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2 P. SUPPES AND R. CHUAQUI

INTRODUCTION

If someone examines, evei cursorily, a treatise or advanced textbook on theoret-
ical physics, it is apparent that the way mathematics is used is very different from
what is to be found even in the most constructive formulations of mathematics.
There is for examnple, no close connection between two sucl well-known books on
constructive mathematics as that of Troelstra and Van Dalen, [19], and Bishop and
Bridges, [3], on the one hand, and any classical textbook in quantum mechanics,
or quite recent books, for example Ryder, [18], on quantum field theory.

The differences run a good deal deeper than the fact that the books on theoret-
ical physics are not written in the definition-theorem-proof style characteristic of
pure mathematics and exemplified in the books just cited. There are at least four
differentiating characteristics that can immediately be discerned on closer exami-
nation. Althiough a good many propositions are proved in the books on physics,
there are almost without exception no existential proofs, and consequently there
is no really serious systematic use of quantifiers. Secondly, there are almost no
systematic negative statements. Almost everything is positive and computational
in character. In fact, the third characteristic is the extreme constructive charac-
ter, mainly computational in terms of argument, that characterizes the theoretical
development. Finally, as a fourth important characteristic there is a free use of in-
finitesimals without even a nod toward justification in terms of foundational work
on nonstandard analysis. These characteristics of books written in the last forty
some years would also be characteristic of treatises on theoretical physics written
in the last hundred years. What we have said about these books is not true on the
other hand of treatises of a modern sort that specifically are labeled mathematical
physics. This is another story and not our focus here.

Even when tlieorems are mentioned, as for example in Ryder’s excellent quali-
tative discussion of Noether’s fundamental theorem on the relation between space
and time symmetries and laws of conservation, the discussion is wholly informal
and constructive, althongh the important and central features of Noetlier’s theo-
rem are preserved. The kind of mathematical approach exemplified by Ryder is
primary support for the argument that the classical discussions of the foundations
of mathematics, including the constructive ones, are very far removed from making
contact in any detail with the mathematical practices of physicists. What we have
to say about physicists applies just as well to theoretical chemists, engineers, and
many social scientists. As a specific frame of reference, however, we shall stick with
theoretical physics.

The natural foundational question that arises about the discrepancy between the
way mathematics is ordinarily done in theoretical physics and the way it is built
up from a foundational standpoint in any of the standard modern views, raises the
question of whether it might be possible to construct quite directly a rigorous fou-
dation that reflects very closely a large part of this standard practice in theoretical
physics. As in other cases of foundational work, we do not want to suggest that
what we do here is satisfactory for all that theoretical physicists do; our founda-
tion will not hold for everything, and in other respects it is probably too inclusive.
On the other hand, we think it is possible to give a foundational formulation of
the differential and integral calculus and differential equations that corresponds to
much of the mathematical practice in theoretical physics. But this correspondence
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between our foundation and mathematical practice in physics does not extend to
the style of this paper, which is concerned with providing the matheimatical details
that justify the intuitive practice of physicists. The style of such justification is in
the general mathematical spirit of foundational papers, necessarily concerned with
fine points of little concern to physicists.

To reflect the features mentioned above characteristic of works in theoretical
physics, the foundation approach we develop here has the following features: (i)
the underlying logic is positive: there is no use of negation; we adopt Hilbert’s pos-
itive propositional calculus; (ii) the formulation is a free-variable one with no use
of quantifiers; (iii) we use infiuitesimals in an elementary way drawn from nonstan-
dard analysis, but the account here is axiomatically selfcontained and deliberately
elementary in spirit.’

We believe that the system formulated here comprises a new constructive ap-
proach to the foundations of mathematics. As Wattenberg, [20], points out there is
a natural aflinity between nonstandard analysis and constructivism, particularly in
the extensive use of computational arguments and in the handling of real numbers
that appear equal to zero by use of infinitesimals. Our systemn is a particularly
restricted version of noustandard analysis, llowever restricted in ways which are
wholly in the direction of constructivisii — positive logic and only free variables.
It is important to note that our free-variable constructive methods yield proofs
of approximate equality, rather than exact equality, but an infinitesimal difference
is as good as equality for physical purposes. Indeed, finite numerical approxima-
tions are necessarily characteristic of the solutions of most complex problems in
contemporary physics.

The philosopliical spirit of the enterprise is actually closest to the constructive
approach characteristic of geometric constructions, botl ancient and modern, wlich
are naturally free-variable in fornmlation and which in elementary formulation have
representations over nonstandard fields, because there is no Archimedean condition
that must be satisfied (for an examnple, see Moler and Suppes, [12]). The Greek the-
ory of constructions arose from concrete geometric problems and was probably the
part of Greek geometry closest to applications. Certainly geometric coustructions
were central to astronomical and architectural computations for over 2,000 years.
We are motivated in the same general way by the use of mathematics in science,
not a theme of any major importance in traditional philosophies of mathematics,
in spite of some lip service to the contrary.

Because of the constructive restrictions we have imposed, we have had to state
very large nuimiber of axioms about the elementary properties of the real number
which are ordinarily proved by reductio ad absurdum. All of these elementary ax-
ioms however, have an immediate intuitive content. This constitutes the first group
of axioms which we call the restricted elementary field axioms. The second group
of axioms concern the natural wunbers and open induction; again only elementary
results are needed. The third group of axions are those about infinitesimals. In ad-
dition, we have at the beginning logical rules of inference and, later as we proceed,
various constructive rules of inference within the framework of tle infinitesimal
calculus.

As should be clear from what we have said, it principle we asstune no previous
theories of any kind, for we start with rules of sentential inference of a restricted
kind. However, the developments move aliead at a fairly rapid pace and we intu-

a
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itively assume funiliarity of the reader with the topics we develop. On the other
hand not only is classical logic not used, but the logic used is much weaker than
intuitionistic logic, a point we discuss later in more detail.

In [6], we introduce a system for which we give a finitary proof of consistency
using Herbrand’s Theorem. The present system is a fragment of the system in [6],
where we restrict the logic to be free-variable and with no negation. The system of
[6] is finitistic in character, but not as constructive as the present system. The main
difference is that system [6] uses full first-order logic. On the other hand, the present
system uses only free-variable positive logic, for axioms, rules and proofs. Thus,
we increase the constructivity by increasing considerably the munber of axioms in
order not to use negation. The systems are similar, iowever, and many of the proofs
in one system can be obtained by obvious modifications of the corresponding proofs
in the other system. In order to inake this paper as self-contained as possible and
assure that they can be given in a free-variable negationless form, we shall repeat
some of the proofs. Also, many of the proofs in [6] were omitted or only sketched,
while here we tried to give the proofs as complete as possible, without being unduly
pedantic.

The organization of the paper is shown in the Table of Contents at the beginning,.
We note that there are two separate developments of the theory of integration, one
in Section 8 and the other in Section 11. Section 14 is concerned with the finitary
consistency of our system.

1. LoGicAL AXIOMS AND RULES

We use Church’s [7, p. 141] version of Hilbert’s positive propositional calculus,
but with axiom schemas replacing sentential axioms. The sentential priorities are
— (if... then), « (iff), A (and), and V (or). (To make the theorems easier to read,
we use in the theorems, but not in the axioms, English words rather than standard
logical symbols for the connectives.) We use tlie Greek letters ¢, 1, 8 and so forth
for formulas, in particular, for sentential variables. We omit a forinal definition of
an inference, which is simple for formulas without quantifiers. The axiom schemas
and the rule are these: For any formulas ¢, 9 and 8, we assume

L1 o—(¢—0).

L2 (p— (% —0)—{(¢—9¢)—(p—0)).
L3. (pA) — .

L4 (pAy)— 9.

L5 o= (¥—(pAy)).

L6. o—(pVe).

LT7. 4% —(pV).

L8 (¢—=0)— (v —0)— ((pVy)—0)).
L9 (peoy)—(p—).

L10. (po¢) = (¢ — o).

L1l (¢ =) = (¥ = @) = (¢« ).
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We end with the rule of mnodus ponens:
L 12. From ¢ and @ — 9 infer .

Formulas are built up from the notation for primitive concepts, numerical vari-
ables, function variables and, as the theory develops, notation for defined concepts
in familiar recursive fashion, which we shall not spell out in detail. The important
restrictions are that there is no primitive notation for negation and there is no use
of existential or universal quantifiers.

We assume the usual logic of :dentity:

LI 1. v = v, where v s any varable.

LI 2. If ¢ results from @ by replacing one or more occurrences of 71 in @ by 19, or
by replacing 79 wn @ by 71, then the following s an aziom

(p ATy =T9) — 1.

Notice that the usual restriction that ¢ be an open formula is not required, for
all formulas are open.

Like the rules for identity, tlie substitution rule (LS) of teris for variables need
not have restriction on quantifier capture:

LS. From ¢ we may derwe v if 1 results from p by substituting a fized term T for
a variable v wn every occurrence wn .

Because of the restriction to free variables, many of the axioms we shall need in
our system are in the form of rules of inference. For instance, when we would need
as an axiom a statement of the form Yap — 1, instead we shall introduce the rule:
From ¢ infer ¢. Thus, the universal quantifier does not occur.

The deduction theorem is valid in our system, provided no rule, except for modus
ponendo ponens, Li 12, is used. That is, we have

Theorem 1.1 (Deduction Theorem). If 1) can be mferred from ¢ and the set
of formulas ¥, and no rules, except for L 12, are used, then p — 1 can be derwed

from 3. :

The usual proof works here.

We conjecture, but have not clhiecked all details, that Axiom Schemas L 6 and
L 7, which formulate the law of addition and the commutative character of inclusive
or, could be replaced by a single axiom schema of commutativity. We believe that
the classical law of addition is not needed. Moreover, we would like to eliminate
if possible because it violates the intuitively desirable Aristotelian canon that no
symbol should occur in the conclusion of an argument that does not appear in one
of the premises.
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2. RESTRICTED AXIOMS FOR A FIELD

We state thirty open formulas as axioms, which with exceptions to be noted are
standard. The nonlogical primitive concepts are addition -+, negative operation
—, multiplication -, division /, ordering < and the two constants 0 and 1. Several
axioms would ordinarily have as a hypothesis z £ 0. The changes made here are
to avoid negation. Needless to say, the absence of negation increases the number
of axioms considerably, as it is evident by comparing especially the axioms on
order with standard field axioms. Axiom F 11 suggests a way of defining negation:
=1p ++ (p — 0 = 1). We cormment more on this definition later.

Although we use as an axiom the obvious replacement for 0 # 1, i.e., the state-
ment 0 < 1 (Axiom F 30), inn order to prove that the system is valid in a one-element
model, we would have to change it to the weaker disjunction 0 < 1V 0 = 1. This
one-element model is discussed in Section 14 on consistency.

F1. a:—l—yzy—i—a:.?

F 2. (x+y)+z=ri+(y+z).
F3 z4+0=uz.

F4. z+ (-z)=0.

Fb5 z.y=y-a.

Fé6.z (y-2)=(@x- y) =

F7. 2. 1=z

F8 z-(y+2)=(x y)+(z-2)
FO9. (z<yAhy<z)—z<=.

8

F10. z=yVz<yVy<az.

Fll (z<yVaz=y)—> (y<zx—0=1).
F12. (z<yVy<z)— (z=y—0=1).
F13. (z<yVaz=y)—0=1)—y<umz.
F 14. :z<y—>:n+.!z<y+z.

F15. (z<ynl<z)—z-2<y-2.

F17. 0 <zA0O<y)—0<z-y.
F18. (0<zAy<0
F19. (=
F 20. (
F21. 0O<z-yAx<0)—y<O0.
(
(

)

F16. z<yAz<0)—-y-z<z-2.
)
) —

z-y <0.
<O0NAy<0)—=0<az- y.

O0<z-yAN0<z)—>0<y.

F 22.

)
zy<0AO0<z)—y<O.
F 23. )

z-y<0Az<0)->0<y.
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F24 0<z-y—=((0<zA O<y)V(z<0AYy<0)).
F25. 2.y <05 (0<zA y<O)V(z<OA 0<y)).
F26. (z<0V0<z)—z-(1/z)=1.
F27. (y<O0VO<y)—z/y=z-(1/y).
F28. (z-y<0V z-y<0)—=1/(z-y)=(1/z) (1/y).
F 290. z/1=z.
F 30. 0«1. !

We also need to il}tl'odtlce the following function 6:

F 31. ;

(1) 20— 6(z) = 1.
(2) z<0— 6(z)=—1.

We define
Definition 2.1.
6(x)+1
(1) 6y(z) = SE 1L
(2) b2(z) = 61(—6(—z)).
Then 7
1, ifz>0
b1(z) =< ="
1(®) {o, if z < 0,
and

fz>0
bolx) =<’ !
2(%) {0, if 2 <0,

We now list elementary tlicoremns that would be expected to follow fromn our
axioms. The first group of theorems requires one definition, that for the binary
operation of subtraction.

Definition 2.2. z -y =ux+ (—y).
Theorem 2.1. 0 —i—.z =x.

Theorem 2.2. (—z) + @ = 0.

Theorem 2.3. & — 2 = 0.

Theorem 2.4. 0 — .L' = —x.

Theorem 2.5. 0 = —0.

Theorem 2.6. z —0=x.

Theorem 2.7. Ifx+y=2z+ z theny = z.
Theorem 2.8. I[fx+y =z thenx =2z —y.

Theorem 2.9, Ifx =2z —y thenxz +y = 2.



Theorem 2.10.
Theorem 2.11.
Theorem 2.12.
Theorem 2.13.
Theorem 2.14.
Theorem 2.15.
Theorem 2.16.
Theorem 2.17.
Theorem 2.18.
Theorem 2.19.
Theorem 2.20.
Theorem 2.21.
Theorem 2.22.
Theorem 2.23.
Theorem 2.24.
Theorem 2.25.
Theorem 2.26.
Theorem 2.27.

(2/y) - (z/w).

Theorem 2.28.
Theorem 2.29.
Theorem 2.30.
Theorem 2.31.
Theorem 2.32.
Theorem 2.33.
Theorem 2.34.
Theorem 2.35.
Theorem 2.36.
Theorem 2.37.
Theorem 2.38.
Theorem 2.39.
Theorem 2.40.

