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A procedural theory of eye movement that accounts for main features of the stochastic 
behavior of eye-fixation durations and direction of movement of saccades in the process of 
solving arithmetic exercises of addition and subtraction is presented. The best-fitting 
distribution of fixation durations with a relatively simple theoretical justification consists of a 
mixture of an exponential distribution and the convolution of two exponential distributions. 
The eye movements themselves were found to approximate a random walk that fits rather 
closely in both adult and juvenile subjects the motion postulated by the normative algorithm 
ordinarily taught in schools. Certain structural features of addition and subtraction exercises, 
such as the number of columns, the presence or absence of a carry or a borrow, are well 
known to affect their difficulty. In this study, regressions on such structural variables were 
found to account for only a relatively small part of the variation in eye-fixation durations. 

Since the second decade of this century there has been a large number of empirical 
studies, many excellent, of student performance in arithmetic. A fairly systematic 
review of this early literature is to be found in Suppes, Jerman, and Brian (1968). 
More recently, linear regression models that use the structural features of the 
arithmetic exercises as independent variables have been shown to fit the data of 
responses or of response latencies rather well (see Suppes and Morningstar, 1972, for 
extensive experimental data and references to previous literature). The move from the 
structural regression models to process models that are finite-state automata is 
relatively straightforward. From a certain formal standpoint, automaton models are 
algorithmically sufficient to the task. They provide a process analysis of the steps 
needed to solve the standard exercises (see Suppes, 1969, for a theoretical 
development of such automaton models; see Suppes and Morningstar, 1972, Chap. 5, 
for the fit to data). The automaton models are, however, at too abstract a level to be 
fully satisfactory from a psychological standpoint, even though they are 
mathematically satisfactory as algorithms. 

The next step beyond automaton models in the line of research reported in this 
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article is to introduce schematic of ""I"~'I'>Pll"llt"!J\ 1 Because the 
behind machines with npl"'I"'PY"lItU!l1 instructions is a discrete 

version of the stochastic and continuous model eye movements that we 
consider we turn to some of the details of these which 
were first ............. n,"' ... tiI 

Without 
such a we have no way of representing the mental operations a person 
.. ~jf, .. "'llh, uses to process the written symbols presented to him. It is also on 
the other hand, that the fuB theory of how this processing takes is a topic of 
unbounded complexity. We will necessarily provide a treatment at a certain level of 
abstraction but one that is closer to the concrete and complex aspects of the actual 
npl1'If"'Pv"IIhl'!:i! I situation than is that of the automaton models. 

Register machines as such were first introduced by and Sturgis 
( 1963 ) in order to give a natural representation of computable functions. The 
ref're~)entation is more intuitive than that of Turing machines because the central idea 
is close to that of a standard computer accepting instructions. For the representation 
of computable functions, a rather sman set of arithmetic instructions is sufficient. In 
particular, an unlimited machine has a denumerable sequence of registers, but 
any given program uses a finite number of these registers. The Shepherdson and 
Sturgis machine accepts six basic instructions: add one to a register, subtract one, 
clear a register, copy from one register to and two 
conditional and one not. is apparent that this set of instructions is not mUUIT1lal; 
the exact choice is more or less a matter of convenience.) 

To model the processing that a person does, we want a different register machine, 
of course, and a quite different set of instructions. In particular, we want instructions 
that reflect the perceptual situation. It is also reasonable to assume that only a fixed 
finite number of registers are used in the relatively simple tasks we consider. 

We can drastically simplify the perceptual situation by conceiving of each exercise, 
for example, an exercise in column addition, as being presented on a grid with at 
most one symbol in each cell of the grid. The person doing exercises is represented by 
a model that has instructions for attending to a specified cell; for example, in the 
standard algorithms of addition, subtraction, aqd multiplication, most of us were 
taught to begin at the upper right-hand corner and to move downward through each 
column and from right to left across columns. We shaH discuss the detailed set of 
instructions in a moment. The basic idea of such register-machine models is that the 
different algorithms of arithmetic are represented by subroutines. One subroutine may 
be called in another as complex routines or programs are built up. For instance, the 
routine for column multiplication uses as a subroutine the program for column 
addition. 

To have a psychologically realistic model at this level, the problem is to find a 
representation that is not only adequate as an algorithm but that also can be fitted to 
detailed eye-movement data in the same way that the linear regression models or the 
automaton models mentioned earlier have been so applied to response and latency 
data. 
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Several aspects of our use of register-machine models may usefully be commented 
on. First, the distinction between a stimulus-supported register [SS] and a 
nonstimulus-supported one [NSS] is fundamental to the models developed in this 
article. A stimulus-supported register in the present context is one that is holding a 
representation of a visual stimulus that is the focus of visual attention. When the 
point of visual regard changes, the decay of the representation just before the change 
is very rapid. To retain the representation (as in our case, the representation of a 
small finite alphabet of visual symbols) a transfer of the representation of the symbol 
to a register that does not require stimulus support is required. In a general way the 
distinction between [SS] and [NSS] registers is like the familiar distinction between 
short-term and long-term memory, but here the distinction is sharper and directly tied 
to visual perception. 

The second aspect remarked upon by colleagues is our choice of register machines 
rather than production systems for expressing our formal models. One reason for the 
choice is historical. Suppes (1972) proposed register-machine models for 
psychological analysis of performance in arithmetic at about the same time 
production systems were introduced into psychology by Newell (1972, 1973). 
However, the general idea of a production system is much older and goes back at 
least to Post's (1936) theory of finite combinatory processes, which was introduced at 
the same time as Turing machines (1936). Register machines were introduced for 
good reason by Shepherdson and Sturgis (1963) in order to have a machine 
architecture that is more natural than that of Turing machines for the representation 
of computable functions. We are not suggesting that such machines represent in any 
faithful sense the details of human computation, but they can represent such 
computations about as well as production systems and in a more readable form. The 
difficulty of understanding a large production system written out in full and without 
explanatory interpolations in English is almost as great as that of reading a standard 
computer assembly language. This difficulty has been commented upon by several 
people, e.g., Anderson (1976, p. 108). We also have definite reservations about the 
readability of our register-machine programs when they are of any size and com­
plexity. 

This takes us to our third comment. As already remarked, the language of 
instruction is always some natural language, such as English. What is really needed is 
a detailed satisfactory representation of English or some other natural language, by 
register-machine models or production systems, to relate verbal instructions in 
arithmetic or other skill subjects to the internal processing of the instructions. We are 
as yet far from having such an account of language comprehension or production. Its 
absence is a limitation of the present study. 

Register-machine model for one-column addition. To avoid some complexities 
that we need to consider later in terms of the actual experiments we performed, we 
consider initially the simple case of one-column addition. Contrary to the usual 
Cartesian convention, we number the coordinates of the grid on which we think of 
symbols being presented from the upper right-hand corner. Thus, in the addition 
exercise 
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the coordinates of the 6 are the coordinates of 3 are (2, 1), and the coor­
dinates of 9 are with the first coordinate the row number and the second 

the column number column number is needed for the general case). 
lormu.latling instructions we need for column addition, the fonowing notation is 

is the of coordinates of a grid position with a and b positive 
(±a, ±b) shows the amount of shift in each coordinate from one grid 

position to another; J and are variables for registers; [SS] is the fixed 
register that is stimulus is a fixed register that is nonstimulus 
smmolrte,d. These are the instructions: 

Copy 

Attend b): 

Readin ]: 

lj+ ]: 

Jin IR2J= 

(val) L: 

Outright l R J: 

Deleteright [R]: 

End: 

Direct attention to 

Shift attention on the grid (±a, ±b)o 

Read into the register the 

visual addressed 

Attend. 

Look up table of basic addition facts for adding 

contents J and and store the 

result in j. 

