
the last thirty y ~ : ~ r s ,  from  another  direction,  philosophers of science 
11ai.e become interested in the  logical  analysis' of empirical  proceduies 
of meawurement(3). The interests of these two groups  orerlap in so far 
as the  philosophers  have  been  concerned to state  the formal conditions 
which must  be ~ satisfied by empirical  operations  measuring aome 
characteristic of physical  objects  (or  other  entities), Thilosop'hers  have 
divided quantities (that is,  entities or objects  considered  relatively to 
given ctmacteristic, such  as M B S S ,  length  or hardness) into two  kinds. 
Intensivo  quantities are those which can  merely  be  arranged in a serial 
order ; extensive  quantities aire those for which a unaturuls operation 
of addition or combination  can also  be specified. Another, more  exact 
way of mnking  a  distinction of this order is to say  that  intensive 
quantities are quantities to which numbers can b0 assigned  uniquely  up 
to a  qlonotone  tiansformation, nnd extensive  quantities are quantities 
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to wllicll nun1bors ct111 be assigned uniquely u p  to a sin~ilnrity trwsfor- 
mation (tll;It is, multiplicatiou by (1 positivo constant) ('). This  last 
condition  may he said to be  the  criterion of formal  adequacy  for a 
system of extensive  quantities. 

~I[OLI,DER'S sp t em satisif'ies this c r i t h o n  of adequac~  for estensive 
quantities,  and his systelu laas in  fact heen wed bp sonle philosophers 
(see, for instance, N A G E L  b2) in lnethodological studies OF masurement. 
But  from  the n1ethodologica8 sttmdpoint,  there  are  at  lenst two serious 
defects in IIoEmrclt's  system. ?'ha first is that he does  not  axiomatize 
the relation  designated by ':z' h u t  instead, treats it as thes logical 
relation of identity.  However, it i s  ordinarily  adinitted  that two distinct 
kine segments may ha~7e the  same  numerical  length or two  distinct  physical 
ob,jaets the sume  mass ; and  .cooseqoently, l = '  should  designate an 
equivalence  relation which is not the  logical  one of identity(2)). The 
second  defect of HOELI)ER'S system is that it is too strong for a 
general  characterization of estensive  quantities. His system is categorical 
in the sense that any  two  realizations of it are isomorphic, and, in 
addition',  isomorphic to tho  additive  semi-group  of all positive real 
numbers. But  these  requirements  are  certainly  too  demanding, for it is 
intuitively  obvióus that a  set of extelisive  quantities  need n o t  even  have 
the  density  property of the  rational  numbers. The mnsses of objects in 
a given set  could, for instance,  surely be determined.  even i f  relatively 
to  some  unit, the  mass of every  object in  the  set  were a positive integer. 

The purpose of the  present puper is to present  a  formally  adequate 
systern o f  axioms for extensive  quantities,  from which these two  defects 
m e  eliminated. In  addition, proofs of 'the independence of the axioms 
and the primitives of the system are given. 

.. ~, . 

2. Axioms. We consider 2% system  consisting of a non-empty set 
M of arbitrary  elements E ,  z I , , H binmy  relation Q defined over 
'K, and a binary function x defined over I<. Such a system 
may be  regarded LIS the  ordered  triple < K ,  Q j  *>, Vtdables' 
- 

( í ) ' I t  may he remarked that this  trallitional  classification is not  very  satis- 
factory,  since  there  are also yuautities wlrich are  assigned  numbera  uniquely up to 
a variety of other groups of transl'ormations.  However,  this  issue  is  irrelevant here, 
since  we are aolely  concerned  with  extensivo  quantities  in  the  sense  just  defined, 
and tho  problem of precisely how many  farmalLy  different  kinds of' quantities i t  is 
useful  to  distinguish  need not concern us. 

( 2 )  This  criticism  would  also soem to  apply  to  the  axioms  for the measurement 
of utility  given by J. v .  NEUMANN and  O .  MoRaENsTEm (71 : I-' should  designato  the 
relation of indifference  rather than tha t  of identity. 







4. System 01 megnitudes. Pf magnitudes are defined us certain 
equivalence classes of quantities, a system of extensive magnitudes muy 
be developed, which is useful for proving  the formal adequacy af our 
axioms for  extensive  quantities. Ooncsived this way, there would seem 
to be a proper place t'or magnitudes as well as quantities,  and there 
need be no interminable debate about the  relative merit- of each (l). 

The relation defined by the logical product ,- of Q and its converse 

(l) For some aspecte of this debate, see RUBBELL [IO], Chp. 19 & 20, and 
NAGEL [G]. 

f 



is obviowly rofleuive,  symmetrical and trausitive,  that is, it is an  equi- 
valence  reliltion, which we may designate by 'C' : 

x cy F= q ( x Q y  and y Qa).  

