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INTRODUCTION 

If someone eXaInines, even cursorily, a treatise or advanced textbook on theoret­
ical physics, it is apparent that the way mathematics is used is very different from 
what is to be found even in the most constructive formulations of mathematics. 
There is for example, no close connection between two such well-known books on 
constructive nlathematies as that of Troelstra and Van Dalen, [10], and Bishop and 
Bridges, [3], on the one hand, and any classical textbook in quantum mechanics, 
or quite recent books, for example Ryder, [18], on quantum field theory. 

The differences run a good deal deeper than the fact that the books on theoret­
ical physics are not written in the definition-theorem-proof style characteristic of 
pure mathematics and exemplified in the books just cited. There are at least four 
differentiating characteristics that can immediately be discerned on closer exami­
nation. Although a good mallY propositions are proved ill the books 011 physics, 
there are ahnost without exceptIOn no existential proofs, and consequently there 
is no really serious systematic use of quantifiers. Secondly, there are almost no 
systematic negative statements. Almost everything is positive and computational 
in character. In fact, the third characteristic is the extreme constructive charac­
ter, Inainly computational in tenllS of argument, that characterizes the theoretical 
develoPlllent. Finally, as a fourth important characteristic there is a free use of in­
finitesimals without even a nod toward justification in tenns of foundational work 
on nonstandard analysis. These characteristics of books written in the last forty 
some years would also be characteristic of treatises on theoretical physics written 
in the last hundred years. vVhat we have said about these books is not true on the 
other hand of treatises of a lnodern sort that specifically are labeled lnathmnatical 
physics. This is another story and not our focus here. 

Even when theorellls are mentioned, as for example in Ryder's excellent quali­
tative discussion of N oether's fundamental theorelll on the relation between space 
and time symmetries and laws of conservation, the discussion is wholly informal 
and constructive, although the illlportant and central features of Noether's theo­
rem are preserved. The kind of I1wthel11atical approach exemplified by Ryder is 
priInary support for the argument that the classical discussions of the foundations 
of mathmnatics, including the constructive ones, are very far removed from lllaking 
contact in any detail with the mathenlatical practices of physicists. vVhat we have 
to say about physicists applies just as well to theoretical chemists, engineers, and 
many social scientists. As a specific frame of reference, however, we shall stick with 
theoretical phYSICS. ' 

The natural foundational qUflstion that arises about the discrepancy between the 
way nlathematics is ordinarily done in theoretical physics and the way it is built 
up fronl a foundational standpoint in any of the standard nlOdern views, raises the 
question of whether it lnight be possible to construct quite directly a rigorous foun­
dation that reflects very closely a large part of this standard practice in theoretical 
physics. As in other cases of foundational work, we do not want to suggest that 
what we do here is satisfactory for all that theoretical physicists do; our founda­
tion will not hold for everything, and in other respects it is probably too inclusive. 
On the other hand, we think it is possible to give a foundational formulation of 
the differential and integral calculus and differential equations that corresponds to 
much of the mathematical practice in theoretical physics. But this correspondence 
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between our foundation a.nd mathematical practice in physics does not extend to 
the style of this pa.per, which is cOllcerued with providing the lllaUwlllatical details 
that justify the intuitive practice of physicists. The style of such justification is in 
the general mathelnatical spirit of foundational papers, necessarily concerned with 
fine points of little concern to physicists. 

To reflect the features mentioned above characteristic of works in theoretical 
physics, the foundation approach we develop here has the following features: (i) 
the underlying logic is positive: there is no use of negation; we adopt Hilbert's pos­
itive propositional calculus; (ii) the formulation is a free-variable one with no use 
of quantifiers; (iii) we use illfIllitesimals in an eleInclltary way drawll frOl11 nOllstan­
dard analysis, but the account here is axiomatically selfcontained and deliberately 
elementary in spirit.' 

We believe that the system formulated here comprises a new constructive ap­
proach to the fOllndations of mathematics. As vVattenoerg, [20]' points out there is 
a natural affinity between nonstandard analysis and constructivis111, partICularly in 
the extensive use of cOlnputational arguments and in the handling of real nU111bers 
that appear equal to zero by nsp of infillitesimals. Onr systpm is a particularly 
restricted version of llollstaudard analysis, however resLrieL(~d in ways which are 
wholly in the direction of constructivislll - positive logic and only free variables. 
It is ilnportant to note that our free-variable constructive methods yield proofs 
of approximate equality, rather than exact equality, but an infinitesimal difference 
is as good as equality for physical pnrposes. Indeed, finite nmnerical approxilna­
tions are necessarily characteristic of the solutions of most complex problems in 
contemporary physics. 

The philosophical spirit of the enterprise is actually closest to the constructive 
approach characteristic of geometric constructions, both ancient and modern, which 
are naturally free-variable in fornmlation and which in elementary formulation have 
representations over nonstandard fields, because there is no ArchiInedean condition 
that ll1USt be satisfied (for all exalllple, see T\1olf'r and Suppes, [12]). The Greek the­
ory of constructions arose from concrete geometric problems and was probably the 
part of Greek geOlnetry closest to applicatiom;. Certainly geometric constructions 
were central to astronOlnical and architectural c(>lnputations for over 2,000 years. 
vVe are 1I1Otivated in the same gpnm·al way by the nse of matlwlI1atics in science, 
not a theme of any 1na.1or importance ill traditional philosophies of mathematics, 
in spite of some lip service to the contrary. 

Because of the constructive restrictions we have imposed, we have had to state a 
very large number of axioms about the elelnentary properties of the real numbers, 
which are ordinarily proved by Ted'ltctw ad abs'lJ,T(i'l."Tn. All of these elementary ax­
ioms however, have an immediate intuitive content. This constitutes the first group 
ofaxiOlns which we call the restricted elementary field axioms. The second group 
of axioms concern the naturalllllmbm's and open inductiou; again only elCllH'lltary 
results are needed. The third group of axioms are those about infinitesilIwJs. In ad­
dition, we have at the beginning logical rules of inference and, later as we proceed, 
various constructive rules of inference within the framework of the infinitesin1al 
calculus. 

As should be dear from what we have said, in principle we H"c;Sllnw no previous 
theories of any kind, for we start with rules of sentential inference of a restricted 
kind. However, the developmellts move ahead at a fairly rapid ]HtCf~ and we intu-
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itively assume familiarity of the reader with the topics we dnvelop. On the other 
hand not only i::; classical logic not used, but the logic used is much weaker than 
intuitionistic logic, a point we discuss later in more detail. 

In [6], we introduce a system for which we give a finitary proof of consistency 
using Herbrand's Theorem. The present systelu is a fragment of the system in [6], 
where we restrict the logic to be free-variable and wIth no negation. The systelu of 
[6] is finitistic in character, but not as constructive as the present system. The main 
difference is that systelu [6] uses full first-order logic. On the other hand, the present 
system uses only free-variable positive logic:, for axioms, rules and proofs. Thus, 
we increase the constructivity by increasing considerably the number of axioms in 
order not to use negation. The systems are siIuilar, however, and many of the proofs 
in one system can be obtained by obvious modifications of the corresponding proofs 
in the other system. 'In order to make this paper as self-contained as possible and 
assure that they can be given in a free-variable negationless form, we shall repeat 
some of the proofs. Also, many of the proofs in [G] were omitted or only sketched, 
while here we tried to give the proofs as c0111plete as possible, without being unduly 
pedantic:. 

The organization of the paper is ::;hOWll ill the Table of COlltellt::; at the beginnillg. 
We note that there are two separate developments of the theory of integration, one 
in Section 8 and the other in Section 11. Section 14 is concerned with the finitary 
consistency of our systmu. 

1. LOGICAL AXIOMS AND RULES 

vVe use Church's [7, p. 141] version of Hilbert's positive propositional calculus, 
but with axienu schemas replacing sentential axioms. The sentential priorities are 
-+ (if... then), ~ (iff), 1\ (and), and V (or). (To make the theorems easier to read, 
we use in the theen'mus, but not in the aXi0111S, English words rather than standard 
logical sYlubols for the connectives.) vVe use the Greek letters cp, '1/), 8 and so forth 
for formulas, in particular, for s('ntf'lltial variables. vVe omit a formal definition of 
an inference, which is simple for formulas without quantifiers. The axienu schemas 
and the rule are these: For any formulas cp, 'I/; and 8, we aSSU111e 

L1. cp-+('I/)-+cp). 

L 2. (cp -+ ('1/) -+ 8))1-+ ((cp -+ '1/;) -+ (cp -+ 8)). 

L3. (cpl\'I/))-+cp. 

L 4. (cp 1\ ~/)) -+ '1/). 

L 5. cp -+ ('1/) -+ (cp 1\ '1/))). 

L6. cp-+(cpV'I/)). 

L7. '1/;-+ (cpV'I/)). 

L 8. (cp -+ 8) -+ (('1/) -+ 8) -+ ((cp V '1/;) -+ 8)). 

L 9. (cp ~ '1/)) -+ (cp -+ '1/)). 

L 10. (cp ~ '1/)) -+ ('1/) -+ cp). 

L 11. (cp -+ '1/)) -+ (('1/) -+ cp) -+ (cp ~ 1/))). 
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We end with the rule of modus ponens: 

L 12. Prom cp and cp -+ 'Ij; infer 'Ij;. 

Formulas are built up fron1 the notation for primitive concepts, numerical vari­
ables, function variables and, as the theory develops, notation for defined concepts 
in fmTIiliar recundve fashion, which we shall not spell out in detail. The important 
restrictions are that there is no primitive notation for negation and there is no use 
of existential or universal quantifiers. 

We assume the usual logic of ulentity: 

LI 1. v = v, where v is any varwble. 

LI 2. If'l/; res'nits from cp by replac'tng one or more occurrences of 71 in cp by 72, or 
by replacing 72 ?n cp by 711 then the joUc)'unng 'tS an axiom 

(cp /\ 71 = 72) -+ 'Ij;. 

Notice that the usual restriction that cp be an open formula is not required, for 
all formulas are open. 

Like the rules for identity, tIle substit·nt·ion rule (LS) of terms for variables need 
not have restriction on quantifier capture: 

LS. Prom cp we rnay denve '1/) if'l/) results from cp by substdut'tng a fixed term 7 for 
a vanable v 'tn every OCC'ItTTence ·tn cpo 

Because of the restriction to free variables, many of the aXiOlTIS we shall need in 
our system are in the form of rules of inference. For instance, when we would need 
as an ttXiOlTI a staten1ent of the forn1 Vxcp -+ '1/), instead we shall introduce the rule: 
From cp infer '1/). Thus, the universal qua.ntifier does not occur. 

The deduction theorelTI is valid in our system, provided no rule, except for n10dus 
ponendo ponens, L 12, is used. That is, we have 

Theorelu 1.1 (Deduction Theorelu). If '1/) can be wfc7Tcd jT(nn cp and the set 
of formulas E, and no ndes, e;z;cept for L 12, are 7tsed, then cp -+ 'Ij; can be derwed 
from E. 

The usual proof works here. 
vVe conjecture, but have not checked all details, that Axiom Schen1as L G a.nd 

L 7, which formulate the law of addition and the commutative character of inclusive 
or, could be replaced by a single axiom schema of comn1utativity. We believe that 
the classical law of addition is not needed. Moreover, we would like to eliminate 
if possible because it violates the intuitively desirable Aristotelia.n canon that no 
symbol should occur in the conelusion of an argun1ent that does not appear in one 
of the prmnises. 
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2. RESTRICTED AXIOMS FOR A FIELD 

",Ve state thirty open fonnulas as axioms, which with exceptions to be noted are 
standard. The nonlogical prinlitive concepts are addition +, negative operation 
-, multiplication ., division /, ordering < and the two constants 0 and 1. Several 
axioms would ordinarily have as a hypothesis x f= O. The changes made here are 
to avoid negation. Needless to say, the absence of negation increases the number 
of axioms considerably, as it is evident by cOlnparing especially the axiOlns on 
order with standard field axiOlns. AxiOln F 11 suggests a way of defining negation: 
-'Cp +-+ (cp -+ 0 = 1). We comment Inore on this definition later. 

Although we use as an axiom the obvious replacement for 0 f= 1, i.e., the state­
ment 0 < 1 (AxiOln F 30), in order to prove that the system is valid in a one-eleInent 
model, we would have to change it to the weaker disjunction 0 < 1 V 0 = 1. This 
one-element model is discussed in Section 14 on consistency. 

i 
F 1. x + y = y + x.: 

I 

F 2. (x + y) + Z = x + (y + z). 

F 3. x +0 = x. 

F 4. x + ( -x) = O. 

F 5. ::c· y = y . ::C. 

F 6. x· (y . z) = (x· y) . z. 

F 7. x·1 = x. 

F8. x·(y+z)=(x·y)+(:c.z). 

F 9. (x < y 1\ Y < z) -+ x < z. 

FlO. x = y V x < y V Y < ~C. 
F 11. (x < y V ~r, = y) -+ (y < :c -+ 0 = 1). 

F12. (x<yVy<x)-+(x=y-+O=l). 

F13. ((x<yVx=y)-+O=I)-+y<:D. 
I 

F 14. x < y -+ :D + z < y + z. 

F15. (x<yI\O<,?;)-+x·z<y·z. 

F 16. (x < y 1\ z < 0) -+ y . z < x . z. 

F 17. (0 < x 1\ 0 < y) -+ 0 < ~; . y. 

F 18. (0 < x 1\ Y < 0) -+ :c . y < o. 
F 19. (x < 01\ Y < 0) -+ 0 < x . y. 

F 20. (0 < x· y 1\ 0 < x) -+ 0 < y. 

F 21. (0 < x . y 1\ x < 0) -+ y < o. 
F 22. (x· y < 01\0 < ~:) -+ y < O. 

F 23. (x· y < 01\ x < 0) -+ 0 < y. 
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F 24. 0 < x . y -+ ((0 < ~e /\ 0 < y) V (x < 0 /\ Y < 0)). 

F25. x·y<O-+((O<x/\ y<O)V(x<O/\ O<y)). 

F 26. (x < 0 V 0 < x) -+ x . (Ire) = 1. 

F27. (y<OVO<y)-+x/y=x·(I/y). 

F 28. (x· y < 0 V X· Y < 0) -+ 1/ (x . y) = (1/ x) . (1/ y ) . 

F 29. x/I = x. 

F 30. 0 < 1. 

We also need to introduce the following function 8: 

F 31. 

(1) x~0-+8(x)=1. 
(2) x < 0 -+ b(x) = -l. 

'rVe define 

Definition 2.1. 

(1) 81(X) = 8(x~ + 1. 

(2) 82(X) = 81(-8(-x)). 

Then 

and 

if :e ~ 0, 

if x < 0, 

if x > 0, 

if a; :::; O. 

7 

We HOW list elelnentary theorems that would be expected to follow from Ollr 

axiOlllS. The first group of theorelllS requires one definition, that for the binary 
operation of subtraction. 

Definition 2.2. a: -' y =:c + (-y). 

Theorem 2.1. 0 + ~ = x. 

Theorelll 2.2. (-x) + x = O. 

Theorelll 2.3. ~1; - :c = O. 

Theorelll 2.4. 0 - x = -x. 

Theorelll 2.5. 0 = -0. 

Theorem 2.6. x - 0 = x. 

Theorem 2.7. Ifx + y = x + z then y = z. 

Theorelll 2.8. If ~c + y = z then {l; = z - y. 

Theorelll 2.9. If x = z - y then ~e + y = z. 
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Theorelll 2.10. If x + y = 0 then x = -y. 

Theorelll 2.11. If x = -y then x + y = O. 

Theorem 2.12. If x + y = x then y = O. 

Theorelll 2.13. -(-x) = a:. 

Theorelll 2.14. If 0 < x then -a; < O. 

Theorelll 2.15. 1· x = x. 

Theorelll 2.16. If x < 0 or 0 < x then (l/x) . x = 1. 

Theorem 2.17. If x < 0 or 0 < x then x/x = 1. 

Theorelll 2.18. If y < 0 or 0 < y then (if x / y = z then x = z . y). 

Theorem 2.19. (y + z) . x = (y. x) + (z . x). 

Theorelll 2.20. x· 0 = O. 

Theorelll 2.21. If it; < 0 or' 0 < :D then 0/i1: ::::: O. 

Theorelll 2.22. If x < 0 or 0 < :D, and x . y = x . z then y = z. 

Theorelll 2.23. If x < 0 or 0 < a:, and:c· y = 1 then y = l/a:. 

Theorelll 2.24. If;D < 0 or 0 < a:, and:c· y = x then y = 1. 

Theorelll 2.25. If y < 0 or 0 < y then (:c/y) . z = (x· z)/y. 

Theorelll 2.26. If y < 0 or 0 < y then (;c/y) . z = (z/y) . x. 

Theorelll 2.27. If y < 0 or 0 < y, and u < 0 or 0 < u, then (:c/y) . (z/u) = 

(z/y) . (x/u). 

