an 
exception because no second- or higher-degree polynomial is involved in 
the construction of T. 

2.3 The Spherical Laplacian. Wahba (1981) proposed a scheme for 
interpolating on spheres that consists of minimizing equation 2.3 using 
geodesic distance rather than the Euclidean distance. This procedure, which 
applies only to spherical models, yields the interpolant 

N 

v~(r) = I>i glll.(r, ri) + d, (2.7) 
;=1 

where 

1
00 

2i+1 "" 
gnl (r. r/,) = - '" P,,(r· f l') ms > 1. 

s· 47l' ~ £111,(£ + 1)/11" L , 

1'=1 

(2.8) 

Here, Pe is the Legendre polynomial of degree i, and carets denote unit vec­
tors. The coefficients c;'s and d are still determined by equation 2.1, but now 
(K)i j = gill, (ri' r;) and the matrix T is a vector of ones (i.e., dim(T) = N xl). 
Wahba's approach became popular in EEG thanks to the work of Perrin et 
al. (1989), who were the first to use it to estimate the surface Laplacian on 
the spherical scalp model. Noteworthy also is the detailed study presented 
by Babiloni et al. (1995), in which errors dl1e to the unrealistic spherical ap­
proximation, amount of smoothness, and the value of m were statistically 
evaluated using variants of the 10/20 EEG system and noise of different 
magnitudes and spatial frequencies. 

In spherical coordinates, 

1 [& (. af) 1 a2f J 
t:.surff = r2 sinO ao smO 00 + sinO ocp2 ' (2.9) 

where the polar angle 0 is the angle down from the z-axis (vertex) and 
the azimuthal angle cp is the angle around from the x-axis (nasio~.-As the 
Legendre polynomials satisfy the relation Uackson, 1999, p. 110) 

(2.10) 
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we obtain from equation 2.7 that 

(2.11) 

where rhead is the scalp radius. That is, the spherical Laplacian is approxi­
mately a spherical interpolant of order 11'15 -1. 

In the Euclidean setting, the parameter m controls the degree of the 
interpolant, that is, the larger m is, the higher is the degree of the interpolant, 
and the orthogonality condition TIc = 0, which is embedded in equ,ation 
2.1, bounds the interpolant outside the region covered by the electro~ sites. 
For instance, for a planar scalp model and for m = 2, this condition cancels 
any second- or higher-degree term in the expansion of VA (r) for r large, 
thus forcing the interpolant to approach a plane a long distance from the 
electrode sites (Harder & Desmarais, 1972; Perrin, Pemier, et al., 1987). In 
turri, as the spherical interpolant is defined in a compact space, it requires 
periodic rather than asymptotic conditions. Hence, no Legendre polynomial 
is eliminated from the interpolant by the orthogonality condition in the 
spherical setting. 

Although the performance of the spherical Laplacian with empirical 
data is usually satisfactory, precaution needs to be taken to avoid numer­
ical errors due to truncations in equation 2.8. More important, for large e, 
the term (2e + l)j[ems (l + 1)111.] in equation 2.8 approaches 0 rapidly. Thus, 
high-frequency spatial contributions to gm, (r. ri) fall off rapidly, and the 
interpolation acts as a spatial filter that weights down short wave-length 
features. The largerms is, the more features are smoothed out. This behavior 
causes blurring distortions that may jeopardize the intended enhancement 
in spatial resolution. Also important is the fact that the condition number 
for the coefficient matrix of equation 2.1 is usually high, and.it gets rapidly 
worse by increasing 1ns for montages with more than 64 electrodes.Jhere­
fore, one has little room for selectIDg ms in practice-typically 2 :s ins :s 6 
(8abiloni et al., 1995). 

2.4 The Minimum-Norm Approach. In this section, we use the pseudo­
inverse matrix to circumvent the problem of using splines on quadratic 
surfaces in the Euclidean setting. The rank deficiency of the matrix T on 
quadratic surfaces is a problem that affects only the unknowns d. In fact, 
consider the decomposition of T using the QR factorization 

(2.12) 

where Ql E \RNxM and Q2 E \RN:«N-M) are orthonormal and R E ]RMxM is 
upper triangular. According to equations 2.1 and 2.12, we have that T'c = 0 



2980 C. Carvalhaes and P. Suppes 

and T'Q2 = 0, that is, the matrix T is orthogonal to both c and Q2. This 
implies thatcisa vector in thecolurnn space of Q2. ASQ2 is well conditioned, 
these tmknowns can be determined even if T is rank deficient. In fact, 
according to Wahba (1990, p. 13), we have that 

C =Q2 [Q; (K + NJ...I) Q2r
1 

Q;v. 

Rd = Q; (v - Kc - NAC) . 

(2.l3a) 

(2.13b) 

The solution for the unknown d's depends on the scalp geometry. If T is 
of full rank, then d is unique, and it can be determined either by inverting 
the (nonsingular) square matrix R or, more efficiently, by back-substitution. 
This is the case of most of the realistic scalp shapes (Law & Nunez, 1991). 