Copy the content of register [Rl] into register [R2]. 

Jump to line labeled L if content of register 

is val. 

Write (output) the rightmost symbol of register 

[R] at grid position addressed by Attend. 

Delete the rightmost symbol of register l R ]. 

Terminate processing of current exercise. 

Of these instructions, only Lookup does not have an elementary character. In a more 
complete analysis, it would have the status of a subroutine built up from more 
primitive operations such as those of counting. It is, of course, more than a problem 
of constructing the table of basic addition facts from counting subroutines; it is also a 
matter of being able to add a single digit to any number stored in the nonstimulus­
supported register [NSS], as, for example, in adding many row of digits in a given 
column. We omit the details of building up this subroutine. It should also be obvious 
that the remaining instructions do not constitute a minimal set. 

For the simple case of one-column addition, we need only two registers; one, ISS I. 
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is stimulus-supported; the other, [NSS j, is not. A program representing a procedure 
close to what is taught in schools for doing one-column addition is shown in the left­
hand column of Table 1. Note to the left of Line 6 the label "opr" so that a jump can 
be made at line 9 back to this line if required. A restriction is that the sum be equal 
to or less than 99. By adding probabilistic parameters to various segments of the 
program, response performance models are easily generated. The more complex 
routines required for general addition and subtraction exercises are given in the 
Appendix. 

Because it is doubtful that a young student could be taught routines stated in terms 
of the assembly language we use in our set of instructions, in the right-hand column 
of Table 1 we have written down an English version of the program and have called 
the various commands English-addressable subroutines (for an amplification of this 
point, see Suppes, 1980). Some form of the English-addressable subroutines seems 
essential for learning, but we restrict ourselves here to performance models. 

Stochastic theory of eye movements. To moye toward a much more detailed 
theory of how programs of the kind exemplified in Table 1 are actually executed we 
move now to theory and data on eye movements. We expect a strong correlation 
between the point of regard and the current step in a procedure that is being executed. 

TABLE I 

Example of One-column Addition for Sums ~99 

Pseudo Assembly-Language Program 

Attend (1, 1) 
Readin 
Copy SS in NSS 
Attend (+1, +0) 
Readin 

opr Lookup NSS + SS 

Attend (+1, +0) 
Readin 
Jump (0 - 9) SS, opr 
Attend (+1, +0) 

Outright NSS 

Delcteright NSS 
Attend (+0, + 1 ) 

Outright NSS 

Deleteright NSS 
End 

English-Addressable Subroutines 

Look at this number 

Remember the number 
Now look at this next 

number 
Add the two numbers and 

remember the sum 
Move down the column 
If there is another number, 

add as before and continue 
If not, move down to the 

blank space 
Write down the number of 

ones in the answer 

Now look at the space to 
the left 

Write down the number of 
tens in the answer (unless 
it is zero) 
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We there are many to this for example, when someone 
looks off into the distance while some event or some future 

But there are as many cases in which this is not so and the 
in the field of visual is an obvious clue to what is 

processed we are advancing the view that the 
within the arithmetic exercise, taken in conjunction with a 

know'ledi2e of the which the subject has been instructed to execute, provides 
an clue to what covert mental operations the subject is performing and 
where he is at that moment in the arithmetic algorithm, 

We turn now to the first simple version of our stochastic theory of eye movements, 
It is to be understood that the theory is formulated for the context of performing 
'llI!n'n .. ill'hvltu"", tasks represented by subroutines such as shown in Table 1. the 

of widest psychological interest is the contrast between the 
stochastic theory of procedures at the level of eye movements and the essentially 
deterministic of processing in standard computer systems. It is 
possible to build stochastic features into standard computers but it is seldom done 

for purposes of simulation, whereas such features are a fundamental aspect, in 
judlgnlent, of human execution of procedures, This stochastic aspect of 

has not been adequately into current cognitive 
theories of behavior 9 but is recognized in the literature on eye movements 

1981 ). 
Our simple theory of eye movements fans naturally into two parts, The first is 

the simple qualitative axiom governing the duration of fixation. We comment later on 
its psychological significance. The second group of axioms has to do with the 
direction of eye movements. In the present context we think of the direction of 
movement as constituting a random walk, with the frame of reference of the steps 
being the cognitive grid defined earlier as implicit in the perception of the stimulus 
displays of arithmetic exercises. In the framework of the present article it is the 
direction of movement, rather than duration of fixation, that can be connected to the 
cognitive register-machine model in the most detail. 

The most important random-walk movement is that of going to the next displayed 
symbol. We call this the forward step, because it represents progress in the 
algorithmic sequence, The second significant movement is that of staying within a 
given square on the grid. We can this the stayput movement, which is similar to the 
concept of gaze in Just and Carpenter (1980). Notice that the point of regard is not 
literally "staying put" at the level of resolution of the eye-tracking apparatus but 
rather is doing so in terms of the large-scale grid on which stimuli are displayed. The 
point of regard stays within the same square of the grid, i.e., stays focused on approx­
imately the same displayed symbol. The third type of movement is that of 
backtracking, which is the opposite of forward movement. It is to be noted that 
backtracking as such will not occur in the normative discrete routines as exemplified 
in Table 1 or the Appendix. 

Modell. The first axiom, PI, is unconditional in character about the length of 
fixation, showing that the sense of a conditional action is not needed. 
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SIMPLE AXIOM OF FIXATION 

(Fl) The length of fixation is independent of past (cognitive) processing and 
the present stimulus context. 

It follows at once from this axiom by standard probabilistic arguments that the 
distribution of fixation lengths is exponential. What is important from a 
psychological standpoint is that the axiom implies that the length of fixation is a 
process without memory. What the organism is currently doing or what the organism 
has recently been doing has no effect at all on the length of fixation. In particular, the 
point of fixation could change in the middle of an internal processing step. This is a 
very strong independence assumption and we shall want to examine the extent to 
which it is satisfied by our data. 

AXIOMS ON DIRECTION OF MOVEMENT 

AXIOM D 1. If processing is complete at a given point of regard, then jump to the 
next grid square in the register-machine model. 

AXIOM D2. If processing at a given point of regard is not complete and non­
stimulus-supported memory has not decayed, stayput on present grid square. 

AXIOM D3. If processing at the present point of regard is not complete and 
nonstimulus-supported memory has decayed, backtrack to the beginning of the 
exercise. 

It is apparent how these three axioms are tied to the use of the nonstimulus-support 
registers described earlier and exemplified in the routine- shown in Table 1. For some 
of the more complicated algorithms we consider (see the Appendix), it is not 
sufficient to have simply the two registers referred to in Table 1 but it is necessary to 
have several, and what we say in these axioms about nonstimulus-supported memory 
is meant to apply to any of the registers that is not stimulus-supported. 

We emphasize that Model I is meant to be a natural expansion of the discrete 
register-machine model, of which a simple example has been given in Table 1. The 
axiom on fixation times and the axioms on direction of movement define in a natural 
way a simple continuous-time process. The random walk that is part of this process is 
a little unusual because of the strong backtracking assumption but the axioms taken 
together do define what seems to be the obvious continuous-time Markov process to 
add eye-movement phenomena to the original register-machine model. 