Theorelll 2.28. Ify < 0 or 0 < y, and iC < 0 or 0 < ie, then (a:/y)· (y/x) = 1. 

Theorelll 2.29. If x < 0 or 0 < a:, and x· y = 0 then y = o. 
Theorem 2.30. If x = 0 or y = 0 then x· y = o. 
Theorelll 2.31. If ~c . y = 0 then :c = 0 or y = O. 

Theorelll 2.32. If x . y < 0 or 0 < x· y then y/(x· y) = l/x. 

Theorem 2.33. If x < 0 or 0 < ;c, and y < 0 or 0 < y, then (z· y)/(x· y) = z/x. 

Theorelll 2.34. Ify < 0 orO < y, 'U < 0 orO < 7.L, and:e/y = z/7./., then:c·7.L = Z·1J· 

Theorelll 2.35. If y < 0 or 0 < y, and x = y . z then a:/y = z. 

Theorelll 2.36. If x < x then 0 = 1. 

Theorem 2.37. 0 < y ~ff 0 < l/y. 

Theorelll 2.38. y < 0 iff 1/y < O. 

Theorelll 2.39. Ify < 0 or 0 < y then (if 0 < :c/y then 0 <:r;. y). 

Theorelll 2.40. Ify < 0 or 0 < y then (~fO <;r;. Y then 0 < a:/y). 
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vVe now introduce three standard elementary definitions. 

Definition 2.3. x ~ y ~ x < y V x = y. 
We next define the absolute value of a number and prove the standard theorems 

that hold in our positive logic. 

Definition 2.4. I:-cl '= y ~ (x 2:: 0 ~ x = y) /\ (x ~ 0 ~ -x = y). 

Theorelu 2.41. If 0 ~ x then Ixl = x. 

Theorem 2.42. If x ~ 0 "hen kGI = -x. 

Theorelu 2.43. Ixl = 1- xl· 
Theorelu 2.44. Ix21 = x 2 . 

Theorelu 2.45. ~c ~ Ixl. 
Theorelu 2.46. -Ixl ~ a:. 

Theorem 2.47. Ix + yl = Iy + ;,;1· 
Theorelu 2.48. Ix. yl = I~cl . lui. 
Theorelu 2.49. If y < 0 or 0 < y then II/yl = l/Iyl. 
Theorelu 2.50. If y < 0 or 0 < y then I:I:/yl = kcl/IYI. 
Theorelu 2.51. Ix + yl ~ Ixl + Iyl· 
TheorelU 2.52. Ixl I-Iyl ~ I~c - yl· 
Theorelu 2.53. If rx - yl < c then 1;,;1 < c + Iyl. 
Theorem 2.54. If Iy - xl < x then () < y. 

Theorelu 2.55. Ix ~ yl ~ Ixl + Iyl· 
Theorelu 2.56. "~cl-IY" ~ I;c - yl· 
Theorelu 2.57. Iy - zl ~ Ix - YI + /:-r: - zl· 
Theorelu 2.58. -y ~ x and ;r: ~ y 'lif I:cl ~ y. 

I 

Theorem 2.59. If Ix - 0.1 < c/2 (J,nd Iy - bl < c/2 then I(:c + y) - (a + b)1 < c. 

Theorelu 2.60. If kc - al < c/2 and Iy - bl < c/2 then I(x - y) - (a - b)1 < c. 
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3. AXIOMS FOR NATURAL NUMBERS AND OPEN INDUCTION 

"\rVe need elementary nUlllber theory restricted as in the case of the field of real 
numbers to open fonnulas and the positive sentential rules of derivation. The 
axioms require the new primitive predicate N, with N(x) meaning that x is a 
natural number. 

N 1. N(l). 

N 2. N(x) ~ N(x + 1). 

N 3. N(x) ~ 1 :::; x. 

N4. (N(x)I\N(y)l\x:::;y/\ y:::;x+1)~(x=yVx+1 y). 

N 5. N(a:) /\N(y) /\ y < [1; + 1 ~ y :::; x. 

The schema for open induction (N 6) is stated as a rule of derivation, where we 
use now the variable n for x and 0111it N(x) in standard fashion. "\rVe also use the 
variables i, j, k, n, m, Il, It and 17 restricted to natural numbers. 

We BlUst distinguh;;h between iuterllal and external forulUlas. All the formulas 
introduced up to now are tnternal, but when we introduce the predicate symbol 
Inf, we must exclude it from internal formulas. Formulas with Inf or any predicate 
defined frOIn it are external 

N 6. Let c.p be an internal jorrnnla, 'Where nezther N nor lnin (to be 'tntrodnced in 
Axiom Schema N 7) occnr. Then, fr'om 

(1) c.p(l), I 
(2) c.p( n) ~ c.p( nY-I), 

infer c.p( n ) . 

Since we do not have negation, we need to introduce the minin1Uln operator by 
an axiom. We suppose that the variables are ordered and aI ways wri te k for the 
first variable. The lnilliIllUlll operator for internal formulas is introdllced by the 
axiOln schema: 

N 7. Let c.p be an internal open formula, 'Where ne'tther N nor min occnr and Xl, 
... , Xn are the dtst'tnct free va,ria,bles in c.p, except for the first variable. We tntrod1.J,ce 
an n-ary function symbol min!p, 'With the follo71nng axwm: 

N(x)I\c.p(x) ~ N(lnin!p(xl, ... l Xn)) /\min!p(Xll ... l Xn) :::; xl\c.p(lnin!p(Xb ... ,xn)). 

We may Olllit the varia,ble~ :-c 1, ... l :1:11., when they are clear frOI11 the context. 

Theoreln 3.1. If N(x) and N(y) then N(x + y). 

Theorem 3.2. If N(x) a.nd N(y) then N(:-c. y). 

"\rVe also need a sort of Archimedian a:xiOln, that for any ;C, we need to find a 
natural number larger than [1;, \Ve introduce a new unary function symbolli (least 
integer), such that li(x) is the least natural number greater or equal to x. The 
symbol Ii may occur in internal formulas. 

N 8. N(li(x)) 1\ li(x) 2:: x. 

We also need a maXin1U111 operator, introduced by recursion: 
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Recursive Definition 1. Let r be a term where min does not occur and Xl, ... , 

Xm a.re its distinct free variable::;, except for the first one. We introduce an 11,+ l-ary 
function synlbol, Inaxr(n, Xl, ... , xm) with the axioms 

(1) maxr (l, Xl, .1 •• ,xm ) = 1, 
(2) N(n) 1\ Ten + 1) :::; r(maxr(n, Xl, ... ,Xm )) -+ maxr(n + 1, Xl, ... , Xm) = 

InaXr(n, Xl, ... , x m ), 

(3) N(n) 1\ Ten + 1) > r(maxr(n, Xl, . .. , Xm)) -+ maxrCn + 1, Xl, ... , Xm) = 
11,+ 1. 

(4) N(n) -+ N(IYUlxr (n, ~Dl, ... , xm). 

As an exalnple, let rei) be i + x. Then, by (1), maxr (1, x) = 1 + x. Since 
r(n) = 11, + X < 11, + 1 + X = r(n + 1), we can prove by internal induction, using 
(3), that lnaxr(n,x) = n+~D. On the other hand, if rei) = ~D/i, then, by (1), 
maxr (l, x) = 1, and, since ~D/(n + 1) < :c/n, by (2), IrHtxr('n, :c) = 1, for every n. 

vVe need to prove by induction a lemma about the InaXllnum operator. 

Lelllilla 3.3. Let r be a term 'Where min does not occur. Then, from N( i) infer 

mHxr(I/) :::; 1/1\ (i :::; 1/ -+ r(lllaxr(I/)) 2 rei)). 

Proof Let N( i) and let <pc i, 1/) be the formula 

maxr(I/) :::; 1/1\ (i :::; 1/ -+ r(maxr(I/)) 2 rei)), 

which we shall prove by open internal induction. It is clear that it is an open 
internal formula, where neither N nor min occur. vVe have that maxr (1) = 1. 
Hence, i :::; 1 hnplies'i = 1, since we have N(i). Thus, we obtain <p(i, 1). 

Suppose <p(i, 11,). Notice that if i :::; 11, + 1, then, since we have N(i), i :::; 11, or 
i = 11, + 1. We have two cases: 

Case 1: r(n+1) :::; 111axr (n). Then 111Hxr (n+1) = ma.xr(n). Let i:::; 11,+1. 
If i = n+1,i then rei) :::; r(maxr(n)) = r(maxr (n+1)). On the other hand, 
if i :::; 11" by the inductive hypothesis, rei) :::; r(mnxrCn)) = r(maxr(n + 
1) ). 

Case 2: r(n+1) > mftXr(n). Then nlaxr (n+1) = 11,+1. Thus, N(luaxr(n+ 
1). Let i :::;111, + 1. If i = 11, + 1, then r( i) :::; r(lnaxr(n + 1)). On the other 
hand, if i :::; 11" then rei) :::; r(maxr(n)) < r(n + 1) = r(maxr(n + 1)). 

D I 

Notice that in the last lenllna we need the premise N( i) because we do not have 
the Deduction Theorem, since we are using the rule of Open Internal Induction. In 
the systmn [fi], we can omit thi::; premise, since we have an open internal induction 
axiOln instead of a rule. vVe now introduce the recursive definition of SU111. 

Recursive Definition 2. For any tenn r we define 

(1) 'L;=l rei) = r(I), 
(2) N(n) -+ 'L::t/ rei) = 'L;~1 rei) + r(n + 1). 

vVe write 'L~=m r( i) for 'L;:;1 rCi + m,). vVith the D or Di functions, i = 1, 2, 
we can express different SUIn::;. For instance 

Definition 3.1. Let (J and r be terms. Then 
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n n 

(1) I: T(i) ='I:81(x - a(i))T(i), 
i=l i=l 

a (i):::;x 
n n 

(2) I: T(i) = I: 82 (x - a(i))T(i). 
i=l i=l 

a(~)<x 

We assume we have similar definitions for 2:: or > instead of ::; or combinations of 
these relations. 

The usnal properties of the sum can be proved by internal inductioll. In partic­
ular, we have the following propo::;itions: 

Proposition 3.4. We have 

t T(i) = {T(l) 
'1,=1' 0 

a(1.):::;x ; 

~f a(l) ::; x, 

if a(l) > x, 

11+1: ! f1 T(i)+T(n+1) 

L ~(i) = a (1//:::;X 
'1,=1 ' L: T( i) 

a(7):::;x i 1=1 
a (i):::;:r 

~f a(n + 1) ::; x, 

ifa(n+1»x. 

Similar statements are true for the other ~nequalihes. 

The proof is by an easy induction. 

Proposition 3.5. 
j/ 

(1) LT(i) = L T(i) + L T(i). 
'1,=1 a(i)<x 

(2) Let x < y. Then 

L T(i) = L T(i) + I: T(i). 
a (-t)2:x x:::;a(i)<y a(i)2:y 

Other similar eq'naiit'tes (L7'e also valuL 

Proof vVe shall prove (1) by internal induction. Let 11, = 1. We have 

1 

LT(i) = T(1). 
i=l 

We have, a(l) < x V a(l) 2:: ::C. If a(l) < x, then 

1 

'L T(i) = T(l) and 
1=1 

a(t)<x 

1 

I: T(i) = 0, 
'1,=1 

a(t)2:x 

and if a(l) 2:: ::c, the equations are reversed, so that the proposition is proved. The 
proof of the inductive case is analogous. 

The other cases are proved similarly. D 
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Proposition 3.6. (1) From 

.i ~ n ~ T(j) = 0, 

infer 

I: T(.i) = O. 
i=1 

(2) From 

infer 
n 

I: T(j) = T(i) . 
. 1=1 

Proof. The proof of (1) is by an easy induction. The proof of (2) is also by induction 
on n: If n = 1, then i = 1 and 

1 

I: T(j) = T(l) = T(i). 
,7=1 

Suppose the theorelTI true for n and let i ~ n + 1 and.i .s n + 1, .i f. i implies 
T(j) = O. We have that 

n+1 n 

I: Ten = I: Ten + T(n + 1). 
j=1 .1=1 

We have two cases. yonsider first i S n. Then, by the inductive hypothesis 
n 

1 LTei) = T(i) and T(n + 1) = o. 
I .j=l 

Thus, we obtain the conclusion. Consider, next, the case i = n + 1. Then, by (1) 
n 

I: T(j) = 0, 
.i=1 

and we also obtain the conclusion. 0 

In order to develop Taylor series approximations, which we shall do in Section 
12, we need to define by recursion natural number powers and factorials: 

Recursive Definition 3. 

(1) xl = x, 
(2) N(n) ~ xn+1 = ~cn::c. 

Recursive Definition 4. 

(1) I! = 1, 
(2) (n + 1)! = n!(n + 1). 
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While the lTIaX and 2:.:: -axioms schemas are each an infinite collection of axioms, 
one for each tenll T, the power and factorial axioms are particular formulas, where 
x is a variable, so that xn has two variables, x and nand n! one variable. Thus, we 
could have terms with min substituted for x or n. We could also add other terms 
defined by open internal induetion. 

4. AXIOMS FOR INFINITESIMALS 

We add the new predicate Inf with the intended interpretation of Inf (x) being 'x 
is an infinitesimal', that is, in this case x should be intflrpretcd as it number which 
satisfies Ixl S 1', for any positive real nUluber 't'. As we Inelltioned before, Inf is not 
internal. 

I 1. Inf(x) 1\ Inf(y) --* Inf(x + y). 

1 
I 2. Inf(x) 1\ (l11f( -) --* 0 1) --* Inf(xy). 

y 

1 
I 3. (x < 0 V x> 0) 1\ Inf(x) --* (lnf( -) -+ 0 = 1). 

:l: 

I 4. Inf(x) 1\ IYI s Ixl-+ I11f(11). 

1 1 1 
I 5. Inf( -) 1\ (Inf( - ) -+ 0 1) -+ Inf(--). 

x y x+y 
1 . 1 1 

I 6. (lnf( -) -+ 0 1) 1\ (lnf( -) -+ 0 1) -+ (Inf(--) -+ 0 = 1). 
x 'y x+y 

I 1. (Inf(y) -+ 0 = i) 1\ Inf(x) -+ Ixl S /yl. 
I 8. ((Inf(x) --* 0 'I) -+ 0 = 1) -+ Inf(x). 

If we take cp -+ 0 ~ 1 as -'cp, the last axiom nlay be expressed by 

...,-,Juf(a:) -+ Illf(:l:), 

which is a special case of the logical law -'-'cp -+ cp, that IS classically valid, but 
that cannot be proved in our positive logic. 

I 9. Inf(:1:) V (Inf(x) -+ 0 1). 

This axiom may be expressed using negation by: 

Inf(:c) V -, Inf(~r:), 

and, thus, it is a special case of the law of exdudecl Iniddle, which is also classically 
valid, but not provable in our system. 

We introduce a constant 1/0 with the axiom: 

I 10. Inf(1/vo) 1\ N(//o). 

We define £0 1///0' Then, it is clear that we can prove Inf(£o). Also, since we 
have that 1/0 > 0, we get that £0 > O. "fle introduce~, which means 'approximately 
equal', as a defined notion: 

Definition 4.1. x ~ y +4 111f(l:c - y/). 
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The symbol ~ is not intenlHl. vVe ahm introduce the followiug expressiOlls as 
definitions: 

Definition 4.2. x ~ ex) ~ 1nf( ~ ) 1\ x 2:: o. 
x 

The expression ::c ~ 00, which is not internal, can be read 'x is positive infinite'. 
We now can introduce external induction: 

N 9 (External Induction). Let cp be an open formula, not necessarily ~nternal. 
Then: 

Pron]' 

(1) cp(l), and 
1 

(2) ((-~O~O=1)l\cp(n))~cp(n+1), 
n . 

, infer 
1 . 

(- ~ 0 ~ 0 = 1) ~ cp(n). 
I n 

Definition 4.3. x;S V ~ V :2:::r: ~ x ::; V V Inf(x - V)· 

i 1 
x« 00 -H- (1nf(-) ~ 0 = 1) V x::; O. 

, ::c 
Definition 4.4. 

The expression x « 00, which is not internal, can be read 'x is not positive infinite', 
that is, 'x is nonnegative finite or negative'. 

Definition 4.5. x» V -H- (1nf(::c - y) ~ 0 = 1) 1\ x 2:: y .. 

The expression ::r: » V, which is also not internal, can be read '::c is strictly greater 
than V'. 

Thus, 'x is infinite', is expressed in symbols I::cl ~ 00, 'x is finite', i.e., not infinite, 
in sYlnbols Ixl « 00, and 'a.: is noninfinitesimal', in sYlnbols I a.: I » o. 

The following proposition is a reformulation of some of the axioms, using the 
deHned notions. 

Proposition 4.1. 

