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1. Introduction. The modern viewpoint on quantities goes back at
loast to NewrTox’s Universal Arithmetick. NEWTON asserts that the relation
between any two quantities of the same kind can be expressed by a
real, positive number (). In 1901, O. HorLorr [4; gave a set of
«Axziome der Quantitaet», which are safficient to establisli an isomor-
phism between any realization of hLis axioms and the additive semi-
-group of all positive real numbers, Related work of HILBERT, VERONESE
and others is ingdicative of a general interest in the sabject of quantities
in the abstract on the part of mathematicians of this period. During
the last thirty years, from another direction, philosophers of science
hate become interested in the logical analysis of empirical proceduies
of measurement (°). The interests of these two groups overlap in so far
as tho philosophers have been concerned to state the formal conditions
which must be satisfled by empirical operations measuring some
characteristic of physical objects (or other entities). Philosophers have
divided quantities (that is, entities or objects considered relatively to a
given characteristic, such as mass, length or hardness) into two kinds,
Intensive quantities are those which can merely be arranged in a serial
order; extensive quantities are those for which a «natural» operation
ot addition or combination can also be specified. Anotlier, more exact
way of making a distinction of this order is to say that intensive.
quantities are quantities to which numbers can be assigned uniquely up
to a monotone transformation, and extensive quantities are quantities

* Received, November 1951, o

(1) T am grateful to Professor J. C. C, McKinsey for a number of helpful
suggestions in connectign with the present paper.

{(3) Nuwrox [8], p. 2.

(%) The work of Nomuax R. Cauenerr (2] and [3] has been ountstanding in this
direction, :
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to which numbers can be assigned aniquely up to a similarity transfor-
mation (that is, multiplication Dby a positive constant)(*). This last
condition may be said to he the criterion of formal adequacy for a
system of extensive quantities.,

HoeLpER's system satisifies this eriterion of adequacy for extensive
quantities, and his system has in fact been used by some philosophers
(see, for instance, Nagur '6’) in methodological studies of measurement.
But from the methodological standpoint, there are at least two serious
defects in lloeLpER'S system. The first is that he does not axiomatize
'==' but instead, treats it as the-logical
relation of identity. However, it is ordinarily admitted that two distinct
line segments may have the same numerical length or two distinct physical
objocts the same mass; and ‘consequently, '=' should designate an
equivalence relation which is not the logical one of identity (2). The
second defect of HoELDER's system is that it is too strong for a
general characterization of extensive quantities. His system is categorical
in the sense that any two realizations of it are isomerphic, and, in

addition, isomorphie to the additive semi-group of all positive real

numbers. But these requirements are certainly too demanding, for it is
~ intuitively obvicus that a set of exteusive quantities need not even have

the density property of the rational numbers. The masses of objects in
a given set could, for instance, surely be determined. even if relatively
to some unit, the mass of every object in the set were a positive integer.

The purpose of the present paper is to present a formally adequate
system of axioms for extensive quantities, from which these two defects
are eliminated. In addition, proofs of the independence of the axioms
and the primitives of the system are given.

2, Axioms. We consider a system consisting of a non-empty set
K of arbitrary elements x,y,2--.., a binary relation Q defined over
K, and a binary function x defined over K. Such a system
may be regarded us the ordered tripler <K,Q,x>. Variables

(!) It may be remarked that this tralitional classification is not very satis-
factory, since there are also quantities which are assigned numbers uniquely up to
a variety of other groups of transformations. However, this issue is irrelevant here,
since we are solely concerned with extensive quantities in the sense just defined,
and the problem of precisely how many formally. different kinds of quantities it is
useful to distinguish need not concern us.

(3 This criticism would also scem to apply to the axioms for the measurement
of utility given by J. v. Neunany and O. Moraexsrery (7]:'=' should designate the
relation of indifference rather than that of identity.
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m''n!, ete. take =as values the natural numbers: the notation
'nz' is defined in' the usual recursive way: la=w=z, and az=
=(n—Lz«z. Asystom <K,Q,»> willbe said to be a system of
ewtensive quantities if it satisfies the following seven axioms:

A, LIfw,y and 2z arein K, andif 2Qy and yQz, then 2Qz.

A IL If x and y are in K, then x+y isin K.

