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The main purpose of this paper is to provide a new
proof of the impossibility of local theories of hidden
variables based on simpler and more general assumptions
than those used by Bell (1964, 1966), Wigner (1970), and
Suppes and Zanotti (1976). In particular, no assumptions
requiring specific quantum mechanical calculations are
required. They are replaced by the principle of exchange-
ability and the principle of identical conditional dis-
tributions given the hidden variable.

The results may be most easily discussed in terms
of a system of two spin~1/2 particles initially in the
singlet state, but generalizations to other quantum me-
chanical systems of a similar nature are apparent. In
essential terms, the analysis of Bell, stated in a
particularly clear form by Wigner, depends upon the fol-
lowing assumptions,; which we state in intuitive form.
{(Mathematically explicit axioms are formulated in Appen-
dix A.)

1. Axial symmetry. For any direction of the measur-
ing apparatus the expected spin is 0, where spin is
measured by +1 and -1 for. spin +1/2 and spin -1/2, re-
spectively. Further, the expected product of the spin
measurements 1Is the same for different orientations of
the measuring apparatuses, as long as the angle between
the measuring apparatuses remalns the same.

2. Opposite measurement for same orientation. The
correlation between the spin measurements is =1 1if the
two measuring apparatuses have the same orientation.

3. Independence of A. The expectation of any func-
tion of A 1is independent of the orientation of the mea-
suring apparatus. :
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4. Locality. The spin measurement obtained with one
apparatus is independent of the orientation of the other
measuring apparatuse.

5. Determinism. Given A and the orientation of the
measuring apparatus, the result of the spin measurement
is determined uniquely. In other words, the conditional
variance of the spin measurement, given A and the direc-—
tion of the measuring apparatus, is 0.

Suppes and Zanotti (1976) weaken the last assumption
of determinism to conditional statistical independence,
that is, to the assumption that the expectation of the
product of the spin measurements, given ) and the orien-
tation of the measuring apparatuses, is equal to the
product of the expectations under the same conditions.
The heart of their argument is to show that statistical
independence given A and a correlation of -1 between the
measurements implies determinism.

In the present paper we simplify these arguments
drastically by using directly de Finetti’s principle of
exchangeability and the assumption of a negative correla-
tion to prove the nonexistence of a hidden wvariable
theory of the kind that is usually called objective and
local. What is significant about our argument, in our
judgment, is that it eliminates almost all of the quantum
mechanical details from the argument for the nonexistence
of hidden variable theories. The conditions that have to
be satisfied are quite general.- The argument shows how
weak the conditions may be that lead to nonexistence of
objective local hidden variables.

We need to say something about the principle of ex-
changeability because it is a principle of symmetry that
has not been used in physics, to our knowledge, but has
played an important role in subjective theories of proba-
bility. The principle was introduced by de Finetti to
provide a natural alternative in the subjective theory of
probability to objective theories of independence. (Ve
emphasize that the conflicts between objective and sub-
jective theories of probability do not play a role in our
own argument here. The principle of exchangeability
enters 1in a fornal way and does not require any subjec-—
tive interpretation, although we are in favor of this
broader viewpoint.)

Here is a simple example to illustrate the principle.
Suppose we flip 10 times a coin that 1is known to be
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biased, and we know artificially that the hias is either
<75 in favor of heads or .25 in favor of heads. Then the
flips will not be independent because the outcomes of
preceding flips will provide information about the proba-
bility of a head on the next flip. On the other hand,
given the number of heads that occur in 10 flips, the
trials on which the heads occur is of no importance. In
other words, we have permutational invariance in the
sense that the probability of a sequence of 10 outcomes
with a fixed number of heads is the same regardless of
exactly which trials heads occurred on. Thus, for exam-
ple, if three heads occurred in 10 flips, then it does
not matter vwhether these three heads occurred on the
first three trials, or on the first, seventh, and tenth,
etc. HNotice how much the principle of exchangeability
reduces the number of probabilities that have to be de-
termined. In the present case, instead of considering 2
sequences of possible outcomes, we can reduce this to
just 11, the probabilities of O to 10 heads, and because
of conservation of probability we in fact need to fix
only the probability of 10 with the 1lth then determined,
which is a very considerable reduction of parameters from
210. The kind of symmetry that is behind the principle
of exchangeability and how it applies to the spin experi-
ments should be clear from this example. Exchangeability
is at the heart of the symmetry implied by the physics of
the spin experiments.