P. SUPPES AND R. CHUAQUI

Ife+y =0 then x = —y.

If e = —y thenx +y=0.
Ife+y=z theny=0.
—(—x) = .

If0 < z then —z < 0.

loz=cz.

Ifx <0 or0 <z then (1/z) z=1.
Ifx <0 or0 <z thenz/xz = 1.
ny <0 o0r0<ythen (ifz/y =z thenx =z - y).
(y+z)-z=(y z)+ (2 ).
z-0=0.

Ifx <0 or0<u then 0/x=0.

Ifz<QorO<z, andz-y=x-2z theny = z.
Ifz<0o0or0<z,andx-y=1theny=1/x.
Ife<0or0<z, andx-y=x theny = 1.
Ify<0 or0 <y then (z/y) -z = (z-2)/y.
If y <0 or0 <y then (z/y) -z = (2/y) - .

Ify<0or0 <y, and u < 0 or 0 < w, then (z/y) - (z/u) =

Ify<0or0<y, and x <0 or 0 < z, then (z/y) - (y/x) = 1.
Ifz<0or0<z andz-y=0 then y=0.
Ife=00ry=0thenz -y=0.

If."c cy =10 thenx =0 ory=0.
Ifz-y<0orO0<z-ytheny/(z-y)=1/z.

Ifz<0or0<z, andy <0 or0 <y, then (z-y)/(z-y) = z/z.
Ify<0or0<y,u<0or0<u, andz/y = z/u, thenx-u = z-y.
Ify<OorO<y, andz=1y-z then 2/y = z.

If x < then0=1.

0<yoff0<1/y.

y<0iff1/y <O0.

Ify<0or0<ythen (0 < z/y then 0 <z -y).
Ify<0or0<ythen (f0 <z -y then 0 <z/y).
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We now introduce three standard elementary definitions.

Definition 2.3. s <y« z<yVz=y.

We next define the absolute value of a number and prove the standard theorems

that hold in our positive logic.

Definition 2.4.

Theorem 2.41.
Theorem 2.42.
Theorem 2.43.
Theorem 2.44.
Theorem 2.45.
Theorem 2.46.
Theorem 2.47.
Theorem 2.48.
Theorem 2.49.
Theorem 2.50.
Theorem 2.51.
Theorem 2.52.
Theorem 2.53.
Theorem 2.54.
Theorem 2.55.
Theorem 2.56.
Theorem 2.57.
Theorem 2.58.
Theorem 2.59.
Theorem 2.60.

lt| =y e (20 —2z=9)A (2 <0 = —z =1y).
If 0 < « then |z| = =.

If € <0 then |x| = —a.

el =1~ sl

|z?| = =2

x < |z|.

—|z| < «.

|z +yl = |y +«l.

|z -yl = || - fyl-

If y <0 or 0 <y then |1/y| =1/|y|.
/lyl-

Ify <0 or0 <y then |a/y| = |z
|z 4yl < fe| + ly-

|z~ |y] < |z —yl.

If |::v —y| <c then |z| <c+ |y|.
If |y —z| <z then 0 < y.

|z —y| < || + Jy]-

lle] = lyl| < | —yl.

ly = 2| < & = y| + & — 2].

—y<zandz <y off |z| <y.

Iflz—al < ¢/2 and [y — b < ¢/2 then |(z +y) — (a+b)| < c.
Ifle —a] < ¢/2 and |y — b| < ¢/2 then |(x —y) — (a —b)| < c.
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3. AXIOMS FOR NATURAL NUMBERS AND OPEN INDUCTION

We need elementary number theory restricted as in the case of the field of real
numbers to open formulas and the positive sentential rules of derivation. The
axioms require the new primitive predicate A, with A (z) meaning that = is a
natural number.

N 1. MV(1).

N 2. N(z) = N(z +1).

N3 N(@)—>1<z.

N4 NE@)ANWAz<yA y<az+l) = (c=yVr+l=y).
N5 N)ANyAy<z+1—y<z.

The schema for open induction (N 6) is stated as a rule of derivation, where we
use now the variable n for x and omit A (z) in standard fashion. We also use the
variables i, 7, k, n, m, v, u and 7 restricted to natural numbers.

We must distinguish between internal and external formulas. All the formulas
introduced up to now are wnternal, but when we introduce the predicate symbol
Inf, we must exclude it from internal formulas. Formulas with Inf or any predicate
defined from it are external

N 6. Let ¢ be an internal formula, where neither N nor min (to be wmtroduced in
Axiom Schema N 7) occur. Then, from
(1) «(1), |
(2) w(n) = @(n+1),
infer o(n).
Since we do not have negation, we need to introduce the minimum operator by

an axiom. We suppose that the variables are ordered and always write k for the
first variable. The minimuwm operator for internal formulas is introduced by the

axiom schema:

N 7. Let ¢ be an internal open formula, where neither N nor min occur and x,

.., Tn are the distinct free variables in ¢, except for the first variable. We ntroduce

an n-ary function symbol min,, with the follounng aziom:

N(z)Ap(z) = N(ming(zy,. .., %,)) Aming (1, ..., 2,) < 2Ap(ming(z1,...,2,)).
We may omit the variables x|, ..., x,, when they are clear from the context.

Theorem 3.1. If N(z) and N(y) then N(z+y).

Theorem 3.2. If N(x) and N(y) then N(zx - y).

We also need a sort of Archimedian axiom, that is, for any z, we need to find a
natural number larger than z. We introduce a new unary function symbol li (least
integer), such that li(z) is the least natural number greater or equal to z. The
symbol li may occur in internal formulas.

N 8. NM(li(z)) Ali(z) > =.

We also need a maximum operator, introduced by recursion:



INFINITESIMAL ANALYSIS 11

Recursive Definition 1. Let 7 be a term where min does not occur and xy, ...,
T, arve its distinet free variables, except for the first one. We introduce an n+ l-ary
function symbol, max,(n,z1, ..., Z,) with the axioms
(1) maXT(:l)xly see 7$m) = 17
(2) N(n) A1(n+ 1) < 7(max,(n,x1,...,Tm)) — max(n+ 1,c1,...,2m) =
MAaX, (T, T1y - vy Ton )y
(3) N(n) AT(n+ 1) > T(max,(n,x1,...,Tm)) — max,(n+ 1, z1,...,2m) =
n -+ 1.
(4) N(n) — N(max,(n,z1,...,Tm).

As an example, let 7(7) be 1 + x. Then, by (1), max.(l,z) = 1+ z. Since
T(n) =n+zxz <n+1+z=7(n+1), we can prove by internal induction, using
(3), that max,(n,z) = n + x. On the other hand, if 7(i) = z/i, then, by (1),
max,(1,z) =1, and, since x/(n+ 1) < x/n, by (2), max,(n,x) = 1, for every n.

We need to prove by induction a leinma about the maximum operator.

Lemma 3.3. Let 7 be a term where min does not occur. Then, from N (i) infer
max-(¥) K v A (@ <v— r(max.(v)) = 7).

Proof. Let N'(4) and let (i, v) be the formula
maX,(r) < v A (i < v — 7(max,(v)) > 7(4)),

which we shall prove by open internal induction. It is clear that it is an open
internal formula, where neither A" nor min occur. We have that max,.(1) = 1.
Hence, ¢ < 1 implies 4 = 1, since we have N(i). Thus, we obtain ¢(i,1).
Suppose ¢(4,n). Notice that if i < n -+ 1, then, since we have N (i), i < n or
i =n+ 1. We have two cases:
Case 1: 7(n+1) < max,(n). Then max,(n+1) = max,(n). Let i <n+1.
If i = n+1,'then 7(i) < 7(max,(n)) = 7(max,(n+1)). On the other hand,
if 4 < n, by the inductive hypothesis, 7(1) < 7(max.(n)) = 7(inax, (n +
1)).
Case 2: 7(n+1) > max,(n). Then max,(n+1) = n+1. Thus, N (max, (n+
1). Let 1 <'m+1. If i = n+1, then 7(i) < 7(max,(n+1)). On the other
hand, if ¢ < n, then 7(4) < 7(max,(n)) < 7(n+ 1) = 7(max,(n + 1)).
O !
Notice that in the last lemma we need the premise A/(¢) because we do not have
thie Deduction Theorem, since we are using the rule of Open Internal Induction. In

the system [6], we can omit this premise, since we have an open internal induction
axiom instead of a rule. We now introduce the recursive definition of sum.

Recursive Definition 2. For any term 7 we define

(1) Yo, () = 7(1),
(2) N(n) — S0 r(6) = S0y 7(6) + m(n + 1).

: 14 . | G 1] . . . .
We write 3, 7(i) for 7. ¢ 7(7 +m). With the é or §; functions, i = 1, 2,
we can express different sumns. For instance

Definition 3.1. Let ¢ and 7 be terms. Then
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7(4 251 x — a(4))7(i),
i) =(Z52(a: — o (i))r(i).

=1
o)<z

We assume we have similar definitions for > or > instead of < or combinations of

these relations.

The usual properties of the sum can be proved by internal induction. In partic-

ular, we have the following propositions:

Proposition 3.4. We have

1
7(1) o)<z
Z 7(i {() ifo(l) >z

1=1
o'(':)S:z; !
| > @)+ rn+1) Yo+1)<a,
ntl 1=1
(i) = { 7=
= > (i) fon+1)>a
o(1)<z Z:)é

Similar statements are true for the other inequalities.
The proof is by an easy induction.

Proposition 3.5.

v

W S @)= > @)+ > 7).

=1 o(i)<z a(1)2a
(2) Letx <y. Then
Z 7(i) = Z 7(4) + Z (3
c()>e <o (i)<y e()>y

Other similar equalities are also vald.

Proof. We shall prove (1) by internal induction. Let n = 1. We have

> r(E) =7(1).

1 1
S @) =7(1) and D> 7(5) =0,
i=1 =1
o)<z o(1)>x

and if o(1) > =, the equations are reversed, so that the proposition is proved.

proof of the inductive case is analogous.
The other cases are proved similarly. O

The
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Proposition 3.6. (1) From
infer :
D@ =0
i=1
(2) From
i#£iNG i<n—>1(f) =0,
infer
? Do) =7().
‘ =1

Proof. The proof of (1) is by an easy induction. The proof of (2) is also by induction
onn: If n=1, then i =1 and

1
> o T) =7(1) = 7(3).
g=1

Suppose the theorem true for n and let i < n-+1and j < n+1, 7 # i implies
7(7) = 0. We have that

n+1 n
Yo = @) +7(n+1).
=1 g=1

We have two cases. Consider first 1 < n. Then, by the inductive hypothesis

n

7(7)=7() and 7(n+1)=0.

J=1

i
I
|
Thus, we obtain the conclusion. Consider, next, the case i = n + 1. Then, by (1)

7(7) =0,

n
=1

J

and we also obtain the conclusion. [J

In order to develop Taylor series approximations, which we shall do in Section
12, we need to define by recursion natural number powers and factorials:

Recursive Definition 3.
(1) z' ==z,
(2) N(n) — z"*! = z"z.
Recursive Definition 4.
(1) 11=1,
(2) (n+ 1) =nln+1).

13
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While the max and 3 —axioms schemas are each an infinite collection of axioms,
one for each term 7, the power and factorial axioms are particular formulas, where
x is a variable, so that £” has two variables, 2 and n and n! one variable. Thus, we
could have terms with min substituted for z or n. We could also add other terms
defined by open internal induction.

4. AXIOMS FOR INFINITESIMALS

We add the new predicate Inf with the intended interpretation of Inf(z) being ‘z
is an infinitesimal’, that is, in this case = should be interpreted as a munber which
satisfies |z| < r, for any positive real munber ». As we mentioned before, Inf is not
internal.

I 1. Inf(z) A Inf(y) — Inf(z + y).

I2. Inf(z)A (Inf(;gl-) — 0=1) - Inf(zy).

I3. (z<0Vz>0)AInf(x) — (Inf(l) —0=1).

&«

I4. Inf(z) A ly] < |z| — Inf(y).

1 1 1
I5. Inf(=) A (Inf(= 0=1 Inf(——).
RE(D) A (Inf(2) — 0 = 1) = Inf( )
I6 (Inf(l)-—>() i)/\([nf(l)-w\(') 1) — (Inf( ! )—=0=1)
. —_ — — i —_ - = .
x : Y Tty

I7. (Inf(y) - 0=1) AInf(z) — |z| < |y/.
I8. ((Inf(z)— 0=1)— 0=1) — Inf(z).

If we take ¢ — 0 = 1 ag —p, the last axiom may be expressed by

( ——Iuf(z) — Inf(z),

which is a special case of the logical law ——p — ¢, that 1s classically valid, but
that canmot be proved in our positive logic.
I9. Inf(z)V (Inf(z) — 0 = 1).

This axiom may be expressed using negation by:

Inf(z) v = Int(x),

and, thus, it is a special case of the law of excluded middle, which is also classically

valid, but not provable in our system.
We introduce a constant 1y with the axiom:

I 10. Inf(1/vo) AN (10).

We define g = 1/1p. Then, it is clear that we can prove Inf(eg). Also, since we
have that vy > 0, we get that £ > 0. We introduce &, which means ‘approximately
equal’, as a defined notion:

Definition 4.1. z ~ y « Iuf(jJz —y|).
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The symbol & is not internal. We also introduce the following expressions as
delinitions:

Definition 4.2. :1:~oo4—>1nf(1)/\.u>0

The expression © & oo, which is not internal, can be read ‘zx is positive infinite’.
We now can introduce external induction:

N 9 (External Induction). Let ¢ be an open formula, not necessarily wnternal.
Then:
From
(1) ©(1), and
1

(2) (=~ 0= 0= 1) Ag(n) = p(n + 1),
nfer : ‘
(== 0—-0=1)— p(n).

Definition 4.3. e Sy y2z oz <yVinf(z —y).

! 1
Definition 4.4. £ < 0o « (Inf(;) —-0=1)vz<O0.

The expression z < oo, which is not internal, can be read ‘z is not positive infinite’,
that is, ‘x is nonnegative finite or negative’.