Model II. As we shall see in the data presented below, there are at least four 
major respects in which Model I is too simple. First, the distribution of fixation times 
is not exponential, which means that the process is not completely without memory. 
Furthermore, if we reflect on this problem it is evident that even from a physical 
standpoint we would expect some kind of inertial effect that would prohibit the 
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process from axiom is 1f"""'If't'll!t'nh, 

too in formulation. As we shaH see, the observed in our subjects 
is one or two spaces back and seldom a fun backtrack to the of 
the exercise. This fact has for the formulation of the register-
machine model. It means that the number of used, for example in addition or 

must be results, or the character of the 
registers must be as can easily be seen, are 

Third, there is good evidence in the data that a certain percentage of the 
time a square on the is skipped. This skipping may be accounted 
for the subject's able to identify at one point of regard more than one 
stimulus symbol. We shaH not enter here into the question of whether or not it is 
aC4:ornp,lislled by vision; but the skipping phenomenon is present 
and needs to be into an adequate theoretical model. Fourth, there are 
instances in which the algorithmic routine has not been followed, and backtracking 
has not occurred. In the extended random walk of Model we caB this step other. It 
might be that any movements like other outside the theory are to be regarded 
as evidence against the theory but we take it that with something as stochastic as eye 
movements we can scarcely to have a completely detailed account of the 
movement, and we need this category to describe the eye motion. It must be 
admitted that from a theoretical we still have a rather poor understanding 
of how to think about these other movements. 

We take these four points into consideration in revising the axioms of Model I to 
characterize Model It First, in the case of fixation duration we assume that a fixation 
is exponentially distributed when a single instruction is being executed internally and 
is the convolution of n exponentials (with the same parameter) when n internal 
instructions are being executed during that fixation. (These internal instructions are 
thought of as controlling eye movement in fine detail, and are not the kind of 
instructions used in Table 1.) In the data analysis presented later we consider only 
the case of n = 2, but it is evident that we could obtain a better fit by increasing n. 
The concept of the number of instructions being executed internally is a theoretical 
one, since we can make no direct observation of n. Those who do not like this 
concept of an instruction being executed can easily supply an alternative, more 
phenomenological, formulation. 

MIXTUR.E AXIOMS ON EXECUTION TIME 

AXIOM Fl. The execution of each eye-control instruction is independent of past 
processing and the present stimulus context. 

AXIOM F2. Each fixation lasts for the execution of n internal instructions, for 
n= 1,2, .... 

These two axioms are too weak by themselves to imply an interesting parametric 
form for the distribution of fixation durations. For the purposes of present application 
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to our data, we specialize to n = 1 or n = 2. Moreover, the exponential parameter for 
the convolution of two executions we permit to be different than that for one. Given a 
as the mixture parameter for the exponential distribution with mean Al and A2 as the 
mean of the convolution of two exponentials, which is a gamma distribution, the 
distribution of fixation durations for Model II has the form 

a (I - a)t 
f(t) =;:; e- tlA1 + A~ e- tIA2

• 

We now turn to the revision of the axioms on the direction of eye movement. The 
most important revision is in the axiom regarding backtracking. The simple 
normative model is almost never exhibited in the data, i.e., there was a vanishing 
small probability of backtracking to the origin point of the grid, except in the case 
when the subject was in the first column and this was covered by the classification 
given below. Most of the backtracking was only to the preceding row in the same 
column. We therefore postulate that backtracking is only to the preceding row or at 
most to the beginning of the column, i.e., to the top of the column. Of course, in 
subtraction exercises these two forms of backtracking are identical and they are also 
identical in many forms of addition. We take account of this fact in the data analysis 
given later. We also add an axiom to take account of skipping, which can scarcely be 
regarded as a deviation from execution of the algorithm but represents a feature not 
represented in Model I. As already mentioned, skipping is assumed to arise when a 
point of regard also provides a perceptual image of the next symbol to be processed. 
Except with negligible probability the skipping always involved just one square of the 
grid, i.e., ordinarily one symbol. 

REVISED AXIOMS ON DIRECTION OF MOVEMENT 

Axioms D 1 and 02 remain unchanged. 

AXIOM 03'. If processing at the present point of regard is not complete and 
nonstimulus-supported memory has decayed, backtrack to the immediately preceding 
row in the same column or to the beginning of the column. 

AXIOM 04'. If the present point of regard also provides a perceptual image of 
the next grid square and processing it is complete, then skip over the next square to 
the following one. 

It is apparent that the modified backtracking axiom requires the introduction of 
complications in the registers in which perceptual data are stored. It is also clear, as 
already remarked, that this can be accomplished in a number of ways. Perhaps the 
simplest way in the case of addition is to keep not only the current partial sum but 
the preceding partial sum in the nonstimulus-supported register. If we want, this can 
also be done by simply adding another register. One of the registers keeps the current 
partial sum and the other the partial sum that preceded it. This takes care of 
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ba«::ktlrackullg one row, When h<llt"lrt, .... ""Ir ..... " is to the bel~inniJlig of the column we also 
need to have somewhere of the carry 9 in the case of addition, or in 

sut)tralcUon, and for this purpose still another register is easily added. In 
A(llpe'nOl!X we the full in terms of the normative models for multi-

column addition and multi-column but we decided not to add a still more 
for these additional In the case of backtracking we 

include data analysis, and we believe it is obvious how these additional 
registers can be added to accommodate the features by the axiom on 

n1l'1UI"Pt"lI'IllflllC1 the detailed the same remarks apply to the 
axiom on slupping, 

As we shaH see, the fit of Model n to the data is certainly not perfect, but it 
ti"P1i"If'p(tPIl'll1t~ the main features of the data welL We shall not consider in this 
article any extensions but we do discuss in the last section matters that seem 
worth further investigation. 

Related theoretical work, The detailed procedural theory we have proposed for 
arithmetic exercises does not seem to have a close predecessor in the literature, 

but there are related proposals for different tasks, We mention especially Groner's 
work (1978); he proposes various Markov models for eye movements in such 
standard tasks as the three-series problem, but the details are quite different from 
what we have proposed, Closer in spirit is the recent work of Just and Carpenter 
( 1980) on a theory of eye fixations in reading comprehension. 

Their theory rests on two general assumptions. The first is that of immediacy~ i.e., 
that a reader tries to interpret each content word of a text as it is encountered. It is 
apparent that our procedures for addition and subtraction satisfy this assumption: 
For example, in adding many rows a partial sum is stored, not the full sequence of 
numbers attended to. Their second assumption is that the eye remains fixated on a 
word as long as the word is being processed. Just and Carpenter can this the eye­
mind assumption. It corresponds rather closely to Axiom D2 of Models I and n. 

Just and Carpenter go on to consider in a qualitative way the evidently large 
number of processing stages required for reading-processes such as encoding, lexical 
access, semantic interpretation, and appraisal of context. It is easy to see from this 
list or its variants that the process of reading text is a much more complicated task 
than the one we have studied of performing arithmetic algorithms. There is a dose 
relation between their two general assumptions and some of our axioms, but we part 
on details because of the different tasks studied. Due to the greater simplicity of 
arithmetic tasks we have been able to present a more detailed and complete theory 
than they have for reading, and consequently to study rather thoroughly the quan­
titative aspects of the theory we have proposed. 

METHOD 

Subjects 

The subjects were two adult male college students, one eighth-grade girl, and two 
fifth-grade boys. The adults were Stanford University students; the children were 
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from school districts in the Stanford area. The subjects were selected from a pool of 
volunteers on the basis of the capacity of the eye-tracking device to properly generate 
eye-pointing data for them. This required subjects who could voluntarily limit body 
movement, and whose pupils were unobstructed by eye lashes or lids. 

Procedure 

Equipment and setup. In order to relate eye-movement measurements to display 
space and its contents, to manual inputs from the SUbject, and-above all-to be able 
to collect data in a form suitable for automatic computerized analysis, it is necessary 
to integrate a substantial amount of equipment, especially when the various 
component systems are themselves rather complex. The equipment used in this 
experiment included three computer systems and assorted interfaces: (a) a 
computerized eye-tracking system, (b) a display cathode-ray tube (CRT) (IMLAC) 
with a keyboard for the subject's manual responses, and (c) a large computer 
(PDP-I0) for generating the displayed exercises and reacting to the subject's manual 
responses. 