The requirement of exchangeability 1is uncontrover-
sial. This is not so for the associated requirement of
identity of conditional distribution for the two measure-
ments when the apparatuses have the same orientation. No
trace of this axiom 1is to be found in the papers of Rell
and Wigner cited above, or in the recent excellent survey
paper by Clauser and Shimony (1978), which covers most of
the earlier literature. But identity of conditional dis-
tribution seems to be a reasonable symmetry requirement,
because the hidden variable A should have the same ex-
pected causal effect on both particles. Obviously, it is
consistent with this axiom that the actual causal effects
of A on the particles are different, which is certainly
true in the paradigm stochastic experiments on coin flip-
ping.

Especially in relation to the earlier literature on
hidden wvariables, there are two points to be made. As a
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principle of symmetry, the existence of identical condi-
tional distributions is a different and stronger princi-
ple than that of exchangeability——equivalence of the two
is true only for infinite sequences of random variables.
Second, the principle of identity of conditional distri-
butions is in itself a wholly reasonable principle of
symmetry. To take a very elementary example, consider
throwing out a pair of fair dice- They have the same
conditional distributions on each throw, for there is no
principle of difference to make the distributions differ-
ent, but, of course, we expect the actual outcomes to be
different most of the time-~five-sixths of the time to be
exact. And so it is with spin-1/2 particles initially in
the singlet state, and a number of other particle systems
that are described by Clauser and Shimony as suitable for
testing hypotheses about hidden variables.

The fundamental point 1is that it is the strong
symmetry of the prineciple of identity of conditional dis-
tributions that is the main tool for proving the nonexis-
tence of hidden variables.

I. A GENERAL PROBABILISTIC THEOREM ON HIDDEN VARIABLES

In our earlier paper on hidden variable theories
(Suppes & Zanotti, 1976), we proved, in a general proba-
bilistic lemma, (i) negative correlation of -1 between
two random variables X and Y and (ii) their conditional
independence given a random variable A, that is,

E(XY|A) = E(X|VE(YIA) ,

imply that A completely determines the values of X
and Y.

In the present context, we establish a necessary and
sufficient condition for two-valued exchangeable random
variables to have “identical’ causes in the sense of con-
ditional expectation.

THEOREM 1. Let X and Y be two-valued random variables,
for definiteness, with possible values 1 and -1, and with
positive variances, i.e., o(X),o(Y) > O. In addition,
let X and Y be exchangeable, i.e.,

PX=1,Y=-1) =PX=-1,Y=1) .
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Then a necessary and sufficient condition that there
exlst a hidden variable A such that E(XY|]A = 1) =
ERIL = \)EQYA =1) and E(X[ =A) =E(X]A =A) for
every value A (except possibly on a set of measure zero)
is that the correlation of X and Y be nonnegative.

Proof. We first prove an elementary lemma giving a
necessary and sufficient condition for the correlation,
p(X,Y), of X and Y to be negative.

LEMMA 1. Under the hypothesis of Theorem 1,

p(X,Y) <0 1ff P =1,Y = =1} > PX = 1)P(¥Y = =-1) .
Proof. Since o(X) =o(¥) >0, we have p(X,Y) <0

if and only if cov(¥X,¥Y) < 0. Next we compute the covari-
ance.

cov(X,¥) = E(XY) - E(X)E(Y) = E(XY) - E2(X)

PX=1,Y=1) +PX =~1,Y = =1)

-~ 22X =1,Y =-1) - P2(x = 1)

~P2(X = -1) + 2P(X = 1)P(X = ~1)

4P (X = 1)P(X

-1) - 4P(X = 1,Y = ~1) .

Thus, cov({X,Y) < 0 if and only if PX =1,Y = =1)
> PX = 1)P(X = =1), as desired.

We next prove half of our theorem, namely, that under
the hypotheses stated, conditional independence with
identical conditional distributions given a hidden vari-
able A implies nonnegative correlation.