Definition 4.5. 2 >y« (Inf(z —y) 2 0=1) Az > y..

The expression « > y, which is also not internal, can be read ‘z is strictly greater
than ¢ .

Thus, ‘z is infinite’, is expressed in symbols || & oo, ‘z is finite’, i.e., not infinite,
in symbols |z| < oo, and ‘z is noninfinitesimal’, in symbols |z| > 0.

The following proposition is a refornmlation of some of the axioms, using the
defined notions.

£

Proposition 4.1.
(1) Inf(z) & z ~ 0.

(2) 2= 0A |yl Koo — zy =~ 0.

(3) 20— |z| < 0.

(4) |z| = oo A |y| € 00 — |z 4 y| = co.
(5) |z| Koo A |y| Koo — |z +y| K oo
6) ly| > 0Az~0—|z| < |yl

(7) (|l ) -z =0
(&||>Osz0

(9) Inf(0). |

We notice that (9) is proved from I 4 and g > 0. We also have the following
easy proposition:
Proposition 4.2.
D z=y—z=y.
(2) s~y -y~
B)zmyAymz oz =2
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(4) Ty Ryt Az Ry — o1+ T2 R Y1+ ya.
(5) = '~1//\|z|>>()-—+:m%.

6) zrzAymzAz<u<y—unz
(7) 1=0—0=1 or, sumply, 1 > 0.

(8) = Oy 0 — |«| <yl

(9) 220 —1—2z2>0.

(10) || Koo — [z + 1], |Jz— 1| € oo

(11) |z m 0 = |z + 1], |z — 1} m oo

We introduce relative approximate equality by definition:

Definition 4.6. z~ 2 (y) < InZ
Yy y

We note that if |y| <« oo, then x ~ z (y) implies z =~ =z

The notion of relative approximate equality is especially useful when y =~ 0.
Division of a number by an infinitesimal, makes the number much larger. Thus,
=~z (y) expresses the fact that = and z are infinitely close, even when divided
by y. For instance, €9 ~ 3, but we don’t have eg ~ €% (eg). On the other hand,
we do have e} ~ €3 (eg).

All the parts of the previous propositions that make sense and some new ones
are true with relative approximate equality. For instance:

Proposition 4.3. Letuw <0 oruw > 0. Then

(Dz=y—a=xy (u).

(2) sy (w)—y=z (u).

B)zry (WAymz (u)—oxz (u).

4) simy1 (WAzmxyy (uw)—ozi+ra~y+y2 ().
(6) T~y (u)/\(z<<(J\/z>>0)—>£;::g ().

6) zmz (WAy=x=z ()/‘\r<véy—z>umz (u).
() o~z @Al S l—amz (1),

We also need:

Proposition 4.4.
cSyANc>y—0=1

Proof. Suppose x < y and z > y. Then, by the definitions, # < y or Inf(z — y)
and z > yA(Inf(z —y) = 0=1). If z < y, since = > y, we obtain z = y, and then
Inf(z —y). Since the other case is Inf(x — y), we have in any case, Inf(z —y). From
Infx —y) 2 0=1we obtain 0=1. O

5. GEOMETRIC SUBDIVISIONS AND RULE FOR DERIVATIVES

We introduce the constant function symbol I for the identity function, and, for
each constant term 7, the constant function symbol C,, for the constant function
with value 7.

FU 1. I{z) = z.

FU 2. C.(z) =, where T 18 a constant term.
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We usually write just 7 instead of C.

We introcuce informally, to make the paper more readable, function schemas
f(z), g(z), h(z) for terms. We abbreviate (f + g)(z) for f(x) + g(z), (fg)(x) for
flz)g(=), —f—(a:) for f((:c;’ and f o g(z) for f(g(x)). We also write

g g(z
(df)(z,y) for f(z+y)—f(z).

We write df{x) for df(z,eq). We write dz for dI(z), where I is the identity
function. That is, dv = dI(x) = I{x + e¢9) — I{x) = €o. Because of the many
traditional controversies about the notation dz, we remark that liere d is an operator
mapping a function f that has as domain and range a subset of the extended set
of real numbers to a new function df with the same domain but with the range
a set of infinitesimals. (We have used intuitive set theory, which lies outside our
system as formulated here, to give a description in familiar language.) So in the
notation dx or d1(x), for which dzx is an abbreviation, « is a free variable, and we
may replace it by any numerical term. The standard notation dx for differentials
dominated the calculus during the 17th and 18th centuries. Derivatives were made
basic ouly in the 19th century by Cauchy.

It is very easy to compute dilferentials. Tor instance, if f(x) = =2, then

df (z,dz) = (& + de)? — & = 2z de + da’.

(We write, as is usual, dz? for (d«)2.) Thus
df(x,dx) = 2z dx  (dz).

We have the following identities for differentials, which can be proved purely
algebraically.

Proposition 5.1.

(1) d(f £g) (e, y) = df (w,y) £ dg(a, ).
(2) df - 9)(w,y) = [z +y)do(e,y) + g(x) df (=, )
= f(«) dg(er,y) + g(z +y) df (2, y).

) ad) (e, =~ L) =S Bm0),

We need to introduce derivatives and integrals at least for all elementary func-
tions. One of the problems is that we cannot prove that the functions defined as
inverses of other functions (such as the exponential) are defined on all numbers.
The most we can prove is that for any munber there is an approximately equal
number where the function is defined. We must, then, complicate the definition
of the derivative to allow for this possibility. In order to have the transcenden-
tal functions defined on the right domains, we use, in Section 12, Taylor series.
Compared to the system in [6], in the present context an additional complication
arises, since we cannot use existential quantifiers or negations. Thus, we have to
obtain constructively the necessary approximations. In order to avoid unnecessary
complications, we shall simplify the definition of integrals and obtain the integrals
of some of the transcendental functions after being defined via Taylor series. So we
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only need to complicate the definition of derivative, precisely for obtaining Taylor
series.

The domain of inverse functions is the range of a function (for instance, in the
case of the exponential, its domain is the range of the logarithm). Terms, however,
are defined everywhere. So, a function in our system is determined by two terms,
say 7 and o, where min does not occur: the argument is a value o(u), for a certain u,
and the value is 7(o(w)). If a function f is represented by a pair of terms 7, ¢ in this
fashion, and = is the variable for the argument of the function, we sometimes write
F(z) instead of 7(x) and faum for a. It is clear, that in case o(u) is I(x), then the
domnain contains all real numbers. We allow 7 atd ¢ to have other variables besides
z and u, but » may not occur in 7 and z may not occur in ¢. The derivative of f
will, then, be associated with the pair of terms which constitute f. If f corresponds
to 7o, then the term 7(z), will be denoted just by f(x) and o(y), by faom(v)-

The expression = € I, where I is an iuterval, may be used as an abbreviation for
the appropriate inequalities. For instance, if I = [a,b] then z € ] means a < «© < b,
and if I = (a,b) then = € I stands for a < z < b. We shall always assume that
the endpoints of I are a and b. We also use informally the subset, intersection and
union notation. For instance, [¢, h] C ¢, where ¢ is a formula, is an abbreviation of
the formula z € [a, b] — p(x).

The expression o is monotone(ax,y) on the nterval I, is an abbreviation of the
formula :

(z,yelho<y—olz)<oly)V(z,yelhz<y—a(z)>a(y).

The expression o 25 g —Lipschitz(z,y) on the wnterval I, where ay, is a terin, stands
for the formula

ay€Inamy— o) —a(y)l < oula,b) e —yl.

In general, on defining an expression such as Lipschitz, we shall display the
variables used in the definition. However, when using the notion, we shall omit the
variables, in order to make the paper more readable. It is understood that when
several of these expressions occur in a theorem, the variables are all distinct.

The definitions that follow are very techunical so that we shall give informal ex-
planations which may not be free-variable. We shall use thie following abbreviation.

Definition 5.1. We say that f 25 a function(z,y) on the interval I, if the following
conditions are satisfiec;

(1) IfBl(aﬂ b)[l 'fBZ(a'y b)l < oo and J c [fdnm(.fﬂl(“’y b); fdmm(fBZ(a) b))]
(2) The term faoy is monotone(z, y) and fr-Lipschitz on

[fdom(fBl (a') b), fdom(.fB? (a, b))]
(3) 2,y € [faom(fB1(a,0), faom(FB2(a, D)) A faom () = faem(y) = x =~y

So we see that a'function f involves five terms: [ itself, faom, fr, fp1 and
fpa. Also, the assertion of ‘f is a function(z,y) on [a,b]" is the assertion of an
open formula with free variables x, v, a, and b, so it can be used as a premise
for a rule. In [6], we only nceded two terms and a formula, since we could use
existential quantifiers. We shall also use the expressions g, A for functions in the
sense introduced above.
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FIGUurEe 1. Sclector

The function f is,j then, defined on the range of fiom. As an example, that we
shall discuss in more! detail in Section 12, we take the exponential. We shall define
the exponential by
exp(z) =y y=logzx
The function log = expy,,, is monotone and log;-Lipschitz, where log;(a,b) =
1/a+ 1. The function exp is defined only on the range of log. The functions fg;
and fgo select finite points ay = fpi(a,b) and by = fpa(a,b) where f is delined,
and such that [fiom(@1), faom(b1)] 2 [a,b]. For the case of exp, we may define
eXpg, as follows: Let n = li(b/log2). Then expgy(a,b) = 2™ It is clear that
log2™ ~ nlog2 > b. We can also prove that n is finite, if b is finite. The function
exXpPpy can be defined similarly.

We require the function fqom to be Lipschitz continuous so that for every = €
[a,b] and every € one can find y where f is defined (i.e., in the range of faom) such
that |z —y| < e. We shall use this property in order to define the selector, later on.

Definition 5.2. Let v be an iufinite natural number, du = (b — a)/v and v, =
a+ idu. So the wu;, for 0 < 4 < v, form a partition of the interval [a,b], what we
call the geometric subdimsion of [a,b] of order v. We always assume that @ and b
are finite and v is infinite.

Notice that a geometric subdivision is determined by three numbers: the end-
points of the interval, a, b, and the infinite natural number . So when we use the
variable u for a geometric subdivision, we are formally using three variables.

Our concept of geometric subdivision is closely related to ideas that began to be
developed in medieval times as far back as the 14th century by Nicole Oresme and
others. In the 15th century Nicholas of Cusa defined the infinitely small as that
which cannot be made simaller. The early important aud influential work was that
of Cavalieri [4] in the first half of the 17th century on the geometry of indivisibles —
or, as we would tend to say, geometry of infinitesimals. His geometric indivisibles
were lines for plane surfaces and planes for solids, and building on his predecessors
like Galileo, his teacher, hie developed, in anticipation of the calculus, cllective
methods of calculation of areas and volumes. Our term geometric subdivsion is
deliberately chosen to recognize the listorical point that infinitesimals were first
used to solve problems in geometry.
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Definition 5.3. Let f be a function on [a,b] and w the geometric subdivision of
[a, b] of order v = co. So ug = a and u, = b. We define the selector v for [ and u
on [a,b]. (The selector v, which is a term with a natural number variable, is such
that f is defined on v, (i.e., v; = faom(y), for a certain y) and v, € [u;,u; + 1),
for 0 < i < v —1.) Assume that fyon is increasing. The construction for faom
decreasing is similar.

Let a1 = fpi(a,b), b1 = fBQ(G’.,b) and M = fr(aby). (See Figure 1.) We
first find a gLUIIIEtIiL subdivision v’ such that faom(v,11) — faom(v}) < du. This
subdivision v’ can be defined by v/ = a;+j du/M. If we take vy = li(M (b;—a,)/du)
and d = v,, = a; + vidu/M, Lheu by Axiomn N 8, the natural nuinber vy >
M(by — a1)/du, and, hence

: M(b—a)du
d>a+ ——Jq—[‘*—*ﬂ =by.
So that [faom(a1), faom(d)] 2 [a,b] and +' is the geometric subdivision of [ay, d] of
order v1. So v = a; and v, = d.

For every 4 such that a < w, < b, we shall construct s(z) such that fdc,m(v;(t)) €
[, ujr1] and take v; = fdom(/’);(i))y for0 <7< v—1. We define s(i) = ming, . (v)>u,-
(In Figure 1, we have s(0) = 2, s(1) =4, s(2) =6, s(3) = 8, s(4) = 10, and so on.)

Since

fdc:m("-’;l,zl) = faom(d) 2 Jaom(01) 2 b 2 w,,
for0<i<p-—1,by Axiom N 7, v; = fd(,m('uqm) > u, and faom(v ;(a)—l) < u,. We
have that

Uy — U, <wv — fclom (v;(m)——l)
= .fclc:m(v.;(1)) — fdom ('U;(l))_l)
< Mlvg,y = vy()-1l
du

< M-—
A{A/_f

=du=uj1g —U,.
Hence, v; € [u,ui11]. Thus, we have achieved what was needed.

However, the min terms should be avoided in the definition of s(7), in order to
be able to use open induction. We redefine s(i) as follows, when fyom is increasing
(for faom decreasing, the definition is similar):

= Z él(fdom('ulg‘) — )bz (uq — .fdom(v'ly—l))j'

a=0

We now prove that the two definitions of s(7) yield the same number. We have
that if, for a fixed i, we put h as the old s(7), ie, b = miny,<s,,,(s), then
Uir1 = faom(v},) 2 wi and faom(v}_;) < u,. Hence, 81(faom(v;) — w) = 1 and
69(ui — fdom(vy,_ 1) = 1. On the other hand, we have the following cases:
Case 1: j < h. Then o) < vy, and, since fyom is increasing, faom(v ;) <
Fdom (vh_ ) < u; and, hencc ﬁl(jd(,m(u ) —u,) =0.
Case 2: j7 > h. Then v,_; > v}, Slnce fdom 1S increasing, fd(.m(vj'..ﬂ >
Jdom{(vs) = u; and, hen(e, by (u; — fd(,m(v;_l) = 0.
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Thus, by Proposition 3.6
ri~—1
/ . ] . . .
61(.fdom('“j) - 'U"L)62 (uz - jdom (7)_7‘_1).7 =h= MMy, < faom (i) = S(Z)'
Jj=0
Therefore, the selector v can be defined without min.