Thus, C defines n partition of II, that is, a set of pair-wise 
disjoint,  non-empty  subsets OB̂  K rvhose union equals K .  We 
designate  the C -equivalence class of which ;L" is a member  (that is, 
th0 coset z/C) by '[zj', and  the  partition of K by 'K/C',  The 
relation  C  has  the  snbstitution  proparty  relutívely  to Q and *, 
that is, Z') if x C y  and y&z ,  then x & x ,  and if z C y  and z Q y ,  then 
z &x, and G) if x C y and 71, C ZI , then x * u Cy * D e i )  is trivial  and 
i;> follows immediately from Th. 3 and the  definition of 'C' . Thus we 
may  define a relation  and  au  operation f in K/C : 

i> [z] t_L [g] if and  only if x &y  ; 
il) [z; -+ [y] is the  C-equivalence  class  in M/@ which consists of 

the  elements in K standing in relation C to the elament x m y .  Also, 
'n [x]' is defined  recursively, just ap1 'na' was previously : 1 [a]=[z] 
and vh[xj = (~-1)[z]+jx]. I n  fine, where m== < K ,  Q,+> is a 
system of exteqsive  quantities, m/c= <K/C , L + > is the  equiva- 
lence-class (OP" coset)  system of m under  relation C ,  and we shall 
call D / C  a' system of extensive  magnitudes . 

Qn the basis of the  axioms  and  theorems  already  given,  it is easy 
to prove  the  following  theorems  for  extensive  magnitudes, which we 
shall begin numbering with 2%. The  theorems  are  arranged in an  order 
to bring out  clearly the nlgebrtlic structure of u eystem of extensive 
magnitudes. FOT brevity we write '[z]<[yj' for 'not ([y].~[x])'. 

Th. 21. Pf [.j and [y] are in K/C,  then [lu]+[y] is in M/C. 
Ths 22. Hf [x], [y] and [ z ]  are in  K/C, then ([x]+[y])+[z]= 

Th. 23. Hf [x] and [y] are in K/C , theu [a?]+[y]=[y]+[x] . 
Th. 24. If [x] , [y] and [ z ]  are in K/C arad [x] +[-.]-[y] + [ z ] ,  

Th. 25. If [z] and [y] are in B</C , [lu]&] and [y]L.[a?], 

Th. 26. Pf [x], [y] and [ z ]  are in K/C ,[m]L[y] and [ ' ]&[z] ,  

Th. 27. Pf [x] and [y] are in K/C,  then [x]L[y] or [y]L[lu]. 
Th. 28. If [z] and [y] are in K/C, rand [y]<[z], then  there 

Th. 29. Pf [z] and [y] are in K/C , then [x]<[x]+[y] I 

= [al f ( b 1  3- [ZII ' 

then [z] -- [y] e 

t hen [x] = [y] . 
then [x]_L[z]. 

is a [z] in K/C  such  that [x]=[y]+[z]. 



5. Adequacy of axiom,  The formal adequacy o f  our axioms is 
proved by nlulring essontial .use of the theorems on extensive magni- 
tudes. 'Yhe reason for this is that a system of extensive  quantities is in 
general merely homomorphic to  an  additive serni-group of positive real 
numbers, which is to be, expected,  since in metwmment of objects 
relative to ;L eerttbia characteristic  the stimme number is often  assigned 
to distinct objects. In prt icular ,  a given number is  assigned  to a 
GI-equivalence class of objects, which loads to the following meta- 
theorem. 

PROOF: The proof of this matathaorem follows along standard 
lines, as given, for instance, in Hoelder [S] OF BIRKHOFF [IJ p. 226. 
(BIRI~~IOFF'S proof for simply-ordered,  Archimadenn groups need be 
only slightly modified ; B ~ R K H O F E ~  also gives detailed  references to the 
literature). I t  mill therefore suffice briefly to describe  the  construction 
of a mapping J' with the desired  properties, We define  the  set S[,] rel 
where [z] and [e] are in K/C , as the set of all rational  fractions m / n  
such  that n [ z ] L m [ e ] .  It is easy to show that S[,, has a greatest 
ILotves bound, which we define as the  number assigned to [x] that is, 
the mapping f is defined as fol%ows : 

([x]) is the greatest lamer bound of S[,] le] . 
Since  it may be shown that fr.] ( [ e ] ) = l  , the choice of [e]  corresponds 
to  the choice of a  unit. And,  using  the  theorems o f  section 4, it may 
be shown in a straightforwurd  manner  that has the  desired pro- 
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pertics i l ‘ ~ x j ~ [ y ~ ,  thon ([zj)djLul ( [ q : : ) ;  ./?icl (:x]+[y:)-qficl (!x])+ 

The f’ollo\~irtg m t u t l m r e r n  cstt~blislles the desired uniquenesu pro- 
perty o f  our axioms. It is equivalent to saying  tlmt in the ~ n e ~ u r e m e n t  of 
estensive  qunntites,  only the choico of n unit is arbitrary. 