The case of the widely used spherical scalp model, whose geometry 
greatly facilitates the Laplacian differentiation, requires attention. In or­
der to handle this case and other quadratic surfaces as well, we adopt the 
minimum norm solution, which assumes minlldll among all possible solu­
tions for equation 2.13b. The minimLUn-norm solution of equation 2.13b is 
computed as 

d = R+Q; (v - Kc - NJ...c). (2.14) 

where R+ denotes the Moore-Penrose pseudo-inverse of R. The pseudo­
inverse satisfies the conditions R R+ R = Rand R+ R R+ = R+ and is usu­
ally defined by singular-value decomposition (Golub & Varah, 1996). Let 
R = U ~ V', where U and V are M x M unitary matrices and ~ is an M x M 
diagonal matrix containing the singular values of R in descending order. 
Then the pseudo-inverse admits the representation R+ = V~+U', where 
~+ is the matrix formed by replacing every nonzero element in ~ by its 
reciprocal. The solution, equation 2.14, is unique, and any other solution to 
equation 2.13b differs from it by a vector m the null space of R. 

2.5 The Surface Laplacian Linear Transformation. The advantage of 
using QR factorization to solve the interpolation problem is twofold. First, 
it restricts the rank-deficiency problem of T within the space of solutions 
of equation 2.13b. Second, it allows us to formulate the problems of EEG 
smoothing and Laplacian differentiation in terms of linear transformations. 
For this, we introduce the data-independent matrices CA and DA o~(iimen­
sions N x N and M x N, respectively, which are such that c = CA v and 
d = DA v-that is, 

CA = Q2 [Q; (K + NU) Q2r
1 

Q;. 

DA = R+Q; (1 - KCA - NJ...CA) • 

(2.15a) 

(2.15b) 
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Since R+ coincides with R-1 when R is invertible, these expressions are 
general, being applicable to either Euclidean or non-Euclidean geometries.2 

The smooth reconstruction of EEG data is performed by linearly trans­
forming the da ta, according to 

(2.16) 

where SA E jRNx N is the smoothing matrix 

(2.17) 

We have introduced the time variable to emphasize that SA remains un­
changed across time samples. The variable r was suppressed to stress that 
this formula holds only at the electrode sites. Since the computation of SA 

does not involve differentiation, this matrix can be easily obtained for any 
scalp shape. 

We observe that the coefficient matrices C j, and DA are not affected by 
spatial differentiation. Hence, the surface Laplacian operator ~sUIf can be 
represented, at the electrode sites, by the square matrix 

(2.18) 

Here K E JRNxN and t E JRNxM are the matrices of elements (K)ij = 
~surfllri - rj 11 2111 - 3 and (T)ij = ~sutf4>i(rj)' respectively.3 The Laplacian wave 
form is then given by 

(2.19) 

Therefore, according to equations 2.16 and 2.19, EEG smoothing and 
surface Laplacian differentiation are operations that consist essenJjally of 
linearly transforming the given potential distribution. If the scalp geometry 
is set a priori (e.g., for a spherical scalp model) and provided the electrode 
configuration remains the same, the transforming matrices SA and LA are 
both subject independent and therefore need to be computed just once for 
a given A-value. 

As the operator V;urf vanishes at any monomial of degree less than 2, 
the first four columns of t are always null. Hence t and, consequently, 
L), are inevitably rank deficient. This property may be relevant in some 
procedures. An example is the multiple-step approach of Carvalhaes, 
Perreau-Guimaraes, Grosenick, and Suppes (2009), which combines the 
surface Laplacian with independent component analysis (lCA) to improve 
single-trial classifications. 

2 It is worth remarking that the pseudo-inverse is an expensive proced ure to determine 
R- 1. 

3Note that t is a 0 matrix for the spherical Lapladan. 
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2.6 Simulation. Simulations based on the three-sphere volume conduc­
tor model were used to evaluate the performance of the surface Laplacian 
derived in the Euclidean setting. Brain, skull, and scalp were represented 
as concentric spheres of radii 8.0,8.6, and 9.2 cm, respectively. The brain 
and scalp had the same resistivity of 300 Q x cm, and the skull was 80 times 
more resistive. The brain sources were radial dipoles with polar (8) and 
azimuth (cp) angles in the ranges of 0 to 90 degrees and 0 to 360 degrees. 
Each dipole modeled a current of t t-tA flowing between poles separated 
by a constant distance of 1 mrn. The current dipole is the basic element for 
representing neural activation in the EEG inverse problem (Braun, Kaiser, 
Kincses, & Elbert, 1997; Okada, Wu, & Kyuhou, 1997; Darvas, Pantazis, 
Kucukalrun-Yildirim, & Leahy, 2004). Although the surface Laplacian is not 
a three-dimensional source localization teclmique, the well-known connec­
tion between brain potential and scalp Laplacian distributions establishes 
the Laplacian as an important tool for source mapping. The objective of our 
simulations was therefore to assess the ability of the Euclidean approach to 
produce a reliable mapping of underlying cortical activity. 