We now introduce the derivative: For a pair of terms, 7(z,z1,...,zn) and
o(y,91,---,Ym), where the variables are as displayed, and a variable z, we in-
troduce thie n + m + 1 operation (70)g. If 7 is written as the function f(z), we
write f'(x) for the term (70)x(®1, .., @oy Y1,y ooy Uniy By v oo 3 Zp)-

We can now introduce the definition of the derivative f’ of f as a rule:

Calculus Rule 1. From
(1) f 45 a function on I, |ul, |b] < oo, and
(2) = faom(z1) AT+ Y = faomW1) AInf(y) A(y <OVy > 0)Az, z+y €l —
df (=, y)
Yy
infer ‘
z3 € I A3 = faom(za) — ['(x3) = g(x3).

If the premises of the rule are satisfied, we shall say informally that g is a
derivative of f. Notice that if h(z) =~ g(z) on I and ¢ is a derivative of f on I, then
so is h, from the transitivity of =.

We have two different developments of integrals, a more algebraic development
in Section 8, which does not use Recursive Definition N 2 of sums, and another,
based on sums, in Section 11. We postpone the corresponding axioms for those
sections.

‘ 6. DIFFERENTIALS AND DERIVATIVES

We introduce the assertions that a function f is ‘differentiable’ and ‘continuous’,
using the notion of function of Definition 5.1. This assertions are an open formulas:

Definition 6.1. . (1) We say that the function f on [ is differentiable(y, z1,y1, T2, y2)
at z, if and only if f is a function(xy,y2) on I and
T = faom(x1) AT+y = faom(y1) Inf(y) Ay <OVy > 0) Az, a+y el —
. if (9
@) < oon LD o i),

(2) We say that f is dafferentiable(z,y,1,y1,22,y2) on the mterval I, if and
only if f is a function(zq,vs) on I and
Inf(y)A(y < 0Vy > 0O)Az, z+y € INT = faom(T1)AT+Y = faom(y1) —
If (x,
@) <oon LoD o gy,

(3) Similarly, f is continuous(x,y, %1, y1,T2,y2) on the mterval I if and only if
£ is a function(wzg, yg) on I and

T,y €I Nz = faom (1) Ay = faom(y1) Ao =y — f(x) ~ f(y).
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Thus, these statements can be used as premises or conclusions of rule-like theo-
rems. We indicate all the variables in the statemnents, which in the case of the last
two are the numerical variables a, b, x, v, 1, y1, w3 and ys.

The next theorem says that a differentiable function is continuous.

Theorem 6.1. From f 1s differentiable on I wnfer [ is continuous on I.
Proof. Assume t = 2, t = fyam(?1), 2 = faam(z1). Hence, since f'(t) is finite

f(z) —fit)=df(t,z—t) = f'(t) - (2 —t) = 0.

O

Theorem 6.2. Frorﬁ

(1) fasa ﬁmctz'.on on the wnterval I,

(2) f is dufferentrable on I and

(3) w eI —|f(x) <gla,b), where g(a,b) 1s finite,
wnfer f is (g(a,b) + 1)-Lipschetz continuous on I.

Proof. Let =,y € I, z ~ y. Then

|f () = f(v)
|z =yl

~ | f'(=)].

Thus
|f (@) = ()l

lz =yl
Thus, [/(z) = /()] < g(a, D)z —yl. O
We can prove the following iuference rules for derivatives using Propositions 4.3
and 5.1 and Theorem 6.1.

< |f/(@){+1 < gla,b) + 1.

Theorem 6.3. From [ and g are differentrable on I, and foom(®1) = gaem(®1)
infer ‘
(1) f+ g is differentiable on I and x5 € I A2y = faom(z3) — (f + 9)'(x2) =

f'(@a2) + g'(w2).
(2) Wath the additional hypothesis that x1 € I A 1 = faom(®2) — |f(z1)] €
oo A lg(xy)] € oo, we have that [ - g is differentiable on I and

23 € I N3 = faom(za) — (f - 9)'(w3) = f(z3) - o'(w3) + g(w3) - f'(z3).
(3) With the additronal hypotheses ©1 € I Axy = faom(z2) — |f(z1)| € 00 A
lg(z1)] € o0 and 23 € I A = faom(zg) — 0 < [g(zs)] K o0, wnfer % 15

differentiable on I, and

o glxs) f (xs) — flxs)g' (25
w5 € I ANy = faom(wg) — (};) (25) = g(s) ((%g)(xs))grs)g (f.v,;).

A similar theorem is true for differentiability at .
We can prove the chain rule, which is also au inference rule:

Theorem 6.4 (Chain rule). I'rom g(x) = faom(w1), © = gaom(w2), and f 28
differentiable at g(x) and g s differentwable at =, wnfer f o g s differentiable at x

and (f o g)'(x) ~ f'(g9(x))g'(z)-
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Proof. Assume the hypotheses of the theorein, and let Inf(y). Then

dg(z,y
WY o g (),
Y
i.e., dg(z,y) = ¢'(z) + 1y, where £; =~ 0. Hence, since ¢’(x) is finite, by Theorem
6.1, Inf(dg(z,y)). Therefore, if dg(z,y) > 0 or dg(z,y) <0

df(9(), da(, )
o & o).

Thus, in any case, df(g(z), dg(z,y)) = f'(9(x))dg(x,y) + eadg(x, y) where g2 = 0.
But, by the deﬁnltlon of composition

df o g(z,y) = f(g(z +y)) — f(g(z)).
On the other hand, g(x 4 y) = g(z) + dg(x,y). Hence,
df o g(z,y) = f(g9(z) + dg(z,y)) — f(g(z)) = df (g(z), dg(z, y)).
From these equations, we get the conclusion of the theorem. [
Theorem 6.5. From f s differentiable on I, and
CL‘EI/\I"dem(I‘l)—*|f( )l (a b)
with |g(a,b)| € oo infer

Inf(ys) Ao, 22 +y2 € I Az = faom(x3) A@2 +y2 = fdom(UB)
|df (2, y2)| < (9(a,b) + 1)|ya]-

This theorem asserts: Let f be a differentiable function with a ﬁnltely bounded
derivative on an interval I. Then f is Lipschitz continuous on I with f; = g; that
is, for a finite M = g(a,b) + 1 such that if e 0, and z € T

[J(z+e) = f(z)] < Me|.
Proof. Let g(a,b) =N, and let y = 0, y <0 or y > 0. Then

fle+y)— fl=
. ———*y ~ |f'(«)|
<N
<N+1.

The case y = 0 is obvious. O
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7. THEOREMS ON CONTINUOUS FUNCTIONS

In order to make more readable axioms, theorems and definitions, we use, as we
have been doing, ¢, u, and v, for terms when their main variables refer to natural
numbers. We write w,, instead of u(n).

We will need the notions of geometric subdivisions and selectors defined in Def-
initions 5.2 and 5.3.

We notice that all the theorems of this section are derived rules of inference. We
state them explicitly as rules to make this clear.

We have the following proposition:

Proposition 7.1. From f s continuous on [a,b], v 2s the geometric subdivision of
order v of [a,b], and v is the selector for uw and f on [a,b], infer

a<z<bAZ = faom(®s) ANV = oo — f(z)~ f(miny, >).

Proof. Let n = min,, >;. We have, b = u,, > z. Hence, by Axiom N 7, u,, > z, and
0 <n <w. If z = a then, since vo = a, f(r) =~ f(vg). So assume that = > a; then
Up > a = ug. Also, n =0 — u,, = ug, and, hence, n=0—-0=1. Then,n—12>0
is a natural number.

Suppose that u,_; > z. Then, by Axiom N 7, n < n — 1, and so, 0 = 1. Thus,
up—1 > ¢ — 0 =1, and, hence, u,,—; < z. Since u,-1 = u,, we have that u, =~ z,
and, hence, v, ~ u, ~ z. Since f is continuous, we obtain the theorem. []

We have the approximate Intermediate Value Theorem:

Theorem 7.2 (IVT). From [ 1s continuous on [a,b], u s the geometric subdivi-
sion of order v of [a,b], and v s the selector for w and f on [a,b], infer

f(vo) €0 < fluy) Av a2 oo — f('Uminf(uk)Zg) ~ 0.

Proof. Let n = ming(,,)>0. We have f(v,) > 0, and thus, by Axiom N 7, f(v,) >0
and 0 < n < v. Suppose that n = 0, and, hence, u,, = a. Then, we have f(vg) <0
and f(vg) > 0, and, thus, f(vo) = 0. Suppose, now, that n. > 0. Then n —1 > 0.
Suppose that f(vy—1) > 0. Then, by Axiom N 7, n—1 > n, and so 0 = 1. Therefore,
fvn—1) <0 < f(vy). Since f is continuous and v,,—1 & vy, f(vn—1) = f(vs). Thus,
flvn) = 0. O

We say that f(z) is a near mazemum(y,z1,y1) for f on [a,b] if and only if
Z = fdgom (1) and

a<y<bAy= faom(yr) = f(v) S ).

Theorem 7.3. From f is continuous on [a,b], u s the geometric subdivsion of
order v of |a,b], and v 1s the sclector for u and f on [a,b], infer

a<z< bAv = oo — f(.’L') S, f(vaLXf(Uk>(U))'

This theorem says that a maximum on a selector of a geometric subdivision is a
near maximum of f. There is a similar statement for minima.

Proof. Let n = maxg(y,)(v). Then, f(u,) > f(w,), for all 0 <4 < v. By Proposi-
tion 7.1, f(z) = f(u,), for i = min,, >, so that f(z) = f(u;) < f(uy). O
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We have the following theorem on local maxima, which is, in fact, an approximate
version of Rolle’s theoreni. If « is the geonetric subdivision of order v of [a, I] and
v is the selector for f and w on [a, b], we write du = u, 11 — u; and dv; = vi41 — v;

Theorem 7.4 (Rolle). From u is the geometric subdwnsion of order v of [a,b], v
the selector for f and u on [a,0], faom(%) = gdom(x) and n = maxy(,,)(v), wmfer if
O<n<rv=oo,
df (vn, dvn) = g(vn) dv,  (dvn)
and
df (vn, —dvy—1) = g(vg) (—=dvp—1) (—dvn—1)
then
g(vn) = 0.

Proof. We have dv,,, dv,_; > 0, and v, + dv, = vy,41 and v, — dvy—y = Vnp_1.

Then
f(’Un + Cl'Un) - .f(vﬂ) <0
du, -
and ) .
.f('”‘n - (lvn—l) —f (U“) >0
"'d'Un-—l
But

f('Un + dU”) - f('Un)
LlU,,

.f('Un — d’”n—l) — .f(’u’ll).

—dvn—1

~ g(v,) =

Thus, g(v,) = 0. OO

From Rolle’s theorem we derive an approximate version of the Mean Value The-
orem:

Theorem 7.5 (MVT). From b—a>> 0, u 1s the geometric subdimsion of order
v of [a,b], v the selector for f and u on [a,b],, v = oo, f is differentrable on (a,b),
and

a <z <bAZ = faom(t) = b(w) = (v, —v0)(f(#) — f(v0)) — (# —v0)(f(v.) — F(vo0)),

wnfer

fl) = flwo) o
P T 5 (U )

Since, by Axiom I 1, any derivative of f is approximately equal to f', the Mean
Value Theorem is true for any derivative. Although for any derivative, we only have
this approximate form of the Mean Value Theorem, if faom is the identity function,
given an interval [a, b], one can always define a derivative g of f such that

f() — f(a)

b—a = g(umaxf(,,k) (V).

(%)
It is enough to define

(b) — f(a)

g((ﬂ) = fl(.’li) + (]L h—a - fl(umaxl,(.,k) (V)))
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The function g is also a derivative of f, because
f(b) = f(a)
b—a

For most applications, (*) is sufficient.

— f'(umaxh(%)(z/)) =~ 0.

Proof. We have h(vg) = h(v,) = 0. Assume, first, that b —a > 0. Let n =
maXp(y,) (). Then

dh(vn, dvp) =~ (b —a)f'(vs) — (£(b) = f(a))dvn (dvn),
and
(v, —dvp-1) ~ (b= ) f' (va) = (F(b) = F(@))(~dva1) (~dvn-1).
We can apply Rolle’s theorem to h and obtain
((vy =v0)f'(vn) = (f(v) = f(v0)) = 0.
Since b — a > 0 and v, — vy & b — a, we obtain the result. [

Definition 7.1. We say that the function f is nearly increasing(x, y, 1, y1, €2, Y2)
(decreasing(z,y, T1,y1, 2, y2)) on the interval I if and only if f is a function(zg,y2)
on I and

@,y € I Nw = faom(w1) Ay = faom(y)) Aw Sy — f(e) S () ()
As corollaries of MVT, we obtain:
Corollary 7.6. From f 1s continuous on [a,b], differentrable on (a,b), and
a<z<b— fl(z) >0,
(f'(z) < 0), infer f 1s nearly wncreasing (decreasing) on [a, b].

Proof. Let z, y € [a,b], z <y, and y — & > 0. Let u be the geometric subdivision
of order 1y of [z, y], v the selector for f and w on [z, y] and

h(t) = (vy, —vo)(f(t) = f(v0)) = (t — vo)(f(vs,) — f(v0)),
for t = faam(t1). By MVT, Theorem 7.5
f(y) - f('l) ~ fl(vmztx;,(%)(uo))(y - T) 2 0.

Thus, we have proved the conclusion for the case y > z.

On the other hand, if © & y, since f is continuous, f(z) ~ f(vy), and, hence,
f(z) < f(y). Thus, the corollary follows, also in the case z < y. O
Corollary 7.7. From f s differentiable on the wnterval I, and y € I ANy =
faom(y1) — f'(y) = 0, infer

z,z€ Nz = .fdom(xl) ANz= fdom(zl) - f(.’L‘) = f(z)
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Proof. Consider the constant function Cg, such that Co(z) = 0 (Axiom FU 2).
Then, we have that Cq is a devivative of f on I. Let u be the geometric subdivision
of [a,b] of order v, v the selector for f and « on [a, b] and

h(z) = (vy —vo)(f(x) — f(vo)) — (z —vo)(f(vy) — f(vo)).
By MV, Theorem 7.5
f(z) = f(2) = Co(vmaxs,,, (v0)) (@ — 2) = 0.
(]

We shall need the next theorem for defining inverse functions.