The computer-based eye-tracking system, a state-of-the-art system known as 
PERSEUS (Anliker, Floyd, Morf, & Kailath, Note 1) incorporates as a peripheral 
hardware device a 2-dimensional double-Purkinje-image eye-tracker (DPIET) 
(Cornsweet and Crane, 1973; revised by Crane and Steele, Note 2). The DPIET 
projects a collimated beam of infrared light into the subject's eye and monitors the 
positions of the first and fourth Purkinje images (from the air-cornea interphase and 
from the lens-vitreous interphase, respectively) and uses the distance between them to 
estimate eye-rotation, a method which is insensitive to translational errors. The excep­
tionally accurate estimates, output by the D PIET as voltages proportional to eye 
rotation with respect to vertical and horizontal axes, are substantially refined by the 
PERSEUS software which minimizes the effect of linear and nonlinear stationary 
errors (distortions) which can emanate from imperfections in the subject's eye, in the 
display CRT which provides the visual stimuli, or in the DPIET. 

The PERSEUS system, implemented on a medium-sized computer (PDP-15/76), 
uses advanced software (a) to calibrate each subject's eye-pointing responses, (b) to 
correct for the linear and nonlinear systematic errors mentioned above, (c) to detect, 
measure and record higher order phenomena (e.g., fixations, saccades, and 
scanpaths), and (d) to control the real-time aspects of stimulus presentation and data 
collection. The system delivers highly accurate estimates (less than 5 min of arc error 
over a field of 20 X 20 degrees in good subjects) of a subject's point-of-regard as well 
as a wide variety of detailed scanpath statistics. 

For this study the PERSEUS system was interfaced with a dual DEC KIlO system 
running a modified version of the TENEX operating system. The KIlO system was 
used to select and present pre-compiled exercise items, to react to the subject's 
keyboard responses, and to perform statistical analyses of the eye-pointing data after 
they had been predigested by PERSEUS. The KIlO system and PERSEUS were 
interfaced to each other and with the IMLAC PDS-l minicomputer with its display 
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system and the 1\r"" .. ,hn<!3 .. t1I which re!l~istere:d the manual responses, 
eXl)erlm@~ntal sessions all communications from the 1r.,,,,,,hn!l!lI"ri to the and from 
the KIlO to the IMLAC screen were and recorded 
the PERSEUS which utilizes a real-time nn~'lI".:Iitn'la 

'f.:xJ'Je"im~~rU~f},1 sessions. Each had an intl~oductorv 
shown the test room and the received 

purpose of the study, and was given a calibration trial to ascertain 
whether his eye was trackable the DPIET throughout the CRT display space, This 
!l'if'>l"nulill'if'>rl sut~lects who couid voluntarily limit head movement and whose were 
relatively large in the testing situation and unobstructed drooping eyelashes or by 
10V1{-hlmg;ing upper eyelids. If the subject proved to be compatible with the he 
was invited to in the addition and subtraction sessions, 

The seated in a darkened test room, faced the large CRT of the IMLAC 
on which the stimuli were displayed, To minimize the subject's head movement and 
to center the of his eye in the cubic centimeter of space which constitutes 
the eye-tracker's range, the translational movement tolerated by the each 
subject was fitted with a metal bite bar surfaced with dental lml:>relssn:m 
The bite and it the was attached to the 
display complex, 

Each test session consisted of an initial calibration on the eye-tracker followed by 
a series of arithmetic exercises. In the calibration the subject was required to 
fixate successively each of the in the calibrative array, The maximum number 
of calibration points, used with the adult subjects , was 121 points, arranged in eleven 
rows and eleven columns filling the 13 cm X 13 cm display area of the IMLACs 
CRT, Since the largest of the children's exercises did not fiU the I3-cm X 13-cm 
display space, and since the juvenile subjects were less tolerant of the longer 
calibration procedure, their eye-tracking responses were calibrated using a smaner, 
relatively centralized, 8-column by II-row rectangle of points encompassing the 
display field required by the largest of the children's exercises, This smaller array of 
points excluded the more difficult-to-track peripheral calibration points, in particular 
the corners, of the 11 X 11 array and also significantly reduced time required to 
complete the calibration. The distance between the subject's eye and the CRT was 
adjusted so that adjacent rows and adjacent columns were separated by a distance 
equivalent to 2 degrees of visual angle, so that each visual symbol-usually a digit­
was presented within a square whose sides were 2 degrees. 

PERSEUS is provided with a program caned EYESCAN which aids in adjusting 
the output gain and offset voltages of the DPIET by providing on a monitor CRT, 
seen only by the operator, the real-time location of the Purkinje image (either PI or 
P4 is selectable) superimposed on the calibrative array. After the operator had 
adjusted the gains and offsets of the DPIET to his satisfaction, any residual 
systematic error was left to be corrected by the ADAPT program, Following the 
setting-up of the DPIET, the CALIBRATE program was invoked to collect 
systematic calibration data. During the calibration procedure, the subject was 
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required to respond to each of the calibration points in sequence by fixating 
successively each of the calibration points in a given order. The current calibration 
point to be fixated was indicated to the subject by a significant brightening of the 
particular point. The subject was required to fixate this point and to press a key when 
he was satisfied that his point of regard was properly placed. The eye-pointing data, 
collected under the CALIBRATE program, were later used to generate correction 
filters by the ADAPT program. These filters were used to correct the eye-pointing 
data collected, via a program called COLLECT, during the subsequent arithmetic 
session. Finally, a program called REPORT used the filters to correct the eye­
movement data stored on digital 9-track tapes and then performed a detailed 
scanpath analysis. These REPORT files containing the scanpath statistics generated 
by PERSEUS were then transferred to the KI -10 system for further analysis. 

The arithmetic exercises were displayed in the standard (row and column) format 
and projected into the space defined by the 11 X 11 array of calibration points so that 
each numeral or symbol (except underline) was centered in a cell whose four corners 
were contiguous calibration points. Underlines were placed above the horizontal 
midline of cells containing them so that they would be better associated with the 
digits in the cell above. The digits were approximately 32 mm high by 20 mm wide. 
A symbol (+, -) for addition or subtraction as appropriate was included in the 
exercise as presented. 

The adult subjects were informed about the algorithms and asked to try to follow 
them, including the appropriate eye movements, while calculating their answers to the 
exercises. The children were instructed to calculate their answers "in the usual way" 
and were given some examples to calculate "out loud" so that the experimenter was 
satisfied that they knew the accepted algorithm in practice if not in theory. More 
particularly, each subject was instructed to perform each exercise by looking down 
each column (beginning with the rightmost), adding or subtracting as he progressed; 
and he was to try to avoid processing numbers out of the order prescribed by the 
algorithm. (Of course, as expected, no subject, adult or child, had the ability 
consciously to control the detailed spatial and temporal path of fixation points, our 
main object of study.) 

In the sessions with the two adult subjects, each new exercise was presented with 
tentative answer digit placed in the usual location at the base of the first column, i.e., 
just below the bar line. The tentative answer digit was correct 50 percent of the time; 
incorrect tentative answer digits were randomly selected to be either one digit higher 
or one digit lower than the correct answer digit 50 percent of the time. The digit 9 
was treated as being "less" than the digit 0 for this purpose. 

The subject was instructed to add the digits in each column and to respond by 
pressing one key to indicate agreement or an alternative key to indicate disagreement 
with the presented answer digit. If he rejected the proffered answer and was correct, 
the computer responded by changing the answer digit to the correct value. In any 
case the digit for the next column was then displayed. After the subject had 
completed the exercise, the computer marked the incorrect digits in the answer row 
with slashes through the numerals and the correct digits were displayed below them. 