Appendix A presents the analytic solution to the forward problem 
used in our simulations. The potential and Laplacian distributions due 
to a single radial dipole is given by equations A.8. The more' general 
case of linear combinations of radial dipoles is straightforwardly ac­
counted for by linearly superposing the solutions for the dipoles alone. 
The formal expression for the Laplacian dilferentiation of equation 2.4 on 
a spherical scalp is presented in appendix B. The Matlab codes imple­
menting these computations are available as supplementary material at 
http://www.mitpressjournals.org/doi/suppl/10.1162/NECO_a_000192. 

The simulations were performed in the noiseless regime. The generated 
potentials were spatially sampled using geodesic partitions of 64, 128, and 
256 sites (Tucker, 1993). These distributions referred to the value of the 
potential at the vertex-8 = O. As the surface Laplacian is reference free, 
the reference electrode was included in all Laplacian estimations, thereby 
augmenting the montage by one electrode:The Laplacian wave forms were 
reconstructed by applying the Euclidean Laplacian to the generated poten­
tia1 distributions. The parameter in varied in the range from 3 to 6.4 

The root mean squared error (RMSE) was Llsed to evalua te the accuracy 
of the fitting. The RMSE was defined as 

"N (w. _ wtrue)2 
L.,r=l r r E= 

N 
(2.20) 

where N is the number of samples (electrodes) and Wi and w}fUe are the ith 
values of the estimated and "true" Laplacians. 

4Larger m-values would violate the condition N > M for the montage with 64 electrode 
sites. 
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2.7 Empirical Data. The performance of the Laplacian method was 
evaluated on empirical data within the context of a two-class imagina­
tion task. Eleven participants (51-511), ranging in age from 21 to 25 years, 
participated in an experiment in which they were randomly presented ei­
ther a visual stimulus, consisting of a red stop sign flashed on a computer 
screen, or an auditory stimulus consisting of the English word go, uttered 
by a male native speaker of English, digitized at 22 kHz, and presented by 
computer speaker. Each presentation lasted 300 ms and was followed by a 
period of 700 ms during which the participant saw a blank screen. Immedi­
ately after this period, a fixation point consisting of a small white + Sign was 
shown on the center of the screen for a period of 300 ms. During this time, 
the participant was instructed to form a vivid mental image of either the 
just-presented stimulus (51-57) or the alternative stimulus (58-511). Par­
ticipant imagining was followed by another 700 ms of blank screen, after 
which the trial ended. Prior to recording the EEG signal, the participants 
were given the opportunity to practice with trial samples. 

The EEG signal was recorded using a 64-channel Neuroscan system 
(N eurosoft, Sterling, U.S.A.) with monopolar electrodes referenced to linked 
mastoids. A pair of bipolar electrodes was placed at the outer canthi to 
record the horizontal electrooculogram (HEOG) and another pair on the 
sub- and supraorbital ridges of the left eye for vertical electrooculogram 
(VEOG). The 62 monopolar electrodes were placed at the scalp locations 
of the 5% system (Oostenveld & Praamstra, 2001), with the exceptions of 
the electrodes Nz, AF1, AF2, AF5, AF6, T9, T10, P9, P5, P6, P9, P10, PO, or 
I, which were not included. The signal was recorded continuously across 
stimulus presentation and imagination tasks. 

Each session consisted of 30 blocks of 20 trials with regular breaks con­
trolled by the participant by key press. The analog signal was digitized at 
a sample rate of 1 kHz after being bandpass-filtered at the band~idth of 
0.1 Hz to 300 Hz and through a 60 Hz notch filter. The signal was down­
sampled for analysis by a ratio of 4:1, thus cutting out all frequencies higher 
than 125 Hz. Only the last lobo ms of each trial (250 samples) were exam­
ined in this study. This segment contained the interval during which the 
participant performed the imagination task. Based on a preliminary search 
for optimal length, it was established that the first half of each 1 second trial 
was enough for the analysis. No artifacts were removed or rejected, and no 
trial was discarded. 

The trials of each data set were individually classified into the "stop" 
or "go" class using linear discriminant analysis (LDA). The classification 
accuracy was used as the criterion to compare the method with other meth­
ods in the literature. The classifications were carried out on single trials 
with 10-fold cross-validation to ensure the statistical significance of the re­
sults (Perreau Guimaraes, Wong, Uy, Grosenick, & Suppes, 2007). Prior to 
the classification, the number of spatiotemporal features was reduced sub­
stantially by selecting only the first 150 components obtained by principal 
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Figure 1: Contour maps for potential and scalp Laplacian distributions with 
three radial dipoles in the spherical head model. The brain potential is shown 
projected on the scalp surface. The Euclidean Laplacian was computed with 
m=3. 

component analysis (PCA). The cross-validation consisted of a single loop 
in which the 600 trials were partitioned into 10 distinct sets of 60 trials 
each. For each cross-validation step, one set was taken as the test set, and 
the union of the others formed the training set. Thus, 10 classification rates 
were generated per participant. The mean value of these rates determined 
the reported classification accuracy of the data. 