(1) 1nf(::c) ~ x ~ O. 
(2) x ~ 0 1\ I y I « 00 ~ a:y ~ O. 
(3) x ~ 0 ~ I::cl «00. 
(4) Ixl ~ 00 1\ Iyl «00 ~ j:-c + yl ~ 00. 
(5) Ixl« 00 1\ Iyl «00 ~ I::c + yl «00. 
(G) IYI» 0 1\ x ~ 0 ~ 1::1:1 ::; Iyl. 
(7) (Ixl» 0 ~ 0 = 1) ~ x ~ O. 
(8) Ixl» 0 V x ~ O. 
(9) 1nf(O). 

We notice that (9) is proved from I 4 and co > O. We also have the following 
easy proposition: ' 

Proposition 4.2. 

(1) x = y ~ x ~ y. 
(2) x ~ V ~ Y ~ ::c. 
(3) x ~ y 1\ Y ~ z ~ x ~ z. 
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(4) Xl ~ Y1 A x2 ~ Y2 ----+ xl + X2 ~ Y1 + Y2· 
[C 7./ 

(5) X ~ V A Izi »() ----+ - ~ .:... 
z 

(6) x~zAV~zAx;5;u y----+u~z. 
(7) 1 ~ () ----+ 0 lor, s'trnply, 1 :» o. 
(8) X ~ 0 A IYI » 0 ----+ I:cl ;5; Ivl. 
(9) x ~ 0 ----+ 1 - x ;::: O. 

(10) Ixl« 00 ----+ Ix + 11, Ix -11 «00 

(11) Ixl ~ 00 ----+ Ix + 11, Ix 11 ~ 00 

We introduce relative approximate equality by definition: 

Definition 4.6. X::::::J Z (y) +-1- ~ ~ ::. 
y y 

We note that if 1111 « 00, then x ~ z (y) iIuplies x ~ z 
The notion of relative approximate equality is especially useful when y ::::::J O. 

Division of a nUluber by an infinitesinlal, Inakes the nUlnber much larger. Thus, 
x ::::::J Z (y) expresses the fact that x and z are infinitely close, even when divided 
by y. For instance, eo ~ e5, but we don't have eo ~ ea (eo). On the other hand, 
we do have e3 ~ e~ '(eo). 

All the parts of the previous propositions that make sense and some new 011es 
are true with relative approximate equality. For instance: 

Proposition 4.3. Let 7./, < 0 or'l£ > O. Then 

(1) x = y ----+ X::::::J Y (u). 
(2) x~y (u)----+y::::::Jx (u,). 
(3) x~y (u)Ay~z (7./') ----+;c~z (7./'). 
(4) Xl::::::JY1 (u)AX2~Y2 (u)----+ +;C2~Yl+Y2 (u). 

(5) x ~ y ( u) A (z « 0 V z » 0) ----+ - ~ 1!. ( u ). 
z z 

((i) x ~ z (u) A V ~ z (u) A :c ;5; v ;5; y ----+ u ~ z (u). 
(7) x~z (u)AI'll,I;5;lyl----+x::::::JZ (y). 

vVe also need: 

Proposition 4.4. 
:c :s 11 A :c » Y ----+ 0 = L 

Proof Suppose x :s Y and x :» y. Then, by the definitions, x ;5; y or In[( x - y) 
and x ;::: Y A (Inf(x - y) ----+ 0 = 1). If x ;5; y, since x ;::: y, we obtain x = y, and then 
Inf(x -y). Since the other case is Inf(:c -y), we have in any case, Inf(x -y). From 
Inf(x - y) ----+ 0 = 1 we obtain 0 = 1. [J 

5. GEOMETR.IC SUBDIVISIONS AND RULE FOR DERIVATIVES 

We introduce the constant function sJlubol I for the identity function, and, for 
each constant term 'T, the constant function symbol On for the constant function 
with value 'T. 

FU 1. lex) = x. 

FU 2. o,..(x) 'T, where'T 'ts (J, consta.nt term. 
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We usually write just T instpncl of Gr. 
We introduce informally, to make the paper 1110re readable, function schemas 

f(x), g(x), hex) for terms. We abbreviate (f + g)(x) for f(x) + g(x), (fg)(x) for 

f(x)g(x), L(x) for f«X)) , and f 0 g(x) for f(g(x)). We also write 
9 gx 

(dl)(x,1/) for f(:c + y) - f(x). 

We write dl(x) for dl(x, eo). We write dx for dI(x), where I is the identity 
function. That is, dx = dI(:r:) l(x + eo) - I(x) = eo. Because of the many 
traditional controversies a.bout the llotation d:c, we remark that here d is an operator 
mapping a function f that has as domain and range a subset of the extended set 
of real numbers to a new function elf with the same dOlnain but with the range 
a set of infinitesimals. (\Ve have used intuitive set theory, which lies outside our 

as forn1ulated here, to give a description in fmniliar language.) So in the 
notation dx or dI(x), for which d::c is an abbreviation, x is a free variable, and we 
may replace it by any numerical term. The standard notation d:c for difIerentials 
dominated the caleull1s during the 17th and 18th centuries. Derivatives were made 
basic only ill the lUth century by Cauchy. 

It is very easy to compute dHff'rcutiaIH. For iw;tance, if f(~D) = x 2 , then 

dl(x, d::D) + cl;t:)2 - ~f? = 2x dx + dx2. 

(We write, a.s is usual, d:l;2 for (tl:c)2.) Thus 

dl( :D, d:J:) ~ 2;c &c (dx). 

We have the following identities for differentials, which ean be proved purely 
algebraically. 

Proposition 5.1. 

(1) 
(2) 

(3) 

d(f ± g ) (:r" 11) = (I;((:r;, 11) ± dg(;.r;, 11). 

d(f . 9 )(rr;, 11) f(~c + 11) dg(;c, y) + g(a:) (~f(;t:, y) 

f(~c;) dg(x, y) + g(a: + y) dl(x, y). 

d(L)(r ) _ g(:c) (~f(x, y) - f(:c) dg(x, y) 
9 :c,y - g(:c+y)g(x) . 

We need to introduee derivativps and integrals at least for all elementary func­
tions. One of the problenlS is that we cannot prove tha.t the functions defined as 
inverses of other fUllctions (such as the exponential) are defined on all IHUl1bers. 
The most we can prove is that for any nmnber there is an approximately equal 
number where the function is defined. vVe n1ust, then, complicate the definition 
of the derivative to allow for this possibility. In order to have the transcenden­
tal functions defined on the right domains, we use, in Sectioll 12, Taylor series. 
Compared to the systeln in [GJ, in the present context an additional complication 
arises, since we cannot use existential quantifiers or negations. Thus, we have to 
obtain constructively the necessary approximations. In order to avoid unneeessary 
complications, we shall simplify the definition of integrals and obtain the integrals 
of some of the transcendental fUllctions after defined via Taylor series. So we 
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only need to complicate the definition of derivative, preeisely for obtaining Taylor 
series. 

The dOlnain of inverse functions is the range of a function (for instance, in the 
case of the exponential, its domain is the range of the logarithm). Terms, however, 
are defined everywhere. So, a function in our system is determined by two terms, 
say r and a, where min does not occur: the argument is a value a(u), for a certain u, 
and the value is T(a(tt». If a function f is represented by a pa.ir of terms r, a in this 
fashion, and x is the variable for the argument of the fUllction, we sometimes write 
f(x) instead of rex) and j~lom for a. It is denr, that in case a(u) is leu), then the 
domain contains all real numbers. vVe allow r and a to have other variables bcsides 
x and u, but u nlay not occur in r and x lnay not occur in a. The derivative of f 
will, then, be associated with the pair of terms which constitute f. If f corresponds 
to ra, then the term rex), will be denoted just by f(::r,) and a(y), by fdom(Y). 

The expression x E I, where I if) an iuterval, may be used as an abbreviation for 
the appropriate inequalities. For instance, if I [a, b] then x E I means a S x S b, 
and if I (a, b) then x E I sta.nds for a < ;r, < b. We shall always assume that 
the endpoints of I are a and b. \;Ye also use informally the subset, intersection and 
union notation. For instance, [a, III ~ <p, where <p is a formula, is an abbreviation of 
the formula x E [a, bJ --+ <p(x). 

The expression a is monotone(~}:, y) on the %nterval I, is an abbreviation of the 
formula 

(x, y E I 1\ x < Y --+ a{x) < a(y» V (x, y E I 1\ x < Y --+ a(x) > a(y). 

The expression a %s aL -Lipsch;l,tz(x, y) on the %nterval I, where aL is a term, stands 
for the formula 

x, Y E II\ x ~ Y --+ la(x) - a(y)1 S aL(a, b) j.:c - Yl· 

In general, on defining an expreflsion such as Lipschitz, we shall display the 
variables used in the definition. However, when llsing the notion, we shall omit the 
variables, in order to make the paper more readable. It is ullclerstood that when 
several of these expressions occur in a theorem, the variables are all distinct. 

The definitions that follow are very technical so that we shall give il1fonnal ex­
planations which may not be fre('-variable. vVe Rhall use the following abbreviation. 

Definition 5.1. vVe say that f %8 (J, functwn(x, y) on the 'tnterval I, if the following 
conditions are satisfied: 

(1) If B1 (0" b )1, If B2( a" b) I « 00 and J ~ [frlnrn Cf Bl ( (l., b), fdmrJ (f n2( 0" b» 1· 
(2) The tenn Idom is lllolloLone(;z:, y) and fL-LipschiLz on 

[.fdom (I Bl ( a, b), fdom(IB2 ( a, b) )]. 

(3) X,y E [.fdom(IBl(a,b),fdom(IB2(a,b)] 1\ fdom(~r;) ~ fdom(Y) --+ X ~ Y 

So we see that a' function I involves five tenus: f itself, fdom, IL, and 
fB2' Also, the assertion of 'f is a function(~r"y) on [a,b]' is the assertion of an 
open formula with free variables x, y, ((" and b, so it can be used as a premise 
for a rule. In [G]' we only needed two tel'lm: aBel n. formula, sillcn we could llse 
existential quantifIers. vVe shall also use the expressions 9 1 h for functions in the 
sense introduced above. 
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b 

FIGUHE 1. Selector 

The function f is) then, defined on the range of fdom' As an example, that we 
shall discuss in 11101'e! detail in S(-'ction 12, WP. take the exponential. vVe shall define 
the exponential by : 

exp(~c) = y ~ y = logx. 

The function log = eXPdom is monotone and 10gL-Lipschitz, where 10gL(a, b) = 

l/a + 1. The function exp is deflIwd only on the range of log. The functions fBI 
and f B2 select finite points ((,1 = fBI (u., b) and b 1 = .f D2 ( a, b) where f is defined, 
and such that [fdom(al), fdom(bdJ ;2 [a, b]. For the case of exp, we 111ay define 
eXPB2 as follows: Let n = li(b/log2). Then eXPB2(a, b) = 2n. It is clear that 
log 2n ~ n log 2 ~ b. We can also prove that n is finite, if b is finite. The function 
exp n 1 can be defined similarly. 

We require the function fdom to be Lipschitz continuous so that for every x E 
[a, b] and every € one can find y where f is dp.fined (i.e., in the range of .fdom) such 
that Ix - yl ~ €. We shall use this property in order to define the selector, later on. 

Definition 5.2. Let 1/ be an infinite natural number, du = (b - a)/I/ and u~ = 
a + i duo So the '{ti, for 0 ~ i ~ 1/, form a partition of the interval [a, b], what we 
call the g('.ometnc subdiv1,swn uf [a, b] of order 1/. vVe always assume that a and b 
are fInite and 1/ is illflnite. 

Notice that a geOll1etric subdivision is determined by three nml1bers: the end­
points of the interval, a, b, and the infinite natural number 1/. So when we use the 
variable '{t for a geometric subdivision, we are formally using three variables. 

Our concept of geon1etric subdivision is closely related to ideas that began to be 
developed in Il1edieval times as far back as the 14th century by Nicole OreSIne and 
others. In the 15th 'century Nicholas of Cusa defined the infinitely sll1all as that 
which cannot be n1ade smaller. The early important and influential work was tha.t 
of Cavalieri [4] ill the'first half of the 17th century on the geOlnetry of illdivisibles -
or, as we would tend to say, geOlnetry of infinitesimals. His geometric indivisibles 
were lines for plane surfa.ces and planes for solids, and building on his predecessors 
like Calileo, hiH teacher, 110 dnv('}opnd, in anticipatioll of the caicllitlH, e(f(-dive 
methods of calculation of areas auci volumes. Our tenn geoTnetric s'lLbcLtmswn is 
deliberately chosen to recognize the historical point that infini tesilnals were first 
used to solve problml1s in geOlnetry. 



20 P. SUPPES AND R. CHUAQUI 

Definition 5.3. Let f be a funetion on [a, b] and 7.t the geometric subdivision of 
[a, b] of order IJ ~ 00. So 7.1,0 = a. and 7.tv = b. We define the selector v for f (J,nd u 
on [a, b]. (The selector v, which is a term with a natural nmnber variable, is such 
that f is defined on v~ (Le., Vi = fdom(Y) , for a certain y) and Vt E [Ui,Ui + 1], 
for () :::; i :::; v - 1.) AssUlne that fdom is increasing. The construction for fdom 
decreasing is similar .. 

Let al fBl(a,b), b1 fB2(a,b) and M fL(a,bt). (See Figure 1.) We 
first find a geometric subdivision v' such that !dom(V~+l) - fdom(vD :::; duo This 
subdivision v' can be defined by v.~ a1 +i du/M. If we take VI = li(1\1(b1-al)/du) 
and d = VVI al + VI d'U,j M, then, by Axiom N 8, the llaturaJ number VI ~ 
M(b1 - a1)/du, anel, hence 

d 
M (b - a) du _ b 

~ a1 + I - 1· un 

So that [Jdom(a1), fdom(d)] ;2 [a, b] and v' is the geometric subdivision of lab dl of 
order VI. SO vb al and V~I = (l. 

For every i such that a :::; 1.1,1 < b, we shall construct s(i) such that !dom(V~(~) E 

[Ui,Ui+1] and take Vi fdom(v~(i)' forO:::; i:::; 1/-1. \Vedefine s(i) = Inin/dom(v~);:~'U .. ' 
(In Figure 1, we have s(O) 2, s(l) = 4, s(2) 6, s(3) = 8, s(4) 10, and so on.) 

Since 

for 0 :::; i :::; IJ 

have that 

fdom (V;/1) !elcHn (d) ~ !dom (bd ~ b ~ 7.t t , 

1, by AxiOln N 7, Vi !d(Jm(V~(~» 2:: u~ and fdom(V~(t)_1) < U~. vVe 

V~ u t :::;v1 fdom(V~(1)_1) 

= fdom(V;(1» fdom(V~(t))-1) 

:::; 1\1Iv~(t) - v~(1)-11 

< 1\1 d
'lt 

- 1\1 
= d'l(' 'Ui+1 - u?,. 

Hence, Vi E f'Ui, 'U,i+l]. Thus, we have achieved what was needed. 

However, the min terms should be avoided in the definition of s(i), in order to 
be able to use open induction. vVe redefine s( i) as follows, when fdom is increasing 
(for fdom decreasing, the definition is similar): 

V1- 1 

s(i) = L bl(fdom(V.j) - 'lt7 )b2(U'i - fdom(V.~-l))j· 
J=O 

We now prove that the two defillitions of s( i) yield the same number. We have 
that if, for a fixed i, we put h as the old s(i), h = mintl~::;/dom(V~)' then 
Ui+1 2:: fdom(V;.,J 2:: 'Ui and fdom(v;1-1) < U?,' Hence, 61(.fdom(vIJ - u~) 1 and 
62(Ui - fdom(v~-l) 1. On the other hand, we have the following cases: 

Case 1: j < h. TheIl'll; :::; '011 -1 and, Hince fdom is increasing, f dom (v.1) :::; 
fdom (v;._1) < Ui aud, bellce, iiI (fdom (v.~) - 'l/'1) = O. 

Case 2: ,j > h. Then 2:: V;I' Since is increasing, fdom ( v; -1) 2:: 
fdom ('lJh) ~ 7.(,i anel, hence, 1>2 ('U,i - fdom (V.~_l) O. 



INFINITESIMAL ANALYSIS 

Thus, by Proposition 3.(i 

1/1-1 

L ol(.fdom(vj) - U~)b2('U'~ - fdomeV.i-l).i = 11, = Inin'tL .. ~fdom(t}U = s(i). 
,j=O 

Therefore, the selector v can be defined without min. 
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We now introduce the derivative: For a pair of ternls, T(X, Xl, ... ,xn ) and 
a(y, Yll ... , Ym), where the variables are as displayed, and a variable X, we in­
troduce the n + m + 1 operation (Ta)x. If T is written as the function f(x), we 
write f'(:.c;) for the term (Ta)a:({l:!, ... , {Cn, 1/1, ... , Um, Zl,.'" Zp). 