AL If 2,y and z are in K, then (wsy)*2Qux(yx*2).

ATV If @,y and 2z are in K and 2Qy, then zx2Qzxy.

A. V. If 2 and y are in K und not #Qy, then there is a 2z in
K such that 2 Qu«2 and y*»2Qe.

A, VI, If 2 and y are in K, then not xxyQwx.

A, V1I, If 2 and y arein K and xQpy, then there is a number
» such-that yQnae. ‘ ’

If  is interpreted as + and Q as £, it may easily be seen that
these axioms are satisfied by any additive semi-gronp of positive
numbers closed under subtraction of smaller numbers from larger ones,
The formal adequacy of these axioms, in the sense defined in section
1, is established in seetion D; that they are mutually independent is
established in section 6.

3. Elementary theorems. In the statement and proof of theorems
which follow from the seven axioms just given, tlie statement of the
condition that elements be in K is omitted for brevity. The proofs are
all elementary in character and are therefore considerably abbreviated.

TeeOoREM 1. Q.

Proor: Assume: not #Qa. Then, by A. V, there is a z such
that o x2Qx, but this contradicts "A. VI.

TraeorEM 2. 2zxyQyxx.
Proor: Use Th. 1 and A, IV,
Taeorem 3. If 2Qy and uQu, then xxuQy«v.

Proor: x»uQuxyand u*yQ,:l/*v, by A. V and hypothesis.
Then use A. I.

THEOREM 4, z* (y*2)Q(x*y)*2.

Proor: Using Th. 2, we get: x*(y*2)Q(y*2)»x. Then using
Th. 3, Th. 2, A, T and A. IIT on this, we get: @ x(y»2)Qzx(y»x).
Using Th. 2, Th. 3, and A. I, we get theorsm.

THEOREM 8. 2@Qy or yQux.
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Proor: Assume: not xQQy and not yQz. Then y~z,Qa and
2x2Qy, by A. V. From this by Th. 1 and Th. 3, we get:
(g x21) % 2 Qax 2y, and then, by A, I, (y+2)»2Qy. rom this, using
Th. 4 and A, I, we get: y={(z.x2)Qy, which contradicts A. VI

TueoreyM 6. Jf wsuQy~u, then xzQy.

Proow: Assume: not Q. Then by A. V, there is u 2z such
that yxzQe. Using Th. 3, hypothesis, Th. 4 and A. I, we get:
y~(zxu)Qy=u, From this, by Th. 3, A. III and A. I, we obtain:
{y» )% 2Qy*u, which contradicts A. VI.

Turorem 7. Jf yx2Qu and 2Qy, then xxzQu.

Proor: @+2Qyxz, by Th. 1, hypothesis, and Th, 3. Then,
wxzQu, by hypothesis and A. L

Tarored 8. If wQu*z and xQy, then uQyxz.

Prooy: Similar to Th. 7.

Tueorem 9. me «neQ (m+n)x.

Proor: We use mathematical induction on n. For n=1, the
proof is immediate. For n+1, we begin with: mx=(n-+1)2Qmr *
* (ne » 2) . Usivg principally Th. 1, Th. 3 and Th. 6 and the hypothesis
tirat theorem holds for n, we obtain: mux(n+1)zQ(m+n+1)a.

Taeoruy 10, (m+n)x Q ma » na .

Proor: Similar to Th. 9.

TrEOREM 11. n(max)Q(am)x.

Proor: We use mathematical induction on n, For n=1, the
proof is immediate. For n+1 , we begin with: (n+1)(mz) Qn (mz)x
xmz. Using principally Th. 10, the hypothesis that theorem holds for
n, and Th 9, weget: (n+1)(mx)Q((n+1)m)z.

Turorex 12, (am)z Qn (mz).
Proor: Similar to Th, 11.
TaroreM 13, n(x = y) Qna *ny.

Proor: Again we use mathematical induction on n. The proof is
obvious for n=1,Tor n+1, we begin with: (n41)(x*y)Qn (& *y) *
(z*y), which follows from Th. 10. Using hypothesis that theorem:
holds for =»n, Th. 1, Th. 3, A. TIT and A. I, we get then:
(n+1) (= y) Quar x (ny * (x » y)) . Starting now from Th. 6, then using
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Th. 2, Th. 1, Th. 3, A. III, A. I, Vh. I aud Th. 3 again, we get:
nex (nyx(e=yQux(ex(ny+y)). Combining this with previous
result, using A. I aud Th. 4, and definition of 'ne', we get the theorsm.