3 Results ________________________ _ 

Figure 1 illustrates a simulation outcome using the Euclidean Laplacian. 
In this case, the estimation was in very good agreement with the analytic 
solution. The sources for this simulation were three current dipoles located 
at a distance of 6.2 cm from the center of the spheres. The ($, qJ)-coordinates 
were at (75 degrees, 230 degrees), (65 degrees, 55 degrees), and (80 degrees, 
100 degrees). The first dipole had polarization opposite to the others. The 
potential and Laplacian distributions were sampled using the locations of a 
geodesic net with 128 sensors (gray dots). The Euclidean mapping provided 
a much more reliable picture of the cortical activity than the scalp potential. 

The goodness of the Euclidean Laplacian fitting was statistically evalu­
ated by calculating the RMSE for single and multiple current dipoles. The 
estimates for single dipoles were made with the dipole at a fixed distance 
of r = 7.8 em from the center of the spheres and with the polar and azimuth 
angles varying in the ranges of $ = 0 to 90 degrees and qJ = 0 to 360 degrees 
in steps of 1 degree. Hence, 91 x 351 = 32,851 estimates were performed in 
total. The distributions were sampled using arrays of N = 64, 128, and 256 
electrodes, and the order of interpolation varied in the rangem = 3 to 6. 
Table 1 presents the mean RMSE across all estimates. The errors were~about 
the same order of magnitude for a11 conditions, '" 10-2 J-l-V / cm2

, although 
the estimates with m = 3, the lowest interpolation order, were slightly less 
accurate than the others in this case. 

The fitting errors were mainly attributed to the difficulty in reconstruct­
ing the global peak of the analytic distribution. According to the discussion 
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Table 1: RMSE (x10-2,u V/cm2 ) for the Fitting Provided by the Euclidean Ap­
proach for Single-Current Djpoles. 

-----
N m=3 m=4 m=5 m=6 

64 1.18 0.85 0.83 0.84 
128 0.96 0.68 0.66 0.67 
256 0.72 0.48 0.47 0.47 

Table 2: Rate of Success (%) in Locating the Current Dipole at its Ne~~t Elec-
trode Site. . 

N m=3 m=4 m=5 m=6 

M 97.54 95.97 95.55 94.50 
128 98.07 97.91 97.18 96.79 
256 97.57 97;82 98.06 97.86 

in appendix A, the global peak of the Laplacian occurs exactly at the dipole 
location, «()', cp'), where cos y, given by equation A.7, is maximum. For a dis­
crete distribution, this amplitude peak is expected to occur at the electrode 
site closest to «()I, cp/)5. The success in achieving this result is a measure of 
reliability for the corticail11apping provided by the estimate. We calculated 
the percentage of the 32,851 Euclidean estimates for which the peak was at 
this exact location. The result is shown in Table 2. According to this crite­
rion, the Euclidean mapping succeeded in correctly identifying the dipole 
location for at least 94SYo of the estimates. 

The few errors in correctly identifying the dipole location occurred for 
dipoles that were at about the same distance to the two or three nearest 
electrode sites. In fact, we verified that the amplitude peak was at one 
of the two nearest electrode sites for more than 99.5% of the estifflations, 
regardless of the m and N values. The map in Figure 2 illustrates this for 
the case of In = 3 and N = 64 electrodes. It is important to remark that the 
map in Figure 2 does not indicate scalp regions where the method is less 
accurate, but rather the locations where a current dipole is more likely not 
to be detected at its nearest electrode site. 

This discussion has pointed out that the Euclidean Laplacian may not fit 
the analytic Laplacian perfectly, although it clearly succeeded in producing 
a reliable mapping of cortical activity. This fitting problem is more promi­
nent at the peaks of the Laplacian distribution, where the radial current 
density is maximum. According to the histograms in Figure 3, fitting errors 
are more Ukely to occur for sources that produce relatively very small or 

51n this context, the ctistance between two points is defined as the great circle distance, 
which is the shortest distance between the two pOints along the spherical surface. 
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Figure 2: Scalp map showing the dipoles that were not localized correctly at its 
nearest electrode site for the case of m = 3 and N = 64 electrodes. Dots repre­
sent the dipoles and empty circles the electrode sites. The sites with negative 
z-coordinates are not shown in this figure. .-' 
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Figure 3: Histogram for the amplitude of the peaks in the analytic and estimated 
Laplacian distributions. 

very large peaks of amplitudes, and they significantly decrease by increas­
ing the number of electrodes in the montage. 

Figure 4 depicts a statistical analysis of fitting errors for Laplacian distri­
butions generated by multiple cortical sources. The sources for this sim­
ulation were configurations of 1 to 21 radial dipoles (horizontal axis), 
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Figure 4: RMSE of surface Laplacian estimations for configurations of multiple 
current dipoles. The legend is for the four orders of interpolation used in the 
estimations. The shading identifies spatial samplings with N = 64 (white), 128 
(black), and 256 (gray) electrodes. For all broken lines, the line segments are 
connecting data points only for an integer number of dipoles. Each point in the 
graph is a mean over 2000 configurations of the same number of sources. 

which were formed by linearly combining single dipoles. Since the surface 
Laplacian is a linear operation, the potential and Laplacian distributions for 
multiple dipoles were obtained by summing up the distributions fo! each 
dipole alone. We observe that the fitting errors, as measured byaverage 
RMSEs, significantly decreased with increasing electrode density. Hence, 
the more complex the source configuration is, the more advantageous it is 
to use a montage with a large m~mber of sensors. For all conditions, the fit­
ting error increased monotonically as the number of sources increased. The 
estimations with m = 5 and m = 6 were less accurate than those with m = 3 
and 4, regardless of the number of sensors in the montage. The third-order 
interpolation provided the smallest RMSE for the montages with 64 and 
128 electrodes, whereas fourth-order interpolation was the more accurate 
one for the montage with 256 electrodes. 