354 SUPPES ET AlL 

After a 5 sec pause, the next exercise was was repeated 
until an 60 exercises had been at which the computer informed the 

of the number of correct answers and the number of exercises in the session, 
In the sessions with the based on our experience with the two adult 

subjects, we revised the manner of answers, To reduce the to 
look at the answer before doing the exercise, the exercise was first displayed 
without any proffered answer The subject pressed a key to indicate that he had 
mentally completed his calculations on the first column and that he wanted to see the 

proffered answer for that column, The computer responded to the 
subject's request by displaying in the two rows immediately below the answer row 
and in the same column, the smaner digit in the upper cell, the larger digit in the 
lower, One of the two digits was correct, the other false and chosen at random to be 
one digit greater or one smaller than the correct answer (again with 9 < 
pressing one key the subject indicated his choice of the digit located in the upper of 
the proffered digit "cells"; by pressing another key, he selected the answer appearing 
in the lower "celL" In response to the subject's selection, the computer erased the two 
........ H"" .... nI digits and entered the chosen digit in the answer cell above. 

Upon of each exercise, the computer drew a slash each 
incorrect digit and displayed the correct below it A check mark was placed to 
the left of the answer if the exercise was answered correctly, When the subject was 
ready to proceed to the next exercise, he any key, The computer responded by 
erasing the display and presenting a central fixation cross. The subject was instructed 
to fixate the center of this cross and then to tap any key. The computer then 
presented the next exercise. 

When subjects had completed ten exercises in this fashion, they were allowed to get 
off the bite bar for a brief (less than 30 sec) rest. The exact duration of the rest was 
determined by the subject who voluntarily returned to the bitebar when ready. He 
fixated the displayed central cross. If the D PIET returned to tracking mode, the 
experimenter signalled the subject to proceed, i.e., to tap the key indicating that he 
was fixating the central cross, etc. In this study, the subjects were not allowed to 
delete an answer digit once it had been selected. Also, there was no explicit display of 
borrowing or carrying information, and no provision to allow the subjects to exter­
nally record such information. 

A more detailed report of the experimental setup is to be found in Suppes, Cohen, 
Laddaga, Anliker, and Floyd (1982). 

Selection of exercises. A simple randomization procedure was used to generate 
the arithmetic exercises used in the experiment. The complete curriculum, generated 
ahead of time, was stored as a file in the KI -10, Each digit in each exercise was 
preselected randomly, subject only to the following constraints: (a) no leftmost digit 
could be zero, (b) each addition exercise had to have an equal number of rows and 
columns (e.g., 3 X 3, 4 X 4, etc.), (c) in the addition exercises, no two horizontally 
adjacent digits could be the same, and no digit could be repeated within a column, (d) 
in the subtraction exercises, zero differences were not permitted in the leftmost 
column. The adult subjects performed 720 addition and 600 subtraction exercises in 
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sessions limited to 60 exercises. Each addition session included twenty 3 X 3 (rows 
and columns), twenty 4 X 4, ten 5 X 5, and ten 6 X 6 exercises. 

The children's curriculum consisted of 1000 exercises, of which 600 were addition 
and 400 subtraction exercises. They were divided into blocks of 100 exercises, 
composed of 5 randomly generated items from each of 20 specific predetermined 
arithmetic exercise structures. Within each block, the order of presentation was 
randomized; that is, for each position in the set of 100 exercises, a uniform 
distribution over the remaining exercises was sampled to choose the next exercise, 
without replacement. The 10 blocks of 100 exercises were then concatenated in a 
single ordering so that each subject would complete some initial segment of this fixed 
ordering. The addition and subtraction structures were selected to be within a second­
to fourth-grade range of difficulty as determined by standard American arithmetic 
curriculums and studies (e.g., Suppes & Morningstar, 1972), which are in close 
agreement on this topic. Particular structures were selected to represent the full range 
of difficulty ordinarily encountered in these three grades. 

RESULTS 

We have divided the results into two main sections. The first deals with the 
analysis of fixation durations. Here we examine in some detail the probability 
distribution of fixation durations and also sequential effects of one duration on 
another, as well as context effects of position in the exercise, etc. In the second 
section we examine the random-walk model for the direction of eye movement. 

A nalysis of Fixation Durations 

Distribution of Fixations 

After investigation of many different aspects of the distribution of fixation 
durations, for reasons given in the theoretical discussion we fitted the mixture 
distribution with three parameters. The results of this analysis are shown in Table 2. 
In this table, KJ and JF refer to the adult subjects, CJ to the eight-grade girl, and CH 
and JU to the fifth-grade boys. The numeral following the two letters refers to the 
number of the session, numbered separately for the addition and subtraction 
sessions-referred to by A and S, respectively, after the numeral-for the two adult 
subjects. The results are given for individuals averaged over sessions, with addition 
and subtraction sessions separated for the two adults. Thus, the first row shows that 
addition data for adult subject JF consist of sessions 2-12, for a total of 11 sessions. 
(The actual number of sessions for each subject is shown as the first column in Table 
3, and the mean number of fixations per session for each subject as the second 
column of Table 3.) The first two columns of Table 2 show the individual estimated 
means and S.D.s of the parameter of the exponential distribution and the next two the 
same for the estimated parameter of the convolution of two exponential distributions. 
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TABLE 2 

Means of Chi-Square, Average Error Statistics, and Parameters for the Mixture Distribution with 18 
Degrees of Freedom 

Lambda! Lambda2 Alpha 
----- Mean Mean 

Subject Mean S.D. Mean S.D. Mean S.D. Chi-Square A verage Error 

JF2A-JF12A .302 .053 .131 .010 .34 .is 273.8 .229 
JFlS-JFIOS .306 .060 .138 .007 .26 .13 103.0 .IS8 
KJIA-KJ12A .281 .058 .143 .018 .68 .OS 79.6 .098 
KJ2S-KJIOS .232 .089 .124 .015 .57 .10 78.7 .135 
CnB-CJ 13B .]83 .026 .134 .005 .19 .05 137.4 .302 
CH IB-CH7B .071 .036 .111 .010 .51 .16 162.0 .178 
JUOIB-JUW8 .101 .014 .137 .011 .63 .01 64.S .124 

If the convolution of two exponential distributions with the parameter Az were the 
same exponential distribution as estimated in column 2. then the estimate of Az should 
be one-half that of it I 9 an nearly satisfied subject but no others. 
The fifth and sixth columns show the estimated means and S.D.s for the mixture 
weighting a on the exponential distribution. Recall that 1 - a is the weighting on the 
gamma distribution, the convolution of two exponentials. If a were estimated to be 1 
then the pure memoryless Model I would be strongly supported, but this was not the 
case for any subject, or even for a single one of the 71 sessions. In the seventh 
column we show the chi-square fit of the mixture distribution. We show the average 
chi-square, each with 18 degrees of freedom, for the sessions represented by each row 
of Table 2. As may be inferred from these average results, the null hypothesis is 
uniformly rejected at a high level of significance. To be explicit, if we turn to the 71 
sessions rather than the average results, the minimum chi-square is 34.3. the next 
lowest one is 34.8, and after that 45.7. With 18 degrees of freedom, all except the 
lowest two chi-square values are significant at the .001 level. The mixture distribution 
has one more parameter than the gamma distribution, and we might expect somewhat 
better fit. In fact, the mixture distribution actually fits very much better than the 
gamma distribution for almost all sessions, and for only one of the 71 sessions 
analyzed is the gamma distribution actually better and then only very slightly. 