-+J’[.-! ( ; l / , ) ;  ¿ L u d  i f ‘  ‘ - ; I * ]  -.;z :y; , then ([x]) = j , / # [ + : ]  (y;) I .  

~ ~ E . ‘ I ’ A ‘ ~ U E ~ l Z ~ ~ N  13. q’ =<K, Q, , m >  e’s a qstem of extewhe 
quantities, ther~  any tmo additivs sed-groups positive real numbers, 
which are isomorphic to m/c , aro related by a similarity tran,uSor,wttion. 

Przooli: : Consider  any additive semi-group o f  positive real  numbers 
isomorphic to 9R/C under  the  mapping g a Then  it will be  sufficient to 
show that  there  exists a positive  constant c such that  for  every [z] 
in  K/4: , q ([z]) =$f[,] ([z]), where is the mapping  defined  above. 
Let g([e])==c , Then, asSunle that  there exists an [z] in R/6! such 
that c~([x] )<q f~~]  (:z]) I On this  assumption we may find an m/n 
su.ch tbat 

(1) g ([.i) / c <4n<.f[eI ([.I> 
I t  is clear  from definition of l’[&] that then m [e]<% [ z ] ,  and therefore, 
on hypothesis  for g m g  ([e])<ng ([x]), that is, m/n<g([z]) / c , but 
this  contradicts (1). Similarly, on the assumption  that  there  exists  au 
[z] in K/C such  that qf:Te] ([z])<g([z]), we also get a csntra- 
.diction. Q E. D. 

I t  may  be remarked  that a system of extensive  magnitudes $t/C 
is also  isomorphic  to  (non-additive)  semi-groups in the  number domain 
which are not  related by a similatrity  transformation. The last 
realization of our axioms  given in section ‘B below ia an example of 
this  kind. 

Q. ,Independence of Axioms. The following seven examples 
establish the mutual  independence of our axioms  for extensivo quantities. 
The  first  example  provides an interpretation of M, Q and * that is 
satisfied  by  all  but  the  first  axiom,  etc.  Since  the  examples are all of 
au elementary  character, all proofs are bmitted. 

1. Let K be  the  set of all positive integers ; let z Q y  if and  only 
if a&+1; and  define x:*y as z+y+2. .  

PP. Let K be  simply  the  set  consisting of the  number  one; 
let z & y  if aud  only if xLy ; and  define * as ordinary  addition. 

~~ 

(1) Another  method of proof of this metatheorem is to  show  that %/C can  be 
uniquely  emhedded  in  an  Archimedean,  simply-ordered  group. And it is well-known 
(see BiIRKHOFF, op.  cit.)  that  any  such  group i a  isomorphic t o  a  sub-group of the 
additive  group of all  real  numbers. 





8. Empirical realizations. Our system of as io~ns  for extensive 
qumltitias r a s  designed to eliminate tho two dafbcts of ITmmxcds sys- 
tem, wl~icll  were mentioned i n  section one. In this concluding section, 
1 would lilre to point out, fronn t!rs shndpoiu t  of the ~nethodologicd 
analysis of" mwas~r9111er1t, two, more flindamental defects,  common to 
both systems. 

Given any  realization of our axion~s,  it is apparent, in the first 
place, that the set IK must contain ala iufinite  number of elelnents. 
This flagrantly violtltes obvious finitistic  requirement8 of empirical 
measurement. And it is apparent, in the second place, that the realiza- 
tion o f  Q must be a. perfectly transitive relation, which entails that the 
measuring instrument used to determine mhsthsr or not  two  objects 
stand in the relation Q milst possess  perfect  sensitivity.  However, ,a 

lack of such  perfect  sensitivity seems characteristic of nearly all meu-. 
suring  instruments. An equal-arrla bulance,  for  instance,  'can  only  diffe- 
rentiate between objects  having a mass-difference greater than some 
finite anlonnt. 

T h e  standard axiomatic theory of quantities must be altered  rather 
profoundly in order to take  account ofb these two problems. At least 
from a nuetbôdological standpoint,  such an altered formal  system, 
mirroring more ttccurately the  facts of actual,  imperfoct  measurement, 
mould be of interest. 
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