The accuracy of the fitting in the Euclidean setting was compared to 
that of the spherical Laplacian for the same sources used in Figure 4. The 
result of this comparison is presented in Figure 5. The Euclidean Laplacian 
was computed with ttl = 3 and 4, whereas the spherical Laplacian was com­
puted with the parameter ms equal to 2 and 3. These ms-values were selected 
because they optimize the spherical Laplacian estimate (see Babiloni et al., 
1995). Similarly, the m-values were selected based on their performance 
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Figure 5: RMSE of surface Laplacian estimations using the Euclidean and 
spherical approaches. The source configurations are the same as those in 
Figure 4. 

Table 3: Mean Classification Rates (%) of the Experimental Data Across IO-Fold 
Cross-Va !ida tions. 

Method 51 52 53 54 55 56 57 58 S9 510 511 
~,w~_~W""",'<"<"'"'~"~~ 

Potential. 78.8 58.0 69.3 65.2 64.8 55.5*** 59.5 70.0 58.2 75.5 64.7 
Discrete 81.7 56.2* 58.7 56.7H 56.0* 56.7** 64.2 74.0 55.5"** 76.8 70.3 
5pherical~ 83.0 60.0 68.7 68.7 64.3 59.2 67.5 78.7 59.8 79.8 70.7 
5phericalb 83.0 64.2 71.7 72.2 67.5 57.7** 67.7 76.2 63.7 78.8 69.2 
Euclideanc 82.5 59.2 72.0 70.3 69.5 59.0 67.3 76.2 64.3 80.3 71.2 
Euclideand 84.0 65.2 72.3 69.7 71.0 60.3 73.3 78.3 66.5 81.0 71.8 

*5ignificant at p < 0.0015; **signmcant at p < p.0006; "'''*significant at p < 0.0032. 
Unstarred rates are significant at p < 10-4 • 

am = 2; bm = 3; cspherical scalp with m = 3; deUipsoidal scalp with m = 4. 

shown in Figure 4. The result in Figure 5 shows that the predictions by 
both methods were in close agreement for all conditions. More precisely, 
the Euclidean estimate with m = 3 was close to the spherical est~te with 
ms = 2, and the same held between m = 4 and ms = 3. A small difference 
in favor of the spherical Laplacian method was observed for N = 64 elec­
trodes, but this difference decreased quickly with increasing the electrode 
density. 

Table 3 shows the rates obtained in the classification of the EEG sig­
nals. Each rate is a mean across the 10 rates generated in the lO-fold 
cross-validation. The classifications were performed using the raw signal 
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and four different methods of estimating the surface Laplacian. The dis­
crete Laplacian consisted of approximating the Laplacian locally, using the 
formula (Hjorth, 1975) 

(3.1) 

where Vi is the potential at the electrode where the Laplacian is es8:nated 
and 'Vt, V2, 'V3, V4 are the potentials at the nearest electrode sites. The spherical 
Laplacian was computed with truncating the summation over the Legendre 
polynomials Pi (r . rj) at e = 50. The Euclidean methods were implemented 
using the minimum possible value for the m-parameter: m = 3 for the spher­
ical scalp and m = 4 for the ellipsoidal scalp. The formula for the spherical 
scalp was discussed before and is given in detail in appendix B. Appendix 
C provides the formulas for the ellipsoidal model. Matlab code is available 
online as supplementary material. 

We see that the mean rates all were above chance. No Significant overall 
difference was observed between the 51 to 57 and 58 to 511 groups in 
terms of classification accuracy, despite their imagination tasks not being the 
same. The methods of the potential and the discrete Laplacian had similar 
performances. The most important exception occurred for participant 53, for 
whom a difference of more than 10% is observed in favor of the potential 
method. However, the discrete Laplacian performed better for 6 of the 
11 participants. The rates of the spline-based methods were higher than 
the others, with the exceptions of participants 53, 55, and 511, for whom 
the spherical Laplacian was overcome by either the potential (53 and 55, 
m = 2) or the discrete Laplacian (51, m = 3). 5imilar to what occurrea-in the 
simulation, the spherical models, with geodesic and Euclidean nor~s, had 
almost the same performance. 