Definition 7.2. We say that a function f is strictly mcereasing(z, y, €1, y1,Z2,Y2)
(decreasing(x, y, 1, Y1, T2, y2)) on [a,b] if aud only if
(1) fis a function(xy,y;) on [a, b],
(2) T,y € [G., b]a r<y &= .fdom("EQ); Yy = fdcrm(?/?) iml)lies f(.’L') < f(y)
(f(z) > f(y)), and
(3) T,y € [a’a b]v r Ly, v = fdmn(-’EZ)a Yy = fdmn(y2) implies f(“") < f(y)
(f(z) > f(y)).
Theorem 7.8. From

(1) f is a function on [a,b] with faom the wdentity function,
—0 K a<b oo,

[ is differentiable on (a,b),

€ |a,b] = |f(z)] € oo,

I s contanuous on [a,b], and

z € (a,b) = f'(z) > 0 (€ (q,0) — ['(z) K1),

2
3
4
5

)
)
)
)
6)

(
(
(
(
(

infer
f s strictly wncreasing (strictly decreasing) on [a, b].
Wath the additional hypothesis

Y1 € [u,0] = (y1 = g(e1) < 1 = f(y1))
wnfer
z3 R xg Axa = f(y3) Awg = f(ya) Ava,ya € [a,b] — g(x3) = g(z4),
and

d, , 1
ys = f(ws) Axs € [a,b] Az = 0Ays +2 = f(z1) A z1 € [a,b] — g(z:/: ?) %f,(t 7
€Ty

The last two conclusions of the theorem say that the inverse of f restricted to
[a,b] in its domain is continuous and ditferentiable.  We cannot prove, however,
that the domain of the inverse of a function whose domain is an interval is also an
interval. By the Intermediate Value Theorem, 7.2, we can only prove that for every
¢ in the interval between f(a) and f(h) we can construct an z = ¢ suclh that the
inverse is defined at x.
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Proof. We have to consider two cases. First, let z, y € [a,b] with ¢ < y. [t is clear
that ¥ —x <« 0o. By the Mean Value Theorem, 7.5, one can construct z between =

and y such that
fly) = f(=z)
y—x
Since 0 € y — ¢ <« 00, we obtain
fly) = flx) = f(2)(y —z) > 0.
Second, assume that z < y with =~ y. Then

1) = 5 | iy

y—z

~ f'(z) > 0.

if £(y) — f(2) <0, then
fy) = 1(=)
y—=x
and, then, f'(x) < 0. Since we have f'(x) > 0, by Proposition 4.4, we obtain 0 = 1.
Thus, we have f(y) < f(z) — 0= 1. Hence, by Axiom I' 13 and other field axioms,
I(y) > f(x).
We now obtain the derivative of the inverse function g. Let y + z = f(u) and
z2<0Vz>0. Then, gly+ 2)=u=z+v~gly) =z and v <0V v >0, by the
first part of the theorem. Thus, v = 0 and y -+ z = f(« +v). Therefore

— y+Z —Y — f(fE + U) - f(il)) ~ f’(.’L‘)

z
v v v

i.e., since f'(z) > 0 (or f'(z) € 0)

This is equivalent to
dg(y,z) 1

2 fz)

g

We define by recursion the nth derivative, using the defiuition of derivative,
Calculus Rule 1, and write it f(*). Thus, we take f(O(z) = f(z), and assuming 7{"
to be defined and differentiable, we define f("t1) = 7"’ Recall that differentiable

means that f’ exists and is finite.
We say that £ us an nth order derwatwe(m, <, y,21,y1) on I if and only if

l<m<n—(Inflyx) A(ly<OVy>0) Az, o+ye€lAz= faiom(zi)A
&4y = faom(yr) = [f(2)| < co Adf D (w,y) & (@) -y (),

Theorem 7.9 (Taylor). From

(1) f is a function on [a,b],

(2) n <« oo,

(3) a <wy <bAwy = faam(wz) = |f#))] K oo,

(4) fO+Y) 4s ann+ 1th order derivative of f on [a,b], and fFOY is contimuous

on [a, b],
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(B a<c<d<b(ora<d<ec<b) and ¢ = faum(cr), d= foom(di).

(6) a <w<b—pa) = J()+F(c) (w=c)+J(c) (t—c) 24 A fO (e) (x—c)",

(7) a <23 SbAz3 = faom(ws) — fw3) =p(za) + Rn,c(mz); and

(8) w is the geometric subdansion of order v of [c,d] (or of [d,c]), v = o0, and
v 15 the selector for u and f on[c,d] (or [d,c])

1
(n+ 1)!
The proof is similar to the one appearing in [14].
Proof. Let I = [a,b] and e = |.;t"(’“”+1)(7.!maxl s ()] Then e is a quasi-maximum
or quasi-minimum of f"T1, Suppose that it is a quasi-maximum; the proof for a

quasi-minimum is similar. Assuine, first, that d > ¢, and deline

1 T ~ 1 n
g(xz) = !e(x — )"t pp(z) = flz) = me (@ —c)" Tt — Ry c(x).

(n+1)
We have that e is a near maximum of f0 D because D is continuous. We
have 0 = g(c) =~ ¢/(c) = --- =~ ¢ (¢), and

g(”+1)(ﬂ,‘) —e— f(n+1) (SC) Z 0.
Then, by Corollary 7.6, ¢ is nearly increasing, and, hence, ¢ (z) > 0 when
z > c. But g Y(e) = 0, and, hence, ("~ Y(x) > 0. By external induction we
prove g(¥)(x) > 0 if k < n. Hence, g(d) > 0, and thus

| Bon,e(d)] S

IRy o(d)] < | £ (v |1d —c|™t1.

max”(.,k)i(u))

el — "L,

(n+ 1)
Suppose now that d < c. Take
I P RCINS S oy L el
hix) = f(x) — p(x) T l)!(' (= ¢) = 1%, (@) ot 1)!6 (€ — )",

Then, repeating the same argument with / instead of g, we obtain the result for
d<e O

8. ALGEBRAIC DEVELOPMENT OF THE INTEGRAL

We have two alternative developments of the integral. The first, which we call
algebraic, is contained in this section, and the second, in Section 11. In Sections
8-11 we assume that our functions f have fyom the identity function I, so that we
do not need to mention fyom,. We could make tlie exposition more general, but it

is not necessary for our purposes.
We need the following two rules for the indefinite integral. For each term

9(z,z1,. .., zn), we introduce the term ([ g(x)da)(x, ©1,...,2,), Where the vari-
ables are as displayed.
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INT 1. For each constant term C, we have the following rule: Let I be an interval.
Then from

Inf(y) Az, z+y €l — |g(z)] K o Adf(z,y) = g(z)y  (v)

and g is continuous on I infer

cel— ( [ ata) 1) (e) ~ f(2) + C.

We write (fq z) dx)(x) instead of the more usual notation [ g(x)dx to stress
the fact that [ g(z)dw is a functional term.

We could let the term C not be constant but also possibly contain variables dif-
ferent from . However, in this case we would have to introduce rather complicated
rules of substitution.

INT 2. From f s continuous on the interval I, wnfer [ f(x) dx s dafferentiable on
the interval I and

zel— ,{/ fz)dx) (=) = f(=).

We add the following delinition of the delinite integral:

INT 3. /Cdgz(/( dx)(d) (/ t) dx)(e)

With these axioms, we can develop the transcendental functions as in Section
12.

We shall prove in Section 14 that the addition of these axioms is a conservative
extension of the system in [G], so that the finitary consistency proof is still valid.

Building on the theory of integration of elementary functions, which began at
least with Liouville and has been developed by Ritt, [17], Risch, [16], Davenport,
[8], and others we will develop the free-variable theory of integration begun here in
a separate paper.

9. OVERFLOW AND UNDERTOW
In this section we prove the nonstandard principles of overflow and undertow.

Theorem 9.1 (Undertow). Let ¢ be an wnternal formula where nesther min nor
N occur. Then

(koo Ap <) — @) — mingg) < oo.
The conclusion says that mii ) is {inite.

Proof. Let m = ming), and assumne that % =~ 0, i.e., that m is infinite. Then,
m — 1 is also inlinite. We liave, ¢(»), and, thus, by Axiom N 7, ¢(m) and m < v.
Hence, m—1 < v and, since m—1 & oo, ¢(m—1). Thus, by Axiom N 7, m < m -1,
and, thus, 0 = 1. That is, we have proved that

1
—=x~0-0=1,

m

which is the definition of m € oco. O
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In order to make more understandable the following and other statements, we
introduce tlie maximum of a hiyperfinite set:

Definition 9.1. Max,)(v) = v — ming,(, —gyar<y (V)
We have:
Proposition 9.2. p(m)Am < v — (@(Max,u)(v)) Am < Max, gy (v) < v).

Proof. Suppose p(m) and m < v. Then, we have o(v—(v—m)) and v—m < v. By
Axiom N 7, (v —ming,,—g)ar<s,) and ming, —gyar<y < v—m. Thus, p(Max, gy (v)
and Mzm¢(k.) >m. O

Theorem 9.3 (Overflow). Let ¢ be an wnternal formula where nesther min nor
N occur. Then

((m <n <K oo — @(n)) Av = o0) = Max,x)(v) = co.

The conclusion of the rule says that the maximmun 7 such that (), for all
m < it < 7, is infinite.

Proof. Suppose that (m < n < oo — ¢(n). Let i = Max,)(v), and assume that
4 is finite. Then p + 1 is also finite and u+ 1 > u > m. Thus, we have p(p + 1)
and g+ 1 < w. Hence, by Proposition 9.2, i > o+ 1, and so 0 = 1. Therefore, by
Axiom I 8, p is infinite. [J

We prove by overflow:

Proposition 9.4. From
1
n<Koo— |z <—,
n

infer z = 0.

Proof. By overflow, we have that, jt = Max, /4>, () is infinite. Hence, |

0. O

1
< —=
Ju

10. HYPERFINITE SUMS

Most of the theorems of this section, in a somewhat dilferent form, are proved
in [6].

We begin with the theorems on approximately equal infinite sums. The contents
of the rest of this section is influenced by [15]. As earlier, we use u, v, t, for terms
and write u, for u(n), where n is meant to be a natural number.

In order to simplify the notation, we write a sum of the form

14

Zu; turtvy o,

1=1
just as 3 ¢, including the finitely many termns with ordinary addition in the
term. Strictly speaking, this may not be possible, since the terms v, may contain
min. We shall be careful, Liowever, that the operator min occurs only in finitely
many terms of the sum. The theoreins of this and the next section, should be
understood with Y-terns interpreted in this way.

We need the following leimma:
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Lemma 10.1. From
(1) 1<ig<y—u =0,
(2 1<i<v—t;>0 and
(B)1<igsv—vy=ut, (t),

infer
v 174
Zvi ~0 (Z t,).
=1 1=1
In particular, we have
14 124
Z Uq t,; ~( (Z tl)
1=1 i=1
Therefore, from the same hypotheses we can infer
14 14 14
Zti K oo — Z'u, ~( and Z u, by = 0.
1=1 =1 i=1

Proof. Let n be finite. Then, since

we have 1
I'U1,| S - t’l:a
n

for i < v. Thus

0

1=1

<3 b
1

< Z

Since E;=1 t, is positive and n is finite and arbitrary, by Proposition 9.4

14 §7
Zvl =0 (O ).
1=1 =1

The last conclusion is clear from the definitions of approximate equality and
relative approximate equality. [0

The theorem behind the theorems for integrals 1s:

Theorem 10.2. From
(1) 1 <1<V —|u| €M, where M 1s finate,
(2) 1<i<v—t;>0At =0,
3) 1<i<v—ouit;=v, (&),
(4) Tyt € o0,

infer

v 1
E u, t, =~ E U,
=1 =1
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Proof. We have

v v
Zui | < Z |Ualt1
=1 i=1

v
<Mt
=1

so that Z:j=1 u, t, or any partial sum is finite.
We shall prove the approximate equation (note that the meaning of the condition
u, > 0 in the sum is given in Definition 3.1)

v v
* ~
(*) 5 u, R~ E Uy Ty
i=1 i=1
Uy 20 U, >0

Similarly, it can be shown tliat

124 v
E v, R E w; 1,
=1 1=1
Uy, <0 u; <0

and, since, by Proposition 3.5

v v v
E U = § v, + E Uy
1=1 =1

7= =1
4, >0 u, <0
and
v v 14
E Uil = E u;ti + E Uy Ty,
i=1 =1 1=1
Uy 20 U, <0

we obtain the conclusion of the theorem.
We now prove the approximate equation (*).
Consider, for m a natural munber

v
E U;i.