We can now intro~uce the definition of the derivative f' of f as a rule: 

Calculus Rule 1. From 

(1) f is a jv,nction on I, lui, Ihl «oo} and 
(2) X = fdom(Xl)Ax+y = fdom(Yl)AInf(y)A(y < OVy > O)Ax, x+y E I ~ 

df(x, y) rv (r) ---rvgx, 
y 

infer 
X3 E I 1\ ~C3 = fdom(::q) ~ f'(X3) ~ g(X3). 

If the premises of the rule are satisfied, we shall say informally that 9 is a 
derivative of f. Notice that if h(;c) ~ g(::c) on I and [J is a derivative of f on I, then 
so is 11" frOln the transitivity of ~. 

We have two different developments of integrals, a more algebraic developl11ent 
in Section 8, which does not use Recursive Definition N 2 of sums, and another, 
based on sums, in Section 11. 'Ve postpone the corresponding axioms for those 
sections. 

6. DIFFEHENTIALS AND DERIVATIVES 

We introduce the assertionH that a function f is 'differentiable' and 'continuous', 
using the notion of function of Definition 5.1. This assertions are an open formulas: 

Definition 6.1. ! (1) vVe say that the fUl1ction f on I is differentiable(y, Xl, yl, X2, Y2) 
at X, if and only if f is a function(x2, Y2) on I and 

X = fdom(Xl) Ax+y = fclom(yt) Inf(y) A (y < OVy > 0) 1\ x, x+y E I ~ 

I 'I I elf ( ::c, y) I ( ) .f (::c) «00 A . ~ f ::c . 
y 

(2) vVe say that f is (hfferentwble(x, y, Xl, Yl, J.;2, Y2) on the ~nterval I, if and 
only if f is a function (::C2 , Y2) on I and 

Inf(Y)A(y < OVy > O)I\::c, x+y E I Ax = fdom(::q)l\::c+y = fdom(Yl) ~ 

If'(X)1 « 00 A ({f(x, y) ~ f'(X). 
Y 

(3) Sil11ilarly, f is contin1.Wus(::D, y, ;r:1, Yl, ;C2, ~/2) on the ~ntelval I if and only if 
f is a function(::D2, Y2) on I and 

x, Y E I A::c = fdom(::Cr) 1\ Y = .f~lom(Yl) A x ~ Y ~ f(::c) ~ f(y)· 
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Thus, these statements can be used as prelnises or conclusions of rule-like theo­
rems. We iudicate all the variables in the statemeuts, which ill the case of the last 
two are the numerical variables a, b, x, y, Xl, Yb :C3 and Y3· 

The next theorem says that a differentiable function is continuous. 

Theorem 6.1. From f 'ts d'tfferentiable on I mjer f is cont'tnuous on I. 

Proof. AssUlne t ~ z, t = fdom(td, Z fdom(Zl). Hence, since f'(t) is finite 
I 

fez) - f(t) = df(t, Z t) ~ .f'(t) . (z - t) ~ o. 
o 

Theorem 6.2. From 

(1) f M a function on the 'tnterval I, 
(2) f is d'tffer'entwble on I and 
(3) x E I ---+ If'(X)1 ::; g(a, b), 'Where yea, b) 'tS finite, 

'tnfer f is (g( a, b) + 1) -Lipschztz conti'lMtOUS on I. 

Pmof Let x, Y E I, x ~ y. Then 

Thus 

1ft,) ffY)I::; II'(x)1 + 1 :::; g(a,/») + 1. 
x y 

Thus, If(x) - f(y)1 ::; g(a, b)I~r, - yl· 0 

We can prove the following: iuference rules for derivatives using Propositions 4.3 
and 5.1 and Theoreln 6.1. 

Theorel1"l6.3. Prom f (I,nd [/ aTe (b[fcl'ent'w,ble on I, and frlnlll(:Dt) = !ldnm(a:t) 
infer 

(1) f + 9 is diffcrenttable on I and :C2 E I A X2 = fdom(X3) ---+ (f + g)'(X2) ~ 
f'(X2) + g'(X2). 

(2) W'tth the addtiional hypothe.'l%s that Xl E I A xl fdom(:C2) ---+ If(xl)1 « 
00 A Ig(:cl)1 « 00, 'We have that f . 9 is d"fferentiable on I and 

I 

X3 E I A Xg fdom(X4) ---+ (f· g)'(a:3) = f(:.cg) . g'(X3) + 9(X3) . f'(X3). 

(3) With the addd1,onal hypotheses :c1 E I A Xl fdom(X2) ---+ If(Xl)1 « <Xl A 

Ig(xl)1 « <Xl and X3 E I A :,c3 = fdom(X4) ---+ 0 « Ig(X3)1 « <Xl, 1,nfer;[ ts 
9 

dtfferent'wble on I, and 

X5 E I AX5 j' (r.) (f)'(r.) f"V g(:c5)f'(xs) - .f(~C5)g'(X5) 
delln '['6 ---+ - 'C5 ,....., «( »2 . 

9 9 Xs 

A similar theorem is true for differentiability at x. 
We can prove the chain rule, which is ahm an inference rule: 

Theorelu 6.4 (Chain rule). Prom g(:D) fdnm(:q), {D = Ydolrl(:l;:d, (Lnd f 1,8 
d1,fferentiable at g(x) and g 1,S (blfcrentw,ble at a:, 1,'I1jer fog %S d4Jerentiallle at x 
and (f 0 g)'(a:) ~ .f'(g(x»g'(x). 
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Proof Assume the hypotheses of the theorem, and let Inf(y). Then 

dg(x,y) "-' '(') -'---'- '" 9 x , 
y 
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i.e., dg(~c, y) = g'(x) + C1Y, where C1 ~ O. Hence, since g'(x) is finite, by Theorem 
6.1, Inf(dg(x, y)). Therefore, if dg(::r:, y) > 0 or dg(::c, y) < 0 

df(g(::c) , dg(::c, y)) ~ 1'(g(x)). 
dg(x,y) 

Thus, in a.ny case, df(g(x),dg(x,y)) = f'(g(::c))dg(::c,y) +c2dg(X,y) where C2 ~ O. 
But, by the definition of composition 

df 0 g(x, y) = f(g(x + y)) - f(g(x)). 

On the other hand, g(::1.: + y) = g(::c) + dg(::c, y). I-Ienee, 

df 0 g(x, y) = f(g(x) + dg(::I:, y)) - f(g(x)) = df(g(x), dg(x, y)). 

FrOlll these equations, we get the conclusion of the theorem. 0 

Theorelll 6.5. Prom f 1,8 differentwble on I, and 

x E I 1\ ::r: = fdom (::/:1) -+ If' (::c) / ::; g( a, b) 

'With /g(a,b)/« 00 infer 

Inf(Y2) 1\ X2, X2 + Y2 E I 1\ ::r:2 = fdom (X3) 1\ X2 + Y2 = fdom (Y3) -+ 

/c~f(X2' Y2)/ ::; (g(a, b) + 1)/Y2/' 

This theorelll a.sserts: Let f be a differentiable function with a finitely bounded 
derivative on an interval I. Then f is Lipschitz continuous on I with fL = g; that 
is, for a finite M = g(a, b) + 1 such that if c ~ 0, and x E I 

/f(:I:-I- c) - f(:I:)/ ::; l\l/c/. 

Proof Let g(a, b) = N, and let y ~ 0, y < 0 or y > O. Then 

I
f(::C + y) - f(::r.) I ~ /1'(::/:)/ 

y 

<N 
rv 

The case y = 0 is obvious. 0 
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7. THEOHEMS ON CONTINUOUS FUNCTIONS 

In order to lnake more readable axioms, theorems and definitions, we use, as we 
have been doing, t, u, and v, for terms when their lnain variables refer to natural 
numbers. We write Un instead of u(n). 

We will need the notions of geometric: subdivisions and selectors defined in Def­
initions 5.2 and 5.3. 

We notiee that all the theorems of this section are derived rules of inference. We 
state them explicitly as rules to make this dear. 

We have the following proposition: 

Proposition 7.1. From f 'lS cont?n'l1,O'lLS on [a, b], U 'lS the geometn.c S'lLbdivision of 
order 1/ of [a, b], and v is the selector for U and f on [a, b], infer 

a::; x ::; b 1\ x = fclnm(::C3) 1\ 1/ ~ 00 -+ f(x) ~ f(minVk>x)' 

Proof Let n = minuk 2x, We have, b = Uv 2: x. Hence, by Axiom N 7, Un 2: x, and 
o ::; n ::; 1/. If x = a then, since Va ~ a, f(x) ~ f( va). So assmne that x > a; then 
Un > a = 'lLa. Also, n = 0 -+ 'lL lI = 'lLa, anel, hence, n = 0 -+ 0 = 1. Then, n - 1 2: 0 
is a natural number. 

Suppose that Un-l 2: ::c. Then, by Axiom N 7, 71, ::; 71, - 1, and so, 0 = 1. Thus, 
Un-l 2: x -+ 0 = 1, and, hence, Un-l ::; x. Sinc:e Un-l ~ Un, we have that Un ~ x, 
and, hence, Vn ~ Un ~ x. Since f is c:ontinuous, we oLtain the theorem. D 

vVe have the approximate Intennediate Value Theorem: 

Theorem 7.2 (IVT). From f 'lS cont'tnuous on [a, b], u 'ts the geometn.c subdwi­
swn of order 1/ of [a, b], and v 'lS the selector for U and f on [a, b], infer 

f( va) ::; 0 ::; f( vv) 1\ 1/ ~ 00 -+ f( V m in!(Vk)2: 0 ) ~ O. 

Proof Let n = min!(lIk)20 ' vVe have f(vv) 2: 0, and thus, by Axiom N 7, f(vn ) 2: 0 
and 0 ::; n ::; 1/, Suppo:::;e that 71, = 0, and, hence, 'lLu = a. Then, we have f(vo) ::; 0 
and f(vo) 2: 0, and, thus, f(vo) = O. Suppo:::;e, HOW, that 71, > O. Then 71, - 1 2: o. 
Suppose that f( Vn -l) 2: O. Then, by Axiom N 7, 71,-1 2: 71" and so 0 = 1. Therefore, 
f(Vn-l) ::; 0 ::; f(vn ). Since f is continuous and Vn -l ~ vn , f(vn-d ~ f(vn ), Thus, 
f(vn ) ~ O. 0 

We say that f(x) is a near max'lmmn(y, ::C1, yd for f on [a, b) if and only if 
x = fdom(X1) and 

((,::; y::; b 1\ Y = fclnm(m) -+ /(y) ;S /(:1:). 

TheorelU 7.3. From f is cont?nuous on [a, b], U 'lS the geometn.c s'lLbdimswn of 
order 1/ of [a, b], and v 'lS the selector for u and f on [a, b], infer 

a::; x ::; b 1\ 1/ ~ 00 -+ .f(;].:) ;S f(vmax!(Vk)Cv))' 

This theorem says that a maxiInmn on a selector of a geOlnetric subdivision is a 
near maximum of f. There is a siInilar statelnent for Ininin1a. 

Proof Let 71, = Inax!CUk)(I/). Then, .f(un ) 2: f('lL t ), for all 0 ::; i ::; 1/. By Proposi­
tion 7.1, f(x) ~ f( u t ), for i = Ininu.k2x, so that f(x) ~ f( Ui) ::; f( Un). D 
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We have the following theorem on local maXIma, which is, in fact, an approximate 
version of Rolle'ti theorem. If 7.t is the geometric tiubdivitiioll of order v of [a, b] and 
v is the selector for f and u on [a, b], we write d7.l = U~+I - Ui and dVi = Vi+1 - Vi 

Theorem 7.4 (Rolle). From U is the geometnc S'llbdw~swn of order v of [a, b], v 
the selector for f and u on [a, b], fdom(X) = gdom(:C) and 11, = rwtx!(1Jk) (1/), wier if 
0< n < 1/ ~ 00, 

and 

then 

Proof We have dvn , dVn-l > 0, and Vn + dVn = Vn+1 and Vn - dVn-1 = Vn-I· 

Then 
f( Vn + dvn ) - f( vn ) < 0 

dVn -

and 
f(vn - dvn-d - f(v 7I ) > 0 

-dVn-1 -

But 
f(vn + dvn ) - f(v 11 ) () f(v n - dVn-l) - f(v 7I ) 
---'------'----'---'- ~ g 'On ~ . 

dV7I -dVn-l 

Thus, g( vn ) ~ O. D 

Fl'Oln Rolle's theoreln we derive all approximate version of the :Mean Value The­
orem: 

TheorelTI 7.5 (MVT). From b - a » 0, 'l.l ~s the geometric subdw~swn of order 
1/ of [a, bJ, v the selector for f and'l.l on [a, b]" 1/ ~ 00, f is (b,fferentw,ble on (a, b), 
and 

a::; x ::; b Ax = fdom (t) -+ h(:[;) = (Vl/ - vo)(f(a:) - f( va)) - (x - vo)(f( '01/) - f( va)), 

~nfer 

f(v//) - f('uo) ./( ) ---'------'--'- ~.t vmaXh(VL)(I/) . 
'01/ -va '" 

Since, by Axiom I 1, any derivative of f is approxiInately equal to f', the Mean 
Value Theorem is true for any derivative. Although for any derivative, we only have 
this approximate fonn of the Mean Value Tlteorelll, if fdom is the identity function, 
given an interval [a, b], one can always define a derivative g of f such that 

feb) - f(a) 
l = g(umaX!(llL) (1/)). } - a, '" 

It is enough to define 

() j >/() (f(b)-f(a) ,>/( ())) g X = :c + l -. U max/ ( ) 1/ . ) _ a. l Vk 
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The function 9 is also a dorivative of f, because 

For most applications, (*) is sufficient. 

Proof. vVe have h(vo) = h(vv) = O. Assume, first, that b - a »0. Let n = 

maXh(Vk) (1/). Then 

dh(vn, dvn ) ;:::::: (b - a)f'(vn ) - (f(b) - f(a))dvn (dvn ), 

and 

We can apply Rolle's theorem to h and obtain 

Since b - a» 0 and Vv - Vo ;:::::: b - a, we obtain the result. D 

Definition 7.1. We say that the function f is nea.Tly 'mcrca.sing(x, 1/, :Cl, Y1, X2, Y2) 
( decreasing( x, y, xl, 1/1, X2, 1/2)) on the interval I if and only if f is a function( X2, 1/2) 
on I and 

x, y E I I\:r: = fcloll1(:CJ) 1\ Y = fdom(yt) 1\ x ;S Y -+ f(:c) ;S (~)f(y). 

As corollaries of MVT, we obtain: 

Corollary 7.6. From f 'ts cont'l.nuo'lJ,S on [a, bL (f'tfferentwble on (a, b), and 

(I, < x < b -+ f' (;1:) ~ 0, 

(f' (x) ;S 0), infer f 'tS nearly 'tncreas'tng (decreasm,g) on [a, b]. 

Proof Let x, y E [a" b}, ;c < y, and y - [c » O. Let 'H, be the geometric subdivision 
of order 1/0 of [x, y], v the selector for f and 'it on [[V, y] and 

h(t) = (vvo - vo)(f(t) - f(vo)) - (t - vo)(f(vvo) - f(vo)), 

for t = fdom(tl). By MVT, Theorem 7.5 

f(y) - f(:1:) ;:::::: f'(vmaXh(Vk)(VO))(Y - x) ~ O. 

Thus, we have proved the conclusion for the case y » x. 
On the other hand, if x ;:::::: y, since f is continuous, f(x) ;:::::: f(y), and, hence, 

f(x) ;S f(y)· Thus, the corollary follows, also in the case x;:::::: y. D 

Corollary 7.7. From f 'ts (bfferent'table on the 'tnterval I, and y E I 1\ Y = 

fdom(Yl) -+ f'(y) ;:::::: 0, infer 

x, z E I 1\ x = fdom(xd 1\ z = fdom(Zl) -+ f(x) ;:::::: f(z). 
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Proof. Consider the constant function Co, such that Co(x) = 0 (Axiom FU 2). 
Then, we have that Co is a derivative of f on I. Let 'iI, be the geol1wtric subdivision 
of [a, b] of order 110, v the selector for f a.uel u on [a, bJ allel 

hex) (vv - vo)(f(x) - f(va» - (x - va)(f(vv) - f(va». 

By MVT, TheoreIn 7.5 

f(x) - fez) ~ Co (Vmaxh(Vk) (lIO»(X - z) = O. 

o 
We shall need the next tlworem for defining invcn;e functions. 