An important remark about tl]e result is that the spherical and the Eu­
clidean La placians were implemented using regularization. That means that 
the rates in Table 3 are optimal values achieved by tuning the A-parameter 
(Babiloni et aI., 1995). The search for the best A-value was carried out in 
the range 0.0001 to 0.3. The rates of the ellipsoidal method were improved 
further by optimizing the length of the ellipsoid's axes. Preliminary calcula­
tions showed that the ellipsoid model performs better if small values, rather 
than realistic values, are assigned to the axes. This reduces the diagonal el­
ements of the matrices K in equation 2.1, thus emphasizing the effect of the 
A-regularization. In our computation, the axes were optimized by means 
of a random search in the range of lengths from 0.1 to 3.0 cm. Therefore, 
the remarkable performance of the ellipSOid method was achieved at the 
expense of an extra computation effort. 

The Significance of the result in Table 3 was estimated by computing the 
p-value under the null hypothesis of random labeling of the trials. For that 
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we used the binomial cumulative distribution function (Suppes, Perreau­
Guimaraes, & Wong, 2009) 

(3.2) 

where T = 600 is the number of trials, JL is the number of correctly classified 
trials, and q = 1/2 as the chance probability. The p-value corresponds to 1 
minus the value given by this formula. For most of the rates, the mill 
hypothesis was rejected at a significance level p < 10-4. 

4 Conclusion ____________________________________________ __ 

This work presented a framework for smooth EEG reconstruction and sur­
face Laplacian estimations, based on splines in the Euclidean 3-space. This 
framework showed potential for wide application, including topographic 
mappings and brain-computer interfaces. The computation consists basi­
cally of linearly transforming the potential distribution. This facilitates anal­
YSiS, speeds up computation, and makes it easy to integrate thernethod 
with other linear analysis methods, such as principal component analy­
sis (Kayser & Tenke, 2006a, 2006b), and independent component analYSis 
(Carvalhaes et al., 2009). The accuracy in estimating the surface Laplacian 
was demonstrated in the noiseless regime, using the widely used spheri­
cal scalp model. The simulation study showed that the method is capable 
of providing a reliable mapping of underlying cortical activity and that it 
performs quite close to the spherical Laplacian method for spherical ge­
ometries. Moreover, the Euclidean approach has the advantage of being 
given in a closed form, expressed in terms of a polynomial and trans­
lates of a well-behaved radial basis function. This avoids a fitting error 
due to truncations and greatly simplifies the computational implementa­
tion. The performance achieved by the elHpsoidal geometry in the study 
with empirical data demonstrated the usefulness of the method in EEG 
classification. 

Appendix A: Radial Dipole in the Three-Sphere Model _____ _ 

The three-sphere model represents the human head as a system formed 
by three concentric spheres. The innermost sphere of radius rl ~d ho­
mogeneous conductivity 0"1 represents the brain. The intermediate and 
outer spheres of radii r2 and r3 and conductivity 0"2 and 0"3 model the 
skull and scalp. Consider the simple case of a static current i passing be­
tween two poles inside the brain, separated by a distance d along the z-axis 
(0 = 0). This current can be modeled by a static radial dipole located at 
a radial distance r' < rl from the center of the spheres and oriented in 
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the z direction. The electric potential VO generated by this dipole does not 
depend on the azimuthal angle cpo At any location (rJ), cp), r E [rk-l, rkJ, 
where k = 1, 2, 3 stands for brain, skull, and scalp shells, respectively, and 
where ro = 0 is the center of the spheres, we have that (Nunez & Srinivasan, 
2006, appendix G): 

(A.1) 

For instance, the potential Vs~alp at the scalp surface is the function defined 
by 

(A.2) 

The coefficients B1.11 are given by B1.I1 = (r' jrlyl+l. The other coefficients are 
determined by the following boundary conditions: 

VIO(rl, e, cp) = 11(rl, e, cp), 

V2o(r2, e, cp) = V~(r2' e, cp), 

aV?(rl, e, cp) aVZo(rl, e, cp) 
al =az , 

or or 

o~(r2,e,cp) oV.~(r2,e,cp) 
az =a3 , 

ar or 

avj>(r3,e,cp) 4 

-=------ = O. 
or 

(A.3a) 

(A.3b) 

(A.3c) 
.-~ , 

(A.3d) 

(A.3e) 

That is, the potential and the radial current density are both continuous 
across the shells and the current density is 0 at the scalp surface. Let 

r' 
and rij = ....!..., 

r· J 

i, j = 1,2,3. (A.4) 

The problem of determining AI.n, A2.1I1 A.3.111 B2.111 B3. t7 can be cast into the 
form 

(A. Sa) 



2992 C. Carvalhaes and ~~uppes 

where 

1 n -r12 0 
0 1 -rll 

23 
All = n -n 0"2Ir~~ 0 

0 n 11 -n 0"32r23 
0 0 n 

Xu = (Al. I" A2.n, A.3.Il' B2.1l , B3.1I )' , 

bl1 = B~(-l, 0, 11 + 1,0,0)'. 