First, we note, under our assumptions,

P(X =1) =P(Y =1) =IP(X 1JA =) dP(A)

[ e

=17 ,

1A =1) dPQh)

where, here and in what follows, the integration 1s from
~» to . (Actually, it can be shown that for randonm



178 P. SUPPES AND M. ZANOTTI
variables X and Y with only two values, it suffices to
suppose A has only a fixed finite set of values—-for
either the proof of sufficiency or of necessity.)
Next, we examine
P(X=1,Y = 1) = f P(X = 1,Y = 1] = 1) dPQh)
- I P(X = 1]A = A)P(Y = 1|A = A) dP(A)
= I P2(X = 1[A = A)dPQA) ,
under our hypothesis of indentical conditional distribu-
tions for X and Y. Now we have from the above by obvious
algebraic manipulation
P(X=1Y=1) = f (m - P(X = 1|2 = A))2dP(})
- I ﬂzdP(l) + 2 JTTP(X = 1]A =A) dP(R)
- [ m-rx == 0% @a) + o2
= f (m=-2X =10 =102 ar)
+P(X = L)P(Y=1)
and since the first term is clearly nonnegative, we have
P(X=1,Y=1) >PX=DP(Y=1),
and by exactly similar argument

P(X = -1,Y = ~1) > P(X = ~1)P(Y = -1) ,

whence, adding inequalities and wusing conservation of
probability, we have

1 -2P(X =1,Y

-1) >1-2P(X = 1)P(Y = ~-1) ,
and so

P(X = 1,Y

~1) < P(X = 1)P(Y = -1) .
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Consequently, by Lemma 1,

p(X,Y) >0,
as desired.

We now prove that a nonnegative correlation of X and
Y implies existence of a hidden variable that will make X
and Y be conditionally independent and have identical
conditional distributions. We give an elementary proof
that such a hidden variable exists. A more general proof
using Choquet’s theorem is given in Appendix B.

Let ay = PX =1), Oy = P(X1 =1,Y = 1). Then o
and @, uniquely determine the distribution for the pair
of exchangeable random variables X and Y and satisfy con-
ditions:

(1) ey > 03
(11) oy - @y > 0;
(iii) 1 = 20; + oy > 0

Moreover, p(X,Y) > 0 if and only if the following condi-
tion 1s satisfied:

(iV) az - a% 2_ 0.

Note that condition (iii) 1is implied by condition (iv)-.

We now introduce a two-valued random variable )\ and
show that the conditional probabilities P(X = 1|\ = 11)
=P(Y = 1A = A)s P(X = 1A = lz) = P(Y = 1|]A = lz), and
P(AL = 1A;) may be assigned values compatible with @, and
(s N

2 By hypothesis of conditional independence and iden-
tity of conditional distributions for X and Y:

P(X = 1,Y = 1) = P(X = 1,Y = 1|A = A)P(A = A})
+ P(X = 1,Y = 1{A = A,)P(A = %,)
= P2(X = 1]A = AP = 1))

+ P2(X = 1A = A,)P(A = },) -
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We now set

P(X = 1|L,= Rl) =

2
1+l - 4@y - )
= )\_ =)\ =
P(X = 1]|A 2) 2
1 + /1 = 4(ay - @)
1 1 2
P(L = )\1) = - dl °
S = 4@ - ay) 2
Then
o) = P(X = 1) =P(X =1|A = AIPL = A
+ P(X = 1]A = 2))P(A = Ay)
and

@y =P(X =1,Y=1) =pPX(x = 11 = A )P = 1))
+P2(X = 1]} = 3,)P(A = 1y) ,

as is easily checked. Moreover, it is also easy to check
that

0 <P(X=1JA =2),P(X=1]A=2,),PQA =2 <1,

and the proof of Theorem 1 is complete.

IT. APPLICATION TO QUANTUM MECHANICS

Because the application of hidden variable arguments
to a system of two spin-1/2 particles 1initially in the
singlet state is now so familiar, and because we have
treated it very formally from a probabilistic standpoint
in our earlier article (Suppes & Zanotti, 1976), we
shall keep the discussion informal here, but it is obvi-
ous how it can be made as formal as desired, and this is
done in Appendix A.
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As we argued in our earlier paver, the notion of
locality of an objective hidden wvariable theory is essen-—
tially a principle of conditional statistical indepen-
dence. Let us now introduce the term strict local hidden
variable theory for a hidden variable theory that satis-
fies the following two principles: (i) the oprinciple of
conditional statistical independence and (ii) the princi-
ple of identity of conditional distributions for parti-
cles that satisfy the principle of exchangeability.