1=1
u, 2> 1/m
. . \ Vi
Assume that m is a finite natural munber. For 1 <4 < v and uw; > 1/m, t—‘ R ug.
i

. v . . .
Since u; > 1/m, u; > 0. Then, —— = 1, and so, since u; t; is finite

2 bg

1 1
Uy t,,(l - _) <v <u tv(l + ;;)*

n
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if n is finite, 1 <1 < v, and u, > 1/m. Thus

1 v 14 1 14
(1==) > wh< Y ws(l+-) > wt
i=1

i=1 1=1

Cug>1/m u,>1/m w>1/m
Thus
v
> v
1 SV
w,>1/m
1—— S 1 S 1 + s
™ )
w; by
1=1
wu, >1/m
and, hence, by Proposition 9.4
v
> n
SV,
U, >1/m
> ~ 1.
> u,t,
1=1
u,>1/m
14
But > w,t, is finite. Therefore
i=1
u, 21/ m
14 14
E U, = § Uq t‘h
1=1 =1
w21/ m w2 1/m
and, thus
14 v
Zm = § U, — E w; ti| & 0,
1=1 i=1
u,21/m u, >1/m
is true if m is finite. We have, then
. 1
Zm S —,
m
if m is finite. Hence, by overflow, Theorem 9.3, we can define an 7 =~ co such that
14 174
E (IS E u; l,
=1 1=1
u.21/7 u21/7

We have 0 < w; < 1/5 implies that «; =~ 0. Hence, by Lenmna 10.1

z”: uit, = 0 and i: v, =~ 0.

i=1 1=1
0<u, <1/ 0<u, <1/n



INFINITESIMAL ANALYSIS 35

Thus, we have, by Proposition 3.5

1% Vv 14
Su= S ut »
1:,:210 ulz;l/n US:;.::<11/17
= Z v;
i1
u,>1/n
14
~ Z w,t;
=1
u,21/n
v v
o Z Uty 4 Z u,t,
1=1 i=1
U 21/ 0<u, <1/n
v
= Z U ti
1j,:210
O
We need an abbreviation that will be useful for the introduction of integrals in
the next section. Let d < a < ¢ < b, v a natural number, du = (b — d)/r and
ui = d+1idu, Le., uis the geometric subdivision of order v of [d, b]. '\Ve abbreviate
4 v
Z(; fld,byv] = Z S w,) du.
=1

a Sy, Uy 1<

We also abbreviate, for any @, i, = min,,,“>a,, fip = mMiNy, > —1. Then

Zf(])ll Z/uldu

1=la

The next theorein gives an approximate form of a version for suins of one of the
fundamental theorems of calculus.

Corollary 10.3. From

(1) f and F are functions defined on the finate interval [a,b],

(2) u is a geometric subdwision of |a, c| of order v, unth v & oo, where ¢ > b
and ¢ — a s finte,

(3) f is finate on [a,b], and

dF (w,, du,)

4) 0<1
4)0<gi<y— Ju.

~ f(w),

infer
b

Zf[a., c,v| = F(h) — F(a).

u



36 P. SUPPES AND R. CHUAQUI

Proof. The proof is obtained from Theorem 10.2 and the fact that by internal
induction one can prove, il ju, <m < fi, that

m—1
Z AF (uiydui) = Fup) — F(uy, ).

i=liq
Thus
EFb) — Fla) = Flup,—1) — F(tta)
Fy,

~ Y flw)du

1=[bg

b
= Z flay e, v]

O

We also have the following useful lemma, which implies an approximate version
for sums of the second form of the Fundamental Theorem, which we give below.
Lemma 10.4. From

D 1<i<v—ou=zand
(2) 1<i<y—t; >0,
infer
14
lel 'U, t’l ~
—V——t— ~ -C-
Ez:l i
Proof. We have, u; =x+v; withv; ®0fori=1, ..., ». Then

14

14 14 14
Zuiti = Z(.’L‘+vq)t1 = mZti+Zviti.
1=1 i=1 i=1

=1

By Lenma 10.1
Z;:l vi
E';=1 ti

=~ (.

O

Corollary 10.5. From f is a fimte continuous function on the wnterval [z, z + y]
withy = 0, and u s a geometric subdeviston of order v of [a,b] witha < z, z+y < b
and b — a finate such that 5’;—‘ =~ (), mfer

Y "|la, b, v
e OB+ )

and

A TR o TV
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Proof. The secoud conclusion is obtained as follows. Let 7 = ji,,. We have that z €
[uj,wi+1]. By the assumption du/y = 0, it is clear that ¢ < uj; <w < wuypy <z 4y,
We then have
oty x Tty
Za Flu,v] — Zu Flu,v] = Zw flu, o] + f(uy) du.

Let p = fi,,,,. We have

Z du, + (uj+ 1) —z) + (@ +y—up) =y.
T Uy .'lt:i-ol <z+y

Hence, by Lemma 10.4

Zo Fug) duy + fluy)(ugg1 — ) + fe) (e +y — up)
< Uy ,1'::,_1 <z+y ~ j(;[:)
Yy

Now

> Flwe) du+ fug)(ujpr — 2) -+ f@) (@ +y = up)
I Flu,v] + Fug)du _ a:<u,.5i01 <ty +

Yy Yy
T(u)(w =) fle)(@+y—up)
Y y ‘

Since du/y = 0 and f is finite
[(e) (@ +y —wuy)

Sl =)
Y Y
The first conclusion is obtained similarly. [

11. DEFINITE INTEGRALS

We now introduce the definite integral. The development in this section is com-
pletely independent of Section 8.

Since we are restricting functions f to those with fyom the identity, the axiom
introduced here is simpler than the one discussed in [6]. We could use the same
axiom as in [6], but, since we do not need it, we use only the simpler form.

For each term 7(x,xy,...,x, ), where the variables are displayed, we introduce
the n + 2-ary operation symbol [ 7., which is called the wntegral of T with respect Lo
x. If the termu7(z, xy, . .., @,,) is writlen f(x), we write [; flor [7e(ey, ..., 20,y,2).
Calculus Rule 2. From u < b < ¢, |a| € o0, ¢ < d, |d| € o0, v, pu wnfinite,

d—a ~ 0~ d-—au
ve=by = Y ™ u(e=by’

(1) >y fla, d, v] N oo flayd,
c—b - c—0b
@ S fla, d,v] + 3 Fla, d, v] L e flwd ]

c—-b c—bh

, and

r

nfer
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€e—a ~ 0 fb Eb]‘[aen] and

n(c=0) c—b c—b '’

(a) c<eANlel| KooAnmooA

b
y St S
c—-b  c—=b
As usual, we assume that all terms, unless explicitly excepted, do not contain
min. We now prove that if f is coutinuous and b — a is finite, then the definition of
the integral gives what we need:

Theorem 11.1. From u s the geometric subdivision of [a, €] of order v such that

Ld"b =0, end f is (onz‘muozw and finite on {a,b], « <b <c < e lul, le] K oo and

v = oo, wnfer
fb Zb fla,e 7/]
—b c—b '’
f f + o f o dad
—b c—=b
Proof. We must prove that if u is the geometric subdivision of [a, ¢] of order », v,
of order u, v = oo u, e >c>b>a,and a, b, c and e are finite, then

E fla,e, ]+ 35 fla,e, ] 3°¢ fla, e, v
(1) o =l , and
c—h c—1b
Zb [a, e, v] ~ P /L]
c—2b c— b
If ¢ — b =~ 0, then the result is immediately obtained from Corollary 10.5. So
assume that ¢ >> b. We must prove

1) Zb fla, e, v] + Zc fla,e,v] =~ Zp: fla, e, v], and
Z fla,e,v] = Z fla, e, u].

Since ¢ — b % 0, we fromn these results we obtain the premises (1) and (2) of
the integrals Axiom 2. The result (1) is easy to see, so we prove (2): Let ¢ be
the geometric subdivision of [a,e] of order vp. Then di/du =~ 0. We also have,
pru, —1 = u; and tﬁuﬁ'l = u,4;. Hence, by Corollary 10.5

Z Lf,’ﬂf( ;)dt

+1

Flw) ~ du
Thern, by Theorem 10.2
e 5 “x+l c
Zf a, e, v = Z Z f(E,)dt | [a,e,v] & Zf[a, e, v].
b \Ji=itu, b

Similarly, we prove

c g
Z.f[u'y €, I//[l,] = Z./l[u” €s;“']1
b b
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and, lience

Y Slae )= flae,ul,
b b

and thus by Calculus Rule 2 we obtain (1) and (2) of the theorem. [
We can prove the usual theorems on integrals in a approximate form.

Corollary 11.2. From f ¢s continuous on the finate enterval I and a, b, and ¢ € I,

a<c<b, infer
b c b
[i~[r+]r
a a c

This is an immediate corollary of Theorem 11.1 (2).
We now prove in approximate form the two Fundamental Theorems of Calculus.

Theorem 11.3 (Fundamental Theorem 1). From
1F(x
Imf(y ) Aly>0Vy <Az, z+yel— Ar =z, y) = f(x),
)

where a and b are fimate and b — a >> 0, and [ is contenuous on [a,b], infer

b
/ e F(b) ~ F(a).

Proof. Suppose that a and b are finite and let u be a geometric subdivision of [a, ¢]
of order »g = co with ¢ > b and ¢ — a finite. Then, by Theorem 11.1 and Theorem
10.3, since b — a is noninfinitesimal

b b
/ f= E_/'(m) du =~ F(b) — F(a).

a
Theorem 11.4 (Fundamental Theorem 2). From f s o conbinuous function

on the finite interval I and a € I infer

[‘:v-i—yf_fa:
If( ) A(y >0Vy <Az, z+yel— ——"——5——-9- =~ f(x).

Proof. Assume that y = 0, z, x4y € I and y > 0. The case y < 0 is done similarly.
Let u be the geometric subdivision of ¢, 8] D |z, « + y| of order v with v = oo.
Then, by Theorem 11.2

LV E =T F S fla, by
y - y '

and, by Carollary 10.5

Z:er Slayby v
Y

=f(x).
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We now prove a theorem due to Keisler, [10], which we shall use in one of the

applications.
Theorem 11.5 (Infinite sum theorem). Let W and h be terms. From

(1) Ifa <z <y <z <b, where a, b are finate, then W(x,z) = W(z,y) +

Wy, z). (This can be paraphrased as ‘W is additive’.)
(2) Ifz, c+y eI, Inf(y), y >0, then
Wz, x+y) = hiz)y (v),
(3) h is a continuous function on [a, b,

infer

b
W{(a,b) ~ / h.

a

Proof. We prove by internal induction on v

b—a

v—1
Wiab) =5 Wia+ i»lll—_;g,u, DY,

2=(}

Take 1V = 1y ~ oo and let @, = a + i(b — a)/vp and de = (b — a)/vo = 0. We have

W(a,, a; + de) = h(a;) de  (dz).

14

Then, by Theorem 10.2
' v—1
W(a,b) ~ Y h(as) da.

=0

v—1 b
Zh(al)dmrzﬁ/ h.

=0

But, by Theorem 11,1

12. SERIES AND TRANSCENDENTAL FUNCTIONS

This section is also contained in a modified form in [6]. We return to the notion
of functions f with arbitrary domain functious faom.
We first introduce convergence of sequences: u v-converges(u) to z if and only if

WS VAPR OO — uy, &,
and w is v-convergent(p) if aud only if
NS VAR — u, R,

Similarly, w is convergent(w, ;i) if anud only if » & oo implies that w is v—convergent(u).
A series is just a sequence v such that
mn
Uy, = Zu,.
i=1
Then the series r-converges or converges when it v-converges as a sequeliice. We also
define, the series Y ;| u; v converges absolutely if and only if the series 3 . ; |u]



INFINITESIMAL ANALYSIS 41

v—converges. We have the following casy proposition, which in both directions is a
rule:

Proposition 12.1. From the fact that the series 3 .| u; v—converges, infer that

17 - ~ . ~ .
the tails > . «, are infinilessmal for all wmfinite 1 < v, and vice-versa.
= ;

From this proposition, we derive the comparison test:
Theorem 12.2 (Comparison test). From v &~ oo, (n < VAN =~ 00) = |un] <
[vn], and 3 0 | |vi| v—converges, infer that 37, |u,| also v—conwverges.

Thercfore, from the fact that the series Y7 | w, v-converges absolutely, infer
that +f v—conwverges.

Proof. We have that if u < v and p = 00, 37, [u] ~ 0. Then

0<Z a,|<2m|~0

i=p
for py<v, proo. O
We also have:
Theorem 12.3 (Nelson, [15]). From v = 00, i € 00 — |u;| < 00, and >, |u.|
v—conwverges, infer Y ._, |u,| < co.
Proof. 377 |ui] < 1is true if n is an inlinite munber. Then by undertow, Theorem
9.1, the minimum m must be finite. But

m—1

Z Ju,| < (m—1) un)ic(m)

Hence

mi—1

Zw =3l + 3

1—7)7
is finite. O
In order to prove the ratio test for couvergence, we need some theoreins ahout

natural nuinbers.
From we prove by external induction:

] %
Proposition 12.4. If v = oo and n < oo, then — = co.
n

Proof. We must prove that — = 0, if n is finite. This is easily done by external
v

induction. The proof by internal induction requires Euclid’s algorithm, which can

be proved by internal induction. [J
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We assume that we have proved by internal indnction (which is easily done):
>0 (y>e—y" >a").

We also can give an easy internal inductive proof of the inequality

1+iyz142,
70 7

for n and v natural numbers.

Proposition 12.5. If r > 1 and v = oo, then r¥ =~ co. Therefore:
Ifr €1 and v =~ o0, then r¥ = 0.

Proof. Let n = 1i(1/(r — 1)). Then, by undertow, we show that n <« co. We alsc
have r > 1+ -71; Thus

v 1\ v
r*>1{14+—-] 214+ —=oc0.
n 0

O
We prove by mternal induction, as usual, for r > 0 and a > 0
n n+1
. 1=
g ar' = g—
; 1—7r
=0

Then, if v ~ oo, a is finite, and 0 < r < 1, the series 3.7 o ar® v—converges to
a

] . Then, we can prove the ratio test:
bl

Theorem 12.6 (Ratio test). From
(1) if i 23 finute, u, > O 18 finete, and

T
(2) of 1o is mfinite, u < v, then Dl & 1,

wy
v
wfer 3, w, v-converges.
Proof. Let pp~ oo, p < v. Then
Up+1
T
1y,

1
<r4 -1,
n

where 7 is a finite number. (We may define n = h(1/(1 —7r)).)
Let s =1+ . Then, we have

Uyt < SUy,

if p2 is infinite, ;+ < v. Hence, by undertow, Theorem 9.1, the minimum nunber m
such that if m < p <, then

Upiy < 8Uyp,
is finite. By internal induction we prove

Unngp < U ST,
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for p < v—m. Since u,, is finite, the geometric series E o umsP converges. Then,
by the comparison test, EP:O Ump converges, and so 3. u; converges. [J

From the ratio test we can prove:
Proposition 12.7. If s € 1 and v = oo, then vs” =~ (.