_r n+1 
21 
1 

(n + 1) 0"21r;t1 
-n -1 

0 

0 
_rn+1 

32 
0 

(n + 1) 0"32r~~+1 
-n-l 

(A.5b) 

(A.5c) 

(A.5d) 

This calculation can be extended to the general case of a radial dipole 
randomly located inside the brain. Assume now that the dipole has 
coordinates (r', e', qi) in spherical coordinates. In this case, the potential 
\tk(r, e, <p), r E [rk-1, rk], at any location between two adjacent spheres k - 1 
and k is given by 

id 00 [ (r)11 (rk)"+I] 1Ik(r, e, <p) = 4 2 L Arr.11 - + Bk.n - n Pn(cos.;r), 
nO"Ir' rk r 

n=I 

(A.6) 

where 

cos y = cos e cos e' + sin e sin e' cos( <p - <p') (A.7) 

(see Jackson, 1999, p. 110). A straightforward application of equation 2.10 
yields the surface Laplacian on each shell. The expressions for the scalp 
potential and Laplacian are 

(A.8a) 

(A.8b) 

where the dependency on the azimuth angle <p is embedded in CQ~ -0/. The 
coefficients A,/s and Bi.n's depend only on the medium and remain given 
by equation AS 

Appendix B: Formula for the Euclidean Laplacian on the Sphere __ _ 

The Laplacian differentiation of the interpolant, equation 2.4, on a spherical 
surface can be performed using the identity (Jackson, 1999, p. 95) 
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1 0 [0 ] ~sllrfV).,(r. t) = ~v).,(r. t) - 2" -. r2 -v).,(r, t) . 
r or or 

(B.1) 

After carrying out this differentiation, we replace the radial variable r by 
the scalp radius rscalp. First, we consider the term ~v).(r. t), which has the 
form 

N 111-1; i ~ 

~v).,(r, t) = L c;~ (lir - rilI 2m- 3
) + LLLdi+i+k+l~ (x;-(yr-k Zk). 

;=1 ;=OJ=Ok=O 

(B.2) 

Let a be a generic variable representing any of the variables x, y, z. Since 

a II r - rill a - ai 

aa - IIr - fi II' 
(B.3) 

we have that 

a Ilr r 11 2111 -3 

-a~ = (2m - 3) Ilr - ri 11 2111- 5 (a - ai), (B.4a) 

a211 11 2111- 3 

r ~:~ = (2m _ 3) IIr - ri 11 2111- 5 

x [(2m - 5) IIr - r;l1-2 (a - ad + 1] . (B.4b) 

Using these relations, we obtain the expression 

~ (lir - ri 11 2m
-

3
) = (2111 - 2)(2m - 3).IIr - rj n2m

-
5 

. (B.5) 

By differentiating the monomials x;-j yi-k Zk, one obtains 

( 
i-j j-k k) _ [(7 - j)(i - j - 1) (j - /c)(j - k -1) k(k - l)J 

~x y z- 2 + ? + 2 
X r z 

xx i - j yi-k zk. (B.6) 

Hence, 

N m-l i j 

~v).,(r. t) = (2m - 2)(2m - 3) L Ci IIr - ri 11 2111- 5 + L L Ldi+i +k+1 
i=l i=O j=O k=O 

[
(i - j)(i - j - 1) (j - k)(j - k - 1) k(k - 1)J 

x 2 + 2 + 2 
X Y z 

x Xi-i yj-kl. (B.7) 

-~ , 
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Now we seek an expression for the radial derivatives in the right-hand 
side of equation B.1 in terms of the rectangular coordinates. Using the 
relations 

a r· (r - rj) 
- II r - rj II = = cos Yi, or IIr - rj II 

(B.8a) 

o (r . r) II r - rj II - r . (r - rj) cos Yi sin2 Yi 
-COSYi= or Ilr- rill 2 - IIr-rill' 

(B.8b) 

where r = rj IIrll and Yi is the angle between the vectors r and (r - ri), we 
arrive at 

1 0 ( 0 ) r2 or r2 ar Ilr - rj 11
2111

-
3 = 2(2m - 3) IIr - rj 11

2m
-

5 

[
lIr-r' ll 1 J x r I cos Yj + (m - 2) cos2 Yi + 2: sin2 Yi . (B.9) 

By expressing the monomials <Pe(r) = xi - j yj-k Zk in the form 

we readily obtain that 

- -, r -<Pe(r) = <pt(r). 1 a (2 0 ) i (i + 1) 
r2 or or r2 

(B.10) 

Finally, we obtain that the Laplacian on the spherical scalp surface is given 
by 

N 

.6.surfv>.(r, t) = 2(2m - 3) I:>i IIr - rj 11~1/l-5 
i=1 

[ 
II r - ri II 2 1. 2 J 

x m - 1 - cos Yi - (m - 2) cos Yi - -2 sm Yi 
rsca\p 

111-1 i j 

+ LLL di+j+k+l 
;=0 j=O k=O 

{ [
(i - j)(i - j -1) (j -k)(j -k -1) k(k -l)J 

x 2 + 2 + 2 
X Y z 

() i (i + 1) i _ j j-k k} x <Pe r - 2 X Y z·. 
rscalp 

(B.ll) 
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Note that this expression is discontinuous at the sampling points ri's for 
m = 2. For this reason, m is required to be at least 3 for surface Laplacian 
estimations. 