Before stating the theorem about strict local hidden
varlable theories, we want to take note of a point that
Clauser and Shimony (1978) make. Although in the Bell
arguments it is assumed that when the measuring apparatus
is oriented the same in the spin experiments the correla-
tion observed will be -1, in fact, because of the absence
of completely efficient measuring apparatus, the actual
observed correlation will be definitely negative but not
~1. The theorem takes account of this consideration.

THEOREM 2. Given (i) the experimentally determined nega-
tive correlation of the spin of two spin-1/2 particles
that were initially in the singlet state and (ii) satis-
faction of the principle of exchangeability by the proba-
bilities of spin measurements for the two particles,
there can be no strict local hidden variable theory of
the phenomena.

The proof of this theorem follows at once from the
hypotheses and Theorem 1.

This negative result raises the question of what kind
of theories we are content to have for symmetric phenom-
ena with correlations. What the theorem shows dis that
no fully satisfactory causal theory is possible for the
standard quantum mechanical experiments now discussed
extensively in connection with local hidden ~variable
theories.

Let us review the four principles we have been dis-
cussing that cannot be simultaneously satisfied.

(1) Principle of exchangeability: a phenomenologi-
cal principle of symmetry.

(1i) Negative correlations between random variables
satisfying the principle of exchangeability: a phenomeno-
logical results
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(111) Identity of conditional distributions given a
hidden variable for particles satisfying the principle of
exchangeability: a theoretical principle of symmetry.

(iv) Conditional statistical independence given a
hidden variable for particles satisfying the principle of
exchangeability: a theoretical principle of locality of
causes.

What Theorem 2 shows 1is that several different kinds of
quantum mechanical phenomena cannot simultaneously sat-—
isfy all four of these principles, and consequently with-
out any detailed quantum mechanical calculations at all
there can be no strict local hidden variable theory.

The question then is what attitude to take about the
possibility of theories that are not strict. Much of
the physical discussion has argued for the principle of
locality as reflected in (iv), but in our view this is
the principle of the four to be given wup, and in our
earlier paper we discussed simple examples of stochastic
processes that did not satisfy this principle and yet had
an apparently satisfactory causal analysis, at least a
satisfactory causal analysis up to a certain point--
obviously not up to a point that satisfies the principles
of conditional independence and of identity of condition-~
al distributions for particles that obey exchangeability.

We modify that simple example of coin flipping so as
not to have a perfect negative correlation of -1. Let X
be the random variable whose <values are heads (+1) or
tails (=1) at detector 1 and let Y be defined similarly
at detector 2. Then we set )

P(X =1,Y =~1]A = 1) = P(X

~1,Y = 1A =1) = A > %
P(X:l,Y_-glll:l)=P(x=—l‘Y=-—1]A=7\)=%—l.

Note that 1/4 <A < 1/2 by hypothesis, and so 1/4 < E(L)
< 1/2. 'Thus,

PX =1,Y = =1) P(X ==1,Y = 1)

ft

J A dP(}A)

E(})



EXCHANGEABILITY AND HIDDEN VARIABLES 183

P(X=1,Y =1) = P(X = =1,Y = 1)
1
= I ( 3" A)dP())
= ! E(A)
=3 -
P(X =1) = P(Y = 1)
1
= IE dP(l)
_ 1
=5 -
Consequently,
E(X) =E(@@) =10
X =o?(¥) =1,

and thus
p(X,Y) = E(XY) =1 = 4E(Q) <0 .

The causal setup 1s supposed to operate as follows. A
device is at work at the source representing the physical
embodiment of the hidden variable A. When A is the out-
comne, then the orientation of the coins is determined by
a random device using the probability A according to the
equation given above. Use of this random device blocks
any further causal amaysis-—-on our hypothesis of its
genuine randomness.