Proof. By the ratio test, the series Z 1 ns™ v—converges. The result is then ob-
tained from Proposition 12.1. [

We need a few theorems about series of functions, in our case of terms with a
variable, say x.
Theorem 12.8. From

(1) x € I, where I is a finite interval, wmplies that the serres Y . ui(x) v-
converges, ¥ & 00, and
(2) 1 <i < v umphes u;(x) is contimuous on I,

infer that p < v umplies that > 1 w;(x) s contanuous on I.
Proof. Let x, y € I, © = y. We prove by external induction, if n is finite
1

T
Z;M(T) Zu, Yy < Zluz ) —u,(y)| < o
=

By overflow, Theorem 9.3, an infinite 5 < v can be constructed such that if 4 is

infinite and p <n
p b

1
Zui(m) - Zui(y) < = =0.
1=0 1=0 H
If n=wv > p, we are done. Assune that 7 < o < w. Then
M b n n b H
Z%‘(-’U) - Zu,;(y) < Z 1, (: Z wi(y)| + Z w, () — Z ui(y)
1=0 =0 i=0 i=0 1=n+1 i=n+1
n 7 b b
< Z w() — ) w(y)] + Z u, ()| + Z 14, (y)
=0 i=0 1=n+1 r=n+1
=KIR

O

We assume that the definite integral has heen extended to lower limit o, and
upper limit b, both finite, with « > b, as it is usually done:

Definition 12.1.

)/:.f——«l),
@ a<bnl, <o [ 1= —/:’f.

We need a theorem about power series:
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Theorem 12.9. Let I = (—r,7), where v s finite. From the seres Y .-, |ai|@*
v—converges absolutely on I, v = oo, wnfer
(1) The serres Y py ayiz'™! and Y5 i (a;/(i + 1))z* ! v-converge absolutely
on any |z| K 7.
(2) The seres Y | a,z* 18 dafferentiable and

n / mn
E a;xt | (z) =~ E ayic !,
1=1

1=1
of n < v and << r.

/ Z"" NZ f;—,l Lyn<vand o < r.

Proof. We first prove (1). Let i~ oo and let || <« ¢ < r. (For |z| < r, we can
always construct such a c as ¢ = [z + £, where n = li(1/( z|)); by undertow,
Theorem 9.1, we show that n is finite.)
Thus, since 1/« is finite

T

T |H

kol
: ‘_z: cauct| < auet.

plag||le[*~t = p

Since the series Y 1| a,¢* v—converges, by the comparison test we obtain (1). For
the other series in (1), the proof is similar,
Next, we prove (2). Let f.(z) = Y i_, a,x'. We claim that the series

T

n
d(x* (x+y)*
dfn(z,y) Z DN o PRCAR Dt

1=1 =1

< r and vy is infinitesimal. Let p =~ co. We have

u—1
— N (i),
= |ay | et Ly ;_1 (j L l)ml (F+1)yi

v-converges if |¢

(w4 y)* -t

a
i
Y

el =1 1
= |a, | ne* =1+ pu E T > gh 1m0y

< el =+ el + [,

The series Yo, |a,|ie[*"1 and 3. | |aili(fe|+|y|)* ! converge, since |z], |a
r, 80 We obtain the claim.
We then prove by external induction, if n is finite
n

i aw((x+y) —a') 3 a1

=1 y 1=1

for y infinitesimal. By overflow, Theorem 9.3, if n < =~ oo

27: ——————(17( ty & Z TR

i=1
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Let u < w. If n > p, we are done. Suppose that g > 7. Then

z‘u: aZ(x"}—y)lb — _i:a"l,ixl_l S Z az(l‘—}-y) - :I’. ! a, zzz—l +
i=1 y ) 1=1 i=1 y i=1
Fy
Z ai(a 4 y) + Z ayizi—
i=n—+1 i=n+1

~ 0.

We finally prove (3). By the previous theorem, we know that the sevies Y ;- a;xt
is continuous, so that the integral is well defined. Let r >> ¢ > |a| be obtained as
above and let p <w. Thenif —e <t <c

IL p 1
Z a;t'| < Z |ait?] < Z la,|¢* = En,.
i=m-+1 =m-+1 t=mi1
Let f(z) =31, a,z*. Thus
ne
m < f(.’l?) - Eazmt < E.
i=1

If m is finite, we prove by external induction, integrating

- m
a
—FEa< '—E gt < Eoa
: md 3 0 f 1'_17:'1'1 ~ m

Then, if m is fiuite

1
< |Enl+ —.
m

a m a

[ 13 e
0 1= ? —*—

By overtlow, Theorem 9.3, for an 7 = co, 77 < g, whiclt can be constructed

7

a
r ai 1+1 1
f- < |E +—
) f = <
Hence
a n a 1
~ L
L=
But "
>t
1H_17,+1

because, by (1), the series is v—convergent. [
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We can now define the main transcendental functions. We may use either the al-
gebraic (Section 8) or the sum (Section 11) treatinent of integrals. for this purpose.
We first introduce the natural logarithim by the following axiom:

1
log:c:/ — dt.
1 1

We consider log as a function, take log,,,,(x) = I(x), the identity function. In
the usual way, we can obtain the main properties of the logarithm for finite z in
approximate form, in particular, log 2™ ~ nlog z, for z and n finite.

By Theoremn 11.4, if co > = > 0, then log'(x) ~ 1/z. Then, if we take any
interval [a,b], with 0 < a < b < oo, log’ is bounded on the interval by 1/a, which
is finite. Thus, by Theorem 6.2, log is log, -Lipschitz continuous on [a, b], where
logy(a,b) = 1/a+ 1. Also, 1/z > 0, if £ > 0. Thus, by Theorem 7.8, log is
strictly increasing on noninfinitesimal finite numbers. Therefore, log cau be faom
for a function f. We now calculate logg, and logpy. Let a < b, finite, be given.
We have, from the definition of log, that log 2 > 0. Let

“”UZ(” ) _ 211(()/ log '.Z)+1‘

Then

loglog g (a,b) = ll( b 2) + llog2 )Zz log2 = b.

On the othier hand, let

log g, (a, b) = 27 Uil=e/los2)+1),

We have
log 2=—

(h( )+1)l(g.2>1

so that
—a
loglo ,0) = —(li(——=)+ 1) 1og 2 < a.
glogp (@,b) = ~(i(5) + Dlop2 < a
We tlien define an “alinost” exponential function:
aexp{z) =y « z = logy,
with aexpg,, = log. Using Theorem 7.8, we get that aexp is differentiable on the
finite numbers and we can calculate its derivative, aexp’(z) ~ aexp(x), for finite .

Thus aexp is increasing.
In a similar way, we define the arctan:
e
arctanx = —— dt.
/0 14142

As above, we consider arctan as a function, with arctangem (z) = I(x). We take 7 =
4arctanl. As for the logaritlm, by Theoremn 11.4, if || < oo, then arctan’(z) ~
1/(1 + z?%). Thus, in any finite interval [a,b], arctan is arctang-Lipschitz ou [a, ],
with

1
1+ 61()b] = |a))a? 4+ 6o (|a] — |b])0%"

arctany{(a, b) =
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ie.

1
T if |a] < |b],
arctang (o, b) = ﬁ @
| T35 otherwise.
For the definition of arctang; and arctanp, we may use, for instance, the formnla

“+y
1 —zy

arctan x -+ arctany ~ arctan ,

so that, for any finite n, we obtain a formula of the form
narctanz = arctan f(n, ),
where f(n,z) is a rational function of . The function f is defined recursively by
flle)==

@+ f(n,z)

fnt1,2) = 1—zf(n,x)

We proceed similarly as for the log and define arctangs(a, b) = f(li(b/ arctan 2),2)
and fpi(a,b) = —f(li(—a/ arctan 2), 2).
Thus, arctan can be fy,n. Thus, we define the inverse, the almost tangent:

y = atanmx « x = arctany.

We extend this function periodically by taking atan(z + nw) = atan z. The domain
function is atang.,, = arctan.

The definitions of the inverse functions (almost exponential and tangent) are
justified by Theorem 7.8. We muist use the same theorem for obtaining the deriva-
tives. With the definitions introduced here, the proofs of the approximate form of
the algebraic properties of tlhiese fiinctions are the usual ones.

We cannot prove, however, that the inverse functions, i.e., the almost exponen-
tial and tangent, have the ripht donwins, i.e., all finite munbers for the almost
exponential and the finite numbers different from (2rn + 1)7/2, for the alinost tan-
gent. The most one can do, for the almost exponential for instance, is to prove that
for any finite number =z, there is a y & z in its domain (see remark after Tlheorem
7.8), which is probably suflicient for most theoretical physics. In order to obtain
functions defined everywhere, we use Taylor series approximations.

As an example, we take the series for aexp. We observe that, by the ratio test,
if & is finite, the series

k12 :Ci
2
converges. Since logl = 0, we have that if & ~ 0, = € doniaexp, aexp(z) =~ 1. We
then prove, by external induction, that if z & n -+ 1 and y &~ n, where n is a finite
natural number and x, y € dom aexp, then aexp(x) ~ aexp(y) aexp(1), and aexp(z)
is finite. By Taylor’s Theorem 7.9, if n is finite

T

el a* aexp(|z)) ="t 1
aexp(®) — E T < ERCEE I + =
2=0

By overflow, Theorem 9.3, the same is true if gz < v, for a certain infinite ».
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Let g~ oo and let m — 1 = li(k > 2|«|). Then m is finite and, by Axiom N 8,

&<

m > 2|z|. Hence |z|/n < 1/2, for n > m. We have
ot el lel el el e 1 _f2elm 1
ul m! m+1m+2 o~ ml2e—m ml 2#

Therefore, we have proved that if p is infinite, g < w
B
.1:1'

aexp(x) ~ Z ik

i=0

Since the series Y i, :—: is convergent, we liave that this is true if g is infinite.
We now define the exponential function:

o

expr =¢° = E
1=0

Let z be finite. Let [a, b] be a finite interval such that = € (a,b) and let u be the
geometric subdivision of [a, b] of order vy and v the selector for v and log on [a,b].
Let n = mily, >,. Then y = v, = logw,,. Tlns, y & = and y is in the domain of
aexp. Hence, by Theorem 12.8

7

¢
il

e = N = =~ aexp(y).

By the definition of aexp
aexp(y) = z = y = log 2.

Hence, if € =~ 21, then y ~ z and aexp(y) ~ z;. Let aexp(y) = v,, = 2. Then
zr~ z; and y = log z = log z;. Thus, = & logz;. On the other hand, if z = log z;
and y = log 21, then by the Taylor approximation of aexp, z; = aexp(y) =~ €*.
Hence, we hiave proved, if o is finite

e" ~ 2z xxlogz.

In the case of the trigonometric functions, it seems simpler to define first an
almost sine an almost cosiiie by the fornmlas:

) 2 atan 5
asing = ———5—.
1 4 atan 3
1 — atan® £
acosc

3

1+ atan?
with their domains the same as the domain of the atan. We then use Taylor series
to give a definition of sin and cos on all {inite munbers. The procedure is similar
to that described above for the exponential function.

[SIEIESS
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-y

F1GURE 2. Catenary
13. EXAMPLES OF DERIVATIONS OF DIFFERENTIAL EQUATIONS AND INTEGRALS

To substantiate the claim that the foundations we have developed are adequate
for much of the mathematics used in theoretical physics, we consider briefly in this
section two aspects of ordinary differential equations and integrals: their derivation
and their solution. This application to differential cquations and integrals is possible
and just as easy in system [6]. We could have include this section almost verbatim
in [6].

Derivations. Physicists and engineers ordinarily use differentials without apology
or explanation in a direct fashion in deriving a dillerential equation from physical
assumptions. Almost without exception no liniting arguments are used, as would
be required to make the derivations rigorous without use of infinitesimals.

On the other hand, by using infiuitesimals the derivations can be both rigorous
and conform to longstanding patterns of inference used in science. Moreover, un-
abashed use of differentials which will often eliminate any need for derivatives, is
usually algebraically simpler. Derivatives are ratios and to carry out complicated
manipulations witl ratios can be awkward, as is well exemplified in ancient Greek
geometry.

We do not offer here a general theory of derivations, but illustrate the points
just made by redoing in modified form the derivation of a few differential equations
and integrals.

13.1. Equation of the catenary. The catenary is the curve of a uniform cable
on rope suspended at two ends, with ends possibly at different elevations.
Let
A =point (=, y)
B =poiut (x -+ dr, y + dy)
T =tension of the cable at point A
ds =iufinitesimal length of curve AB
wds =weight of AD
f =angle of the tangent at A.
We shall use the following convention: wheu saying that a variable y is o function
of another variable &, we shall assiune that v = f(z), and dy = df(«, dx), for
dr = 0, de > 0 or de < 0. We also assume, for any g, dg(y) = dg(y,dy) =
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dg(f(z),df (z,dz)) = g(f(z + dz)) — g(f(x)). In the case of this example, we
assiine that variables (in particular, y, T', s, and 0) are functions of .
We also assunie the relation

(1) dy ~ tanfdx (dz).

The cable is in horizontal equilibrium, so that
(2) T cos = (T + dT") cos(0 + df)
S0

d(T cos0) = 0,
ie.
(3) H =T cosd = constant = horizontal tension.

The cable is in vertical equilibritun, so the vertical forces must balance

(4) Tsind +wds = (T4 d1") sin(6 + df).
Dividing (4) by (2) aud rearranging, we pet
wds
tan(f 4 d@) — tand = Tond
l _wds
T H
by (3). But the left-hand side is just dtan @, so we have
wds
(5) dtand = wH :
By (1)
(6) dy? = tan? 0 da?  (da?).

Also ds =~ \/dz? + dy? (dx), so
ds ~Vda? + tan? 0 de?  (dz)

~V1+tan? 0dz  (dx)
dtanf =~ %\/ 1+tan?0de  (dz),

Substituting in (5)

ie.
——————1—~,—cl tan 0 ~ — d (d).
v1+ tan? 0 H
The last approximate equation is true if «, x + dx are positive. By tlie usual rules
of integration, we obtain that
sinh ™! tan 8 ~ %.1, + Cy,
ie.

tan 0 de ~ sinh(%x +C))de  (dz),
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and so, by (6)
dy =~ sinh(-‘-ti:t: 4 O dw (dx)

H
Applying the rules for integration again, we obtain

H w ,
ym cosh(ﬁx + Cy) + Cs.