Appendix C: The Laplacian on Elliptical Scalp Models _____ _ 

Our goal here is to derive an expression for the surface Laplacian on an 
ellipsoidal surface in terms of the Cartesian coordinates x, y, 4- We will 
assume, without loss of generality, that the scalp surface is described by the 
equation 

(Cl) 

where the coordinates are labeled so that a > b > c. Our starting point is 
the ellipsoidal coordinate system, a three-dimensional orthogonal system 
that results from solving the following equation in terms of x, y, z: 

(C2) 

The three nonequal real roots, p, /1-, v, of this cubic equation lie in the ranges 

(C3) 

The surfaces of constant p are ellipsoids, and the surfaces of constant /1- and 
v are hyperboloids of one and two sheets, respectively. In particular, the 
ellipsoid Cl corresponds to p = O. From equation C2, the trans~rmation 
from Cartesian coordinates to ellipsoidal coordinates is carried out by the 
system 

(C4a) 

(CAb) 

(C4c) 

The differentiation of the above expressions provides the scale factors hI, 
h2, h3, which yield the element of length ds in terms of the ellipsoidal 
coordinates-namel y, 

(CS) 
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where 

(p - JL)(p - v) 

4 R(p) 

(v - p)(v - JL) 

4 R(v) 

C. Carvalhaes and P."Suppes 

h2 = (C6a) 

(C6b) 

The general expression for the Laplacian is (Wang & Guo, 1989, p. 578) 

(C.7) 

Using equation C6, we find that 

_ 4JR(p) 0 ( ~( )av)") 
~v)., - - v 1\~PJ-

(p - JL)(p - v) op op 

+ 4J"RW ~ (JR(JL)OV).,) 
(JL - p)(JL - v) OJL oJL 

+ 4.JR(0 0 (JR(V) ov).,) . 
(v - p)(v - fJ..) OJ) OV 

(C8) 

Hence, the Laplacian on the ellipsoidal surface p = 0 is simply 

[ 
4JR(P) a ( fT)f:\OV).,)] 

~surfV;. = ~v)., - (p _ JL)(p _ v) op v R(p) op p=O 

.. 
_ {2[dR(P)OVi.. 2R()02V }.]} -~v).,- - ----+ p-

JL v dp op op2 p=O 

2 2 2 { 1 [( 1 1 1 ) ov)., a2v)..]} =~v).,-2a b c - -+-+- -+2-
JLV a2 b2 c2 op Jp2 p=O 

-; ~(C9) 

We want to express this formula in terms of rectangular coordinates. The 
term ~ Vi.. was calculated before and is given by the expression in equa­
tion B.7. It follows from equation C4 that 

(ClO) 
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To handle the partial derivatives ov>../op and iPv>../op2, we recall the formula 

iJ ox 0 ay a oZ i:J -=--+--+--. 
i:Jp op ax op oy i:Jp i:Jz 

(Cll) 

It results from equations C4 that the tenns ox/ap, oy/op, 8z/op in this 
formula are mapped onto the rectangular ftmctions x/[2(p + a2 )], y/[2(p + 
b2)], z/[2(p + c2 )], respectively. Hence, 

o V>.. I x OVA y a v}. z OV) 
op p=o = 2a 2 ax + 2b2 ay + 2c2 az' 

-; ~ (C12) 

For the term 02v>./op2, we have that 

or 

~~;. Ip=o = { (~~) (~~:) + (:;) [a: (~~)] + (::;) (001:) 
+ (:~) [:p (Go: ) ] + (::~) (oa

V

:,) 

+ (:;) [a: (a8~ )] L=o (C13) 

z [0 (OV>..)] +-., - -- . 
2c- i:Jp az 1'=0 

(C14) 

• 
According to equation C.4, 

[
a (av).)] x a2 v}. y 82 v}. z a2 VA 
ap ax p=o = 2a 2 i:Jx2 + 2b 2 8y2 + 2c2 [JZ2 ' 

(CIS) 

with similar expressions for the partial derivatives 8vd8y and oVA/i:Jz. Car­
rying through the calculations, one finally obtains, after simplifications, 

(C16) 
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Thus, the formula for the Laplacian on an ellipsoidal surface is given by 
equations C9, B.7, C10, C12, and C16. The spatial derivatives of the in­
terpolant VA involved in these equations are computed using the following 
expressions: 

(C17a) 

32 N a:; = (2m-3) I::Ci(a-ai) Ilr-r; 11 2/11-7 [(2m-S)(a-aj )2+ Ilr-r; 112] 
;=1 

(Cl7b) 

32 N 
v) ( ) ) " ) 2m 7 oa3/3 = 2m - 3 (2m - 5 ~ Ci(a - ai )(fJ - f3i IIr - ri II -

I=:1 

/11-1; j 02 

+ L L L di+i+k+1 0 3fJ (X
i
-

j
-

2 
yj-k .I) , 

i=O j=O k=O a 
(C17c) 

where ex and' fJ can be any of the variables x, y, z with a =f. fJ. Note that 
the continuity of the Laplacian at the sampling points r/s requires that 
2m - 7 :::: 0, that is, the parameter m must be greater than or equal to 4 for 
Laplacian estimations on ellipsoidal scalp models. 
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