Yet in this example we feel partly satisfied about
the causal analysis because the orientation of each coin
is fixed by a random device at the source. But we can
still feel unsatisfied because of the phenomenological
negative correlation. From a causal standpoint we can
feel that something is missing that a more complete
analysis would permit us to introduce, for example, addi-
tional phenomenological variables as well as additional
theoretical variables, so that particles put in “identi-
cal circumstances” will, in terms of their probabilistic
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behavior if not in terms of their behavior on each occa-
sion, not only behave the same but all of the information
required to predict their behavior will be embodied in
the causal analysis made and, thus, conditional statisti-
cal independence will hold. But for such independence to
hold we must be able to Introduce further variables to
eliminate the negative correlations and contravene our
hypothesis of genuine randommess.

Uhen we cannot make such improvements, we must face
the situation, which we do not always seem willing to
do—-—~that for such phenomena we do not have a fully satis-
factory causal theory. It seems to us that this is
the situation in quantum mechanics. Our general ideas
of strict probabilistic causality cannot be satisfied,
not to speak of deterministic causation, by quantum
mechaniecs.

Another way of putting it is that when we sacrifice
the principle of conditional statistical independence we
are saying that we are satisfied with a weaker, that is,
a nonstrict, causal theory. No hidden wvariable theory
not satisfying this principle can hope to give us all of
the information we would expect to have about the phenom-
ena in question. What is important about the quantum
mechanical case is that it seems to be a genuine example
of being able to have such a restricted stochastic hidden
variable theory. We have termed the principle of condi-
tional statistical independence a principle of locality,
but it should be evident that it can be violated by
phenomena as in the case of the simple coin-flipping
example discussed and yet no hidden action at a distance
takes place. The proper interpretation of the locality
is that the phenomena canmot be deterministically local-
ized 1if this principle is not satisfied. It is, of
course, an extrapolation to talk about determinism here.
As we proved in our previous article, however, in the
case of perfect negative correlations, conditional sta-
tistical independence does indeed imply determinism, and
this, it seems to us, is the reason for baptizing it as
a principle of locality.

What remains is the possibiliy of weak stochastic
hidden variable theories satisfying principles (i)-(iii).
We have proved that there cannot be strict local hidden
variable theories satisfying principles (i)-(iv) for
quantum mechanics.
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APPENDIX A

Formalization of Theorem 2

We formulated Theorem 2 only informally in the text.
Here, 1in the spirit of our earlier paper, we make the
mathematical statement explicit. We change, for the
present purpose, the axioms stated in our earlier paper;
for example, we now assume only negative correlation, not
correlation -l.

The random <variables we need are these, stated in
terms of the concepts introduced at the beginning of the
paper:

wy = the direction of orientation of measuring
apparatus I

Wry = the direction of orientation of measuring
apparatus I1;
MI - the spin measurement of apparatus I

MII - the spin measurement of apparatus II;

- the hidden variable.

>

The values of random variables ®y and Wyp are direction
vectors, for example, three-~dimensional vectors normed to
one, and the cosine of the angle between them is the sca-
lar product Wy, which is itself a new random vari-
ables The values of random variables MI and M 1 are +1
and -1, for spin +1/2 and spin -1/2, respectively. Fi-
nally, we shall assume for simplicity of notation that A
is a real-valued random variable; but it could be vector-
valued and not affect any of the theory, for the essen-
tial assumptions about the hidden variable A are minimal.

DEFINITION 1. A structure 1sA) of random

variables is a strict local idden variable e spin-1/2
system if and only if the following axioms are satisfied:

AXIOM 1. [Exchangeability]

E(MI = I’MII = olle = Wy, = w2)

= EMy = -1,Myg = llw& = Wi,py = W)
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AXIOM 2. [Axial Symmetry]

(1) E(MIICDI) = E(MII lwII) = 0;

(ii) If we define for any direction vectors wy and wi;
and any real number «

Hwp,wypse) = Op = wp.Opp = wppowptwyy = ol
then

E(MIMII lH(WI ’wII ,0’)) = E(MIMII iH(wi ’WiI sa’))

AXTOM 3. [Negative Correlation for Same Orientation]
If « =1, then

p (MIMIIIH(WI’WII ,2)) < 0 »
o (M [H(wp,wpp,e)) > 0,

where p is the conditional correlation and o?

ditional variance.

is the con-

AXIOM 4. [Independence of A] For all functions g for
which the expectations E(g(A)) and E(g(h)kDIJDII) are
finite,