13.2. Poisson process. As a second exaniple of derivation of a differential equa-
tion, we take the Poisson process. Let X;, ¢ € (0,00) be a nonnegative integer-
valued random variable. Intuitively we think of X; as a counting randomn variable,
so that the value of X; is the number of counting events that have occurred in
the interval (¢o,%¢]. Examples would be the number of telephone calls or number of
decaying atoms (as measured by a Geiger counter or similar device).

We assnme that X, = 0, and that the process is one of independent increments
and satislles stationarity, but in deriving the basice differential equation of the pro-
cess we shall not use these assumptions explicitly. The basic assumptions we do
use are these. If dt > 0, dt =~ 0, then

(1) Pr(Xopae =n|Xi=n-—1)=Xdt
and |
(2) P([Xirar > n+1]|[Xy = n)) = A dt <~ (db)?,

where A,, is an unknown [inite positive coelficient and v is a finite positive mnn-
ber. Tle explicit use of infinitesimals avoids the liniting arguments and permits
the derivation to have an algebraic form, of the sort much used in physics and
engineering, but now without any apology for lack of rigor.
Most of the rest of the derivation is elementary probability but in an infinitesimal
setting. Let P, (t) = Pr(X; = n). We first deal with the case n = 0.
Pr{Xeqpae = 0] = Pr[X, = 0] — Pr([Xgpar > 0] IX,, = 0]) Pr[X; = 0]
= Pr[Xe = 0] = Pr([XNppae = 1] [Xe == 0) Pr[Xe = 0]
= Pr{[Xeqar > 1] [Xe = 0)) Pr{X; = 0]
=Pr[X, =0](1 = Xdt — Ao dt)
Thus
Py(t +dt) = Po(t)(1 — Adt — Mg dt),
and so, by (2)
|Po(t + dt) — Po(t)(1 = Xdt)| < Ao dt < ydit®.
Dividing by dt

‘Pg(t + (]f) - Po(l‘)(l - )\([f)f

< vdt ~0.
dt =7

This is equivaleut to

(3) Po(t + dt) m Py(t)(1 — Adt) (dt),
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Suppose, now, that di > 0 and & > 1o and n > 0. By the theorein on tolal
probability

Pr(Xepar =n) = D Pr(Xepa = n|X, = i) Pr(X, = i)

i=0

=Pr(XNppae = )Xo =n) Pr(Xy = n) - Adt P (XN, =n = 1)
7n—2
+ > A dtPr(X, = i)
=0
-2
= (1= Adt =Y X\dt) Pr(X; = n) + Adt Pr(X; = n — 1)
1=0
H—2
4D Nidt Pr(X, = 4).
=0
Thus, we have
72 n—2
()  Pu(t4de) = (1=Adt = D> Ndf) D () -+ MLy (£) 4 At (1),
‘ i=0 =0
Substituting # by ¢ — dt in the above derivation, we pet
: == LR
(5) Pu(t) = (1= Adt— Y Mdt)Py(t —dt) + AdtPp_y(t — dt) + > AdtD(t — dt)
1=0 =0
The following are inmediate consequence of the assumptions.
(6) M_idt < y(dt)?
for2<i<n.
(7) 0<h(r) <1
wlere 7 is an arbitrary tern.
(8) 1’,,(!(1) = “, il n Z 1 illl(l. 1’()(/()) == 1.
We hiave, by (4), il di >0
n—2
Py(erdt) = Py () 1 A (1) = Pu(0) 1 D7 Adt (D (1) = (1),
=0

By (7) and (8)
n—2

ST = Pu()| £ (0= 2)ydt
1=0

and the right side is an iulinitesimal. Hence, we have proved for dt > 0

(0). Pt 4 dt) = P () - XDyt (8) = B, (0)) db (dt)
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We also have, from (5), if dt > 0
Po(t) = P, (t — dt) + Adt(Pr—1(t = di) — P, (t — dt))

n—2

that is

Pt —dt) = P, (t) = (M(Pa_1(t — dt) — P, (t — dt)) dt
n—2
+ Z Ni(Pi(t — dt) — P, (t — dt) dt).

=

As above, by (7) and (8)

Z)\ Py(t — dt) — P.(t — dt))| < (n —2)ydt,
1=0

where the right side is an infinitesiimal. So

Pt —dt) = Py(t) = A(Pa—1(t — dt) = Py(t —dt))dt (dt).
Let df < 0. Changing dt by —dt in the formula above, we get
(10). P.(t+ d;) ~ P () + MPou—1(t+ dt) — Py(t+db))dt  (de)

We shall use, from now on, (9) and (10) instead of (4) and (5). Conditions (9)
and (10) give immediately the continuity, because, by (7),

AP (t + dt) — Py (t + dt)) dt < Adt

and
AP —1(t) — Po(t)) dt < Adt.

So for any dt > 0 or dt <0
P, (t+dt) =~ P,Q).

Thus, from (10) for dt < 0
(11). Pult+dt) m P () + MPoci1(t) = Po(8)) dt ()

Therefore, we just need (11) if dt < 0 or dt > 0,
By the definition of differentials, we have

dPn(t) = Pp(t -+ dt) — Po,(t).
Thus, from (10), if dt > 0 or dt < 0
AP (t) = A(Pas(t) — Pa(t) b (dt).

This is the differential equation in our form. For the given initial conditions may
be shown to have the solution

PriX;=n)=PFP,(t)=~c¢c
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13.3. T'lux in a blood vessel. This is an example of o derivation of a delinite
intepral. Posclle’s Tnw for a Luninar hid is
r

n(r) = Ayl
where 12 is Lthe radius of the Dlood vessel, 1o, its length, 12) the diflerence in pressure,
7 thie viscosity of the blood, and o(r), the velocity of the blood at distance » of
the center of the vessel. We set I = P/(4nyL) and the formula becomes o(r) =
K(R? — %), The problem is to calculate the flux of blood (volume per mnit time)
in the blood vessel. Let Q(r, ¢) be the [lux of blood in the vessel from a distance »
of the center to a distance s of the center. Then, we want to calculate Q(0, R). 1t
is clear that we mmay assuine that @ is additive, that 1s

(b)(}.l H) = (b)(r) t) - (J(f: S):
for 0 <r <t <s <R Thus, Condition (1) of the lufinite Sum Theorein 11.5 is
satisficd.
Let A(r, s) be the area of the surface of the blood from distance 7 to s of the
couter. I we take nu infinitesimal increment dry, then A(ry v |- dr) is approximately
the arca of the aunulus between » and » -+ dr, i.c.

(R —+?),

Alryr+dr) ol +dr)? —ar? (dr)

~ 2 dr | wdr? (dr).

Since mdr? ~ 0 (dr), we pet
(1) Alryr - dr) = 2xr dr - (dr).
We have that v is decreasing on r. Thus, on the iuterval [r, 7 + dr] the maxinmn
velocity is () and the minimun is o (r + dr). The inlinitesimal {lnx Q(r,r - dr)
silisfies then
(2) v(r 4 dr) A(r, -+ dr) S QUryr - dr) < o(e)AQr e -1 dr).
Irom the formula for o, we get

(-l dr) == e(r) = W(2rdr |- dir?,
and so

v(r 4+ dr)A(r,r 4 dr) = o(r)A(r, e+ dr)  (dr).
Thus, by the infinitesimial axioms, (2) and (3)
Qryr+dr) = v(r)A(r,r +dr) (dr).

ITence, by (1)

Q(r,r -k dr) = 2mro(r)dr (dr).
Since 2o (r) is continuous on [0, I?], by the Infinite Suin Theorem 11.5

R
Q, ) %/ 2mro(r).
0
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FiGcUure 3. Diflraction phenomena

Integrating, we pet

7PR*

8nL

13.4. Fresnel integrals for diffraction phenomena. Dillraction effects ob-
tained when the source of light or the observing screen are at a finite distauce
from the diffracting aperture such as a slit are called Fresnel diffraction after the
great 19th century French physicist. Now the wave front from a point source at
a finite distance is spherical, but in the case of a slit S whose length is very large
compared to its widtly, the envelope of the secondary waves is cylindrie, and the slit
is the axis of the cylinder. Figure 3 shows the relative geometry of a cross-section
perpendicular to the long dimension of the slit. We derive the Fresnel integrals in
this setup. "

Let the point P be as shiown in the ligure, and let. f(2) be the amplitude of the
diffraction wave at P for time ¢t Counsider first the line SP intersecting the wave
front at s = 0. At a point s on the wave front wiws, the amplitude is rsin(27t/T),
where r is tlie unknown constant amplitude and 7' is the period of the wave.

The contribution at P from an infinitesimal element ds of the wave front at s =0
is then

QO,R) ~

b

(1) dfp(0,t) = rdssin 2r (% - —)\—) (ds)

where ) is the wave length of the monocliromatic wave. Now for an infinitesimal
element ds at a distance ¢ above s = () measured along the wave front we have

t l t b+
(2) dfp(s,t) = rdssm 2w (T — (X) = rdssin 2w (T - H}\’y) (ds).

Expanding the sine term, we get
@) t 0 l
. 2 t
dfp(s,t) ~ rsin 2w (T - i) cos 27r%ds —rcos2w <T - i) sin QW%ds (ds).
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To obtain the contribution of the wave frout from 0 to s on the wavelrout we

integrate:
, 2
fp(t) = rsin2w (5— - —j\i) A Cos {—ﬂ,'ds
l " .
(1) —7 Cos 27 <-l,~ - X)) /o sin %mls

To lirst approximation, for small angles reflecting snmall -,

- o __(l.lb 2
(%) y=d~0b== Sy

Now let

abA
¢ [P
(6) ’ \ 2(a-1-0) .

alud so

abA
7 s &~ [ ———— (.
(7) ds =~ | / (a0 duv

1o (5) and (G), we have:

“ Ty tmelh A 1
A A 2ab 2(@ -+ b) 9

Substituting (7) and (8) into (4) we pet

[ abA t " v? t | v v?
fp(t)=r —2(—:—;—_7) {siu’lw (T — —)%) /0 cos Zr—;—dv — cos 27 (T — X)> /0 siu%dv}

The integrals
2

U ﬂ_,”‘z v )
cos ——do  and sin —dwv
0 2 Jo 2

arc kunown as the Iresncl integrals, and play an inaportant role in a range of dillrac-
tion problems.

Solutions. We cannot formulate or prove in our framework quite general existence
theoremns for ordinary dillerential equations, but most of the general solutions of
the well-known equalions of classical physics can be handled in the style familiar
in plysics and engincering. Most of the solutions Lo steh equations given in hanl-
books like those of [1] or [21] can be reached by our methods becanse of the highly
coustructive nature of the solutions.
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14. CONSISTENCY

The systemn of axioms of this paper are all true in the system of [6], and, thus,
the present system is also finitarily consistent. Thus, we have

Theorem 14.1. The system of azwoms, Tules ()f inference (L 1-12, LI 1-2, LS,
F 1-31, N 1-8, F'U 1-2, I 1-10, INT 1-2, Recursive Definitions 1-4, Calculus Rules
1, 2), and oll definitions +s finatamly consistent.

Proof. Most of the axioms are easy to verify as axioms or theorems of the system
in [6]. The only two that need a little more work are IN'T 1 aud IN'T 2, for the
indefinite integral. For those rules, we pick a point ¢ in the interval I and put

/ﬁmmzﬂﬂ.

Then INT 1 and 2 become theoreis.
The finitary proof of consistency in [6] uses linite fragnients of the field of rational
numbers, which are simnilar to fragments of a nonarchimedian field. [

If we change Axiom F 30 to 0 < 1 and onnt Axiom I 13, one can obtain an
absolute proof of cousistency, i.e., the proof that there is a formula of the systems
that cannot be derived from the axioms. Most of the theorems of this paper are
true in the reduced system.

For the proof we use the one-element model with 0 = 1. In this niodel the
primitive concepts are given the following interpretation:

(1) the relation < is the empty relation,
) 0+0=0-0=0/0=+0=0,
3) N(0) holds,
4) any function variable f or constant or term is interpreted by the function
£(0,0)},
(5) min, = 0, for any formula ¢,
(6) li(7) =0, for any term 7,
(7) max,(v) =0, for any terin 7 and auy v,
(8) Inf(0) holds,
(9) €0 =0, vg =0,
(10) f'(x) is the same as f(x),
1>fm
12) [, f=

) da is the same as f(w)
b
Ja

T lm various definitions and conditional delinitions are also casily shown Lo be sabis-
fied in this one-element model following the given interpretations for the primitive
concepts. Given this model as specified, it is seen at once that the formula 0 < 1 is
not satisfied in the model, and therefore cannot be derived from the axioms, which
proves the absolite cousistency of the systein.

As we mentioned in Section 2 negation can be defined in our system by the
formula

A~~~
o

5

O

= 0, for any function f and any a, b.

s (g 0 =1).

With negation so defined, we can derive the law of reductzo ad absurdum:

(o =) = (= =9P) = g,
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which, when added to Hilbert’s positive propositional calculus constitutes a formu-
lation of the minimal propositional calculus of Kolmogorov [11] and Johansson [9].
Also, as Church points out [7, p. 142], the decision problem for this minimal calculus
has a positive solution, which can be easily shown as an extension of classical results
of Gentzen and Wajsberg.

The derivation in our system of the law of reduction ad absurdum is as follows:

1) ¢—9 Premise

(2) ¢— ¢ Premise

3) e—=(—-0=1) Def. of negation
4) ¢ Premise

(5) o Premise

6) ¢—0=1 1,4M.P.

(1) 0=1 3,5 M.P.

8) ¢—0=1 4,7 C.P.

(9) - Def. of negation
(10) (¢ — —9) = —p 2,9 C.P.

(11) (¢ =)= (¢ =) == 1,10 C.P.

It is obvious that the form of negation embodied in the minimal propositional
calculus is much weaker than intuitionistic negation.

All axioms are also true in nonstandard models of analysis, as it is easy to see.
Thus, we have relative consistency with analysis (see, for instance, [10], [2, Chapter
1], or [5, Appendix A)).
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