Definition 7.2. We say that a. function f is stT''tctly %ncreasing(x,y,Xl,Yl,X2,Y2) 
(decreas%ng(;,c, Y, ;Cl, Yll ;C2, r12» on [a, l>J if anel only if 

(1) f is a fU11ction(:cl, Yl) 011 [u, bJ, 
(2) x, Y E [a, b], ;:c < 1/,:C fdom(;:C2), 1/ fdorn(Y2) iInplies f(x) < fey) 

(f(x) > fey»~, and 
(3) x, Y E [a" b], ;r; « Y,:C fdom(X2), Y = fdom(Y2) implies f(x) « fey) 

(f(x) » fey»~· 
Theorem 1.8. Prom 

(1) f is a function on [a, b] 'l1nth fdom the ulenb,ty fihnctwn, 
(2) -00« a < b« 00, 

(3) f is differentiable on (a, b), 
(4) x E [a" b] -+ If(x)1 «00, 
(5) f is cont.'lnuous on [a, bJ, and 
(6) x E (a, b) -+ p(a:) »0 ( :1: E (a., l) f'(~[;) «0), 

infer 
f 'lS strictly 'l.ncreasm,g (stn,cily decreasing) on [a" b]. 
Wttl!. the a.ddi.tional hY]Jot./wsI,q 

tnfer 

and 

Y5 f(xs) 1\ Xs E fa, b] 1\ z ~ 01\ U5 + z 
dg(Y5, z) 1 

f(zd 1\ Zl E [a, bJ -+ z ~ fl(X5)' 

The last two conclusions of the theOl'eln say that the inverse of f restricted to 
[a, bJ in its dOlnain is continuous and differentutble. vVe cannot prove, however, 
that the domain of the inverse of a function whose don min is an interval is also an 
interval. By the Intermediate Value Theorem, 7.2, we can only prove that for every 
c in the interval between f(a) and f(h) we can construct an x ~ c such that the 
inverse is defined at x. 
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Proof We have to consider two cases. First, let x, y E [a, b] with x «y. It is clear 
that y - a; « 00. By the l\1ean Value Theorenl, 7.5, one can construct z between x 
and y such that 

fey) - f(x) ~ f'(z) »0. 
y-x 

Since 0 « y - x « 00, we obtain 

fey) - f(x) ~ f'(z)(y - x) »0. 

Second, assume that x < y with x ~ y. Then 

fey) .f(~c) ~ f'(x). 
y-x . 

if fey) f(x)::; 0, then 
fey) - f(x) < 0 

- , y-x 
and, then, f'(x) ;S O. Since we have .f'(x) »0, by Proposition 4.4, we obtain 0 = 1. 
Thus, we have fey) ::; f(a:) -+ 0 = 1. Hencp., by Axiom F 13 and otlwr field axioms, 
fey) > f(:c). 

We now obtain the derivative of the inverse function g. Let y + z = feu) and 
z < 0 V z > O. Then, g(y + z) u = x + v ~ g(y) x and v < 0 V v > 0, by the 
first part of the theorem. Thus, v ~ 0 and y + z f([c + v). Therefore 

z y+z-y 
= 

v v 

i.e., since .f'(x) » 0 (or .f'(:1:) « 0) 

This is equivalent to 

D 

_f (-,--~c_+_v-,--) _f_( ~l....;...:) ~ f' (x), 
v 

v 1 
;; ~ f'(:c)' 

We define by reenrflion the nth derivative, llHillg the definition of derivative, 
Calculus Rule 1, and write it f(n). Thus, we take f(O)(x) = f(x), and assUlning fen) 
to be defined and differentiable, we define f(n+l) f(n),. Recall that differentiable 
means that ff exists and is fini teo 

We say that fen) t8 an nth OHler' denvat'l/oe(111" ~r:, y, a: 1, Y1) on I if and only if 

1 ::; m, S 11, -+ (Inf(y) A (y < 0 V Y > 0) A x, x + y E I A X fdom(xd A 

x + y fdom('!I1) -+ u'(rn)(:c)1 «00 A l~f(m-l)(:c, y) ~ f(m) (x) . y (y)), 

Theorem 7.9 (Taylor). From 

(1) f is a fanctton on [a" b], 
(2) n« 00, 

(3) a.::; :1:1 ::; b A :Cl fdnlll(:1:2) -+ U(:r:j)1 «00, 

(4) f(tl+l) is a.n 11,+ 1 tit onler der·iva.t'tve of l on [u, bJ, and f(n+ 1) is conl'/:nno'lLs 
on [a, bJ, 
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(5) a.:5 (':5 d:5 b (or a :5 d:5 r:5 b) Q,uri r frhllll(rd, rl fclOJII(d 1). 
(n) a:5 ~c :5 b -+ 1)(~V) = I(c)+ F(c) (:t;-c)+ f"(e) (:c-e):l+ .. '+f(H)(e) (::c-e)H, 
(7) a:5 X3 :5 b 1\ X3 = fdom(X4) -+ f(X3) p(X3) + Rn,c(X3), and 
(8) u is the geometne subdwf,swn of order 1/ of [e, dl (or of [d, c)), v ~ 00, and 

v 'ts the selector for u and f on [c, dl (or [d, cD 
infer 

IRn,c(dll;S (n ~ I)! If(n+1)(vmaxl/ ( •• )I(V)llld - cln+1
• 

The proof is shnilar to the one appearing in [14]. 

Proof Let I = [a, b] and e = If(n+l)(vmax/f(Uk)/(v»I. Then e is a quasi-lnaximum 
or quasi-minimum of f(n+1). Suppose that it is a quasi-lnaximum; the proof for a 
quasi-rnillimu111 is similar. Ast-iume, first, that d ~ c, and dcflne 

g(X) 1 
--,--e (x - e)n+1 + p(x) J(;/:) 
(71, + 1)1 

We have that e is a near ma.ximlllll of f(1I+1), becanse f(n+1) it-i continuolls. \tVe 
have 0 gee) ~ g'ee) ~ ... ~ g(lI)(C), and 

g(1I+1) (x) e - f(n+ 1) (X) ;;:: o. 
Then by Corollary 7.6 g(n) is nearly incre&qing and hence g(n}(x) > 0 when 

, • ., L • '" "" 

x ~ c. But y(n-l) (c) ~ 0, and, hencE', g(n-l) (~r;) ;;:: O. By external induction we 
prove g(k)(x) ;;:: 0 if k ::; n. y(d) ;;:: 0, and thus 

IRn,n(d)1 ;S (71, ~ I)! e Ix - cln +l
. 

Suppose now that d ::; c. Take 

1 
hex) = f(:c) - ]J(:c) ---

Then, repeating the san1e argument with h inRteacl of g, we obtain the result for 
d::; c. 0 

8. .... ...... '-... L..l,LJ.LU'-.L'-' DEVELOPMENT OF THE INTEGRAL 

We have two alternative developments of the integral. The first, which we call 
algebraic, is contained in this t-iE'C ti OIl , and the second, in Section 11. In Sections 
8-11 we assmne that our fUllctions f have fdom the identity function I, so that we 
do not need to n1ention fdom. 'Ve could make the exposition Inore general, but it 
is not necessary for our purposes. 

\tVe need the following two rules for the indefinite integral. For each tenn 
y(x, xl, ... ,xn ), we introduce the term cr g(:-c) d;c )(~C, Xl, ... ,xn ), where the vari­
ables are as displayed. 
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INT 1. For each constant term C, 'We ha.ve the follo'Wing rule: Let I be an interval. 
Then from 

Inf(y) 1\ z, z + y E I -+ Ig(z)1 «00 1\ df(z, y) ~ g(z) y (y) 

and g is continu(YlLs on I infer 

x EI -> (J g(x) d:C) (x) '" f(:e) + C. 

We write cr g(x) dx)(;c) instead of thp more usual notation J g(x) dx to stress 
the fact that J g(x) dx is a fuuctional tenn. 

We could let the term C not be constant but also possibly contain variables dif­
ferent from x. However, in this case we would have to introduce rather complicated 
rules of substitution. 

INT 2. From f l.,S cont?nuous on the 'tnterva.l I, 'tnfer J f(x) dx 'ts d'tfferentwble on 
the interval I and 

;c E I -+ tj' f(;c) (bJ'(;r:) ~ f(:c). 

vVe add the following defluitioll of the definite integral: 

INT 3. ld g '" (J g(x) dx)(d) - (J g(x) d:c)(c) 

With these aXiOlTIS, we can develop the transcendental functions as in Section 
12. 

vVe shall prove in Section 14 that the addition of these axioms is a conservative 
extension of the systmn in [G], ::;0 that the finitary cOll::;istency proof is still valid. 

Building on the theory of integnttioll of elementary functions, which began at 
least with Liouville and has been developed by Ritt, [17], Risch, [Hi], Davenport, 
[8], and others we will develop the free-variable theory of integration begun here in 
a separate paper. 

9. OVEHFLOW AND UNDERTOW 

In this section we prove thfl nonstandard prmciples of overflow and undertow. 

TheorelTI 9.1 (Undertow). Let <p be a.n udr.nwl formula. 'Where nedher min nor 
N OCC1.Lr. Then 

(p. ~ 00 1\ It :::; 1/) -+ cp(/l.)) -+ millcp(k) « 00. 

The conclusion says that mincp(k) is finite. 

Proof Let 777. = mincp(k), and assume that ~ ~ 0, i.e., that m is infinite. Then, 
m - 1 is abo inOuite. vVe have, cp(I/), itud, thus, by Axiolll N 7, <p(m.) auel m. :::; 1/. 
Hence, 777.-1 :::; 1/ a.nd, since rn-1 ~ 00, <p(m.-l). Thus, by Axion1 N 7, m :::; rn-l, 
and, thus, 0 = 1. That is, we have proved that 

1 
- ~ 0 -+ 0 = 1, 
7n 

which is the definition of m. «00. 0 
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In order to make lllore understandable the following and other statements, we 
introduce the maxinlum of a hyperfillite set: 

Definition 9.1. Maxcp(k)(1/) = 1/ - mincp(v-k)Ak:::;AI/). 

vVe have: 

Proposition 9.2. cp(m,) 1\ rn ~ 1/ -+ (cp(l\laxcp(k) (lJ)) 1\ rn ~ Maxcp(k)(lJ) ~ 1/). 

Proof. Suppose cp(m) and 'm ~ 1/. Then, we have cp(I/- (lJ-1n)) and 1/-m ~ v. By 
AxiOlll N 7, cp(I/-mincp(I.l_k)I\I,::::;I.l) and millcp(v-k)Ak:::;/.I ~ 1/-111,. Thus, cp(Maxcp(k)(I/) 
and MIlXcp(h.) 2: 111,. 0 

TheorelTI 9.3 (Overflow). Let cp be an ~nternal jUT1n'lda 'Where ne'dher min nor 
N occur. Then 

«rn ~ n« 00 -+ cp(n» 1\ 1/ ~ 00) -+ l\1aXcp(k) (1/) ~ 00. 

The conclusion of the rule says that the maximtull 17 such that cp(p), for all 
m ~ JL ~ 77, is infinite. 

Proof. Suppose that (rn ~ 17, « 00 -+ cp(n). Let 1" = Maxcp(k)(l/), and assume that 
It is finite. Then jt + 1 is also finite and 1" + 1 2: p 2: rn. Thus, we have cp(1t + 1) 
and p + 1 :::; 1/. Hence, by Proposition D.2, p, 2: Jt + 1, and so 0 = 1. Therefore, by 
AxiOlll I 8, 1" is infinite. 0 

vVe prove by overflow: 

Proposition 9.4. Prom 

~nfer x ~ o. 

1 
11,« 00 -+ j:cl ~ -, 

11, 

1 
Proof By overflow, we have that, 1" = IVrax1/1"~1:1'1 (lJo) is infinite. Hpnce, I::cl ~ - ~ 

jL 
o. 0 

10. HYPER FINITE SUMS 

Most of the theorems of this Hectioll, ill a somewhat different fonn, are proved 
in [G]. 

We begin with the theorenls 011 approximately equal infinite smllS. The contents 
of the rest of this section is influenced by [15]. As earlier, we use u, v, t, for terms 
and write Un for u(n), where 11, is llleant to be a natural number. 

In order to simplify the notation, we write a SUln of the form 
/.I 

L'lLi + Vi + V2 + ... + V 1I , 

1=1 

just as I:~~1 t~, including the finitely many tenm; with ordinary addition in the I: 
tenn. Strictly speaking, this may not be possible, since the terms vJ lllay contain 
min. vVe shall be careful, howevpl', that tlte operator lllin occurs only in finitely 
many terms of the sum. The theorClllH of this alld the llcXt sectioll, should be 
understood with :E-tenns interprf'ted in this way. 

vVe need the following lelmna: 
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LelTI1TIa 10.1. Prom 

(1) 1 SiS 1) -+ 'Ui ~ 0, 
(2) 1 SiS 1) -+ ti > 0 and 
(3) 1 SiS 1) -+ Vi ~ U~ t~ (td, 

infer 
/.1 /.1 

2: Vi ~ 0 (2: t~). 
'/,=1 ~=1 

In partic'lLlar, we have 
V /.1 

2: Ui ti ~ 0 (2:t~). 
1,=1 i=1 

Therefore, from the same hypotheses we can infer 

v v 

2: ti «00 -+ 2: v1 ~ 0 and 
~=1 '/,=1 

Proof Let n be finite. Then, sillce 

we have 
1 

I,v I < - f· 1, _ 1" 
n 

for i S 1I. Thus 

v 

2:U~ti ~ O. 
i=1 

Since L~=1 t~ is positive and n is finite and arbitrary, by Proposition 9.4 

V /.1 

2: V t ~ 0 (2:tiJ 
£=1 1=1 

I 

The last conclusion is dear from the definitions of approxilnate equality and 
relative approxiulate equality. 0 

The theoreIn behilld the theorelns for integrals IS: 

TheorelTI 10.2. From 

(1) 1 SiS 1) -+ lu1, I S lvl, where jj11 'lS firnte, 
(2) 1 SiS 1) -+ ti > 0 1\ t'/, ~ 0, 
(3) 1 Sis 1) -+ Uiti ~ V'/, (t~), 

(4) L~=1 ti « 00, 
'l,'llfer 

V 1.1 

2: 'it/ t2 ~ 2: V~. 
~=1 1.=1 
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Proof. We have 

/.I /.I 

Ui t~ :::; L l'{t~1 t~ 
~=1 i=1 

/.I 

so tha.t I:~= 1 7.t~ t 1. or any partial sum iR finite. 
vVe shall prove the appruximate (-'qlla.tiun (note that the meaning of the condition 

U1. 2:: 0 in the sum is given ill Definition 3.1) 

(*) 
/.I /.I 

LV1.~ Lu~t~. 
1=1 
'U.t,~O 

Similarly, it can be shown that 

1.1 /.I 

L V1 ~ L 'lLif1 

and, ~ince, by Propositioll 3.G 

and 

// // // 

Lv? = LV? + Vt 

1.=1 1.=1 
1.I.~~O 

/.I /.I /.I 

L 't(,i ti 
i=l 

7.ti ti + L U1. t 1., 

we obtain the conclusion of the theorem. 
vVe now prove the approximate eqnation (*). 
Consider, for 'm a na.tural number 

LUi. 
1=1 

H, ~ 1/111 

A 1 . fi' 1 1 F . d I Vi sSUlne t lat m IS a. mte na.tura. lllllI1UfH', or 1 :::; ~ :::; 1/ an Ui 2:: 1 11t, ti ~ Ui' 

Since Ui ~ 11m" Ui ~ O. Then, ~ ~ 1, anel so, since Ui ti is finite 
7.t'/, ti 
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if n is finite, 1 ::; i ::; 1/, and Ut, 2: l/m. Thus 

Thus 

and, hence, by Proposition 9.4 
// 

:L 'Vt 
1,=1 

'U .. ~l/m --v--- ~ l. 
:L Ut, t1 

v 

1,=1 
u.~l/rn 

But :L Ut, t'/. is finite. Therefore 
i=l 

'U1.~1/m 

v 

L 'Vt ~ 

1=1 
1f,.~l/lIt 

and, thus 

v 

Zl1~ = l: 7h -
1,=1 

v 

L 
1,=1 

u.~l/m 

V 

l: 
1=1 

Ui t'/., 

'lli ti 

'U.~1/m 'U",~l/m 

is true if m, is finite. We have, then 

. 1 
Zrn S; -, 

rn 

v 

:I:: Ui ti· 

i=1 
'U .. ~1/m 

~o, 

if m is finite. Hence, by overflow, Theorem 9.3, we can define an 1] ~ 00 such that 
V // 

l: 'II/ ~ l: 'U,i tL 
1,=1 1=1 

u .. ~1/'rf U .. ~1/1) 

vVe ha.ve 0 ::; 'It'i < 1/1/ implieH that 'It; ~ O. lIence, by Lemma 10.1 

v 

L 'u'it'/.~O 
i=1 

OSu.<1/17 

a.nd L 'V'/. ~ O. 
1=1 

0::;(£.<1/17 
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Thus, we have, by Proposition 3.5 

// 

1.=1 
u .. ~O 

o 

v v 

1.=1 
u .. ~l/17 

v 

;::::::; 2: Vi 

1/ V 

;::::::; 2: 'l/,~ti + 2: 1.lzt't 
i=l 

0::;;11. .. <1/17 
v 

35 

We need an abbreviation that will be ul->eful for the introduction of integrals in 
the next section. Let d ::; a < c ::; h, 1/ a natural number, du (b - d)jl/ and 
Ui = d + i du, Le., u is the geometrie snbdivision of order 1/ of [d, b]. vVe abbreviate 

v 

1=1 
a::;;u .. ,u .. +l <c 

We also abbreviate, for any :D, P'X l1lin11 }11 > a.; , P'.T Ininllk~X -1. Then 

TiC' 

2:: f[d, b, 1/] = 2: f(v''t)d1.£. 
t=lJ,a 

The next theorell1 gives an approximate form of a version for sums of one of the 
fundamental theorems of calculus. 