E(g(Q)) = E(g(Q) lop,mpy) -

AXIOM 5. [Locality: Independence of Orientationm of Other
Measuring Apparatus]

E(MI 'mI’wII’—)\—) = E(MI ICDIn_)_\_) H
E (MII ICDI s sl) = E (MII I(DII ’l) -

AXIOM 6. [Conditional Statistical Independencel

E(MIMII 'CDI W11 yA) = E(MI ImI ’CDII ’A)E(MII I(DI ’CDII sA) .
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AXIOM 7. [Identity of Conditional Distributions]

E(HI = 1]‘”19‘1’1192&) = E(MII = llwlszIyL)

Using the concepts introduced in Definition 1, we may
formulate Theorem 2 more formally as follows.

THEOREM 2. [Formal Version] There are no strict 1local
hidden wvariable spin-1/2 systems in the sense of Defi-
nition 1.

Proof. In view of Theorem 1, the axioms of Defini-
tion 1 are inconsistent, and thus there are no models of
the axioms. The proof of inconsistency uses especially--
as 1s obvious from the hypothesis of Theorem l--Axioms 1,
3, 6, and 7.
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APPENDIX B

General Proof of Existence of Hidden Variables

We give in this Appendix a general proof of the exis-
tence of a hidden variable when ¥ and Y have nonnegative
correlation and are exchangeable, with no special assump-
tions about the number of values of A, as in the elemen-
tary proof given in the text for the second half of
Theorem 1.

Let M denote the class of all probability measures
induced by two exchangeable random variables X and Y on
the Cartesian product {1,-1} X {1,-1} satisfying the
conditions

P(X = 1,Y = 1) > P2(Xx = 1), for all P € ¥ .

Obviously, the set M is convex and compact. We now
define: P is an extreme point of M iff if P;,P, € M,
0O<ao<l, Pl # PZ' and P = aPl + (1 - a)PZ, then o =0
or ¢ = 1.

LEMMA 2. Let P be an element of M such that

PX =1Y=1) = PZ(X = 1). Then P 1is an extreme point
of M.

Proof. Suppose not; that 1is, assune P = aPl
+ (1 - @)P, with Py # P, eMand 0 <o < 1l. Then

PX=1,Y=1) =oP;(X=1,Y=1)
+ (1 - a)Py(X = 1,Y = 1)
>epf(x = 1) + (1 - @)P3(x = 1) .
Consider now the random variable
Z = HP{(X = 1) + HP,(X = 1)

with P(H) =c. Apply Jensen’s inequality to £(Z) = 72

and we have

£2(z) < E(z%) ,
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that 1is,
@Py(X = 1) + (1 - @)P,(X = 1))2
capl(x = 1)+ (1 -PIx = 1),

since equality 1is attained if and only if X = 1)
= P2(X = 1). Combining, we obtain

P(X = 1,Y = 1) > @P)(X = 1) + (1 - @)Py(X = 1))?
=p2(x=1) .

How let M1, -1} be the set of all probability mea-
<9
sures on {l,~1}. It is clear that for every p ¢ T(1,-1}
>

the product measure p X p is an extreme point of M. The
converse is also true. Namely, we have

Extreme (M) = {p X p2 p ¢ ﬂ{l,_l}} .

We now show that each extreme point of M is a product
measure. Suppose not; that is, assume there exigts P, an
extreme point of M, such that P(X = 1,Y = 1) # PZ(X =1).
Clearly, 0 < P(X = 1) € 1. Define

_P(X =1, = 1)
- P(X = 1)

PI(X 1)

and

P(X = -1,Y
P(X = ~1)

1 .

Then

PX=1) =PX = 1,Y 1) +PX = -1,Y = 1)

[]

PX = =1)

L]
[}

PI(X =1)P(Y = 1) + PZ(X

Py (X = 1) + (1 - a)PZ(X 1) ,

and so P is not an extreme point of M, contrary to our
supposition. Applying Choquet’s theorem (Meyer., 1966,
p- 229), we have:
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PROPOSITION: Each exchangeable probability measure P on
the Cartesian product {1,-1} X {1,~1} satisfying

1,Y = 1) > P(X = 1)2

P(X

is of the form

2]
1

I p X p dQ(p)
[0,11]

where Q is the distribution induced on the interval [0,1]
by a hidden variable A.
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