In the eighth column of Table 2 we give the estimate of the average error statistic 
for the mixture model. In this case the average error is the square root of the sum 
over cells of the squared difference between the true and predicted probability of an 
arbitrary fixation duration being within the cell, divided by the predicted probability. 
The maximum-likelihood estimate of the average error is computed from the chi­
square statistic by the following equation, where X2 is the chi-square statistic, k the 
degrees of freedom, and N the sample size, 
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JF2A-JF12A 
JF 1 S-JF lOS 
KJIA-KJ12A 
KJ2S-KJI0S 
CJ2B-CJI3B 
CHIB-CH7B 
KUOlB-JUlOB 
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TABLE 3 

Mean Correlations of Successive Fixation Durations 

Number of 
Sessions 

11 
lO 
12 
9 

12 
7 

lO 

Number of 
Fixation Durations 

Mean S.D. 

4542 655.9 
2398 143.5 
6470 882.7 
3371 647.8 
1309 171.2 
4075 728.3 
3119 272.0 

357 

Mean Correlation of 
Successive Fixations 

-.0006 
-0.193 

.0326 

.0180 

.0472 

.1171 

.0871 

The average error is a good measure of how well a model is fitting, when a chi-square 
test rejects the model, because the chi-square test sets ever more stringent criteria on 
the average discrepancy as the sample size goes up (see, Kraemer, 1965). Given 18 
degrees of freedom, i.e., 22 cells, and the large number of fixation observations in 
each session, as can be seen from the average data on the number of observations in 
Table 3, the cells' sizes were all large. 

We see in Table 2 that the fit as indicated by average error is not too bad. 
Although the adult mean average error ranges between 10 and 23 percent, in 30 out 
of 42 cases it is below 20 percent. The children's fit is not as good, with a range of 8 
to 36 percent, and only 14 out of 30 sessions under 20 percent. Still, almost all the 
problems of fit for the children are with subject CJ, for whom the mixture model is 
less adequate than it is for the other subjects. 

Correlation of Successive Fixation Durations 

The second test concerned the correlation of successive fixation durations. The 
second and third columns of data in Table 3 show the means and S.D.s of fixation 
durations for individual subjects. As is evident, there is considerable variation across 
subjects. The mean autocorrelations of lag one are shown in the fourth column of 
Table 3. The autocorrelation statistic can be written as follows where d; represents 
the ith fixation duration, and d their average: 

The correlations are all small. Overall we may conclude that there is really no 
significant effect of the length of a fixation on that of the next fixation. 
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data on the same structural variables of 0.70 or greater are 
common extensive analyses9 see & M()rnm~;SUlr 

Random-Walk lWodel 

Fit to J(e;'!'tslter-Mtlchtne Model 

Mlwe,rnelrtt Direction 

The process of interest was that of the secluenUal plDsiltiOflS attended to by 
the In order to determine of fit of the 

TABLE 

Means of Estimated Regression Coefficients 

Subject Row Column Length Onoff 

JF2A-JFI2A .0296 .0113 -.0185 -.0350 
JFlS-JFlOS .0326 .0148 -.0214 .0300 
KJIA-KJI2A .0164 -.0188 .0162 .0316 
KJ2S-KJIOS .0161 -.0152 .0177 .0437 
CJ2B-CJl3B -.0090 .0150 -.0238 .0352 
CHIB-CH7B -.0022 -.0046 -.0170 .0155 
JUOIB-JUI0B .0168 -.0090 -0.160 .0220 
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scanpaths to the register-machine model it was necessary to create some measures of 
goodness-of-fit. Since there seem to be no close precedents to help guide us, inevitably 
the measures that we developed are to some extent ad hoc. 

The first measure is denoted corr!, and is constructed as follows. The theoretical 
scanpath for the register-machine model was simplified for this analysis. A perfect 
scan path in terms of this model was defined to be moving top-to-bottom in each 
column with the fixation in the bottom of a column being immediately succeeded by 
a fixation in the first row of the column immediately to the left. This sequence begins 
in the upper right grid position. A four-by-four exercise is shown below with its 
proper scanpath to the right. 

3 6 7 7 * (25) (19) (13) (7) (1) 

* 
2 9 0 3 * (26) (20) (14) (8) (2) 

* 
3 5 5 * (27) (21) (15) (9) (3) 

* 
4 4 0 8 * (28) (22) (16) (10) (4) 

* 
- * (29) (23) (17) (11) (5) 

* 
? ? ? ? ? * (30) (24) (18) (12) (6) 

Similar correspondences can of course be constructed for exercises of other 
configurations. In accordance with the register-machine model for addition we denote 
the duration of the fixation at time t as conforming to the model when the position PI 
of a fixation at time t is either Pt-I or Pt-I + 1, i.e., staying put in the same grid, 
Pt-I' or advancing one square, Pt-I + 1; otherwise we denote the time noncon­
forming. (The analysis is slightly different for subtraction.) The statistic is simply the 
ratio of the conforming time to the overall time. This measure is in a sense optimistic 
since a large fraction of the fixations are at the same grid position as the previous 
fixation, partly due to the tight fixation parameters used in the data reduction. 

Because we would not claim that the scanpaths nearly agreed with those predicted 
for the register-machine model if 90% of the fixation positions were repeats and the 
other 10% appeared to be independent of the model, we constructed corr2. The only 
difference between corr 1 and corr2 is that repeat time is not counted as conforming 
or nonconforming in the determination of corr2. For this reason corr2 is pessimistic 
in that some repeating should be included in the conforming time. 

Corr3 is a third measure of goodness-of-fit for scanpaths. To compute this 
measure we first determine how many fixation positions, say n, occurred for a 
particular exercise. Then two sequences are defined: The sequence 1, ... , n and the 
sequence of grid positions predicted by the register-machine model, as indicated 
above. The correlation of these two sequences is calculated. This is corr3. The 
statistic is then averaged across the exercises for an entire session. Corr3 is probably 



360 SUPPlES lET AL 

TABLE 5 

Means of Measures of Fit of the SCllnpaths to the Register-Machine Model 

Subject Coni Corr2 Corr3 

KJIA-KJ12A JnS .619 .833 
JF2A-JF12A .819 .518 .874 
KJ2S-KHOS .759 .301 .728 
JFlS-JFlOS .703 .284 .772 
CHIB-CH7B .721 .299 .701 
CJ2B-CJI3B .462 .171 .708 
JUOIB-JUIOB .627 .165 .583 

slightly pessimistic in that it should really be calculated as the maximum correlation 
between the actual sequence of grid positions and any monotonic transformation of 
the sequence {1 9 •• o 9 Vi}, since this would aUow for repetition. 

We point out that these measures all increased with the of the exercise, most 
nn!·."il'\II", corr2 on addition sessions, Our allowed for the underline to 

as a location or to the answer pos:lhc~n ...... I'''' .... UL' .... 

below. The analysis shown in Table 5 corresponds to the separation of the underline 
but the alternative seems reasonable as welL Means across sessions for individual 
subjects are shown for the measures defined. 

In the case of addition, the average of corr 1 and corr2 seems to be a reasonable 
estimate of goodness-or-fit. The fit as measured by corr 1 for the two adult subjects is 
quite good. For subtraction the measures are so disparate it is difficult to say 
anything with assurance. The fit as measured by corr3 is surprisingly good for almost 
all 71 sessions, but we believe that it is not model-specific enough for the main 
theoretical framework of our analysis. 