Treorey 14, nxexnyQn(2e «y).
Proor: Similar to Th. 13.
Tagorem 15, If xQy, then nxQauy.

Proor: We use mathematical induction on n. For n=1 the
proof is immediate. From hypothesis that theorem holds for n we get
immediately : ne Quy. And, then, by use of Th. 3 and xQy, we get:
nexaxQny*y, from which we get the thecrem imediately.

TueoreM 16. If nxQny, then xQy.

Proor: Assume: not 2Qy. Then by A. V, there is a z such
y*2zQx; and from this by Th. 15, Th, 14 and A. I, we obtain:
ny«nzQnz, By use of hypothesis and A. I, this yelds: nyxnzQny,
which contradicts A. VI

TueoreM 17. If m Ln, then mrQnue.

Proor: If m=n, then the theorem immediately by Th. 1. This
leaves the cass of m<<n, Thus, n=m+%k. Now assume : not me Qne.
Then by Th. 5, ne Qma, that is, (m+k)x Qma. From this, by Th. 9
and A. I, we get: mx«kxrQma, which contradicts A. VI,

THEOREM 18. There is a number n such that xQny.

Proor: By Th. B, 2Qy or yQax. Case 1. xQy. Let n=1.
Case 2. yQa. Theorem follows immediately from A. VII.

4. System of magnitudes. If magnitudes are defined as certain
equivalence classes of guantities, a system of extensive magnitudes may
be develeped, which is useful for proving the formal adequacy of our
axioms for extensive quantities. Conceived this way, tliere would seem
to be a proper placo for magnitudes as well as quantities, and there
need be no interminable debate about the relative merit of each ().

The relation defined by the logical produet of Q and its converse

(1) For some aspects of this debate, ses Russent [10], Chp. 19 & 20, aad

Naaew [6].
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is obviously reflexive, symmetrical and transitive, that is, it is an equi-
valence relation, which we may designate by 'C':

xCy=y4@Qy and yQux).

Thus, C defines a partition of K, that is, a set of pair-wise
disjoint, non-empty subsets of K whose union equals K. We
designate the C-equivalence class of which 2 is a member (that is,
the coset ®/C) by "z], and the partition of X by 'K/C'. The
relation € has the substitution property relatively toc Q and x,
that is, ¢) if ®Cy and yQz, then ®Qz, and if ®Cy and 2Qy, then
¢Qa, and @) if xCy and uCwv, then xuCyxv. ¢) is trivial and
it) follows immediately from Th. 3 and the definition of 'C'. Thus we
may define a relation £ and an operation + in K/C:

9 [2]L [y_‘ if and only if 2Qy;

%) [ +[y] is the C-equivalence class in K/C which consists of
the elements in K standing in relation C to the element x xy. Also,
m[«] is defined recursively, just as 'nx’ wuas previously: 1 [w1=[w]
and a[xj=(n—1)[x]+[x]. In fine, where M=<K,Q,x> is a
system of extensive quantities, M/C=<K/C, £,+ > is the equiva-
lence-class (or coset) system of Y% under relation C, and we shall
call M/C a system of extensive magnitudes.

On the basis of the axioms and theorems already given, it is easy
to prove the following theorems for extensive magnitudes, which we
shall begin numbering with 21, The theorems are arranged in an order
to bring out clearly the algebraic structure of a system of extensive
magnitudes. For brevity we write '[#]<[y] for not ((yl<L[x]).

" Th. 21. If [«] and [y] are in K/C, then [x]4[y] is in K/C.

Th. 22. If [#],{y] and [z] are in K/C, then ([&]4[y])+[z]=
2]+ ([y] +[7). | |

Th. 23. If [2] and [y] are in K/C, then [x]+[y]=[y]+[z].