Corollary 10.3. From 

(1) 
(2) 

(3) 

(4) 

infer 

f and Fare functwns defined on the .fim.te tnterval [a, h], 
u is a geometric sub(i1:uiswn of [a, c] of order 1/) unt:h 1/ ;::::::; oo} where c ~ b 
(J,nd c - a is fim,te, 
f is fintte on [a, h], and 

() . dF( u?, du?) t'() ::;"'<1/-1- ;::::::;. 1.L1 , , dUt 

b 

2: f[a, C,l/] ;::::::; F(b) F(a). 
u 
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Proof. The proof is obtained from Theorem 10.2 and the fact that by internal 
induction one can prove, if jI'(I < rn .s; P'b' that 

Thus 

o 

m-1 

L dF(7.Li' d'Ui) = F(7.Lm) - F(up,J. 
i=J],a. 

lit. 

~ L fCu-,Jdu 

b 
= '" f[a, c, 1/] ~(I 

vVe also have the followmg llRefllllemma, which huplies an approximate version 
for sums of the second form of the FUlldallwntal Th(~orelJl, which we give below. 

I 

Lelnlna 10.4. Prom 

(1 ) 1.s; i .s; 1/ ~'Ui ~ :1; and 
(2) 1 .s; i .s; 1/ ~'ti > 0, 

infer 
~1/--1 'lL, t1 
0, """''1' 
~v t ,.....,.,. 
0~=1 i 

Proof. vVe have, Ui = x + Vi with Vi ~ 0 for i = 1, ... , 1/. Then 
v v v v 

LUi ti = .2: (x + v1 ) tt = x .2: ti + L Vi ti. 
'1.=1 1,=1 i=1 i=1 

By Lemma 10.1 

o 
Corollary 10.5. From, f is a finde continuous f1.Lnctwn on the znterval [x, x + y] 
with y ~ 0, and 7.L zs a geometnc subd(:uis'l,on of order 1/ of [a, b] wzth a < x, x+y .s; b 
and b - a (inzte such that du ~ 0, mJer • 11:)' 

~,!,+y /'[ I j 
0,,-' . {(" J, 1/ ( ) " ~ f :1; , 

y 

and 
2:~+Y f[a, b, I/J - 2::: f[a, b, 1/] ~ f(x). 

Y 
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Proof. The second conelusiol1 is obtained as follows. Let.7 = p'x' vVe have that x E 
[7.t,i,U,i+d. By the assumption duly ~ 0, it is dear that a. < Uj ~ox ~ u,1+ 1 < x+y. 
We then have 

:L:+Y 
f[u, v] - :L: f['lt, v] 

",""x+y 
6

x 
f[u, v] + f( Uj) du. 

Let p = j],x+y' vVe have 

L d:u~ + ('ltj + 1) - x) + (x + y up) y. 
i=O 

X<'U~ ,'Ui+l <x+y 

Hence, by Lemnla lOA 

<x+y 
------------------ ~ f(x). 

Now 

E~+y f[u, v] + f('lLj)du 
y 

----~----------------------------------------+ 
y 

f ( 'it,1 ) (;(: - '(I,,] ) f (:r: ) (:r; + y - 'lLl}) 
y y 

Since duly ~ 0 and f is finite 

f('l".i)(~/: - 'u,}) "'" () '" J(:t:)(:c + 11 - 7./'1') 
,....., "" . 

y y 

The first conclusion is obtaiupd similarly. 0 

11. DEFINITE INTEGHALS 

We now introduce the definite integral. The development in this section is com­
pletely independent of Section 8. 

Since we are restricting functions f to thOf.;e with fdom the identity, the axiom 
introduced here is simpler than the one discussed in [0]. vVe could use the same 
axiom as in [6], but, since we do not need it, WP nse only the simpler fonn. 

For fJach term r(:c, :"1:1,' .. I ~/;71)' wlwre the variahlps a.re displayf'd, we introduce 
the n + 2-n.ry opera.tioll symbol r Ta-, which is CIIII(ld the 'l,ntcg7a.l of r 'lJ.rit.h TCS1H.'et /'0 

x. If the terIll T(~J;, :Cl, ... ,:r:n ) is \VrittE'll f(:c), we write J~~ I for J T:T(:Cl, ... ,xn ) y, z). 

Calculus Rule 2. Prom a ~ b < c} lal « 00, c ~ d, lill « 00, 1/, 1" ?,nfin~te, 
d-C/ ,......, 0 "-' 

vee-b) rv "" 

(1) 
I:~ I[a, d, 1/] ~, . ~ ~"-----'- and 

c-b rv c-

(2) I:~, I[a, d, 1/] + E~ I[a, el, 1/] r-v I:~ I[a, el, 1/] 
c-b '" c-h 

tnfer 
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( ) I I
e - a I: f 2:~ ([0" e, 1]] 

a c S e 1\ e «00 A 1/ ~ 00 A ( b) ~ 0 ---+ ~b ~ . 1 ' and 
1]C- c- C-) 

(b) f:.f + J~c.f ~ f~.f . 
c-b c-b 

As usual, we assume that all terms, unless explicitly excepted, do not contain 
min. We now prove that if .f is cOlltinuous and b - a is finite, then the definition of 
the integral gives what we need: 

Theorelu 11.1. From u ~s the geometric S'llb(livision of [a, c] of order 1/ snch that 
;'~Ib ~ 0, and f is continuO'lts and jln'ite on [a, bJ, u. S b < c S e 1a.1, lei « 00 (J,nd 
v ~ 00, infer j 

(1) 
fbc.f rv 2:~ f[a, e, 1/] I 
--b rv l' anr., c - c- ) 

(2) f: f + .he f ~ f 
c-b c-b 

Proof. vVe must prove that if 'it is the geometric subdivision of [a, e] of order 11, v, 
of order 11" 11 ~ 00 ~ 11" e ~ c > b ~ (1" and a, b, c and e are finite, then 

(1) :L~ f[a, e, 1/] + 2:~ .f[a, e, 11J r-v =.:;=---.::_---:;;. 

c-b '" 
and 

(2) 2:Z .f[a, c, 1/] '" 2:Z f[a, e, jl,] 
c-b '" c-b 

If c - b ~ 0, then the result is immediately obtained fron1 Corollary 10.5. So 
assmlle that c ~ b. vVe must prove 

b ~ 

(1) La .f[a, e, 1/) + L~ f[a, e,I/] ~ L f[a, c, 1/], and 
(t 

(2) 2:: .f[a, e, 1/] ~ L: .f[a, e, IL]. 

Since c - b r;j; 0, we from these results we obtain the premises (1) and (2) of 
the integrals Axiom 2. The result (1) is easy to see, so we prove (2): Let t be 
the geOlnetric subdivision of [a, e] of order I/P'. Then dt/ du ~ O. \Ve also have, 
tJJ."~ -1 'lLi and = 'lL1+1. HencE', by Corollary 10.5 

Then, by Theorelll 10.2 

c C (P''',+l +1) c L .f[([" e, 1/1"] =2: ,L f(t.1 )dt [a, e, 1/] ~ 2: f[a, e, 11]. 

b b .1=jl". -1 b 

Similarly, we prove 

c ~ 

L .f[a., e, lip] ~ L f[a, c, fl'], 
b b 
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and, hence 

c c 

I: f[a, e, v] ~ L f[a, e, p,], 
b b 

and thus by Calculus Rule 2 we obtain (1) and (2) of the theoreIu. 0 

We can prove the usual theorems on integrals in a approximate form. 

Corollary 11.2. Prom f is continuous on the fin-de ~nteTVal I and a, b, and eEl, 
a < c < b, wfer 

t f"'" [f + t f· 
This is an imlneciiate corollary of Theorem 11.1 (2). 
We now prove in approxilnate fonn the two FUlldmnental Theorems of Calculus. 

Theorem 11.3 (Fundaluental Theorelu 1). Prom 

( rlF(:(;,'V) ( 
Inf !J) A (1/ > 0 V 11 < 0) 1\ :1:, :1: + 1/ E I ~ . ~ J a:), 

1/ 

where a and bare finzte and b a » 0, (Lnd f is cont'tnuous on [(I" b], infer 

l
·b 

J ~ P(b) - F(a.). 
a 

Proof. Suppose that a and b are finite and let 'U be a gec>Iuetric subdivision of [a, c] 
of order 1/0 ~ 00 with c 2:: band c - a finite. Then, by Theorem 11.1 and TheoreIn 
10.3, since b - a is noninfinitesimal 

b b 1 f ~ f('ll1) ii'll ~ F(b) - F(a). 
n (/ 

D 

Theorem 11.4 (Fundaluentul Theorelu 2). From f 'ts a coni-l,nuous functwn 
on the finite interval I and a E I 'li/1Jcr 

[x+Y f -lx 
Inf (1/) A (1/ > 0 V 1/ < 0) A :'r:, :l: + 1/ E I ~ . a. a ~.f (::c ) , 

1/ 

Proof. Assun1e that 1/ ~ 0, :r:, ::t; E I and 1/ > D. The case 1/ < 0 is done similarly, 
Let u be the geometric suLdivisioll of [a" b] ~ [':'C,:c + 1/] of order 1/ with 1/ ~ 00. 

Then, by Theorem 11.2 

.::...:.:-__ --::;..:::...-..J ~ I:~+Y i[a, b, 1/] 
1/ 1/ 

and, by Corollary 10.5 

",X+y f'[ I ] 
L.....t~, ,(l,,), 1/ ~f(:D), 

1/ 

D 
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vVe now prove a, theoreIn due to Keisler, [10], which we shall use in one of the 
applications. 

Theorem 11.5 (Infinite SUln theorem). Let Wand h be terms. From 

(1) If a S; a; S; y S; z S; b, where a, bare finzie, then W(x, z) = W(x, y) + 
W(y, z). (This can be paraphrased as 'W is additive'.) 

(2) If x, x + y E I, Inf(y), y > 0, then 

W(~c, x + y) ~ h(:c) y (y), 

(3) h is a contintto'lts ju,nctwn on [a, b], 
infer 

l
·b 

ltV(a, b) ~ h. 
(£ 

Proof Vie prove by internal illduction on 1.1 

v-I 

I: 1 lJ-a 
W (a, b) = M (a, + a + (i + 

1.1 

Take 1/ 1.10 ~ 00 and let aL a + i(b - 0.)/1/0 and &c = (b - a)/I/o ~ O. vVe have 

VV(a1 ,ai + &c) ~ h(ai) dx (&c:). 

Then, by Theorenl 10.2 
v-l 

W(a, b) ~ L h(ai) dx. 
i=O 

But, by TheoreIll 1L1 

o 

12. SERIES AND TRANSCENDENTAL FUNCTIONS 

This section is also contained in a modified fornl in [6]. vVe return to the notion 
of functions .f with arbitrary domain fUllctions fdom. 

We first introduce convergence of sequences: 1.£ l.l-converges(l") to x if and only if 

and1.J, is 1/-convergent(J") if auel only if 

fl' S; 1.1 1\ II, ~ 00 ~ 'u,j£ ~ U v ' 

Similarly, '/.I, is cOllvel'geuL(l.l, fl') if a.wl ouly if 1.1 ~ 00 implics LlmL 'lJ, is /.I-convergcnL(p,). 
A series is just a sequence v such that 

Tl 

Vn LU1 ' 

i=l 

Then the series v-converges or converges when it I.I-converges as a sequence. We also 
define, the series 2.:~:"1 Ui v converges absol'lttely if and only if the series 2.::=1 lUi I 
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IJ-cOnVf~rgf:s. vVe have the following ea.sy propo:-;itioll, which in both dirpctions is n. 
rule: 

Proposition 12.1. Prom the fact that the series L:~l 'U'i 1/-convergcs, ~nfer that 
the twils L~=J" iC1 (LTe injin'i,tes'l.1nnl for nll wlinite II, ::; 1/, and v'U·e-'lJcr'sa. 

From this proposition, we derive the comparison test: 

Theoreln 12.2 (Colnparison test). From 1/ ~ 00, (n ~ JI 1\ n ~ (0) -t Iunl ~ 
IVn I, and Ivill/-convcrges, infer that L~=l IV'1, I also I/-converges. 

ThcTcforc, the fact that the .'wries L;l;-l 'lt1 l/-(:O'fl,veryr..'I abfWl'lJ,tdy, infer 
that 'tt v-converyes. 

Pmoj. We have that if JL ::; 1/ and JL ~ 00, 

v v 

o s I: I'uil ::; I: IVil ~ 0, 
i=/" 1.=/" 

for p, ::; V, It ~ 00. 0 

We also have: 

Theoreln 12.3 (Nelson, [15]). Prom v ~ 00, i« 00 -t l'Uil «00, a,rul L~=llu1.1 
I/-converges, infer L~=l l7.t~ I « 00. 

Proo j. L~=n l'Ui lsI il:> true if n i~ an infinite number. Theu by undertow, Theorem 
9.1, the minhnUlll '171, Inust be finite. But 

r1l-1 

I: l,ltl.1 ~ ('/71, 
i=l 

1) llHtx(m,). 
IUk I 

Hence 
v 11/-1 v 

is finite. 0 

In order to prove the ratio t(-~st for ('ol1VnrgPllce, we need some theormns about 
natural nmnoers. 

FrOln we prove by external induction: 
1/ 

Proposition 12.4. If 1/ ~ 00 a.nd n« 00, then - ~ 00. 
11, 

Prooj. We must prove that '!.!:. ~ 0, if n is finite. This is easily done by external 
1/ 

induction. The proof by internal induction reqnires Eudid's algorithm, which can 
be proved by internal induction. 0 
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"vVe aSSlllne tlmt we have proved by inLNllnl indllctioll (which is flasily done): 

x > 0 ---+ (y ~ :c ---+ y It ~ :[; n) . 

vVe also can give an easy internal inductive proof of the inequality 

( 1 )1/ // 
1 + - ~ 1 +-, 

n n 

for n and 1/ natural numbers. 

Proposition 12.5. Ifr» 1 and 1/ ~ 00, then 1'1/ ~ 00. Therefore: 
If l' « 1 and J/ ~ 00, then 1').1 ~ o. 

Proof. Let n = li(l/(r - 1)). Then, by undertow, we show that n «00. We also 
have 'I' ~ 1 + "*. Thus 

( 
1)1/ 1/ 

1').1 ~ 1 + - ~ 1 + - ~ 00. 
n n 

o 
We prove by mternal induction, a~ mmal, for l' > 0 and a > 0 

n 1 _ rn+l 

"""" a1'? = (1.----
~ 1-1' 
i=O 

Then, if 1/ ~ 00, a is finite, and 0 < T « 1, the series I::~=o a1'i 1/-converges to 

-1 a . Then, we can prove the ratio test: 
-'I' 

Theorem 12.6 (Ratio test). Prom 

(1) if i ts fin2ie, u~ ~ 0 'ts .finde, and 

(2) f . r.' I 'U Jt+l 't 1" 'ts W:/t.n'/,te, IL ::; 1/, t wn -- ~ r « 1, 

w/er I::~=l 7./'t 1/-(;Onveryes. 

Proof. Let ft ~ 00, p. ::; 1/. Then 

up 

'U,JI+l ~r 

'Up_ 

1 
::;1' + - « 1, 

n 

where n is a finite number. (\Ve 111ay define n = 11(1/(1 - r).) 
Let s = 1 + 1 Then, we have n' 

if fl' is infinite, 1" :s; 1/. Hence, by undertow, Theorem 9.1, the miniInu111 nmnber m 
such that if m, ::; p ::; 1/, then 

7.Lp+l ::; S7.LP1 

is finite. By internal inductioll we prove 
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for p S; 1/ - m. Sinee'tLm is finitp, the geometric: ~erie~ 

by the cOlnparison test, L;:~' 'Um +1l converges, and so 

Ft.·om the ratio test we can prove: 

Proposition 12.7. If s « 1 (1,11,(1. 1/:::::::: 00, then //sl/ :::::::: O. 