Fit of Random-Walk Model 

We turn now to the random-walk model already described by the qualitative 
axioms formulated in the theoretical section. The first and most common type of eye 
movement is stay, i.e., staying put in the same grid position. The second type of 
movement is moving forward according to the register-machine model. The third 
general motion is backtracking, that is, the movement back to a position already 
occupied in the same column. We divide it into three kinds with relative frequency 
data for an three shown in Table 6. In particular, backtrack 1, is the relative 
frequency of the backtrack from the second row to the top row. Second, backtrack2 
is a motion back to the top of the column but with two or more steps. Finally, 
backtrack3 is the motion from a row to the preceding row if the preceding row is not 
the top row. By breaking backtracking into these three mutually exclusive categories 
we cover almost ali the cases and can have available the possibility of disentangling 
different kinds of motion. It might be asked, how does backtrack2 occur in 
subtraction? It is to be remembered that the symbol that is placed within the grid 
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TABLE 6 

Means of Relative Frequency Data for the Random-Walk Model with Seven Possible Movements 

Subject Stay Forward bktrck I bktrck2 bktrck3 Skip Other 

JF2A-JFI2A .585 .214 .027 .008 .024 .057 .085 
JPIS-JPIOS .487 .187 .034 .014 .019 .099 .161 
KJIA-KJI2A .668 .172 .017 .005 .011 .036 .091 
KJ2S-KJIOS .608 .119 .035 .005 .014 .067 .152 
CJ2B-CJ13V .340 .108 .067 .022 .073 .030 .361 
CHIB-CH7B .622 .094 .051 .008 .029 .025 .170 
JUOIB-JUIOB .609 .048 .034 .007 .046 .010 .247 

where the point of regard is located is not always a digit; it can be an underline or an 
answer blank instead of one of the digits given in the exercise. The fourth type is skip, 
which is the movement which would be expected by the register-machine model for 
the fixation after the correct fixation under study. Skipping in subtraction seems more 
frequent in Table 6 than it really is, because we counted motion from the second row 
to the answer space without stopping at the underline symbol as cases of skipping. 
Finally the fifth type of motion, other, includes all other movements not previously 
classified. The means across sessions of the relative frequencies of these movements 
are shown in Table 6. The data are quite stable. The step backtrack2 has the 
minimum mean frequency for all the subjects. When that step is removed, backtrack 3 
for the adults and skip for the children are always minimal (in the mean). On the 
other hand, with the exception of subject CJ, the stay step is highest in mean 
frequency. We also computed the S.D.s as well as the means. The largest S.D., 0.060, 
is for subject KJs stay component. Over 70 percent of the S.D.s are less than 0.02. 

It is also of interest to determine whether or not the various steps in the random­
walk model have different fixation durations associated with them. Inspection of 
Table 7 reveals no striking quantitative differences for means of average fixations of 
the different steps. Data from the 71 individual sessions also gave no indication of 
evident dependencies between the two. 

TABLE 7 

Means of Average Fixation Durations for Different Steps in the Random-Walk Model 

Subject Stay Forward bktrck 1 bktrck2 bktrck3 Skip Other 

JF2A-JPI2A .288 .256 .253 .129 .257 .275 .212 
JFIS-JFIOS .318 .238 .289 .149 .302 .275 .247 
KJlA-KJI2A .288 .350 .177 .341 .181 .321 .158 
KJ2S-KJIOS .253 .232 .234 .152 .166 .294 .169 
CJ2B-CJ13B .246 .248 .304 .240 .295 .226 .252 
CHIB-CH2B .148 .147 .197 .142 .153 .096 .128 
JUOlS-JUIOB .145 .186 .156 .127 .200 .178 .160 
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DiSCUSSION 

in this paper bear on a number of issues and 
aOl[)rO'onate to consider in conclusion. To what new 

or information do eye movements us about models 
such as the model considered in detail in this article? There are four 

the distributions of fixation which suggest a 
nearly but not memory less process, strong evidence that essential 
aspects of the information processing are stochastic in character. In other settings, as 
in some reading experiments~ the process is often not so memory less, but substantial 
stochastic features remain. In this connection, it is worth recalling that the best 
current theories of randomness equate randomness with complexity work of 
Kolmogorov (1963), Martin-Lor (1969), and others), and so to say that the processes 
are stochastic is to say that they are of high complexity. This being the case, they 
almost surely cannot even in principle be adequately represented in a deterministic 
fashion. In our view there is little reason to think that any of the current neural 
theories will develop in such a way as to change this conclusion, 

Second, the data show that even the wen-trained subjects do not follow the 
normative register-machine model in detail. The eye movements completely 
consistent with the register-machine model are those of stay and forward, and we can 
see from Table 6 that other movements occur rather often. Similar results are also to 
be found in the study of the correlation of the actual eye-movement and the 
normative of the register-machine model. 

Third, the eye-movement data show unequivocally that the perceptual component 
of the register-machine model is far too simple. Undoubtedly, if we were able to make 
the same kind of observations that we have made of eye movements of the internal 
processing, we would come to the same conclusion about the cognitive procedural 
aspects of the model as wen. 

Fourth, the revised and extended register-machine model formulated in terms of the 
qualitative axioms given in the first part of this article does fit the data at a relatively 
satisfactory level. We believe that the results are encouraging enough to warrant 
further studies in the same direction. 

We now turn to some other considerations. It is apparent, both from theoretical 
and experimental viewpoints, that more work is needed to have an explicit iden­
tification of steps in the algorithm in relation to eye movements and processing time. 
To get such an identification, for example to estimate the process time and the 
associated eye movements with each individual step in the proposed algorithm, more 
specific model-theoretic assumptions must be made. Especially from the standpoint of 
processing time it is easy to make such further assumptions. Steps in this direction 
were already taken in Suppes (1972), but we are not yet satisfied with how this 
should be done to incorporate eye movements as well. It is also apparent that 
different highly specific models can be created, with different steps in detail, but it is 
also a problem to conceptualize these variants properly. 

Another point is that for problems and models of the kind studied in this article it 
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is too easy to think of the computer serving as an ideal version of a human subject. 
We want to emphasize how much we differ from such a view. The highly stochastic 
character of eye movements alone is at great variance from any current computer 
conceptions of perception. Our view is rather that it would be useful to try to build a 
computer model that more closely simulated what a human subject does. 

From another standpoint, it is important to investigate conceptually different 
models for the processes we have studied here. An obvious and direct criticism of the 
register-machine model is the use of coordinates and the reference to grid locations. It 
is apparent that this is not a realistic way of discussing human perception but a 
mathematical convenience that also must be regarded as a psychological fiction. 
What would be appropriate and more interesting would be to incorporate a geometry 
of symbols in the two-dimensional case and a geometry of objects in the three­
dimensional case. The foundations of geometry in either of these instances is as yet 
far from satisfactory, and consequently fundamental work at a geometrical level is 
also required in order to create what we think would be sounder and more realistic 
models. 

At tl1e beginning of this study we anticipated observing some clear developmental 
trends across subjects, but as the data in Tables 1-7 show there are no really striking 
phenomena, somewhat to our surprise. For example, the adult subjects are not 
uniformly different from the juvenile subjects in any major respect, although the fits 
of the scanpaths of the adult subjects, e.g., as shown in Table 7, tend to be better. 

It is characteristic of the theoretical work we have pursued in this article that many 
of the details of eye movement have been ignored. For example, we have made no 
study of velocities or accelerations and it is important to know what better 
understanding of processing algorithms would be gained from a better understanding 
and study of these phenomena. Finally, in the same spirit we would remark that our 
current conception of the process of performing algorithms seems much too discrete. 
The basic register-machine model is a discrete model and yet the process, from a 
psychological standpoint, seems at a fundamental level to be more properly 
continuous than discrete. We have of course converted the register-machine model 
into a continuous-time stochastic process, as, for example, in the random-walk model 
we have already considered, but the processing steps remain discrete. Whether or not 
these simple steps also need to be replaced by a continuous version remains to be 
seen. 

ApPENDIX 

We give in this Appendix the full register-machine models for general column 
addition, i.e., for exercises having an arbitrary number of rows and columns, and also 
the full subtraction model. For this purpose, it is convenient to add to the instructions 
given at the beginning of the article the following four: 

JUMP L: Jump to line labeled L. 

END: Terminate processing of current exercise. 
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PLUS 

MINUS 

SUPPES lET AIL 

Add 1 tlO the contents IOf wpoiC!tl"lI' 

Subtract 1 frlOm the contents of 'll'IP>O'u,t,,,, .. 