Th. 24. If [2],[y] and [z] are in K/C and [x]+[z]=[y]+[z],
then [x]=[y]. : '

Th, 2. If (2] and [y] are in K/C,[z]£[y] and [y]£lx],
then [@]=(y]. :

Th. 26. If [z],[y] and [z] arein K/C,[m]é[y] and [y]£lz],
then [@]L[z]. ‘

Th., 27, If [z] and [y] are in K/C then [z]L[y] or [y]Llz].

Th. 28. If [@] and [y] are in K/(/ and [y]<[z], then there
is a [z] in K/C such that []=[y]+[z].

Th. 29. If [2] and [y] are in K/C, then [x]<[x]+[y].



A SET OF INDEPENDENT ANIOMS FOR EXTENSIVE QuaxTitiig 169

Th, 30. If [a] and [y| are in K/C and [#]Z{y], then there is a
number u such that [y]<n|e].

It is apparent that obvious analogues of all the theorems in sec-
tion 3 may bo easily proved. From the theorems stated here we see
that the algebraic siructure of a system of extensive magnitudes is that
of a simply ordered, «Archimedean», Abelian semi-group which does
not have a zerc element and which is closed nnder subiraction . of
esmaller» elements from «larger» ones.

5. Adequacy of axioms. The formal adequacy of our axioms is
proved by muaking essential use of the theorems on extensive magni-
tudes. The reason for this is that a system' of extensive quantities is in
general merely homomorphic to an additive semi-group of positive real
numbers, which is to be expected, since in measuremsent of objects
relative to a certain characteristic tlie same number is often assigned
to distinet objects. In particular, a given number is assigned to a
U-equivalence class of objects, which leads to the following meta-
theorem.

Merardeoren A. If M=<K,Q,*x> is a sysiem of extensive
qluantities, then the system of extensive magnitudes IM/C is isomorphic
to an additive semi-group of positive real iumbers, closed under subtrac-
tion of smaller numbers from larger ones.

Proor: The proof of this metatheorem follows along standard
lines, as given, for instance, in Hoelder [4] or Birknorr [1], p. 226.
(BirkHoFE's proof for simply-ordered, Archimedean groups need be
only slightly modified ; Birkrorr also gives detailed references to the
literature). It will therefore suffice briefly to describe the construction
of a mapping j with the desired properties. We define the set Sp,]
where [] and [e] are in K/C, as the set of all rational fractions m/n
such that n[z]£m(e]. It is easy to show that Sg; [ has a greatest
lower bound, which we define as the number assigned to [x], that is,
the mapping f is defined as follows :

Jra(z])  is the greatest lower bound of S (..

Since it may be shown that fij([e])=1, the choice of [¢] corresponds
to the choice of a unit. And, using the theorems of section 4, it may
be shown in a straightforward manner that ff.; has the desired pro-
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perties : ifix]Zly], then flglle)Zfu(y )3 S (2i4 ) =1 (2] +
S (s and i Ty, then frg (@) <= fa (y)

‘The following metathoorem establishes the desired uniqueness pro-
perty of our axioms, It is equivalent to saying that in the measurement of
extensive quantites, only the choice of a unit is arbitrary.

Mervarnroren B, If M=<K,Q,x> s a system of ertensive
quantities, then any two additive seni-groups of positive real numbers,
which are isomerphic to M/C, are related by a similarity transformation.

Proov: Consider any additive semi-group of positive real numbers
isomorphic to M/C under the mapping g. Then it will be sufficient to
show that tlere exists a positive constant ¢ such that for every [z]
in K/C, g(z])=cfiq(x]), where f;,; is the mapping defined above.
Let g([e])==c. Then, assume that there exists an [x] in K/C such
that g((x])<cfrg{x]). On this assumption we may find an m/n
such that

(1) g(@])/ e<m/n< fre ((]) -

It is clear from definition of ji that then mle]<<n[a], and therefore,
on hypothesis for g,mg((e])<<ng([®]), that is, m/n<g(x])/c, but
this contradiets (1). Similarly, on the assumption that there exists an
[®] in K/C such that cff,([@])<<g((x]), we also get a contra-
dietion. Q. E. D.

It may be remarked that a system of extensive magnitudes IR/C
is also isomorphie to (non-additive) semi-groups in the number domain
whiclh are not related by a similatrity transformation. The last
realization of our axioms given in section 7 below is an example of
this kind.