43 

'Urn sP conVf'rges. Then, 

Ui converges. 0 

Proof. By the ratio test, the serips 
tained from Proposition 12.1. 0 

nsn l/-converges. The result is then ob-

We need a few theorems about series of functions, in our case of terms with a 
variable, say x. 

Theor~:nn 12.8. From 

(1) x E I, where I is (J, fin1te interval, %1npl7eS that the sen.es L~=l 'lti(X) 1/­

converyes, 1/ ~ 00, and 
(2) 1 :::; i :::; J/ zmphes '(J,i (;(;) is cont'l,nuous on I, 

infer tlud Ji. :::; 1/ 1/lnpb.es that L~~l 'lti(:C) 'ts cont'tn'UO'ltS on I. 

Proof. Let a:, 11 E I, ;c ~ y. \Ve prove by extf'l'nal iuduction, if n is finite 

n n 

I: u~(;c) - I: 
i=O 1=0 

By overflow, Theorem 9.3, a.n infinite 1/ :::; 1/ can be constructed such thai if It is 
infinite and fl :::; 1] 

I~ It 1 
I:: 'lli(:C) - I: Ui(Y) S; - :::::::: O. 
1=0 1=0 fl 

If 1] = 1/ ~ Ii., we are done. ASSUll1P that 17 < p. ::; 1/. Then 

jl, fl' 17 1] It It 

L Ui(:C) - I:: 'lti(Y) :::; I:: 'U,I (:1:) - I:: 'lti(JJ) + I:: 'U,I(:C) - I: 'lti(Y) 
~=O 1,=0 i=U 7=0 '1.=11+1 i=17+ 1 

1] It f.1. 

S; 'ltt{:-C) - I:'u.z(Y) + I: /ltz(X) + I: 'll~ (y) 
'1.=0 i=O 1,=1]+1 '1.=1]+1 

:::::::: O. 

o 
vVe assume that the definite integral hafi been extended to lower lilnit a, and 

upper limit b, both finite, with a. 2:: b, as it is usually clone: 

Definition 12.1. 

(1) [f 0, 

(2) a"< b 1\ 10.1, Ibl «(X) -4 l" f = _ /b f. 
Jb /1 

We need a theOreIll about power serif's: 
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TheorelTI 12.9. Let I = (-1', r), where r ~s finite. Prom the senes I:~=1 lailx~ 
II-converges absolutely on I, II ~ 00, 1,ufer 

(1) The senes I:~=1 a~i;c1-1 and I:~=l(ad(i + 1))x~+1 II-converge absolutely 
on any Ixl «r. 

(2) The senes I:~=1 a1.::c~ ~s (bf{erentiable and 

~f n ~ II and I::cl «T. 

J.a~ . ~ (t,i '+1 
(3) 6(t,i::C~ ~ 6 -, -::D~ ,4n ~ II and 1((.1« r. 

o i=1 i=1 ~ + 1 

Proof. vVe first prove (1). Let fl' ~ 00 and let kl « c «r. (For j::cl « r, we can 
always construct such a c as c = kcl + *' where n = li(l/(r - Ix!)); by undertow, 
Theoreln D.1, we show that n is fillite,) Then, by Proposition 12.7, fl.lx/ clJJ, ~ O. 
Thus, since l/::c is fini te 

I'lu"llxl,,-l = I' I~I" 'I~ . a"d' 1 s; la"d'l· 

Since the series I:;~1 ([".C~ II-collverges, by the comparison test we obtain (1). For 
the other series in (1), the proof is similar, 

Next, we prove (2). Let fJJ,(::1;) = 2:~~1 a~xi. vVe clainl that the series 

d
+ (r ) _ ~ d(::c~y) _ ~ (::c + y)'" - xi 
;In x,Y - 60.1-- - 6a~ , 

1=1 Y i=1 Y 

II-converges if 1::1:1 « rand y is infinitesimal. Let fl. ~ 00. vVe have 

1 

(:c + y)/l. - ::c11'1_ ( 11-1 ( It ) ) 
a" y - a.I' p.:r.,,-l + ~ j ~ 1 ":,,-(J+1)yj 

{(p. (,gC;fl- 1 + II. I: (fl. ~ 1) ~XJJ,-1-'1y.i) 
,7=1 .1 .1 + 

~ !cl·J1.I//,I::r;l/l-l + laplfl.(I::cl + IVI)/J,-l, 

The series I:~=1 la1 Iil::cl",-1 and I::.~l 10.1 li(l::cl + lyl)~-1 converge, since lxi, Ixl+ Ivl « 
r, so we obtain the claim. 

We then prove by external inductIOn, if n is finite 

for V infinitesilnal. By overflow, Theorem 9.3, if n ::; 77 ~ 00 
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It .. It 
""' (1,1 (a: + 1/ r' - xt ""' . i-I L.t -'----'--- + L.t ai ~x 

i=1]+1 y i=1]+l 

~O. 

We finally prove (3). By the previous theorem, we know that the spries I::;~1 aixi 

is continuous, so that the integral is well defined. Let r » c » lal be obtained as 
above and let p" :::; 1/. Then if -c :::; t :::; c 

1£ 11 JI 

L ai t1 :::; L lait~l:::; L la"tlci Em. 
i=m+1 ~=m+1 i=rn+1 

7H 

:::; f(a:) - L a1,x'" :::; Em. 
i=l 

If m, is finite, we prove by external induction, integrating 

1
· a. rn 

, E < a z 
: - rna r-.- f - L i + 1 

o '1,=1 

Then, if rn is finite 

By overflow, Tlworenl 9.3, for Hll 1/ ~ 00, 1} :::; 1", whieh can be constructed 

fa.f - t . (1.i 

Jo 1=1 ~+1 
Hence 

.f ~ at l
,a 1] 

o ~i+l 
But 

J1. 

""' ai 0 L.ti+l ~, 
7/+ 1 

because, by (1), the series is l/~convergent. 0 
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We can now define the ma.in transcendental functions. We luay use either the al­
gebra.ic (Section g) or the sum (Section 11) trcaLlllCllL of integrals. for this purpose. 
We first introduce the natural logarithm by the following axiOlU: 

J, x 1 
log x - dt. 

1 t 

"Ve consider log as a function, take logdom(x) = I(x), the identity function. In 
the usual way, we can obtain the main properties of the logarithm for finite x in 
approxirnate form, in particula.r, log xn ~ 11, log x, for x and 11, finite. 

By Theorem 11.4, if 00 ::$ x » 0, then log'(x) ~ l/x. Then, if we take any 
interval [a, b], with 0 « a < b « 00, log' is bounded on the interval by l/a, which 
is finite. Thus, by Theorem G.2, log is IogL -Lipschitz continuous on [a, b], where 
logL(a, b) = 1/(1. + 1. Ahm, l/::c » 0, if ::r: »0. Thus, by Theorem 7.8, log is 
strictly increasing on uonillfillitf'simal fillite 11ll111bors. T'lwl'pfore, log cnll be fdom 
for a function f. "Ve now calculate logBl and logB2' Let Ct < b, finite, be given. 
We have, fron1 the definition of log, that log 2 > O. Let 

logn2 ((I., b) 2h(b/ log 2)+ 1. 

Then 

log logB2 ((t, b) 

On the uLlwI' ha.wl, lct 

b b 
li(--) + llog2 > --log2 = b. 

log 2 - log2 

10gB 1 ( ((" b) 2-(li(-a/ log 2)+ 1) . 

"Ve have 
-a -((, 

(li( -1 2) + 1) log 2 ;::: log 2 -Ct, 
og 

so that 

log logBl ({l., b) 
-(1. 

-(li(-l 2) + 1)log2::; a. 
og' 

"Ve then denue an "ahnost" expOllelltial fuuc:tioll: 

aexp(x) = y f-+ X = logy, 

with aexPdom = log. Using Theorem 7.8, we get that aexp is differentiable on the 
finite l1Ulubers and we can calculate its derivative, aexp'(x) ~ aexp(x), for finite x. 
Thus aexp is increasing. 

In a sin1ilar way, we define the arctan: 

/X 1 
arctan x = Jo 1 + t 2 dt. 

As above, we consider arctan as a function, with arctandom(.x) I(x). "Ve take 7f' 

4 arctal11. As for the logaritl1111, by Theorcm 11.4, if 1:1:1 « 00, thcn arctan' (x) ~ 
1/(1 + x2 ). TIm}>, in any fillite interval [a" b], arc'tan is arctanL-Lipschitz 011 [a, b], 
with 

1 
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Le. 

{ 

1 ~ a2' if lal ::; Ibl, 
1 l' ot lerWlse. 

+ 

arctanL (a, b) 

For the definition of 'arctanBl and arctanB2 we rnay use, for instance, the formula 

:r. + 'i/ 
arctan x + arctan y ~ arctan --'-, 

1-xy 

so that, for any finite n, we obtain a formula of the form 

n arctan x arctan f ( n, x), 

where f(n, x) is a rational function of x. The function f is defined recursively by 

f(1, :r:) =:c 

f( 1
,) - x+f(n,x) 

n+ ,x - (). 1- xf n,::c 

We proceed similarly as for the log, and deflue arctallnAa., b) f(li(b/ aretan2), 2) 
and ( a, b) = - f(li( -a/ arctan 2), 2). 

Thus, arctan can be fdom. Thus, we define the inverse, the almost tangent: 

y atan:t: +-+ :c = aretan y. 

vVe extend this function periodically by taking atan (x + n1T) = atan x. The domain 
function is atandom arctan. 

The definitions of the inverse functions (almost exponential and tangent) are 
justified by Theorem 7.8. vVe mllst use the same theorem for obtaining the deriva­
tives. vVith the definitions illtroduced here, the proofs of the approxiInate form of 
the algebraic properties of these fnnctions are the usual ones. 

'Ve cannot prove, .however, that the inverse functions, i.e., the ahnost exponen­
tial and tangent, have the right domains, i.e., all finite lllnnbers for the almost 
exponential and the finite nunlbers different from (211, + I}IT /2, for the ahnost tan­
gent. The lnost one can do, for the ahnost exponential for instance, is to prove that 
for any finite nmnber x, there is a y ~ ::c in its domain (see remark after Theorem 
7.8), which is probably sufficient for 1110St theoretical physics. In order to obtain 
functions defined everywhere, we URe Taylor series approximations. 

As an example, we take the series for aexp. We observe that, by the ratio test, 
if x is fini te, the seri es 

1=0 

converges. Since log 1 ~ 0, we have that if ::1: ~ 0, :c E dom aexp, aexp(x) ~ 1. We 
then prove, by external inch wtioll, that if ;:c ~ n + 1 and 11 ~ n, where n is a fillite 
natural number and x, y E dOluaexp, then aexp(:,c:) ~ aexp(y) aexp(l), and aexp(x) 
is finite. By Taylor's Theorenl 7.9, if n is finite 

n :'c1. aexp(l;cDI;cI1l+1 1 
aexp(:'1:) - L -:r:::; ( )1 + -. 

'1.=0 ~. n+ 1 . n 

By overflow, Theoreln 9.3, the same is true if p. :::; //, for a certain infinite 1/, 
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Let 11, ~ 00 and let Tn, - 1 = li(k > 21:-cl). Then n7. is finite and, by Axiom N 8, 
m > 21xl. Hence Ixl/n < 1/2, for n ~ Tn,. We have 

Ixl JL Ixlm kcl I~cl Ixl xm 1 12xlm 1 
- = -------- ... - < --- < --- ~ O. 

p,! m! Tn, + 1 Tn, + 2 p, - m! 2JL-m - m! 2JL 
Therefore, we have proved that if JI, is infinite, JI, :::; 1/ 

Since the series L:~~o ~.; is cOllver gent , we have that this is true if jl, is infinite. 
vVe now define the exponential function: 

x ~ ;c~ 
exp:c = e = L.....t~. 

~=o 'L 

Let x be finite. Let [a., b] be a finite interval such that x E ( a., b) and let u be the 
gecHnetric subdivision of [u" b) of ordpr 1/0 and v the s(~lector for u and log 011 [a., b]. 
Let n = lllil1tlk~J:' TheIl y = 'Un = log v:n . Thlls, y ~ :c aud y is in the domain of 
aexp. Hence, by Theorem 12.8 

By the definition of aexp 

aexp(y) = Z ~ Y = log z. 

Hence, if eX ~ Zl, then y ~ x and aexp(y) ~ Zl. Let aexp(y) = v;n = z. Then 
Z ~ Zl and y = log Z ~ log Zl. Thus, x ~ log Zl. On the other hand, if x ~ log Zl 

and y = log Zl, then by the Taylor approximation of aexp, Zl = aexp(y) ~ eX. 
Honce, we have proved, if :1; ii) fillit,(~ 

In the case of the trigonometric functions, it seems simpler to define first an 
almost sine an almost cosine by the formulas: 

2 atan!E. 
asinx = 2 . 

1 + atan2 ~ 

1 - atan2 .:r. 
ac()~:c = 2 2 , 

1 + atall I 
with their domains the same as the d0111ain of the atan. vVe then use Taylor series 
to give a definition of sin and ('os Oll all finite ullmbers. The procedure is similar 
to that described above for the exponelltial function. 
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A T 

FIGURE 2. Catenary 

13. EXAMPLES OF DERIVATIONS OF DIFFERENTIAL EQUATIONS AND INTEGRALS 

To substantiate the claim tlmt the fOllndations we have developed are adequate 
for much of the Inathematies m.;ed in theoretical physics, we consider briefly in this 
seetion two aspects of ordinary differential equations and integrals: their derivation 
and their solutioll. This applicatioll to dilfpreutial eqnatiolls and integrals is po::-:fiible 
and just as easy in systelll [G]. vVe could have include this ::>ection almost verbatim 
in [6]. 

Derivations. Physicists and engineers ordinarily use differentials without apology 
or explanation ill a. direct fashioll in d(~rivil1R a dHfornlltial eqllation [rom physical 
assumptions. Almost without exception no liInitillg arguments are used, as would 
be required to make the derivations rigorous without use of infinitesiInals. 

On the other hand, by using iufiuitesimals the derivations can be both rigorous 
and confonn to longstanding patterns of inference used in science. 1tloreover, Ull­

abashed use of differentials which will often eliminate any need for derivatives, is 
usually algebraically simpler. Derivatives al'f~ ratios and to carry out cOlnplicated 
manipulations with ratios call be awkward, as i::-: well exemplified in ancient Greek 
geometry. 

We do not offer here a general tlwory of df'rivations, but illustrate the points 
just Inade by redoing in l110dified form the derivation of a few differential equatiol1s 
and integrals. 

13.1. Equation of the catenary. The eatplHtry is the curve of a UllifOrIll cable 
on rope suspended at two ends, with ends possibly at different elevations. 

Let 

A =POillL (:t:, y) 

B (:c + d:r:, y + ely) 

T =teuHIOll of the cable at point A 

ds =infillitC'simallength of curve AB 

'W ds =weight of AlJ 

e =angle of the tangent at A. 

We shall use the followil1g COllV('lltiOll: whml ::-:ayillg that a, variable y i::-: a fUllCLioll 

of another variable a:, we shall assume that y f(:c), and dy df(x, lkr:), for 
dx ~ 0, dx > 0 or dx < O. 'Ve also aRsume, for any g, dg(y) = dg(y, dy) = 
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dg(.f(x), df(x, &D)) g(.f(~D + dx)) - g(.f(~c)). In the case of this example, we 
assume that variables (in particular, y, T, 8, and 0) are functions of x. 

We also assume the relation 

(1) dy ~ tan 0 &D ( dx). 

The cable is in horizontal equilibrium, so that 

(2) TcosO = (T + dT) cos(O + dO) 

so 
cl(Tcos 0) = 0, 

i.e. 

(3) H = T cos B = constant = horizontal tension. 

The cable is in vertical equilibriulll, so the vCltical forces must balance 

(4) Tsin B + 'lo ds = (T + dT) sin(B + dB). 

Dividing (4) by (2) and rearrallging, wo got 

'lOlls 
tan(B + de) - tanO =-T 0 

cos 
rwd8 

11 
by (3). But the left-hand side is just d tan B, so we have 

(5) 

By (1) 

(G) 

'W d8 
dtanB = H 

Also ds ~ vi &D2 + dy2 (d:t:) , 00 

Substituting in (5) 

i.e. 

ds ~J(b;2 + tan2 0 d~c2 (dx) 

~Jl + tan2 0 dx (d:c) 

'W-/ d tan B ~ H 1 + tan 2 0 dx (dx), 

-r:-=l=~dtanO ~ :!!...&.C 
v'1+tan2 0 H 

(d:c). 