The of each of these flOur additilOnal instructilOns is It is QbviQUS 
fOIl' we dOl nQt from a formal need a JUMP instruction. We 

can write the programs with the conditional JUMP instruction but it 
is convenient and simple to have the unconditional instructiQn as well. We also need 
to extend the nQnelementary LOOKUP to include subtractiQn as wen as additiQn. 
The instruction is tQ subtract the cIOn tents of register l Reg 2) frQm the 
contents Qf 1] and then stQre the result in 1]. These facts include a 
minus sign with the result if the result Qf the subtractiQn is negative. 

Fer the case Qf cQlumn addition it is alsQ convenient to have two 
subrQutines, lOne for vertical scanning of the left-hand side for rows-that is, 
the exercise is nQt a array with each rQW exactly the same 
number Qf columns-the Qther fQr These tWQ subrQutines are the 

V-SCAN SUBROUTINE 

1 rdv READIN 
2 - 9, finv 
3 ATTEND(+19 -1) 
4 READIN 
5 JUMP(-) finv 
6 ATTEND(+O, +1) 
7 JUMP rdv 
8 finv EXIT 

The OUTPUT subreutine is the fQllQwing: 

1 put 
2 
3 
4 
5 
6 fino 

OUTPUT SUBROUTINE 

OUTRIGHT NSS 
DELETERIGHT NSS 
A TTEND(O, + 1 ) 
JUMP( ) NSS, finQ 
JUMP put 
exit 

The full medel fQr celumn additiQn is then the fQllQwing: 

1 
2 

COLUMN ADDITION MODEL 

A TTEND(1, 1) 
READIN 
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3 COpy SS in OP 
4 ATTEND(+I, +0) 
5 READ IN 
6 opr LOOKUP OP + SS 
7 rd ATTEND(+I, 0) 
8 READIN 
9 JUMP(O - 9) SS, opr 

10 JUMP( ) SS, rd 
11 ATTEND(+I, 0) 
12 OUTRIGHT OP 
13 DELETERIGHT OP 
14 COpy OP in NSS 
15 ATTEND(I, +1) 
16 V-SCAN 
17 JUMP( -) SS, fin 
18 car COPY NSS in OP 
19 JUMP opr 
20 fin JUMP( ) NSS, out 
21 ATTEND(+I, +1) 
22 OUTPUT(NSS) 
23 out END 

Finally, the full subtraction model is the following: 

SUBTRACTION MODEL 

1 ATTEND(I, 1) 
2 READIN: 38 
3 COpy 0 in NSS 
4 COpy SS in OP 
5 ATTEND(+I, +0) 
6 READIN 
7 opr LOOKUP OP - SS 
8 ATTEND(+I, +0) 
9 OUTRIGHT OP 

10 DELETERIGHT OP 
11 ATTEND(I, +1) 
12 READIN 
13 JUMP( ) SS, fin 
14 JUMP(-) OP, bor 
15 on COpy SS in OP 
16 ATTEND(+I, +0) 
17 READIN 
18 JUMP( ) SS, easy 
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19 JUMP opr 
20 easy 
21 OUTRIGHT OP 
22 DELETERIGHT OlP 
23 ) 
24 READIN 
25 ) 
26 
27 OUTRIGHT SS 
28 DELETERIGHT SS 
29 JUMP 
30 boll" over 
31 MINUS SS 
32 JUMP on 
33 over PLUS NSS 
34 +1) 
35 READIN 
36 
37 
38 READIN 
39 line COpy SS in OF 
40 I, 
41 READIN 
42 COPY 9 in OP 
43 ) SS, easya 
44 LOOKUP OP - SS 
45 ATTEND( + 1, +0) 
46 OUTRIGHT OlP 
47 DELETERIGHT OlP 
48 MINUS NSS 
49 ATTEND(l, +1) 
50 READIN 
51 JUMP(O) SS, line 
52 MINUS SS 
53 JUMP on 
54 fin END 
55 easya ATTEND(+l, +9) 
56 OUTRIGHT OP 
51 DELETERIGHT OF 
58 again a ATTEND(l, +1) 
59 READ IN 
60 JUMP( ) SS, fin 
61 JUMP(O) NSS, outa 
62 JUMP(O) SS, linea 



63 
64 
65 out a 
66 
67 
68 
69 linea 
70 
71 
72 
73 
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MINUS SS 
COpy 0 in NSS 
ATTEND(+2, +0) 
OUTRIGHT SS 
DELETERIGHT SS 
JUMP againa 
COpy 9 in OP 
ATTEND(+2, +0) 
OUTRIGHT OP 
DELETERIGHT OP 
JUMP againa 
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We will now step through the subtraction model with a specific exercise so that the 
reader can obtain more insight into how one of the models actually works. The 
exericse that will be performed is 1073-82. The grid positions are 

1073 1,4 1,3 1,2 1,1 

82 ~2 ~1 

3,4 3,3 3,2 3,1 

We hope when we are done the contents of (3,1) will be 1, of (3,2) will be 9, of (3,3) 
will be 9, and of (3,4) will be O. 

We first ATTEND(I,I). Then we read 3 into SS. We COpy 0 in N8S. We COpy 
3 into OP. Then we ATTEND(2,1) which has a 2. We read 2 into SS. Next we 
LOOKUP 3 - 2. This places a 1 in OP. We now ATTEND(3,1). This has a blank. 
We now write 1 in the grid position (3,1). Then we delete the 1 in OP. Now we have 
finished the first column and are ready to move to the second. We ATTEND(I,2) 
which has a 7 and read the 7 into SS. Since 8S is not blank we do not JUMP to line 
FIN. Since OP does not have a in it we do not JUMP to line BOR. We COpy 7 in 
to OP. We ATTEND(2,2) and READIN the 8 into SS. Since SS is not blank we do 
not go to line EASY. We JUMP to line OPR. We LOOKUP 7 - 8. This puts a -9 in 
OP. We now ATTEND(3,2) which is blank. We write the rightmost character of OP, 
which is 9, in (3,2) and then delete the 9, leaving - in OP. 

The information about the borrow is preserved as we move to the next column. We 
A TTEND( 1,3) which has a 0 in it, and read 0 into SS. Since SS is not blank we do 
not JUMP to FIN, and since OP does have in it we jump to line BOR. We now 
enter the part of the subtraction algorithm devoted to borrowing. Since S8 does have 
a 0 in it we JUMP to line OVER which signifies that we cannot borrow yet since the 
column immediately to the left has a zero in it. We now add 1 to NSS, which will 
keep track of how many column shifts we have to make before finding a column with 
a nonzero entry. We ATTEND(I,4) and READIN 1 into S8. Since S8 is no longer 
zero we do not need to search any more and we are ready to continue programming. 
We ATTEND(1,3) and read 0 into SS. We COpy 0 into OP. We then 
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and read the blank into SS, We COpy 9 in OP, Then we have a 
blank in SS so we JUMP to Hne EASY A, Lines EASY and EASY A two 
sections of the that to the processes needed to a 
subtraction exercise when there are no any more in the subtrahend, The 
section with line EASY to the case when we encounter this 
situation when we are not and EASYA starts the section when we are, We 

and write 9 at this We delete the 9 in 0 P and 
We read the 1 at into SS and since SS is not blank we do not 

JUMP to line FIN, Since neither SS nor NSS has a zero in it we do no and 
we reduce SS by one to zero, We COpy zero in NSS. We and write 0 
in that grid position. We delete the zero in SS so that SS now contains a blank, We 
JUMP to line AGAINA. We We READ IN the blank into SS, Since 
SS is now blank we JUMP to FIN which ENDs the exercise, 
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