6. Independence of Axioms. The following seven examples
establish the mutual independence of our axioms for extensive quantities.
The first example provides an interpretation of K,Q and = that is
satisfied by all but the first axiom, etc. Since the examples are all of
an elementary character, all proofs are omitted.

L. Let X be the set of all positive integers; let # Qy if and only
if ®Ly+1; and define x+y as x+y+2.

II. Let K be simply the set consisting of the number one;
let ®Qy if and only if @#£Ly; and define # as ordinary addition.

(1) Another method of proof of this metatheorem is to show that M/C can be
uniquely emhedded in an Archimedean, simply-ordered group. And it is well-known
(see BirrknorF, op. cit) that any such group is isomorphic to a sub-group of the
additive group of all real numbers.
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111, Let I De the set of all positive rational numbers; let aQy
il and only it agy; and define a+y as Max (-Z','?/)"f"—,)—‘\[‘.ﬂ (@,9).
d

IV. Let K be the set of ull positive rational numbers; let xzQy
if and only il @£Ly; and define w+y as x + 10y.

V. Let K be the set of ail positive integers witlt the exception
of the number one; let 2 Qy if and only if @ £y; and define » as
ordinary addition.

VI. Tiet K be the sat consisting of the number one; let 2 Q y if
and only if @ Zy; and define = as ordinary multiplication.

VII. Let K be the set consisting of ¢) all ordered pairs whose
first mewbers are positive integers and whose second members are
integers, together with ) all ordered pairs whose first members are
zero and whose second members ave positive integers; where x=
=<a,b> and y=<c,d>, let xQy if und only if a <e, or a=c
and bLd; define <a,b>x<c,d> as <a+tec,b+d>.

7. Independence of primitives. Using Papoa’s principle?, we may
establish the mutual independence of the three primitives K,Q and
« of our axioms for extensive quantities. The application of Panoa’s
principle requires that we find for each primitive two different realiza-
tions of our axioms such that the other two primitives are given the
same interpretation for both realizations.

I. Independence of K. For the first realization, let K' be
the set of positive integers; let xQ'y if and only if xLy; and
define »' as ordinary addition. And, for the second realization, let K"
be the set of even positive integers; Q'=Q'; *"=x". '

II. Independence of Q. For the firat realization, let K' be the
set of all ordered pairs of positive integers; whers = <(a,b> and

| y=<ec,d>>, let xQ'y ifandonlyifa Lec; and <a,b>+'<c,d>=

=<La+c,b-Fd>. For the second realization, K'==K';»'=+'; where
g=<a,b> and y=<c,d>, let 2Q"y if and only if bLd. Thus,
we have, for instance, <1,2>Q'<2,1>, andnot <1,8>Q"<2,1>.

ITI. Independence of . For the first realization, let K' be the
set of ‘positive real numbers; let 2 Q'y if and only if @£y ; and define
' as ordinary addition. For the second realization, K"=K'; Q"=Q';
xx" y==y'a* + y?. Thus, we have, for instance, 1+ 2=3, and 1*"'2#3.

(1) Pavoa [9]; a clear statement of this principle is also to be found in
McKnszy [6]
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8. Empirical realizations. Our system of axioms for extensive
quantities was designed to eliminate the two defects of IlosLpER'S sys-
tem, which were mentioned in section one. In this concluding section,
I would like to point out, from the standpoint of the methodological
analysis of measurement, two, more fundamental defects, common to
both systems.

Given any realization of our axioms, it is apparent, in the first
place, that the set K must contain an infinite number of elements.
This flagrantly vioclates obvious finitistic requirements of empirical
measurement. And it is apparent, in the second place, that the realiza-
tion of @ must be a perfectly transitive relation, which entails that the
measuring instrument used to determine whether or not two objects
stand in the relation @ must possess perfect sensitivity. However, a
lack of such perfect sensitivity seems characteristic of nearly all mea-
suring instruments. An equal-arin balance, for instance, can only diffe-
rentiate between objects having s mass-difference greater than some
finite amount. '

The standard axiomatic theory of gunantities must be altered rather
profoundly in order to take account of these two problems, At least
from a methodological standpoint, such an altered formal system,
mirroring more accurately the facts of actual, imperfect measurement,
would be of interest.
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