The last approximate equation is true if ~t:, ::c + &.C are positive. By the usual rules 
of integration, we obtain that 

1 rw 
sinh- tan 0 ~ H:I; + G1 , 

i.e. 
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and so, by (£» 
'W 

du ~ ::;illh( lfa; -lOr) ci;t: (eLl:) 

Applying the rules for integration again, we obtain 

H 'W 1 

Y ~ - cosh(H X + Cd + C2 • 
'W 

13.2. Poisson process. As a second example of derivation of a differential equa­
tion, we take the Poisson process. Let t E (0,00) be a nonnegative lnt-,(:>ITt:;J'l'_ 

valued random variable. Intuitively we thillk of X t n..'l a counting ramlom variable, 
so that the value of X t is the number of counting events that have occurred in 
the interval (to l t]. Examples would be the number of telephone calls or number of 

atOlus (as ll1easureel by a counter or siIuilar device). 
We assnme that Xto = 0, and that the process is one of independent increments 

and sati::;fie::; stationarity, bllt ill deriving the basic differential equation of the pro­
cess we shall not m;e the::;e a~::;UlnptiollS explicitly. The basic assumptions we do 
use are these. If dt > 0, elt ~ 0, then 

(1) 

and 

(2) 

where An i~ all IlUkUOWll finite pOHitivp ('oP(lid(~lIt alld 7 iH a !illite positivo lllllll­
bel'. The explicit use of infinitesimals avoids the limiting arguments anel permits 
the derivation to have an algebraic form, of the sort much used in physics and 
engineering, but now without any apology for lack of rigor. 

Most of the rest of the derivation is elementary probability but in an infinitesiInal 
setting. Let Pn(t) = Pr(Xt n). vVe first deal with the case n 0. 

Pr[X t 0] - Pr([XH-clt > OJ I [..t\'"t OJ) P1'[..t\'"t = 01 
Pr{X t OJ -- Pr([Xt-l-dt 1] I tXt 0) Pr{Xt OJ 

Pr([_Xt+dt > 1j I tXt = OJ) Pr[Xt OJ 
Pr[Xt 0](1 - Adt - Ao dt) 

Thus 
Po(t + elt) = Po(t)(l - A elt AO elt), 

and so, by (2) 

Dividing by dt 
IPo(t + cIt) - Po(t,)(l- Adt)1 d 
..:...------~..:..-...--:-:.. S 7 ,t ~ O. 
, elt 

This is equivalellt to 

(3) Po (t + elt) ~ Po (t) (1 - A elt) ( dt ), 
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Snppos<', HOW, LIwL cit. > () awl I. > io awl 11, > O. By t iJp LlH'on'lIl Oil t.ot:d 
probabiliLy 

n 

Pr( .... Yt+(/t = n) 2: Pr(){t+dt = nlX t = i) Pr(.Xt = i) 

71-2 

+ 2: /\dt Pr( .... Yt = i) 
1=U 

11-2 

1=0 

+ Aidt Pr(Xt = i). 
1=0 

Thus, we ha.wl 

11--2 11-2 

(4) Pn(t + dt) = (1 - Aclt - Aid! )J~, (I) -1- /\dt1~I-l U) -I- L A,dtI'1 (t). 
1=0 1=0 

SUbSLiLIlLillg t by t - ill. ill t,lw abovp <krivat,ioll, Wf' gC!L 
I 

1/-- '2 1/ '2 

(5) ~l(t) (1- Adt - 2: A1.elt)PU(t - (U) + A£UPn - 1(t elt) + 2: A~dt1'tU - tit) 
1=0 

The followiug are imlllediate COllS('qlLnllCO of the a:::;sulllpLiou:::;. 

(G) 

for 2 ~ i ~ n. 

(7) 

where T is an arbitrary tonn. 

(8) 

"Vo haVf~, by (1), if (it> 0 

'2 Au _ i dt ~ ,( dt ) 

11-'2 

i=O 

J~,U 1- (it) ]>11(1) -1- Adl(l'H--l(t) -/'1/(1» I: ,\;<11(1',(1) 1'11(1». 

By (7) and (8) 
11-2 

I: At (J'I.U) - ['11 (1,» ::; (n - 2), <It. 
~=O 

and the right side is an iufinito:::;illlal. Hence, we have proved for elt > 0 

(0). 



INFINITESIMAL ANALYSIS 53 

We also have, from (5), if elt > 0 

J~l(t,) = ~l.(t - lit) + Adt(Pn-1(t - <U) Pn(t - elt)) 
n-2 

+ 2: A~dt(P~(t - dt) - Pn(t - elt)), 
'l.=o 

that is 

11-2 

+ I: Ai(Pi(t dt) - Pn(t dt) elt). 
1,=0 

As above, by (7) and (8) 

n-2 

I: Ai(P£(t - elt) - ~.(t - elt)) S (n - 2}y elt, 

where the right side is a.n illIil1iteRimal So 

Pn(t - dt) ~ ~.(t) - A(Pn- 1(t elt) - Pn(t - dt)) dt (elt). 

Let elt < O. Changing elt by -elt in the formula above, we get 

(10). P'I£(t + elt) ~ Pn(t) + A(Pn- 1 (t + elt) - Pn(t + df,)) elt (dt) 

We shall use, frOln now on, (9) and (10) instead of (4) and (5). Conditions (9) 
and (10) give hnmecliately the eontinnity, because, by (7), 

A(Pn- 1(t + dt) - Pn(t + dt)) dt s Adt 

and 
A ( ( t) - Pn ( t ) ) dt S Adt. 

So for any ell > () or elt < 0 

Thus, frOln (10) for dt < 0 

(11). 

Therefore, we just need (11) if ilt < {} or elt > O. 
By the definition of differentials, we have 

dPn(t) = P'1 (t + elt) - Pn(t). 

Thus, from (10), if elt > 0 or dt < 0 

elPl1 (t) ~ ).,(Pn-l(t) -Pn(t))dt (elt). 

This is the differential equation in our fonn. For the given initial conditions may 
be shown to have the solution 

( 

r ) () _ >.. t (At) n PI' X t ='11, =Pn t, ~c -,-. 
n. 
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13.3. Flux in n blood VClSS01. Tllis is nil (,XlIIllpl(' of 1\ d('rivllt.ioll of 1\ ddillit,f' 
illtegral. Pos(.'lle's law for It lillllillllr ll11id is 

P 2 2 '(1(1') = -(Il - r ), 
!JIlL 

wlJ('r<! j( is Lltn l'n<iills of L1l<' 1)lood V('ss{'I, Il, its 1('llf~LIl, I', til<' dill!'I<'II{'(' ill I>I'('SSIlJ'{', 

17 the vi~('o~ity of till' blood, awl 71(1'), tlte v('loeiLy of the blood at di~Lallcn l' of 

the center of the vessel. \Ve set 1{ = F)/(47IL) aud the formulalwcoll1es '17(1') = 
]{(R2 - 1'2). The problem is to calculate the flux of blood (volllllle' pm' unit time) 
ill the blood vessel. Lnt CJ(r,.<;) b(~ tll(' !lIlX of blood ill L1l<! V('ssel frolll a disLallc{! r 
of the ceuter to a di~tallce s of the cellLer. Then, we want to calculate (J(O, R). It 
is dear that we may assume that CJ is additive, that IS 

(J(r, 8) = Q(1', t) -I- (J(t, s), 

for 0 ::; r ::; t ::; s ::; R, TIms, (:ol1(11t1011 (1) of the Illfinite Sum Theorelll ll,;, is 
satisfied. 

Lc·t A(1', s) be the a]'PH of Lll<' sllrfac(! of Lllc' blood frolll distaw'(' r to .'i of L1w 
(:(Illter, If \\,(1 talw all illfilliL('sillJilI ill(,}PllJ('IlL til', t1H'1l J1(I', l' 1- rlr) is lIpproxiJllnL('Jy 

the area of the allllllius betW(~('ll '" alld l' + ill', i.e. 

Jl('I', l' + d,') ~ 7f(r + dl')2 - 7f1'2 (ill') 

~ '2lrl'elr'l nill''l (dl'), 

Sillce 7f clr2 ~ 0 (dr), we get 

(1) A(r, '1' + dl') ~ '2m'dr (dr), 

\Ve have that v is decrea~illg on r, Thus, 011 the illterval [1', r + clrJ tl18 maximllm 
velocity is v(1') and the llliuillJlllll is '11(1' + clr), The infilliLc~illlal flux CJ(1', l' -I ell') 
satiKfi('s tl1('l1 

(2) '0(1' + (II') J1CI', r + dl') .::; Q(!', l' -I- dr) .::; v(r)J1(I', r + (11'). 

FrOlll tlw fOl'lllllla. for'll, we' geL 

'l1(r -I ell') :.: 'iI(r) - ]\'('21' ell' 1- dl''l, 

and so 
'0(1' + dr)A(r, 'I' + <11') ~ 'O('l')A(r, l' + ell') (dr), 

Thus, by Llle illlilliLesimal [tXiOIIlS, (2) aud (:3) 

(J(1', l' + dr) ~ 'O(r)A(1', l' + cl'l') (cl1'). 

Ilellee, by (1) 
(J(1', r + ell') ~ 27f1''O(1') ell' (dr), 

Since 27f1''O(r) is contilll.lOllH on lO, RJ, by the Infillite SUlll Theorem 11.5 

q(O, /() "" 1[/ 21f1",,(/} 
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Integrating, we get 

s p 

w 

FIGUnE :3. Diffractioll phenomena 

7rPR4 

q(O,R) ~ --. 
877L 

13.4. Fresnel integrals for diffraction phenoluena. Diffraction eff('dH Of>­
tainecl when the 1::iource of light or the ooserving screen are at a finite distallce 
frOlll the diffracting aperture such as a slit are called Fresnel diffraction after the 
great 19th century French phYSIciHt. Now the wave front frOlll a point source at 
a finite distance is spherical, but in the case of a slit 8 whose length is very large 
compared to its width, the envelope of the seconda.ry waves is cylindric, and the slit 
is the axis of the cylinder. Figlln~ :3 shows the l'f·lative geometry of a cross-section 
perpendicular to the long dimension of the slit. \lVe derive the Fresnel integrals in 
this setup. I 

Let the point P b(~ as showu ill Llle' ligll},(', alld id, .1'(1') 1)(' th(' 1I1l1plitlld(! of the 
diffraction wave at P for tiIlle t Consider first the line 8P intersecting the wave 
front at s = O. At a point s on the wave front 'Wl'W2, the fUllplitude is rsin(27rt/T), 
where r is the unknown constant amplitude and T is the period of the wave. 

The contribution at P froll1 an infinitesimal element ds of the wave front at s = 0 
is then 

(1) djp(O,t) :::;rdssin21T (j -~) (ds) 

where .x is the wave length of the monochromatic wave. Now for an infinitesiu1al 
element ds at a diHtance s abovp s = 0 measured along the wave front we have 

(2) (
t d) (t b+/) elf p( s, t) ~ rds SIn 27r T - -;: = n/8 sin27r T - -.x- (ds). 

Expauding the sinn tnnll, WP gpt, 

(3) 

(t b) / (t b) / dfp(s, t) ~ rsin27r T - -;: cos 27r-;:ds - r cos 27r T - -;: sin 27r-;:ds (ds). 
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To obtaiu th<' contriblltio1l of tIl<' W!lV<' frollt froIlI 0 to S 011 til(' waw'front we 
integrate: 

!p(t) 

(1) -1' cos 27f - - - sill -,,-'ds ( ' 1»1,'i'I :lrr 
, TAo A I ' 

(G) 

To first approximatioll, for small angks rdlccting small/, 

((, I h :2 
/=<l-b=--s 

2ab 

Now let 

(G) 

and so 

(7) 
(l,h)" I 

---:-- (v. 
2(((+h) 

}<,'rOlll (fi) awl (i), \V(~ Illlv(~: 

27f 27f (l, -I b ahA :2 7T '0'2 
-'"'I = - 'U =--
A A 2((.b 2(u+b) 2 

(8) 

Sllbstituting (7) and (8) into (11) w(' g(·t 

.fp(i) = T ahA [SiIl27f (~ _~) /v cos 7f'02 do _ cos 27f (~ _~) (J Sill 7fv'2 dV] 
2 ({[; + b) T A J 0 2 T A J 0 2 , 

The iutpgra Is 

alld J 
\J 7f'U2 

sin--dv 
.0 2 

are kllOWll w; the Frnsud illtclgrals, awl play illl illJporLallt role ill a raJlge of diflrac­
tiOll probl(llllS, 

Solutions. \Ve call1lot fornmlate or prove ill our fralllework quite gellC'ral existC'lIcc 
theorell1S for ordinary differeutial ('qllatiolls, bllt lllOSt of the general solutiolls of 
the w('ll-lolOWll (~qUittiolls of classical physics call l)(~ halldled in tllP style familiar 
ill physics nIHl cllgiueeriug;. l'dost of tllt' solUtiolls Lo Slldl <'<{llatiOlls giV(lll ill IJall<l­
Looks like those of [1] or [21] call be reached by our llwtilOCb bccallSB of the highly 
constructive llatllre of tIw SOltltiolls, 
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14. CONSISTENCY 

The SYStClll of axioms of this pap(~r are all true in the system of [G], and, thus, 
the present system is also finitarily consistent. Thus, we have 

Theorelu 14.1. The system of anoms, r1.Lles oj inference (L 1-12, LI 1-2, LS, 
F 1-31, N 1-8, FU 1-2, I 1-10, INT 1-2, Recursive Definitions 1-4, Calculus Rules 
1, 2), and all definitions 'ts fin'l,tanly consistent. 

Proof Most of the axioms are easy to vcri(y as axioms or theorems of the system 
ill [G). The only two that lwpd a litU(' more work are INT 1 aBd INT 2, for the 
indefinite integral. For those rules, WP pick a point c in the interval I and put 

j' f'x 
f(;I:) d:c; = f· 

, c 

Then INT 1 and 2 become thCOH-'lllS. 
The finitary proof of consistency in [G] uses finite fragments of the field of rational 

numbers, which are siInilar to fraglllPllts of a nonarchimedian field. 0 

If we change Axiom F 30 to 0 :::; 1 and onllt Axiom F 1:3, one can obtain an 
absolute proof of consistency, i.P" tliP proof that there is a formula of the systems 
that cannot be derived from the axioms. Most of the theorCllls of this paper are 
true in the reduced system. 

For the proof we' use the OlH:,-elemeut model with 0 = 1. In this nlOdel the 
primitive concepts are given the following interpretation: 

(1) the relation < is the empty relation, 
(2) 0 + 0 = ° . ° = % = J5 = 0, 
(3) N(O) holds, 
(4) any function variable f or COllstant or term is interpreted by the function 

{(O,O)}, 
(5) minrp = 0, for any formula <p, 
(G) li( T) = 0, for any term T, 
(7) n1axT (I/) = 0, for allY term T and allY 1/, 
(8) Inf(O) holds, 
(0) EO = 0, 1/0 = 0, 

(10) f'(:c) is the same as f(:I:), 
(11) J f(;c) (i:t: is the same as f(:c) 

(12) ,fc~ f = 0, for any function f and any (I., b. 
Tlw variolLs d('f1l1iLiOllS l\.wl cOllditiollal dpfilliLjolls Hl'<~ also {~asiI'y ShOWll to lw satis­

fied in this one-element nlOdel following the given interpretations for the primitive 
concepts. Given this model as specifipd, it is seen at once that the formula 0 < 1 is 
not satisfied in the model, and therp[Ol'p caunot be derived from the axioms, which 
proves the absoillte consistency of the system. 

As we l11entioned I in Section 2 npgation can be defined in 0111' system by the 
formula 

'<p ~ (iF -+ 0 = 1), 

\tVith negation ~o defined, we call derive tlw la.w of redudw (ui a!Js1J,niuTn: 
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which, when added to Hilbert's positive propositional calculus constitutes a formu­
lation of the minimal propositional calculus of Kolmogorov [11] and Johansson [9]. 
Also, as Church points out [7, p. 142], the decision problem for this minimal calculus 
has a positive solution, which can be easily shown as an extension of classical results 
of Gentzen and Wajsberg. 

The derivation in our system of the law of reductzon ad absurdum is as follows: 

(1) cp-+'ljJ Premise 
(2) cp -+ ,'ljJ Premise 
(3) cp-+('ljJ-+O=I) Def. of negation 
(4) cp Premise 
(5) 'ljJ Premise 
(6) 'ljJ-+0=1 1,4M.P. 
(7) 0=1 3,5 M.P. 
(8) cp-+O=1 4,7 C.P. 
(9) 'cp Def. of negation 
(10) (cp -+ ,'ljJ) -+ 'cp 2,9 C.P. 
(11) (cp -+ 'ljJ) -+ ((cp -+ ,'ljJ) -+ 'cp 1,10 C.P. 

It is obvious that the form of negation embodied in the minimal propositional 
calculus is much weaker than intuitionistic negation. 

All axioms are also true in nonstandard models of analysis, as it is easy to see. 
Thus, we have relative consistency with analysis (see, for instance, [10], [2, Chapter 
1], or [5, Appendix AD. 
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